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15.6: Orthogonal Matrices
A nonsingular matrix is called orthogonal when its inverse is equal to its transpose:
AT=A"1 5 ATA =1

For example, for the matrix

A:<c050 —sinG),
sind  cos@

the inverse is
Al ( cosf sinH) _ AT
—sinf cosf

We do not need to calculate the inverse to see if the matrix is orthogonal. We can transpose the matrix, multiply the result by the
matrix, and see if we get the identity matrix as a result:

AT—( cosf sina)

—sinf cos#

ATA_<6050 sin0) (cosG —sin0)_((c0520+sin20) 0 )_(1 0)
~ \ —sinf cosf/ \sinf cosd ) 0 (sin®f+cos?h) / \0 1

The columns of orthogonal matrices form a system of orthonormal vectors (Section 14.2):

a b o a1 by c1
M=|a, by | 2a=|as|;b=|b|;¢c=]|c
a3 by c3 az b3 c3

a-b=a-c=c-b=0

|a] = [b[ =c| =1

v/ Example 15.6.1

Prove that the matrix IM is an orthogonal matrix and show that its columns form a set of orthonormal vectors.

2/3 1/3 -2/3
M=]|2/3 —2/3 1/3
1/3 2/3  2/3

Note: This problem is also available in video format: http://tinyurl.com/k2tkny5

Solution
We first need to prove that MM =1
2/3 1/3 -2/3 2/3  2/3 1/3
M=|2/3 —2/3 1/3 |-M'=| 1/3 -2/3 2/3
1/3 2/3 2/3 -2/3 1/3 2/3

1 0 O
MM=|0 1 0] =I
0 0 1

Because MTM =1, the matrix is orthogonal.

We now how to prove that the columns for a set of orthonormal vectors. The vectors are:
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2/3
a=2/3i+2/3j+1/3i=| 2/3
1/3
1/3
b=1/3i-2/3j+2/3i=| —2/3
2/3
—2/3
c=-2/3i+1/3j+2/3i=| 1/3
2/3

The modulii of these vectors are:
la* = (2/3)* +(2/3)* +(1/3)* =1
b* = (1/3)" +(~2/3)" +(2/3)* =1
el = (=2/3)* +(1/3)° +(2/3)* = 1
which proves that the vectors are normalized.

The dot products of the three pairs of vectors are:
a-b=(2/3)(1/3)+(2/3)(-2/3) +(1/3)(2/3) =0
a-c=(2/3)(=2/3)+(2/3)(1/3) +(1/3)(2/3) =0
c-b=(-2/3)(1/3)+(1/3)(=2/3) +(2/3)(2/3) =0
which proves they are mutually orthogonal.

Because the vectors are normalized and mutually orthogonal, they form an orthonormal set.

Orthogonal matrices, when thought as operators that act on vectors, are important because they produce transformations that
preserve the lengths of the vectors and the relative angles between them. For example, in two dimensions, the matrix

Ml:l/ﬁ(i —11)

is an operator that rotates a vector by 7/4 in the counterclockwise direction (Figure 15.6.1) preserving the lengths of the vectors
and their relative orientation. In other words, an orthogonal matrix rotates a shape without distorting it. If the columns are
orthogonal vectors that are not normalized, as in
1 1
M2 = )
1 -1

the object changes in size but the shape is not distorted. If, however, the two columns are non-orthogonal vectors, the
transformation will distort the shape. Figure 15.6.1shows an example with the matrix

M3:< 1 2)
-1 1
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Figure 15.6.1: Orthogonal (M) and non-orthogonal (M5 3) transformations. An orthogonal transformation preserves the lengths of

the vectors and their relative orientations. (CC BY-NC-SA; Marcia Levitus)
From this discussion, it should not surprise you that all the matrices that represent symmetry operators (Section 15.4) are
orthogonal matrices. These operators are used to rotate and reflect the object around different axes and planes without distorting its
size and shape.

This page titled 15.6: Orthogonal Matrices is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia
Levitus via source content that was edited to the style and standards of the LibreTexts platform.
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