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1.6: Quantum Computation- A Short Course

One of the most intriguing applications of entanglement is quantum teleportation, which uses entanglement and a classical communication channel to transfer a quantum state from one location to
another. However, to truly understand teleportation it is necessary to distinguish it from cloning. So first we look at the quantum no-cloning principle followed by a one-page snapshot of teleportation.

Quantum Restrictions on Cloning

Suppose a quantum copier exists which is able to carry out the following cloning operation.
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Next the cloning operation (using the same copier) is carried out on the general qubit shown below.
cos?(6)
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Quantum transformations are unitary, meaning probability is preserved. This requires that the scalar products of the initial and final states must be the same.

Initial state:

(cos(f) sin(0)) (2) =sin(6)

Final state:

(cos2 () cos(0)sin(d) sin()cos(d) sin® (9)) = sin®(6)
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It is clear from this analysis that quantum theory puts a significant restriction on copying. Only states for which sin(¢) = 0 or 1 (0 and 90 degrees) can be copied by the original cloner.

In conclusion, two quotes from Wootters and Zurek, Physics Today, February 2009, page 76.

Perfect copying can be achieved only when the two states are orthogonal, and even then one can copy those two states (...) only with a copier
specifically built for that set of states.

In sum, one cannot make a perfect copy of an unknown quantum state, since, without prior knowledge, it is impossible to select the right copier for
the job. That formulation is one common way of stating the no-cloning theorem.

An equivalent way to look at this (see arXiv:1701.00989v1) is to assume that a cloner exists for the V-H polarization states.
CIV)IX)=MIV) ClH)|X) = |H)|H)

A diagonally polarized photon is a superposition of the V-H polarization states.
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However, due to the linearity of quantum mechanics the V-H cloner cannot clone a diagonally polarized photon.
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Quantum Teleportation

As shown in the graphic below (Nature, December 11, 1997, page 576), quantum teleportation is a form of information transfer that requires pre-existing entanglement and a classical communication
channel to send information from one location to another. Alice has the photon to be teleported and a photon of an entangled pair (8yo) that she shares with Bob. She performs a measurement on her
photons that projects them into one of the four Bell states and Bob's photon, via the entangled quantum channel, into a state that has a unique relationship to the state of the teleportee. Bob carries out
one of four unitary operations on his photon depending on the results of Alice's measurement, which she sends him through a classical communication channel.
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The teleportee and the Bell states indexed in binary notation:

https://chem.libretexts.org/@go/page/135837


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://chem.libretexts.org/@go/page/135837?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Tutorials_(Rioux)/01%3A_Quantum_Fundamentals/1.06%3A_Quantum_Computation-_A_Short_Course

LibreTextsm

1 1 0 1
3 1 0 1 1 1 0
Teleportee: Bell states : =—- = =—-
P \/Z Boo 72 o Bo1 7l Bio 7o
: 1 0 -1
0
1
3n=—
11 VA B
0
The three-cubit initial state is rewritten as a linear superposition of the four possible Bell states that Alice can find on measurement.
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Alice's Bell state measurement result (8o0, S01, S10 or B11) determines the operation (I, X, Z or ZX) that Bob performs on his photon. The matrices for these operations are as follows.
Ie 10 X 01 7. 1 0 7.X = 0 1
01 10 0 -1 -1 0

(Alice Measurement Result  Bo0  Bo1  Sio /311)
Bob’s Action I X Z Z-X

Tabular summary of teleportation experiment:

Summary of the quantum teleportation protocol:
"Quantum teleportation provides a 'disembodied' way to transfer quantum states from one object to another at a distant location, assisted by previously shared entangled states and a classical
communication channel." Nature 518, 516 (2015)

The following tutorial provides four in-depth perspectives on teleportation.

Quantum Teleportation: Four Perspectives
The science fiction dream of "beaming" objects from place to place is now a reality - at least for particles of light. Anton Zeilinger, Scientific American, April 2000, page 50.
Quantum teleportation is a way of transferring the state of one particle to a second, effectively teleporting the initial particle. (Tony Sudbery, Nature, December 11, 1997, page 551.)

As shown in the graphic below, quantum teleportation is a form of information transfer that requires pre-existing entanglement and a classical communication channel to send information from one
location to another.

Alice has the photon to be teleported and a photon of an entangled pair that she shares with Bob. She performs a measurement on her photons that projects them into one of the four Bell states and
Bob's photon, via the entangled quantum channel, into a state that has a unique relationship to the state of the teleportee. Bob carries out one of four unitary operations on his photon depending on the
results of Alice's measurement, which she sends him through a classical communication channel.

The figure (Nature, December 11, 1997, page 576) on the left provides a graphic summary of the first successful teleportation experiment. The quantum circuit on the right shows a method of
implementation.
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The teleportee and the Bell states indexed in binary notation:
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The three-cubit initial state is rewritten as a linear superposition of the four possible Bell states that Alice can find on measurement.
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Perspective .

Using the truth tables, the operation of the teleportation circuit is expressed in Dirac notation.
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Alice's Bell state measurement result (00>, [01>. |10> or [11>, see indexed Bell states above) determines the operation (I, X, Z or ZX) that Bob performs on his photon.

Perspective Il.
The three-cubit initial state is re-written as a linear superposition of the four possible Bell states that Alice can find on measurement. Note that this is a equivalent to the expression on the left side of
the equation immediately above if the Bell states are replaced by their binary indices, as they would be after the Bell state measurement.
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Condensed version of the equation:
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Another way to write this equation:

[¥) = \/g ® Boo
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Perspective lll.
The teleportation circuit (TC) is written as a composite matrix operator which then operates on the initial three-qubit state.

T
1 1 1 2 2
Ui=—- - = = =
L e e )
TC := kronecker (H, kronecker (I,I))- kronecker (CNOT,I)

After operation of the circuit the system is in a superposition state involving the Bell state indices on the top two registers. The third register contains a state that can easily be transformed into the
teleportee once Alice tells Bob which Bell state she observed.
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Tabular summary of teleportation experiment:

Alice Measurement Result  Bp0  Bo1 B0 Bu
Bob’s Action I X ZzZ Z-X

Bell state indices:

1 0
kronecker(H, I)- CNOT- By = g (1.6.1) kronecker(H,I)- CNOT- By = (1) (1.6.2)
1] 0
0 0
kronecker(H, I)- CNOT - 81y = [1) (1.6.3) kronecker(H, I)- CNOT - 8y; = g (1.6.4)
0 1
A similar approach is to use projection operators on the top two qubits to simulate the four measurement outcomes. See the Appendix for more on this method.
Bob’s action
0.577
0.816
0
1y (1\" 1\ /1\" 0 ) )
Measure [00) 2 - kronecker o) o) kronecker o) Lo [ -TC- 0 = 0 No action required.
0
0
0
0
0
0.816
T T
Measure [01) 2 - kronecker ([1)) . ([1)) , kronecker [((1)) . ((1)) JI[-TC-0 = 0'277 Operate with X
0
0
0
0
0
0
0\ (0\" 1\ (1\* 0 .
Measure [10) 2 kronecker . , kronecker . ,JI|-TC-¥ = Operate with Z
1 1 0 0 0.577
—0.816
0
0
0
0
0
0\ [0\" 0\ (0\" 0 i
Measure [11) 2 - kronecker 1)) kronecker 1) JI|-TC- ¥ = 0 Operate with ZX
0
—0.816
0.577

Perspective V.

Projecting the teleportee photon 1 (green) onto the result of Alice's Bell state measurement (blue) yields the state of photon 2 which was initially entangled with Bob's photon 3. Projection of this state
onto the original 2-3 entangled state (red) transforms Bob's photon to the teleportee state 25% of the time. As is now shown this happens when Alice's Bell state measurment yields Boo.
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An algebraic analysis of this example is as follows.
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Naturally this approach yields the same results as the previous perspectives when Alice's Bell state measurement is By1, 319 and B11. As demonstrated previously for these results Bob's action is X, Z

and ZX, respectively.
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Summary of the quantum teleportation protocol:
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"Quantum teleportation provides a 'disembodied’ way to tranfer quantum states from one object to another at a distant location, assisted by
previously shared entangled states and a classical communication channel." Nature 518, 516 (2015)

The paper cited above reported the first successful teleportation of two degrees of freedom of a single photon. The analysis is somewhat more complicated than that provided in this tutorial, but the
general principle is the same. The quantum channel is a hyper-entangled state shared by Alice and Bob, rather than one of the simple entangled Bell states.

Appendix:

Addendum to Perspective IIl.

In these calculations the required operations by Bob are actually carried out on the third qubit.

Measure |00> do nothing.

Measure |01> operate with X.
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0\ (o\" 1\ (1\"
kronecker(1, kronecker (I,Z))-2- kronecker |:(1) . (1) , kronecker |:<O) . (0> ,I] -TC-¥

Measure |10> operate with Z.

kronecker (1, kronecker (I,Z-X))-2- kronecker [ -TC-¥

2)(2)T I [(g)(?)TI

0
0
Measure |11> operate with ZX. 0
0
0
0
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This page titled 1.6: Quantum Computation- A Short Course is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Frank Rioux via source content that was edited to the style and standards of
the LibreTexts platform.
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