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11.3.1: The harmonic Oscillator - Expansion about the Classical Path

It will be shown how to compute the density matrix for the harmonic oscillator:

P2 1
H—2—+ 2mw2X2

using the functional integral representation. The density matrix is given by

o(z,z'; B) :/ Dx(T)exp [_E / dr (Em:iQ + Emw2m2>]
z(0)=z 0

As we saw in the last lecture, paths in the vicinity of the classical path on the inverted potential give rise to the dominant
contribution to the functional integral. Thus, it proves useful to expand the path z(7) about the classical path. We introduce a
change of path variables from z(7) to y(7), where

(1) = za(7) +y(7)
where z (7) satisfies
MIL = mw2wd
subject to the conditions
zq(0) =z, zq(Bh) ==’
so that y(0) = y(Bh) =

Substituting this change of variables into the action integral yields
Bh
S = / dr [ ma’® + mwzmz]
1 1, 9
= dT —m(acd +9)? +5mw (Ta +y)
0
AR 1 1 pr 1 5, 1 A
:/ dr [ mwd + —mwzxgl] +/ dr [—my +—mw2y2] + dr [ma’:dy +mw2xdy]
0 0 0

2 2 2

An integration by parts makes the cross terms vanish:

Bh Bh
/ dr [midy +mwley = ma':dy] = ma':cly|gh +/ dtau [—mid + mw2a:cl] y=0
0 0

where the surface term vanishes because y(0) = y(8kh) =0 and the second term vanishes because \(xcl\) satisfies the classical
equation of motion.

The first term in the expression for S is the classical action, which we have seen is given by

P 1 1
/ dr [—mdcd + —muwz?
0 2

: d] MW [(mQ +2'?)cosh(Bhw) — 2mm’}

2 sinh(28hw
Therefore, the density matrix for the harmonic oscillator becomes

mw

ple ') =y exp| g

((m2 + 2% + 2 ?)cosh(Bhw) — 2:13:13')]

where I(y) is the path integral
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Note that I[y] does not depend on the points z and z’ and therefore can only contribute an overall (temperature dependent) constant
to the density matrix. This will affect the thermodynamics but not any averages of physical observables. Nevertheless, it is
important to see how such a path integral is done.

To compute I[y], we note that it is a functional integral over functions y(7) that vanish at 7 =0 and 7 = Sh. Thus, they are a
special class of periodic functions and can be expanded in a Fourier sine series:

y(r) = i ¢p sin(w, 1)

where

nmw
Wy =

D

Thus, we wish to change from an integral over the functions y(7) to an integral over the Fourier expansion coefficients ¢,,. The two
integrations should be equivalent, as the coefficients uniquely determine the functions y(7). Note that

y(r) = i Wn Cp, €OS(Wp,T)

Thus, terms in the action are:
AR q M o
/ dr—y? = —= Z Z Cp,Cry W Wy /.gﬁ dr cos(wy,T) cos(wp T)
0 m 2 ==
Since the cosines are orthogonal between 7 = 0 and 7 = S, the integral becomes

g oo Bk 0 Bk 11 .
/0 dT;g)Q = % nz::lc%w% A dT (3052 (wn'r) = % ;C%M%A dr |:§ + 5 COS(2wnT):| = % Zc%w%

similarly,
2 2 mph 2
/0 amw Yy = Tw Zlcn
o
The measure becomes
= de,

71;[1 \/Am /mpBuw?

which, is not an equivalent measure (since it is not derived from a determination of the Jacobian), but is chosen to give the correct
free-particle (w = 0) limit, which can ultimately be corrected by attaching an overall factor of /m /27w (k2.

Dy(t) —

With this change of variables, I[y] becomes
[ de, mp ) w1V
=11 [~ ——2—ap |- 22 vty | =[] | 52

The infinite product can be written as

0 7r2n2/ﬂ2h2 0 [327122 -1

n=1

the product in the square brackets is just the infinite product formula for sinh(8hw)/(8hw), so that I[y]is just

_ Bhw
Tyl = \/ sinh(Bhw)
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Finally, attaching the free-particle factor /m /27 8k2, the harmonic oscillator density matrix becomes:

mw mw

p(z,z'; B) = memp [_2s1nh—(ﬁhw) ((2® +2'*) cosh(Bhw) —23:3:’)]

Notice that in the free-particle limit (w — 0), sinh(8hw) ~ Bhw and cosh(8hw) ~ 1, so that

p(z,z'; B) — %ﬁhz exp [— 2;;2 (x _z/)ﬂ

which is the expected free-particle density matrix.
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