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7.16: Matrix Mechanics Exercises Using Polarized Light

Eigenstates and operators are provided for a series of matrix mechanics exercises involving polarized light.
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Eigenstate for a #-polarized light:

Operator for a #-oriented polarizer:
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Eigenstates for vertically, horizontally, and diagonally polarized light:
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Diagonally:
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Operators for vertically, horizontally, and diagonally oriented polarizers:

Vertically:

V=000~ 0)
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Demonstrate that a §-polarized photon is an eigenfunction of a #-oriented polarizer, with eigenvalue 1.
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Demonstrate that a 8-polarized photon is a linear superposition of the vertical and horizontal polarization states.
cosf (é) +sinf (2) — (:jg)
Demonstrate that a vertically polarized photon is a linear superposition of the 7/4 and -7/4 polarization states.
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Calculate the probability amplitude and probability that a 7/3 (60 degree) polarized photon will pass a vertical polarizer.
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Calculate the probability amplitude and probability that vertically polarized photon will pass a /3 (60 degree) polarizer.
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Calculate the probability amplitude and probability that a /3 (60 degree) polarized photon will pass a diagonal polarizer.
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Calculate the probability that a /3 (60 degree) polarized photon will pass the following sequence of polarizers: vertical, diagonal,
horizontal.
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Calculate the probability that a 7r/3 (60 degree) polarized photon will pass the following sequence of polarizers: vertical, horizontal,
diagonal. Explain the result.
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With this sequence the first two polarizers are crossed (have a 90 degree relative angle). Thus the vertically polarized photon
emerging from the first polarizer is stopped by the second polarizer.

Confirm the results shown in the diagram shown below. In other words, show that 12.5% of the incident unpolarized light will pass
an arrangement of vertical, diagonal and horizontal polarizers.

The Three Polarizer Paradox
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This calculation can also be performed assuming that unpolarized light is a 50-50 mixture of vertically and horizontally
polarized light.

1 1
3 (H" HopDopVopV|)* + 5 (| H " HopDopVop H])* =0.125

Now a 7/6 polarizer is placed between the vertical and diagonal polarizers, and a 7/3 polarizer is placed between the diagonal and
horizontal polarizer. Calculate the fraction of light that emerges from the final horizontal polarizer and explain the result.
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This calculation can also be performed assuming that unpolarized light is a 50-50 mixture of vertically and horizontally
polarized light.

(70,00 (5) 9200 (3) vV} 3 (71000 (3) o () ) o215

The initial and final polarizers are crossed and will not transmit light. A single p/4 polarizer sandwiched in between allows
light through for the reasons presented earlier. The addition of two more polarizers increases the fraction of transmitted light
because the relative angles between successive polarizers has been reduced. Significantly more light gets through each set of
polarizers because the angle between them is smaller.

Calculate the probability that unpolarized light will pass the following sequence of polarizers: vertical, 7/3 (60 degree), diagonal.
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Calculate the probability that unpolarized light will pass the following sequence of polarizers: vertical, diagonal, 7w/3 (60 degree).

Explain the difference in the results.
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The operators representing the measurement of diagonal and 60 degree polarization do not commute.

Calculate the polarization of the incident photon such that the probability it will pass three polarizers (vertical, horizontal, diagonal)
is 0.10

0="175deg
Given
2
(|H" HopDoy Vo, ©(0)]) " = .10
Find () = 50.768 deg

The next few exercises involve circularly polarized light.

The base states for circularly polarized light are:

Show that they form an orthonormal basis set:
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LTR—0
RTL 0
Show that they are linear superpositions of the vertical and horizontal polarization states:
\[ \frac{1}{ \sqrt{2} }\ (V + iH) = \begin{pmatrix} 0.707 \\ 0.707i \end{ pmatrix } ]
\[ \frac{1}{ \sqrt{2} }\ (V - iH) = \begin{pmatrix} 0.707 \\ -0.707i \end{pmatrix } ]
Show that vertically and horizontally polarized light can be written as superpositions of circularly polarized light:
\[ \Mfrac{1}{ \sqrt{2} }\ (L + R) = \begin{pmatrix} 1 \\ 0 \end{pmatrix}]
\[ \Mfrac{i}{ \sqrt{2} }\ (R - L) = \begin{pmatrix} 0 \\ 1 \end{pmatrix}]

The angular momentum operator in atomic units is:

0 —
Pang = ( i 0 )
Calculate the expectation value for angular momentum for a vertical, horizontal and diagonal polarized photon.
VT Pang(V)=0
HT Pang(H)=0
DT Pang(D) =0
Calculate the expectation value for angular momentum for a € polarized photon.
0(0)” Pang®(h) =0
Calculate the expectation value for angular momentum for left and right circularly polarized photons.
FPang(L) =1

RT Pang(R) = -1
The remaining exercises deal with the effects of half and quarter wave plates.

The remaining exercises deal with the effects of half and quarter wave plates.
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Quarter wave plate and 7/4 rotated quarter wave plate (which has the same effect as a 50-50 beam splitter):
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Show that,

When a half wave plate is placed between aligned polarizers all the light gets through.
(VIWs(0)H|)* =0

(VIW,0)V|)* =1
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When a half wave plate is placed between crossed polarizers no light gets through.
(VTWa(0)H|)* =0

When the half wave plate is rotated by an angle of 7/4 all the light gets through.

(row (3) =1

When the half wave plate is rotated by an additional angle of 7/4 no light gets through.

(oo (5) )

When a half wave plate rotated by 7/4 is placed between two vertical or horizontal polarizers no light gets through.

(7 ()] o

(e (3) ) =0

There is no effect when a quarter wave plate is inserted between either aligned or crossed polarizers.

(VvIwav))* =1
(H™W,V|)* =1
If the quarter wave plate is rotated by 7/4 50% of the light gets through.
(vTBS(V))* =0.5

(|HTBS(V)|)* =0.5
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