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12.4: Molecular Diffusion
Molecular diffusion is the thermal motion of molecules at temperatures above absolute zero. The rate of this movement is a
function of temperature, viscosity of the fluid and the size and shape of the particles. Diffusion explains the net flux of molecules
from a region of higher concentration to one of lower concentration. The term "diffusion" is also generally used to describe the flux
of other physical quantities. For instance, the diffusion of thermal energy (heat) is described by the heat equation, which is
mathematically identical to the diffusion equation we’ll consider in this section.

To visualize what we mean by molecular diffusion, consider a red dye diffusing in a test tube. Suppose the experiment starts by
placing a sample of the dye in a thin layer half way down the tube. Diffusion occurs because all molecules move due to their
thermal energy. Each molecule moves in a random direction, meaning that if you wait long enough, molecules will end up being
randomly distributed throughout the tube. This means that there is a net movement of dye molecules from areas of high
concentration (the central band) into areas of low concentration (Figure . The rate of diffusion depends on temperature, the
size and shape of the molecules, and the viscosity of the solvent.

Figure : Molecular diffusion. A microscopic picture of diffusion is shown on the left, and a macroscopic view is pictured on
the right. The red circles represent the solute molecules, which move randomly due to their thermal energy. (CC BY-NC-SA;
Marcia Levitus)

The diffusion equation that describes how the concentration of solute (in this case the red dye) changes with position and time is:

where  is a vector representing the position in a particular coordinate system. This equation is known as Fick’s second law of
diffusion, and its solution depends on the dimensionality of the problem (1D, 2D, 3D), and the initial and boundary conditions. If
molecules are able to move in one dimension only (for example in a tube that is much longer than its diameter):

Let’s assume that the tube has a length  and it is closed at both ends. Mathematically, this means that the flux of molecules at 
 and  is zero. The flux is defined as the number of moles of substance that cross a  area per second, and it is

mathematically defined as
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If the tube is closed, molecules at  cannot move from the right side to the left side, and molecules at  cannot move from
the left side to the right side. Mathematically:

These will be the boundary conditions we will use to solve the problem We still need an initial condition, which in this case it is the
initial concentration profile: . Notice that because of mass conservation, the integral of  should be constant at
all times. We will not use this to solve the problem, but we can verify that the solution satisfies this requirement.

Regardless of initial conditions, the concentration profile will be expressed as (Problem 12.3):

In order to calculate the coefficients , we need information about the initial concentration profile: .

This expression tells us that the function  can be expressed as an infinite sum of cosines. We know from Chapter 7 that an
infinite sum of cosines like this represents an even periodic function of period , so in order to find the coefficients , we need
to construct the even periodic extension of the function  and find its Fourier series. For example, assume that the initial
concentration profile is given by Figure . Imagine that you have water in the right half-side of the tube, and a 1M solution of
red dye on the left half-side. At time zero, you remove the barrier that separates the two halves, and watch the concentration evolve
as a function of time. Before we calculate these concentration profiles, let’s think about what we expect at very long times, when
the dye is allowed to fully mix with the water. We know that the same number of molecules present initially need to be re-
distributed in the full length of the tube, so the concentration profile needs to be constant at 0.5M. It is a good idea that you sketch
what you imagine happens in between before going through the math and seeing the results.

Figure : The initial and final concentration profiles,  and . The diagrams at the bottom represent a cartoon
of what the tube would look like at time zero and at time infinity (CC BY-NC-SA; Marcia Levitus)

In order to calculate the coefficients  that we need to complete Equation , we need to express  as an infinite sum of
cosine functions, and therefore we need the even extension of the function:

Figure : The even extension of the function  (CC BY-NC-SA; Marcia Levitus)

Let’s calculate the Fourier series of this periodic function of period  (Equation , 

 ).
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Let’s assume  (we will use  in units of  and  in seconds):

because  is odd:

and therefore:

and the complete description of  is (Equation ):

Let’s plot  at different times assuming  and , which is the diffusion coefficient of sucrose
(regular sugar) in water.

Notice that the derivative  is zero at both  and  at all times, as it should be the case given the boundary
conditions. Also, the area under the curve is constant due to mass conservation. In addition notice how long it takes for diffusion to
mix the two halves of the tube! It would take about a day for the concentration to be relatively homogeneous in a 1-cm tube, which
explains why it is a good idea to stir the sugar in your coffee with a spoon instead of waiting for diffusion to do the job. Diffusion is
inefficient because molecules move in random directions, and each time they bump into a molecule of water they change their
direction. Imagine that you need to walk from the corner of Apache and Rural to the corner of College and University Ave, and
every time you make a step you throw a four-sided die to decide whether to move south, north, east or west. You might eventually
get to your destination, but it will likely take you a long time.

Figure : Concentration profile at time 0, 1 min, 6 h and 1 day (CC BY-NC-SA; Marcia Levitus)
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C(x, t) L = 1cm D = 6.5 × c10−6 m2s−1
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