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1.2: Radial Distribution Function

"Structure” implies that the positioning of particles is regular and predictable. This is possible in a fluid to some degree when
considering the short-range position and packing of particles. The local particle density variation should show some structure in a
statistically averaged sense. Structure requires a reference point, and in the case of a fluid we choose a single particle as the
reference and describe the positioning of other particles relative to that. Since each particle of a fluid experiences a different local
environment, this information must be statistically averaged, which is our first example of a correlation function. For distances
longer than a "correlation length", we should lose the ability to predict the relative position of a specific pair of particles. On this
longer length scale, the fluid is homogeneous.
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The radial distribution function, g(r), is the most useful measure of the "structure” of a fluid at molecular length scales. Although it
invokes a continuum description, by "fluid" we mean any dense, disordered system which has local variation in the position of its
constituent particles but is macroscopically isotropic. g(r) provides a statistical description of the local packing and particle density
of the system, by describing the average distribution of particles around a central reference particle. We define the radial
distribution function as the ratio of {p(r)), the average local number density of particles at a distance r, to the bulk density of
particles, p:

In a dense system, g(r) starts at zero (since it does not count the reference particle), rises to a peak at the distance characterizing
the first shell of particles surrounding the reference particle (i.e., the 15 solvation shell), and approaches 1 for long distances in
isotropic media. The probability of finding a particle at a distance r in a shell of thickness dr is P(r) = 4mr’g(r) dr, so
integrating p - g(r) over the first peak in gives the average number of particles in the first shell.

The radial distribution function is most commonly used in gasses, liquids, and solutions, since it can be used to calculate
thermodynamic properties such as the internal energy and pressure of the system. But is relevant at any size scale, such as packing
of colloids, and is useful in complex heterogeneous media, such as the distribution of ions around DNA. For correlating the
position of different types of particles, the radial distribution function is defined as the ratio of the local density of "b" particles at a
distance r from "a" particles, ga;(r) = (pas(r)) /p In practice, pqp(r) is calculated by looking radially from an "a" particle at a
shell at distance r and of thickness dr, counting the number of "b" particles within that shell, and normalizing the count by the
volume of that shell.

Two-Particle Density Correlation Function?

Let’s look a little deeper, considering particles of the same type, as in an atomic liquid or granular material. If there are N particles
in a volume V, and the position of the i particle is ;, then the number density describes the position of particles,
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The average of a radially varying property given by X (r) is determined by
1
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Integrating p(7) over a volume gives the particle number in that volume.
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When the integral is over the entire volume, we can use this to obtain the average particle density:
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Next, we can consider the spatial correlations between two particles, ¢ and j. The two-particle density correlation function is
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This describes the conditional probability of finding particle ¢ at position r; and particle j at position r;. We can expand and factor
p(7,7') into two terms depending on whether i = j or i # j:

p(7,7) = NO(F—r)d(F—r))+ NI —1)(8(7 —75)8(7' —77))
The first term describes the self-correlations, of which there are IV terms: one for each atom.
p =N (§(F —7)8(F' —7)) =p
The second term describes the two-body correlations, of which there are N (N-1) terms.
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g() = p@ (7,7") / p* is the two-particle distribution function, which describes spatial correlation between two atoms or molecules.
For isotropic media, it depends only on distance between particles, g (|7, 7'|) = g(r), and is therefore also called the radial pair-
distribution function.

We can generalize g(r) to a mixture of a and b particles by writing gqs(7):

gab(r) = ;;:;13
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Potential of Mean Force
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One can use g(7) to describe the free energy for bringing two particles together as
W(r) = —kpTlng(r)

W (r) is known as the potential of mean force. We are taking a free energy which is a function of many internal variables and
projecting it onto a single coordinate. W (r) is a potential function that can be used to obtain the mean effective forces that a
particle will experience at a given separation f = —9W /9.
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