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1.31: The Position and Momentum Commutation Relation in Coordinate and
Momentum Space

The purpose of this exercise is to illustrate the commutation relation between position and momentum in the coordinate and
momentum representations using a one-dimensional representation of the hydrogen atom. The relevance of the uncertainty

principle to these calculations will also be demonstrated. All calculations are done in atomic units: e = m, = 4me, = % =
Coordinate Representation
Momentum operator: 0 Kinetic energy operator: Potential energy
Position operator: x - [ Integral: Udx 2 ~
p p=1-40 gral: KE=—§ 40 operator: PE = =

The 1s state of the hydrogen can be represented in one-dimension by the following wave function:

U(z)=2-z-exp(—z) /000 U(z)ide — 1

X

First we demonstrate that ¥(x) is an eigenfunction of the energy operator with eigenvalue -0.5 in atomic units.
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It is easy to show that ¥(z) is not an eigenfunction of the position or momentum operators. This means that while the electron in
the hydrgogen atom ground state has a well-defined energy, it does not have a well-defined position or momentum. This fact is
consistent with the commutator and uncertainty calculations shown below.

Next it is shown that the position and momentum operators do not commute.
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This result indicates that ¥(z) is not an eigenstate of the position and momentum operators, and therefore the order of
measurement is important. Gaining knowledge of one observable through measurement destroys information about the other. The
commutation relation is closely related to the uncertainty principle, which states that the product of uncertainties in position and
momentum must equal or exceed a certain minimum value, 0.5 in atomic units.
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The uncertainties in position and momentum are now calculated to show that the uncertainty principle is satisfied.
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Az - Ap =0.866

‘We now move to momentum space to show that the results are identical to those calculate in coordinate space.

Momentum Representation

o . d .
Position operator: 4 - chD Momentum operator: p - [] Momentum space integral: f _OZO Udp

A momentum wave function is obtained by a Fourier transform of the coordinate wave function.
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The coordinate and momentum wave functions are equivalent representations of the hydrogen-atom ground state. That they contain
the same information as is illustrated below.
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The position and momentum operators do not commute in momentum space.

i3 (p-®(p)) —p-i- 352(p) —(p—i)
() simplify — T

It is easy to show that this result is equal to i.

The product of the position-momentum uncertainty is the same in momentum space as it is in coordinate space.
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Ax- Ap = 0.866
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