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18.8: Rotational Partition Functions of Polyatomic Molecules Depend on the Sphar
of the Molecule
For a polyatomic molecule containing  atoms, the total number of degrees of freedom is . Out of these, three degrees of
freedom are taken up for the translational motion of the molecule as a whole. For nonlinear molecules, there are three rotational
degrees of freedom and the  vibrational degrees. For linear molecules, the rotational motion along the molecular axis is
quantum mechanically not meaningful as the rotated configuration is indistinguishable from the original configuration. Therefore,
linear molecules have two rotational degrees of freedom and  vibrational degrees of freedom.

To investigate the rotational motion, we need to fix the center of mass of the molecule and calculate the three principal moments of
inertia , , and  of the ellipsoid of inertia. The center of mass is defined as the point for which the following identities hold:

The inertia products are defined by:

The other components , ,.. are defined analogously. To find the direction cosines  of the three principle moments of
inertia, we need to solve the following matrix equations:

If the off diagonal terms  are zero in the above equations, then the , ,  axis will be the principal axis. The energy of a rotor
with the three moments of inertia , . and  is given by:

Each of the rotational degrees of freedom will have a characteristic rotational temperature in terms of the moment of inertia:

There are many different shapes of molecules and these shapes affect the rotational behavior of the molecules. Molecules are
therefore classified according to symmetry into different groups called tops. The three different tops are:

Spherical Tops 

The spherical top can be solved exactly to give:

N 3N

3N– 6

3N– 5

IA IB IC

= =∑
i

mixi ∑
i

miyi ∑
i

mizi

= ( + )Ixx ∑
i

mi y2
i z2

i

= ( )Ixy ∑
i

mi xiyi

Iyy Ixz , ,αi βo γi

α( −η) −β −γ = 0Ixx Ixy Ixz

α −β( −η) −γ = 0Ixy Iyy Iyz

−α −β +γ( −η) = 0Ixz Iyz Izz

Ixy x y z

IA IB IC

ϵ = + +
1

2
IAω

2
A

1

2
IBω

2
B

1

2
ICω

2
C

= + +
L2
A

2IA

L2
B

2IB

L2
C

2IC

= i = A,B,CΘrot,i
hbar2

2 kIi

Spherical top = =Θrot,A Θrot,B Θrot,C

Symmetric top = ≠Θrot,A Θrot,B Θrot,C

Asymmetric top ≠ ≠Θrot,A Θrot,B Θrot,C

=EJ

J(J +1)ℏ2

2I

= (2J + ) J = 0, 1, 2, …gJ 12

https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/13698?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Physical_Chemistry_(LibreTexts)/18%3A_Partition_Functions_and_Ideal_Gases/18.08%3A_Rotational_Partition_Functions_of_Polyatomic_Molecules_Depend_on_the_Sphar_of_the_Molecule


18.8.2 https://chem.libretexts.org/@go/page/13698

The rotational partition function is:

For almost all spherical top molecules:

Therefore, we can convert the sum to an integral:

where we have now included the symmetry term, . Solving for this integral, we get:

Symmetric Tops 

Here, , , and  are the three angular speeds and , , and  are the three angular momenta. For a symmetric top
molecule such as ammonia, or chloromethane, two components of the moments of inertia are equal, i.e., . The rotational
energy levels of such a molecule are specified by two quantum numbers  and . The total angular momentum is determined by 
and the component of this angular momentum along the unique molecular axis is determined by . The energy levels are given by:

with rotational constants in units of wavenumbers:

and:

where

 takes on values  and
.

The rotational partition function is given by:

This can be converted to an integral and the result is:

Asymmetric Tops 
For asymmetric tops, the expressions for rotational energies are more complex and the conversions to integrations are not easy. One
can actually calculate the sum of terms using a computer. An intuitive answer can be obtained by integrating over the angular
momenta ,  and  as:
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And then multiplying by a factor of , we get the rotational partition function. The factor of  accounts for the angular
integration. For any axis chosen in a molecule, a complete rotation contributes a factor of . Integration over all possible
orientations of this axis contribute another factor of . The factor of  is for the conversion from the classical phase space to the
quantum mechanical phase space.

As discussed previously, the symmetry number  corrects for overcounting of rotational configurations. If the molecule has
no center of symmetry (e.g. )  whereas if the molecule has a center of symmetry (e.g. ) then .

The final result is:

We can explicitly obtain the classical rotational partition function of an asymmetric top by writing the classical expression for
the rotational energy in terms of the Euler angles. The orientation of a rigid rotor can be specified by there Euler angles , ,
and  with the ranges of angles  to ,  to  and  to  respectively. The rotational Hamiltonian for the kinetic energy can
be written in terms of the angles and their conjugate momenta ( , , )

The classical rotational partition function is given by

The integrations can be simplified by rewriting  as

Using the following integral,

Integration over  gives using the above expression

Integration over  gives the factor,
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 Classical Derivation (Optional)
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This cancels partly the second square root in Equation . Integration over  gives the factor

Integration over ,  and  gives a factor of .

Combining all the integrals, we finally get Equation  after reintroduced the symmetry number  as before with diatomic
molecular rotation.

We can simplify calculations by defining characteristic rotational temperatures for each axis of rotational:

The polyatomic rotational partition function expressed in Equation  can then be re-expressed as:

or alternatively:

The three characteristic rotational temperatures for  are ,  and . Calculate the rotational partition
function at 300 K.

Solution
The rotational temperature is given by Equation :

The rotational partition function becomes,
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Thermodynamics Properties 

The molar thermodynamic functions can be readily calculated including average rotation energy and molar heat capacity:

and:

Improvements over the classical approximation for the rotational partition function derived above have been obtained. One of the
improved versions (with no derivation) is:

where  is the classical approximation in Equation .

Comparing this result with the vibrational partition function calculation before ( ), give the implication that while
multiple rotational states are accessible at room temperature, very few vibrational states (other than the ground vibrational state) are
accessible.
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