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4.23: ABC Proton NMR Using Tensor Algebra

The purpose of this tutorial is to deviate from the usual matrix mechanics approach to the ABC proton nmr system in order to
illustrate a related method of analysis which uses tensor algebra. For a discussion of the traditional approach wisit
http://www.users.csbsju.edu/~frioux/nmr/Speclab4.htm. This site also provides general information on the quantum mechanics of
nmr spectroscopy.

Nuclear spin operators and identity:
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The following experimentally determined chemical shifts and coupling constants (both in Hz) are for the vinyl protons of vinyl
acetate at 60 MHz.

Chemical shifts: vy =345.6 vp=237.6 Jab=6.1
Coupling constants: Jab=7.00 Jbc=1.50 Jac=15.00

Hamiltonian representing the interaction of nuclear spins with the external magnetic field in tensor format:
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where, for example,
VA = gn,BnBz(l - O'A)
Implementing the operator using Mathcad's command for the tensor product, kronecker, is as follows.

H,,,; = —vskronecker (I, kronecker(I, I)) — vgkronecker(I, kronecker(I,, I))
— vpkronecker(I, kronecker(I, I.))

Hamiltonian representing the interaction of nuclear spins with each other in tensor format:

—
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Implementation of the operator in the Mathcad programming environment:

Hspin
Jab (kronecker(I,, kronecker(I,, I))kronecker(I,, kronecker(I,, I))+kronecker(I,, kronecker(I, I)))...
Jab (kronecker(I,, kronecker(I, I))+kronecker(I,, kronecker(I, I,)) +kronecker(I,, kronecker(Z, I,)))...
= +Jbc (kronecker(I, kronecker(I,, I,))+kronecker(I, kronecker(I,, I,)) +kronecker(I, kronecker(I,, I)))

The total Hamiltonian spin operator is now calculated and displayed.
H= Hmag +H spin

The indexing of the matrix elements of the Hamiltonial spin operator is discussed in the Appendix.

i=1.8
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aaa aaf afa aff Pac Paf BBa BB
-491.63 0 0 0 0 0 0 0
0 —199.88  0.75 0 7.5 0 0 0
0 0.75  —230.88 0 3.5 0 0 0
H= 0 0 0 62.38 0 3.5 7.5 0
0 7.5 3.5 0 -7263 0 0 0
0 0 0 3.5 0 23413 0.75 0
0 0 0 7.5 0 0.75 195.13 0
0 0 0 0 0 0 0  503.38

Calculate and display the energy eigenvalues and associated eigenvectors of the Hamiltonian.

E =sort(eigenvals(H)) C<*> =eigenvec(H, E;)

augment (E, C7) 4

_491.625 —230.963 —200.306 —72.106 61.883 195.524 234.217 503.375
1 0 0 0 0 0 0 I
0 —0.019  0.998  0.059 0 0 0 0 acf
afa
0 1 0.018  0.022 0 0 0 0
= 0 0 0 0 0.998  0.056  0.021 0 pp
0 ~0.021  —0.059  0.998 0 0 0 0 paa
0 0 0 0 ~0.02 —0.024 1 0 pap
0 0 0 0  —0.056 0.998  0.023 0 pba
0 0 0 0 0 0 0 1 pBs

Notice that the ground state |aao> and the highest excited state |BBB> are pure states. The other six states are strictly speaking
superpositions.

The nmr selection rule is that only one nuclear spin can flip during a transition. Therefore, the transition probability matrix for the
ABC spin system is:

Calculate the intensities and frequencies of the allowed transitions.

i=1..8 j=1..8 I =[C<> (TC<)]" V,;= if(I,;..001, |E —Ej, 0)

Intensity matrix:

aca aaff afa aff Baa PaB BBa BBB
0 1.00 1.00 0 100 0 0 0\ aca
100 0 0 1.00 0 100 0 0 | aaB
100 0 0 1.00 0 0 100 0 |aBa
T=| o 100 100 0 0 0 0 1.00]| aBs
1.00 0 0 0 0 100 1.00 0 | Bac
0 1.00 0 0 100 0 0 1.00| Bap
0 0 1.00 0 100 0 0 1.00| BB«
0 0 0 100 0 1.00 1.00 0 / B8BB
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0 092 092 116 O 0 0 0
092 0 0 0 086 1.07 O 0
092 0 0 0 1 0 092 0
1.16 0 0 0 0 099 117 0

0 08 1 0 0 0 0 0.85

0 107 0 099 0 0 0 1.06

0 0 092 117 0 0 0 1.09

0 0 0 0 085 1.06 1.09 0

Frequency matrix:

0 260.66 291.32 419.52 0 0 0 0
260.66 0 0 0 292.85 426.49 0 0
291.32 0 0 0 262.19 0 434.52 0
vV 419.52 0 0 0 0 267.63 306.32 0
0 292.85 262.19 0 0 0 0 441.49
0 426.49 0 267.63 0 0 0 269.16
0 0 434.52 306.32 0 0 0 269.16
0 0 0 0 441.49 307.85 269.16 0

Display the calculated vinyl acetate nmr spectrum:
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The calculated spectrum compares favorably with experimental spectrum, indicating that the spin Hamiltonian used adequately
represents the magnetic interaction of the vinyl protons in vinyl acetate. By comparison, acrylonitrile, a pure ABC system, has a
very complicated 60 MHz spectrum. See the link provide above for a quantum mechanical explanation for the greater complexity
of the acrylonitrile spectrum.

350
v
L]

50

Appendix
The tensor product of three spinors is shown below.

ace

acf

ce ade

a c e\ [a cf| | adf
(b)®<d>®(f)_(b)® de | | bee

af bef
bde

bdf

Mathcad does not have a command for this type of vector tensor product, so it is necessary to develop a way of implementing it
using kronecker, which requires square matrices. For this reason the spin vector is stored in the left column of a 2x2 matrix by
augmenting the spin vector with the null vector. After all the matrix tensor products have been carried out using kronecker the final
spin vector resides in the left column of the final square matrix. Next the submatrix cammand is used to save this column,
discarding the rest of the matrix.
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1 0 0
Spin-up in the z-direction: «a = (0) Spin-down in the z-direction: g = ( 1) Null vector: N = (0)

The eight possible spin states of a three-proton system are calculated as shown below.

¥(a, b, ¢) = submatrix(kronecker(augment(a, N), kronecker(augment(b, N), augment(c, N))), 1, 8,1, 1)
U(a,a,0)'=(1 0 0 0 0 0 0 0) ¥la,a,8)'=(0 1 0 0 0 0 0 0)
T(a,B,0)"=(0 0 1. 0 0 0 0 0) ¥(a,B8 =0 00100 0 0)
¥(B,0,0)"=(0 0 0 01 00 0) ¥Bea,8)T=(0 000100 0)

(B,8,0)"=(0 0 0 0 0 0 1 0) %588 "=(0 00 0 0 0 0 1)

Thus the indexing in Hamiltonian matrix is: |aao>, [aaB>, |afo>, [aBB>, |Bac>, |Baf>, |BBo>, |BR>.

This page titled 4.23: ABC Proton NMR Using Tensor Algebra is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Frank Rioux via source content that was edited to the style and standards of the LibreTexts platform.
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