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5.E: The Harmonic Oscillator and the Rigid Rotor (Exercises)

Solutions to select questions can be found online.

5.7

Calculate the reduced mass of HCI molecule given that the mass of H atom is 1.0078 amu and the mass of Cl atom is 34.9688 amu. Note that 1
amu = 1.660565%107?7 kg.

Solution
mims
my +my
1.0078 amu x 34.9688 amu
~ 1.0078 amu +34.9688 amu
1.660565 - 10~ 27 kg
1 amu

=0.9796 amu

I

=1.627 x 10" kg

©=0.9796 amu x

5.8

Calculate the reduced mass for the Bry, Cly, and I, diatomics.

Solution
From the periodic table, the atomic masses for Br, Cl, and I are 79.904, 35.453, and 126.904 respectively.
Covert the atomic mass to kg.

Br = (79.904 amu)(1.6606 x 10727 amu/kg) = 1.327 x 102 kg Cl = (35.453 amu)(1.6606 x 10-2" amu/kg) = 5.887 x 10726 kg
I =(126.904 amu)(1.6606 x 10~%" amu/kg) = 2.107 x 10~ kg

_m
F=3

therefore

Hp=1.327x102% kg/2=6.635x1026 kg pcpo= 5.887x10"2%kg/2 = 2.9435x10"%kg pp=2.107x102°kg=1.0535x10-25kg

The equation for a reduced mass (1) of a diatomic is
mime
my + mo

for a diatomic molecule with identical atoms (m; = my =m ) so
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5.14

79Br"°Br has a force constant of 240 N - m ! . Given this information:

a. Calculate the fundamental vibrational frequency and
b. Calculate the "Br"°Br zero point energy.

Solution

We must first know which formula to use which is

1 k
Vgps = —, | —
obs o P
calculate the reduced mass
(79 amu)?

T 79 amu 179 amu 39.5amu

and convert to Kg:
1.66e727 kgeamu'!

substitute the given values

. 1 240kgm s~ % s

2w\l 39.5amu x 1.66 x 10~ ¥ kg amu 1

=9.63 x 102571

It can also be convert to wavenumber (inverse centimeter cm—1):

1 v 9.63 x 101251

1 —_——= —

o A ¢ 30x10%m s !

=32lem™}
Zero Point Energy:
EO ==

hv = —hcvep1

N | =
N | =

(formula to use)

E¢=1/2(6.626e34J+5)(2.998e%cmes™)(321cm ™)
Ey=3.19e'2]
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5.19

Prove that the second derivative of an even function is even and odd function is odd.

Solution
This is an example..not a proof

The following is an even function:

y(z) = a+bz® +cz* +dz®

o)
d
il = 2bz + 4ez® + 6dz®
dx
and
d2
£Y _ op+12¢2? + 30dz*
dax?

which is an even function.

The following is an odd function:
f(z) = ax + bz® + ca®
so

ﬂ = a+ 3bz? +5cz?
dzx

and
da’f
—— = 6bz + 10cz?®
dx?

which is an odd function.

5.27
The Harmonic oscillator Hamiltonian obeys the reflective property:

H(z) = H(-z)
What does this say about the nature of the harmonic oscillator wave function?
Solution

The harmonic oscillator switches from odd to even due to the fact that the reflective property will alternate.

5.28
If (x) is an odd function, what does that say about p,,?

Hint: use

- ()

also known as Ehrenfest's Theorem, where V' is the potential of a one dimensional harmonic oscillator.

Hence, (p,) does not depend on time.
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5.32

Convert V? from Cartesian coordinates to cylindrical coordinates.

Solution
We have to start with the conversion of Cartesian coordinates {z,y, z} to cylindrical coordinates {r,0, z}

x=rcosf y=rsinf z=z2

Now putting it all together

Ve — 4 - — 4 —— 4 —
dr?  rdr r2d92  d2?
r= /7% 19
cos@z;
/:c2+y2
sinf = z

Now by chain rule we get

using implicit differentiation and taking the second derivatives will yield

d? d sinf d d sinf d
— = cosf0— — — cos 0— — —
dx? dr r df dr r df

d? . d cosb d . d cosb d
— = |sinf—+ sin 0— + —

dy? dr T df dr r df
d? d?
d? dz?

https://chem.libretexts.org/@go/page/13424


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/13424?pdf

LibreTextsw

5.37

Find the magnitude of angular momentum and the z component of angular momentum for electrons in a hydrogen-like species with

a. quantum numbersn = 1,1 = 0,m = 0; and
b.n =2, =0,m = 0.

Compare your answers and explain your results.

Solution

The wave function for this problem is given by:

3

Y100 = R(r)10Y (6, #)oo =2 (;) " =

ag

Using that:

A2
L }/lm(ev ¢) = h2l(l + 1)Y2m(0> ¢)7
and
I:Z =mh
~2 ~
Then L =0 and L, = 0. Given that the values for [ and m are the same as above, the answers would also be the same.

The reason why both answers are the same is that the operators for angular momentum only act on the angular part of the wave function. Since

only the quantum number n varied between these two states, the angular momentum eigenvalues did not change.
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5.38

Apply the angular momentum operator in the x direction to the following functions (Y (8, ¢)).

a. %T + 7exp(n?)
b. 3 sin()
C. %cos(é)) exp(id)

Solution

Let us begin by stating the angular momentum operator in terms of 6 and ¢.

L= ih(sin(q&) % +cot(0) cos(qﬁ)%)

DY(0,6) = 2 +Teap(n?)

e 8% + Tezp(n?) 857: + Teap(n?)
LE(T + Texp(n?)) = ih( sin(¢) T + cot (6) cos(¢) - a8
=0

The function does not depend on 6 or ¢ so when the angular momentum operator is applied to the function, it equals 0.
b) Y (6, $) = 3wsin(0)
L, (3msin(0)) = ih(sin(qﬁ)%?ﬂr sin(6) + cot () cos(qs)ai:awsm(a))
)
= 3imhsin(¢) cos(0)
O Y(0,6) = S cos(6)explic)

L,(3nsin(0)) = zh( sin(¢) % %cos(ﬂ)ea:p(iqﬁ) + cot(6) cos(¢) 8_8¢ gcos(ﬁ)ewp(zkb))

= ih(%gsin(qb) sin(0)ezp(ig) + %cot(@) cos(¢) cos(@)ezp(id)))

3ihexp(i
= %(z cot(8) cos(¢) cos(8) —sin(¢) sin(h))
5.41
Use the fact that Z and p are Hermitian in the number operator
- 1 . .
a- = —(x+1
5 (& +)
R 1 .
a,=—(z—1
+ 2 ( D)
and
-~ hw . ..
H= T(afaJr +ara-)
Show that

[wiovas =0
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5.43

Determine the unnormalized wave function 1, (z) given that a_ = 27172 (2 +1p) and that @’ th, = 0 Then find the unnormalized wave function

for 11 (x) using @ .
Solution

It was given that a—1 = 0, so substituting in a— so we know
a =22 (z+ip)p. =0

We can expand and simplify this expression to a first order partial differential equation

dip,
e} - 0
x1ho + iz
Solve by separating like terms
dy),
v = —zdzx
Yo
Solving this equation for ¢, (a:) we find that
==
¢O —e 2
To solve for 4, we understand that ¥, «~ @’ %, -~ T —ip1, , as well as that
d i
T —ipth, = xh, — Vo _ 2ze 2 =2z,
dx
So then we can say
Y1 ~ze 2

5.46

Find the reduced mass of an electron in a Tritium atom. Set the mass of the Tritium to be 5.008267 x 10~%" kg. Then find the value of the
Rydberg constant for the Tritium atom.
Solution

To solve, use the reduced mass equation, and for mass 1 enter the mass of the electron, and for mass 2 enter the mass of the Tritium atom:

m11my

mi1 +mz2

For which one attains a value of y = 9.1077210 %' kg

5.46

The mass of a deuterium atom is 3.343586 x 102 kg. First calculate the reduce mass of the deuterium atom. Then using the reduced mass
calculated find the Rydberg constant for a deuterium atom.
Solution
= reduced mass
(9.109390 x 10~%1kg)(3.343586 x 10~2"kg)
(9.109390 x 10~ kg + 3.343586 x 10 2"kg)

Hdeuterium =

Pdeuterium = 9.106909 x 1073 kg = 0.9997277m,

Ry = Rydberg constant

Ry = (109, 737.2cm™1)(0.9997277m,) = 109,707.3cm
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5.47

What is the ratio of the frequency of spectral lines of C-14 that has been ionized 5 times and C-12 that has been ionized 5 times?

Solution
Carbon that has been ionized 5 times is a hydrogen like ion, so we can use the Bohr model to find the desired ratio.
uZ?e*n?
- 8e2hic
gives the placement of spectral lines. The coefficient of n’ is proportional to the frequency of these lines, so the ratio of Ec.14/Ec.12 will give

the ratio of frequency of the lines. The only difference between these two isotopes is the reduced mass u. So the problem reduces to uc-14/ uc.

12. Mass in amu is used below. m, = mass of electron = 5.4858*10™ amu.
MM 14.003) (5.4858 x 10~*
o= —Temeu X ) _ 5485585 x 104
s —4
Me +Me—14 14.003 4 5.4858 x 10

MeMe_ 12 (12)(5.4858 x 107*%)

1= = =5.485549 x 10~*
B e  me 12 12454858 x 10
Bo1 1 0000065
HC-12

5.47

Calculate the Rydberg constant for a deuterium atom and atomic hydrogen given the reduced mass of a deuterium atom is 9.106909 x 10~ kg
and the reduced mass of hydrogen is 9.104431 x 10~ *' kg . Compare both of these answers with the experimental result (109677.6¢m ). Then
determine the ratio of the frequencies of the lines in the spectra of atomic hydrogen and atomic deuterium.

Solution
The Rydberg constant is found using

met

= —
8€2ch3

For a deuterium atom

(9.104431 x 1031 kg)(1.602 x 10~ *C)*

Ry =

F
8(8.854 x 10~ 12-)2(2.998 x 1032)(6.626 x 1037 - 5)?
m S

Ry =109707.3cm ™!

This is different by 2.7 x 1072%.
The ratio of the frequencies of the lines in the spectra of atomic hydrogen and atomic deuterium is equivalent to the ratio of the Rydberg
constants we just found.
109707.3 cm 1
109677.5 cm 1
(9.106909 x 10~ kg)(1.602 x 10~ C)*

=1.000272

Ru = F m
8(8.854 x 10’125)2(2.998 X 108?)(6.626 x 107347 . 5)3

Ry =109677.5cm ™"
This is different by 9.1 x 107°%.

For a hydrogen atom

5.46

Find the reduced mass of HCI where the mass of hydrogen in 1 amu and the mass of chloride is 35 amu.

Solution
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m1 X ma2

my +mo
(1.00)(35.00)

—27 _ —27
2600 1603 %10 *Tkg = 1558 x 10 *Tkg

”:

5.E: The Harmonic Oscillator and the Rigid Rotor (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by LibreTexts.
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