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20.9: The Statistical Definition of Entropy is Analogous to the Thermodynamic

Definition
We learned earlier in 20-5 that entropy, S, is related to the number of microstates, W, in an ensemble with A systems:
Sensembie =kpInW (20.9.1)
and
W= H?;j' (20.9.2)
Combining Equations 20.9.1and 20.9.2to get:
Al

Sensembie = kpln

Hj aj!
=kplnAl—kp ) Ina;!
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Using Sterling's approximation:
InAl~AlnA—-A
We obtain:

Sensembie =kpAInA—kpA—kp» a;lna;+kp» a;
J

Since:

A:Zaj

The expression simplifies to:

Sensemble = kBAlIlA — kB Z a; lnaj
J

We can make use of the fact that the number of microstates in state j is equal to the total number of microstates multiplied by the
probability of finding the system in state j, p;:

aj = ij
Plugging in, we obtain

Sensemble =kpAlnA—kp» p;Alnp;A
J

=kgAlnA—kg ijAlnpj —kp ijAlnA
J J

Since A is a constant and the sum of the probabilities of finding the system in state j is always 1:

> opi=1

The first and last term cancel out:

Sensemble = _kBA Zp] lnp]
J

We can use that the entropy of the system is the entropy of the ensemble divided by the number of systems:

Ssystem = Pensemble / A

Dividing by A, we obtain:
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Ssystem = _kB Zp] lnp]
J

We can differentiate this equation and dropping the subscript:
dS=—kg»_ (dp; +Inp;dp;)
J
Since }; p; = 1, the derivative ), dp; =0
dS=—kp»_Inp;dp;
J

In short:
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Plugging in:

é
dS — q’r'ev
T
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