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6.3: The Laguerre Equation

So far we used the power series method to solve equations that can be solved using simpler methods. Let’s now turn our attention
to differential equations that cannot be solved otherwise. One such example is the Laguerre equation. This differential equation is
important in quantum mechanics because it is one of several equations that appear in the quantum mechanical description of the
hydrogen atom. The solutions of the Laguerre equation are called the Laguerre polynomials, and together with the solutions of
other differential equations, form the functions that describe the orbitals of the hydrogen atom.

The Laguerre equation is
zy' +(1—2)y +ny=0

wheren =0,1,2....

Solving the n=0 Laguerre Equation

Here, for simplicity, we will solve the equation for a given value of n. That is, instead of solving the equation for a generic value of
n, we will solve it first for n = 0, then for n = 1, and so on.

Let’s start with n = 0. The differential equation then becomes:
zy" +y —zy =0. (6.3.1)
We start by assuming that the solution can be written as:
y(z) =ag + a1z +axx® +azxd +agzt +. ..
and therefore the first and second derivatives are:
yl(x) =a1 +2asx —|—3agx2 —|—4a4x3 + 5a5w4. ..
y"(z) =2a3+2 x3a3z +3 x4ayx? +4 x 5a5x3 +5 x 6agz? +....
We then plug these expressions in the differential equation (Equation 6.3.1):
zy’' +y —xy =0
z(2a3 42 x 3agz +3 x dayx? +4 x 5a5x° +5 x 6agz* + . . O+ (a1 +2a2z +3a32° +4asz® +5aszt. .. ) =0
—z(a1 + 2azz +3a32” +4a4z® —|—5a5x4 +...)
(2a2z +2 x 3a3x? + 3 x 4ayx® +4 x basz® +5 x 6agz® +...) + (a3 +2a2x +3azx? +4agz® +basz? +...) =0
— (a1 +2a22% + 3azx® +4asz* +5az2° +...)

We then group the terms in the same power of z. However, to avoid writing a long equation, let’s try putting the information in a
table. The second column contains the terms that multiply each power of z. We know each of these terms needs to be zero, and that
will give us the relationships between the coefficients we need.

z0 ay =0 —a; =0

z! 2as + 2a9 — aq =0 —ag=a1/4

z? 6as + 3as — 2a, =0 — a3 =ay x2/9
z° 12a4 + 4a4 — 3a3 =0 — a4 = a3 X 3/16
z? 20as + bas — 4ay =0 — a5 =a4 Xx4/25

The first row tells us that a; = 0, and from the other rows, we conclude that all other coefficients with n > 1 are also zero. Recall
that y(z) = ag + a1z +azz® +azz® +asx?. .. , so the solution is simply y(z) = ao (i.e. the solution is a constant). This solution
may be disappointing to you because it is not a function of . Don’t worry, we’ll get something more interesting in the next

example.
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Solving the n=1 Laguerre Equation
Let’s see what happens when n = 1. The differential equation becomes
zy" +y' —zy +y=0. (6.3.2)
As always, we start by assuming that the solution can be written as:
y(z) =ag + a1z +axx® +azzd +agzt +. ..
and therefore the first and second derivatives are:
Y (z) =ay+2axz +3asx® +4agx® +5aza* +... (6.3.3)
y"(x) =2a3+2 x3a3x +3 xdagz® +4 x5azz® +5 x 6agzt +. .. (6.3.4)
and then plug these expressions in the differential equation (Equation 6.3.2):
2y’ +y' —zy +y =0
z(2az +2 x 3azz +3 x dagx® +4 x basz® +5 x 6agz?...) + (a; +2asz +3azx? +4agx® +5aszt...) =0
—x(ay +2azx +3azx? +4dagx® +5aszt. .. ) +(ag +arx +axx® +azx +agzt. )

(2a0z +2 % 3asz? +3 x dasz® +4 x basz? +5 x 6agz’. . . )+ (a1 +2asz +3a3z? +4asz® +5asz?. .. ) =0
— (a1 +2as2% 4+ 3a3z® +dasxt +5azz’. .. )+ (ap + a1z +asz? +asz® +asz’. .. )

The next step is to group the terms in the same power of x. Let’s make a table as we did before:

T a; +ap =0 — a1 = —ay

z! 2as +2a9 — a1 +a; =0 —4as =0

z? 6as + 3as — 2ay + as =0 —ag=ayx1/9

z° 12a4 + 4a4 — 3as + a3 =0 — ayg =a3 x2/16

z! 20as + bas — 4aq + ay =0 — a5 =a4 x3/25
We see that in this case a; = —ag, and a,,~1 = 0. Recall that

y(l’) =aot+a1x +a2w2 +a3z3 —|—a4z4. ..
so the solution is y(z) = ag(1 —x).

In physical chemistry, we define the Laguerre polynomials (L, (z)) as the solution of the Laguerre equation with ag = n!. This is
arbitrary and somewhat field-dependent. You may find other definitions, but we’ll stick with n! because it is the one that is more
widely used in physical chemistry.

With the last two examples we proved that Lo(xz) =1 and L (z) =1 — « . You’ll obtain Ly () and L3(z) in your homework.
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