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8.59: An Entanglement Swapping Protocol

In the field of quantum information, interference, superpositions and entangled states are essential resources. Entanglement, a non-
factorable superposition, is routinely achieved when two photons are emitted from the same source, perhaps a parametric down
converter (PDC). Entanglement swapping involves the transfer (teleportation) of entanglement to two photons that were produced
independently and never previously interacted. The Bell states are the four maximally entangled two-qubit entangled basis for a
four-dimensional Hilbert space and play an essential role in quantum information theory and technology, including teleportation
and entanglement swapping. This analysis attempts to provide the essential matrix math needed to understand parts of "Entangled
delayed-choice entanglement swapping" (arXiv1203.4834) and "Delayed-choice gedanken experiments and their realizations"
(arXiv1407.2930). The following analysis deals exclusively with entanglement swapping and does not consider the delayed-choice
aspect of the research presented in these papers.

Bell states and the identity operator:
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A four-qubit state is prepared in which photons 1 and 2 are entangled in Bell state Wy, and photons 3 and 4 are also entangled in
Bell state Wp,,. The state multiplication below is understood to be tensor vector multiplication.
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The authors write this state as a superposition of Bell state products to suggest a way to transfer entanglement from 1&2-3&4 to
1&4-2&3: perform a Bell state measurement on photons 2 and 3.
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The following calculations agree with this product of entangled photon pairs 1&4 and 2&3. Projection of photons 2 and 3 onto ¥,
projects photons 1 and 4 onto ¥,.

Projection of photons 2 and 3 onto @, projects photons 1 and 4 onto ¥,
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Projection of photons 2 and 3 onto W, projects photons 1 and 4 onto -¥,,.
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Projection of photons 2 and 3 onto ®,, projects photons 1 and 4 onto -@,
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Projection of photons 2 and 3 onto @, projects photons 1 and 4 onto ®y,.
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The initial four-particle state can be written in the H/V, A/D and R/L polarization bases. See the Appendix for details.
Vi34 = 5 (H1Va — ViHy) = (HsV, — Vs Hy) = 5 (HiVoVaVy — Hi Vo Vs Hy — Vi Hy H3V, + Vi Hy Vs Hy
+ViH, V3 Hy)
Wi934 = %(A1D2 — D1 Ay) = (AsDy — D3 Ay) = %(A1D2A3D4 —A1DyA3Dy — A1 Dy D3 Ay + D1 Ay A3 Dy
+D,A3DsAy)
Wig34 = 5 (L1Ry —RiLy) = (LsRy — R3Ly) = 5 (L1 Ry RsRy — LiRyR3 Ly — Ry Ly L3Ry + R1 Ly R3 Ly)
Where,

H=Z(R+L) V==5(L-R) H=3(D+4) V=-1(D-4)
R—ﬁ(HJer) L:\/Li(Hsz) :%(D+A)

After production, photon 1 is sent to Alice and photon 4 is sent to Bob. Photons 2 and 3 are sent to Victor. Alice and Bob can
measure their photons in either the H/V, R/L or A/D bases. Victor can measure his photons separately in the H/V basis or he can
carry out one of the four Bell state measurements on his photon pairs. This later choice as shown earlier projects photons 1 and 4
into the corresponding entangled Bell state.

The following table shows the possible measurement results that Alice and Bob will obtain, depending on the type of measurement
Victor makes on his photons. In experiments 1-4 Victor measures his photons separately in the H/V basis and Alice and Bob do the
same. In the remaining experiments Victor does a Bell state measurement on his photons and Alice and Bob measure in any of the
three bases.

Experiment 1 2 3 4 ' 5 6 8 / 9 10 11 12 ' 13 14 15 16
Alicl H H V V' H V H ' L R L R ' D A A D
Bob4 Vv H V H ' V H Vv ' L L R R ' D D A A
Victor23 VH VV HH HV ' ¥, ¥, 3, ' v, ¥, & I, ¥, ¥, b I,
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Results 1-4 are consistent with the original state expressed in the H/V basis

W34 = E(H1V2H3V§1 —H,\V,VsHy — Vi HoHsVy + Vi Hy V3 Hy)

In the remaining experiments Victor makes a Bell state measurement on photons 2 and 3, and projects photons 1 and 4 into the
following Bell states. The table shows measurement results that Alice and Bob could make on their photons given these states. See
the Appendix for more detail.

Vi = J5(H1Vi+ViHy) = 75 (LiLa — RiRi) = Z5(D1Ds — A1 Ay)
q}ml4—%(H1V:1_Vle4) ﬁ(L 1Ly —RiRy) = ﬁ( 1Dy — D1 Ay)
B4 = %(H1H4+V1VZ) ﬁ(L1R4+R1L4) %(A1A4—D1D4)
D14 = ﬁ(H1H4 W) = %(L1L4 +RiRy) = ﬁ(A1D4 + D1 Ay)

Appendix

The Bell states are written in the H/V, R/L, and A/D bases
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substitute, H; = %= (R; + L;)
0 v
. 7
1 X substitute, V; = E(R - L) RRi  LiLi
T, = < (H;V; + Vi H; V2 (- T
b 1 \/_( i) substitute, V; = T(L —R;) ( 2 2 )
0 substitute, H; = \}2 (R;+Lj)
substitute, H; = ﬁ(Dz +A4;)
substitute, V; = —(D —Aj) . ,
L (H;V; + V;Hj vz /2 (Lt DD
‘/_( i) substitute, V; = ﬁ(D —A) ( 2 2 )
substitute, H; = \}2 (Dj +A4j)
substitute, H; = = (R; + L;)
0 v
1 substitute, V; = %(L —Rj) LRi  LiRi
U, = L (H;V; - V;H, V2 -+
m 1 \/2( (A i J) substitute, V; = \/2 (L _R, ) \/>( 2 2 )
0 .
substitute, H; = E(Rj +Lj)
substitute, H; = %(Dz +4;)
Substitute, V7 = L(D - A) A:Dii A;Dii
L (HV; - V:H)) . v V2 (S 27)
Vv substitute, V; = \/2 - (D; — 4;)
substitute, H; = %(Dj +A;)
. substitute, H; = L—(Rz +L;)
0 substitute, V; = T(LJ Rj) LRi  LiRi
3, = L (H:H; +V;V; -2 (B + 2
P 0 \/2( J 3) substitute, V; = ﬁ(Lz - Ry) V25 ’ )
1 substitute, H; = = (R; + L;)
substitute, H; = \/2 —=(D; + 4;)
substitute, V; = —_(D- —A4;) . )
A (HYV 4 V.H, V2 V2 A4 DiDji
\/2( 1V i ]) substitute, V; = \/Z(D A) ( 2 2 )
substitute, H; = E(Dj +A4))
. substitute, H; = %(R, +L;)
bstitute, V; = 2= (L; — R;) . ,
0 1 su V2 J L,Li  RRji
& — L (H,H,; - V;V; V2 (5 + 5
m 0 \/2( idlj i J) substitute, V; :T(Li_Rfi) ( 2 2 )
-1
substitute, H; = 7 L (R;+Lj)
substitute, H; = %(Dz +4;)
substitute, V; = -=(D; — A;) Dii D
%(HV VH) . \12 _>\/§(A15]’L _ A]2Dﬂ)
substitute, V; = W(Di —4A;)
substitute, H; = ﬁ(Dj +A4))

The initial state is written in the H/V, R/L, and A/D bases.
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substitute, H, = ﬁ(Dl +A4;)
substitute, V, = %(D2 —A,)
substitute, V; = %(Dl —A)
: 1
$(H\Va — ViHy)(H3 Vi — V3 Hy) :::zz:: E: B égz 133 e
substitute, V3 = ﬁ(Dg —A3)
substitute, H, = ﬁ (D4 + Ay)
substitute, V, = % (Dy — Ay)
substitute, H; = % (R1+Ly)
substitute, Vo = ﬁ(LQ —Ry)
substitute, V; = ﬁ (L1 — Ry)
. _ 1
substitute, V5 = %(L3 —Ry)
substitute, H, = %(RAL +Ly)
substitute, V, = %(L;; —Ry)

This page titled 8.59: An Entanglement Swapping Protocol is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Frank Rioux via source content that was edited to the style and standards of the LibreTexts platform.

https://chem.libretexts.org/@go/page/148251



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://chem.libretexts.org/@go/page/148251?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Tutorials_(Rioux)/08%3A_Quantum_Teleportation/8.59%3A_An_Entanglement_Swapping_Protocol
https://creativecommons.org/licenses/by/4.0
http://www.users.csbsju.edu/~frioux/
https://faculty.csbsju.edu/frioux/workinprogress.html

