LibreTextsw

7.2: Fourier Series

A Fourier series is a linear combination of sine and cosine functions, and it is designed to represent periodic functions:

+Zancos( )—i—Zb sm( wm) (7.2.1)

The coefficients ag, a1, as. . . a, and by, bs. . .. b, are constants.

It is important to notice that the period of the sine and cosine functions in Equation 7.2.1is P =2L/n (see Section 1.4). This
means that we will be mixing sines and cosines of periods 2L, 2L /2, 2L/3, 2L /4, etc. As we will see, this linear combination will
result in a periodic function of period P = 2L.

In addition, we need only the odd terms (the sine functions) to represent an odd periodic function, so in this case all the a,
coefficients (including ag) will be zero. We need only even terms (the cosine functions) to represent an even function, so in this
case all the b,, coefficients will be zero. Why don’t we have a by term? This is because sin (0) = 0. In the case of the cosine terms,
the n =0 term is separated from the sum, but it does not vanish because cos (0) # 0.

This means that an odd periodic function with period P = 2L will be in general:

f(z )—b1s1n(7rL )ergsm<27£ )+b351n<32m)...

Let’s say we want to construct an odd periodic function of period P = 27. Because the period is 2L, this means that L = 7:
f(z) =by sin(z) + by sin (2z) + by sin (3z). ..

We in fact already saw an example like this in Figure 7.1.2 (right). This periodic function, which is constructed using b, = 1/n,
has a period of 27 as we just predicted. Let’s see other examples with different coefficients:

08+

044

0.0+

(0
%)

y = sin(x) + 1/21 sin{2x) + 1/31 sin{3x) +...+ 1/n! sin(nx} 18 v =1/2 sin{x) + 173 sin(2x) + 1/4 sin(3x) +...+ 1/{n+1) sin{nx)
-18 T 1 f T T T 1 T T f T T T 1 T T f T
=St —4n -3n -2n -lz Om 1n In n 4n Sn -5t —4nr -3z -In -la  Oxn In in 3n 4n kb
X X

Notice that we are mixing the functions sin (), sin (2z), sin (3z). . . using different coefficients, and always create a periodic
function with period P = 2.

Coming back to Equation 7.2.1, we know that different coefficients will create different periodic functions, but they will all have a
period 2L. The obvious question now is how to calculate the coefficients that will create the function we want. Let’s say that the
periodic function is constructed by a periodic extension of the function f(x), which is defined in the interval [—L, L]. One example
would be the function of Figure 7.1.5, which is defined in the interval [—, 7}, If we create the periodic extension of this function,
we will create a periodic function with period 27. Analogously, by creating a periodic extension of a function defined in the
interval [—L, L] we will create a periodic function with period 2 L. The coefficients of Equation 7.2.1 are calculated as follows:

L
ap = % /_L f(z)dz (7.2.2)

n= % /z f(z)cos (%)dw (7.2.3)
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b, = % /—zL; f(z)sin (%)dz (7.2.4)

Notice that Equation 7.2.2is a special case of Equation 7.2.3, and that we don’t have a coefficient by because sin (0) = 0. Because
Equation 7.2.1 represents a periodic function with period 2L, the integration is performed over one period centered at zero (that is,
L is half the period).

X Alternative Formulation

Equation 7.2.1 is often written as:
e nwx e nrz
f(z)=aop +Zancos(T) —I—ansin(T) (7.2.5)
n=1 n=1
If we choose to do this, we of course need to re-define the coefficient ag as:
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Both versions give of course the same series, and whether you choose one or the other is a matter of taste. You may see the two
versions in different textbooks, so don’t get confused!.

v/ Example 7.2.1

Obtain the Fourier series of the periodic function represented in the figure.

2

Solution
y(z) is a periodic function with period P =2. It can be constructed by the periodic extension of the function f(z) = 2z,
defined in the interval [—1, 1]. Notice that this interval has a width equal to the period, and it is centered at zero.

Because y(z) is odd, we will not bother calculating the coefficients a,,. We could, but we would obtain zero for all of them.
Equation 7.2.1, therefore, reduces to:

From Equation 7.2.4, the coefficients b,, are calculated as:

b, :%/—z f(m)sin(%)da:

and in this case, because L =1 (half the period),
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b, = / (2z)sin (nmz)dz = 2/ z sin (nmz)dz
-1 -1

sin(az) xcos(ax)

5 (see formula sheet), so
a

The primitive of [z sin (az)dz is

sin(nw)  cos(nm) (sin(mr(—l)) (—1) cos (nm(—1)) )]

1
n = 2 1 = 2 —
b /_1 z sin (nmz)dz [ ()’ — (nm)? —

Using the fact that sin (n) is zero and cos z is an even function:

b — 4 cos (nm)
nm
Let’s write a few terms in a table:
n cos (nm) by,
1 -1 i
T
2 1 —i
2w
3 1 4
3
4 1 —i
4
5 -1 i
5
A general expression for b, is:
-1 n+1
b, — 4 (-1)
nmw
The series
= nwe
=3 busin (77
y(x) ; nsin
is then:
4 0 (71)n+1
= — — i 7.2.6
O e (7.2.6)

As in the case of a Taylor series, Equation 7.2.6 is exact if we include the infinite terms of the series. If we truncate the series
using a finite number of terms, we will create an approximation. Figure 7.2.1 shows an example with 1, 2, 3 and 8 terms.
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Figure 7.2.1: The sawtooth periodic function of Example 7.1 superimposed to the functions \frac{4}{\pi} \sum_{n=1}"m
\frac{(-1)M{n+1} }{n} \sin (n \pi x)\) with m =1, 2, 3 and 8. (CC BY-NC-SA; Marcia Levitus)
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v/ Example 7.2.2

Obtain the Fourier series of the square wave formed by the periodic extension of the function:

) ={

0 7<z<0
1 O0<z<mw

Solution
The periodic extension of the function f(z) produces a periodic function with period 27:
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Strictly speaking, the resulting periodic function is neither even nor odd, so we would need to calculate all the coefficients.
However, you may notice that the function would be odd if we were to subtract 1/2 from all points. In other words, the periodic
function we are looking for will be a constant (ag) plus an odd periodic function (sine series). We will calculate the constant,
but from this discussion it should be obvious that we will get ap/2 =1/2. We will also calculate the rest of the a,
coefficients, but we now know they will all be zero.

1 rL
a():f/iL f(z)dz
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where we have used the fact that f(z) = 0 in the interval — < z < 0. The coefficients a,, are (Equation 7.2.3)

an:%/z f(z)cos (%)dw:%/owws(nw)dw:% (szn(:ﬂ'))) "

0

The first coefficient, ag is (Equation 7.2.2):

Here, L = 7 (half the period), so:

The coefficients b,, are (Equation 7.2.4)

/f(a:sm Y go = L [ sin(rea %(_@)

= —%(cos (nm) — cos(0))

nmw
Let’s see a few terms in a table:
n 1 2 3 4 5 6
cos (nm) -1 1 -1 1 -1 1
2 2 2
b = 0 — 0 — 0
" e 3 L%y

The series is (Equation 7.2.1)

flz) = +Zan005( )—I—Zb szn( )

and with the coefficients we got we can write:
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1 2. 2 . 2
f(z) = 5 + —sin (z)+ 37rsm (3z)+ 5ﬂ_sm (5z). ..

or more elegantly:

i 2n1—|— - sin[(2n +1)z]

n=0

+

N =
EREN

Notice that, as expected, we have a sine series (which represents and odd periodic function) plus a constant (which ’pushes’ the
function up).

Need help? The links below contain solved examples.
External links:

o Fourier series example I: http://www.youtube.com/watch?v=jzzpxqVohhI
o Fourier series example II: http://www.youtube.com/watch?v=edwG9x5v3Xo

This page titled 7.2: Fourier Series is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus via
source content that was edited to the style and standards of the LibreTexts platform.
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