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2.54: Quantum Calculations on the Hydrogen Atom in Coordinate, Momentum and
Phase Space

Coordinate Space Operators

s . 1. d . oo
Position operator: - [J Momentum operator: p = + + 9-UJ Integral: fo Odz
s . 1 & : . _ =1
Kinetic energy operator: KE = — 3 - @D Potential energy operator: PE = —[J

The energy operator for the one-dimensional hydrogen atom in atomic units is:
-1 1
— . O-=.0
2 dx? X
The ground state wave function in coordinate space is:
U(z):=2-x-exp(—z)

Display the coordinate-space distribution function:

Y(x)

The ground state energy is -0.5 Ey,.
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The coordinate wave function is normalized:

/Ooo U(z)ide =1

The expectation value for position:

The expectation value for momentum:
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The expectation value for kinetic energy:

The expectation value for potential energy:
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The momentum wave function is generated by the following Fourier transform of the coordinate space wave function.
1 [ _ 27
®(p) :i= —— / exp(—i-p-z)- ¥(x)dr - —
V2-mJo w2 -(i-p+1)2

Momentum Space Operators

Momentum space integral: ff; Odp Momentum operator: p - [

2

S . P Position operator: 4 - <[]
Kinetic energy operator: p ap

The same calculations made with the momentum space wave function:

The momentum wave function is normalized:

> 2
[ (sw)yap—1
The expectation value for position:

The expectation value for momentum:

The expectation value for kinetic energy:
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The Wigner function for the hydrogen atom ground state is generated using the momentum wave function.
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W(x,p) =g / = exp(—i-s-x)@’(p—%)ds
The Wigner distribution is displayed graphically.
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One of the interesting features of doing quantum mechanics with the Wigner distribution is that the position and momentum
operators retain their classical forms; they are both multiplicative operators. By comparison in the coordinate representation
position is multiplicative and momentum is differential. In the momentum representation it's the reverse. This is illustrated below
with the following calculations.

Phase space integral: ffzo f0°° Odzdp Position operator: z - [ Momentum operator: p - [

2
Kinetic energy operator: KE = % -0 Potential energy operator: PE = _Tl -0

Phase space calculations using the Wigner distribution:

/ / W (z,p)dzdp =1

—o0 J0

/ / z-W(z,p)dzdp =1.5
—00 J0

The Wigner distribution is normalized:

The expectation value for position:

The expectation value for momentum:
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/ / p-W(z,p)dzdp =0

—o0 J0

/ / % (z,p)dzdp =0.5
/ / (z,p)dzdp = —
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The expectation value for kinetic energy:

The expectation value for potential energy:

license and was authored, remixed, and/or curated by Frank Rioux via source content that was edited to the style and standards of the LibreTexts
platform.

@ 0 2.54.4 https://chem.libretexts.org/@go/page/156421


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://chem.libretexts.org/@go/page/156421?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Tutorials_(Rioux)/02%3A_Atomic_Structure/2.54%3A_Quantum_Calculations_on_the_Hydrogen_Atom_in_Coordinate_Momentum_and_Phase_Space
https://creativecommons.org/licenses/by/4.0
http://www.users.csbsju.edu/~frioux/
https://faculty.csbsju.edu/frioux/workinprogress.html

