LibreTextsw

11.1: Definitions

Mathematical Operators

A mathematical operator is a symbol standing for a mathematical operation or rule that transforms one object (function, vector, etc)

into another object of the same type. For example, when the derivative operator d/dz, also denoted by bz, operates on a function
f(z), the result is the function d f /dz.

operator

Bx‘f:_df «— the resultis

T dx another function

operates on

We can apply the operator f)z to any function. For example, let’s consider the function g(z) = 2 cosz +¢€” :

~

D,g(z) = —2sinz +e”

In physical chemistry, most operators involve either differentiation or multiplication. For instance, the multiplication operator
denoted by £ means “multiply by z”. Using the previous example, when Z operates on g(z) we get

zg(xz) =2z cosz +xe”
Before discussing what operators are good for, lets go over a few more examples. First, notice that we denote operators with a

A . d
“hat”. Let’s define an operator A (read as “A hat”) as = + .
x

d
A=z+— 11.1.1
iz ( )
This reads as “multiply the function by = and add the result to the first derivative of the function with respect to 2”. The second
term is equivalent to the operator we defined before, D,, and using one or the other is a matter of preference. Notice that the

d
expression — does not require a “hat” because it is unambiguous. In the case of x, we need to use the “hat” to be sure we

dz

d
distinguish the operator (multiply by «) from the variable x. In the case of e the expression clearly needs to be applied to a
x

function, so it is obviously an operator. When A operates on the function g(z) (defined above), we obtain:

- d
Ag(z) =zg(z)+ d—g = —2sinz +€® 4+ 2z cosz + ze”
x

Linear Operators

In quantum mechanics we deal only with linear operators. An operator is said to be linear if

A(cr fi(z) +ea fa(z)) = Acy fi(z) + Aca fo(z)

where ¢; and cp are constants (real or complex).

d
For instance, the I operator is linear:
T

(@) k@) = o)+ ah()

If we define the operator B as the “square” operator (take the square of...), we notice that B is not linear because

B(e1fi(z) +e2fo () = (c1f1(2))? + (c2f2())? +2c1 fi(z)ea fo ()

which is clearly different from

B(eifi(2)) + Blea fo(@)) = (1 f1(2))” + (c2fa(2))?
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Eigenfunctions and Eigenvalues

A common problem in quantum mechanics is finding the functions (f) and constants (a) that satisfy
Af=af (11.1.2)

We will discuss the physical meaning of these functions and these constants later. For now, we will define the concept of
eigenfunction and eigenvalue as follows:

If the result of operating on a function is the same function multiplied by a constant, the function is called an eigenfunction of that
operator, and the proportionality constant is called an eigenvalue.

Fa
Af= af «— eigenfunction of A

f

eigenvalue

We can test whether a particular function is an eigenfunction of a given operator or not. For instance, let’s consider the operator
2 2

) and the function g(z) defined in page . Is g(z) an eigenfunction of — = ? In lay terms: if we take the second derivative of
x T
g(z) and change the sign of the result, do we get a function that can be expressed as g(z) times a constant?
Let’s try it:
d’g(z)
————> =2cosz —€”
dx?

The result cannot be expressed as a constant times g(z):

2cosz —e® #a(2cosz +e”)
d2
so g(x) is not an eigenfunction of the operator e
x
2
Let’s consider another function: h(x) = 2sin(bz), where b is a constant. Is h(x) and eigenfunction of the operator fﬁ? We’ll
x

take the second derivative of g(z), multiply by —1, and check whether the result can be expressed as a constant times h(z):

d?h(z)
————— =2b’sin(bz
T2 (bz)
d2
Notice that the result is b? times the function h(z), so the conclusion is that h(z) is an eigenfunction of the operator L and
z

that the corresponding eigenvalue is b?. A common mistake is to conclude that the eigenvalue is 2b%. Be sure you understand why
this is wrong.. Also, notice that b% is a constant because it does not involve the variable x. Another common mistake is to write
eigenvalues that are not constants, but contain the independent variable.

So far we have learned how to test whether a given function is an eigenfunction of a given operator or not. How can we calculate
the eigenfunctions of a given operator? In general, this involves solving a differential equation. For instance, the eigenfunctions of
d2
the operator — ) satisfy the equation
x

_E@) e,

dz?
where a is the eigenvalue. This is an ordinary second order differential equation with constant coefficients, so it can be solved with
d2

the methods we learned in previous chapters. Can you solve it and find the eigenfunctions of the operator — d_z?
x

The eigenfunctions and eigenvalues of an operator play a central role in quantum mechanics. Before moving on, we’ll introduce an
important property that you will use often in your physical chemistry course:
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If two functions fi(z) and fo(z) are both eigenfunctions of an operator with the same eigenvalue, the linear combination
c1f1(z) + ca fo(z) will also be an eigenfunction with the same eigenvalue.

2

%% are both eigenfunctions of the operator ) with eigenvalue a?. Therefore, any linear
x

For instance, the functions e*® and e~

ax

will be an eigenfunction of this operator with eigenvalue a?, regardless of the values of ¢; and ¢;. To
ar

combination ¢;e®® + coe™

prove it, take the second derivative of the function c; e*® + coe™ |

and prove that it equals a? times ¢;e%® + cye”

2

The function cos(az) is also an eigenfunction of T However, the function ¢;e*® + ¢2 cos(az) is not. What went wrong?
x
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