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3.6: Interaction Picture

The interaction picture is a hybrid representation that is useful in solving problems with time-dependent Hamiltonians in which we
can partition the Hamiltonian as

H(t) = Hy+V(2) (3.6.1)

Hj is a Hamiltonian for the degrees of freedom we are interested in, which we treat exactly, and can be (although for us usually
will not be) a function of time. V(t) is a time-dependent potential which can be complicated. In the interaction picture, we will
treat each part of the Hamiltonian in a different representation. We will use the eigenstates of Hj as a basis set to describe the
dynamics induced by V'(¢), assuming that V' (¢) is small enough that eigenstates of Hy are a useful basis. If Hj is not a function of
time, then there is a simple time-dependence to this part of the Hamiltonian that we may be able to account for easily. Setting V to
zero, we can see that the time evolution of the exact part of the Hamiltonian H), is described by

0 1
—U (t,t0) =——Ho(t)Uy (¢, ¢ 3.6.2
5 U0 (£ t0) = =+ Ho (0o (¢, o) (3.6.2)
where,
7 t
Up (t,t0) =exp, [—E / dTH()(t):| (3.6.3)
ty
or, for a time-independent Hy,
Uy (t,ty) = e Holt=to)/R (3.6.4)
We define a wavefunction in the interaction picture |1;) in terms of the Schrédinger wavefunction through:
s (t)) = U (¢, to) |91 (2)) (3.6.5)
or
1) = Uy [9s) (3.6.6)

Effectively the interaction representation defines wavefunctions in such a way that the phase accumulated under e Hot/h jg

removed. For small V, these are typically high frequency oscillations relative to the slower amplitude changes induced by V.

Now we need an equation of motion that describes the time evolution of the interaction picture wavefunctions. We begin by
substituting Equation 3.6.5 into the TDSE:

[¥s(t)) =Us (¢, to) [¥1(2)) (3.6.7)
= Uy (t,t0) Ur (t,t0) |91 (t0)) (3.6.8)
=Up (t,t0) Ur (¢, t0) |95 (to)) (3.6.9)
Ut to) =Us (t,t0) Ur (t, t0) (3.6.10)
L OlYr)
where
Vi(t) = U] (¢, t0) V() Uo (¢, to) (3.6.12)

|1r) satisfies the Schrodinger equation with a new Hamiltonian in Equation 3.6.12: the interaction picture Hamiltonian, V7 (t). We
have performed a unitary transformation of V'(¢) into the frame of reference of Hy, using Uy. Note: Matrix elements in

Vr = (k|Vi|1) = e ™" Vyy (3.6.13)
where k and [ are eigenstates of Hy. We can now define a time-evolution operator in the interaction picture:

[¥r(t)) = Ui (¢, t0) [¥1 (%)) (3.6.14)

where
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Uy (£, o) = exp., [7 /t t dTV,(T)] (3.6.15)

Now we see that

.'.U(t,to) =0y (t,to) U (t,to) (3.6.16)
Also, the time evolution of conjugate wavefunction in the interaction picture can be written

U (t,to) = U (b, 0) U (¢, o) = exp_ [% /1t t dTVI(T)] exp. [% /t thHO(T)] (3.6.17)

For the last two expressions, the order of these operators certainly matters. So what changes about the time-propagation in the
interaction representation? Let’s start by writing out the time-ordered exponential for U in Equation 3.6.16using Equation 3.6.15;

—q t
U(t,to) =0, (t,t())-‘r (%) dTUo(t,T)V(T)UO (T,t0)+"' (3618)
ty
00 s\ " t Tn Ty
=0 (t,to)Jrz (?Z) /t dTn/t dTn,l---/t driUy (8, 7))V (1) Uo (Tny T—1) - - - (3.6.19)
n=1 0 0 0

x Uy (12, 7))V (11) Up (71, o)

Here I have used the composition property of U (t, ty). The same positive time-ordering applies. Note that the interactions V (7;)
are not in the interaction representation here. Rather we used the definition in Equation 3.6.12 and collected terms. Now consider
how U describes the timedependence if I initiate the system in an eigenstate of Hp, |I) and observe the amplitude in a target
eigenstate | k). The system evolves in eigenstates of Hy during the different time periods, with the time-dependent interactions V
driving the transitions between these states. The first-order term describes direct transitions between ! and k induced by V,
integrated over the full time period. Before the interaction phase is acquired as e~ (7—t0)/R \whereas after the interaction phase is
acquired as e~E¢(t=7)/k  Higher-order terms in the time-ordered exponential accounts for all possible intermediate pathways.

We now know how the interaction picture wavefunctions evolve in time. What about the operators? First of all, from examining the
expectation value of an operator we see

WO Al
to) U (¢, t0) AU (8, t0)| v (t))

(A1)

(v
(v (t0) U} U AU |3 (t0))
<¢L (t) .AL‘ YL (t)>

where
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A =U} AsU, (3.6.20)
So the operators in the interaction picture also evolve in time, but under Hy. This can be expressed as a Heisenberg equation by
differentiating
0 - i -
— Ay = [Hy, 4] 3.6.21
e Ar = [Ho, A (3.6.21)
Also, we know

5
50 = Vi®)lvn)

(3.6.22)
Notice that the interaction representation is a partition between the Schrédinger and Heisenberg representations. Wavefunctions
evolve under VI, while operators evolve under

ForHy=0,V(t)=H =

%H|¢S)For Schrsdinger (3.6.23)

i OF or Heisenberg (3.6.24)
The relationship between Ul and bn

Earlier we described how time-dependent problems with Hamiltonians of the form H = Hy + V() could be solved in terms of the
time-evolving amplitudes in the eigenstates of Hy. We can describe the state of the system as a superposition

%) =D calt)n)

where the expansion coefficients c(t) are given by

(3.6.25)
e (t) = (kly(t)) = (k|U (¢, t0)| ¥ (t0))
= (k|UoUr| ¥ (to))

—iEt/h

= e B (kUL (to))

Now, comparing equations ??7 and 7?7 allows us to recognize that our earlier modified expansion coefficients b,, were expansion
coefficients for interaction picture wavefunctions

bi(t) = (kl31(t)) = (k|Ur| 4 (to))
Readings

(3.6.26)
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