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8.23: Brief Elements of Reality

In the '90s N. David Mermin published two articles in the general physics literature (Physics Today, June 1990; American Journal
of Physics, August 1990) on the Greenberger-Horne-Zeilinger (GHZ) gedanken experiment (American Journal of Physics,
December 1990; Nature, 3 February 2000) involving three spin-1/2 particles that illustrated the clash between local realism and the
quantum view of reality for the quantum nonspecialist.

The three spin-1/2 particles are created in a single event and move apart in the horizontal y-z plane. It will be shown that a
consideration of spin measurements (in units of h/4m in the x- and y-directions reveals the impossibility of assigning values to the
spin observables independent of measurement.

The x- and y-direction spin operators are the Pauli matrices:
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The eigenvalues of the Pauli matrices are +/- 1:
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The following operators represent the measurement protocols for spins 1, 2 and 3.
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The tensor matrix product, also known as the Kronecker product, is available in Mathcad. The four operators in tensor format are
formed as follows.

Oayy = kronecker(o,, kronecker(oy, 0y))  0yay = kronecker(o,, kronecker(o,, oy))

Oyys = kronecker(oy, kronecker(o,, 0;)) 04z = kronecker(o,, kronecker(o,, 0;))
These operators mutually commute, meaning that they can be assigned simultaneous eigenstates with simultaneous eigenvalues.

OayyOyay — OyayOayy = 0 OayyOyye — OyyaOayy =0 OayyOuae — Ovae Oayy — 0

OyayOyyz — OyyaOyzy — 0 OyayOzaz — Ogza Oyay —7 0 o yyzOzex — Ozza Oyyz —7 0

The next step is to compare the matrix for the product of the first three operators (0xyy OyxyOyyx) with that of the fourth (oxx).

0O 0 0 0 0 0 0 -1 0000000 1
O 0 0 0 0 0 -1 0 00000010
O 0 0 0 0 -1 0 0 00000T100
0O 0 0 0 -1 0 0 0 00001000
TaTveyTwe =1 o 9 o —1 0 0o 0o o ™ ]oo0o01000 0
0O 0 -1 0 0 0 0 0 00100000
O -1 0 0 0 0 0 0 0100000 0
10 0 0 0 0 0 0 1000000 0

This indicates the following relationship between the four operators and leads quickly to a refutation of the concept of
noncontextual, hidden values for quantum mechanical observables.
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Local realism assumes that objects have definite properties independent of measurement. In this example it assumes that the x- and
y-components of the spin have definite values prior to measurement. This position leads to a contradiction with the above result.
There is no way to assign eigenvalues (+/-1) to the operators that is consistent with the above result.

Concentrating on the operator on the left side, we notice that there is a o, measurement on the first spin in the second and third
term (blue). If the spin state is well-defined before measurement those results have to be the same, either both +1 or both -1, so that
the product of the two measurements is +1. There is a 6, measurement on the second spin in terms one and three (red). By similar

arguments those results will lead to a product of +1 also. Finally there is a 0, measurement on the third spin in terms one and two
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(green). By similar arguments those results will lead to a product of +1 also. Incorporating these observations into the expression
above leads to the following contradiction.

1 2 1 2
oy Q0 ®03 = —0y ®0w®ag

This result should cause all mathematically literate local realists to renounce and recant their heresy.

This page titled 8.23: Brief Elements of Reality is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Frank Rioux
via source content that was edited to the style and standards of the LibreTexts platform.
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