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2.15: Quantum Mechanical Calculations for the Hydrogen Atom
Full kinetic energy operator in spherical coordinates:

Kinetic energy operator for s states:

Kinetic energy operator for p states:

Position operator: r

Potential energy operator: 

Triple integral with volume element: 

Orbitals:

Plot the wave functions on the same graph:

Plot the radial distribution functions for each orbital on the same graph:

Demonstrate that the 1s orbital is normalized:

Demonstrate that the 1s orbital is normalized:

Demonstrate that the 2pz orbital is normalized:
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Demonstrate that the 1s and the 2pz orbitals are orthogonal:

Demonstrate the 1s and 2s orbitals are orthogonal:

Demonstrate that the 2p  and the 2p  orbitals are orthogonal:

Determine the most probable value for r using the Trace function and calculus:

Calculate the probability that an electron in the 1s orbital will be found within one Bohr radius of the nucleus.

Find the distance from the nucleus for which the probability of finding a 1s electron is 0.75.

Calculate <T>, <V>, and <r> for the 1s orbital. Is the virial theorem obeyed? Explain.

Calculate <T>, <V>, and <r> for the 2s orbital. Is the virial theorem obeyed? Explain.

Calculate <T>, <V>, and <r> for the 2p  orbital. Is the virial theorem obeyed? Explain.

(r,  θ sin(θ)dϕdθdr → 1∫
∞

0
∫

π

0
∫

2π

0
Ψ2pz )2r2

(r) (r,  θ sin(θ)dϕdθdr → 0∫
∞

0
∫

π

0
∫

2π

0
Ψ1s Ψ2pz )2r2

(r) (r sin(θ)dϕdθdr → 0∫
∞

0
∫

π

0
∫

2π

0
Ψ1s Ψ2s )2r2

y z

(r,  θ,  ϕ) (r,  θ) sin(θ)dϕdθdr → 0∫
∞

0
∫

π

0
∫

2π

0
Ψ2py Ψ2pz r2

(r = 0 solve, r →( )
d

dr
r2Ψ1s )2 0

1

(r sin(θ)dϕdθdr float, 3 → .325∫
1

0
∫

π

0
∫

2π

0
Ψ1s )2r2

a = 2 Given (r 4π dr = /75∫ a

0
Ψ1s )2 r2 Find(a) = 1.96

(r) − r ( (r)) sin(θ)dϕdθdr →∫
∞

0
∫

π

0
∫

2π

0
Ψ1s

1

2r

d2

dr2
Ψ1s r2 1

2

(r) − (r) sin(θ)dϕdθdr → −1∫
∞

0
∫

π

0
∫

2π

0
Ψ1s

1

r
Ψ1s r2

(r)r (r) sin(θ)dϕdθdr →∫
∞

0
∫

π

0
∫

2π

0
Ψ1s Ψ1s r2 3

2

(r) − r (r) sin(θ)dϕdθdr →∫
∞

0
∫

π

0
∫

2π

0
Ψ2s

1

2r

d2

dr2
Ψ2s r2 1

8

(r) − (r) sin(θ)dϕdθdr → −∫
∞

0
∫

π

0
∫

2π

0
Ψ2s

1

r
Ψ2s r2 1

4

(r)r (r) sin(θ)dϕdθdr → 6∫
∞

0
∫

π

0
∫

2π

0
Ψ2s Ψ2s r2

y

(r,  θ,  ϕ) sin(θ)dϕdθdr →∫
∞

0
∫

π

0
∫

2π

0
Ψ2py

⎡

⎣

⎢⎢
⎢⎢

− r (r,  θ,  ϕ). . .1
2r

d2

dr2 Ψ2py

+ [ (sin(θ) (r,  θ,  ϕ))] . . .−1
2 sin(θ)r2

d

dθ

d

dθ
Ψ2py

+ (r,  θ,  ϕ)
−1

2 sin(θr2 )2

d2

dϕ2 Φ2py

⎤

⎦

⎥⎥
⎥⎥
r2 1

8

https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://chem.libretexts.org/@go/page/155169?pdf


2.15.3 https://chem.libretexts.org/@go/page/155169

Calculate <T>, <V>, and <r> for the 2pz orbital. Is the virial theorem obeyed? Explain.

Summarize your results in the following table:

Demonstrate that the 1s orbital is an eigenfunction of the energy operator. What is the eigenvalue?

Demonstrate that the 2s orbital is an eigenfunction of the energy operator. What is the eigenvalue?

Demonstrate that the 2py orbital is an eigenfunction of the energy operator. What is the eigenvalue?
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