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7.1: General Formulation of Distribution Functions

Recall the expression for the configurational partition function:
ZN = /drl ces drNe_:BU(Tla'"er)

Suppose that the potential U can be written as a sum of two contributions
U(ry,...,rn) =Uo(ry,...,vn)+Ui(r1,...,rN)

where U is, in some sense, small compared to Ujy. An extra bonus can be had if the partition function for Uy can be evaluated
analytically.

Let
ZN(O) = /dr] ce drNe_ﬁUO(rlv'"/"N)
Then, we may express Z as

Z (0) - T T -, T T,
Iy = %/drl---dme BU(r1,-70) BT ()

=750 <e—ﬂU1 (r1,...,rN)>0

where (- - -)o means average with respect to Uy only. If U; is small, then the average can be expanded in powers of U;:
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The free energy is given by

(0)
Z
A(NaV7T):_lln( ZN ):—lln< N )——lln<e_ﬂUl>0

B NIN3N
Separating A into two contributions, we have
A(N,V,T)=AON,V,T)+ AD(N,V,T)

where A(®) is independent of U; and is given by

(0)
AN, V,T) :—lln( Zn )

and

where wy are a set of expansion coefficients that are determined by the condition that such an expansion be consistent with

In(>>2 0 (=B)* (U )o/ k.
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Using the fact that

we have that

Equating this expansion to the proposed expansion for A(), we obtain
k

N k-1 1 (_ﬂ)l 1 - r Wk

> (1) P Z_l' Uho | =>_(-B) o

k=1 =1 ) )

This must be solved for each of the undetermined parameters wy,, which can be done by equating like powers of 8 on both sides of
the equation. Thus, from the 3 ! term, we find, from the right side:

Right Side : —%
and from the left side, the j =1 and £ =1 term contributes:
Left Side: 2. <[1]!1>°
from which it can be easily seen that
w1 = (Ur)o

Likewise, from the 32 term,

B2
Right Side : sz

and from the left side, we see thatthe I =1,k =2 and l =2,k =1 terms contribute:

2
Left Side : % (U)o —(U1)3)
Thus,
wy = (U)o — (U1)2

For 33, the right sides gives:

53
Right Side : —?Wg
the left side contributes thel =1,k =3,k=2,l=2 andl =3,k =1 terms:
. 63 3 21 3 1 1 2/172 ’
Left Side : —?<U1 )+ (=1) g(—ﬂ<U1>0) 3 —B{U1)o +§6 (Ut

Thus,
wy = (U)o +2(U1)§ —3(U1)o (U)o

Now, the free energy, up to the third order term is given by
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A ZA(O)+LU1—§W2+%QW3-”
(0) 2
= —% 1n(]§i\;\3N) +(U1)o — g (U)o —(U1)2) + % (U3 =3(U1)o (U)o +2(U1)}) +---

In order to evaluate (U7 ), suppose that U; is given by a pair potential

1
U(ry,...,rn) = 5 > u(ri — 1))
i#]

Then,

1 1
o =y [ e dewg S )
N

i#j
N(N -1
= ﬁ /drldr2u1(|r1 —79]) /dr3 <+ drye PUo(rern)
2

= ﬁ drldr2u1(|r1 —r2|)g(()2)(r1,r2)

2 9]
_ % / drrr?uy (r)go (r)dr
0

The free energy is therefore given by

70 o
A(N,V,T) = —%m(N!];gN) +%p2V/0 4wr2u1(r)go(r)dr—§ (U)o — (1)) -+
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