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22.1.6: vi. Exercise Solutions

Q1
mv? my\ dmuv? (mv)2 p?
T2 (E) 2 2m  2m (22.16.1)
1
E. = %(p% +pi+p?) (22.1.6.2)
a 1 N\ (RO\ (RO
KE =—||h— - - 22.1.6.3
2m[< 6w> +<i8y> +(i0z> ( )
—h% [ 8? 9% o*
KE =—|—+———= 22.1.6.4
2m [sz + Oy? 6z2] ( )
p =mv =ip, +jp, +kp. (22.1.6.5)
b. (RO (RO h O
[GEHGE) (%)) 22160
where i, j, and k are unit vectors along the x, y, and z axes.
Ly =zp, —xp, (22.1.6.7)
C R 0 h 0
Q2
First derive the general formulas for i i iin terms of r, #, and ¢, and ﬂ i andi in terms of x,y, and z. The general relationships are
vethes oz’ By’ 0z D Anc e A 5 B0 M Bg Yandz. e s P
as follows:
x =rsinfcos¢d r2 =22y? 422 (22.1.6.9)
[22 402
y—rsinfsing  sinf— —Y o Y (22.1.6.10)
Va2 +yt422
z=rcosf cosf= ——2 (22.1.6.11)
/x2 +y2 _;’_22
tang = L (22.1.6.12)
z
.0 0 0 . .
First e B_y’ and £ from the chain rule:
0 or 0 00 0 O 0
— == — — — - — 22.1.6.1
oz (83:)1“87‘4_( >yyz60+<8m>y’za¢’ (22.1.6.13)
0 or 0 06 9] 1) 0
— = = — — — —_— —_— 22.1.6.14
By <8y>war+<6y)y1230+<8y>yyz3¢’ (22.1.6.14)
0 or 0 00 9] 0 0
% <E>y’}:§ + (a)y’z% + <E>y’z6_¢, (22.1.6.15)
Evaluation of the many "coefficients" gives the following:
0 00 0 7] i
(—r) — sinfcos, <—> _ cosbeosg (—¢> __snd (22.1.6.16)
oz e oz e r oz e rsinf
or L . 00 _ cosfsing [o0) __cos¢
<3y)w =sinfsin ¢, (6y>w = " , (31/)@,; =eind (22.1.6.17)
L —— 9 __ sl d 2) . (22.1.6.18)
0z),, 0z/,, r 0z ), .,
Upon substitution of these "coefficients":
o . 0  cosfcosp 0  sing 9
5 —smecos¢>ar + " 90 rsind 05’ (22.1.6.19)
0 . . 0 cosfsing 0 Cos¢p 0
o —smesmg{)ar + " 5 " remd 95’ and (22.1.6.20)
0 0 sinf 0 0
—_— = — = — —_— 22.1.6.21
oz % o 0% (22.1.6.21)
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0 0 0 ) .
Next 3 20 and % from the chain rule:
D _(om\ B () 8 (0z\ o
ar — \ or 0. 0 Or ) g0y or )02
o () B () B [0\ &
90—\ 99 g 0T 06/, ,0y 99/, ., 0z’
9 (%) 0 () O (0z\ &
0¢  \ 9¢ ) Or 0¢ ), .0y 0d /.4 9z°
Again evaluation of the the many "coefficients" results in:
&) -7 &7 (&), Ve
or 0,6 2 4+y2+22 ’ or 0.6 z2 4y + 22 ’ or 0.6 22122
oz _ Tz Ay _ yz 0z 2
(80>7‘,¢_ \/w2+y2’ <89>r,¢_ Vaity? (‘%’)m_ vy
R
8¢ 7,0 ’ 6¢ 7,0 ’ 8¢ 7,0
Upon substitution of these "coefficients":
0 T 0 y 0 z 1o}
R — — 4 —+ —_
or (2% 442 + 22 oz /2% 42 + 22 oy (2% 442 + 22 0z
0 2z 0 Yz 0 5. 2 0
- =t —— Tt +y —
00 /22 +y2 0z /g2 12 Oy 0z
o ~ Yoz Toy 0z

(22.1.6.22)
(22.1.6.23)

(22.1.6.24)

(22.1.6.25)
(22.1.6.26)

(22.1.6.27)

(22.1.6.28)
(22.1.6.29)

(22.1.6.30)

Note, these many "coefficients" are the elements which make up the Jacobian matrix used whenever one wishes to transform a function from one
coordinate representation to another. One very familiar result should be in transforming the volume element dx dy dz to r?sinfdr dfd¢. For

example:
or ) s 90 /., 09 /4
dzdydz = 0 0 0 %y %y Y drdfd
[ aiviz= [ 1000960000000 (5) (55), (5), [4aoa
or /g, 90 ) ,4 00 /4
a.
R[ O 0
L. = i {yaz _Zay]
_E . . i_sin@i _E . . i cosGsinqﬁi cos ¢ i
L, = r [rsmGsmgb (cos@ar . 80)] ; [rcos@(smesmqﬁar + . 20 + sin0 6(}))]
h(. 08 0
L, =-7 (Sln¢60 +cotﬁcos¢a¢>
b.
h o L 0
Lz 7@7—1ﬁ8—¢
YA )
=i\ Y T
Q3
B B B’
i 4z'—1227 43 16z° — 24z 48z% —24
. 5z 20z° 60z°
iii. e3z+e—31 3(63x763z) 9(e3w +e—3z)
iv. z? — 4z +2 2z —4 2
v. 4z -3 122% -3 24z

B(v.) is an eigenfunction of A(i.):
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(22.1.6.31)
(22.1.6.32)

(22.1.6.33)

(22.1.6.34)

(22.1.6.35)

(22.1.6.36)
(22.1.6.37)
(22.1.6.38)
(22.1.6.39)
(22.1.6.40)
(22.1.6.41)
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(1-27%) & —xiB(v.) = (22.1.6.42)
dz? dx
= (1-2%) (24z) —z (122” - 3) (22.1.6.43)
=24z — 242° —122° + 3z (22.1.6.44)
= —362° +27z (22.1.6.45)
= —9(42° —3z) (eigenvalue is-9) (22.1.6.46)
B(iii.) is an eigenfunction of A(ii.):
d2
wB(m.) = (22.1.6.47)
=9 (%" +e7%7) (eigenvalueis9) (22.1.6.48)
B(ii.) is an eigenfunction of A(iii.):
d
e——B(i) = (22.1.6.49)
=z (202?) (22.1.6.50)
=20z* (22.1.6.51)
=4 (52*) (eigenvalueis 4) (22.1.6.52)
B(i.) is an eigenfunction of A(vi.):
d? d .
= (482% —24) — 2z (162° — 242) (22.1.6.54)
=4822 — 24 — 32z* + 48z? (22.1.6.55)
= 322" + 627 — 24 (22.1.6.56)
= —8 (42" —122° +3) (eigenvalue is-8) (22.1.6.57)
B(iv.) is an eigenfunction of A(v.):
md_2,+(1,m)i3(iv) _ (22.1.6.58)
= - B(iv. = .1.6.
=z(2)+(1—z)(2z—4) (22.1.6.59)
=2z 42¢—4—22" +4z (22.1.6.60)
= 22>+ 8z -4 (22.1.6.61)
= —2 (2> —4z +2) (eigenvalue is-2) (22.1.6.62)
Q4
Show that:

/f*Ang = /g(Af)*dT

a. Suppose f and g are functions of x and evaluate the integral on the left hand side by "integration by parts":

/ (@) (4;&%) o(z)de

g ) *
let dv = ag(w)dx and u = —ihf(z)

v=g(z)du = —zﬁ%f(m)*dm

Now, [udv=uv— [vdu,

SO:

) (~inge ) sa)ds = -ing(@)'ate) +in [ afe) 51 (0)'do.

Note that in, principle, it is impossible to prove hermiticity unless you are given knowledge of the type of function on which the operator is acting.
Hermiticity requires (as can be seen in this example) that the term -iAf(x)*g(x) vanish when evaluated at the integral limits. This, in general, will occur
for the "well behaved" functions (e.g., in bound state quantum chemistry, the wavefunctions will vanish as the distances among particles approaches
infinity). So, in proving the hermiticity of an operator, one must be careful to specify the behavior of the functions on which the operator is considered
to act. This means that an operator may be hermitian for one class of functions and non-hermitian for another class of functions. If we assume that f
and g vanish at the boundaries, then we have
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/ f(@) (‘iha%> g(z)dz = / g(z) (—h%@)) *dm

b. Suppose f and g are functions of y and z and evaluate the integral on the left hand side by "integration by parts" as in the previous exercise:

[ [t (sge 20 ) | ot rtvas= [ 5002)" [=in (v ) | ot

/ (¥:2)" [—ih (ziﬂ 9y, 2)dydz
Oy
_ * . 0
For the first integral, [ f(2) (—zhya> 9(z)dz,

letdv = %g(z)dz u=—ihyf(z)" (22.1.6.63)
v=g(2) du = —ihy% (2)"dz (22.1.6.64)

SO:
[ 167 (imu ) etz = —inut ey oe) vy [ote) 25y de = [ote)(~ihwrst2))

For the second integral, [ f(y)" <—ihy(%> 9(v)dy,

letdv = i%g(y)dy u=—ihyf(y) (22.1.6.65)
v=g(y) du = —ihza%f(y)*dy (22.1.6.66)

SO:

*

[ s (—ha%) o(0)dy = —ihef ()" ats) + s [ o) 5 f0) dy = [ g<y>(—mz§yf(y)) dy.

[0y [in (v 22 )| ot panis = [0 (im0 e [oto) (~in= 1)

Again we have had to assume that the functions f and g vanish at the boundary.

Q5
L, =L, +iL,
L_=L,—iLy,so

L, +L_ =2L,, orL, = %(L+ L)
L+lfl’m = l(l +l) —m(m +l) hI‘l,n’H—l
L Y =4/ l(l+1)—m(m—1) BT} m

Using these relationships:
L. ¥y, =0,L_",, =+2h7,, , L Yy, = V2R¥,

L+ ‘1121771 = \/ih‘IIQPO, L+ ‘I’on = ﬁhq]%’ﬂ 5 L+ \]:’21)“
=0, and the following L, matrix elements can be evaluated:

1
L,(1,1)= (‘I,prl'E(L'*' +L.) "I’2p71> =0

h

s

1
Lﬁ(lv 2) = <\IJ2P71’§(L+ +L—) |\IIZP0> =

https://chem.libretexts.org/@go/page/75033
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1
LI(17 3) = (‘IIZPA'E(L-F +L—) '\112P+1> =0

h

olS

1

Lx(2, 1) = <\I’2p0‘5(1‘+ +L,) ’\I’2p,1> =
1

L.(2,2)= <\P2p0|5(1‘+ +L_)[¥g,) =0

1 : V2
Ly (27 3) = <\I’2p0'5(11+ +L7) blg|\I12p+l> = Th

1
L$(3’ 1) = (‘I’2P+1'5(L+ +L*) '\P2P71> =0

1 V2
Ly(3,2) = (¥ap,, |5 (Ls + L) [¥op ) = <=

L.(3,3)=0

This matrix:

o o

h (22.1.6.67)

, can now be diagonalized:

h (22.1.6.68) =

O“"ﬁyo

(22.1.6.69)(-

h <k (22.1.6.70) (

Expanding theses determinants yields:

“AA—=R)(A+RK)=0
with roots: 0,k, and —h

Next, determine the corresponding eigenvectors:

ForA=0
0 gn 0
V2o, V2, (22.1.6.71)
2 2
V2
0 h
V2

ThCzl =0 (row one)

Cr1=0
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gh(]m + ghcgl =0 (row two)
Ci1+C5 =0
Ci1=—-Cxn
C} +C3 +C2 =1 (normalization)
CH+(-Cn)* =1
202 =1

1 1
C11 = —2,021 ZO, and031 = —E

ForA\=1h:

(22.1.6.72)

= “lﬁo
o

S ISEEE S

o L"|§|c>
o

ghCn = hC12 (row one)

2
Cry = %022

\/5 hCiy+ gﬁc;;z = hCs (I‘OW tWO)

2
24/2 2
V2 V2 \/_032=022

ERERGAI)
1 V2
5022 + 7032 =Cy

V2 1
7032 = 5022
V2
C3 = 7022
C}, +C3,+ C2, =1 (normalization)
2 .\’ 2 2
(%sz) +C222 + (%ng) =1
L s 1
5022 +C3,+ 5022 =1
2C% =1
V2

=y

1 V2 1
012 = E,sz = T,anngz = 5

For A=—1h

V2,

V2,

o“|§o
>
™

> 0
0 ?n (22.1.6.73)
5 0

?hcw = —hC13 (row one)
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2
Ci3= —éczss

2 2
V2 hC13 + %hc&,g = —hC53 (row two)

2

ﬁ <_£023> + ﬁng =—Cy

1 2
—5 s+ %Cw =—Co;
2 1
%Cw =—50
V2

Cs3 = —7023

C% +C%4 + CZ =1 (normalization)
2 2 2 2
(—%Cx) +0223+ (—%ng) =1
L s 1o
5023 +C%+ 5023 =1

203, =1

S

=

1 2 1
Ci3=——Cyu= §, and C33 = —3

Show: (#1]¢1) =1, (2] ¢p2) = 1, (¢3|3) =1, (¢1|d2) =0, ($1]¢3) = 0, and(p2|¢3) = 0.
($1l¢1) £ 1
v2)? V2\? 2
(2 (2

2

(p3]¢3) =1

() (3 ()- (-2

https://chem.libretexts.org/@go/page/75033
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0=0

?

(p11¢3) = (#3]¢p1) =0

( )
OO
(4)+(3)+(2)
0=0
Q6
Py, = ’(45217“ <I>Lz> ’
=, — b,

Poy, =] =5 (0 ) = 5 (or 50%)

Q7

It is useful here to use some of the general commutator relations found in Appendix C.V.

d.
[Lz, Ly] = [yp: — 2Dy, 2Dz — 2]

= [yp:, 2pz] — [yp:, Tp2]| — [2py, 2D2] + [2py, TP:]
= [y, 2lpep: + 2[y, Pz |p: + (P2, 2Dz +y2(p:, pa]
~ly, 2lp.p. — z[y, p:]p> — y[p:, 2]p: —yz[p:, P2

—[, Z}Pzpy - z[z,px]py - Z[pyv 2pg — Zz[Pwpz]
+lz, w]PzPy +z[z, pz}py + Z[Py' z|p, + 2z [pyvpz}

As can be easily ascertained, the only non-zero terms are:

(Lo, Ly =y [p:, Z] po + @ 2, 2] py

=y(ih)p, +z(ih)p,
=ik (~yp: +zpy)
=4hL,

[Ly, L.] = [2ps — xp-, xpy — yp:]
= [2pz, &py] — [2D2, YP2] — (D2, TDy] + [P, YD2]
= (2, €]pype + 2 [2, py] Do + 2 [Pz, €] Py + 22 [Pz, D]
—[2, Y] Pepz — y (2, D] Pz — 2 [Pe, Y] P2 — 29 [Pz D]
—[z, z|pyp. — = [x,p,] p. — x [p2, x| p, — 22 P2, P,]

+z, Y|pep: +y [z, p2] P. + T [Pz, Y] P2 +2Y [Pz, P2)

Again, as can be easily ascertained, the only non-zero terms are:

https://chem.libretexts.org/@go/page/75033
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[Ly, L] = 2[ps, z] py +y [z, p2] P2
= z(—ih)p, +y(ih)p.
=ih(—zpy +yp:)

—ihL,

[Lz, L] = [zpy — ypz, yp- — 2Py

= [zpy, yp:] — [zPy, 2Py] — [YP2, YP:] + [UP:, 2Py]
= [z, Y] p.py +y 2,0 Py +2 [Py, Y| P2 +2Y [Py, ]
= [z, 2l pypy — 2[z,py] Py — T [Dy, 2| Py — 22 [Py, D]
~ [y, Y1 P02 — 2[y, Dy| P2 — Y [Pz, Y] P2 — ¥Y [P, D]
+ [y, 2l pypz + 2[4, Pyl P +Y (P2 2] Py +y2 (P2, D2

Again, as can be easily ascertained, the only non-zero terms are:
(L2, La] =z [py, y] p: + 2 [y, py] P&
= z(—ih)p, +2(iR)p,
=ih(—zp; +2p;)
—ihL,

[L,, L*] = [L,. L2+ L2+ L?]
=Ly, L%] + Ly, L2 + [ L., L2]
= [L,, L2] + L., L2
=[Ly, L) Ly+Ly[Ly. L)+ Ly, L] L, + L, [L;, L.
= (4hL,) L, + Ly, (ihL,) + (—ihL,) L, + L, (—ikL,)
= (ih) (~L,Ly, —L,L,+L,L,+L.L,)
= (ih) ([Lz, Ly] +[Ly, L:]) =0

[Ly,L*| = [L,, L2+ L2+ L?]
=Ly, L2] + [Ly, L] + Ly, L2]
= [L., L] + [L:, L]
=[Ly,Le] Ly + Ly [Ly, Ly) + Ly, L] L. + L. [Ly, L]
= (—4hL,) Ly + L, (—ihL.) + (ihL,) L, + L, (ihL,)
=(ih)(-L,L, —L,L.+L,L,+L.L,)
= (ih) ([Le, L:] + Lz, Le]) =0

[L.,L?] = [L,, L2 + L2+ L2]
=[L,, L] +[L;,L}] + [L., L?]
= [L., L] + [L:, L]
=[L.,Ly| Ly + Ly [Ly Ly] + (L2, Ly Ly + Ly [ L., Ly
= (ihLy) Ly + Ly (ihL,) + (—ihL;) Ly + L, (—ihLy,)
(ih) (LyLy + Ly L, — L, L, — L,L,)

https://chem.libretexts.org/@go/page/75033
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Q8

Q9

(ih) ([Ly, Ls] + Lz, Ly]) =0

Use the general angular momentum relationships:
J2|g,m) =k (§(j+1))[5,m)
Jz|j7 m> = hm|j7 m>7

and the information used in exercise 5, namely that:

Lw = (L+ +L*)

| =

LY, =4/l +1)—m(m-+1) RY i1

[ \textbf{L}_- Y_{l,m} =\sqrt{l(1 + 1) - m(m - I)}\hbar Y_{l,m-1} \nonumber \]

Given that:
1
Yo,0(0, ¢) = T |0,0)
3
Y1,0(6,¢) = 1, C0s0= |1,0).
a.

Lz|0, 0)=0
[ \textbf{L }/2 \big| 0,0\rangle = 0 \nonumber \]

Since L? and L, commute you would expect |0,0> to be simultaneous eigenfunctions of both.
b.

L.[0,0) =0
L.[0,0) =0

L, and L, do not commute. It is unexpected to find a simultaneous eigenfunction (|0,0>) of both ... for sure these operators do not have the
same full set of eigenfunctions.

c.
Lz‘l, 0)=0
L?|1,0) = 2R?%[1,0)
Again since L? and L, commute you would expect |1,0> to be simultaneous eigenfunctions of both.

d.

L.[1,0) = glﬂl, —1)+gn\1, 1)

L.|1,0)=0

Again, L, and L, do not commute. Therefore it is expected to find differing sets of eigenfunctions for both.

For

vew)= /() (5) (55 ) e(i?:y>_e(_izzﬂy)

2L, ) \ 2L,

(U(z,y)|¥(z,y)) =1

Ny T nym . . . .
Let: a, = ——, and ay = = and using Euler's formula, expand the exponentials into Sin and Cos terms.
z y

https://chem.libretexts.org/@go/page/75033
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W(z,y) = <%> (;Ty) [cos(a ) + i sin(aea) — cos(aea) +i sin(a, )] [cos(ayy) + i sin(ayy) — cos(a,y)

+isin(ayy)]

1 1
z,y) ( oL, ) oL, ) 24 sin(a, )24 sin(ayy)

(e, y) = <_Ll) (%) sin(a,z) sin(a,y)

(¥(z, )| ¥(e,y)) = ( ( Li ( s1n(azw)s1n(ayy)) dady

<

2 2
= (Z L_y> /sm ) sin’ (a,y)dzdy

Using the integral:

st =(2) (2)(5) (4)-

L
Q10
7 2\ f o _im2a\ [
(W (2, 9)[pe | U(z, 1)) ( )(}/5 (ay dy( I)é/sin(azz) (—ih%> sin(a,)dz — (T>0/51n
(apz) cos(az)dz

But the integral:

L,

@

/ cos(agz)sin(ayz)dz =0,
0

U(z, y)|ps|¥(z,y)) = 0
Q11

Using the integral:

Using the previously defined integral:

@ 0 a @ 22.1.6.11 https://chem.libretexts.org/@go/page/75033
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T \ 23 ab

@) - (o)

3
(] 0 = 24/ 22 (3) E

Q12

~ There are Symmetry will break
1. continuum states. solutions, and there
are no bound states.

¥, ¥ are continuous,

1. There are both bound Symmetry will break
and continuum states. Sgluuons?

E<Vc|

P ¥, and ¥ are continuous.

There are both bound and continuous
states.

There is
no symmetry.

- VD——>

K ¥is continuous.

¥’ is not continuous.

Q13
(z)=0
W 2mE
Wi )=Ae(1 w z)we(z W )
(l 2m(V—E)m) ( 2m(V—E)z)
Uy (z) = Ale \on +Be w
b.

I 11
U;(0) =%;7(0)

|2mE |2mE
W © i\ T ©
‘I’[(O):OZ‘I’H(O):AG + Be

0=A+B

22.1.6.12 https://chem.libretexts.org/@go/page/75033


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/75033?pdf

LibreTextsm

B=-A
v (0) = 97, (0)
(this gives no useful information since ¥ () does not exist atx = 0)
I<1I
Uy (L) =¥ (L)

2mE 2mE | 2m(V —E) | 2m(V—E)
i L —i L i| ————1L —iy| — 1L
h2 \ R? , J h2 J h?
Ae +Be =Ae +Be
2mE 2mE 2m(V —E) 2m(V —E)
iz E -i\ Tz E z\l — 1L —iy——5 L
U (L) =¥, (L)A | e +B]|e —A|e h +B |e h

~——

2mEL 2mEL
A(”/ZZZE e h —B(iUM> h

asz — —o0, ¥r(z) =0
asz — o0, ¥rr(z)=0..4"=0
d. Rewrite the equations for ¥;(0), ¥;7(0), Y77 (L) = ¥y (L), and ¥7; (L) = ¥4, (L) using the information in 13c:
B=—A(egn.1)

2mE 2mE 2m(V —E)
i L —i L i| ——=1L
AeV P 1B h —pe h
) 2mEL ) 2mEL | 2m(V—E) .
i - wm(V-E)\ 33
A <z M) e h _pB (i\/2mEL> e o __p (z M) e h?

h? h? h?

(eqn. 2)

substitution (egn. 1) into (eqn. 2)

2mEL ) 2mEL 2m(V —E)
Ael h*  _ Ae ' —Be h? :
2,
A [cos( m L) +isin( EL)} —A [cos( 2mEL> —zsm( EL)} =PBle h?
A2 h? h2 h?
om(V — E)
— L
243 sin( 2mEL> =DBe h?
K2
2m(V — E)
2mE B L
. 2mE_\ B K2
sm< oS L) =34¢ (eqn. 4)

substituting (eqn. 1) into (eqn. 3):

4 (/2 (Hj) a1/ 22E) (Wj) _p ( M) (J@ )
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A (i,/ 2;n2E> (cos( 2ZL2EL> +isin< 27’;EL>>
+A (z 2:2E> <cos( 2:2EL> —isin( 2:;EL>>
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