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8.4: Double and Triple Integrals

We can extend the idea of a definite integral to more dimensions. If f(z,y) is continuous over the rectangle R = [a, b] X [c, d]

then,
b opd d b
{/f(:c,y)dA:/ll/cf(:c,y)dydm:/c/af(m,y)da:dy (8.4.1)

If f(z,y) > 0, then the double integral represents the volume V" of the solid that lies above the rectangle R and below the surface
z= f(z,y) (Figure 8.4.1).

Figure 8.4.1: Geometric interpretation of a double integral (CC BY-NC-SA; Marcia Levitus)

We can compute the double integral of Equation 8.4.1 as:

//f(m,wdA:/ab [/cdf(m,y)dy] dx
R

meaning that we will first compute

d
/ f(z,y)dy
c
holding = constant and integrating with respect to y. The result will be a function containing only z, which we will integrate

between a and b with respect to x.

For example, let’s solve f03 f12 x?y dy dz. We’ll start by solving f12 z?y dy holding z constant:

2 2 3
/ :c2ydy=z2/ ydy:5m2
1 1

Now we integrate this function from 0 to 3 with respect to z:

3 p2 3
2
//m2ydyda::/ Ea:2d:1::—7
0o J1 0o 2 2

You can of course integrate from 0 to 3 first with respect to « holding y constant, and then integrate the result with respect to y
from 1 to 2. Try it this way and verify you get the same result.

Triple integrals work in the same way. If f(z, y, z) is continuous on the rectangular box B = [a, b] X [¢,d] X [r, s] , then

///f(x,y,Z)dVZ/Ts/Cd/abf(w,y)da:dydz (8.4.2)
B
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This iterated integral means that we integrate first with respect to  (keeping y and z fixed), then we integrate with respect to y
(keeping z fixed), and finally we integrate with respect to z. There are five other possible orders in which we can integrate, all of
which give the same value.

Do you need a refresher on double and triple integrals? Check the videos below before moving on to the physical chemistry
examples.

o Example 1: http://www.youtube.com/watch?v=RqD89-afGS0
e Example 2: http://www.youtube.com/watch?v=CPROZDOIY VE (check the example that starts around 3:45 min. and ends
at 5:07 min)

Triple integrals are used very often in physical chemistry to normalize probability density functions. For example, in quantum
mechanics, the absolute square of the wave function, |(z,y, z)[?, is interpreted as a probability density, the probability that the
particle is inside the volume dz. dy. dz. Since the probability of finding the particle somewhere in space is 1, we require that:

[ ][ st dedydz=1 (3.4.3)

We already mentioned wave functions in Section 2.3, where we showed that

|1/1(x,y,z)|2 :¢*(w7ya Z)‘P(m,y, z)

The normalization condition, therefore, can also be written as

/ / / Y dedydz=1 (8.4.4)
v/ Example 8.4.1

In quantum mechanics, the lowest energy state of a particle confined in a three-dimensional box is represented by

0<z<a

. TT WY . TZ
1/)(w,y,z):Asm731nTysm7zf 0<y<b
0<z<e

and
¥(z,y, z) = 0 otherwise (outside the box).

Here, A is a normalization constant, and a,b and c are the lengths of the sides of the box. Since the probability of finding the
particle somewhere in space is 1, we require that

/ / / Y(z,y,2)f de dy dz=1

Find the normalization constant A in terms of a, b, ¢ and other constants.

Solution
Because ¥(z, y, z) = 0 outside the box,

/ / /‘ (9,2 |Wdyﬁ—/‘/(/ (. 2 de dy dz=p(z,y, 2)f =" (2,9, (2,9, )

However, because in this case the function is real,

[¥(z,y,2)f = (@(,y,2)’

/Oc/ob/oa| (z,y,2)f d;vdydz—/ / / A2Sln )s1n2(%)sin2(¥) de dydz=1
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/Oc/Ob/O“Azsin2(%m)Sin2(%y)sin2(7r7z) . dydZ:AZ/OaSin2(%w)dz/obsinQ(%)dyfocsixﬁ(%z)dz

Using the formula sheet, we get

/Oasin2 (%x)dz =a/2

And therefore,

A2/Oasin2(Z—w)dw/obsif(%)dy/()csinz(%z)dz:Azgg
1/2
A=)

This page titled 8.4: Double and Triple Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.
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