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6.E: The Hydrogen Atom (Exercises)
Solutions to select questions can be found online.

6.5

First 6 Chebyshev Polynomials

Use the orthogonality of Chebyshev polynomials to determine what the following polynomials are equal to

a. 

b. 

c. 

d. 

Solution
a. x^2= T *T ; therefore the answer is π /2
b. here the following polynomial is not a product of either Chebyshev polynomials; therefore, answer is doesn't follow orthogonality

conditions
c. 1=T *T ; therefore, answer is π
d. x^4-4x^2+1= T *T ; therefore the answer is π/2
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6.6
Use Eq. 6.47 to generate the radial functions  for .

Solution

6.29
Compare  and .

Hint: What do the subscripts tell you about the wave function? What do they denote?

Solution

The first subscript tells you the quantum number . The second denotes the angular momentum . The last denotes the magnetic spin number 
. These two functions have the same  values, and thus they are degenerate.

6.30
What is the probability density of the 3p orbital by evaluating

Solution
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6.34
Find the energy, and wavefunction for a single electron located in the 2p orbital of the hydrogen atom. Include all possible wavefunctions.

Solution

Identify the quantum numbers for the electron of interest (in our case, ; ). Energy of the electron can be defined as

this leads us to

we have two possible wave functions

and

6.37

The Hamiltonian is given by  is an Hermitian Operator. Using this fact, show that

where  is any operator.

Solution

Through the commutation relation

because  is a Hermitian operator, the above goes to
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6.38
Prove that  for a harmonic oscillator using the virial theorem

Solution

The virial theorem gives us,

For a three-dimensional harmonic oscillator,

Therefore,

and substituting into the equation given by the virial theorem gives us . Because , we can also write
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6.41
Find the expected values of  and  for a hydrogenlike atom in the  orbital.

Solution

The  orbital:

where 

Simplify to get:

For the hydrogen atom , therefore

For 

Simplify to get:
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6.43
Derive the classical magnetic moment of an electron orbiting a nucleus in terms of charge, mass and angular momentum.

Solution

We can begin by recalling the classical expression for a magnetic moment,

Where  is the current the electron makes by revolving around the nucleus. The definition of current is

In this case  is simply the charge  of the electron and  is the time it takes the electron to orbit the nucleus once. The area is the of
loop that the electron takes when revolving around the nucleus. We also know from classical mechanics that . solving for  and
evaluating  to be  for a circle. We can figure out the time of revolution to be,

Our current equations becomes,

To introduce angular momentum  we can multiply the right side of our current equation by  to arrive at

Substituting in the area of a circle  we can show that,

6.46
Find the magnitude of the splitting shown in figure below. The magnetic field in the figure is at 20 T.

Solution

We know from a previous problem that

In the 1\s\ state where m = 0 and in the 2\p\ state where m = 0, \pm\ 1. The condition will cause (m_{2} - m_{1}) become equal to 0, or \pm\ 1
which will affect the magnitude of splitting, calculated below
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6.47
Consider the transition between the  and the  states for atomic hydrogen. Determine the total number of possible allowed transitions
between these two states in an external magnetic field given the following selection rules

a. Light whose electric field vector is parallel to the external magnetic field's direction has a selection rule of  for allowed transitions.
b. Light whose electric field vector is perpendicular to the external magnetic field's direction has a selection rule of  for allowed

transitions.

Solution

An external magnetic field splits a state with given values n and  into  levels. So the  state will be split into three states (
) and the  state will be split into five states ( ). This means that the  transition will have a

possible of 15 transitions (ignoring any selection rules that reduce this number).

Using the selection rule , then three transitions are possible: , ,  Using the selection rule , then six
transitions are possible:

 

Relative Orientation of light
Polarization to Magnetic field

m=0  m=1 parallel

m=0  m=-1 parallel

m=1  m=2 perpendicular

m=1  m=0 perpendicular

m=-1  m=-2 perpendicular

m=-1  m=0 perpendicular

6.49
Prove that

given that

and

Solution
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x

^ L2
y

^ L2
x

^ L2
y

^ L2
y

^ L2
x

^ L2
x

^ L2
y

^ Lx̂ Lŷ
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6.49
Show that the commutative property applies to

Solution

and
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Q7.29
Calculate the ground-state energy for particle in the box model using variational method.

Solution

Variational method equations is:

where the wavefunctions are unnormalized

The unnormalized Schrödinger equation for PIB:

and

so

so

where n=1 we get

6.50
If two functions commute, they have mutual eigenfunctions, such as  and  These mutual eigenfunctions are also known as spherical
harmonics, ( , ), however this information is not pertinent in this case. Let

be a mutual eigenfunction of  and  so that
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Solution

Solve this problem as given below:

 = 

 =  

= (   +   )
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 + +  + ) 

 + )
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Therefore proven.

Finally, you can write:

= 
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+ )

2

Therefore proven.
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