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8.68: A Simple Solution to Deutsch's Problem

This tutorial is closely related to the preceding one. A certain function of x maps {0,1} to {0,1}. The four possible outcomes of the
evaluation of f(x) are given in tabular form.
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In the previous tutorial we established that the circuit shown below yields the result given in the right most section of the table. In

other words, f(x) is a balanced function, because f(0) # f(1), as is the result immediately to its left. The results in the first two
sections are labelled constant because f(0) = f(1).
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where, for example

This circuit carries out,

Uylz)[0) = |2)| f(x))

where Uf (controlled-NOT, followed by a NOT operation on the lower wire) is a unitary operator that accepts input [x> on the top
wire and places f(x) on the bottom wire.

From the classical perspective, if the question (as asked by Deutsch) is whether f(x) is constant or balanced then one must calculate
both f(0) and f(1) to answer the question. Deutsch pointed out that quantum superpositions and the interference effects between
them allow the answer to be given with one pass through a modified version of the circuit as shown here.
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The input |0>|1> is followed by a Hadamard gate on each wire. As is well known the Hadamard operation creates the following

superposition states.
1y 4 /1 0y 1 1
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Therefore the Hadamard operations transform the input state to the following two-qubit state which is fed to Uy.
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Us processes its input to generate the following output.

Ujla)|y) = |z)|mods (y + f(2))) = [2)|y & f(2))

To facilitate an algebraic analysis of the circuit operation the input state is written as,
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In this format U; creates the following output state.
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You = [|0>|f( ))—10)[1e £(0)) +[1)[f(1)) - 1)1 f(1))]

As the table shows there are four possible outcomes depending on whether the function is constant (the first two) or balanced (the
second two).
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The Hadamard operation (see matrix below) on the first qubit brings about the following transformations.
H3(10)+[1) = Z5[0)  H5(|0) 1)) = J5]1)

The four possible output states are now,
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Quantum mechanics answers Deutsch's question with a single measurement. A measurement on the first qubit reveals whether the
function is constant (|0>) or balanced (|1>).

We now look at the same calculation using matrix algebra. The required quantum operators in matrix form are:

00 0
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Kronecker is Mathcad's command for carrying out matrix tensor multiplication. Note that the identity operator is required when a
wire is not involved in an operation.

0 0
Uy =kronecker(I, NOT) CNOT = QuantumCircuit = kronecker(H, I) U ; kronecker(H, H)

o O =

o

Input state:

0 0 0

1 0 1 1 0
[0)|1) = (0) ® (1) =1 QuantumCircuit ol =1 o707
0 0 0.707

Comparing this with the previous algebraic analysis, we see that the quantum circuit produces the result f(0) # f(1) with f(0) = 1,
which we already knew from previous work.
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The measurement on the first qubit is implemented with projection operators |0><1|, and confirms that the function is not constant
but belongs to the balanced category.

0 0
1\ /1\" 0
kronecker l(o) (0) , I] QuantumCircuit 0 =1 Top qubit isnot |0 >.
0 0
0 0
0) /0\” 1 0
kronecker l(l) (1) , I] QuantumCircuit 0 = 0.707 Top qubit is |1 >.
0 0.707
This could have also been easily determined by inspection:
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The following provides an algebraic analysis of the Deutsch algorithm.
|0) constant
|0> > . > measmem

) » [H - e [NOT]

Hadamard operation:
1 1 _
H|0) = —={[0) +[1)] H[1) = —=[|0) —[1)]

Decimal Binary to Binary Decimal

0 00 to 00 0
NOT (0“’1) CNOT 1 01 to 01 1
1to0
2 10 to 11 3
3 11 to 10 2
j01)
HoH
2=[10) +[1)] Z=[10) - [1)] = §[/00) — [01) +[10) —|11)]
CNOT
1[00) —|01) +11) —[10)] = 1(j0) — 1)) (|0) — [1))
IQNOT
21310) — 1)) (11) —1)]
H®I

1)75(11) —10))
The top wire contains |1 > indicating the function is balanced.

The Hadamard operation is actually a simple example of a Fourier transform. In other words, the final step of Deutsch's algorithm
is to carry out a Fourier transform on the input wire. This also occurs on the input wires in Grover's search algorithm, Simon's
query algorithm and Shor's factorization algorithm.

This page titled 8.68: A Simple Solution to Deutsch's Problem is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Frank Rioux via source content that was edited to the style and standards of the LibreTexts platform.
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