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18.3: The Schrodinger Equation for A Particle in A Box

A problem usually called the particle in a box provides a convenient illustration of the principles involved in setting up and solving
the Schrodinger equation. Besides being a good illustration, the problem also proves to be a useful approximation to many physical
systems. The statement of the problem is simple. We have a particle of mass m that is constrained to move only in one dimension.
For locations in the interval 0 <z < £, the particle has zero potential energy. For locations outside this range, the particle has
infinite potential energy. Since the particle cannot have infinite energy, this means that it can never find its way into locations
outside of the interval 0 < z < £. We can think of this particle as a bead moving on a wire, with stops located on the wire at x =0
and at z = £. We can also think of it as being confined to a one-dimensional box of length ¢, which is the viewpoint represented by
the name. The particle in a box model is diagrammed in Figure 1.
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Figure 1. Potential energy versus distance for a particle in a box.

The potential energy constraints mean that the amplitude of the particle’s wavefunction must be zero, ¥ (x) = 0, when the value of
z lies in the interval

—oox <0
or
! <z <+oo

We assume that the probability of finding the particle cannot change abruptly when its location changes by an arbitrarily small
amount. This means that the wavefunction must be continuous, and it follows that ¢ (0) =0 and v (£) = 0. Inside the box, the

particle’s Schrodinger equation is
h2 d2’(/)
— L E
( 87r2m) dx? v

and we seek those functions 1 (z) that satisfy both this differential equation and the constraint equations 1 (0) =0 and ¢ (¢) =0.
It turns out that there are infinitely many such solutions, %,,, each of which corresponds to a unique energy level, E,,.

To find these solutions, we first guess—guided by our considerations in §2—that solutions will be of the form
¥ (z) = Asin (az) + Bcos (bz)
A solution must satisfy
¥ (0) = Asin(0) + Bcos(0) = Bcos(0) =0
so that B = 0. At the other end of the box, we must have
Y (€)= Asin(afl) =0
which means that af = nm, where n is any integer: n =1, 2, .... Hence, we have

a=nm/l

https://chem.libretexts.org/@go/page/151776



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://chem.libretexts.org/@go/page/151776?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Thermodynamics_and_Chemical_Equilibrium_(Ellgen)/18%3A_Quantum_Mechanics_and_Molecular_Energy_Levels/18.03%3A_The_Schrodinger_Equation_for_A_Particle_in_A_Box

LibreTextsm

and the only equations of the proposed form that satisfy the conditions at the ends of the box are
¥, (z) = Asin (nmwz /£)

To test whether these equations satisfy the Schrodinger equation, we check

~(5tem) darlon (5F7) | = o

and find

h? nm\ 2 . /NI n2h?
(87r2m) (7) [Asm( J4 ) } - <8m£2) Yn = Entn

so that the wavefunctions ¢, (z) = Asin (nwz/¢) are indeed solutions and the energy, E,,, associated with the wavefunction
¥n (2) Is
- n2h?

8m/f?
We see that the energy values are quantized; although there are infinitely many energy levels, E,,, only very particular real numbers
—those given by the equation above—correspond to energies that the particle can have. If we sketch the first few wavefunctions,
¥, (z), we see that there are always n — 1 locations inside the box at which ), (x) is zero. These locations are called nodes. Once

we know n, we know the number of nodes, and we can sketch the general shape of the corresponding wavefunction. The first three
wavefunctions and their squares are sketched in Figure 2.
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Figure 2. Wave functions for a particle in a box.

At this point, we have found a complete set of infinitely many solutions, except for the parameter A. To determine A, we interpret
+? (x) as a probability density function, and we require that the probability of finding the particle in the box be equal to unity. This

means that
¢ ¢
B 9 . o (MTT Y l_l 2nme Y £
1—/0A51n (_ﬂ )dm—A/0 [2 2cos(—é dr=A 3
so that A = ,/2/4, and the final wavefunctions are
2 . /nnx
o 0) = o (%52)
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