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7.7: Mach-Zehner Polarization Interferometer Analyzed Using Tensor Algebra
The purpose of this tutorial is to analyze a Mach-Zehnder (MZ) interferometer with polarizing beam splitters (PBS) using tensor
algebra. First we will review the traditional MZ with non-polarizing beam splitters using matrix algebra.

The source emits photons in the x-direction illuminating a 50-50 beam splitter which splits the beam into a superposition of motion
in the x- and y-directions. The reflected beam collects a  (i) phase shift relative to the transmitted beam. Mirrors redirect the two
beams to a second 50-50 BS. For the ideal case of an equal arm interferometer the photons are always registered at D  and never at
D . One way to explain this is shown on the figure above. Each photon has two paths to each of the detectors. At D  the photon's
paths add in phase each being shifted by , resulting in constructive interference. At D  the photon's paths are 180 degrees out of
phase causing destructive interference.

The matrix analysis requires vectors to represent photon states, direction of propagation and polarization, and matrices to represent
the devices that the photon interacts with, such as beam splitters and mirrors. The vectors representing direction of propagation are,

The beam splitters and mirrors are represented by the following matrices which operate on the motional states.

The probability that the photon will be moving in the x-direction after the second BS and therefore detected at D  is 1. The
probability it will be registered at D  is 0.

In a polarization MZ interferometer the traditional beam splitters are replaced with polarizing beam splitters, which in this case
transmit horizontal polarization and reflect vertical polarization.

Now in addition the direction of propagation, the photons have a polarization state which is initially restricted to horizontal or
vertical polarization.
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There are now four photon states: |xh>, |xv>, |yh> and |yv>, which can also be written |x>|h>, |x>|v>, |y>|h> and |y>|v>. These are
vector tensor products and they take us from the two-dimensional space of the previous example to a four-dimensional Hilbert
space.

As mentioned previously the PBS transmits horizontal polarization and reflects vertical polarization. Unlike the nonpolarizing BS,
there is no phase change on reflection. The matrix representing a PBS can be constructed by considering the fate of the individual
photon states encountering a PBS.

This gives us the PBS operator in the four-dimensional Hilbert space. Next we construct the matrix for the mirror in this space. The
matrices representing the various photon interactions must be 4x4 because the photon vector states are 1x4. The mirror only affects
the direction of propagation and not the polarization state of the photon. Since the motional state appears first in the kets, we form
the 4-D mirror matrix by the following tensor (Kronecker) product of M and the identity matrix.

As constructed this matrix changes the photon's direction of propagation with out affecting its state of polarization.

Now suppose that the source emits a horizontally polarized photon, |xh>. Calculation shows that it arrives at D  with horizontal
polarization,|yh>, 100% of the time.
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If the source emits a vertically polarized photon, |xv>. Calculation shows that it arrives at D  with vertical polarization,|yv>, 100%
of the time.

A photon emitted by the source polarized at an angle of  relative to the horizontal has the following state vector.

It is easy to show that in the MZ polarization interferometer, the polarization state of the source photon is preserved while the
direction of propagation changes.

This is an excellent example of the superposition principle. The first PBS creates a x-h, y-v superposition state.

The mirror changes this to a y-h, x-v superposition.

The second PBS restores the original polarization state, but changes the direction of propagation.
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