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8.26: Hardy's Paradox - An Algebraic Analysis

Hardy created a two-photon thought experiment for which a local hidden-variable (EPR) model for the photon states is not
consistent with all the predictions of quantum theory.

2
V3
Alice at a detector to the left of the source and the second to Bob at a detector on the right.

A source emits two photons in the following entangled state, ¥ = (H 1Hp — %H WH 1’3) , with the first photon traveling to

The following diagram shows the directions that linear polarization measurements will be made on the entangled two-photon
system. The detectors can be set to measure in either the H-V or H'-V" basis.
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Alice and Bob record the results of a large number of independent, random polarization measurements on their photon pairs. The
following table identifies all possible measurement outcomes. The probabilites of these outcomes are determined algebraically
below.
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Alice and Bob both make H-V measurements:

substitute, H', = %= (H', —V})
2

1
P = % <HAHB - EHAH/B) substitute, Hj, = %(Hzla -Vvy) —¥
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o 3 3 3

simplify
Measurement probabilities: V'V' = V'H' = H'V' = 0.333

Alice and Bob both make H'-V' measurements:

substitute, H) = % (Ha+Vy)

2 1
U= % (HAHB - §HJ‘1H1’3) substitute, Hp = %(HB V) — 0
simplify
V3 (HaVp —3HHp +HpVa+V4Vp)
- 6

Measurement probabilities: HV = VH = VV = 0.083 HH = 0.75

Alice makes H-V measurements and Bob makes H'-V' measurements:

substitute, H, = %(HA +Va) /6 N NG
2 1 . v g YOHAHE  VOHRVe  VBHAVS
U = \/§<HAH32HAHB) substltute,HB—E(HB*VB) —¥= 6 - 6 - 6

simplify
Measurement probabilities: HH' = VH' = 0.167 HV' = 0.667

Alice makes H'-V' measurements and Bob makes H-V measurements:
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substitute, Hy = %= (H/, + V)

V2 ’ y i
, ) V6HpH!, 6H Vs 6HpV}
\I;_E(HAHBEHAH}E;) substltute,Hj'BZ%(HB‘i'VB) —-¥= 6 a 6 - 3

simplify

Measurement probabilities: HH = H'V = 0.167 V'H = 0.667
The following measurement outcomes never occur: VV'=V'V=HH'=0

The results are collected in the following table.

('V’VIT\DD2 (’VIVT\I/‘)Z (|I/II—IIT\:[I|)2 ('V,HT\II')2 0.333 0 0.333 0.667

(vvre))®  (vvhe)®  (vETR)*  (vETY)? 0 0.083 0.167 0.083

(’I-_rlv'T\I;’)z (‘H’VT\II|)2 (‘H’H’T\Ifl)Q (]H'HT\IJD2 ~10.333 0.167 0 0.167
(]HV’T\II])Z (\HVT‘IID2 (\HH’T\I/DQ (]HHT\IIDQ 0.667 0.083 0.167 0.75
Hardy's paradox is revealed by concentrating on four entries in the table.

Alice Bob Result
1% v’ Never
V' 174 Never
1% V  Sometimes
H H Never

In any run the detectors might be set to measure [H'-V']/[H-V] or [H-V]/[H'-V']. So if one photon triggers a [H-V] detector to
register V, its partner must require a [H'-V'] detector to register H' according to the first two rows of the table above. According to
the local hidden-variable model (EPR) this means H' is an element of reality.

It follows that any [H-V]/[H-V] run in which both detectors register V (probability 0.083) each photon must require a [H'-V']
detector to register H'. Therefore, if a [H'-V']/[H'-V'] run had been selected both detectors would have registered H'. However,
given the initial photon state function the result H'H' should never be observed. In other words it is impossible to assign specific
polarization states (instruction sets) to the photons prior to measurement that are in agreement with all quantum mechanical
predictions for this thought experiment.
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