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8.3: Mean-Field Models
The Mean-Field Model, Which Forms the Basis of Chemists' Pictures of Electronic Structure of Molecules, Is Not Very Accurate

The magnitude and "shape" of such a mean-field potential is shown below for the Beryllium atom. In this figure, the nucleus is at
the origin, and one electron is placed at a distance from the nucleus equal to the maximum of the 1s orbital's radial probability
density (near 0.13 Å). The radial coordinate of the second is plotted as the abscissa; this second electron is arbitrarily constrained to
lie on the line connecting the nucleus and the first electron (along this direction, the inter-electronic interactions are largest). On the
ordinate, there are two quantities plotted: (i) the Self-Consistent Field (SCF) mean-field potential , and (ii) the

so-called Fluctuation potential (F), which is the true coulombic  interaction potential minus the SCF potential.

Figure 8.3.1: Insert caption here!

As a function of the inter-electron distance, the fluctuation potential decays to zero more rapidly than does the SCF potential. For
this reason, approaches in which F is treated as a perturbation and corrections to the mean-field picture are computed perturbatively
might be expected to be rapidly convergent (whenever perturbations describing long-range interactions arise, convergence of
perturbation theory is expected to be slow or not successful). However, the magnitude of F is quite large and remains so over an
appreciable range of inter-electron distances. The resultant corrections to

The resultant corrections to the SCF picture are therefore quite large when measured in kcal/mole. For example, the differences 
 between the true (state-of-the-art quantum chemical calculation) energies of interaction among the four electrons in Be and the

SCF mean-field estimates of these interactions are given in the table shown below in eV (recall that 1 eV = 23.06 kcal/mole).

Table 8.3.1: Insert caption here!

To provide further insight why the SCF mean-field model in electronic structure theory is of limited accuracy, it can be noted that
the average value of the kinetic energy plus the attraction to the Be nucleus plus the SCF interaction potential for one of the 2s
orbitals of Be with the three remaining electrons in the  configuration is:

the analogous quantity for the 2p orbital in the  configuration is:

the corresponding value for the 1s orbital is (negative and) of even larger magnitude. The SCF average coulomb interaction
between the two 2s orbitals of  Be is:
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This data clearly shows that corrections to the SCF model (see the above table) represent significant fractions of the inter-electron
interaction energies (e.g., 1.234 eV compared to 5.95- 1.234 = 4.72 eV for the two 2s electrons of Be), and that the interelectron
interaction energies, in turn, constitute significant fractions of the total energy of each orbital (e.g., 5.95 -1.234 eV = 4.72 eV out of
-15.4 eV for a 2s orbital of Be).

The task of describing the electronic states of atoms and molecules from first principles and in a chemically accurate manner (± 1
kcal/mole) is clearly quite formidable. The orbital picture and its accompanying SCF potential take care of "most" of the
interactions among the N electrons (which interact via long-range coulomb forces and whose dynamics requires the application of
quantum physics and permutational symmetry). However, the residual fluctuation potential, although of shorter range than the bare
coulomb potential, is large enough to cause significant corrections to the mean-field picture. This, in turn, necessitates the use of
more sophisticated and computationally taxing techniques (e.g., high order perturbation theory or large variational expansion
spaces) to reach the desired chemical accuracy.

Mean-field models are obviously approximations whose accuracy must be determined so scientists can know to what degree they
can be "trusted". For electronic structures of atoms and molecules, they require quite substantial corrections to bring them into line
with experimental fact. Electrons in atoms and molecules undergo dynamical motions in which their coulomb repulsions cause
them to "avoid" one another at every instant of time, not only in the average-repulsion manner that the mean-field models embody.
The inclusion of instantaneous spatial correlations among electrons is necessary to achieve a more accurate description of atomic
and molecular electronic structure.
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