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2.3: Ideal Gases

In an ideal gas, there are no interactions between the particles, hence, the particles do not exert forces on each other. However,
particles do experience a force when they collide with the walls of the container. Let us assume that each collision with a wall is
elastic. Let us assume that the gas is in a cubic box of length [Math Processing Error] and that two of the walls are located at
[Math Processing Error] and at [Math Processing Error]. Thus, a particle moving along the [Math Processing Error] direction
will eventually collide with one of these walls and will exert a force on the wall when it strikes it, which we will denote as [Math
Processing Error]. Since every action has an equal and opposite reaction, the wall exerts a force [Math Processing Error] on the
particle. According to Newton’s second law, the force [Math Processing Error] on the particle in this direction gives rise to an
acceleration via

[Math Processing Error]

Here, [Math Processing Error] represents the time interval between collisions with the same wall of the box. In an elastic collision,
all that happens to the velocity is that it changes sign. Thus, if [Math Processing Error] is the velocity in the [Math Processing
Error] direction before the collision, then [Math Processing Error] is the velocity after, and [Math Processing Error], so that

[Math Processing Error]

In order to find [Math Processing Error], we recall that the particles move at constant speed. Thus, a collision between a particle
and, say, the wall at [Math Processing Error] will not change the particle’s speed. Before it strikes this wall again, it will proceed to
the wall at [Math Processing Error] first, bounce off that wall, and then return to the wall at [Math Processing Error]. The total
distance in the [Math Processing Error] direction traversed is [Math Processing Error], and since the speed in the [Math
Processing Error] direction is always [Math Processing Error], the interval [Math Processing Error]. Consequently, the force is

[Math Processing Error]
Thus, the force that the particle exerts on the wall is

[Math Processing Error]
The mechanical definition of pressure is

[Math Processing Error]

where [Math Processing Error] is the average force exerted by all [Math Processing Error] particles on a wall of the box of area
[Math Processing Error]. Here [Math Processing Error]. If we use the wall at [Math Processing Error] we have been considering,
then

[Math Processing Error]
because we have [Math Processing Error] particles hitting the wall. Hence,
[Math Processing Error]
from our study of the Maxwell-Boltzmann distribution, we found that

[Math Processing Error]
Hence, since [Math Processing Error],

[Math Processing Error]

which is the ideal gas law.
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Figure 2.3.1: (Left) Pressure vs. volume for different temperatures (isotherms of the ideal-gas equation of state. (Right) Pressure vs.

temperature for different densities [Math Processing Error].
The ideal gas law is an example of an equation of state, which was introduced in Lecture 1. One way to visualize any equation of
state is to plot the so-called isotherms, which are graphs of [Math Processing Error] vs. [Math Processing Error] at fixed values of
[Math Processing Error] . For the ideal-gas equation of state [Math Processing Error] , some of the isotherms are shown in the
figure below (left panel): If we plot [Math Processing Error] vs. [Math Processing Error] at fixed volume (called the isochores),
we obtain the plot in the right panel. What is important to note, here, is that an ideal gas can exist only as a gas. It is not possible for
an ideal gas to condense into some kind of “ideal liquid”. In other words, a phase transition from gas to liquid can be modeled only
if interparticle interactions are properly accounted for.

Note that the ideal-gas equation of state can be written in the form
[Math Processing Error]

where [Math Processing Error] is called the molar volume. Unlike [Math Processing Error] , which increases as the number of
moles increases (an example of what is called an extensive quantity in thermodynamics), \(\bar{V}\) does not exhibit this
dependence and, therefore, is called intensive. The quantity

[Math Processing Error]

is called the compressibility of the gas. In an ideal gas, if we “compress” the gas by increasing [Math Processing Error] , the
density [Math Processing Error] must increase as well so as to keep [Math Processing Error]. For a real gas, [Math Processing
Error], therefore, gives us a measure of how much the gas deviates from ideal-gas behavior.
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Figure 2.3.2: Plot of the compressibility [Math Processing Error] vs. [Math Processing Error] for several gases, together with the
ideal gas, where [Math Processing Error].

Figure 2.2 shows a plot of [Math Processing Error] vs. [Math Processing Error] for several real gases and for an ideal gas. The
plot shows that for sufficiently low pressures (hence, low densities), each gas approaches ideal-gas behavior, as expected.
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