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20.8: Entropy Can Be Expressed in Terms of a Partition Function

We have seen that the partition function of a system gives us the key to calculate thermodynamic functions like energy or pressure
as a moment of the energy distribution. We can extend this formulism to calculate the entropy of a system once its @ is known. We
can start with Boltzmann's (statistical) definition of entropy:

S = kIn(W) (20.8.1)
with
Al
W= '
Hj aj
Combining these equations, we obtain:
Al

Sensemble =kln

I1; a;!
Rearranging:

Sensemble =klnAl—k Z lnaj!
J

Using Sterling's approximation:
Sensemble =kAINA—kA—kY ajlna;+k>» a;
J J

=kAInA—k) ajlna;
J

Since:
D aj=4
J

The probability of finding the system in state a; is:

Rearranging:
a; =p;jA
Plugging in:
Sensembie =kAIn A~k p;Alnp;A
J
Rearranging:

Sensemble =kAINA—k> p;Alnp;—k» p;AlnA
J J

If A is constant, then:
kijAlnA = kAlnAij
J J

Since:

>.pi=1
We get:
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Sensemble =kAIn A~k p;Alnp; —kAln A
J

The first and last term cancel out:

Sensemble = _kzijlnpj
J

We can divide by A to get the entropy of the system:

Ssystem = —kij Inp; (20.8.2)
J

If all the p; are zero except for the for one, then the system is perfectly ordered and the entropy of the system is zero. The
probability of being in state j is

e_/BEJ'

Q

Plugging Equation 20.8.3into Equation 20.8.2results in

e —BE; e*ﬂEj

S=-k In
zj: e Q

—BE;
=k =5 (-BE;~InQ)
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Making use of:

And:

We obtain:

S:%+kan (20.8.4)
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