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2.2: ldeal Lattice Gas

Lattice Gas

The description of a weakly interacting fluid, gas, solution, or mixture is dominated by the translational entropy or entropy of
mixing. In this case, we are dealing with how molecules occupy a volume, which leads to a translational partition function. We
begin by defining a lattice and the molecules that fill that lattice:

Parameters:

Total volume: V'

Cell volume: v

Number of sites: M =V /v

Number of particles: N (N < M)

Fill Factor: 2 = N/M (0 <z <1)

Number of contacts each cell has with adjacent cells: z

We begin my assuming that all microstates (configurations of occupied sites in the volume) are equally probable, i.e.,
E; = constant . This is the microcanonical ensemble, so the entropy of the fluid is given by Boltzmann's equation

S =kplnQ (2.2.1)

where (2 is the number of microstates available to the system. If M is not equal to IV, then the permutations for putting N
indistinguishable particles into M sites is given by the binomial distribution:

_ M! Vacancies
N!(M —N)! +— are indistinguishable
Particles are indistinguishable
Also, on cubic lattice, we have 6 contacts that each cell makes with its neighbors. The contact number is z, which will vary for
2D (z=4) and 3D (2 =6) problems.

How do we choose the size of v? It has to be considered on a case-by-case basis. The objective of these models is to treat the cell as
the volume that a particle excludes to occupation by other particles. This need not correspond to an actual molecular dimension in
the atomic sense. In the case of the traditional derivation of the translational partition function for an ideal gas, v is equivalent to
the quantization volume A® = (h2 / 27rkaT)3/2.
From 2 we can obtain the entropy of mixing from S=kgIlnQ} with the help of Sterling’s approximation
In(M!) ~M1In(M)—-M :

S = kg(MlnM—NInN—(M—N)In(M — N)) (2.2.2)
—Mkp(zlnz+ (1 —z)In(l —z)) -

In the last line, we introduced a particle fill factor
z=N/M

which quantifies the fraction of cells that are occupied by particles, and is also known as the mole fraction or the packing ratio.
Since z < 1, the entropy of mixing is always positive.

For the case of a dilute solution or gas, N < M ,and (1—z)~1,so

Sgilute ¥ —Nkplnxz or —nRlnz

https://chem.libretexts.org/@go/page/294277



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/294277?pdf
https://chem.libretexts.org/Bookshelves/Biological_Chemistry/Concepts_in_Biophysical_Chemistry_(Tokmakoff)/01%3A_Water_and_Aqueous_Solutions/02%3A_Lattice_Model_of_a_Fluid/2.02%3A_Ideal_Lattice_Gas

LibreTextsw

We can derive the ideal gas law p = NkpT'/V from this result by making use of the thermodynamic identity p = T'(8S/0V ) .
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