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3.4: Resonant Driving of a Two-Level System
Let’s describe what happens when you drive a two-level system with an oscillating potential.
V(t) =V coswt (3.4.1)
Vi (t) = Vg coswit (3.4.2)

Note, this is the form you would expect for an electromagnetic field interacting with charged particles, i.e. dipole transitions. In a

simple sense, the electric field is E )= 1_*70 coswt and the interaction potential can be written as V' = -E- 1, where p represents
the dipole operator.

We will look at the form of this interaction a bit more carefully later. We now couple two states |a) and |b) with the oscillating
field. Here the energy of the states is ordered so that &, > &, . Let’s ask if the system starts in |a) what is the probability of finding
itin |a) at time ¢ ?

&——|b)

Va b(t)
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The system of differential equations that describe this problem is:

zh—bk Z b ‘/lm ﬂwnkt (343)
n=a,b
1 . .
_ Z b Vv’me—lwnkt E(E_Mt +ezwt) (344)
n=a,b

Where coswt in written its complex form. Writing this explicitly

. 1 . . 1 . )
ihby = gba%a [ez(wba—w)t _’_eZ(wba-Hu)t} + _bb%b [e“"t _|_e—zwt] (3.4.5)
. 1
ihb, = EbaVaa [ iwt +e—zwt] 4= bb‘/;zb [ Wab—w)t _|_el(wab+w) ] (346)
or alterntively changing the last term:
. 1 . )
ihba — 5ba‘/'aa [elwt 7zwt:| 4+ = beab [ —i Wba“rw) +e*1(wba7w)t:| (3.4'7)

Here the expressions have been written in terms of the frequency ws,. Two of these terms are dropped, since (for our case) the
diagonal matrix elements V;; =0. We also make the secular approximation (or rotating wave approximation) in which the
nonresonant terms are dropped. When wy, ~ w, terms like e=*! or ellwmtw)t oscillate very rapidly (relative to |V, |71) and so do
not contribute much to change of ¢,. (Remember, we take the frequencies wp, and w to be positive). So now we have:

. —1 .
by = 2—hbawme’<ww—wﬁ (3.4.8)
ba _ __ibb%be—i(uwa—w)t (3.4.9)
2h
Note that the coefficients are oscillating at the same frequency but phase shifted to one another. Now if we differentiate Equation
3.4.8
by = = [b Vi€ ) 15 (wpe — w) ba%aei(wb“_“’)t] (3.4.10)

Rewrite Equation 3.4.8:
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2k
:Vf bye (wm—)t (3.4.11)
ba

ba

and substitute Equations 3.4.11and 3.4.9 into Equation 3.4.1(, we get linear second order equation for by.

2
by — i (wpa —w) by + Tr;' by =0 (3.4.12)

This is just the second order differential equation for a damped harmonic oscillator:
az+bz+cx=0 (3.4.13)
x = e (/204 A cos ut 4 Bsin ut) (3.4.14)

with

w= L\/ 4ac —b* (3.4.15)

2a

With a little more manipulation, and remembering the initial conditions b;(0) =0 and b,(0) =1, we find

|Voal” )
Py(t) = |by(2)]* = sin’® Qpt (3.4.16)
|Vba|2+h2(wba _w)2
Where the Rabi Frequency
1
Qp = E\/|V;,a|2+h2 (Wha —w) > (3.4.17)
Also,
P,=1-PF, (3.4.18)

The amplitude oscillates back and forth between the two states at a frequency dictated by the coupling between them. [Note a result
we will return to later: electric fields couple quantum states, creating coherences!]

An important observation is the importance of resonance between the driving potential and the energy splitting between states. To
get transfer of probability density you need the driving field to be at the same frequency as the energy splitting. On resonance, you
always drive probability amplitude entirely from one state to another.

1
P on resonance
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large detuning =
ba

The efficiency of driving between |a) and |b) states drops off with detuning. Here plotting the maximum value of P, as a function
of frequency:
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