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4.2: Conditions under which Integrals Approximate Partition Functions
The Boltzmann equation gives the equilibrium fraction of particles in the  energy level, , as

so the fraction of particles in energy levels less than  is

where . We can represent either of these sums as the area under a bar graph, where the height and width
of each bar are  and unity, respectively. If  and  can be approximated as continuous functions, this area can be
approximated as the area under the continuous function . That is,

To evaluate this integral, we must know how both  and  depend on the quantum number, .

Let us consider the case in which  and look at the constraints that the  must satisfy in order to make the integral a good
approximation to the sum. The graphical description of this case is sketched in Figure 1. Since , we have

For the integral to be a good approximation, we must have

which means that

where . Now,

so that the approximation will be good if

or

or

We can be confident that the integral is a good approximation to the exact sum whenever there are many pairs of energy levels, 
and , that satisfy the condition

If there are many energy levels that satisfy , there are necessarily many intervals, , that satisfy . In short, if a
large number of the energy levels of a system satisfy the criterion , we can use integration to approximate the sums that
appear in the Boltzmann equation. In Section 24.3, we use this approach and the energy levels for a particle in a box to find the
partition function for an ideal gas.

ith ϵi

= exp( )
N ⦁

i

N

gi

z

−ϵi

kT

ϵn

f ( ) = exp( )ϵn z−1 ∑
i=1

n−1

gi
−ϵi

kT

z = exp( /kT )∑∞
i=1 gi ϵi

exp( /kT )gi ϵi gi ϵi
y (i) = exp( /kT )gi ϵi

exp( ) ≈ exp( )di∑
i=1

n−1

gi
−ϵi

kT
∫

n

i=0

gi
−ϵi

kT

gi ϵi i

= 1gi ϵi
> > 0ϵi ϵi−1

− > 0e− /kTϵi−1 e− /kTϵi

≫ − > 0,e− /kTϵi−1 e− /kTϵi−1 e− /kTϵi

1 ≫ 1 − > 0e−Δϵ/kT

Δϵ = −ϵi ϵi−1

≈ 1 +x+ + +…ex
x2

2!

x3

3!

1 ≫ 1 −(1 − +…)
Δϵ

kT

1 ≫
Δϵ

kT

kT ≫ Δϵ

ϵi
ϵi−1

Δϵ = − ≪ kT .ϵi ϵi−1

≪ kTϵi Δϵ Δϵ ≪ kT

ϵ ≪ kT

https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://chem.libretexts.org/@go/page/206328?pdf
https://chem.libretexts.org/Courses/Pacific_Union_College/Kinetics/04%3A_Some_Basic_Applications_of_Statistical_Thermodynamics/4.02%3A_Conditions_under_which_Integrals_Approximate_Partition_Functions
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Thermodynamics_and_Chemical_Equilibrium_(Ellgen)/24%3A_Indistinguishable_Molecules_-_Statistical_Thermodynamics_of_Ideal_Gases/24.03%3A_Occupancy_Probabilities_for_Translational_Energy_Levels


4.2.2 https://chem.libretexts.org/@go/page/206328

This page titled 4.2: Conditions under which Integrals Approximate Partition Functions is shared under a CC BY-SA 4.0 license and was
authored, remixed, and/or curated by Paul Ellgen via source content that was edited to the style and standards of the LibreTexts platform.

22.2: Conditions under which Integrals Approximate Partition Functions by Paul Ellgen is licensed CC BY-SA 4.0. Original source:
https://www.amazon.com/Thermodynamics-Chemical-Equilibrium-Paul-Ellgen/dp/1492114278.

https://libretexts.org/
https://creativecommons.org/licenses/by-sa/4.0/
https://chem.libretexts.org/@go/page/206328?pdf
https://chem.libretexts.org/Courses/Pacific_Union_College/Kinetics/04%3A_Some_Basic_Applications_of_Statistical_Thermodynamics/4.02%3A_Conditions_under_which_Integrals_Approximate_Partition_Functions
https://creativecommons.org/licenses/by-sa/4.0
https://www.amazon.com/Thermodynamics-Chemical-Equilibrium-Paul-Ellgen/dp/1492114278
https://www.amazon.com/Thermodynamics-Chemical-Equilibrium-Paul-Ellgen/dp/1492114278
https://chem.libretexts.org/@go/page/151964
https://www.amazon.com/Thermodynamics-Chemical-Equilibrium-Paul-Ellgen/dp/1492114278
https://creativecommons.org/licenses/by-sa/4.0/
https://www.amazon.com/Thermodynamics-Chemical-Equilibrium-Paul-Ellgen/dp/1492114278

