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14.E: Nuclear Magnetic Resonance Spectroscopy (Exercises)
These are homework exercises to accompany Chapter 14 of McQuarrie and Simon's "Physical Chemistry: A Molecular Approach”

Textmap.

Q14.1

g(rzv) .

Write the equation for a magnetic dipole in the angular momentum form starting from p = ==

S14.1
L can be expressed in terms of angular momentum by using the fact L =r x p and that p = mv.
By substituting p = mv in to L gives :

L=r xmv

by dividing out the m becuse it is a scalar x becomes:

uw= %ﬂL.
Q14.3
Show that the frequency from v;_,3 given in Table 14.6 reduces to Equation 14.66 when J < v (01 — 03)
S14.35
Vi3 = 1/2—0(2 —01—09) — % +% [,,3(01 —y)? +J2] 3

Rz J  w(or—o2)
= 2(2 o1 —03) 2+ 7

J? ?
1
+ 1/3(01 —0’2)2

Since J < vy(01 —02) , we can use a Taylor expansion and keeping only the terms that are linear in J gives

J 1/0(0'1—0'2)

@01 —0) = T+ T 0(?)
=1y(l-—02)— 3

Q14.18
Nuclear spin operators I, I;, I all obey the commutation relations, that

Iz, L) =ihl,

1y, L) =ihI,

[I.,I,] =ik,
Show that

LI, =11 +hI, and LI =I1,—hl_

S14.18

We know that the commutation relations are as follows:
II,— 1,1, =ihl,
LI, —I1I,=ihl,
LI, —I.1I,=ihl,

Therefore,
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LI, =I.(1, +in) =ihly+ I, I, +il.I, =ihl,+ 1,1, —i—i(IyIz —thl,)=1,1, +ilyl, +hl, +ihl, =11,
and

LI =I(I,—il) =ihl,+ LI, —iL.I, = ihI, + I.I, —i(I,I, —ihI,) = I,I, —iI,I, — hI, +ihI, = I I,

—hl_
Q14.19
Given:
A A A2 PN PN A2
I+I,:Im+zIzIy—zIzIy+Iy
and
A2 A2 A2 A2
I =Iw+Iy+Iz
Show:
[0 =1 —F i,
and
. A ~2 2
I I.=I —-I,—-hl,
S14.19
2 2 2

— 1’1’1 hl,
and
A~ ~ ~2 ~2 A A PPN
I_1I,= z—|—Iy+zIme—7,IyIm
.2 A2
=I —I,+i(ihl,)
—1° 1’ hl,
Q14.20
Using
fzf+:I+fz+hI+
h
I.8=——
B=—58
I+,Bzha
andc=~h,

derive fwa, fya, fw,B, and fyﬂ in terms of «, B, .

S14.20
We know

Py—fyrifyandi —1,—if,
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So we can show that
f+a:IAza+iIAya:0andIA_a:fwa—ifya:hﬂ
by adding the equations we can show that
ih

. I3 .
IzazgﬂandIya:?,B

if we apply the same methodology as above but with \(\beta)\ we can see that
. h . .k
IzﬂzgaandIyﬂ:%a

Q14.21

This problem shows that the proportionality constant ¢ in
I.B=caorl_a=cf
is equal to h. Start with
/a*adT =1= c% /(f+ﬂ)*(f+ﬂ)d7
Let [ + = I+l y in the second factor in the above integral and use the fact that Iyand T y are Hermitian to get
/(fwf+ﬁ)*ﬂdr+i/(fyf+ﬁ)*ﬂdr=c2
Now take the complex conjugate of both sides to get
/B*fzf+ﬂd7' —i /,B*fyf+,3dT == /5*121}5(17

Using the given equation:

Show that:
. 2 2 1., R
c2:/ﬂ*I_I+6dT:/ﬂ*(Iz—Iz—hIz)ﬂdT:/ﬂ*(éfﬂ——h2+—)6drzh2
PV
orthatc=~h
$14.21

Recall that for a Hermitian operator A,
Begin with the expression

Solving for ¢? gives
¢ = [(@pyEprar= [y Eopil,far = [(Lop)(Fpar+i (67T par
We can use the fact that I ,, and [ y are Hermitian to write this as

¢ = [BI(E pyarei [ 61,76y dr
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Take the complex conjugate of both sides of the last equation to find

c2:/B*fzf+ﬂdr—i/ﬂ*fyf+ﬂd7-:/B*(fz—ify)f+,8dT:/ﬂ*f,f+ﬂdT

PN L2 .2 .
Substituting I _I . =1 —1,—hl, , we obtain

c? Z/ﬂ*ffﬂﬂdf:/ﬂ*(fz —fi—nfz)gdrz/g*(ﬁ_1_”'2+h_2)5d7252

~2 ~
where we have used the given equation to evaluate the various terms involving I and I ,.

Taking the squareroot of both sides of the final equation proves that c = k.

Q14.22
hJi2 PO
Show that Hy 11 = —~ [ [drimea *(1)a*(2)I 11 y2r(1)r(2) = 0.
h
S14.22

Hyp = % / / dnma*(1)a*@)f il pa(l)a(?)

hJis *Da* o «a
Hyn =" [ [anmor ar @) no)if (@)

Hy= "2 [ [ammar ) 25| [o2)

h
_ hdi
4

//dﬁrza*(l)a*(2)ﬂ(1)/3(2) =0
Orthogonality of spin functions is used so that the equation equates to zero.

Q14-23 Nice work! Correct

The energy levels of a two-spin system can be calculated using first-order perturbation theory. Show this for the first energy level.

S14-23
E;=E" + / drydryy HO (14.E.1)
HOy, = E;O)wj (14.E.2)
1) ) 1 1
E;=E" +H) +H) + H) (14.E.3)

The unperturbed first-order energy is calculated using

N _h
Lja(j) = 5 a(j) (14.E.4)
HO = HO o(1)a(2) (14.E.5)
—vBy(1 — 01)L10(1)a(2) — vBy(1 — 03)nx(1)x(2) (14.E.6)
E"a(1)a(2) = B4 (14.E.7)
B — _hyBy(1— & _‘; 72 (14.E.8)
The first-order correction is defined as
hJ
H; = h—f / drydry L Ly, (14.E.9)
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with the x and y terms in I1 and I2 not contributing to the first-order energy.

Considering the unperturbed wave function for a two-spin system

Y1 = a(l)a(2) (14.E.10)

LiLsa(1)a(2) = %a(l)a@) (14.E.11)

Furthermore, the perturbation to the first-order energy becomes

Hop — h;_{;z / dndma’ (1)a* (@) Laa(l)a(2) = h‘i“ (14.E.12)
As a result the first order energy energy can be represented by
Bi= —hup(1— X%y b (14E.13)
2 4
Q14.24
Derive the frequencies associated with the allowed transitions between nuclear spin up to n = 4.
S14.24
E=hv (14.E.14)
Ei—oo=FE; — E; (14.E.15)
h h h
= 7’/(02 S W A s e B ‘i” (14.E.16)
hJ;
=hy(1—0y) — 212 (14.E.17)
hJ.
iese=1p(l—01) — 212 (14.E.18)
Ei—o3=FE3—E; (14.E.19)
h h h
= o) - B2 - ;02 )— ‘i” (14.E.20)
h
=huy(l —o3) — ‘2712 (14.E.21)
hJ.
vis3=1p(l —03) — 212 (14.E.22)
By, .4=FEy—Es (14.E.23)
hJ. h hJ;
= hv(oy +09) — —2 — ﬂ(02 —oy)+—2 (14.E.24)
4 2 4
h
=hy(1—09) + ‘;“ (14.E.25)
hJ,
vass= (1 —02) + =57 (14.E.26)
Es—y=E4— E3 (14.E.27)
. o1 +09 hJio hy hJis
—hl/(l— 2 ) 1 3 (0’1—0’2)+ 1 (14.E.28)
hJ;
=hy(l—01)+ 212 (14.E.29)
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hJia
2

V2:>4:l/0(1 —0'1)+ (14E30)

Q14.28

Using the Hamiltonian for an H; molecule with 2 nonequivalent hydrogen atoms, prove that

Hyz = [[dridrar(1)a*(2)HB(1)a(2) = 0.
S14.28

The necessary Hamiltonian is:

. . o hJio A -
H=—By(1—01)I; —vBo(1—02) [ + hz“ i L.
We can then plug in the Hamiltonian and write the second half of the equation as:

~

AAA(R) = —1Bo(1—01)(~ 2)BW)a(2) ~vBo(1 —02)(2)B1B(2)

PR 0)8@) + La)s@) - Es)a2)

= 2ByAa@)[(1 - 1) - (1 - 2)] + 222 20(1)8(2) - B(1)a(2)
Doing some algebra, we get that:

hJia

Hyy = // drydrar )[hvBoﬁ( Ja(2)[(1—01) — (1 —02)] + 222 20(1)8(2) - B(1)a(2)

Because « and (3 are orthonormal, the integral goes to zero. Therefore, we have proved that Hy3 =0

Q14.29
Prove that
Hi = // dr1)dr2)8* (1)5* (2)HB(1)B(2)
:—EhVO(l 01)—%}“/0(1 0'2) thZ
with
ITAIZ—’)’B(](].—O';L)Il ’yBo(l 02)12+h;12_[-f2.
S14.29
AB1)B) = —1Bo(1 o) (5)B1)B(2) ~ (1 - 72)(3)8(1)B2)
h B )a@) - 2 a)s) + Ea)a)
212 12 61)5(2) - SAWBE) + a(l)a(?)
— [ T30 - TR0+ 2P a ()52 - A1) | 515
Calculated with matlab

1
= EhVo(l — sigmay) — —hVO(l o2) —l—h%
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Q14.30
Using Equation 14.58, prove that

hJia
4

1 1
Hy = —Eh'l)g(l —o01) +5hv0(1 —o9)+

S14.30

To find this matrix element, you must complete the integral given by (14|H|4). By using the relationships in Table 14.4 to
evaluate parts of the integral, Equation 14.45 and Equation 14.58, algebra, and calculus, this integral can be solved to give the final

answer above.

Q14.31
Given the following matrix, expand the determinants to solve for the energies:
a—E B 0 0 0 0
8 a-E 8 0 0 0
0 B a—F B8 0 0
0 0 8 a-E 8 0
0 0 0 83 a-E 8
0 0 0 0 8 a-E
S14.31
\[x_{i} = \frac{\alpha E }{\beta}\nonumber \]
EjZOl—,BCIJj
x; = —2cos( m— )
Ej:a+2,8*cos(i—7r—|—1)
™
E = 2 — 1.
1 =oa+ ﬂ*cos(6+1) a+1.88
By — o +28% cos(—2—) — a +1.248
s =a cos(g= ) =at1.
E5 =a+28x*cos( 37 )=a+0.448
. 6+17 '
E,=a+28x*cos( Ar )=a—0.448
e 6+17 '
5T
E5:a+2,3*cos(6+1):a—1.25,8
6m
E6:a+2ﬂ*cos(6 1):a—l.85

Q14.33

Show that a two-spin system with J = 0 consists of only two peaks with frequencies vy (1 — oy ) and vg (1 — o3).

S14.33
The resonance frequencies is given by

v L
v =2 =2 (201 —03)-2-1 [VR(01 —02)? + T

with J = 0, this leads to

1
v —9 = v_20 (2—0’1 —0y)- %-% [’U%(O‘l —02)2+02] 2
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0 =

= U_zo (2 — 01 — 02 )-% [0(2)(0'1 —0’2)2]
=9 (]. — 01 )
Similarly, for the other transitions:

1

1
v 23=2 (2—01—02)- %H [V3(o1 —02)* 4+ J?]2

[ 1
= 70 (2—0‘1 — 09 )— %"‘% [U%(O‘l —02)2+02] 2

o=

= 1’2—0 (2—01—09 )+% (V2 (01 —02)?]

:’UU(].—O'z)

1
Vg —4 = 1)_20 (2—0’1—0’2 )+ %"‘% [1)(2)(01—0'2)2+J2]2

1
=3 @-o1—0a) gy [vh(o1 —02)? +0°)7

v 1
= ?0 (2—0’1 — 09 )+% [’U%(al —0’2)2]2

200(1—0'2)

J

1
Vg —4 = 1)2_0 (2—0‘1—0’2 )+ 5-% [U3(01—02)2+J2]7

=v2—0(2—0'1—0'2)+%-l[

1
2 ’U%(O‘l —0’2)2 +02] 2

1
= v_20 (2—01—02 )-% (V3 (01 — 02)?]2
:’UU(].—O'l)

Q14.34
Show that

17 J 1
Vo = ?0(2 — 0 —0’2) +§) + E[Vg()O'l —0'2)2 +J2]1/2

for a general two-spin system.

S14.34
By~ By = [hun(1 - %)+ B - 5 2o o)+
(1 - L2 B Loy )
S = B mei—o) +5)+ 0 —on) 4

14.E: Nuclear Magnetic Resonance Spectroscopy (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by LibreTexts.
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