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5.3: Single-slit Diffraction and the Uncertainty Principle (Mathcad Version)

Diffraction has a simple quantum mechanical interpretation based on the uncertianty principle. Or we could say diffraction is an
excellent way to illustrate the uncertainty principle.

A screen with a single slit of width, w, is illuminated with a coherent photon or particle beam. The normalized coordinate-space
wave function at the slit screen is,
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The coordinate-space probability density, |¥(z, w) 1%, is displayed for a slit of unit width below

The slit-screen measures position, it localizes the incident beam in the x-direction. According to the uncertainty principle, because
position and momentum are complementary, or conjugate, observables, this measurement must be accompanied by a delocalization
of the x-component of the momentum. This can be seen by a Fourier transform of W(x,w) into momentum space to obtain the
momentum wave function, ®(px,w).
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It is the momentum distribution, |® (p,, w)|2, shown histographically below that is projected onto the detection screen. Thus, a
position measurement at the detection screen is also effectively a measure of the x-component of the particle momentum.
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In this figure we see the spread in momentum required by the uncertainty principle, plus interference fringes due to the fact that the
incident beam can imerge from any where within the slit, allowing for constructive and destructive interference at the detection
screen. If the slit width is decreased the position is more precisely known and the uncertainty principle demands a broadening in the
momentum distribution as shown below.

Equating uncertainty in position with slit width and uncertainty in momentum with the width of the intense center of the diffraction
pattern, we have in atomic units: AxApx = 12.6. If the slit width is decreased the position is more precisely known and the
uncertainty principle demands a broadening in the momentum distribution as shown below. For slit width 0.5 we again find the
product of the uncertainties is 12.6.
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Naturally if the slit width is increased to 2.0 the position uncertainty increases and the uncertainty in momentum decreases yielding
again AxApy = 12.6.
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The x-direction momentum can be expressed in terms of the wavelength of the illuminating beam and the diffraction angle using
the following sequence of equations of which the second is the de Broglie relation in atomic units (h = 2m).
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This allows one to explore the effect of the wavelength of the illuminating beam on the diffraction pattern. The figure below shows
that a short wavelength (high momentum) illuminating beam gives rise to a narrower diffraction pattern.

(o(@x2.1)])*

([#(65.2,29) N

a.

%

The method used here to calculate single-slit diffraction patterns (momentum-space distribution functions) is easily extended to
multiple slits, and also to diffraction at two-dimensional masks with a variety of hole geometries.
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