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7.5: Quantum Mechanical Properties of Rotating Diatomic Molecules

In this section we examine the rotational states for a diatomic molecule by comparing the classical interpretation of the angular
momentum vector with the probabilistic interpretation of the angular momentum wavefunctions. We want to answer the following
types of questions. How do we describe the orientation of a rotating diatomic molecule in space? Is the molecule actually rotating?
What properties of the molecule can be physically observed? In what ways does the quantum mechanical description of a rotating
molecule differ from the classical image of a rotating molecule?

Introduction

In isotropic space, meaning all directions are equivalent, any given molecule can have any orientation. The z-axis can have any
orientation. Since we cannot distinguish different directions in isotropic space, different molecules will have different angular
momentum vectors and all orientations of these vectors in space will be equally probable. Thus for example, even though our
quantum mechanical description says that only three states with different angular momentum and internuclear axis orientations are
allowed for the J =1 energy level (mjy = 0,1, —1), there are no practical consequences of this fact in isotropic space.

We can make space anisotropic by applying an external field, e.g. an electric field or a magnetic field. The field direction is a
unique direction in space, and it is most convenient to assign the z-axis to that direction. Our rotational wavefunctions and
operators implicitly are designed to have z be the special axis because of the relationships between the spherical coordinates and
the Cartesian coordinates. The effects of external electric and magnetic fields on atomic and molecular spectra is an active area of
research that has provided much insight into the properties of atoms and molecules and the use of quantum mechanics to describe
them. For example, magnetic field effects on atomic spectra contributed to the discovery of electron spin and are discussed in the
next chapter. These effects are known as Stark effects (electric field) and Zeeman effects (magnetic field) after the pioneers who
discovered them.

For the ground state, J = 0, the rotational energy and angular momentum are zero. With no rotational energy or angular momentum,
the molecule cannot be rotating! It may be vibrating and translating, but it is not rotating. What is its orientation in space? Examine
the wavefunction in Figure 7.5.9. All values of 6 and ¢ are equally probable; we have no information about the orientation of the
molecule in this state. The fact that there is no uncertainty in the angular momentum (it is exactly zero), and no information about
the orientation (the uncertainty is infinite) is consistent with the Heisenberg Uncertainty Principle.

The space for a rigid rotor is defined by all the values for the variables 6 and . Since a rigid rotor is not constrained to any region
of this space by a potential boundary, the energy and angular momentum can be zero because the uncertainty in the location of the
rotor in this space is infinite. The rotor can be anywhere; 6 and ¢ can have any values. This situation is analogous to the free
particle, where we knew the momentum exactly but had no knowledge of the particle's position. When J is different from 0, the
uncertainty in the location of the rotor decreases. It is more likely to be found in some regions of space than in others. This decrease
in uncertainty about the location of the rotor is accompanied by an increase in the uncertainty in the angular momentum as required
by the Uncertainty Principle. We still know the magnitude of the angular momentum vector exactly, but its direction in space is
uncertain.

Next consider the case J =1 with my = 41,0, —1. The length of the angular momentum vectors for all of these states is v/2H,
see Exercise 7.5.16 and Figure 7.5.11 From a classical perspective, the non-zero value for angular momentum means that the
molecule must be rotating. The projections of the vectors onto the z-axis are h, 0, and -h for the m; =+1,0,—1 states,
respectively. The classical interpretation of this result is that, while the plane of rotation of the molecule, which is perpendicular to
the angular momentum vector describing each state, is confined to a specific orientation with respect to the z-axis, it is not confined
with respect to the x- and y- axes.

The classical picture of rotation and interpretation of the angular momentum vector for the J = 1, my =0 state places the
internuclear axis in the positions shown in Figure 7.5.1, rotating with equal probability in any plane containing the z-axis but
unconstrained with respect to the angle ¢.
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Figure 7.5.1: The plane of rotation of the diatomic molecule (red) can have any orientation in space that includes the z axis. The
angular momentum vector M is always oriented perpendicular to the z axis.

Forthe J=1,my =1 and my = —1 states, the wavefunctions are given by
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The imaginary component in these wavefunctions is somewhat disconcerting until we realize that the modulus squared of the
wavefunction has the physical interpretation of a probability density, and the imaginary component disappears in the modulus.
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In these expressions, which are identical, the angle ¢ again does not appear. There are no constraints on the wavefunctions with
respect to the angle ¢; i.e., the probability density is spread evenly over all values of associated with a particular 6. The 6
dependence is a sin? function, which has a maximum at 90° and goes to 0° as @ goes to 0° and 180° for both of these rotational
states as shown in Figure 7.5.3.

Figure 7.5.3: A map of the probability density associated with the Y3; and Y;_; spherical harmonics, mapped onto a sphere. The
intensity of color is proportional to the probability density.
The classical interpretation of the rotation associated with the angular momentum vector for the m; =1 state, which is tilted at an
angle of 45° from the z-axis, says that the possible planes of rotation containing the internuclear axis of the molecule are aligned
perpendicular to the angular momentum vector, as shown in Figure 7.5.4a. The molecule is rotating in any of these planes with
equal probability.

For the mjy = —1 state, the angular momentum vector is at an angle o = 135° from the z-axis, and the possible planes of rotation
containing the internuclear axis are perpendicular to it, as shown in Figure 7.5.4b Using the right hand rule, the direction of
rotation is clockwise for the mj; = —1 state and counterclockwise for the mj =1 state.
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Figure 7.5.4: The orientation of the plane of rotation and the angular momentum vectors for J = 1 and a) my = +1 and b)

my = —1. Looking at the planes of motion from above, the m; = 1 rotation appears counterclockwise and the mj; = —1 rotation
appears clockwise.

Exercise 7.5.19

Five states have J = 2. Calculate the angles the angular momentum vectors for these states make with respect to the z-axis.
Sketch a diagram similar to Figure 7.5.4 in which all five angular momentum vectors for the J = 2 energy level are placed on
the same diagram. Describe how the molecule rotates relative to one of these vectors.
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