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22.1.5: v. Review Exercise Solutions
Q1

The general relationships are as follows:

z =rSinf Cos¢ r? =z 49?4+ 22

y =rSinf Sing Sind

vz +y?
[E 122

z =rCosb Cosf = S S—
Vvt ty?+2°
Tan¢g = Y
T
a.

3x+y—4z=12

3(rSinfCosg) + SinfSing — 4(rCosh) = 12
7(3SinfCos¢ + SinfSing — 4Cosf) = 12

b.
z=1Cosp 1’ =2+y’
y =r1Sin Tang = Y
x
z2=2 yi4+22=9

r2Sin® +22=9

r = 25infCos¢

()
r
r? =2z
22 +y2 422 =22
22 -2z +y?+22=0
22 —2x+14+9y2+22=1
(z-1)2+y2+22=1
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Q2
a.
9z +16y2L =0
16ydy = —9zdzx
6, 9,
g ¥V T Te
16y% = —922 +¢
¥
) + 6= c'(general equation for an ellipse)
b.
Oy
2y+ 45, +6=0
dy
2y +6=——2
vt dx
dy
—2dr = ———
v 2dz
d
—odz = Y
y+3
—2z=In(y+3)+c
616722 =y +3
y=ce -3
Q3
a. First determine the eigenvalues:
—-1-A 2
det =0
2 2—-X

(-1-X)(2-X)-22=0
“24A-2X+X2—-4=0

AMN-A-6=0
A=3)(A+2)=0
A=3or\A=-2.

Next, determine the eigenvectors. First, the eigenvector associated with eigenvalue -2:

el -]
2 2 021 021
—C)ll +2Cy = —-2C;

Ci1=-2Cyn

(Note: The second row offers no new information, e.g. 2C1; +2C5; = —2C5;)
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C% +C3, =1 (from normalization)
(=20 )*+Cf =1
4C3 +C3 =1

5C; =1
C} =0.2
Cy =402

(again the second row offers no new information)
0122 + 0222 =1
0.25C%,+C3, =1
1.25C% =1
C2,=0.8
Coy = /0.8 = 21/0.2, and therefore C15 = 1/0.2.
Therefore the eigenvector matrix becomes:

-2v/0.2 /0.2
V0.2 2,/0.2

b. First determine the eigenvalues:

—2-) 0 0
det 0 —1-A 2
0 2 2—A

det[—2—)\]det[_1_/\ ]zo
2 2-A

From 3a, the solutions then become -2, -2, and 3. Next, determine the eigenvectors. First the eigenvector associated with
eigenvalue 3 (the third root):

-2 0 0 Ci1 Ci1
0 -1 2| |Cyu|=3|Cxn
0 2 2] |LCs Cs1

—2C13 =3C13 (row one)
Ci3=0
— Ca3 +2C33 = 3C53 (row two)

C33 = 2C»3 (again the third row offers no new information)
C% +C% 4 C2 =1 (from normalization)
0+C%L+(2C)* =1
5Cs, =1
Ch3 = +/0.2, and therefore C33 = +/0.2.

Next, find the pair of eigenvectors associated with the degenerate eigenvalue of -2. First, root one eigenvector one:
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—2C11 = —2C4; (no new information from row one)
—Co91+2C351 = —2C9; (I'OW tWO)
C21 = —2C35; (again the third row offers no new information)

C} +C3 +CZ =1 (from normalization)
Cf +(=203)" +C3 =1
Ch+5CH =1

Ci=4/1-5C%

Note: There are now two equations with three unkowns. Second, root two eigenvector two:

—2C12 = —2C42 (no new information from row one)
—C9 +2C3; = —2C5; (row two)
Cy1 = —2C35 (again the third row offers no new information)

C3 +C% 4+ C2 =1 (from normalization)
Chy+(=2C3)* +C5, =1
C+5C%, =1

Chz = 4/1-5C%,

Note: Again there are now two equations with three unknows.

C11C192 4+ C91C99 +C31C39 =0 (from orthogonalization)

Now there are five equations with six unknowns.

Arbitrarily choose C1; =0

Ci1=0=,/1-5C%

502 =1
Cy1 =02
Ch1 = —24/02

C11C12 4+ C51C95 +C351C35 =0 (fI‘OIIl orthogonalization)
0+ —2/0.2(—2C52) ++/0.2C3, =0
5C32 =0
032 = 0, 022 = 0, and 012 =1

Therefore the eigenvector matrix becomes:

0 1 0
-2v0.2 0 +0.2
v/0.2 0 240.2

Q4
Show: (¢1]¢1) =1, (¢2|¢2) = 1, and ($1|¢2) =0
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CACIES!
(—2v02)" +(v0:2)" =1
4(0.2)+0.2 =1

0840221
1=1

(p2|2) ;1
(vV0:2)’ + (2102 £1
0.2+4(0.2) =1
0.24+0.8=%1
1=1
(91],8) = (p2|p1) =0
~ 20202752102 =0
—2(0.2)+2(0.2) =0

—0.44+0.4%0
0=0
Q5

Show (for the degenerate eigenvalue; A = -2): <¢2|¢2 =1 ¢2|¢2 =1 and1|e¢>

(¢1]61) )1
+(-2v/02)° +(vV02)’ £1
4(0.2)+0.2 =1

08+0.2+1
1=1

(¢1]2) 21

124040=1
1=1

)

(1|2 = (2| 1) =

(0)(1) +(—2+/0.2)(0) + (\/0_)(0) L0
Q6

Suppose the solution is of the form x(t) = eat , with a unknown. Inserting this trial solution into the differential equation
results in the following:

2
% at 2 ot
dtze +Ek°e™ =0
a2eat +k26at =0
(® +E) z(t) =0
(a2+k2) =0

o=k

a=+/—k
a ==+ik
. Solutions are of the form e~ e** or a combination of both: () = C1 e + Coe .
Euler's formula also states that: e = C'os® +i5in® , so the previous equation for x(t) can also be written as
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z(t) = C1 [Cos(kt) +iSin(kt)] 4+ C2 [Cos(kt) —iSin(kt)]
z(t) = (C1 + C2) Cos(kt) + (C1 4 Cy) iSin(kt), or alternatively
z(t) = C5Cos(kt) + CySin(kt).

We can determin these coefficients by making use of the "boundary conditions".

att =0,z2(0)=L
z(0) =C3Cos(0) +CySin(0) =L

Cy=1L
dz(0)
att =0, T 0
9 oty = L (CyCos(kt) + CuSin(kt)
dt:l! = dt 3Cos 401N
%m(t) — _CykSin(kt) + CikCos(kt)
%m(O) =0=—C3kSin(0) + CskCos(0)
Cik=0
Ci=0

.. The solution is of the form: z(t) = LCos(kt)

This page titled 22.1.5: v. Review Exercise Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Jack Simons via source content that was edited to the style and standards of the LibreTexts platform.
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