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13.1: The Solutions of Simultaneous Linear Equations

The concept of determinants has its origin in the solution of simultaneous linear equations. In physical chemistry, they are an
important tool in quantum mechanics

Suppose you want to solve the following system of two equations with two unknowns (« and y):

az+biy=c;

asT +bay = co
In order to find y, we could use the following general procedure: we multiply the first equation by as and the second by a;, and
subtract one line from the other to cancel the term in z:

X @y
a1z +biy=c1 — ajasx +braxy =cias

Xay
asx +bey =co — aijasT +bya1y =caaq

a1asx +brasy =cias aicy —ascy

} — (b2(11 —b1a2)y =aiCy —a2C1 — Y =

61027 +bya1y = caay bya; —bias

We can follow the same strategy to find x: we multiply the first equation by b, and the second by b, and subtract one line from the
other to cancel the term in y:

b
aiz+by=c ><—>2 a1bax +b1boy = c1by

b
asx +byy =cy X—)l biasx +bob1y = coby

arbyz +b1b2y =c1by }
biasx +b2b1y =cob;

bac; —b
— (b2a1 —b1a2)x =bycy —bicy v x = u
b2a1 —b1a2

We define a 2 x 2 determinant as:

a b
c d

':ad—cb

The determinant, which is denoted with two parallel bars, is a number. For example,

‘3 -1

12 2 ‘:3><2—(—1)><1/2:13/2

Let’s look at the expressions we obtained for « and y, and write them in terms of determinants:

(] b1
- b201—b102 - Cy b2
© bay—biay  |a; b
az by
a G
- ajCz —asCy - as C2
 byay —biay a; by
az by

Let’s look at our equations, and see how these determinants are constructed from the coefficients.
ax+biy=c;
asx + be =C2

The determinant in the denominator of both z and y is the determinant of the coefficients on the left-side of the equal sign:
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alw—i—bly:cl} ar b

asT +byy = ca

as by

The numerator in the expression of y is built by replacing the coefficients in the y-column with the coefficients on the right side of
the equation:

a ¢

az+by=c
az C3

asT +byy = c»

The numerator in the expression of z is built by replacing the coefficients in the z-column with the coefficients on the right side of
the equation:

a1z +b1y =c } c b

asx +byy=cy ¢y bo

We can extend this idea to n equations with n unknowns (z1, 2, €3, . . ., Zp)-
a1z + ey + 0+ G, =b
a1 + axc + - 4+ apz, =b
ap1T1 + aQp2c2 + 0+ Qpp, = bn

Note that we use two subscripts to identify the coefficients. The first refers to the row, and the second to the column. Let’s define
the determinant D as the determinant of the coefficients of the equation (the ones on the left side of the equal sign):

aiy a2 -t Qip

a21 az2 e a2p
D=

Ap1 Qp2 ***  Qpp

and let’s define the determinant Dy, as the one obtained from D by replacement of the kth column of D by the column with
elements by, bs. . . b,. For example, Ds is

a1 b - an,

a1 by -+ ag,
Dy =

anl bn e Apn

The unknowns of the system of equations are calculated as:

DD
=TT

For example, let’s say we want to find «, y and z in the following system of equations:

D,
T1 y Ly = D

22 4+3y+82=0

1 1
x—iy—3z—§
1
—r—y—z=—
y 2

We can calculate the unknowns as;

where
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2 3 8
D=|1 -1/2 -3
-1 -1 -1
o 3 8
Dy =|1/2 -1/2 -3
1/2 -1 -1
2 0 8
Dy=|1 1/2 -3
-1 1/2 -1
2 3 0
Dy=|1 -1/2 1/2
-1 -1 1/2

In order to do this, we need to learn how to solve 3 X 3 determinants, or in general, n X n determinants.
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