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8.4: Another Look at Quantum Teleportation

The purpose of this tutorial is to provide a brief outline of the basic elements of quantum teleportation, as illustrated in the figure
below, using matrix and tensor algebra in the Mathcad programming environment. The methods used here are closely related to
those presented in the preceding tutorial on teleportation.
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As is generally the case, the analysis requires the use of the maximally entangled two-quibit Bell states, the identity matrix and two
of the unitary Pauli matrices.

Bell states:

Identity and x- and z-Pauli matrices:

Alice wishes to teleport this state to Bob.
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They prepare the first Bell state (®,) in which Alice has the first qubit and Bob the second. Alice arranges for the state to be
teleported and her entangled qubit to meet creating the following three qubit state.
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Next Alice performs a Bell-state measurement, in other words she projects ¥ onto the Bell-state basis given above. The four
equally likely outcomes are calculated below. But first let's use ®j, as an example. Its projector is |@, >< ®.

05 0 0 05
00 0

&Py = 00 0
05 0 0 05

However, W is a three-qubit state in which Alice has the first two qubits and Bob the third. In other words, the projector does not
operate directly on Bob's qubit. Thus the appropriate matrix for this operation uses the identity matrix to leave Bob's qubit alone.
Kronecker is Mathcad's command for tensor multiplication of matrices.

05 0 0 0 O O 05 O
0 05 0 0 0O 0O O 0.5
0 0O 0 0 0 O O 0
0 0O 0 0 0 O O 0
kronecker(®,, <I>p,T,I) = 0 6 0000 O 0
0 0O 0 0 0 O O 0
05 0 0 0 O O 05 O
0 05 0 0 0O 0O O 0.5

Next we show that indeed there are four equally likely outcomes for the Bell-state measurement.
(|kronecker (&,, 8%, I) ¥|)* =0.25
(|kronecker (@, 8%, 1) ¥[)* = 0.25
(|kronecker (¥, €7, 1) ¥[)* = 0.25

(|kronecker (¥,,, U5, 1) ¥[)* =0.25

Alice's Bell-state measurement yields one of these results, which she communicates to Bob through a classical channel. As shown
below, depending on Alice's report Bob carries out the following unitary operations on his qubit to receive the teleported state: I,
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05, Ox, and 0,0%. The multiplicative factor of 2 normalizes the result of the Bell state measurement.
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So Bob does nothing:
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So Bob does this:
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So Bob does this:
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0.577 0.816
Of course, only 25% of the time is the state of Alice's photon teleported to Bob without further action on his part. Note that we
began with Alice and Bob sharing the Op Bell state. Consequently when Alice’s Bell state measurement yields @, Bob has Alice's

photon. We now show that teleportation can be presented quite simply using the density matrix formulation under this
circumstance.

Bell state measurement result (normalized):

2kronecker(®,, ®7, I)¥ =

Density matrix of measurement state:
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Next the density matrix is calculated assuming Bob has the teleported state. The density matrices are identical confirming that
Alice's initial state has been successfully teleported to Bob.
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