LibreTextsm

8.49: EPR Analysis for a Composite Singlet Spin System

A spin-1/2 pair is prepared in an entangled singlet state and the individual particles travel in opposite directions on the y-axis to a
pair of Stern-Gerlach detectors which are set up to measure spin in the x-z plane. Particle 1's spin is measured along the z-axis, and
particle 2's spin is measured at an angle 6 with respect to the z-axis.
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For the singlet state the arrows below indicate the spin orientation for any direction in the x-z plane.
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The single particle spin operator in the x-z plane is constructed from the Pauli spin operators in the xand z-directions. 0 is the angle
of orientation of the measurement magnet with the z-axis.
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Tensor multiplication of o, and o(8) creates a joint spin measurement operator.

cosf sinf 0 0
1 0 cosf sinf \ | sinf —cosf 0 0
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The expectation value as a function of the measurement angle of particle 2 is calculated and the result is displayed graphically.

cosf sin6 0 0 0
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The expectation value measures correlation. For 8 = 0° there is perfect anti-correlation; for 8 = 180° perfect correlation (see the
Appendix for a discussion of this case); for 8 = 900 no correlation; for 8 = 45° intermediate anti-correlation (-0.707). Calculations
provided in the Appendix show that the individual spin measurements on particles 1 and 2 are totally random for all values of 9, i.e.
E(0) = 0.
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If both observers measure their spins in the z-direction quantum mechanics predicts they will get opposite values due to the singlet
nature of the spin state. In other words, the combined expectation value is -1 for these measurements. If spin 2 is measured in the x-
direction (6 = 90°) quantum mechanics predicts, as noted above, an expectation value of 0.

A realist believes that objects have well-defined properties prior to and independent of observation. The following table provide a
local realist's explanation of these results. Specific z- and x-spin states are assigned to the particles in the first two columns, with
each particle in one of four equally probable spin orientations consistent with the composite singlet state.

[ Particlel Particle2 06,(1)5,(2) 0.(1)5.(2)]
[T 1) [ da) ~1 ~1
| Tz>| \l/ac> | \Lz>| Tz> -1 1
| ~L2>| T:c> | Tz>| \Lz> -1 1
[ de) [ 12)] 1) ~1 -1
| Expectation Value -1 0 ]

The quantum and classical pictures agree on the prediction of experimental results. The difficulty is that quantum mechanics does
not accept the legitimacy of the states shown in the table on the left. One way to state the problem is to note that ox and o, are

noncommuting operators.
0 2
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According to quantum mechanics spin in the z- and x-directions cannot simultaneously have well-defined values. The states in the
table are not valid, in spite of their agreement with experimental results, because they give well-defined values to incompatible
observables. Of course, the realist counters that these arguments simply indicate that quantum mechanics is not a complete theory
because it cannot assign definite values to all elements of reality prior to and independent of measurement.

If the second spin is measured in the diagonal direction, 8 = 45°, the realist again predicts an expectation value of 0, as shown in the
following table.

[ Particlel Particle2 4,(1)54(2)
| 72)] Ta) | 1201 da) -1
| 12)] da) | L2 1a) 1
| 42)] Ta) | 12)] da) 1
| \l/z>| ¢d> | Tz>| Td> -1
| Expectation Value 0 |

The spin states in this table are also invalid according to quantum theory.
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However, as calculated earlier quantum mechanics predicts an expectation value of -0.707. This example illustrates Bell's theorem:
no local realist hidden-variable theory can reproduce all the predictions of quantum mechanics for entangled composite systems. As
the quantum predictions are confirmed experimentally, the local hidden-variable approach to reality must be abandoned. Appendix

If particle 2's detector is rotated by 180 degrees, spin-up in the z-direction (blue in the table below) has eigenvalue -1 and spin-
down (red in the table below) has eigenvalue +1.

0(180 deg) = (0 (1)) eigenvec(o (180 deg),-1) = ((1)) eigenvec(o(180 deg), 1) = ((1))

This leads to the local realist predictions in the right-hand column, which are in agreement with quantum mechanics.
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[ Particlel  Particle2 6,(1)67(2)]
[T 12) [ )
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The following operator is used to calculate the expectation value for measurements on spin 2 as a function of the detector angle 6.
The identity operator represents no measurement on spin 1.

cosf  sinf 0 0
1 0 ® cosf sinf \ | sinf —cosf® 0 0
01 sinf —cosf) 0 0 cosf  sinf
0 0 sinf —cos6
The following calculation shows that the measurement results are totally random, yielding and an expectation value of 0 for all
values of 6.
cosf  sinf 0 0
1 sinf —cosf O 0 1 1
E@)=— 1 -1 — —
(6) \/5(0 0) 0 0 cosf  sinf V2l -1 0
0 0 sinf —cos6 0

The same, of course, is true for the measurements on spin 1.

cosf 0 sin @ 0

<cos¢9 sinf )@(1 0)_ 0 cosf 0 sinf
sinfd —cosf 0 1) | sin® 0 —cosf 0

0 sin @ 0 —cosf

cosf 0 sin@ 0 0

E(G):L(O 1 -1 0) .0 cosf 0 sin@ 111 o
V2 sinf 0 —cosf 0 V2| -1
0 sin @ 0 —cosf 0

The expectation value calculations can also be performed using the trace function as shown below.

(W|0|w) = > (¥[01i) il ¥) = > (il ¥)(¥|O]i) = Trace (|x1/><x11|é) where  |i) (il = Ldentity
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curated by Frank Rioux via source content that was edited to the style and standards of the LibreTexts platform.
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