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2.15: Quantum Mechanical Calculations for the Hydrogen Atom

Full kinetic energy operator in spherical coordinates:

Kinetic energy operator for s states:
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Kinetic energy operator for p states:
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Position operator: r
1
T

Triple integral with volume element: [ [ 02” W’ sin(6)dpdbdr

Potential energy operator: —

Orbitals:

Ty,(r) = #exp(-r) Ty,(r) = ﬁ@ —r)exp (—%)
Uy, (r, 0) = ﬁr exp (—5)cosf Wy (r, 0, ¢) = ¢312_ﬂr exp (—7 ) sin(6) sin(¢)

Plot the wave functions on the same graph:
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Demonstrate that the 1s orbital is normalized:

0 T 2
/ / / W, (r)?r? sin(h)dedbdr — 1
0 0 0

Demonstrate that the 1s orbital is normalized:

[e's) g 2w
/ / / Uy, (r)27? sin(0)dpdfdr — 1
0 0 0

Demonstrate that the 2pz orbital is normalized:
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[} T 2T
/ / / Uy, (7, 0)2r? sin(f)dpdodr — 1
o Jo Jo

Demonstrate that the 1s and the 2pz orbitals are orthogonal:

oo T 27
/ / / U1, (r) oy, (7, 0)°r® sin(6)dpdfdr — 0
0 0 0

Demonstrate the 1s and 2s orbitals are orthogonal:

o0 ﬂ' 27
2 2 .
/0 /0 /0 Uy 5(r)Pas(r)r” sin(0)depdOdr — 0

Demonstrate that the 2py and the 2p, orbitals are orthogonal:

) 7r 2T
/ / / oy (7, 0, ¢)Usp.(r, O)r? sin(f)dpdodr — 0
o Jo Jo

Determine the most probable value for r using the Trace function and calculus:

d 0
drr2\I/13( r)? =0 solve, r — (1)

Calculate the probability that an electron in the 1s orbital will be found within one Bohr radius of the nucleus.

1 T 27
/ / / W1, (r)2r? sin(h)dgdbdr float, 3 — .325
o Jo Jo
Find the distance from the nucleus for which the probability of finding a 1s electron is 0.75.
a=2 Given [J'¥,(r)24nr?dr=/75 Find(a)=1.96

Calculate <T>, <V>, and <r> for the 1s orbital. Is the virial theorem obeyed? Explain.

o ™ 27 1 d2 .
/0 /0 /0 Ui,(r) T % dr? r(Pis(r ))7' sin(6)dpdbdr — 5
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00 T 27
/ / / Uy, (r)r®y,(r)r? sin(f)dedodr — 3
o Jo Jo 2

Calculate <T>, <V>, and <r> for the 2s orbital. Is the virial theorem obeyed? Explain.

/OO/W/%\II (r)—id—2r\11 (r)r? sin(@ )d<;5d9d7’—>l
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00 m 2
/0 /0 /0 W, (r)r g, (r)r? sin(h)dedbdr — 6

Calculate <T>, <V>, and <r> for the 2p, orbital. Is the virial theorem obeyed? Explain.

2,« r 2T\Il2py(7'7 0, ¢)
0 g 2 1 d 0)-Lp 0 1
Uopy(r, 0, @) | T 57 5m0) Sin(0) [do (sm( )do 2py(T, 6, ¢))] -+ | v sin(0)dpdOdr — 3
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/0 /0 /0 Wopy(r, 6, ¢) — ;‘I’zpy(r, 0, ¢)r*sin(0)dpdodr — -
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/ / / Uy (7, 0, B)rUap,(r, 0, ¢)r’ sin(f)dedfdr — 5
0 0 0

Calculate <T>, <V>, and <r> for the 2pz orbital. Is the virial theorem obeyed? Explain.

2r e 27'\112]”(7" 9)..
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00 ™ 2m
/ / / Uy (r, 0)r¥sy,(r, O)r? sin(0)dpdodr — 5
o Jo Jo

Summarize your results in the following table:

T T \% E r
s 05 -1 —-05 1.5
2s 0.125 —0.25 —0.125 6
2pz 0.125 —0.25 —0.125 5
2py 0.125 —0.25 —0.125 5

Demonstrate that the 1s orbital is an eigenfunction of the energy operator. What is the eigenvalue?

TZ—;FI V=-1 H=T+V \I/(r):#exp(—r)

2T a2 rlels( )_ %\1123(7‘)
\I’ls(’/‘)

Demonstrate that the 2s orbital is an eigenfunction of the energy operator. What is the eigenvalue?

-1
simplify — >

~ 2L, (r) — 1, (r)
‘IIQS(T’)

Demonstrate that the 2py orbital is an eigenfunction of the energy operator. What is the eigenvalue?

2r dr? T‘Il2py('r, 0 (b)
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-1
+ 272 sin(6) [;0 (SIH(H)E\Ihpy(T’ 9’ ¢))] Ul — %\I’Zpy(ra 0; ¢)
+m dd¢ 2py( 0 ¢) _
simplify — —
‘I/2py(7'; 0, ¢)

This page titled 2.15: Quantum Mechanical Calculations for the Hydrogen Atom is shared under a CC BY 4.0 license and was authored, remixed,
and/or curated by Frank Rioux via source content that was edited to the style and standards of the LibreTexts platform.

@ 0 2.15.3 https://chem.libretexts.org/@go/page/155169


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://chem.libretexts.org/@go/page/155169?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Tutorials_(Rioux)/02%3A_Atomic_Structure/2.15%3A_Quantum_Mechanical_Calculations_for_the_Hydrogen_Atom
https://creativecommons.org/licenses/by/4.0
http://www.users.csbsju.edu/~frioux/
https://faculty.csbsju.edu/frioux/workinprogress.html

