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5.1: A Harmonic Oscillator Obeys Hooke's Law

The motion of two atoms in a diatomic molecule can be separated into translational, vibrational, and rotational motions. Both
rotation and vibrational motions are internal motions that do not change the center of mass for the molecule (Figure 5.1.1 ), which
is described by translational motion. Quantum translational motions can be modeled with the particle in a box model discussed
previously and rotation and vibration can be modeled via the rigid rotor and harmenic oscillator models, respectively.
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Figure 5.1.1 : Two atoms connected by a vibrating bond. There is a rotation around the common center of mass, and oscillation in

bond distance. (CC SA-BY, 3.0; www.cleonis.nl).
Before delving into the quantum mechanical harmonic oscillator, we will introduce the classical harmonic oscillator (i.e., involving
classical mechanics) to build an intuition that we will extend to the quantum world. A classical description of the vibration of a
diatomic molecule is needed because the quantum mechanical description begins with replacing the classical energy with the
Hamiltonian operator in the Schrodinger equation. It also is interesting to compare and contrast the classical description with the
quantum mechanical picture.

The Classical Harmonic Oscillator

Simple harmonic oscillators about a potential energy minimum can be thought of as a ball rolling frictionlessly in a curved dish or a
pendulum swinging frictionlessly back and forth (Figure 5.1.2 ). The restoring forces are precisely the same in either horizontal
direction.
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Figure 5.1.2 : A mass connected to a spring that follows Hooke's law is a system that, when displaced from its equilibrium position
(z, = 0), experiences a restoring force, F' that is proportional to the displacement, z from the equilibrium length (z,). (CC BY-
NC; Umit Kaya via LibreTexts)

If we consider the bond to behave like a mass on a spring (Figure 5.1.2 ), then this restoring force (F') is proportional to the
displacement () from the equilibrium length (z,) - this is Hooke's Law:

F=—kz (5.1.1)

where k is the force constant. Hooke's Law says that the force is proportional to, but in opposite direction to, the displacement ().
The force constant reflects the stiffness of the spring. The idea incorporated into the application of Hooke's Law to a diatomic
molecule is that when the atoms move away from their equilibrium positions, a restoring force is produced that increases
proportionally with the displacement from equilibrium. The potential energy for such a system increases quadratically with the
displacement.
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V(z)= %kxz (5.1.2)

Hooke's Law or the harmonic (i.e. quadratic) potential given by Equation 5.1.2 is an excellent approximation for the vibrational
oscillations of molecules. The magnitude of the force constant & depends upon the nature of the chemical bond in molecular
systems just as it depends on the nature of the spring in mechanical systems. The larger the force constant, the stiffer the spring or
the stiffer the bond. Since it is the electron distribution between the two positively charged nuclei that holds them together, a double
bond with more electrons has a larger force constant than a single bond, and the nuclei are held together more tightly.

A stiff bond with a large force constant is not necessarily a strong bond with a large dissociation energy. A harmonic oscillator
has no dissociation energy since it CANNOT be broken - there is always a restoring force to keep the molecule together. This
is one of many deficiencies in using the harmonic oscillator model to describe molecular vibrations.

X Two atoms or one?

You may have questioned the applicability of the harmonic oscillator model involving one moving mass bound to a fix wall via
a spring like in Figure 5.1.2 for the vibration of a diatomic molecule with two moving masses like in Figure 5.1.1 . It turned out
the two are mathematically the same with internal vibration motion described by a single reduced particle with a reduced mass
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Figure 5.1.3 : Diagrams of the coordinate systems and relevant vectors for the motion of (a) a two-particle diatomic molecule

with atoms of mass m1 and m2 and (b) the equivalent one-particle pseudo-particle of reduced mass p. (CC BY-NC; Umit

Kaya via LibreTexts)
For a diatomic molecule, Figure 5.1.3 , the vector 7 corresponds to the internuclear axis. The magnitude or length of r is the
bond length, and the orientation of r in space gives the orientation of the internuclear axis in space. Changes in the orientation
correspond to rotation of the molecule, and changes in the length correspond to vibration. The change in the bond length from
the equilibrium bond length is the vibrational coordinate for a diatomic molecule.

v/ Example 5.1.1

a. Show that minus the first derivative of the harmonic potential energy function in Equation 5.1.2 with respect to z is the
Hooke's Law force in Equation 5.1.1.

b. Show that the second derivative is the force constant, k.

c. At what value of z is the potential energy a minimum; at what value of « is the force zero?

d. Sketch graphs to compare the potential energy and the force for a system with a large force constant to one with a small
force constant.

Solution a
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Hooke's Law for a spring entails that the force applied on a spring F' is equal to the force constant, —k times the distance
compressed or stretched, z (Equation 5.1.1). The derivative of V (z) = 0.5kz? is

V'(z)=(2) (%) kz = ka.

The negative of this is —V'(z) = —kz which is exactly equal to Hooke's Law.
Solution b
The second derivative

v ('T):di:;:kx:k

Thus, the second derivative of this equation for potential energy is equal to the force constant, k.
Solution ¢

To find the minimum potential energy, it is easiest to set the first derivative equal to zero and solve for x. When
V'(z) = kxz =0 then x must be equal to zero. Thus, the minimum potential energy is when x=0. Plugging this into Hooke's
Law, F'(0) = —k(0) =0 so this is also the value for x when the force is zero.

Solution d
Wri=0sk? @y, = 05
k=0.1 L =10
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2 g

The force constant has a drastic effect on both the potential energy and the force. A system with a large force constant requires
minimal change in z to have a drastic change in potential energy or force, whereas a system with a small force constant is the
exact opposite phenomenon.

Solving the Harmonic Oscillator Model

The classical equation of motion for a one-dimensional simple harmonic oscillator with a particle of mass m attached to a spring
having spring constant k is

d*z(t)
which can be rewritten in the standardform:
2z(t) k&
—z(t)=0 5.1.4
=+ —a() (5.1.4)

Equation 5.1.3is a linear second-order differential equation that can be solved by the standard method of factoring and integrating.
The resulting solution to Equation 5.1.3is

z(t) = z, sin(wt + @) (5.1.5)

with
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w= \/g (5.1.6)

p=mu

and the momentum has time dependence

= mz,wcos(wt + @)

Figure 5.1.4 show the displacement of the bond from its equilibrium length as a function of time. Such motion is called harmonic.

Figure 5.1.4 : Solution to the Harmonic Oscillator. Displacement (y-axis) is plotted as a function of time.

v/ Example 5.1.2

Substitute the following functions into Equation 5.1.4 to demonstrate that they are both possible solutions to the classical
equation of motion.

a. z(t) = zoe™*
b. z(t) = zge ™t

where

Note that the Greek symbol w for frequency represents the angular frequency 27v.
Solution a

This requires simply placing the given function z(t) = zge** into Equation 5.1.4.

d’z(t) k
a2 i El‘(t) =0
d? . k.
ﬁ(moewt) + Ewoezwt =0
a k ;
woﬁ(ewﬁ) + =z, =0

. k .
Z,O,LZW2 (ezwt) + _wuezwt =0
m

2 2 _iwt

k .
¢

Toi w e + —zx,e™ =0
m

. k
moz2w2 +—z, =0
m

k k [ k
—Zo— +—x, =0 with w =4/ —
m m m

Solution b

This requires simply placing the given function z(t) = zpe ! into Equation 5.1.4.

https://chem.libretexts.org/@go/page/13413


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/13413?pdf

LibreTextsm

d*z(t) k
W —:Z:(t) =0
2 . k .
—twt —twt
ﬁ (:voe ) + Emoe =0
d2 —iwt k —iwt
moﬁ (e ) + E%e =0

) i L
$022w2 (6 zwt)+_xoe iwt -0
m
2 2

i E
Toitwie 4 —g e =0
m

. k
zoitw? +—z, =0
m

E k [k
—To— +—2, =0 with w =,/ —
m m m

? Exercise 5.1.1

Show that sine and cosine functions also are solutions to Equation 5.1.4.

Answer

Using Equation 5.1.4

withw = \/g .
For

z(t) = z, sin(wt + @)
Take the second derivative of z(t)

d?z(t)
dt

= —w?z, sin(wt + ¢)
=Wz, sin(wt + @)

= —imo sin(\/zt +¢)
m m

Plug in z(t) and the second derivative of z(t) into Equation 5.1.4

—ﬁmosin< ﬁt—i—q&)—i—ﬁmosin( ﬁt—i—qb):O
m V' m m \/ m

Hence, the sine equation is a solution to Equation 5.1.4

We do the same for the cosine function

z(t) = z, cos(wt + @)

Take the second derivative of ()

https://chem.libretexts.org/@go/page/13413


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/13413?pdf

LibreTextsm

d?z(t)
dt

= —w?z, cos(wt + ¢)

= —w’x, cos(wt + @)

= —ﬁzo cos<\/zt —|—¢)
m m

Plug in z(¢) and the second derivative of z(¢) into Equation 5.1.4

—ﬁwocos( ﬁt—l—d))—l—ﬁxocos( ﬁt—i—(ﬁ):O
m V m m V m

The cosine equation is also a solution to Equation 5.1.4

? Exercise 5.1.2

Identify what happens to the frequency of the motion as the force constant increases in one case and as the mass increases in
another case. If the force constant is increased 9-fold and the mass is increased by 4-fold, by what factor does the frequency
change?

Answer

This is a simple application of Equation 5.1.6 As the force constant increases, the frequency of the motion increases, while
as the mass increases, the frequency of the motion decreases. If the force constant increased 9-fold and the mass increased

4-fold,
L [9F _3(k
“Vam 2\m

The entire frequency of motion would increase by a factor of 3/2.

Harmonic Oscillator Energies

The energy of the vibration is the sum of the kinetic energy and the potential energy. The momentum associated with the harmonic
oscillator is

dz
p=m—r (5.1.7)

so combining Equations 5.1.7and 5.1.2, the total energy can be written as

E=T+V (5.1.8)
2
p k 2
_» K 5.1.9
om 2" (5.1.9)

The total energy of the harmonic oscillator is equal to the maximum potential energy stored in the spring when z = +A, called the
turning points (Figure 5.1.5 ). The total energy (Equation 5.1.9) is continuously being shifted between potential energy stored in
the spring and kinetic energy of the mass.
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Figure 5.1.5 : The potential V(z) for a harmonic oscillator. Vertical axis energy; horizontal axis displacement z. The potential

energy V(z) = vika? is shown in red. (Paul Wormer Wikipedia).
The motion of a classical oscillator is confined to the region where its kinetic energy is nonnegative, which is what the energy
relation Equation 5.1.9 says. Physically, it means that a classical oscillator can never be found beyond its turning points, and its
energy depends only on how far the turning points are from its equilibrium position. The energy of a classical oscillator changes in
a continuous way. The lowest energy that a classical oscillator may have is zero, which corresponds to a situation where an object
is at rest at its equilibrium position. The zero-energy state of a classical oscillator simply means no oscillations and no motion at all
(a classical particle sitting at the bottom of the potential well in Figure 5.1.5 ). When an object oscillates, no matter how big or
small its energy may be, it spends the longest time near the turning points, because this is where it slows down and reverses its
direction of motion. Therefore, the probability of finding a classical oscillator between the turning points is highest near the turning
points and lowest at the equilibrium position. (Note that this is not a statement of preference of the object to go to lower energy. It
is a statement about how quickly the object moves through various regions.)

v/ Example5.1.3

a. What happens to the frequency of the oscillation as the vibration is excited with more and more energy?
b. What happens to the maximum amplitude of the vibration as it is excited with more and more energy?

Solution
a. Frequency

The energy of the harmonic oscillator can be written as

1
E,=h —
b v<v+2>

and the frequency of oscillation is w = 4/ % . Notice that the frequency depends only on the stiffness (k) and reduced mass (@)

of the oscillator and not on the energy. Hence, increasing the energy of the vibrations does not affects its frequency.
b. Amplitude
The kinetic and potential terms for energy of the harmonic oscillator can be written as

E=K+V

1 1
= §'mw2A2 sin? wt + §kA2 cos’ wt

withw:w/i SO
m

1
E = §kA2 (sin2 wt + cos’ wt)
1
= a2
2

https://chem.libretexts.org/@go/page/13413



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/13413?pdf

LibreTextsm

l The maximum amplitude of the vibration will increase as the energy increases.

? Exercise 5.1.3

If a molecular vibration is excited by collision with another molecule and is given a total energy Ep; as a result, what is the
maximum amplitude of the oscillation? Is there any constraint on the magnitude of energy that can be introduced?

Answer

The equation that defines the energy of a molecular vibration can be approximated is:

2
k
B =T+V=2 4
2m 2

The maximum amplitude of a harmonic oscillator is equal to x when the kinetic energy term of total energy equals zero
By =~z
hit 2

Solving for x gives the maximum amplitude:

2
=4/ T Ep
7 hit
The constraint for the energy that can be introduced cannot be greater than the energy required to break the bond between

atoms.

This page titled 5.1: A Harmonic Oscillator Obeys Hooke's Law is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Michael Fowler.
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