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2.2: Graphical Representation and Euler Relationship

Complex numbers can be represented graphically as a point in a coordinate plane. In cartesian coordinates, the [Math Processing
Error]-axis is used for the real part of the number, and the [Math Processing Error]-axis is used for the imaginary component. For
example, the complex number [Math Processing Error] is represented as a point in Figure [Math Processing Error].

Complex numbers can be also represented in polar form. We know that, given a point [Math Processing Error] in the plane, [Math
Processing Error] and [Math Processing Error]. Therefore, the complex number [Math Processing Error] can be also represented
as [Math Processing Error].
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Figure [Math Processing Error]: Graphical representation of complex numbers. (CC BY-NC-SA; Marcia Levitus)
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We can also represent complex numbers in terms of complex exponentials. This will sound weird for now, but we will see how
common and useful this is in physical chemistry as we cover other topics this semester. The Euler relationship relates the
trigonometric functions to a complex exponential:

[Math Processing Error]
We will prove this relationship using Taylor series later.

In summary, the complex number [Math Processing Error] can be expressed in polar coordinates as [Math Processing Error], and
as a complex exponential as [Math Processing Error]. The relationships between [Math Processing Error] and [Math Processing
Error] are given by the familiar trigonometric relationships: [Math Processing Error] and [Math Processing Error]. Notice that

[Math Processing Error]
and
[Math Processing Error]

as we know from Pythagoras’ theorem.

v/ Example

Express [Math Processing Error] in the form [Math Processing Error]

Solution
[Math Processing Error] and [Math Processing Error].

‘We know that
[Math Processing Error] and [Math Processing Error]

Dividing [Math Processing Error], we get [Math Processing Error]. In this problem [Math Processing Error], and therefore
[Math Processing Error].

To obtain [Math Processing Error] we use [Math Processing Error]. In this case:
[Math Processing Error]

Therefore, [Math Processing Error]

From Equation [Math Processing Error] we can see how the trigonometric functions can be expressed as complex exponentials:

[Math Processing Error]
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Again, this may look strange at this point, but it turns out that exponentials are much easier to manipulate than trigonometric
functions (think about multiplying or dividing exponentials vs. trigonometric functions), so it is common that physical chemists
write equations in terms of complex exponentials instead of cosines and sines.

In Equation [Math Processing Error] we saw that [Math Processing Error]. Now we know that this equals [Math Processing
Error], where [Math Processing Error] is the modulus or absolute value of the vector represented in red in Figure [Math
Processing Error]. Therefore, the modulus of a complex number, denoted as [Math Processing Error], can be calculated as:

[Math Processing Error]

Obtain the modulus of the complex number [Math Processing Error] (see Example [Math Processing Error])

Solution
[Math Processing Error]

X external links

o Expressing a complex number in polar form I: http://www.youtube.com/watch?v=6z6{zPXUbSQs
o Expressing a complex number in polar form II: http://www.youtube.com/watch?v=tAlxdEVuTZ8
o Expressing a complex number in polar form III: http://www.youtube.com/watch?v=XIYDO_weAVA
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