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9.3: The Total Differential

In Chapter 8 we learned that partial derivatives indicate how the dependent variable changes with one particular independent
variable keeping the others fixed. In the context of an equation of state P = P(T, V,n), the partial derivative of P with respect to

V at constant T" and n is:
op
ov Ton

and physically represents how the pressure varies as we change the volume at constant temperature and constant 7.

The partial derivative of P with respect to T" at constant V' and n is:

apP
or Vin

and physically represents how the pressure varies as we change the temperature at constant volume and constant 7.

What happens with the dependent variable (in this case P) if we change two or more independent variables simultaneously? For an
infinitesimal change in volume and temperature, we can write the change in pressure as:

dP = op av op dr 9.3.1
“\ov ), \or),. (9-3.1)

Equation 9.3.1 is called the total differential of P, and it simply states that the change in P is the sum of the individual
contributions due to the change in V' at constant 7' and the change in 7' at constant V. This equation is true for infinitesimal
changes. If the changes are not infinitesimal we will integrate this expression to calculate the change in P.[differentials_position1]

Let’s now consider the volume of a fluid, which is a function of pressure, temperature and the number of moles: V =V (n, T, P).
The total differential of V, by definition, is:

ov ov ov
dV =\ — dT' + | == dP+ | — dn (9.3.2)
' )py OP )1, on )ry
If we want to calculate the change in volume in a fluid upon small changes in P,T" and n, we could use:
ov ov oV
AV = | — AT+ | == AP+ | — An (9.3.3)
or Pn opP Tn on TV

Of course, if we know the function V' =V (n, T, P), we could also calculate AV as V¢ — F; , where the final and initial volumes
are calculated using the final and initial values of P,T" and n. This seems easy, so why do we need to bother with Equation 9.3.3?
The reason is that sometimes we can measure the partial derivatives experimentally, but we do not have an equation of the type
V =V (n,T, P) to use. For example, the following quantities are accessible experimentally and tabulated for different fluids and
materials (Fig. [fig:diff_tables]):

1(av - .
s a=< <ﬁ) o (coefficient of thermal expansion)

o K= —% (‘;—Z) (isothermal compressibility)[differentials:compressibility]
Vin

o V= (%) (molar volume)
P,T

)

Using these definitions, Equation 9.3.2 becomes:
dV =aVdT —kVdP + V,,dn (9.3.4)

You can find tables with experimentally determined values of « and x under different conditions, which you can use to calculate
the changes in V. Again, as we will see later in this chapter, this equation will need to be integrated if the changes are not small. In
any case, the point is that you may have access to information about the derivatives of the function, but not to the function itself (in
this case V as a function of T', P, n).

In general, for a function © = u(z1, 2. . . ¢, ), we define the total differential of  as:
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v/ Example 9.3.1

Solution

and

and therefore,

By definition, the total differential is:

For the function given in the problem,

Oy

T

Zq,T3...Ty,

dxo+...+

oz,

Calculate the total differential of the function z = 3z® + 3yz? +zy> .

=32% + 2zy

dz = (92° + 62y +y°)dz + (32° + 2zy)dy

COMPRESSIBILITY AND EXPANSION COEFFICIENTS OF LIQUIDS

This table gives data on the variation of the density of some
common liquids with pressure and temperature, The pressure de-
pendence is described to first order by the isothermal compress-
iblliey coefficient  defined as

+ K= ~(1/ V) (@VIaP),

where V is the volume, and the temperature dependence by the
cubic expansion cofticient @,

&, = LIV @ViaT),

are listed by malecul im the Hill grder. More
precise data on the variation of density with temperature over a
wide temperature range can be faund in Reference 1.

-

Isothermal compressibility
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VOLUMETRIC PROPERTIES OF AQUEOUS SODIUM CHLORIDE SOLUTIONS

This table gives the following properties of aqueous solutions of All data refer to a pressure of 100 kPa (1 bar), The reference

NaCl as a function of temperature and concentration: gives properties over a wider range of temperature and pressure.
Specific volume v (reciprocal of density) in e/
) Lsathermal compe ity xc, = ~(1/v){/@F) in GPa™ Reference
Cubic expansion cocfficient g, = (Liv)(@ndT), in ki Rogers, B S Z_ and Pitzer, K. 5., L Pys. Chem. Ref Data, 11, 15, 1982,
Muolality i mol kg
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Figure 9.3.1: Tables of isothermal compressibilities and expansion coefficients of different fluids (top) and sodium chloride
solutions (bottom). Source: CRC Handbook of Physics and Chemistry (CC BY-NC-SA; Marcia Levitus)

Want to see more examples?
o Example 1: http://www.youtube.com/watch?v=z0TxZ0EHzIg Notice that she calls it *the differential’, but I prefer ’the total
differential’.

This page titled 9.3: The Total Differential is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia
Levitus via source content that was edited to the style and standards of the LibreTexts platform.

e 9.1: The Total Differential by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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