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1.2: The Schrédinger Equation and Its Components

It has been well established that electrons moving in atoms and molecules do not obey the classical Newton equations of motion.
People long ago tried to treat electronic motion classically, and found that features observed clearly in experimental measurements
simply were not consistent with such a treatment. Attempts were made to supplement the classical equations with conditions that could
be used to rationalize such observations. For example, early workers required that the angular momentum L =r X p be allowed to
assume only integer multiples of h /27 (which is often abbreviated as %), which can be shown to be equivalent to the Bohr postulate
nA = 27r. However, until scientists realized that a new set of laws, those of quantum mechanics, applied to light microscopic
particles, a wide gulf existed between laboratory observations of molecule-level phenomena and the equations used to describe such
behavior.

Quantum mechanics is cast in a language that is not familiar to most students of chemistry who are examining the subject for the first
time. Its mathematical content and how it relates to experimental measurements both require a great deal of effort to master. With these
thoughts in mind, i have organized this material in a manner that first provides a brief introduction to the two primary constructs of
quantum mechanics- operators and wave functions that obey a Schrodinger equation. Next, I demonstrate the application of these
constructs to several chemically relevant model problems. By learning the solutions of the Schrodinger equation for a few model
systems, the student can better appreciate the treatment of the fundamental postulates of quantum mechanics as well as their relation to
experimental measurement for which the wave functions of the known model problems offer important interpretations.

Operators

Each physically measurable quantity has a corresponding operator. The eigenvalues of the operator tell the only values of the
corresponding physical property that can be observed in an experimental probe of that property. Some operators have a continuum of
eigenvalues, but others have only discrete quantized eigenvalues.

Any experimentally measurable physical quantity F' (e.g., energy, dipole moment, orbital angular momentum, spin angular
momentum, linear momentum, Kinetic energy) has a classical mechanical expression in terms of the Cartesian positions {g¢;} and
momenta {p;} of the particles that comprise the system of interest. Each such classical expression is assigned a corresponding
quantum mechanical operator F' formed by replacing the {p;} in the classical form by the differential operator

0
—th— 1.1
5 (1)

and leaving the coordinates g; that appear in F' untouched. If one is working with a classical quantity expressed in terms of curvilinear
coordinates, it is important that this quantity first be rewritten in Cartesian coordinates. The replacement of the Cartesian momenta by

—ih—— can then be made and the resultant expression can be transformed back to the curvilinear coordinates if desired.
4d;

Example 1.2.1

For example, the classical kinetic energy of N particles (with masses 7;) moving in a potential field containing both quadratic and linear
coordinate-dependence can be written as

Y(p 1
F= —+=~k(g—¢)*+L(g—q) |- 1.2
;<2ml+2 (@—¢))+Lla—q) (1.2)
The quantum mechanical operator associated with this F' is
N
h? 092 1
F=Y | -5—25t5ka-aV+La-q) ). 1.3
;( 2ml8ql2+2 (@—q) +Lla—-q) (L.3)

Such an operator would occur when, for example, one describes the sum of the kinetic energies of a collection of particles (the first term) in
Eq. 1.3), plus the sum of "Hookes' Law" parabolic potentials (the second term in Eq. 1.3), and the interactions of the particles with an
externally applied field (the last term Eq. 1.3) whose potential energy varies linearly as the particles move away from their equilibrium

positions {g{ }.

Let us try more examples. The sum of the z-components of angular momenta (recall that vector angular momentum L is defined as
L =r xp of acollection of N particles has the following classical expression
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N
F= Zl(wjpyj ~YjPaj)s (1.4)
=
and the corresponding operator is
N, D 9
F :fm;(xja—wfyja—%). (1.5)
If one transforms these Cartesian coordinates and derivatives into polar coordinates, the above expression reduces to
)
F = —zh; %, (1.6)
where ¢; is the azimuthal angle of the 4t particle.
The z-component of the dipole moment for a collection of N particles has a classical form of
N
F:ZZjea:j, (1.7)
j=1
for which the quantum operator is
N
F=> Zex, (1.8)
j=1

where Zje is the charge on the 4t particle. Notice that in this case, classical and quantum forms are identical because F' contains no
momentum operators.

Remember, the mapping from F' to F is straightforward only in terms of Cartesian coordinates. To map a classical function F', given
in terms of curvilinear coordinates (even if they are orthogonal), into its quantum operator is not at all straightforward. The mapping
can always be done in terms of Cartesian coordinates after which a transformation of the resulting coordinates and differential
operators to a curvilinear system can be performed.

The relationship of these quantum mechanical operators to experimental measurement lies in the eigenvalues of the quantum operators.
Each such operator has a corresponding eigenvalue equation

FXj :anj (19)

in which the x; are called eigenfunctions and the (scalar numbers) a; are called eigenvalues. All such eigenvalue equations are posed
in terms of a given operator (F' in this case) and those functions {x;} that F acts on to produce the function back again but multiplied
by a constant (the eigenvalue). Because the operator F usually contains differential operators (coming from the momentum), these
equations are differential equations. Their solutions x; depend on the coordinates that F' contains as differential operators. An example
will help clarify these points. The differential operator d/dy acts on what functions (of y) to generate the same function back again but
multiplied by a constant? The answer is functions of the form exp(ay) since

d(exp(ay))

dy = aexp(ay). (1.10)

So, we say that exp(ay) is an eigenfunction of d/dy and a is the corresponding eigenvalue.

As T will discuss in more detail shortly, the eigenvalues of the operator F tell us the only values of the physical property corresponding
to the operator F that can be observed in a laboratory measurement. Some F' operators that we encounter possess eigenvalues that are
discrete or quantized. For such properties, laboratory measurement will result in only those discrete values. Other F' operators have
eigenvalues that can take on a continuous range of values; for these properties, laboratory measurement can give any value in this
continuous range.

An important characteristic of the quantum mechanical operators formed as discussed above for any measurable property is the fact
that they are Hermitian. An operator F that acts on coordinates denoted ¢ is Hermitian if

/ 61 F ¢ ydq — / [Fé1]" ¢sdg (1.11)
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or, equivalently,

/ 6:Fydg—| / ¢ F1dg)" (1.12)

for any functions ¢;(g) and ¢(g). The operator corresponding to any power of the coordinate q itself is easy to show obeys this

identity, but what about the corresponding momentum operator fiha—? Let’s take the left hand side of the above identity for
q

0
F=—ih— 1.1
ihs (1.13)
and rewrite it using integration by parts as follows:
+o00 ] a q ] +00 a q
sitl-n 22D 1ag—in [ g1 2L L 1aq (1.2.1)

ik / :° %‘%](qmqw;wo)w(oo) — 3(—00)ps(—00)}

If the functions ¢;(g) and ¢s(q) are assumed to vanish at =00, the right-hand side of this equation can be rewritten as

“+00 a * 00 . o :
i [ 7D g gaa= [ a1 [ gyt 1-in? 0L agr (12.2)

., 0
So, fzha— is indeed a Hermitian operator. Moreover, using the fact that g; and p; are Hermitian, one can show that any operator F
q
formed using the rules described above is also Hermitian.

One thing you need to be aware of concerning the eigenfunctions of any Hermitian operator is that each pair of eigenfunctions 1), and
1y belonging to different eigenvalues display a property termed orthonormality. This property means that not only may ), and ),
each normalized so their probability densities integrate to unity

1= [nftdo = [l da, (1.14)

but they are also orthogonal to each other

0= /m%dx (1.15)

where the complex conjugate * of the first function appears only when the v solutions contain imaginary components (e.g., the

0
functions exp(ime), which eigenfunctions of the z-component of angular momentum —3%——). The orthogonality condition can be

9¢
viewed as similar to the condition of two vectors vy and v, being perpendicular, in which case their scalar (sometimes called dot)
product vanishes v; - v = 0. I want you to keep this property in mind because you will soon see that it is a characteristic of all
eigenfunctions of any Hermitian operator.

It is common to write the integrals displaying the normalization and orthogonality conditions in the following so-called Dirac notation

1= (Yulthn) (1.14)

and

0:<"/}n‘¢n’>a (1'14)

where the |} and ( | symbols represent 3 and ¢*, respectively, and putting the two together in the (|} construct implies the integration
over the variables that y depends upon. The Hermitian character of an operator F' means that this operator forms a Hermitian matrix
when placed between pairs of functions and the coordinates are integrated over. For example, the matrix representation of an operator
F when acting on a set of functions denoted {¢ s} is:

Fio = (61[Flés) = [ 67F6sda (1.14)

For all of the operators formed following the rules stated earlier, one finds that these matrices have the following property:
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Fr,=Fj, (1.14)

which makes the matrices what we call Hermitian. If the functions upon which F acts and F itself have no imaginary parts (i.e., are
real), then the matrices turn out to be symmetric:

Fry=Fyr. (1.14)

The importance of the Hermiticity or symmetry of these matrices lies in the fact that it can be shown that such matrices have all real
(i.e., not complex) eigenvalues and have eigenvectors that are orthogonal (or, in the case of degenerate eigenvalues, can be chosen to
be orthogonal). Let’s see how these conditions follow from the Hermiticity property.

If the operator F' has two eigenfunctions 1; and 1), having eigenvalues A; and Ay, respectively, then
Fy = My (1.14)

Multiplying this equation on the left by 1} and integrating over the coordinates (denoted g) that F' acts on gives

[viFvida=x [vinnda (1.14)
The Hermitian nature of F' allows us to also write
[viFinda= [(®v)vida, (1.14)
which, because
Fipy = Aoty (1.14)
gives
M [wsinda= [wsFinda= [0 vnda=a [vsirda (1.14)

If A1 is not equal to A2, the only way the left-most and right-most terms in this equality can be equal is if

[wstda—o, (1.14)

which means the two eigenfunctions are orthogonal. If the two eigenfunctions ; and 1, have equal eigenvalues, the above derivation
can still be used to show that 4/ and 1 are orthogonal to the other eigenfunctions {3, ¥4,etc.} of F that have different eigenvalues.
For the eigenfunctions 11 and 1 that are degenerate (i.e., have equal eigenvalues), we cannot show that they are orthogonal (because
they need not be so). However, because any linear combination of these two functions is also an eigenfunction of F having the same
eigenvalue, we can always choose a combination that makes 1; and 15 orthogonal to one another.

Finally, for any given eigenfunction 11, we have

[viFunda = [vinda (1.14)

However, the Hermitian character of F allows us to rewrite the left hand side of this equation as

[viFudi= [Puvida= ) [ivide (114)
These two equations can only remain valid if

[M]* =, (1.14)

which means that A; is a real number (i.e., has no imaginary part).

So, all quantum mechanical operators have real eigenvalues (this is good since these eigenvalues are what can be measured in any
experimental observation of that property) and can be assumed to have orthogonal eigenfunctions. It is important to keep these facts in
mind because we make use of them many times throughout this text.
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Wave functions

The eigenfunctions of a quantum mechanical operator depend on the coordinates upon which the operator acts. The particular operator
that corresponds to the total energy of the system is called the Hamiltonian operator. The eigenfunctions of this particular operator are
called wave functions

A special case of an operator corresponding to a physically measurable quantity is the Hamiltonian operator H that relates to the total
energy of the system. The energy eigenstates of the system Y are functions of the coordinates {g;} that H depends on and of time t.
The function |¥(g;, t)|2 = U*¥ gives the probability density for observing the coordinates at the values g; at time ¢. For a many-
particle system such as the H,O molecule, the wave function depends on many coordinates. For H>O, it depends on the z, y, and z
(or 7,6, and ¢) coordinates of the ten electrons and the «, y, and z (or r,0, and ¢) coordinates of the oxygen nucleus and of the two
protons; a total of thirty-nine coordinates appear in Y.

If one is interested in what the probability distribution is for finding the corresponding momenta p; at time ¢, the wave function

., 0
¥(gj,t) has to first be written as a combination of the eigenfunctions of the momentum operators — zha— . Expressing ¥(g;,t) in this
qj
manner is possible because the momentum operator is Hermitian and it can be shown that the eigenfunctions of any Hermitian operator

form a complete set of functions. The momentum operator’s eigenfunctions are

1
exp(ip;q;/h), 1.14
N (ipjg; /) (1.14)
and they obey
0 1 1
—ith— ———=exp(ip,;q;/h) = pj———=-¢exp(ip;q;/ k). 1.14
g, Vam PR/ =i e exeipiar /1) (114

These eigenfunctions can also be shown to be orthonormal.
Expanding ¥(g;, ¢) in terms of these normalized momentum eigenfunctions gives

We can find the expansion coefficients C(pj, t) by multiplying the above equation by the complex conjugate of another (labeled p;)
momentum eigenfunction and integrating over g;

The quantities |C (p;., t) |2 then give the probability of finding momentum p/; at time ¢.

In classical mechanics, the coordinates g; and their corresponding momenta p; are functions of time. The state of the system is then
described by specifying g;(t) and p;(¢). In quantum mechanics, the concept that gj is known as a function of time is replaced by the
concept of the probability density for finding coordinate gj at a particular value at a particular time |\I’(qj,t)\2 or the probability
density |C (p/j, t)|* for finding momentum pj attime ¢.

The Hamiltonian eigenstates are especially important in chemistry because many of the tools that chemists use to study molecules
probe the energy states of the molecule. For example, most spectroscopic methods are designed to determine which energy state
(electronic, vibrational, rotational, nuclear sp_in, etc.) a molecule is in. However, there are other experimental measurements that
measure other properties (e.g., the z-component of angular momentum or the total angular momentum).

As stated earlier, if the state of some molecular system is characterized by a wave function Y that happens to be an eigenfunction of a
quantum mechanical operator F, one can immediately say something about what the outcome will be if the physical property F
corresponding to the operator F is measured. In particular, since

Fxj = Xixj» (1.14)

where )\ is one of the eigenvalues of F', we know that the value \; will be observed if the property F' is measured while the molecule
is described by the wave function Y = x; . In fact, once a measurement of a physical quantity F" has been carried out and a particular
eigenvalue \; has been observed, the system's wave function Y~ becomes the eigenfunction x; that corresponds to that eigenvalue.
That is, the act of making the measurement causes the system's wave function to become the eigenfunction of the property that was
measured. This is what is meant when one hears that the act of making a measurement can change the state of the system in quantum
mechanics.

What happens if some other property G, whose quantum mechanical operator is G is measured in a case where we have already
determined Y = x; ? We know from what was said earlier that some eigenvalue mk of the operator G will be observed in the
measurement. But, will the molecule's wave function remain, after G is measured, the eigenfunction Y =x; of F, or will the
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measurement of G cause Y to be altered in a way that makes the molecule's state no longer an eigenfunction of F'? It turns out that if
the two operators F and G obey the condition

FG=GF, (1.14)

then, when the property G is measured, the wave function Y = x; will remain unchanged. This property that the order of application
of the two operators does not matter is called commutation; that is, we say the two operators commute if they obey this property. Let us
see how this property leads to the conclusion about Y remaining unchanged if the two operators commute. In particular, we apply the
G operator to the above eigenvalue equation from which we concluded that Y = x; :

GFX]‘ = G)\jX]‘. (1.14)
Next, we use the commutation to re-write the left-hand side of this equation, and use the fact that A; is a scalar number to thus obtain:

So, now we see that Gx; itself is an eigenfunction of F having eigenvalue );. So, unless there are more than one eigenfunction of F
corresponding to the eigenvalue A; (i.e., unless this eigenvalue is degenerate), G’x; must itself be proportional to ;. We write this
proportionality conclusion as

GXj = KiXi» (1.14)

which means that ; is also an eigenfunction of G. This, in turn, means that measuring the property G while the system is described by
the wave function Y = x; does not change the wave function; it remains ;.

If there are more than one function {Xx;,, Xj,- - - Xj,} that are eigenfunctions of F having the same eigenvalue );, then the relation
FGy; = A\jGx; only allows us to conclude that G’y is some combination of these degenerate functions
Gx;= Y Cixk. (1.14)
k=1,M

Below, I offer some examples that i hope will clarify what these rules mean and how the relate to laboratory measurements.

In summary, when the operators corresponding to two physical properties commute, once one measures one of the properties (and thus
causes the system to be an eigenfunction of that operator), subsequent measurement of the second operator will (if the eigenvalue of
the first operator is not degenerate) produce a unique eigenvalue of the second operator and will not change the system wave function.
If either of the two properties is subsequently measured (even over and over, again), the wave function will remain unchanged and the
value observed for the property being measured will remain the same as the original eigenvalue observed.

However, if the two operators do not commute, one simply cannot reach the above conclusions. In such cases, measurement of the
property corresponding to the first operator will lead to one of the eigenvalues of that operator and cause the system wave function to
become the corresponding eigenfunction. However, subsequent measurement of the second operator will produce an eigenvalue of that
operator, but the system wave function will be changed to become an eigenfunction of the second operator and thus no longer the
eigenfunction of the first.

I think an example will help clarify this discussion. Let us consider the following orbital angular momentum operators for N particles

N
L:Z(rj xp;) (1.14)

or
0 0
L, =—ih ey 1.14
v j;}v (113] 63/]‘ Yj a,l:]) ( a‘)
. 0 0
Lw =—ih _Z (yj%jfflij%j) (1'14b)
j=1,N
. 0 0
L,= —zhj;N (zj 87]-7 x]a—zj> (1.14c)
and
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L’ =L +L}+L2 (1.14)

It turns out that the operator L2 can be shown to commute with any one of L, L, or Ly, but L, L, or L, do not commute with one
another (we will discuss these operators in considerably more detail in Chapter 2 section 2.7; for now, please accept these statements).

Let us assume a measurement of L, is carried out and one obtains the value 2h. Thus far, all one knows is that the system can be
described by a wave function that is some combination of D, F, G, H, etc. angular momentum functions | L, m = 2) having different
L-values but all having m =2

=Y Cr|L,m=2), (1.14)
L>2
but one does not know the amplitudes C'y, telling how much a given L-value contributes to ¥. One can express ¥ as such a linear
combination because the Hermitian quantum mechanical operators formed as described above can be shown to possess complete sets
of eigenfunctions; this means that any function (of the appropriate variables) can be written as a linear combination of these
eigenfunctions as done above.

If one subsequently carries out a measurement of L2, the fact that L? and L, commute means that this second measurement will not
alter the fact that ¥ contains only contributions with m = 2, but it will result in observing only one specific L-value. The probability
of observing any particular L-value will be given by |CL|2. Once this measurement is realized, the wave function will contain only
terms having that specific L-value and m = 2. For example, if L = 3 is found, we know the wave function has L =3 and m = 2, so
we know it is a F-symmetry function with m = 2, but we don’t know any more. That is, we don’t know if it is an n =4, 5, 6, etc. F-
function.

What now happens if we make a measurement of L, when the system is in the L = 3, m = 2 state (recall, this m = 2 is a value of the
L, component of angular momentum)? Because L, and L? commute, the measurement of L, will not alter the fact that ¥ contains
only L = 3 components. However, because L, and L, do not commute, we can not assume that W is still an eigenfunction of L, ; it
will be a combination of eigenfunctions of L? having L = 3 but having m-values between -3 and 3, with m now referring to the
eigenvalue of L, (no longer to L))

U= i CowlL =3,m). (1.14)

m=—3

When L, is measured, the value mk will be found with probability |C,,|?, after which the wave function will be the |L = 3, m)

eigenfunction of L’ and L, (and no longer an eigenfunction of L)

T understand that these rules of quantum mechanics can be confusing, but I assure you they are based on laboratory observations about
how atoms, ions, and molecules behave when subjected to state-specific measurements. So, I urge you to get used to the fact that
quantum mechanics has rules and behaviors that may be new to you but need to be mastered by you.

The Schrodinger Equation

This equation is an eigenvalue equation for the energy or Hamiltonian operator; its eigenvalues provide the only allowed energy levels
of the system

The Time-Dependent Equation
If the Hamiltonian operator contains the time variable explicitly, one must solve the time-dependent Schrédinger equation

Before moving deeper into understanding what quantum mechanics means, it is useful to learn how the wave functions 1) are found by
applying the basic equation of quantum mechanics, the Schrodinger equation, to a few exactly soluble model problems. Knowing the
solutions to these 'easy' yet chemically very relevant models will then facilitate learning more of the details about the structure of
quantum mechanics.

The Schrédinger equation is a differential equation depending on time and on all of the spatial coordinates necessary to describe the
system at hand (thirty-nine for the H,O example cited above). It is usually written
ov

Hy = ih—— (1.14)

where ¥(g;,t) is the unknown wavefunction and H is the operator corresponding to the total energy of the system. This Hermitian
operator is called the Hamiltonian and is formed, as stated above, by first writing down the classical mechanical expression for the
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total energy (kinetic plus potential) in Cartesian coordinates and momenta and then replacing all classical momenta p; by their

quantum mechanical operators p; = *’ha_ .
4dj

For the H,O example used above, the classical mechanical energy of all thirteen particles is

30 2 3 3 ZZbe
B-Y gy X Soy YRy Ly Bl 114

= ]#l 1,10 Ti,j a=1 i=1 b;éa 1 Ta,b

where the indices ¢ and j are used to label the ten electrons whose thirty Cartesian coordinates and thirty Cartesian momenta are {q; }
and {p;}, and a and b label the three nuclei whose charges are denoted {Z,} and whose nine Cartesian coordinates and nine Cartesian
momenta are {¢,} and {p, }. The electron and nuclear masses are denoted m, and {m, }, respectively. The corresponding Hamiltonian
operator is

30 2 52 10 2 310 2 9 2 52 3 2
R 0 1 e Zqe R 0 1 ZyZye
H=) [— —]+— > -y ) {———}-F— i (1.14)
“— 2me dg? 2 G T S Tie A 2mq Og? 2, S Tab

where 7; ;, 7; 4, and 7, denote the distances between electron pairs, electrons and nuclei, and nuclear pairs, respectively.

Notice that H is a second order differential operator in the space of the thirty-nine Cartesian coordinates that describe the positions of
the ten electrons and three nuclei. It is a second order operator because the momenta appear in the kinetic energy as p? and p2, and the

., 0
quantum mechanical operator for each momentum p = —ih— is of first order.

dq
The Schrédinger equation for the H,O example at hand then reads

o o L

i=1 j#i Ti,j a=1 i=1 Tia a=1 2me. 8(]@ b#a Tasb

The Hamiltonian in this case contains ¢ nowhere. An example of a case where H does contain ¢ occurs, for example, when the an
oscillating electric field F cos(wt) along the z-axis interacts with the electrons and nuclei and a term

3 10
ZZZeXaEcos(wt) —Zeijcos(wt) (1.14)
a=1 j=

is added to the Hamiltonian. Here, X, and z; denote the z coordinates of the a** nucleus and the j** electron, respectively.

The Time-Independent Equation
If the Hamiltonian operator does not contain the time variable explicitly, one can solve the time-independent Schrédinger equation

In cases where the classical energy, and hence the quantum Hamiltonian, do not contain terms that are explicitly time dependent (e.g.,
interactions with time varying external electric or magnetic fields would add to the above classical energy expression time dependent
terms), the separations of variables techniques can be used to reduce the Schrédinger equation to a time-independent equation. In such
cases, H is not explicitly time dependent, so one can assume that ¥(g;, t) is of the form (n.b., this step is an example of the use of the
separations of variables method to solve a differential equation)

U(g;,t) =¥(g;)F(t). (1.14)
Substituting this 'ansatz’' into the time-dependent Schrodinger equation gives
W(ay)ihp = F(OHY () (1.14)
Dividing by ¥(gs)F(t) then gives
PRI = w7 (HE (). (1.14)

Since F'(t) is only a function of time ¢, and ¥(g;) is only a function of the spatial coordinates {g;}, and because the left hand and
right hand sides must be equal for all values of t and of {g;}, both the left and right hand sides must equal a constant. If this constant is
called E, the two equations that are embodied in this separated Schrodinger equation read as follows:
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H¥(qs) = E¥(qy), (1.14)
 dF(t)

The first of these equations is called the time-independent Schrodinger equation; it is an eigenvalue equation in which one is asked to
find functions that yield a constant multiple of themselves when acted on by the Hamiltonian operator. Such functions are called
eigenfunctions of H and the corresponding constants are called eigenvalues of H. For example, if H were of the form

B2 §2
37 ?452 = H, then functions of the form exp(im¢) would be eigenfunctions because
h? 9?2 m2h?
—— ——exp(im¢) = exp(ime ). 1.14
2T 362 xp(ime) = —— exp(im¢) (1.14)

m2h?

In this case, is the eigenvalue. In this example, the Hamiltonian contains the square of an angular momentum operator (recall

)
earlier that we showed the z-component of angular momentum L, for a single particle is to equal — zh%).
When the Schrodinger equation can be separated to generate a time-independent equation describing the spatial coordinate dependence
of the wave function, the eigenvalue E must be returned to the equation determining F'(¢) to find the time dependent part of the wave
function. By solving

dF(t
th =EF(t) (1.14)
once F is known, one obtains
F(t) =exp(—iEt/h), (1.14)
and the full wave function can be written as
W(g;,t) = ¥(q;) exp(—iEt/R). (1.14)
For the above example, the time dependence is expressed by
- m?h? 1
F(t)-exp(—zt ¥ E) (1.14)

In such cases, the spatial probability density |¥(g;,)|* does not depend upon time because the product exp(—iEt/k) exp(i Et /h)
reduces to unity.

In summary, whenever the Hamiltonian does not depend on time explicitly, one can solve the time-independent Schrodinger equation
first and then obtain the time dependence as exp(—iE't/k) once the energy E is known. In the case of molecular structure theory, it is
a quite daunting task even to approximately solve the full Schrodinger equation because it is a partial differential equation depending
on all of the coordinates of the electrons and nuclei in the molecule. For this reason, there are various approximations that one usually
implements when attempting to study molecular structure using quantum mechanics.

It should be noted that it is possible to prepare in the laboratory, even when the Hamiltonian contains no explicit time dependence,
wave functions that are time dependent and that have time-dependent spatial probability densities. For example, one can prepare a state
of the Hydrogen atom that is a superposition of the 2s and 2p, wave functions

U(r,t =0) = Crpas(r) + Cathap,(T) (1.14)
where the two eigenstates obey
Hipas (1) = Ensthas(r) (1.14)
and
Hpop, (1) = Eopthap(r). (1.14)
When H does not contain ¢ explicitly, it is possible to then express ¥(r, t) in terms of ¥(r,¢ = 0) as follows:
W 1) = exp (= 220 (Cuthar) + oty (1.14)
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—itEys
h

= [Cﬂ,bzs(r) exp ( ) + Cathap,(1) exp (LEZPZ)] . (1.14)

h
This function, which is a superposition of 2s and 2p, functions, does indeed obey the full time-dependent Schrodinger equation

v
HVY = ih—— . The probability of observing the system in the 2s state if a measurement capable of making this determination were

ot

carried out is

= |cy? (1.14)

Crexp (122

and the probability of finding it in the 2p, state is

2

Cy exp (%Ez”z) , (1.14)

both of which are independent of time. This does not mean that ¥ or the spatial probability density ¥ describes is time-independent
because the product

i —itEypn] itBs,
[C’l as(r) exp (%E%) + Oy hap.(r) exp (%)} [C’l Pas(T) exp ( ZthE2 ) +C5 1hap, (1) exp (1.14)

(=52

contains cross terms that depend on time.

It is important to note that applying exp(—iH¢t/h) to such a superposition state in the manner shown above, which then produces a
superposition of states each of whose amplitudes carries its own time dependence, only works when H has no time dependence. If H

0 H
were time-dependent, zha acting on exp(—iH¢/R)¥(r,t =0) would contain an additional factor involving o5 2 result of

p
which one would not have HY = zha— .

ot
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