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32.10: Fourier Analysis

The Fourier transform converts a function vs. continuous (or descrete) time and maps it into a function vs. continuous (or descrete)
frequencies. Hence, the transform converts time-domain data into frequency-domain data (and vice versa). This decomposion of a
function into sinusoids of different frequencies is a powerful approach to many experimental and theoretical problems. Fourier
transform spectroscopy is an approach whereby spectra are collected based on measurements using time-domain or space-domain
measurements of the electromagnetic radiation or other type of radiation. It can be applied to a variety of types of spectroscopy
including optical spectroscopy, infrared spectroscopy (FT IR, FT-NIRS), Fourier transform nuclear magnetic resonance (NMR),
mass spectrometry and electron spin resonance spectroscopy.

Introduction

Fourier analysis is a subject area which grew out of the study of Fourier series. The subject began with trying to understand when
it was possible to represent general functions by sums of simpler trigonometric functions. The attempt to understand functions (or
other objects) by breaking them into basic pieces that are easier to understand is one of the central themes in Fourier analysis.
Fourier analysis is named after Joseph Fourier who showed that representing a function by a trigonometric series greatly simplified
the study of heat propagation. Today the subject of Fourier analysis encompasses a vast spectrum of mathematics with parts that, at
first glance, may appear quite different. In the sciences and engineering the process of decomposing a function into simpler pieces
is often called an analysis. In Fourier analysis, the term Fourier transform often refers to the process that decomposes a given
function into the basic pieces. This process results in another function that describes how much of each basic piece are in the
original function. However, the transform is often given a more specific name depending upon the domain and other properties of
the function being transformed, as elaborated below. Moreover, the original concept of Fourier analysis has been extended over
time to apply to more and more abstract and general situations, and the general field is often known as harmonic analysis.

Fourier Series

When the function f is a function of time and represents a physical signal, the transform has a standard interpretation as the
frequency spectrum of the signal. The magnitude of the resulting complex-valued function F at frequency o represents the
amplitude of a frequency component whose initial phase is given by the phase of F. However, it is important to realize that Fourier
transforms are not limited to functions of time, and temporal frequencies. They can equally be applied to analyze spatial
frequencies, and indeed for nearly any function domain.

Properties

http://www.math.ubc.ca/~feldman/demos/demo3.html

Continuous Fourier Trasnform (CFT)

Most often, the unqualified term Fourier transform refers to the transform of functions of a continuous real argument, such as
time (t). In this case the Fourier transform describes a function £(t) in terms of basic complex exponentials of various frequencies.
In terms of ordinary frequency v, the Fourier transform is given by the complex number:

Fw)= [ °; Flb) - ey,

Evaluating this quantity for all values of v produces the frequency-domain function.

Discrete Fourier Transform (DFT)

Experimentally, we collect data that is not continuous, but samples a measurements at specific point. Hence we have to deal with
the discrete version of the Fourier Transform.

Fast Fourier Transfer (FFT)

The discrete version of the Fourier transform (see below) can be evaluated quickly on computers using fast Fourier transform
(FFT) algorithms. This algortihm sympically requires a 2" number of measurements to operate. Hence you will notice data sets
often with such dimensions. (Conte & de Boor 1980)
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