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8.2: Density Matrix for a Mixed State

Based on the discussion of mixed state in Section 7.1, we are led to define the expectation value of an operator for a mixed state as

(A®) = Ym0 1)) (8:2.1)
J

where p; is the probability of finding a system in the state defined by the wavefunction |1/)(j)>. Correspondingly, the density matrix
for a mixed state is defined as:

p(t) =D _pile (&) (V) (2)] (8.2.2)

For the case of a pure state, only one wavefunction|¢(k)) specifies the state of the system, and p; = ;3 . Then the density matrix is
as we described before,

p(t) = [$(1)) (¥ ()] (8.2.3)

with the density matrix elements
p(t)=D ca(t)ein(t)|n) (m]
=" pun(®) ) ml
n,m

For mixed states, using the separation of system (a) and bath () degrees of freedom that we used above, the expectation value of
an operator A can be expressed as

(A(t)) =Y chacs5(al Ab)8a,s

a,o

= Z <Z c;;,acb,a> A
a,b

= Z (p S )ba Aab
a,b
=Tr[psA]
Here, the density matrix elements are

Pa,a,b,f = Cz,acb,ﬁy (824)

We are now in a position, where we can average the system quantities over the bath configurations. If we consider that the operator
A is only a function of the system coordinates, we can make further simplifications. An example is describing the dipole operator
of a molecule dissolved in a liquid. Then we can average the expectation value of A over the bath degrees of freedom as

(A(t)) =Y chacy5(al Ab)8a,s

¥ (z ) Au
a,b a

= Z (pS)baAab
a,b

=Tr[psA]
Here we have defined a density matrix for the system degrees of freedom (also called the reduced density matrix, o)
ps = [s) (s (8.2.5)
with density matrix elements that traced over the bath states:
[b)ps(al = chaha (8:2.6)
(6]
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The “s” subscript should not be confused with the Schrodinger picture wavefunctions. To relate this to our similar expression for p,
Equation 8.2.3, it is useful to note that the density matrix of the system are obtained by tracing over the bath degrees of freedom:

ps =Trp(p)
= Z (P$) pqAab
a,b

Also, note that
Tr(A x B) =Tr(A) Tr(B) (8.2.7)

To interpret what the system density matrix represents, let’s manipulate it a bit. Since pg is Hermitian, it can be diagonalized by a
unitary transformation 7', where the new eigenbasis |m ) represents the mixed states of the original |t)g) system.

ps :Z|m>pmm<m| (8.2.8)

> pmn =1 (8.2.9)

The density matrix elements represent the probability of occupying state |m), which includes the influence of the bath. To obtain
these diagonalized elements, we apply the transformation 7" to the system density matrix:

(ps)mn = Z TMb (ps)baTaTn
a,b

= E cb,aTmb cz,aTrﬁa

a,b,a
= Z fm,a fr’:l,a
a

= |fm|2 =pm >0

The quantum mechanical interaction of one system with another causes the system to be in a mixed state after the interaction. The
mixed states, which are generally inseparable from the original states, are described by

s) =Y fmlm) (8.2.10)

If we only observe a few degrees of freedom, we can calculate observables by tracing over unobserved degrees of freedom. This
forms the basis for treating relaxation phenomena.
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