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6.E: The Hydrogen Atom (Exercises)

Solutions to select questions can be found online.

6.5

1 1 0, n#m
/ Tn(m)Tm(m)—2dm: m, n=m=0
-1 -z /2, n=m#0
First 6 Chebyshev Polynomials

To(z) =1
Ti(z) =z
Ty(z) =22° —1
Ts(z) =4z — 32
Ty(z) = 8z* — 82> +1
Ty(z) = 162° — 202° + 5z

Use the orthogonality of Chebyshev polynomials to determine what the following polynomials are equal to

1 de
a. [ ? Winrss
1 dz
b. [, 423 — 2z T
1 dz
cf1 Wi

d [ dat —4a® 412

Solution
a. xA2= T*Ty; therefore the answer is 1 /2
b. here the following polynomial is not a product of either Chebyshev polynomials; therefore, answer is doesn't follow orthogonality
conditions

c. 1=Ty*Ty; therefore, answer is 1t
d. xA4-4x/2+1= To*T>; therefore the answer is 1/2
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6.6
Use Eq. 6.47 to generate the radial functions R, (r) forn =1,2.
Solution
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Ry (1) = _6{8(13_4}2 <ai> rle 2ao
0
6.29

Compare 319 and 1311 .

Hint: What do the subscripts tell you about the wave function? What do they denote?

Solution

The first subscript tells you the quantum number n. The second denotes the angular momentum [. The last denotes the magnetic spin number
m;. These two functions have the same 7 values, and thus they are degenerate.

6.30

What is the probability density of the 3p orbital by evaluating

(£

Solution
- 2 2 2\ 2 e 2 2 2 2 2
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m;1¢31 6561ma’ ( (cos® ¢ %))
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i B = 22%0%(6—0)’exp 3
e, T 6561ma’

https://chem.libretexts.org/@go/page/13425


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/13425?pdf

LibreTextsw

6.34

Find the energy, and wavefunction for a single electron located in the 2p orbital of the hydrogen atom. Include all possible wavefunctions.

Solution

Identify the quantum numbers for the electron of interest (in our case, n = 2; [ = 1). Energy of the electron can be defined as

—m,e*

=
8n?e2h?

this leads us to

—mee4

2 =
32e2h2

we have two possible wave functions

Wy = L(i)?’/za'/ef"/2 cos 6

V32 Go

and

1 z
Vo1 = ——(—

V32 Go

)3/20_/670/2 sin ee:tw

6.37
~ —h
The Hamiltonian is given by H = o V2 +V is an Hermitian Operator. Using this fact, show that
/ ¢ [H, Alpdr =0

where A is any operator.

Solution

Through the commutation relation
/ o* HApdr — / W AHpdr =0
because H is a Hermitian operator, the above goes to

/("/)ﬁ)*z‘iT/«’dT—/d)*x‘i(ﬁ’l[J)dT:O

E/;z)*fi;z)df— E/¢*A¢dT =0
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6.38

Prove that (K) = (V) = E/2 for a harmonic oscillator using the virial theorem

Solution

The virial theorem gives us,

For a three-dimensional harmonic oscillator,

Therefore,

ov ov ov
- = _:kzz k 2 kz2:2V
a:aw—l—yay—l—zaz T8+ RyY K2

and substituting into the equation given by the virial theorem gives us 2(V') = 2(K). Because (K) + (V) = E, we can also write
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6.41
Find the expected values of 1/r and 1/ 72 for a hydrogenlike atom in the 2p, orbital.

Solution
The 2p, orbital:

U190 = ;(Z/ag)mpe*p sin @ cos ¢ d

44/27

where p = Zr/a,

2 ™ [o9)
(1/7rywa10 :/ ﬂd@/sin0c052¢d0/ (Z3/2/ag/24\/27rz*r2p*efp*(1/r)dr
0
0 0

2m
/ df =27
0

/ sin 6 cos? <;5dt9:z
0 3

/ " (292 13 4w e — p(1 fr)dr = (2 Ja332m)" BY/ (7 ao)]
0

(1/r)wano = (Z2° /a332m)(27)(2/3)[3!/(Z/a0)']
Simplify to get:

For the hydrogen atom Z = 1, therefore

1 1
<_>'~I’21o - E
1
For <7"_2>
2 ™ o0
(2 ) = / d / sin 0 cos? ¢do / (28/2/ a3 /24y/Z7)2r2pe2(1/1%) dr
" 0 0 0
27
/ df =2x
0
/ sin 0 cos? ¢df =2/3
0
/ (23/2 /ag/z4\/27r)2r2pe_p(1/r2)dr = (23/a332m)[2!/(Z/a0)?)
0
(1/7%) 10 = (2° /a3327) (27)(2/3)[2!/(Z/a,)’]
Simplify to get:
1 z?
(5w T2
where Z =1
1 1
<_2>‘~I’210 120%
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6.43
Derive the classical magnetic moment of an electron orbiting a nucleus in terms of charge, mass and angular momentum.
Solution
We can begin by recalling the classical expression for a magnetic moment,
u=IArea

Where I is the current the electron makes by revolving around the nucleus. The definition of current is

_Q

time

In this case @ is simply the charge (g.) of the electron and time is the time it takes the electron to orbit the nucleus once. The area is the of
loop that the electron takes when revolving around the nucleus. We also know from classical mechanics that = vt. solving for ¢ and
evaluating z to be 27r for a circle. We can figure out the time of revolution to be,

2

T
t=—
v v

Our current equations becomes,
geV
==
27r

mer

To introduce angular momentum L = m.vr we can multiply the right side of our current equation by to arrive at
r

€

7o emevr
2m,r?
7o %L
2mmer?
Substituting in the area of a circle (7r?) we can show that,
L
p=TIArea = g:ne
6.46
Find the magnitude of the splitting shown in figure below. The magnetic field in the figure is at 20 T.
mg
+1
by ! 0

T T + -1

Wy-Aw Wo wy+ Aw

without a field with the field

Solution
We know from a previous problem that
AE = By — Ey = 8.B.(my —my)

In the 1\s\ state where m = 0 and in the 2\p\ state where m = 0, \pm\ 1. The condition will cause (m_{2} - m_{1}) become equal to 0, or \pm\ 1
which will affect the magnitude of splitting, calculated below

AE = (9.274% 107 T~ 1)(20T)(1)

AE =1.8548+10"2J«T ! or0
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6.47

Consider the transition between the [ = 1 and the [ = 2 states for atomic hydrogen. Determine the total number of possible allowed transitions
between these two states in an external magnetic field given the following selection rules

a. Light whose electric field vector is parallel to the external magnetic field's direction has a selection rule of Am = 0 for allowed transitions.
b. Light whose electric field vector is perpendicular to the external magnetic field's direction has a selection rule of Am = +1 for allowed
transitions.

Solution

An external magnetic field splits a state with given values n and [ into 21+ 1 levels. So the [ =1 state will be split into three states (
m =0,+£1) and the [ =2 state will be split into five states (m = 0,41,42). This means that the [ =1 — [ = 2 transition will have a
possible of 15 transitions (ignoring any selection rules that reduce this number).

Using the selection rule Am = 0, then three transitions are possible: m = 0, m = 1, m = —1 Using the selection rule Am = +1, then six
transitions are possible:

Relative Orientation of light

=1 - 1=2 Polarization to Magnetic field

m=0 m=1 parallel

m=0 =-1 parallel

m=1 m=2 perpendicular

=1 =0 perpendicular
m=-1 m=-2 perpendicular
=-1 m=0 perpendicular
6.49
Prove that
L.L_ —L L, =2hL,
given that
L. =L, +if,
and
L =L, —iL,
Solution
L,L = (L, +iL,)(L, —iL,) = L2+ L2 —iL2L2 +iL2L% = L2 + L2 +[L,, L,]
L[ =L IL?+hL.
and
L L, =(L,—iL,) (L, +iL,) = L + L3 +iL2L2 —iL2L2 = L2 + L2 +i[L,, L]
L L,=L*-L?—hL,
thus

L.L_ —hatL_L, = I?—I2+hD.—L?+L2—hL.

L.L_ —L L,=2kL,
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6.49

Show that the commutative property applies to

L L.
Solution
L L =L.L
P—i, i,
and
f,+ = f/w + ziy
so
L Ly =Ly —iLy)[Le +iLy)
=1} yil.i,—il,L, +iz
and

which shows that
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Q7.29

Calculate the ground-state energy for particle in the box model using variational method.

Solution

Variational method equations is:

H
g, _ WY
(¢]8)
where the wavefunctions are unnormalized
The unnormalized Schrédinger equation for PIB:
., xnm
#(z) = Asin(—~)
(lo)
2
—A=,/=
Vi
and
(¢|H|o)
_ n’h? 2
© 8mlIL2 L
o)
n2h? z
2 L
E, = 8mL
2
L
o)
272
B, - nh
8m L2
where n=1 we get
h2
E, =
8mL?

6.50

If two functions commute, they have mutual eigenfunctions, such as L? and L, These mutual eigenfunctions are also known as spherical
harmonics, Y;™(0, ¢), however this information is not pertinent in this case. Let

qpbe a mutual eigenfunction of I?and L, so that

f/z "z)aﬁ = Bz\aﬁ

and
L. ag-athag
Now let
Yas™ = Litpap
Show that
Lipag™ = (a + Bag™
and

Lz"f)aﬂﬂ - /32¢a[3+1

This proves that if « is an eigenvalue of ﬁz, then a + F also is an eigenvalue.
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Solution
Solve this problem as given below:
Vo™ = Litbag
L. Pag't =L, i+¢aﬁ
=(L: Ly +iL, Ly Wag
2, Lyl + Ly L, +i[L,, L] +iLy L)Ybagp
y+ L.Ly+ihLy + LyL2) $ap
LyL.+RL yag
+(o + R)pag
aftt
Therefore proven.
Finally, you can write:
L’%ag™ = LLitas
= (L2Ly +iL*Ly)ag
=((L* Lo + Ly L2 + i LA L) + il L?as
e L?+iL, L g
+B%% 5
2!

Therefore proven.
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