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1.14: Character Tables
A character table summarizes the behavior of all of the possible irreducible representations of a group under each of the symmetry
operations of the group. The character table for  is shown below.

The various sections of the table are as follows:

i. The first element in the table gives the name of the point group, usually in both Schoenflies ( ) and Hermann-Mauguin ( )
notation.

ii. Along the first row are the symmetry operations of the group, ,  and , followed by the order of the group. Because
operations in the same class have the same character, symmetry operations are grouped into classes in the character table and
not listed separately.

iii. In the first column are the irreducible representations of the group. In  the irreducible representations are ,  and  (the
representation we considered above spans  + ).

iv. The characters of the irreducible representations under each symmetry operation are given in the bulk of the table.
v. The final column of the table lists a number of functions that transform as the various irreducible representations of the group.

These are the Cartesian axes , the Cartesian products , and the rotations .

The functions listed in the final column of the table are important in many chemical applications of group theory, particularly in
spectroscopy. For example, by looking at the transformation properties of ,  and  (sometimes given in character tables as , 

, ) we can discover the symmetry of translations along the , , and  axes. Similarly, ,  and  represent rotations
about the three Cartesian axes. As we shall see later, the transformation properties of , , and  can also be used to determine
whether or not a molecule can absorb a photon of -, -, or -polarized light and undergo a spectroscopic transition. The Cartesian
products play a similar role in determining selection rules for Raman transitions, which involve two photons.

Character tables for common point groups are given in Appendix B.

A simple way to determine the characters of a representation 
In many applications of group theory, we only need to know the characters of the representative matrices, rather than the matrices
themselves. Luckily, when each basis function transforms as a 1D irreducible representation (which is true in many cases of
interest) there is a simple shortcut to determining the characters without having to construct the entire matrix representation. All we
have to do is to look at the way the individual basis functions transform under each symmetry operation. For a given operation, step
through the basis functions as follows:

i. Add  to the character if the basis function is unchanged by the symmetry operation (i.e. the basis function is mapped onto
itself);

ii. Add  to the character if the basis function changes sign under the symmetry operation (i.e the basis function is mapped onto
minus itself);

iii. Add  to the character if the basis function moves when the symmetry operation is applied (i.e the basis function is mapped
onto something different from itself).

Try this for the  orbital basis we have been using for the  group. You should find you get the same characters as we obtained
from the traces of the matrix representatives.

We can also work out the characters fairly easily when two basis functions transform together as a 2D irreducible representation.
For example, in the  point group  and  axes transform together as . If we carry out a rotation about  by an angle , our 
and  axes are transformed onto new axes  and . However, the new axes can each be written as a linear combination of our
original  and  axes. Using the rotation matrices introduced in Section 9, we see that:
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For one-dimensional irreducible representations we asked if a basis function/axis was mapped onto itself, minus itself, or
something different. For two-dimensional irreducible representations we need to ask how much of the ‘old’ axis is contained in the
new one. From the above we see that the  axis contains a contribution  from the  axis, and the  axis contains a
contribution  from the  axis. The characters of the  and  axes under a rotation through  are therefore , and the overall
character of the  irreducible representation is therefore     . For a  rotation through 120 degrees, the
character of the  irreducible representation is therefore °  .

In general, when an axis is rotated by an angle  by a symmetry operation, its contribution to the character for that operation is 
.

Irreducible representations with complex characters 
In many cases (see Appendix B), the characters for rotations  and improper rotations  are complex numbers, usually
expressed in terms of the quantity  = exp(2 i/n). It is fairly straightforward to reconcile this with the fact that in chemistry we are
generally using group theory to investigate physical problems in which all quantities are real. It turns out that whenever our basis
spans an irreducible representation whose characters are complex, it will also span a second irreducible representation whose
characters are the complex conjugates of the first irreducible representation i.e. complex irreducible representations occur in pairs.
According to the strict mathematics of group theory, each irreducible representation in the pair should be considered as a separate
representation. However, when applying such irreducible representations in physical problems, we add the characters for the two
irreducible representations together to get a single irreducible representation whose characters are real.

As an example, the ‘correct’ character table for the group  takes the form:

Where  = exp(2 i/3). However, as chemists we would usually combine the two parts of the  irreducible representation to give:
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