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11.1.2: Doing the Path Integral - the Free Particle
The density matrix for the free particle
P2
" 2m
will be calculated by doing the discrete path integral explicitly and taking the limit P — oo at the end.
The density matrix expression is
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Let us make a change of variables to
Uy = a1
Up = Tp, — Tk, (11.1.2.1)
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The inverse of this transformation can be worked out explicitly, giving
T1=1uU
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The Jacobian of the transformation is simply
1 -1/2 0 0
0 1 -2/3 0
J=det | 0 0 1 -3/4 --- -1
0 0 0 1

Let us see what the effect of this transformation is for the case P = 3. For P = 3, one must evaluate
(1 —22)2 + (2o —23)? + (23 —24)2 = (z — 22)? + (z2 — 23)% + (23 — 2')?

According to the inverse formula,

1 = Uy (11122)
1 1 2
$2:u2—|—5u;;+§ml+§x (11.1.2.3)
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Thus, the sum of squares becomes

3 1 2 3 1
(—22) +(x2—23)* + (23 —2') 2 = 2u2 + ul 4+ S (z—2)’ = Wt ——ul+ = (z—z') (11.1.2.5)
2 3 2-1 3-1 3
From this simple example, the general formula can be deduced:
(i1 —xi)” = u+ ()
=1 o k-1 P

Thus, substituting this transformation into the integral gives
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where

and the overall prefactor has been written as
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Now each of the integrals over the u variables can be integrated over independently, yielding the final result

m \1/2
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In order to make connection with classical statistical mechanics, we note that the prefactor is just %, where A

omBh2\ /2 B2\ /2
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m 2Tm
is the kinetic prefactor that showed up also in the classical free particle case. In terms of A, the free particle density matrix can be
written as

1 /
p(z,z'; B) = Xe‘”(m‘“” VN

Thus, we see that A\ represents the spatial width of a free particle at finite temperature, and is called the "thermal de Broglie
wavelength."

This page titled 11.1.2: Doing the Path Integral - the Free Particle is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Mark Tuckerman.

https://chem.libretexts.org/@go/page/5270



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/5270?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/11%3A_Introduction_to_path_integrals_in_quantum_mechanics_and_quantum_statistical_mechanics/11.01%3A_Discretized_and_Continuous_Path_Integrals/11.1.02%3A_Doing_the_Path_Integral_-_the_Free_Particle
https://creativecommons.org/licenses/by-nc-sa/4.0
http://as.nyu.edu/content/nyu-as/as/faculty/mark-e-tuckerman.html

