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2.6: Frequency Domain Representation(1)
A Fourier-Laplace transform of P(®)(t) with respect to the time intervals allows us to obtain an expression for the third order

nonlinear susceptibility, x(*) (w1, wq,ws):
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Here the Fourier transform conjugate variables €2,,, to the time-interval 7,,, are the sum over all frequencies for the incident field
interactions up to the period for which you are evolving:
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For instance, the conjugate variable for the third time-interval of a k; — ks + ks experiment is the sum over the three preceding
incident frequencies Q3 = w; —wy + w3 .

In general, \chi*{(3)} is a sum over many correlation functions and includes a sum over states:

X (w1, wa, w3) = %(%) > P [Xa— x4 (2.6.4)
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Here a is the initial state and the sum is over all possible intermediate states. Also, to describe frequency domain experiments, we
have to permute over all possible time orderings. Most generally, the eight terms in R(®) lead to 48 terms for x(®), as a result of the
31=6 permutations of the time-ordering of the input fields.?

Given a set of diagrams, we can write the nonlinear susceptibility directly as follows:
1) Read off products of light-matter interaction factors.

2) Multiply by resonance denominator terms that describe the propagation under Hj. In the frequency domain, if we apply eq.
(3.6.2) to response functions that use phenomenological time-propagators of the form eq. (3.2.1), we obtain
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Q,, is defined in eq. (3.6.3).
3) As for the time domain, multiply by a factor of (=1)" for n bra side interactions.
4) The radiated signal will have frequency ws; = » . w; and wavevector I_ﬁsig =y, k; .

As an example, consider the term for R, applied to a two-level system that we wrote in the time domain in eq. (3.5.2)
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The terms are written from a diagram with each interaction and propagation adding a resonant denominator term (here reading left
to right). The full frequency domain response is a sum over multiple terms like these.
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