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25.3: Colligative Properties Depend only on Number Density

Colligative properties are important properties of solutions as they describe how the properties of the solvent will change as solute
(or solutes) is (are) added. Before discussing these important properties, let us first review some definitions.

¢ Solution — a homogeneous mixture.
¢ Solvent — The component of a solution with the largest mole fraction
¢ Solute — Any component of a solution that is not the solvent.

Solutions can exist in solid (alloys of metals are an example of solid-phase solutions), liquid, or gaseous forms. For the most part,
this discussion will focus on liquid-phase solutions.
Freezing Point Depression
In general (and as will be discussed in Chapter 8 in more detail) a liquid will freeze when
Msolid < Miquid

As such, the freezing point of the solvent in a solution will be affected by anything that changes the chemical potential of the
solvent. As it turns out, the chemical potential of the solvent is reduced by the presence of a solute.

In a mixture, the chemical potential of component A can be calculated by
pa=py+RTInxy (25.3.1)
And because x 4 is always less than (or equal to) 1, the chemical potential is always reduced by the addition of another component.
The condition under which the solvent will freeze is
KA, solid = MA,liquid

where the chemical potential of the liquid is given by Equation 25.3.1, which rearrangement to

PAHL
RT XA
To evaluate the temperature dependence of the chemical potential, it is useful to consider the temperature derivative at constant
pressure.
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Recalling that
wu=H=TS
and
0
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P
Equation 25.3.2becomes
(Ha—TSa—HS+TS9) 1 O0ln
_ AT PA L [-8,+89) = X4 (25.3.3)
RT? RT oT »

And noting that in the case of the solvent freezing, H is the enthalpy of the pure solvent in solid form, and Hy is the enthalpy of
the solvent in the liquid solution. So

H¢ —H, = AHj,
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Equation 25.3.3 then becomes

AHy,, —S4+859 N —SAJrSfl/_ Olny
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or

A-vaus _ Oln XA

RT* \ aT ),

Separating the variables puts the equation into an integrable form.

T AH

fus
dl'= [ dl 25.3.4
o RI? / nxa ( )

where T'° is the freezing point of the pure solvent and T is the temperature at which the solvent will begin to solidify in the
solution. After integration of Equation 25.3.4:

AH 11
. fus R R
7 <T T°> Inxa (25.3.5)

This can be simplified further by noting that
1 1 T°-T AT

T T° TIT°  TT°
where AT is the difference between the freezing temperature of the pure solvent and that of the solvent in the solution. Also, for

small deviations from the pure freezing point, TT° can be replaced by the approximate value (7°°)%. So the Equation 25.3.5
becomes

AHj,,
R(TO)2

AT =Inxy (25.3.6)

Further, for dilute solutions, for which 4, the mole fraction of the solvent is very nearly 1, then

Inxs ~—(1-x4)=—xB

where xp is the mole fraction of the solute. After a small bit of rearrangement, this results in an expression for freezing point

depression of
T° 2
AT = (R( ) ) XB
AHyy,

The first factor can be replaced by K:

R(To)2 B
AH;, 7

which is the cryoscopic constant for the solvent.

AT gives the magnitude of the reduction of freezing point for the solution. Since AH,, and T are properties of the solvent, the
freezing point depression property is independent of the solute and is a property based solely on the nature of the solvent. Further,
since x p was introduced as (1 —x4), it represents the sum of the mole fractions of all solutes present in the solution.

It is important to keep in mind that for a real solution, freezing of the solvent changes the composition of the solution by decreasing
the mole fraction of the solvent and increasing that of the solute. As such, the magnitude of AT will change as the freezing process
continually removes solvent from the liquid phase of the solution.

Boiling Point Elevation

The derivation of an expression describing boiling point elevation is similar to that for freezing point depression. In short, the
introduction of a solute into a liquid solvent lowers the chemical potential of the solvent, cause it to favor the liquid phase over the
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vapor phase. As sch, the temperature must be increased to increase the chemical potential of the solvent in the liquid solution until
it is equal to that of the vapor-phase solvent. The increase in the boiling point can be expressed as

AT = Kyxs
where
R(T°)?
T
AH,qp,

is called the ebullioscopic constant and, like the cryoscopic constant, is a property of the solvent that is independent of the solute
or solutes. A very elegant derivation of the form of the models for freezing point depression and boiling point elevation has been
shared by F. E. Schubert (Schubert, 1983).

Cryoscopic and ebullioscopic constants are generally tabulated using molality as the unit of solute concentration rather than mole
fraction. In this form, the equation for calculating the magnitude of the freezing point decrease or the boiling point increase is

AT:Kfm
or
AT:Kbm

where m is the concentration of the solute in moles per kg of solvent. Some values of Ky and K} are shown in the table below.

Substance K (°C kg mol-1) T}) (°C) K3 (°C kg mol-1) Ty (°C)
Water 1.86 0.0 0.51 100.0
Benzene 5.12 5.5 2.53 80.1
Ethanol 1.99 -114.6 1.22 78.4
CCly 29.8 -22.3 5.02 76.8

v/ Example 25.3.1:

The boiling point of a solution of 3.00 g of an unknown compound in 25.0 g of CCly raises the boiling point to 81.5 °C. What
is the molar mass of the compound?

Solution

The approach here is to find the number of moles of solute in the solution. First, find the concentration of the solution:
(85.5°C'—76.8°C)=(5.02°C Kg/mol)m
m =0.936 mol/kg

Using the number of kg of solvent, one finds the number for moles of solute:
(0.936 mol/ k/q«) (0.02 kg) = 0.0234mol

The ratio of mass to moles yields the final answer:

3.00g
0.0234

=128g/mol

Vapor Pressure Lowering

For much the same reason as the lowering of freezing points and the elevation of boiling points for solvents into which a solute has
been introduced, the vapor pressure of a volatile solvent will be decreased due to the introduction of a solute. The magnitude of this
decrease can be quantified by examining the effect the solute has on the chemical potential of the solvent.
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In order to establish equilibrium between the solvent in the solution and the solvent in the vapor phase above the solution, the
chemical potentials of the two phases must be equal.
Mvapor = Msolvent

If the solute is not volatile, the vapor will be pure, so (assuming ideal behavior)

/

p
ugap—l—RTlnp—o =p4 +RTInxy (25.3.7)
Where p' is the vapor pressure of the solvent over the solution. Similarly, for the pure solvent in equilibrium with its vapor
Pa
Ky =u3ap+RTlnp—o (25.3.8)

where p° is the standard pressure of 1 atm, and p4 is the vapor pressure of the pure solvent. Substituting Equation 25.3.8 into
Equation 25.3.7yields

/

,uia,{-i-RTln;)—o = ( uﬁwf—i-RTan—f) +RTInx4

The terms for ug,, cancel, leaving

/

RTnZ — RTIm 22 | RTIny,
P P

Subtracting RT In(P,4/P°) from both side produces

/

RTInZ —RT1n?4 — RTIny,
P P

which rearranges to

/

RTIn L = RTIny4

ba
Dividing both sides by RT" and then exponentiating yields
pl
— =X4
ba
or
0 = xapa (25.3.9)

This last result is Raoult’s Law. A more formal derivation would use the fugacities of the vapor phases, but would look essentially
the same. Also, as in the case of freezing point depression and boiling point elevations, this derivation did not rely on the nature of
the solute! However, unlike freezing point depression and boiling point elevation, this derivation did not rely on the solute being
dilute, so the result should apply the entire range of concentrations of the solution.

v/ Example 25.3.2:

Consider a mixture of two volatile liquids A and B. The vapor pressure of pure A is 150 Torr at some temperature, and that of
pure B is 300 Torr at the same temperature. What is the total vapor pressure above a mixture of these compounds with the mole
fraction of B of 0.600. What is the mole fraction of B in the vapor that is in equilibrium with the liquid mixture?

Solution
Using Raoult’s Law (Equation 25.3.9)

pa = (0.400)(150 T'oor) = 60.0 T'orr
p5 = (0.600)(300 T'oor) = 180.0 Torr

Diot =PA +pp =240 Torr
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To get the mole fractions in the gas phase, one can use Dalton’s Law of partial pressures.

pg _ 180.0Torr

" DPwi 240 Torr =0.750

XB

And, of course, it is also useful to note that the sum of the mole fractions is 1 (as it must be!)

xatxs=1

Osmotic Pressure

Osmosis is a process by which solvent can pass through a semi-permeable membrane (a membrane through which solvent can
pass, but not solute) from an area of low solute concentration to a region of high solute concentration. The osmotic pressure is the
pressure that when exerted on the region of high solute concentration will halt the process of osmosis.

p P
T

B

Ha°(p) LA(p+T)

The nature of osmosis and the magnitude of the osmotic pressure can be understood by examining the chemical potential of a pure
solvent and that of the solvent in a solution. The chemical potential of the solvent in the solution (before any extra pressure is
applied) is given by

pa=pgy +RTInxa

And since x, < 1, the chemical potential is of the solvent in a solution is always lower than that of the pure solvent. So, to prevent
osmosis from occurring, something needs to be done to raise the chemical potential of the solvent in the solution. This can be
accomplished by applying pressure to the solution. Specifically, the process of osmosis will stop when the chemical potential
solvent in the solution is increased to the point of being equal to that of the pure solvent. The criterion, therefore, for osmosis to
cease is

15 (P) = pa(xp, +m)

To solve the problem to determine the magnitude of p, the pressure dependence of the chemical potential is needed in addition to
understanding the effect the solute has on lowering the chemical potential of the solvent in the solution. The magnitude, therefore,
of the increase in chemical potential due to the application of excess pressure p must be equal to the magnitude of the reduction of
chemical potential by the reduced mole fraction of the solvent in the solution. We already know that the chemical potential of the
solvent in the solution is reduced by an amount given by

1% —ta = RTInx,

And the increase in chemical potential due to the application of excess pressure is given by

o) =)+ ’ (Z—g)po

The integrals on the right can be evaluated by recognizing
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where V' is the molar volume of the substance. Combining these expressions results in
ptm
—RTIny, = / Vdp
P

If the molar volume of the solvent is independent of pressure (has a very small value of k7 — which is the case for most liquids) the
term on the right becomes.

/ VAP =Vpl'" =Vx
p

Also, for values of x4 very close to 1
Inx, ~—(1-x4)=—x5
So, for dilute solutions
xpRT =Vr
Or after rearrangement

- xsRT
\%4

again, where V' is the molar volume of the solvent. And finally, since xp/V is the concentration of the solute B for cases where
np <K n4 . This allows one to write a simplified version of the expression which can be used in the case of very dilute solutions

7 =|B|RT

When a pressure exceeding the osmotic pressure 7 is applied to the solution, the chemical potential of the solvent in the solution
can be made to exceed that of the pure solvent on the other side of the membrane, causing reverse osmosis to occur. This is a very
effective method, for example, for recovering pure water from a mixture such as a salt/water solution.

Colligative properties are properties that depend on the number of particles rather than their total mass. This implies that these
properties can be used to measure molar mass. Colligative properties include:

o melting point depression

¢ boiling point elevation

e osmotic pressure

Melting Point Depression

When we freeze a dilute solution the resulting frozen solvent is often quite a bit purer than the original solution. Let us consider this
problem and make the following rather opposite assumptions about the solvent component:

1. In the liquid state it can be considered to follow Raoult's law over a sufficient concentration range
2. In the solid state, the solubility is nil

Under these two assumptions, we can consider the thermodynamic potentials of the solvent component (1) at the freezing point.
They should be equal once equilibrium has been reached:

py = psin
1 = pi " + RTIn ay

#5 _Nliq*
1_R—Tl =In ay
—-A
R;fl =Ina

We can now apply Gibbs-Helmholtz relations by differentiation with respect to temperature:
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iA,Uzl . _AfusHmolar,l

oT T T2
8[111 ai . AfusHmolm‘,l
or ~  RT?

This means that we can actually use the quantity A s Hpotar,1 /RT? to determine activities by integration, but usually Raoult Law
is assumed valid:

Ina;Inz; =~ —x9

If we integrate A ¢y Hpolar,1/ RT 2 from the melting point of the pure solvent 7} to the actual melting point of the solution T},, we
get:

—Iy =

R T R TiTm R T2

AfusHmolar,l ( 1 1 ) _ AfusITl'rrzolar,l (Tm _Tr;kl) - AfusHmolar,l <_AT>
T Tw) -

This is often rewritten in terms of molality as:
AT =K f-m

If K¢ is known for the solvent we can add a number of grams of an unknown compound to the solvent measure the temperature
depression, this tells us the molality. From molality and weight we can then calculate molar mass. Boiling point elevation is quite
similar.

25.3: Colligative Properties Depend only on Number Density is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
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