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11.1.4: The Continuous Limit
In taking the limit , it will prove useful to define a parameter

so that  implies . In terms of , the partition function becomes

We can think of the points  as specific points of a continuous functions , where

such that :
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represents an integral overa all values that the function  can take on between  and  such that . We
write this symbolically as . Therefore, the  limit of the partition function can be written as

The above expression in known as a functional integral. It says that we must integrate over all functions (i.e., all values that an
arbitrary function  may take on) between the values  and . It must really be viewed as the limit of the discretized
integral introduced in the last lecture. The integral is also referred to as a path integral because it implies an integration over all
paths that a particle might take between  and  such that , where the paths are parameterized by the
variable  (which is not time!). The second line in the above expression, which is equivalent to the first, indicates that the
integration is taken over all paths that begin and end at the same point, plus a final integration over that point.

The above expression makes it clear how to represent a general density matrix element :

which indicates that we must integrate over all functions  that begin at  at  and end at  at :

Similarly, diagonal elements of the density matrix, used to compute the partition function, are calculated by integrating over all
periodic paths that satisfy :

Note that if we let , then the density matrix becomes
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which are the coordinate space matrix elements of the quantum time evolution operator. If we make a change of variables  in
the path integral expression for the density matrix, we find that the quantum propagator can also be expressed as a path integral:

Such a variable transformation is known as a Wick rotation. This nomenclature comes about by viewing time as a complex
quantity. The propagator involves real time, while the density matrix involves a transformation  to the imaginary time
axis. It is because of this that the density matrix is sometimes referred to as an imaginary time path integral.

This page titled 11.1.4: The Continuous Limit is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark E.
Tuckerman.
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