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1.1: Introduction

The universe has a speed limit, the finite speed of causality or ¢, the speed of light, which is embodied in Maxwell’s equations and
in the special theory of relativity. The result of this is that a cause, say a voltage, in one part of a circuit produces an effect, say a
current, in another part of the circuit after a delay. When using circuits at low frequencies the impact of this delay is insignificant as
the effect occurs long before there is even the slightest discernible change in the cause. However the delay is important at
microwave and higher frequencies. Electromagnetic (EM) radiation travels 30 cm in a nanosecond in free space. Thus a circuit
operating at 1 GHz that is 1 cm across will just see an appreciable affect due to the finite speed of the EM signal which, of course, is
how the voltage and current “communicate.” The impact will be more significant at higher frequencies and if the EM signal travels
in a dielectric as a dielectric reduces the speed of light.

A microwave engineer must design circuits to manage this finite delay, but what is particularly interesting is that the effect gives
rise to an enormous number of useful circuit elements that have no analog at lower frequencies. Whole circuits, and quite complex
circuits at that, can be designed by exploiting distributed effects. This book explores the design of circuits with transmission lines
and introduces effects, such as coupling from one transmission line to another, that can be exploited to build novel circuits.

This book is the second volume in a series on microwave and RF design. The first volume in the series addresses radio systems [1]
mainly following the evolution of cellular radio. The third volume [2] covers microwave network theory which is the theory that
describe power flow and can be used to describe transmission line effects. Topics covered in this volume include scattering
parameters, Smith charts, and matching networks that enable maximum power transfer. The fourth volume [3] focuses on designing
microwave circuits and systems using modules introducing a large number of different modules. Modules is just another term for a
network but the implication is that is packaged and often available off-the-shelf. Other topics in this chapter that are important in
system design using modules are considered including noise, distortion, and dynamic range. Most microwave and RF designers
construct systems using modules developed by other engineers who specialize in developing the modules. Examples are filter and
amplifier chip modules which once designed can be used in many different systems. Much of microwave design is about
maximizing dynamic range, minimizing noise, and minimizing DC power consumption. The fifth volume in this series [4]
considers amplifier and oscillator design and develops the skills required to develop modules.

The books in the Microwave and RF Design series are:

e Microwave and RF Design: Radio Systems

e Microwave and RF Design: Transmission Lines

e Microwave and RF Design: Networks

e Microwave and RF Design: Modules

o Microwave and RF Design: Amplifiers and Oscillators
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1.2: Book Outline

The telegraphist’s equations, used to analyze transmission lines, and their interpretations are presented in Chapter 2 where
transmission line theory is presented. This leads to the analysis of terminated transmission lines with key results being how these
can be used as circuit elements to realize narrow-band inductors and capacitors. The chapter concludes by developing circuit
models of transmission lines that are suitable for use in circuit simulators and in designing circuits using transmission lines.

Chapters 2-6 describe transmission lines and the exploitation of transmission effects that are used in RF and microwave
engineering. One of the aspects that distinguishes design at a few tens of megahertz and below from design above a few megahertz
up to a terahertz is that at low frequencies design proceeds with the assumption that circuit elements and indeed whole circuits exist
at a point and there is no time-of-flight, e.g. speed-of-light, limitation to a voltage and current at one point in a circuit
instantaneously impacting the voltage and current anywhere else in the circuit. As the frequency of operation of a circuit increases,
the effect of the finite speed of light becomes significant and distributed effects often need to be considered.

Chapter 3 focuses on a class of transmission lines called planar lines which are lines usually fabricated starting with a low loss
dielectric substrate with metal sheets on both sides. The most important planar transmission line is the microstrip line shown in
Figure 1.2.1. This is the most widely used

Strip

P

Figure 1.2.1: Microstrip transmission line.

interconnect at microwave frequencies. The strip of the line is formed by patterning the top conductor and etching away the
unwanted metal. The defining distinction between a microstrip line, and any planar transmission line, and a trace on a printed
circuit board is that at microwave frequencies attention must be given to providing a signal return path and maintaining as uniform
an environment as possible for the electric and magnetic fields. Any discontinuity will introduce reflections of EM energy. This
may actually be desired when implementing circuit elements but if not it is important that geometrical uniformity be maintained.
Considering the microstrip line, see Figure 1.2.1, the width, w, of the strip and the thickness, A, of the substrate define the ratio of
the voltage and current signals traveling along the microstrip line. This ratio is called the characteristic impedance of the line and it
is critical for reliable signal transmission, i.e., good signal integrity, that the cross-sectional geometry be the same along the line as
then the characteristic impedance of the line is constant.

While simple in concept, planar transmission lines needed to be invented. As well as conceptualizing a transmission line that can be
realized by etching a planar metallic conductor on the printed circuit board, it is essential to provide the analytic tools that enable
the propagation characteristics of the line to be calculated and enable structures such as couplers and filters to be synthesized using
planar transmission lines. The origins of microstrip trace back to developments in the early 1940s, beginning with a coaxial line
with a flat center conductor forming a rectangular coaxial line [5]. At that time printed circuit boards were being used for low-
frequency circuits. In 1949 these came together when Barrett reasoned that the thick center conductor of the rectangular coaxial
transmission line could be very thin with little effect on the properties of the line. This then meant that low-frequency printed
circuit board techniques could be employed in microwave circuits and the transmission line system became known as stripline [5,
6].

The conceptual evolution of stripline is shown in Figure 1.2.2. The stripline configuration is developed by sandwiching a metallic
strip between two metal-clad dielectric sheets. As initially envisioned, the strip could be stamped out or silk-screened using silver
ink. Today it is most common to begin with a continuous metallic sheet bonded to one or both sides of a dielectric sheet. A pattern
of an etch resistant material is then photolithographically defined on the sheet and the strip pattern appears after etching. The next
advance in 1952 when Grieg and Engelmann removed one of stripline’s ground planes thus becoming microstrip [7]. With an
invention it is not sufficient to simply describe a structure, in this case understanding had to be provided as evidenced by presenting
design equations for the electrical properties of the line. The essential electrical properties of a transmission line are its
characteristic impedance, the ratio of the traveling voltage and current waves on the line, and its propagation constant, which
relates to the speed of propagation of the voltage and current
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Figure 1.2.2: Evolution of the stripline transmission line: (a) coaxial line with a round center conductor; (b) square coaxial line with
a square flat center conductor; (c) rectangular coaxial line with a flat center conductor; and (d) stripline.

waves on the lines.

Planar lines are not ideal transmission lines and undesired effects must be anticipated and design adjusted to reduce their
occurrence or impact. These extraordinary effects are considered in Chapter 4. Understanding and anticipating these effects is
really where the art of microwave design comes into play. Many of the effects occur when dimensions are too large but at the same
time manufacturability improves when dimensions are large, so a design trade-off is required. Rarely is a design successful on the
first pass. Thus it is important for a microwave engineer to interpret undesirable results and know what to modify in a design. It is
difficult to do measurements at microwave frequencies as anything that is introduced in a measurement, e.g. a probe, will have
significant impact on a circuit. Often a few indirect measurements, some analysis, and great intuition is required to correctly
identify and hence resolve design issues.

Chapter 4 begins by considering frequency-dependent characteristics of planar lines and then moves on to developing analysis
equations and design concepts for microstrip lines at high frequencies. As the transverse dimensions of a planar line approach a
wavelength, say greater than a tenth of a wavelength, it is possible for the EM signal to travel down the line in two (or more field)
orientations called modes and these travel at different velocities and corrupt a signal. Multimoding is nearly always undesirable so
understanding the origins of multiple modes and designing to avoid multiple modes is an important consideration. However in
some situations these modes is exploited, e.g. in realizing a small area inductor on an RFIC.

When two planar lines are close to each other the fields of one line can be in the vicinity of the other line and the lines are coupled.
A portion of the energy of a signal traveling on one of the lines can appear on the other line. Many circuit elements can be
developed by exploiting parallel coupled lines (PCLs). Chapter 5 begins by presenting the physics of coupling and then a
generalization of the telegraphist’s equations for coupled transmission lines. Design approaches and circuit models are developed
and the circuit models enable the synthesis of microwave designs using parallel coupled lines Several PCL circuit elements are
presented but many more will be described in other volumes of this book series.

The final chapter of this volume, Chapter 6, discusses rectangular waveguides. Instead of ‘rectangular waveguide’ just the term
‘waveguide’ is usually used with the understanding that reference is being made to a rectangular waveguide. This is a little
confusing because really all transmission lines guide waves and so are waveguides. A rectangular waveguide is a very different
type of transmission line that confines the EM fields inside a rectangular metal pipe. These are important elements starting at low
microwave frequencies, 1 GHz and above, as they can carry very powerful signals with very little loss. They are almost always used
in radar and similar high power applications. Waveguides are also very important at higher frequencies even when power levels are
relatively low. They are often used at 15 GHz and above as they have very little loss while the loss of coaxial lines grows
tremendously with frequency. With waveguides it is very difficult to use voltage and current concepts except over very narrow
fractional bandwidths, a few percent at most. This means that it is very difficult to do circuit design using waveguides.
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1.3: Chapter Outline

The chapter begins by considering distributed circuits in Section 1.4 and identifying the types of structures to be considered in this
book. Then Section 1.5 revisits Maxwell’s equations from a perspective different from the way it was (almost certainly) introduced
to the reader. It is assumed that the reader has a knowledge of Maxwell’s equations which are nearly always introduced following a
treatment of the static field laws: Biot—Savart law, Ampere’s circuital law, Gauss’s law, Gauss’s law for magnetism, and Faraday’s
law. The classic treatment follows the historical time line and then Maxwell’s equations are introduced. It was almost as though
Maxwell’s equations were derived from the static field laws but that was never stated because they were not. Maxwell’s equations
represent a separate physical insight. Maxwell’s equations cannot be derived from the static field laws, however the static field laws
can be derived from Maxwell’s equations. Maxwell had remarkable insight and interpreted the physical world in an amazing way
and this places him among the greatest physicists of all time. He touched on relativity and quantum field theory in imagining that
the electric and magnetic fields, and light, formed a two-component field where the spatial derivative of one component was related
to the time derivative of the other. He imagined that this relationship imposed a cosmic speed limit. The components of Maxwell’s
field are the electric and magnetic fields but the insight was much more fundamental than that.

The next section, Section 1.6, demonstrates that all of the early static field laws can be derived from Maxwell’s equation. Maxwell
unified what seemed to be a number of unconnected observations but at the time many suspected that there was an underlying
reality. The next few sections derive some important short-hand techniques that are useful in working with distributed circuits and
in particular transmission lines. Section 1.7 describes how the EM fields interact with lossless materials. It is no secret that
Maxwell’s equations are fiendishly difficult to work with unless great simplifications are made. While tremendous computational
EM analysis tools are available the design engineer needs insight. One of the critical pieces of insight that guides microwave
engineers is to imagine a magnetic wall analogous to a conductor which is an electric wall. A magnetic wall is approximated at the
interface of two dielectrics. The concepts of electric and magnetic walls analyzed in Section 1.8 provide an insight that is
particularly useful to the microwave engineer is developed. These results will be used throughout the chapters in this book. Actual
dielectrics and conductors are lossy so the effect of loss is considered in Section 1.9. Examples of how insight and fortuitous use of
geometry, symmetries, and physical insight can be used in EM calculations are given in Section 1.9. Generally only particular
structures with the requisite symmetries and simple geometry are used in design because if a structure is too difficult to analyze
then the important intuitive insight is hard to acquire.

The final part of this chapter is an appendix on mathematical foundations with the required essentials of trigonometric expansions,
mathematical identities, complex arithmetic, Butterworth and Chebyshev polynomials used in matching network and filter design,
the properties of circles on a complex plane are used in dealing with complex numbers plotted on a polar plot, Kron’s method used
in network condensation and thus in simplifying designs, and the mathematics of random processes which are used in working with
digitally modulated signals and with noise. Everything in this appendix is used somewhere in this book series.
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1.4: Distributed Circuits

RF and microwave engineering has as its basis transmission line effects also known as distributed effects. As is well known, the
voltage and current at one point, A, cannot instantaneously affect the voltage and current at another spatially separated point B.
However if points A and B in a circuit are sufficiently close then a circuit can nearly always be treated as a lumped element circuit.
What constitutes sufficiently close is related to the distance between A and B, d, compared to a wavelength, A. If d < A/100 then
nearly always the circuit can be considered as being lumped. If d > A/10 then distributed effects, limitations imposed by the finite
time-of-flight, must be considered and the circuit is always regarded as being distributed. When d is between A/100 and A/10 then it
is not clear whether the circuit must be regarded as distributed or can be regarded as lumped. It is of course much simpler to
analyze and design with lumped-element circuits.

Distributed and transmission-line effects are synonymous. While a distributed circuit may be difficult to analyze, distributed effects
can be exploited to realize a very large array of elements that usually have no equivalent at lower frequencies. For example, the
fields from two adjacent transmission lines can overlap so that part of the signal (energy) from one of the lines appears on the other.
This could be a problem in some situations but can be used to couple some of the power from one line onto another. Many novel
circuit elements are based on this coupling effect.

Distributed effects and transmission line effects result from a signal, voltage or current, at one point in space not being able to
instantaneously change the voltage and current at another point in space. To be more physical, voltage and current can be replaced
by electric and magnetic field. The finite speed of light is encapsulated in Maxwell’s equations which were developed between
1861 and 1862 [8, 9]. For microwave engineers Maxwell’s equations are the most convenient and complete description of reality.
They are the classical limit of a more fundamental theory called quantum electrodynamics. Maxwell’s equations are important to
the physical understanding of transmission line effects and distributed effects, but in reality are very difficult to manipulate and use
in calculations. What are much more useful are the transmission line equations, or telegrapher’s equations, developed by Heaviside
in 1887 [10].

The telegrapher’s equations use voltage and current which are related to the integral of electric field and integral of magnetic field
respectively. The teleprapher’s equations relate the time derivative of voltage (or current) to the spatial variation of current (or
voltage). This is analogous to how Maxwell’s equations relate the electric and magnetic fields. Heaviside also introduced the
concept of phasors with the result that the four dimensions of Maxwell’s equations, time and three spatial dimensions, are reduced
to just one spatial dimension, along the length of a transmission line. Microwave designers, as with all circuit designers, is that they
design based on lumped-element circuits that are naturally described by voltage and current. What is particularly important about
the telegrapher’s equations is that they enable direct relationship of transmission line circuits to lumped-element circuits. Never-
the-less the telegraphist’s equations are not always sufficient to understand distributed circuits so (sometimes reluctantly)
microwave engineers must have working familiarity with Maxwell’s equations to understand every situation that can be
encountered. Putting this another way, microwave engineers want to express circuit quantities as voltage and currents rather than
electric and magnetic fields but are always aware that microwave circuits are intricately connected to electric and magnetic fields
and energy is stored in electric and magnetic fields. The telegraphist’s equations provide a link between the voltage/current and EM
field worlds and introduce concepts of traveling wave voltages and currents which further aid the connection.
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1.5: Maxwell's Equations

In this and following sections, EM theory is presented in a form that aids in the understanding of distributed effects, such as
propagation on transmission lines, coupling of transmission lines, and how transmission line effects can be used to realize
components with unique functionality. While this is a review of material that most readers have previously learned, it is presented
in a slightly different form than is usual. The treatment begins with Maxwell’s equations and not the static field laws. This is not the
way EM theory is initially presented.

Maxwell’s equations are a remarkable insight and the early field laws can be derived from them. Most importantly, Maxwell’s
equations describe the propagation of an EM field. Maxwell’s equations are presented in point form in Section 1.5.1 and in integral
form in Section 1.5.5. From these, the early electric and magnetic field laws are derived. The effect of boundary conditions are
introduced in Section 1.8 to arrive at implications for multimoding on transmission lines. Multimoding is almost always
undesirable, and in designing transmission line structures so that multimoding is avoided, it is necessary to have rules that establish
when multimoding can occur.

1.5.1 Point Form of Maxwell's Equaions

The characteristics of EM fields are described by Maxwell’s equations:

VX£=—§—gm (1.5.1)
V-D=py (1.5.2)

— 8D —
V-B=puy (1.5.4)

where g is called the permeability of the medium and ¢ is called the permittivity of the medium. (The left-hand side of Equation
(1.5.1) is read as “curl E” and the left-hand side of Equation (1.5.2) as “div E.”) They are the property of a medium and describe the
ability to store magnetic energy and electric energy. The other quantities in Equations (1.5.1)—(1.5.4) are

o &, the electric field, with units of volts per meter (V/m), a time-varying vector

o D, the electric flux density, with units of coulombs per square meter (C/m?)

o 7, the three-dimensional magnetic field, with units of amperes per meter (A/m)

« B, the magnetic flux density, with units of teslas (T)

o g, the electric current density, with units of amperes per square meter (A/m?)

« py, the electric charge density, with units of coulombs per cubic meter (C/m®)

e pmy, the magnetic charge density, with units of webers per cubic meter (Wb/m?)

e Jn is the magnetic current density, with units of webers per second per square meter (Wb - s~ - m—2).

Magnetic charges do not exist, but their introduction in Maxwell’s equations through the magnetic charge density, p,,y, and the
magnetic current density, 7,,, introduce an aesthetically appealing symmetry. Maxwell’s equations are differential equations, and
as with most differential equations, their solution is obtained with particular boundary conditions that here are imposed by
conductors. Electric conductors (i.e., electric walls) support electric charges and hence electric current. By analogy, magnetic walls
support magnetic charges and magnetic currents. Magnetic walls also provide boundary conditions to be used in the solution of
Maxwell’s equations. The notion of magnetic walls is important in RF and microwave engineering, as they are approximated by the
boundary between two dielectrics of different permittivity. The greater the difference in permittivity, the more closely the boundary
approximates a magnetic wall. As a result, the analysis of many structures with different dielectrics can be simplified, aiding in
intuitive understanding.

The fields in Equations (1.5.1)—(1.5.4) are three-dimensional fields, e.g.,

E=EX+EF+EE (1.5.5)
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where %, $, and 2 are the unit vectors (having a magnitude of 1) in the z, y and z directions, respectively. &,, &,, and &, are the
electric field components in the z, y, and z directions, respectively.

The symbols and units used with the various field quantities and some of the other symbols to be introduced soon are given in
Table 1.5.1. B and %, and D and € are related to each other by the properties of the medium embodied

https://eng.libretexts.org/@go/page/41003


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/41003?pdf

LibreTexts"

Symbol

E

e
am
Ve
Pm
PV
pPs
Pmv

PmS

Js

ds

SI Unit
volts per meter
amps per meter

coulombs per square meter

tesla, webers per square meter

amp

amps per meter

coulomb

weber

coulomb

weber

coulombs per cubic meter

coulombs per square meter

webers per cubic meter

webers per square meter

amps per square meter
amps per meter

webers per second per square
meter

webers per second per meter

square meters

cubic meters

farads per meter

henry per meter

square meter

SI Unit
V/m
A/m

C/m®

A/m

C/m?

Wb/m?

Wb/m?

A/m?

A/m

F/m

H/m

Name and Base Units

electric field intensity
base unit: kg- ms—3. A™?

magnetic field intensity

D =¢E, electric flux density

base unit: A-s-m™2

B = uH, magnetic flux density
base unit: kg-s~2- A~!

electric current

magnetization
base unit: A - m—1!

electric charge
base unit: A -s

magnetic charge
base unit: kg- m2-s72. A7

electric flux
base unit: A - s

magnetic flux
base unit: kg m?-s~2- A~

charge density
base unit: A-s-m™3

surface charge density
base unit: A - s- m~2

magnetic charge density
base unit: kg- m=!-s=2. A7!

surface magnetic charge density
base unit: kg-s~2- A~!

electric current density
surface electric current density

magnetic current density
base unit: kg-s73. A~!

surface magnetic current density
base unit: kg-m™*.s3. A~}

surface
volume

permittivity
base unit: kg™ - m™3. AZ.

permeability
base unit: kg-m-s=2. A2

incremental area
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Symbol SI Unit SI Unit Name and Base Units
de meter m incremental length
av cubic meter m3 incremental volume
$c integral around a closed contour
$s integral over a closed surface

s integral over a closed surface
v volume integral
Table 1.5.1: Quantities used in Maxwell’s equations. Magnetic charge and current are introduced in establishing boundary
conditions, especially at dielectric interfaces. The SI units of other quantities used in RF and microwave engineering are given in

Table 2.A.1.
inpande:
B=puH (1.5.6)
D=¢f (1.5.7)

The quantity p is called the permeability and describes the ability to store magnetic energy in a region. The permeability in free
space (or vacuum) is denoted pp and the magnetic flux and magnetic field are related as (where pp = 47 x 10~7 H/m)

B =poH (1.5.8)

1.5.2 Moments and Polarization

In this subsection the response of materials to electric and magnetic fields are described. In a later section there will be a more
specific discussion about the interaction of dielectrics and metals to electric fields. The main purpose here is to define electric and
magnetic polarization vectors.

Material Response to an Applied Electric Field

The generation of electric moments is the atomic-level response of a material to an applied electric field. With an atom the center of
negative charge, the center of the electron cloud, and the center of the positive charge, the nucleus, overlap. When an electric field
is applied the centers of positive and negative charge separate and electrical energy additional to that stored in free space is stored
in a manner very similar to potential energy storage in a stretched spring. The separation of charge (charge by distance) forms an
electric dipole which has an electric dipole moment p having the SI units of C - m or A - s- m. The same occurs with solids but now
the centers of positive and negative charge could be separated even without an external electric field and the material is said to be
polarized. If there are n electric dipole moments p per unit volume (in SI per m3), then the polarization density (or electric
polarization or simply polarization) is

P=np (1.5.9)

which has the SI units of C/m? 2 has the same units and has the same effect as the electric flux density 2. In a homogeneous,
linear, isotropic material, 2 is proportional to the applied electric field intensity €. A homogenous material has the same average
properties everywhere and an isotropic material looks the same in all directions. Materials that are not isotropic are called
anisotropic and most commonly these are crystals that have asymmetrical unit cells so that the separation of charge, the electric
energy stored by this separation of charge (the strength of the spring) in response to an applied field depends on direction. As a
result

P = %e£0€ (1.5.10)

where %, is called the electric susceptibility of the material. The electric susceptibility has been written as a tensor, a 3 x 3 matrix
that relates the three directions of & to the three possible directions of P. For an amorphous solid or a crystal with high unit cell
symmetry, the nine elements of y, are the same and so the tensor notation is dropped and y. is used as a scalar.
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Material Response to an Applied Magnetic Field

All materials contain electrons each having a charge and a spin. The charges produce an electric field and the spin produces a
magnetic field. The magnetic field produced by an electron is almost that which would be produced by a mechanically spinning
charge, although there is no actual mechanical rotation. Spin is a quantum mechanical property. Still it is very hard to avoid using
the rotating charge analogy. The spin of an electron points in a particular direction and in most materials these spins are randomly
arranged and cancel each other out so that there is no net magnetic effect. Some materials can be magnetized by a large externally
applied magnetic field and the spins are then permanently aligned even when the external magnetic field is removed. Sometimes
the alignment is established by crystal geometry.

Consider a magnetic material without permanent magnetization. When a magnetic field is applied to these materials the electron
spin vector tends to rotate and energy is stored. The ability to store magnetic energy above that which would be stored in vacuum is
described by the concept of relative permeability.

The response of a material to an applied magnetic field is not directly analogous to the response to an applied electric field because
of the fundamental difference in the source of magnetic moments. In most materials the magnetic moment of one electron is paired
with an electron occupying the same orbital with a magnetic moment in the opposite direction so that there is no net magnetic
moment. In magnetic materials there are some orbitals that do not have a pair of electrons so that there is a net magnetic moment.
Additional energy is stored when the net magnetic moments are rotated away from their preferred long-term direction by an
externally applied magnetic field %. This is like storing energy in a spring. It is as though there is an additional magnetic field
called the magnetic polarization which has a particular density. The net magnetic polarization density is denoted M which has the
SI units of A/m and

M =XmH (1.5.11)
where X, is called the magnetic susceptibility of the material and in general can be a 3 x 3 matrix. The relative permeability is
defined as

br =14 %m (1.5.12)
Summary

A vacuum can store electric and magnetic energy. Materials can store additional energy and the propensity relative to vacuum is
described by the relative permittivity and permeability, respectively, of the material.

1.5.3 Field Intensity and Flux Density

Permeability, u, is generally a scalar, but in magnetic materials it can be a 3 x 3 matrix called a dyadic tensor with the relative
permeability tensor being fi,. Then

B = po(H + M) (1.5.13)

where M is the magnetization of the material. Introducing phasors

B = po(H + XmF) = pofirH (1.5.14)
B, Hy Baz  Bay Moz Hy
By | =fr | Hy | =| bye By By Iy (1.5.15)
3; ﬂz Hzz  Pzy  Hzz ][2

The direction-dependent property indicated by this dyadic results from alignment of electron spins in a material. However, in most
materials there is no alignment of spins and u = uo. The relative permeability, p,, refers to the ratio of permeability of a material
to its value in a vacuum:

= (1.5.16)

Ko
So pr > 1 indicates that a material can store more magnetic energy than can a vacuum in a given volume.

The other material quantity is the permittivity, , which is denoted g, and in a vacuum
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D =o€ (1.5.17)
where gy = 8.854 x 1072 F - m~!. The relative permittivity, ¢,, refers to the ratio of permeability of a material to its value in a
vacuum:
€
=— 1.5.18
Er %o ( )

So g, > 1 indicates that a material can store more electric energy in a volume than can be stored in a vacuum. In some calculations
it is useful to introduce an electric polarization, P,. Then

D=e€ =+ P, (1.5.19)
and so the polarization vector is
Pe= (e —¢€0)€ =eoXe€ (1.5.20)
where x. is called the electric susceptibility.

Some materials require a dyadic form of . This usually indicates a dependence on crystal symmetry, and the relative movement of
charge centers in different directions when an E field is applied. Some commonly used microwave substrates, such as sapphire,
have permittivities that are direction dependent rather than having full dyadic permittivity. A material in which the permittivity is
a function of direction is called an anisotropic material or is said to have dielectric anisotropy. In an isotropic material the
permittivity is the same in all directions; the material has dielectric isotropy. Most materials are isotropic.

Maxwell’s original equations were put in the form of Equations (1.5.1)—(1.5.4) by the mathematician Oliver Heaviside from the less
convenient form Maxwell originally used. The above equations are called the point form of Maxwell’s equations, relating the field
components to each other and to charge and current density at a point.

Maxwell’s equations have three types of derivatives. First, there is the time derivative, 8/8t. Then there are two spatial derivatives:
V x, called curl, capturing the way a field circulates spatially (or the amount that it curls up on itself); and V., called the div
operator, describing the spreading out of a field (i.e., its divergence). Curl and div have different forms in different coordinate
systems, and in the rectangular system can be expanded as (A = A%+ A,¥ + A,2)

_(0A, QA (0A, 0A,\, (94, 084\,
vra= (G- ) e (GE-Gr) e (G- 5r) (L5.21)

and

8A, OA, 8A,

VA= T T o

(1.5.22)

Curl and div in cylindrical and spherical coordinates are given in Equations (1.A.48), (1.A.49), (1.A.57), and (1.A.58). Studying
Equation (1.5.21) you will see that curl, V x, describes how much a field circles around the z, y, and z axes. That is, the curl
describes how a field circulates on itself. So Equation (1.5.1) relates the amount an electric field circulates on itself to changes of
the B field in time (and modified by the magnetic current). So a spatial derivative of electric fields is related to a time derivative of
the magnetic field. Also in Equation (1.5.3), the spatial derivative of the magnetic field is related to the time derivative of the
electric field (and modified by the electric current). These are the key elements that result in self-sustaining propagation.

Div, V., describes how a field spreads out from a point. So the presence of net electric charge (say, on a conductor) will result in the
electric field spreading out from a point (see Equation (1.5.2)). The magnetic field (Equation (1.5.4)) can never diverge from a
point, which is a result of magnetic charges not existing. A magnetic wall approximation describes an open circuit and then
effectively magnetic charges terminate the magnetic field. What actually happens in free space or on a transmission line depends on
boundary conditions, and in the case of transmission lines, the dimensions involved.

How fast a field varies with time, 88/8t and 8D/dt, depends on frequency. The more interesting property is how fast a field can
change spatially, V x £ and V x H—this depends on wavelength relative to geometry. So if the cross-sectional dimensions of a
transmission line are much less than a wavelength (say, less than A/4), then it will be impossible for the fields to curl up on
themselves and so there will be only one or, in some cases, no solutions to Maxwell’s equations.
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Consider a material with a relative permittivity of 65 and a relative permeability of 1000. There is a static electric field E of
1 kV/m. How much energy is stored in the E field in a 10 cm® volume of the material?

Solution
Energy stored in a static electric field = [, D - E-dv:

D = ¢E and field is constant (uniform)
Energy stored = eE? x (volume) = 65¢q - (10%)2- (10-107%) =5.75-10~° J = 5.75 nJ

The complete calculation using SI units is

Energy stored = 65(8.854-1072.F-m~")(10® - V-m™)2.(10-107% . m?)
=65(8.854-10712. kg™l . m 3. A2 . 5%)
-(10% - kg-m? A7l.s73 . m1)2. (1075 - m?)
=65-8.854-10722.10.107% - kg - m? . s 2 =5.75-10"° - kg - m? - s 2
=575.-10"°J=5.75nJ

v Example 1.5.2: Polarization Vector

A time-varying electric field in the z direction has a strength of 100 V/m and a frequency of 10 GHz. The medium has a relative
permittivity of 10. What is the polarization vector? Express this vector in the time domain?

Solution

The polarization vector is

P = (e —£0)€ = (10 — 1)g& = 9e¢&
Now &€ =100cos(2 - w - 109%)%
and gg = 8- 85 - 10'2, so

P, =9(8.85 x 10712) - (100) cos(6.28 x 10'%¢)%
=79.7 x 10710 . cos(6.28 x 10'%)%
= 7.79c0s(6.28 x 10'°¢)% nC/m* (1.5.23)

1.5.4 Maxwell's Equations in Phasor Form

Phasors reduce the dimensionality of Maxwell’s equations by replacing a time derivative by a complex scalar. The phasor form is
used with a cosinusoidally varying quantity so, for example, an z-directed electric field in rectangular coordinates,

& = |E;| cos(wt + ¢)2 (1.5.24)
is represented as the phasor
E, = |E,| %3 (1.5.25)
The full three-dimensional electric field is
& = |Ey| cos(wt + ¢z )% + | By| cos(wt 4 ¢y)F + | Ex| cos(wt + ¢,)2 (1.5.26)
and has the phasor form
E = |E,| &% + |E,| e"§ + |E,| €% (1.5.27)

To express Maxwell’s equations in phasor form, the full complex form of Equation (1.5.26) must be considered. Using Equation
(1.A.8), Equation (1.5.26) becomes
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- 1
€ = S (1Bl % +|By| 7§ + |E;| ’-2)e™*
1
+5 (1Bel €%+ |By| 1§ + | E,| e 2)e (1.5.28)
with the time derivative

OE 1 N N N
B EJW(|Ez| e % + |Ey| %9 + | E,| e¥2)e™*

1 N —sbya b o
—ij(|Ew|e_7¢“x+ |E,| e 7§ + |E,| e ¥:5)e (1.5.29)

Equation (1.5.29) has the phasor form (from the e** component)

2 et 9E N N A
et { component of W} = (| Es| €% + | By| €9 + | E.| %2) (1.5.30)

Noting this, Maxwell’s equations in phasor form, from Equations (1.5.1)—(1.5.4), are

VXE=—wB—Jn (1.5.31)
VxH=gwD+J (1.5.32)
V-D=py (1.5.33)
V-B=puy (1.5.34)

1.5.5 Integral Form of Maxwell's Equations

It is sometimes more convenient to use the integral forms of Maxwell’s equations, and Equations (1.5.1)—(1.5.4) become

?{vwds_fede_ f—ds—fi,,,-ds (1.5.35)

?{vXﬁds_?{ﬂde_ —ds+7 (1.5.36)
/ V- Ddv = f D-ds = / PvdV = Qenclosed (1.5.37)
/V Bdv = ‘7{ B-ds = (1.5.38)

where Qenclosea 1S the total charge in the volume enclosed by the surface, S. The subscript S on the integral indicates a surface
integral and the circle on the integral sign indicates that the integral is over a closed surface. Two mathematical identities were used
in developing Equations (1.5.35)—(1.5.38). The first identity is Stoke’s theorem, which states that for any vector field X,

?é; X.dt = 7{ (V x X)-ds (1.5.39)

So the contour integral of X around a closed contour, C (with incremental length vector d¢), is the integral of V x X over the
surface enclosed by the contour and ds is the incremental area multiplied by a unit vector normal to the surface. This identity is
used in Equations (1.5.35) and (1.5.36). The divergence theorem is the other identity and is used in Equations (1.5.37) and (1.5.38).
For any vector field X, the divergence theorem states that

7{ X-ds = / V - Xdv (1.5.40)

That is, the volume integral of V - X is equal to the closed surface integral of X.

Using phasors the integral-based forms of Maxwell’s equations become
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f Edt= —wa B-ds— f JIpm-ds (1.5.41)
f H.d¢ =]w/ Dds+1 (1.5.42)
?f D-ds / PvdY = Qenclosed (1.5.43)
f Bds = (1.5.44)

This page titled 1.5: Maxwell's Equations is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael Steer.

https://eng.libretexts.org/@go/page/41003



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/41003?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electronics/Microwave_and_RF_Design_II_-_Transmission_Lines_(Steer)/01%3A_Introduction_to_Distributed_Microwave_Circuits/1.05%3A_Maxwell's_Equations
https://creativecommons.org/licenses/by-nc/
https://www.ece.ncsu.edu/people/mbs/

LibreTexts"

1.6: Electric and Magnetic Field Laws

Before Maxwell’s equations were postulated, several laws of electromagnetics were known. These are the Biot—Savart law,
Ampere’s circuital law, Gauss’s law, Gauss’s law for magnetism, and Faraday’s law. The laws are for specific circumstances and
mostly for static fields. In this section they are

1.6.1 Ampere's Circuital Law

Ampere’s circuital law, often called just Ampere’s law, relates direct current and the static magnetic field H. The relationship is
based on Figure 1.6.1. In the static situation, 8D/8t = 0, and so one of Maxwell’s equations, Equation (1.5.36), reduces to

?ﬂ; Hdl = Iygosed (1.6.1)
This is Ampere’s circuital law.

1.6.2 Biot-Savart Law

The Biot—Savart law relates current to static magnetic field. With 8D /8¢ = 0, Equation (1.5.3) becomes

VxH=1J (1.6.2)

-

I
H

Figure 1.6.1: Diagram illustrating Ampere’s law. Ampere’s law relates the current on a wire to the magnetic field around it.

Figure 1.6.2: Diagram illustrating the Biot—Savart law. The Biot—Savart law relates current to magnetic field.

In Cartesian coordinates,

- H, H,
VxH:(aHz—a ”)A+(8H”—3H“)A (a ”——aH”)i (1.6.3)

oy Oz oz Ox oz oy
and if the current is confined to a thin wire as shown in Figure 1.6.2, V x H reduces to an operation along the wire, but also with
vector information. So the first step in the development of the Biot—Savart law, Equation (1.6.2), is simplified to (ignoring vector
information for now)

6H I

B " wE (1.6.4)

With vector information and moving the infinitesimal length of wire, d¢, from the left side of the equation to the right, the final
form of the Biot—Savart law is obtained:

— Idf¢ xap

which has the units of amps per meter in the SI system. In Equation (1.6.5), I is current, d¢ is a length increment of a filament of
current I, ag is the unit vector in the direction from the current filament to the magnetic field, and R is the distance between the
filament and the magnetic field increment. So Equation (1.6.5) is saying that a filament of current produces a magnetic field at a
point. The total static magnetic field from a current on a wire or surface can be found by modeling the wire or surface as a number
of current filaments, and the total magnetic field at a point is obtained by summing up the contributions from each filament.
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1.6.3 Gauss's Law

The third law is Gauss’s law, which relates the static electric flux density vector, D, to charge. With reference to Figure 1.6.3,
Gauss’s law in integral form is

fﬁ = / Pvd¥ = Qendosed (166)

which states that the integral of the electric flux density vector, D, is equal to the total charge enclosed by the surface, Qenclosea- ThiS
is just the integral form of the third Maxwell equation (Equation (1.5.37)).

Volume

Closed Surface

Figure 1.6.3: Diagram illustrating Gauss’s law. Charges are distributed in the volume enclosed by the closed surface. An
incremental area is described by the vector ds which is normal to the surface and whose magnitude is the area of the incremental
area.

B ds B

—

dl

Figure 1.6.4: Diagram illustrating Faraday’s law. The contour £ encloses the surface.

There is a similar law called Coulomb’s law which says that the magnitude of the force between two stationary point charges is
directly proportional to the product of the magnitudes of charges and inversely proportional to the square of the distance between
them. This law can be derived from Gauss’s law but is less general. Coulomb’s law applies only to stationary charges whereas with
Gauss’s law the charges can be moving.

Gauss’s law has also been used for magnetic field where it is called Gauss’s law for magnetism. In integral form Gauss’s law for
magnetism is

7€ B=0 (1.6.7)

where B, is the static magnetic flux density. This law is the same as saying that there are no magnetic charges. “Gauss’s law for
magnetism” is a name that is not universally used and many people simply say that there are no magnetic charges.

1.6.4 Faraday's Law

Faraday’s law relates a time-varying magnetic field to an induced voltage drop, vV, which is now understood to be §, E-d¢, that is,
the closed contour integral of the electric field,

= 0B
V—ﬁgde——ﬁﬁds (168)

and this has the units of volts in the SI unit system. This is just the first of Maxwell’s equations in integral form (see Equation
(1.5.35)). The operation described in Equation (1.6.8) is illustrated in Figure 1.6.4.

This page titled 1.6: Electric and Magnetic Field Laws is shared under a CC BY-NC license and was authored, remixed, and/or curated by
Michael Steer.
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1.7: Electromagnetic Fields and Materials

The discussion in this section follows the description by Max Born [11] (who was instrumental in the development of quantum
mechanics). Extensions are made to relates quantum descriptions to effects important to microwave engineering. In particular the
descriptions here relate phenomena at the discrete particle level to continuum properties such as permittivity, e.

1.7.1 Electromagnetic Fields in a Dielectric

A dielectric has no electrons that are free to move through a material under the influence of an electric field. When an EM field is
incident on a dielectric the electric field moves charge centers. For a crystal these charge centers are at the scale of the lattice, and
for composite materials like plastics the centers are at the molecular scale. With some materials, which we know as materials
having high permittivity, the charge centers are normally separated but by less than the intra-atom spacing. With all dielectric
materials, the major impact of an applied electric field is movement of the charge centers, alternately moving them apart and
moving them together as the applied electric field alternates. Now being a dielectric, the charges cannot move freely through the
material and the energy that is transferred to the charges is stored as electric potential energy in stretched bonds or, sometimes, as a
distorted lattice (such as with the piezoelectric effect). This energy storage is much like storing mechanical energy in a spring. Now
the charges move and thus excite an electric field of their own. However the charges move sluggishly and so the phase of the EM
signal they produce is out of phase with respect to an externally applied alternating EM field. The charge centers are moving the
fastest at the peak of the applied sinusoidal field and the net effect is a 90° phase lag.

Another phenomenon is that the combined effect of the reradiated fields from the moving charge centers produces an EM wave
with the same frequency as the applied field but with a smaller phase velocity (smaller because the phase velocity is averaged over
many paths). The oscillating charge centers radiate in all directions (which is called scattering) and so some of the EM energy will
be scattered in the direction from which the applied EM wave came.

An ideal dielectric has no loss. That is, there is no dielectric relaxation loss associated with heating as the charge centers move, and
there is no conductivity due to moving free charges in the dielectric.

1.7.2 Refractive Index

Dielectrics were first characterized by their refractive index long before the concept of EM waves and permittivity were developed.
The refractive index, n, of a medium is defined as the ratio of the speed of light (i.e., of an EM wave) in a vacuum, ¢, of an EM
wave to the phase velocity, v,, of the wave in the medium:

€,
n= v_c,, = \/;% ‘/1_” (1.7.1)
For a loss-free medium
n = \/Erfir (1.7.2)
For a lossy medium the complex index of refraction is
n=n+jk (1.7.3)

where n is called the refractive index and is directly related to the phase velocity, v,, and « is called the extinction coefficient,
which describes loss when the EM wave propagates through the material.

Conversion between refractive index and permittivity is as follows [12, 13]; the complex permittivity
£ =€+ 62 = (n+ 35)° (1.7.4)
where
2

e1=n?—k? and ey=2nk (1.7.5)

The components of the complex index of refraction are then
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(1.7.6)

The permittivity is just the square of the (complex) refractive index in a nonmagnetic medium (u, = 1). The refractive index is used
with optics and the permittivity is used when working with Maxwell’s equations and with electronics.

The refractive index, and thus permittivity, of a dielectric can vary significantly between microwave and optical frequencies, a
result of how quickly different types of charge centers can move. For water at 20°C and at the standard optical wavelength of
589 nm (the yellow doublet sodium D-line), n = 1.333 (e, = 1.78) [14]. At 1 GHz n = 8.94 (¢, = 80) [15].

1.7.3 Electromagnetic Fields in a Metal

The discussion here refers to the behavior of EM fields in metals at frequencies from DC to 10 THz. Above these frequencies the
EM wave changes direction much faster than electrons can move. Metals have a large number of free charges that can move
through a metal under the influence of an electric field. On transmission lines the energy is contained in the EM fields between
metal guides, and electric and magnetic fields are present at the surface of the metal. The main effect of the EM fields at the surface
of the metal is to accelerate the free electrons at the surface, with the electrons accelerating in the direction opposite to that of the
electric field. While some of the EM energy propagates into the metal, the overwhelming effect is transfer of energy from the EM
photons to kinetic energy of the free electrons. There is also some transfer of energy to the bound electrons, however, this effect is
smaller as the bound electrons are shielded by the sea of free electrons. Electrons have mass and accelerate relatively slowly. Even
when the electric field is reversed, the electrons will continue moving considerably in the same direction as the electric field before
reversing. The moving and accelerating electrons also produce electric fields of their own that in turn influence the movement of
other electrons. Electrons are sluggish and their position is almost 180° out of phase with the applied E field. The net effect is that
the electric field produced by the electrons almost completely cancels

Photon Wavelength A Frequency f

Metal e (67 (um) (THz) n K €1 €2
Gold 0.1 12.398 24.197 8.17 82.83 —6794 1353
Copper 0.1 12.398 24.197 29.69 71.57 —4240 4250
Aluminum 0.1 12.398 24.197 98.595 203.7 —31663 40168

Table 1.7.1: Electromagnetic properties of metals at optical frequencies. (n and k are measured, €; and €3 are derived using Equation
(1.7.5).

the incoming electric field. It is therefore almost meaningless to talk about the (group or phase) velocity of the EM fields in the
metal. The overriding effect is transfer of energy to moving electrons that eventually make the lattice move and transfer their
energy to the lattice, producing heat.

The accelerating electrons radiate electric field in all directions and in turn this field accelerates other electrons. There is also a
damping force as the free electrons collide with atoms. So there is a rapidly diminishing component of the EM field that travels
through the metal at the speed of light. Rather than energy being stored in the electric field through the movement of charge centers
as in dielectrics, electric energy in the forward-propagating field is almost entirely lost in the scattering and collision processes. So
at microwave frequencies the effective permittivity of a metal is almost entirely imaginary (corresponding to loss), and this
imaginary component of the relative permittivity is 8-10 orders of magnitude greater than the real component, which is believed to
be 1 [16]. The real component of the relative permittivity is 1 because the charge centers are masked by the sea of free electrons. It
is not possible to directly measure the real part of the permittivity of metals at microwave frequencies. An ideal conductor has
infinite conductivity, so there are no EM fields inside the metal and net charges are confined to the surface of the conductor. At
optical frequencies metals are known to have a negative permittivity (see Table 1.7.1).

This page titled 1.7: Electromagnetic Fields and Materials is shared under a not declared license and was authored, remixed, and/or curated by
Michael Steer.
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1.8: Electric and Magnetic Walls

The boundaries imposed by conductors and the interface between dielectrics define the mode structure (i.e., orientation of the
fields) supported by a transmission line. Understanding the fields at the interfaces provides the intuition required to understand the
operational frequency limits of distributed structures such as transmission lines.

1.8.1 Electric Wall

An electric wall is formed by an ideal conductor, as shown in Figure 1.8.1, where there are electric charges at the surface of the
conductor. Consider that the conductor in Figure 1.8.1(a) carries a current of density J and charge of density py. As the conductivity
of the conductor goes to infinity, the conductor becomes a perfect conductor and forms an electric wall, as shown in Figure 1.8.1(b).
The current and charge now occupy the very skin of the conductor at the interface to the region above which there is either free
space or a dielectric. The behavior of the fields at the interface can be understood

o S R PR

(L] i i

Figure 1.8.1: Properties of an electric wall: (a) the electrical field is perpendicular to a conductor and the magnetic field is parallel
to it and is orthogonal to the current; (b) a conductor can be approximated by an electric wall; (c) cylinder used in deriving the
normal electric field; (d) cylinder used in showing that the tangential electric field is zero; (e) contour used in deriving the
tangential magnetic field in the y direction; and (f) contour used in deriving the 2- and z-directed magnetic fields (they are zero).

by considering the integration surfaces and volumes shown in Figure 1.8.1(c and d). The cylinder in Figure 1.8.1(c) with height A

and diameter 4 enables Gauss’s law (Equation (1.6.6)) to be applied. As A —s 0 (k approaching zero), Equation (1.6.6) yields

f@ds = Dz%mﬂ = / PodV = Qenclosed = ps%ﬂ'dz (1.8.1)

where pg is the surface charge density (in SI units of C/m?) and so
D, =ps (1.8.2)

Now considering the cylinder in Figure 1.8.1(d), again as A — 0,

ﬁﬁds = Dz%’ﬂ'dz = / pud'U = Qenclosed
= pgndh — 0 (1.8.3)

That is,

D=0 (1.8.4)
Changing the orientation of the cylinder, it can be seen that

D, =0 (1.8.5)
So the electric field is normal to the surface of the conductor.

The properties of the magnetic field at the electric wall can be deduced from Faraday’s circuital law and the Biot—Savart law
(Equation (1.6.5)). Consider the rectangular contour shown in Figure 1.8.1(e) with height A and width w. With h — 0, only the y-
directed component of the magnetic field will contribute to the static magnetic field integral of Faraday’s law, so from Equation
(1.6.8),
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fﬁdﬁ = Hyw = Ienclosed = Jgw (1.8.6)
£

where Jy is the surface current density (with SI units of A/m) and

H,=Js (1.8.7)
For the field oriented in the z direction, the rectangular contour shown in Figure 1.8.1(f) can be used, but now no current is
enclosed by the contour, so that with A — 0,

f =H dl = Hyw= Ipgosed = 0 (1.8.8)
£

and
H,=0 (1.8.9)

H, has not yet been considered. Again, using the rectangle in Figure 1.8.1(f) and with w — 0,
fH'df = H,h = Ienclosed = 0 (1'8'10)
¢

and
H,=0 (1.8.11)

This could also have been derived from the Biot—Savart law (Equation (1.6.5)). Immediately above the electric wall R — 0 and
only the filament of current immediately below the magnetic field contributes. Thus ag is normal to the surface so that H will be
perpendicular to the current, but in the plane of the current.

Gathering the results together, the EM fields immediately above the electric wall have the following properties:

The E field is perpendicular to the electric wall.
Dyormal = ps, the surface charge density.
The H field is parallel to the electric wall.

Hporanel = Js, the surface current densty.

1.8.2 Magnetic Wall

A true magnetic wall does not exist, but it is approximated by the interface between two dielectrics (as shown in Figure 1.8.2) when
the permittivity of the dielectrics differ so that €2 > ;. Considering the top dielectric region, the magnetic wall model can then be
introduced at the interface between the two dielectrics, complete with magnetic charges and magnetic current density, M. The
situation is analogous to the electric wall situation with the roles of the electric and magnetic fields interchanged. The EM fields
immediately above the magnetic wall have the following properties:

The H field is perpendicular to the magnetic wall.
Hopormal = Pms, the surface magnetic charge density.
The E field is parallel to the magnetic wall.

Ejuranel = Jms, the surface magnetic current density.
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Figure 1.8.2: Properties of the EM field at a magnetic wall: (a) the interface of two dielectrics of contrasting permittivities
approximates a magnetic wall with the magnetic field perpendicular to the interface and the electric field parallel to it; (b) the
dielectric with lower permittivity can be approximated as a magnetic conductor; and (c) the magnetic conductor forms a magnetic
wall at the interface with the material with higher permittivity.

Electric field Magnetic field
Electric wall Normal Parallel
Magnetic wall Parallel Normal

Table 1.8.1: Properties of electric and magnetic walls.

What constitutes a good magnetic wall is subject to debate, as the contrast between dielectrics is not as great as the contrast
between the conductivity of a good conductor and that of a good dielectric. However, it is an essential concept in understanding the
coupling of signals and approximating transmission lines to yield intuitive understanding.

The summary that is used in the text to understand multimoding is given in Table 1.8.1.

This page titled 1.8: Electric and Magnetic Walls is shared under a not declared license and was authored, remixed, and/or curated by Michael
Steer.
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1.9: Fields in Lossy Mediums

Lossy mediums result in power loss of EM fields. In RF and microwave systems materials are ideally either perfect conductors or
perfect dielectrics. In practice, conductors and dielectrics have finite conductivity and dielectrics have another type of loss called
dielectric relaxation loss. Dielectric relaxation loss is due to heating that can result from the movement of charge centers in a
material.

1.9.1 Lossy Dielectrics

In a lossy dielectric there can be both current flow and relaxation loss. Current flow results from applied electric field and is
described by the conductivity, o, of the material. Relaxation loss results from polarization of the material and the transfer of
energy to the lattice of the material as the electric field changes direction. This is also referred to as dielectric damping. The
polarization vector describes the additional energy storage capacity of a material (above that of vacuum) in response to an applied
electric field. The capacity is described by the electric susceptibility, x., in Equation (1.5.20). In phasor form, loss is captured by a
complex x. or a complex permittivity:

e=¢"—3" =e(1+xe) (1.9.1)

Both current and relaxation respond to an applied electric field. In phasor form, Maxwell’s curl equation for a magnetic field,
Equation (1.5.32), becomes

V x H=jwD+J = jweE + 0E = yw(e’ — j¢")E + 0E
= jwe'E + (0 4+ we”)E
= Jw (s' —e" — JE) E (1.9.2)
w

In the above, we’ describes the ability to store electric energy, we” describes dielectric damping loss, and ¢ describes conductivity
loss. At a single frequency, damping and conductivity losses are indistinguishable and so the term (we” + o) is taken as the effective
conductivity. The effective (complex) relative permittivity is

1
. = (E, e _J%) - (1.9.3)

Another quantity that describes loss is the loss tangent, tan §, which is the ratio of power lost to energy stored:

”
tans = “’Ew—;r” (1.9.4)

For many dielectric materials used with EM structures, tan § is approximately independent of frequency up to 100s of gigahertz, so
it is commonly used to characterize the dielectric loss of a material. Most exceptions are semiconductors such as silicon which can
have appreciable conductive loss. The frequency independence of tan § indicates that conductivity loss is negligible.

v/ Example 1.9.1: Electromagnetic Wave Propagation in a Lossy Dielectric

Consider a plane EM wave propagating in a medium with permittivity ¢ and permeability x. The complex permittivity
measured at two frequencies is experimentally characterized by the relative permittivity (e/eo) of the real, R{e/eo}, and
imaginary, J3{e/eo}, parts as follows:

Measured relative permittivity:

Frequency Real Part Imaginary Part
1 GHz 1.9 —0.0490
2 GHz 1.9 —0.0314
Table 1.9.2

Measured relative permeability:
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Frequency Real Part Imaginary Part
1 GHz 1.9 —0.001
2 GHz 1.9 —0.001
Table 1.9.3

Since there is an imaginary part of the dielectric constant, there could be loss due to either dielectric damping or finite material
conductivity, or both. When characterizing materials, it is only possible to distinguish the contribution to the measured
imaginary part of the permittivity by considering the experimentally derived imaginary permittivity at two different

frequencies.

a. Determine the dielectric loss tangent at 1 GHz.

b. Determine the relative dielectric damping factor at 1 GHz (the part of the permittivity due to dielectric damping).
c. What is the conductivity of the dielectric?

d. What is the magnetic conductivity of the medium?

Solution
a. At 1 GHz, € = &,&¢, and the measured relative permittivity is

er =1.9—70.049 = ¢, , — 76, (1.9.5)

where ¢] , and g7, are the effective (measured) values of ¢; and ¢; obtained from measurement. Now ¢, = ¢’, but the
imaginary permittivity includes the effect of dielectric conductivity, ¢, as well as of dielectric damping, which is described
by &” alone. That is,

e =" + % e, =€, =0.0400 and tand=0.0490/1.9 = 0.0258 (1.9.6)

b. The imaginary relative permittivity is found by noting that €7, = ¢ + o/w and we; + o = we;,. Let w; = 27 (1 GHz). Then

Wy = 2(4)1
wiero(1 GHz) = wie; + o = w; - 0.0490 (A)
waey (2 GHz) = wye; + 0 = w3 - 0.0314
wre” + o = 2wy (0.0314) (B)

(B) — (A) = wie” = w1[0.0628 — 0.0490]
ey = 0.0138 (at all frequencies)

c. Recall that e/, = &7 + o/w
At1 GHz, w = 2 x 10°, €/, = 0.0490, &/ = 0.0138, s0

Ty

o=w(ey,—er) =2-m-10°(0.0490 — 0.0138) = 0.221 - 10° S/m = 221 MS/m

re Er

d. Magnetic conductivity is nonexistent, thus magnetic conductivity is zero.

1.9.2 Lossy Conductors

Perfect conductors would have infinite conductivity, but since the conductivity of real conductors is finite, EM fields penetrate into
the interior of a conductor. Still the energy stored in the current is much greater than the (dielectric) electric energy storage
capability, o > we’, and the losses from conductivity are much higher than dielectric loss, o > we”, so that the effective relative

permittivity from Equation (1.9.3) is

e = (s' - —j%) % ~ (—j%) % ~ (%) % (1.9.7)

For most conductors the permeability is pg and the working permittivity is

€= eg0 = — (1.9.8)
Jw
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The propagation constant of the field in a conductor is

[o wpo
v =+ JB = Jw\/pE = Jw\/p o ~(1+7) ~5 (1.9.9)

So @ = y/wuo/2. The EM field in the conductor reduces in amplitude as e~*® after a distance . Thus the field reduces to 1/e of its
value after a distance called the skin depth, é.:

2
8y =4 —— 1.9.10
s (1.9.10)

If the amplitude of the electric field at the surface of a conductor is A(0), after a distance §, the amplitude of the electric field will
have the amplitude

A@l))=e ™ = e~ (Vwno2y/2]wpo)
- (1.9.11)

Table 1.9.4 lists the skin depth and phase velocities of conductors commonly used in microwave circuits. The resistivity values here
are those of a single crystal. The phase velocity, vy, is calculated from the propagation constant 8. From Equation (1.9.9), 8

= {/wua/2.

w wV2 2w
Now vp, =w/p, so that v, = — = =4/— (1.9.12)
B wpo po

This can be simplified further if the relative permeability of the material is 1, as then p = po = 4710~7 H/m. If SI units are used for

fand o:
o anf  |107f
= woo 4710~ o (181

From Table 1.9.4 note that the skin depth at gigahertz frequencies is close to the thickness of microstrip lines which are often only a
few microns thick. Also the speed of an EM wave in a conductor is very slow. The speed of EM in copper (ideal), for example, is
0.004% of the speed of light in a vacuum.

Material Electrical contilllctivity, o Skin depth, 6 at 1 GHz (um) Phase velocity, v, at 1 GHz
(MS.m™) (km/s)

1 GHz

Aluminum (crystal) 37.7 2.59 16.3
Aluminum (2x resistivity) 18.9 3.66 23.0
Copper (single crystal) 59.6 2.06 13.0
Copper (2x resistivity) 29.8 2.92 18.3
Gold (single crystal) 45.2 2.37 14.9
Gold (2x resistivity) 22.6 3.35 21.0
Silver (single crystal) 63.0 2.01 12.6
Silver (2x resistivity) 31.5 2.84 17.8
Titanium (single crystal) 0.238 32.6 200
Titanium (2x resistivity) 0.119 46.1 290

Table 1.9.4: Skin depth and effective phase velocity at 1 GHz of several conductors commonly used in microwave circuits.
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Figure 1.9.1: Two regions used in Example 1.9.2.

v/ Example 1.9.2: Electromagnetic Calculations

This example provides a review of basic EM theory. In Figure 1.9.1, a plane wave in free space is normally incident on a
lossless medium occupying a half space with a dielectric constant of 16. Calculate the electric field reflection coefficient at the
interface referred to the medium.

Solution

Since it is not explicitly stated, assume p; = po. (This should be done in general since po is the default value for y, as most
materials have unity relative permeability.) The characteristic impedance of a medium is 5 = 4/mu/e. Now 7 is used for
characteristic impedance (also called wave impedance) of a TEM propagating wave in a medium. It is used instead of Zy,
which is generally reserved for the characteristic impedance of transmission lines. The electric field reflection coefficient is

rE_M—"M _ m/no—1
m+n  m/mn+l

m_ fBo [eo_ [e_ [l _1
70 €1 Mo &1 16 4

p_1/4-1_1-4_ 3
1/4+1 1+4 5

SO

v/ Example 1.9.3: Intuitive Solution of Electromagnetic Problems

This example provides an intuitive way of solving an EM problem. A plane wave in free space is normally incident on a
lossless medium occupying a half space with a dielectric constant of 16. What is the magnetic field reflection coefficient?

Solution
There are two ways to answer this question. An intuitive approach will be used first.
Intuitively |T#| = |TF|,

With € and # being vectors, the Poynting vector € x # points in the direction of propagation for a plane wave, since the
reflected wave is in the opposite direction to the incident wave, thus

sign (I‘H) = —sign (I‘E)
Therefore I'f = —T'F = +0.6. (I'? was calculated in Example 1.9.2.)

Now the second approach. The formula for the magnetic field reflection coefficient is

_m-ns _l-—m/m 1-1/4 3
Ty = = = =>=06
m+n  l4+m/m 1+1/4 5

v/ Example 1.9.4: Wave Impedance and Propagation Constant

A 4 GHz time-varying EM field is traveling in the +z direction in Region 1 and is normally incident on another material in
Region 2. The boundary between the two regions is in the z = 0 plane. The permittivity of Region 1 is ; = ¢¢ and that of
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Region 2 is e, = (4 — 30.4)go. For both regions, u; = us = po. The phasor of the forward-traveling electric field (i.e., the
incident field) is E* = 1003, and the phase is normalized with respect to z = 0.

REGION | REGION 2

0= 0, C/m?

Figure 1.9.2

What are the wave impedance and propagation constant of Region 2?
Solution

The wave impedance is

N Y e .
"=V eo V er e Er 317 (4—_70.4)Q

=187.8+79.4Q (1.9.14)

The propagation constant is

Y = Jwv/pE = Jwv/poEoy/ BrEr
=74-27-10° - V47107 - 8.854 - 10~12,/4 — 0.4 = (8.4 + 7167.9)m " (1.9.15)
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1.10: Summary

This introductory chapter provided the background for the following chapters on distributed effects. A review of Maxwell’s
equations and their implications was presented. The notable change in the way these were presented here to the first time they are
introduced in electromagnetics courses is the first time the static electric and magnetic field laws are presented and then Maxwell’s
equations are covered almost as though there was a continuous derivation. However Maxwell’s equations cannot be derived from
the static laws even with some additional insight. Instead Maxwell’s equations embed the quantum field theory that there are two
inseparable component fields which we call electric and magnetic fields, and the fundamental relativity effect of the finite speed of
light which results from relating the spatial derivative of each of the field components to the time derivative of the other
component. The insight places Maxwell among the ten greatest physicists of all time.

The finite speed for electromagnetic radiation is at the core of microwave engineering. At microwave frequencies the finite speed at
which information can move means that microwave circuit design is quite different from low frequency circuit design, and the
distributed and electromagnetic coupling effects lead to a large number of microwave circuit components that provide a very rich
design space.
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1.12: Exercises

1. The plane wave electric field of a radar pulse propagating in free space in the z direction is given by (with wo > m/(27))

) = Acos (%) cos(wot)x —T<Lt<T
B 0 otherwise

a. Sketch &(¢) over the interval —1.57 < ¢ < 1.57.

b. What is, Z (t).

c. What is the Poynting vector, 8(t).

d. Determine the total energy density in the pulse (in units of J/m?).

2. Consider a material with a relative permittivity of 72, a relative permeability of 1, and a static electric field (E) of 1 kV/m. How
much energy is stored in the E field in a 10 cm® volume of the material? [Parallels Example 1.5.1]

3. A time-varying electric field in the = direction has a strength of 1 kV/m and a frequency of 1 GHz. The medium has a relative
permittivity of 70. What is the time-domain polarization vector? [Parallels Example 1.5.2]

4. A medium has a dielectric constant of 20. What is the index of refraction?

5. Consider a plane EM wave propagating in a medium with a permittivity ¢ and permeability u. The complex permittivity
measured at two frequencies is characterized by the relative permittivity (/eo) of the real :%{e/eo} and imaginary parts J{e/eo}
as follows:

Measured relative permittivity:

Frequency Real Part Imaginary Part
1 GHz 3.8 —0.05
10 GHz 4.0 —0.03
Table 1.12.1
Measured relative permeability:
Frequency Real Part Imaginary Part
1 GHz 0.999 —0.001
10 GHz 0.998 —0.001

Table 1.12.2
Since there is an imaginary part of the dielectric constant there could be either dielectric damping or material conductivity, or
both. [Parallels Example 1.9.1]

a. Determine the dielectric loss tangent at 10 GHz.
b. Determine the relative dielectric damping factor at 10 GHz (the part of the permittivity due to dielectric damping).
c. What is the conductivity of the dielectric at 10 GHz?

6. A medium has a relative permittivity of 13 and supports a 5.6 GHz EM signal. By default, if not specified otherwise, a medium
is lossless and will have a relative permeability of 1.

a. Calculate the characteristic impedance of an EM plane wave.
b. Calculate the propagation constant of the medium.

7. A plane wave in free space is normally incident on a lossless medium occupying a half space with a dielectric constant of 12.
[Parallels Example 1.9.2]
a. Calculate the electric field reflection coefficient referred to the interface medium.
b. What is the magnetic field reflection coefficient?
8. Water, or more specifically tap water or sea water, has a complex dielectric constant resulting from two effects: conductivity
resulting from dissolved ions in the water leading to charge carriers that can conduct current under the influence of an electric
field, and dielectric loss resulting from rotation or bending of the water molecules themselves under the influence of an electric
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field. The rotation or bending of the water molecules results in motion of the water molecules and thus heat. The relative
permittivity is

Eur = Enyp — JEmy (1.12.1)

and the real and imaginary components are

’ Ewd — Ewl0
= _— 1.12.2
Ewr = Ew0 + 1+ (27|'f7'w)2 ( )
27 f T (Ewd — Ewnn) o
, _ 1123
Cur 14 (2nfry)? 2neof ( )

where f is frequency, g9 = 8.854 x 10712 F/m is the permittivity magnitude, and .00 = 4.9 is the high-frequency limit of ¢, and
is known to be independent of salinity and is also that of pure deionized water. The other quantities are tw, the relaxation time
of water; w0, the static relative dielectric constant of water (which for pure water at 0°C is equal to 87.13); and o3, the ionic

conductivity of the water. At 5°C and for tap water with a salinity of 0.03 (in parts per thousand by weight) [17, 18], ewo = 85.9,

Tw = 14.6 ps, and o; = 0.00548 S/m.

a. Calculate and then plot the real and imaginary dielectric constant of water over the frequency range from DC to 40 GHz for
tap water at 5°C. You should see two distinct regions. Identify the part of the imaginary dielectric constant graph that results
from ionic conductivity and the part of the graph that relates to dielectric relaxation.

b. Consider a plane wave propagating in water. Determine the attenuation constant and the propagation constant of the wave at
500 MHz.

c. Consider a plane wave propagating in water. Determine the attenuation constant and the propagation constant of the wave at
2.45 GHz.

d. Consider a plane wave propagating in water. Determine the attenuation constant and the propagation constant of the wave at
22 GHz.

e. Again considering the plane wave in water, calculate the loss factor over a distance of 1 cm at 2.45 GHz. Express your
answer in terms of decibels.

—

. Consider a plane wave making normal incidence from above into a bucket of tap water that is 1 m deep so that you do not
need to consider the reflection at the bottom of the bucket. Calculate the reflection coefficient of the incident plane wave at
2.45 GHz referred to the air immediately above the surface of the water.

g. Again consider the situation in (f), but this time with the plane wave incident on the air—water interface from the water side,
calculate the reflection coefficient of the incident wave at 2.45 GHz referred to the water immediately below the surface of
the water.

h. If the bucket in (f) and (g) is 0.5 cm deep you will need to consider the reflection at the bottom of the bucket. Consider that
the bottom of the bucket is a perfect conductor. Draw the bounce diagram for calculating the reflection of the plane wave in
air. Determine the total reflection coefficient of the plane wave (referred to the air immediately above the surface of the
water) by using the bounce diagram.

i. Repeat (h) using the formula for multiple reflections.

9. A 4 GHz time-varying EM field is traveling in the +z direction in Region 1 and is incident on another material in Region 2. The
permittivity of Region 1 is ¢; = ¢ and that of Region 2 is e = (4 — 50.04)&,. For both regions p; = py = po. [Parallels Example
1.9.4]

a. What is the characteristic impedance (or wave impedance) in Region 2?

b. What is the propagation constant in Region 1?

10. A 4 GHz time-varying EM field is traveling in the +z direction in Region 1 and is normally incident on another material in
Region 2. The boundary between the two regions is in the z = 0 plane. The permittivity of Region 1 is ¢; = &, and that of
Region 2 is e5 = 4¢y. For both regions, y; = us = uo. The phasor of the forward-traveling electric field (i.e., the incident field) is
ffl E+ = 100§ V/m and the phase is normalized with respect to z = 0. Qq = 0. [Parallels Example 1.9.4]

a. What is the wave impedance of Region 1?
b. What is the wave impedance of Region 2?
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c. What is the electric field reflection coefficient at the boundary?

d. What is the magnetic field reflection coefficient at the boundary?

e. What is the electric field transmission coefficient at the boundary?
f. What is the power transmitted into Region 2?

g. What is the power reflected from the boundary back into Region 1?

1.12.1 Exercises By Section
tchallenging, fvery challenging
§1.5 1t, 21, 3t
§1.7 4,5t
§1.9 6,71, 81,91, 10t
1.12.2 Answers to Selected Exercises
4.4.47
8.(c) =49 + 7468 m~!
9.0.84 + 5168 m~!

This page titled 1.12: Exercises is shared under a not declared license and was authored, remixed, and/or curated by Michael Steer.
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1.A: Appendix- Mathematical Foundations

1.A.1 Angles of a Triangle

The law of cosines relates the angles and lengths of the sides of the triangle in Figure 1.4.1(a):

c? = a2 + b% — 2abcos(y) (L.A1)
b2 + ¢ —a? a?+c—bv? a? +b% —c?
= - = - - = 1.A.2
cos(e) = =, eos(f) = T cos(y) = S (1.42)
Referring to the right-angle triangle in Figure 1.4.1(b):
. opposite adjacent opposite
— = N - == 1.A.
sin(z) hypotenuse ’ cos(z) hypotenuse ’ an(z) adjacent (1.A-3)
) &) &
Ah Adjacent =

(a) (b)
Figure 1.A.1: Triangles: (a) triangle with sides having lengths a, b, and ¢, and angles «, 3, and +; and (b) right-angle triangle.

1.A.2 Trigonometric Identities

if sin(f) = = then 6 = arcsin(z) if cos(f) = z then 6 = arccos(z) (1.A.4)
if tan() = = then = arctan(z) (1.A.5)
sin(—z) = —sinz cos(—z) = cos(z) tan(—z) = —tanz (1.A.6)
csc(—z) = —cscx sec(—z) =secx cot(—z) = —cosz (1.A.7)
1 1
cos(z) = E(e’z +e™) sin(z) = E](e_” —e) (1.A.8)
sinz=1/cscz cosz=1/secz  tanz =1/cotz (1.A.9)
tanz =sinz/cosz (1.A.10)
sin?z + cos?z =1 1+tan?z —=sec’z 14 cot?z=csc’z (1.A.11)
i TN =— IR T\ =_

sin (:L' — 5) = —cosz cos (:1: 2 ) sinz tan ( 2 ) cotz (1.A12)
sin (:z:-i-g) =cosT cos (z+%) = —sinz tan (a:—i—%) = —cotw (1.A.13)
sin (% - :1:) =coszT cos (% - :l:) =sinz tan (% - :1:) =cotz (1.A.14)

™ ™ ™
csc (:1:—5) = —secs sec (:I:—E) =cscx cot (:I:—E) =—tanz (1.A.15)

™ ™ ™
csc (:1:+5) =secz sec (:1:+E) = —cscx cot (m+5) =—tanz (1.A.16)
csc (g — x) =secr sec (% — :c) =csczx cot (% — :z) =tanzx (1.A.17)
sin(2z) = 2sinzcosy  cos(2z) = cos?(x) — sin?(x) (1.A.18)

1
tan(2z) = lﬂ% cot(22) =  [eot(z) — tan(a)] (1.A.19)
—tan?z
1 1 1 — cos(2z)
in2z=—[1— 2p= = Tpg=_— 7 A

sin”z = 5 [1 — cos(2z)] cos’x = [1 + cos(2z)] tan®z 1+ cos(22) (1.A.20)
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tan(z) + tan(y) tan(z) — tan(y)

= —y) = 1.A21
tan(z +9) tan(z) — tan(y) tan(z —v) tan(z) + tan(y) ( )
sinw+siny=2sin(x;y) cos (z2;y) sinz —siny = 2 cos (a:T-I-y) (1.A.22)
: r—Y
an(229)
cosZ + cosy = 2 cos (mT-I-y) cos (%) cosT — cosy = —2cos (:L‘T-I-y) (1.A.23)
. r—Y
n (259)
N 1 . 1. .
sinzsiny = o [cos(z — y) sinzcosy = o [sin(z + y) + sin(z — y)] (1.A.24)
—cos(z + y)]
COST COsSY = %[cos(:c ) coszsiny = %[sin(:c + y) —sin(z — y)] (1.A.25)
+ cos(z + y)]
1.A.3 Trigonometric Derivatives
d . _ d L d o
Esm(m) = cos(z) p cos(z) = —sin(z) . tan(z) = sec”(z)
d _ d _ d _ 2
Ecsc(m) = — csc(z) cot(z) p sec(z) = sec(z) tan(z) . cot(z) = — csc*(z)

1.A.4 Complex Numbers and Phasors

A complex number z is an ordered pair of two real numbers z and y, and a complex number has a special meaning when working in
the frequency domain. The rectangular form of the complex number is z =z + sy, where 7 = +/—1 is an imaginary number.! The
polar form of the complex number » = rZyp relates directly to the amplitude and phase of a cosinusoid. In determining phase,
reference is made to a cosinusoid of the form u(t) = r cos(wt + ¢), as this has a value of » when the radian frequency w=0 (i.e., at
DC). The cosinusoid is shown as the solid line in Figure 1.4.2(a), where r is the amplitude and ¢ is the phase of the cosinusoid. The
cosinusoid can be presented as the complex valued function

Ft) = ze™, where z=re (1.A.26)

Complex
plane

Fmem
uft )
i
O
- =
e (b i

(a) (b)

Figure 1.A4.2: Sinusoidal signal representations: (a) waveform referenced to the zerophase cosinusoid shown as the dashed
waveform; and (b) representation as a phasor on the complex plane where Re is the real part and Im is the imaginary part.

is called the phasor of u(t). The phasor contains the amplitude and phase of the cosinusoid, and given the frequency of the
cosinusoid, the original time-domain waveform can be reconstructed. The time-domain form of the complex function is

u(t) = R{f(t)} = R {ze™'} = R {ree} =R {reb(“’t""”)]} = rcos(wt + ¢) (1.A.27)

R{ } indicates that the real part of a complex number is taken, and similarly 3{ } indicates that the imaginary part of a complex
number is taken. The complex number can be represented in rectangular or magnitude-phase form so that

z=gz+y=rld=re"® =r(cosd+ ysin @) (1.A.28)

with the relationship shown in Figure 1.A4.2(b). Note that in Equation (1.A.28), ¢ must be expressed in radians and anywhere it is
used in calculations. Also

z=rcos(¢) and y=rsin(d) (1.A.29)

Basic calculations using the complex numbers
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(with a, b, ¢, d, 0, ¢, r, and g being real numbers) are

w=a+3b=¢40 and z=c+3d=rLP (1.A.30)

¢ gy=s=-1

o Addition: w4+ z= (a + b) + (c+3d) = (a+c) + 3(b + d)

o Subtraction: w —z= (a+b) — (¢ +3d) = (a —c) + 3(b—d)

e Multiplication: w - z = (a + 3b) - (¢ + 3d) = (ac — bd) + 3(bc + ad)

o Magnitude: jw|=va2+ B2 =g¢; || =V +d2=r

e Angle: § = arctan(b/a) = arccos(a/q) = arcsin(b/q) (Correction may be required to get the phase in the right quadrant. This
requires that the signs of a and b be examined.)

e Multiplication (alternative): w - z = gr£(6 + )

« Division: w/z = &% = % = (%2)+1(%%)

o Division (alternative): w/z = q/r£(0 — ¢)

e Square root: yw = /g£(6/2 + mn), m =0,1 (i.e. yw = /g£(8/2) and /g£(6/2 + 7))

o nthroot: {w= /g (0/n+2r2), m=0,1,..(n—1)

e Negative: —w = —q£0 = qZ(0+ )

o Complex conjugate: w* = a — jb = gZ(—0)

o Squared magnitude: |2|* = z - 2*

o Conjugate addition: (w + 2)* = w* + 2*

o Conjugate power: (2™)* = (z*)"

o Conjugate multiplication: (wz)* = w*2*

o Conjugate division: (w/z)* = w*/z*

o Conjugate exponential: exp(z*) = (exp 2)*
o Conjugate logarithm: log(z*) = (log 2)*

o Conjugate conjugate: (w*)* =w

o Complex inverse: z7! = z*/|2|?

o Complex magnitude: |2*| = |2|

v/ Example 1.A.1: Complex numbers

Consider the complex numbers w = —0.5 — y1.6 and z = 5 — 33, and the waveform v(t) = 2.3 cos(2710¢ — 1.2).

o In polar form, w = 1.676£(—1.874), where 1.874 is in radians; alternatively w = 1.676£(—107.4)°.

 In polar form, z = 5.831£(—0.54).

o 2w=—1—33.2=3.3532(—1.874).

o zw=w-z=w-2=(1.676 - 5.831)£(—1.874 — 0.54) = 9.774/4(—2.414) = —7.3 — 56.5.

o /Z=2.327—30.645.

o Alternatively v/z = v/5.8314(—0.54/2) = 2.4154(—0.27).

o w/z=(1.676/5.831)/[—1.874 — (—0.54)] = 0.287£ — 1.333 = 0.068 — 16.5.

e The radian frequency of v(t) is 207 rads/s.

o The frequency of v(t) is 10 Hz.

o The phasor of v(t) is v = 2.34(—1.2) = 2.3£(—68.755°) = 0.833 — 52.144.

o If wis a phasor and its frequency is 1 GHz, the waveform equivalent of w is w(t) = 1.676 cos(2x - 10°% — 1.874) and the phase
is —1.874 radians or —107.35° or 252.65°.

1.A.5 Vector Operators

Vector Multiplication

There are two types of operations that multiply vectors. A, B, and C are vectors with

A =aii+ajj+ark (1.A.31)
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where i, j, and k, are orthogonal vectors such as the unit vectors of the Cartesian coordinate system, that is, %, §, and z in the z, y,
and z directions, respectively

Dot Product

A . B is called the dot product, the scalar product or the inner product. It is read as “a dot b.”
A -B=a;b;+ajbj + ... + arby

Commutative property: A-B=B"- A.

Distributive property: A-(B+C)=A-B+ A -C.

Bilinear property (r is a scalar): A - (rB + C) =r(A - B) + (A - C).

Scalar multiplication property (r and s are scalars): (rA) - (sB) = (rs)(A - B).

Orthogonal property: Two nonzero vectors A and B are orthogonal if and only if A - B = 0.

Cross Product

A x B is called the cross product. It is read as “a cross b.” Now the vector components of A, B, and C need to be more tightly
specified as orthogonal vectors, typically having unit amplitude, that have the property

ixj=k jxk=i k-i=j, and ixi=0=jxj=kxk (1.A.32)
jxi=-k kxj=-i ixk=-j (1.A.33)

The unit vectors of the Cartesian coordinate system have this property with i, j, and k, corresponding to the unit vectors %, ¥, and
in the #, y, and z directions, respectively.

axb= (a.-i + a]-j + akk) X (b,i + bjj + bkk)
=a;bi xi+ a,-b]-i X j + a;bii x k+ ajb,-j x i+ a]-b]-j X j + a,]-bkj x k+
agb;k x 1+ akbjk X j+ agbk x k
= (ajbk — akb,-)i + (arb; — aibr)j + (aib,- — ajb,-)k (1.A.34)

Anticommutative property: A x B=—B x A.

Distributive property: Ax (B+C)=AxB+ A x C.

Bilinear property (r is a scalar): A x (rB+ C) = 7(A x B) + (A x C).

Scalar multiplication property (r and s are scalars): (rA) x (sB) = (rs)(A x B).
Lagrange's formula

Ax(BxC)=B(B-C)—C(A-B)

Del (V) Vector Operator

Operations in Cartesian, Cylindrical, and Spherical Coordinate Systems

This section defines the del, or the nabla V, a calculus operator that operates on vector quantities and also on a scalar to create a
vector. The various del operators in the Cartesian (rectangular), spherical, and cylindrical coordinate systems are presented. Here a
scalar is denoted by f and a vector by F:

e grad, v, is the gradient of a scalar with direction. V f is read as “grad f.”
o div, V, is a measure of how a vector is spreading out from a point. V - F is read as “div F.”
e curl, Vx, is a measure of the rotation of a vector. V x F is read as “curl F.”

Cartesian (rectangular) coordinates (z,y, 2):
£ is the unit vector in the z direction and F is the component of the field in the z-direction. Similarly for the other components.

)}
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Figure 1.A.3
F=Fi+Fj+F,2 (1.A.35)
_of, O, Of,
grad Vf= 8mx+ 6yy+ 522 (1.A.36)
. 0F, OF, 0F,
div V-F= oz + % + 92 (1.A.37)
0F, OF,\ . OF, OF,\ .
curl VxF= ( o W) ( %  on )y (1.A.38)
oF, ok,
Ox Oy
8*F OF OF
W=+ —— 1A.
A% o2 + P + 222 (1.A.39)
differential length, d{ =dzX+dyy +dz2 (1.A.40)
differential normal area, ds = dydz X +dzxdzy +dz dyz (1.A.41)
differential volume, dv = dz dy dz (1.A.42)
Cylindrical coordinates (p, @, 2):
The cylindrical coordinates are p for radius, ¢ for angle, and » for height. These are related to the Cartesian coordinates by
Reference
Figure 1.A4
T = pcos o, y=psing, z=2=z (1.A.43)
p=+Vz2+y? ¢ = atan2(y,z), z=z=2 (1.A.44)
vector F=Fp+ F¢$ + Fz (1.A.45)
_Of,.  19f,  Of.
grad Vf= ap P+ X o+ 92 2 (1.A.46)
. _ 1 0,F, 10Fs; OF,
_(10F, OFy\ . 0F, OF,\
O(pF, OF,
+ 1 ( (pFy) 95 ) 3
p dp 0o
differential length, d¢ = dpp + p dpd + dz 2 (1.A.49)
differential normal area, ds = p d¢ dzp + dp dz ¢+ pdp ddz (1.A.50)
differental volume, dv = p dp d¢ dz (1.A.51)

Spherical coordinates (p, 8, ¢):

The spherical coordinates are p for radius, 8 for angle of the horizontal projection, and ¢ for the elevation angle. These are related to

the Cartesian coordinates by
L2

Sl

S " =
Reference!

Figure 1.A.5
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z = rsinfcos @, y=rsinfsing, z=rcosh (1.A.52)
r=v22+y2+22 6 = arccos(z/r), ¢ = atan2(y,z) (1.A.53)
vector F=Fi+Fb+ Fb (1.A.54)
0, 1065, 1 0f,
grad Vf= 6rr+r309+rsin0 3¢¢ (1.A.55)
. 1 8(r*F,) 1 O(Fysin6) 1 OJFy
div V-F= . or rsinf a0 rsind d¢p (1.A.56)
1 O(Fysinf)  0F,\ .
curl VxF= p— ( 50 - 3—45) iy (1.A.57)
1( 1 OF, 8(rFy)\ A
T (sino 8~  or ) ® (1-A.58)
1 (O(rFy) OF,\ »
tr ( ar o0 ) ®
differential length d¢ = dr £+ d6 8 + rsinf do & (1.A.59)
differential area ds = r?sin 0 df d¢ © + rsin 0 dr d¢ O+rdrdd (T) (1.A.60)
differential volume dv = r?sin  dr df d¢ (1.A.61)
Identities
Identities for the del, V, operator:
div grad f = V - (Vf) = V2§ = Af(Laplacian) (1.A.62)
A(fg) = fAg+2Vf-Vg+gAf (1.A.63)
curl grad f=V x (Vf) =0 (1.A.64)
diveurl F=V - (VxF)=0 (1.A.65)
curl crl F =V x (V x F) = V(V - F) — V2F (1.A.66)
Ax(BxC)=B(A:-C)—C(A-B) (1.A.67)
1.A.6 Hyperbolic Functions and Complex Numbers
cosh(z) = %(e” +e™®) = cos(yz) (1.A.68)
cosh(yz) = %(eﬂ +e77%) = cos(z) (1.A.69)
cosh(—z) = cosh(z) (1.A.70)
sinh(z) = %(ez — e ®) = —ysin(yz) (L.A.71)
sinh(jz) = %(e’” —e™") = sin(z) (1.A.72)
sinh(—z) = —sinh(z) (1.A.73)
cosh?(z) — sinh?(z) = 1 (L.A.74)
tanh(z) = sinh(z)/ cosh(z) (1.A.75)
tanh(z) = —jtan(yz) (1.A.76)
tanh(yz) = jtan(z) (1.A.77)
tanh(—z) = — tanh(z) (1.A.78)
sin(yz) = ysinh(z) (1.A.79)
cos(yz) = cosh(z) (1.A.80)
tan(yz) = jtanh(z) (1.A.81)
€® = cosh(z) + sinh(z) e ® = cosh(z) — sinh(z) (1.A.82)
e’”® = cos(z) + 7sin(z) e = cos(z) — ysin(z) (1.A.83)
sin(z + jy) = sin(x) cosh(y) + j cos(z) sinh(y) (1.A.84)
cos(z + gy) = cos(z) cosh(y) — 7sin(z) sinh(y) (1.A.85)
e = el@th) = e3P where y=a + 18 (1.A.86)
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cot(z) = %[cot(a:/Z) — tan(z/2)] (1A87)
1.A.7 Volumes and Areas
Circle Sphere Cylinder Cone
. r = radius r = radius r = radius of base
r=radius h = height h = height
& VAN
Area - oy 2nrh (cylinder)
27r? (base & top)
Volume 473 /3 7r2h 7r2h/3
Table 1.4.1
1.A.8 Series Expansions
Square root:
00
=)men)!t .
Vigzg=y ——2 =7
e T
1 1, 1 4 5 4
=l+-z—=2+ —z°——z*+..for —1<z<1 (1.A.88)

2 8 16 128

Exponential function (the natural number e raised to a power):

o) " iI}2 $3
e’=z_%—!=1+m+i+§+... for all = (1.A.89)
Natural logarithm:
00 "
In(l—2z)=— —for —1< 1 1.A.
n(l — z) ; - for <z< (1.A.90)
— o _ n+1£ _ <
In(1 + z) ;( M= for —1<z<1 (1.A.91)
Binomial series:
l+=z)*= Z ( : ) z"  for all |z| < 1 and all complex (1.A.92)
n=0

where n is an integer and the binomial coefficient is

(a)= a—k+1=a(a—1)...'(a—n+1 (1.A.93)
n pale k n!
If  is replaced by an integer N the binomial coefficient is
N N
(n)—aiam (1.A.94)

Infinite geometric series:
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1 00

= Dz for |z <1 (1.A.95)
- n=0
T 00
m = Z'nw" for |$| <1 (1A96)
n=1
1 00
m = an"‘l for |93| <1 (1A97)
n=1
1.A.9 Trigonometric Series Expansions
( 1)" 2 " :I:3 :1;5
Ml=g— -+ —- forall 1.A.
sinz = "Z_% @nt 1)' =3 + = or all z (1.A.98)
(- 1) z2 gzt
cosT = Z (2n)‘ =1-5r + T for all (1.A.99)
3
tanz =z + % + 2115 4 for |z| < g (1.A.100)
) o ontl 23 5
sinhz = Z% @t =z+ 3 + 5l + .- forallz (1.A.101)
o) 1132"’ m2 :I}4
cosht=) ——=14+++—+- forallz (1.A.102)
; (2n)! 21 o4l
Bond"(4" 1) 5,
tanhg =y  —- = /g2 (1.A.103)
; (2n)!
1 2 5 11 ™
_$—§$ +E —miﬂﬁ' for |.’E|<5
0
. (=1)"@2n)! i
arsinh(z) = Y ———————_g* for |g| <1 (1.A.104)
; 4" (n!)2(2n + 1)
@=3 2" for I (1.4.105
artanh(z) = —— for |z| <1 1.A.105
= 2n+1

1.A.10 Special Polynomials

Several polynomials have special properties of use in the design of filters and matching networks. Their arguments are put in terms
of frequency and a transfer function of a two-port is expressed in terms on one of the special polynomials or its inverse.
Butterworth Polynomial

The Butterworth polynomials have the general form

" { n/2 {:z — 92 cos [(2k+" 1)"] + 1} for n even
() =

(1.A.106)
(@+ 1) 17 {2 — 2zcos [E4207] 1) for n odd

These of course do not look like polynomials but their expansions are, see Table 1.4.2.

Chebyshev Polynomial

The nth-order Chebyshev polynomial of the first kind, T, (), (often just called the Chebyshev polynomial) has the special property
that the maximum absolute value of Tj(z) for —1 <z <1 is 1. This can be seen in the figure to the right where the first four
Tchebyshev polynomials are plotted.

Figure 1.A.6

When z is frequency this means that the frequency response in a bandwidth has equal ripples across the passband and outside (both
above and below) the value of T,(z) rapidly diverges (the magnitude becomes monotonically larger). For a filter or matching
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network the reflection coefficient is expressed in terms of T,(z) and so the skirts of the transmission response are steep.
Normalization of z and scaling of the Chebyshev polynomials is used to scale the response in frequency and amplitude. The
Chebyshev polynomial is obtained using the recursion formula

To(z) = 22T, 1 — Ty 2(z) with Ti(z) =z and Tp(z)=22>—1 (1.A.107)
For example, withn =3,
T3(x) = 22T 1(z) — Ts-o(z) = 22(222 — 1) —z = 4a® — 2z — z = 423 — 3z (1.A.108)
n Butterworth Polynomial B, (z)
1 z+1
2 22+ 1.41422 + 1
3 (z+1)(z®+z+1
4 (2 + 0.7564x + 1)(z2 + 1.8478z + 1)
5 (z+1)(x% +0.1680z + 1)(z? + 1.6180z + 1)
6 (z® 4 0.5176z + 1)(z% + 1.4142z + 1) (2% + 1.9319z + 1)
7 (z +1)(z? + 0.4450z + 1)(x? + 1.2470z + 1)(z® + 1.8019z + 1)

(x? + 0.3902z + 1)(z% + 1.1111z + 1)(z2 + 1.6629z + 1)(z2 + 1.9616z
+1)

Table 1.A.2: Butterworth polynomials.

Several useful expansions of Chebyshev polynomials are used in microwave engineering to relate the frequency response of a
function or circuit to the Chebyshev characteristic. Generally the frequency is referred to the electrical length 6 (which for a
transmission line § is proportional to frequency). Some of the more useful expansions used in the text follow:

Ty (cos 8) = cos(nd) (1.A.109)

and note that when 8 = x/2, cos(n6) = 0 when is odd and cos(nd) = +1 when is even. From this identity two more useful identities
are derived:

Tn(z) =cos(ncos™'z) for |z| <1, (1.A.110)
and T,(z) =cosh (ncosh™'z) for |z|>1

A normalized argument cos 8/ cos ,, is often used to define a passband as being between 6, and (= — ,,). That is that we can relate
the Chebyshev response to frequency and define a frequency bandwidth. Then a useful Chebyshev polynomial expansion is

T (cos 8/ cos by,) = Ty (sec Oy, cos 0) = cos {n [cos™ (cos f/ cos 0,)] } (1.A.111)

From Section 1.A.2 note that cos?6 = %[1 + cos(26)], cosOcos(nd) = %cos[(n + 1)6] cos[(n — 1)0], and sec(fr) = 1/ cos 0. Then (after
ingenious manipulation) Equation (1.A.107) becomes
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Ti(cos 8/ cosB,,) = sec b, cos b
Ty(cos 8/ cos B,,) = sec? O,[cos(26) + 1] — 1 = sec? ,, cos(20) + (sec?® O, — 1)
Ty(cos 0/ cos 0,,) = sec® O, [cos(30) + 3 cos 6] — 3sec O, cos O
= sec® 0,,, cos(36) + 3(sec3 ,, — secf,,,) cos §
Ty(cos 0/ cos 0,,) = sec* 0,[cos(40) + 4 cos(260) + 3] — 4sec? B, [cos(26) + 1] +1
= sec? 0, cos(46) + 4(sec? — sec? 0,,) cos(26)
+ (8sect b, — 4sec? O, + 1)
Kj5(cos8/ cos8y,) = sec® 0,,[cos(56) + 5 cos(36) + 7 cos 4]
— sec® 0,,[5 cos(36) + 11 cos ]

+4secf,, cosf
= sec’ O, cos(50) + 5(sec® 0, — sec® ,,) cos(36)
+(7sec®8,, — 11 sec® b, + 4sech,y,) cos (1.A.112)

1.A.11 Matrix Operations

A, B, and C are square matrices and V is a vector.

Determinant:
|A| = det(A) (1.A.113)
Transpose:
(ABC)T = CTBTAT (1.A.114)
(ABCTH)T = CBTAT (1.A.115)
Inverse:
(ABC)!=C'B!A! (1.A.116)
(ABCH) 1 =(CcH)'BlAl=CB!A! (1.A.117)
AATT=AA=I=1 (1.A.118)
Two row square matrices and vectors
a1 a2 bu bia vy
A= B= V= (1.A.119)
a1 022 bar by V2
Multiplication:
AV — [ ail a ] [ V1 ] _ [ (@111 + a12v2) (1.A.120)
az ax V2 (a21v1 + azv?)
AB = [ a;1 ap ] [ b1 bia ] _ [ (@11b11 + @12b21)  (@11ba1 + a12ba3) ] (1.A.121)
az1 Qa2 ba1  ba (a21b11 + ag2ba1)  (@21b12 + agebos)
Determinant:
A| = det(A) =det | @ °]) =2 (1.A.122)
= = c d ~ ad—bc .
Transpose:
T
AT = [ a; a2 ] _ [ a1 e ] (1.A.123)
a1 G292 a1z Q22
Inverse:
—1
b 1 d -b 1 d —-b
N = - 1.A.124
[c d] |A|[—c d] ad—bc[—c d] ( )
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1.A.12 Interpolation

Linear Interpolation
Linear interpolation can be used to extract data from tables. In the table below there are two known points, (z¢,y) and (z1,v:), and
the linear interpolant is the straight line between them. The unknown point (z, y) is found by locating it on this straight line.

Variable
Independent Dependent
To Yo
T )
T 2!
Table 1.4.3

Thus

Y~% _ T—Z (1.A.125)

so that, given =,

y=yo+ (@ — o) 2L (1.A.126)
1 — To

Bilinear Interpolation

Bilinear interpolation is a two-dimensional generalization of linear interpolation. In the table below, f(D) = f(zo,¥0), f(A)
= f(zo0,v1), f(F) = f(z1,9), and f(C) = f(x1,y1) are known and f(z,y) is to be found. The bilinear interpolation technique is

illustrated in the figure.

Variable
Independent Independent Dependent
zo Yo fo
T y f
T1 Y1 f
Table 1.4.4
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Figure 1.A.8

First, find the value of the function at point B from the values at Point A and Point C. Thus, from Equation (1.A.126),

f(€) = f(A)

f(B) = f(z,y1) = F(A) + (2 — 20) = _— (1.A.127)
1—%To
Similarly
#(8) = £z, 0) = £(D) + (& — a) T =IO (1.A.128)
1— %o
Linear interpolation between Point B and Point E yields
B) — f(E
fle,y) =F(E)+ (y—yo)w (1.A.129)
Y1— %o
Combining these, the function obtained from bilinear interpolation is
__ f(=o,90) _ _
flz,y) = @ mO)f(gh — y())) (1 —z)(y1—v)
Z1,Y0 _ _
(ml _ -’Bo)(yl — yo) (:I} mO)(yl y)
f(m()a yl) _ _
1= 20) (w1 —50) (z1 —2)(y — yo) (1.A.130)
f(z1,71)

(%1 — z0)(y1 — o) (== 20)(v=10)

When interpolating from a table, choosing the points closest to the final point will yield greatest accuracy.

1.A.13 Circles on the Complex Plane

A common situation that occurs when working with complex numbers involves equating the magnitude of a complex number being
equal to a real number. As will be shown, this defines a circle in the complex plane. Consider the relation

[S—cl=r (1.A.131)

Complex ¥
§ plane

Figure 1.4.9: A circle in the S plane defined by the relation |S — ¢| = r, where c=a+ jband S = z + gy.

where S = z + jy and ¢ = a + yb are complex numbers and  is a real number. Substituting for $ and ¢ in Equation (1.A.131) yields

l(z—a)+s(y—0)|=r (1.A.132)
that is, [(z—a)+3(y—d)|[(z—a)—s(y—0)] =r (1.A.133)
(z—a)’+(@y—b)?=r (1.A.134)

The above is a general equation for a circle in the # — y plane with center (a, b) and radius r (see Figure 1.A4.9).
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1.A.14 Bilinear Transform

The bilinear transformation maps a circle in the complex plane onto another circle in the complex plane [19]. The bilinear
transformation of a complex variable z is

w— Az+ B
T Cz+1

(1.A.135)

where A, B, and C are real numbers. In RF and microwave usage, z and w could be reflection coefficients or impedances.
Rearranging Equation (1.A.133) results in

A B-%
w=G+5C (1.A.136)
which can be rearranged as
4
— =T (1.A.137)
c
The complexity of the derivation is reduced by introducing the intermediate variables W and Z defined as
w-4
W= e (1.A.138)
B-¢
and
Z=Cz+1 (1.A.139)
and noting that, from Equation (1.A.137),
W=1/Z (1.A.140)

If, in Equation (1.A.139), the locus of z describes a circle, then the locus of Z will also be a circle since ¢ is a constant. If the center
of the circle in Z space is Cz and the distance from any point on the circle to the center is the radius R, then

|Z—Cz| = Rz (1.A.141)

Considering Equation (1.A.139), then in z space, the center of the circle is

C, = % — % (1.A.142)
and its radius is
R,=Rz/C (1.A.143)
Removing the magnitude signs in Equation (1.A.141) leads to
(Z—Cz)(Z—C2)*=(Z—-C3)(2*—C*Z) = R%, (1.A.144)
or
ZZ*—CzZ2*—CsZ+ (|CZ°—R%)=0 (1.A.145)

which is the general equation for a circle in the complex plane.

Now, the circle in the Z plane will be related to what happens in the W plane. Substituting Equation (1.A.140) into Equation
(1.A.145) results in

1 1

*i 2_ p2y _
e — Cagpe — Co + (1021 — RY) =0 (1.A.146)

and rearranging,

. Cz % W 1

- w— + =0 (1.A.147)
(ICzI" — RY) (1Cz|” — R%) (ICz|” — RY)
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This is in the same form as Equation (1.A.145), so Equation (1.A.147) describes a circle in W space with center

%1

Cw=—>2 (1.A.148)
(ICzI* — R%)
and radius
Rz
Ry =|—— 1.A.149
w ‘ Cof — B2 ( )
Now the locus of w will also be a circle. From Equation (1.A.138),
A A
so that W is scaled and a constant added. The center of the circle in w space is
A A CyB-A4/C) A
Co=C (B__)+_=—Z + 2 1.A.151
6T e (et -my) (A
and the radius is
R, = Rw ‘B— ﬂ‘ - (B_zﬂ (1A.152)
¢l |lcz*— Ry
Substituting Equations (1.A.142) and (1.A.143) in the above relates the centers and radii in the w and z spaces:
_(eC.+1)"(B-4/C) A (1.A.153)
(lcc.+1*—|CR) C
B—-A BC—-A
v = ( ﬁC)CRz = (BC 5 )R (1.A.154)
|CCz + 1| - |CR2|2 |CCz + 1| - |O'Rz|2

Thus the bilinear transform, Equation (1.A.135), maps all points on a circle in the z plane to points on a circle in the w plane.

1.A.15 Quadratic and Cubic Equations

Quadratic Equation

The general form of the quadratic equation in z is (a, b, and ¢ can be complex)
ax? +br+c=0 (1.A.155)

where a # 0. There are two solutions, called roots, given by the quadratic formula, [20]

— b1 v — 4ge
g —bEVE —dac (1.A.156)
2a
and + indicates two possible roots,
—b+ Vb2 — 4 —b— Vb2 —4
Ty = % and z_= Tac (1A157)

Even if a, b, and ¢ are real, the roots may be complex and they could be degenerate, that is, the same. The factors of the quadratic
equation come from the roots, that is,

ax?+br+c=alx—z)(x—z) (1.A.158)
Cubic Equation
The general form of the cubic equation in z is (a, b, ¢ and d can be complex)
ax® +brl+cx+d=0 (1.A.159)

where a # 0. There are three solutions, called roots, given by the cubic formula, [20]
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1 Ao
Th= g (b Fupt W—C) . ke{l,23) (1.A.160)

where the wus are the cube roots of one: u; = 1, uz = 1 (—1 +j\/§) ,us =+ (—1 - J\/E) ,and

1 1/3
c= [E (A1+\/A§—4Ag)] (1.A.161)

with Ag = 4% — 3ac and A; = 2b® — 9abc + 27a2d. In Equation (1.A.161) any choice of the square or cube roots can be made as the
effect is simply to exchange «;, s and z3. Note that az® 4 bz? + cz + d = (x — z1)(x — Z2)(x — x3).
1.A.16 Kron's Method: Network Condensation

Kron’s method [21, 22, 23] is also called network condensation and is used in developing simpler equivalent networks of large
linear circuits with algebraic y parameters, that is, for resistive networks, or for general linear circuits in frequency-domain analysis
where the y parameters are complex numbers. Network condensation is a numerical approach particular to circuits. It is of use in
reduced-order modeling of linear circuits and in filter design.

The indefinite nodal admittance formulation of a network with four external terminals (see Figure 1.4.10) is
fesl Lomeq
Sy -,

Figure 1.A4.10: A four-terminal network.

v1 J1
) J2
Yu Y2 - Yk Y1,k+1
v3 J3
Y21 Y22 0 Y2k Y2,k+1 v T
4
. . . . : = 1.A.162
Vs 0 ( )
Y1 Y2 - Yk Yk,k+1 .
Yre+1,1  Yk+1,2 0 Yk+le Yr+1,54+1
Vg 0
| Uk+1 | L 0 i
as there are no external current sources at the internal terminals 5, 6, --- , k+ 1. Since the (k + 1)th current source is zero, the (k+ 1)
th row and column of Y can be eliminated, yielding
I ’Ui i [ J1 ]
v} J:
Y Y yi,k ? >
y/ yr y/ U3 J. 3
nomo Ry = (1.A.163)
: vg 0
Y Yk o Ykk :
L] LO]
where
Yik+1
Yij = Yij — Yrrrg— and v} =v; — Ve (1.A.164)

Yr+1,k+1

It is of no concern that the terminal voltages have been altered, as they have all had the same quantity added to them. This has the
same effect as choosing another reference terminal. The reference terminal is arbitrary until it is connected to the full circuit. The
process can be continued until the network equations are reduced to that of a four-terminal element, that is

" " Vs s ”

Yn Y2 Yz Yua U1 J1

s ” 4 4 s

Yn Y Yi Yu || v2 | _ | e (1.A.165)
" ” ” ” ” - J- o
Y31 Y32 Y33z Y U3 3

s ” 4 ” /s

Y Y2 Y3 Yu Uy Ja

The y-parameter matrix in Equation (1.A.165) is that of the four-terminal element shown in Figure 1.A4.10.
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Footnotes
[1] Outside electrical engineering 2 (i without the dot) is used for v/—1, but this is replaced by j (j without the dot) in electrical

engineering to avoid confusion with the usage of ¢ for current.

This page titled 1.A: Appendix- Mathematical Foundations is shared under a not declared license and was authored, remixed, and/or curated by

Michael Steer.
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2.1: Introduction

A transmission line stores electric and magnetic energy, and for an alternating signal at a position on the line, energy is converted
from one form to the other as time progresses. As such a line has a circuit form that combines inductors, Ls (for the magnetic
energy), capacitors, Cs (for the electric energy), and resistors, Rs (modeling losses), whose values depend on the line geometry and
material properties.

The transmission lines considered in this chapter are restricted to just two parallel conductors, as shown in Figure 2.1.1, with the
distance between the two wires (i.e., in the transverse direction) being substantially smaller than the wavelengths of the signals on
the line. The correct physical interpretation is that the conductors of a transmission line confine and guide an EM field. The EM
field contains the energy of the signal and not the current on the line.

Ry e R
‘\"'i —

{a) Two-wire line (b) Strip-above-ground line

Figure 2.1.1: Two conductor transmission lines.

However, with electrically small transverse dimensions, a two conductor line may be satisfactorily analyzed on the basis of
voltages and currents.

The earliest understanding of signal transmission led to telegraphy over distances. The critical theoretical step that enabled
transmission over more than short distances was the development of an understanding of signal transmission on lines using phasor
analysis [1]. This frequency-domain analysis is still the best way to understand transmission lines. This transmission line theory
with modern developments is presented in Section 2.2 and useful formulas and concepts developed in Section 2.3 for lossless
transmission lines. Section 2.4 presents several configurations of lossless lines that are particularly useful in microwave circuit
design and used in many places in this book series. Section 2.5 repeats the analysis of lossless lines but now for lossy lines.
Reflections and transmission of power at multiple interacting interfaces is considered in Section 2.6. Important network models for
transmission lines are developed in Section Section 2.7. The last section, Section 2.8, presents summary formulas for many two-
conductor transmission lines.

2.1.1 When Must a Line be Considered a Transmission Line

The key determinant of whether a transmission line can be considered as an invisible connection between two points is whether the
signal anywhere along the interconnect has the same value at a particular instant. If the value of the signal (say, voltage) varies
along the line (at an instant), then it may be necessary to consider transmission line effects. A typical criterion used is that if the
length of the interconnect is less than 1/20th of the wavelength of the highest-frequency component of a signal, then transmission
line effects can be safely ignored and the circuit can be modeled as a single RLC circuit [2]. The actual threshold used—2/20, A/10,
or \/5—is based on experience and the particular application. For example, an interconnect carrying a digital signal clocking at
4 GHz has an appreciable frequency component at 20 GHz. Then the interconnect reaches the /10 threshold when it is 4.5 mm long.
Thus it takes a finite time for the variation of a voltage at one end of the interconnect to impact the voltage at the other end. The
ultimate limit is determined by the speed of light, ¢, but this is reduced by the relative permittivity and permeability of the material
in which the fields exist. The relative permittivity and permeability describe the effect of excess potential energy storage in the
material, above that of vacuum, in a manner that is analogous to storing mechanical energy in a spring.

2.1.2 Movement of a Signal on a Transmission Line

A coaxial line (Figure 2.1.2(a)) is the quintessential transmission line as it is one of the few transmission line structures that can be
described exactly from first principles when there is no loss. This is because the cross section of a coaxial line matches the
cylindrical coordinate system, an orthogonal coordinate system with boundary conditions that can be expressed in terms of just one
coordinate (the radius). It is known how to solve Maxwell’s equations,which are just differential equations, in an orthogonal
coordinate system. This is done for a coaxial line in Section 2.9.
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When a positive voltage pulse is applied to the center conductor of the

Figure 2.1.2: A coaxial transmission line: (a) three-dimensional view; (b) the line with pulsed voltage source showing the electric
fields at an instant in time as a voltage pulse travels down the line. E; < Er.
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Figure 2.1.3: Fields, currents, and charges on the coaxial transmission line of Figure 2.1.2 at times t4 > t3 > t3 > t1. QcenTER iS the
net free charge on the center conductor. IcgnTer is the current on the center conductor.

coaxial line, as shown in Figure 2.1.2(a), an electric field results that is directed from the center conductor to the outer conductor.
Referring to Figure 2.1.2(b), the component of the field that is directed along the shortest path from the center conductor to the
outer conductor is denoted Er, and the subscript T denotes the transverse component of the field with the transverse plane being
perpendicular to the direction of propagation along the line. Figure 2.1.2(b) shows the fields in the structure after the pulse has
started moving along the line. This is shown in another view in Figure 2.1.3 at four different times. The transverse voltage, Vr, is
given by Er integrated along a path between the inner and outer conductors: Vr ~ Er(a —b). This is a good measure, provided that
the transverse dimensions are small compared to a wavelength (otherwise the integral is then path dependent). The voltage pulse
exciting the line has a trapezoidal shape and Figure 2.1.3 shows the charge, Qcgnter, and current, Icpnrer, ON the center conductor
and the transverse field, Er. The voltage between the inner and outer conductor has the same form as Ep. As indicated by
Maxwell’s equations, a change in time of the electric field results in a spatial change in the magnetic field and hence current. As a
result there is a variation of the current in time and this results in a spatial change of the electric field. The chasing from a time
variation to a spatial variation and then back to a time variation causes the pulse to move down the line.

The pulse moves down the line at the group velocity, which for a lossless coaxial line is the same as the phase velocity, v,.! This
is determined by the physical properties of the region between the conductors. The permittivity, e, describes energy storage
associated with the electric field, E, and the energy storage associated with the magnetic field, H, is described by the permeability,
u. (Both £ and g are properties of the medium—the material.) It has been determined that?

vp = 1/ /e (2.1.1)

In a vacuum ¢ = €, the free-space permittivity, and p = ug, the free-space permeability. These are physical constants and have the
values

Permittivity of free space: £ = 8.854 x 10712 F/m
Permeability of free space: po = 4n x 1077 H/m

One conclusion here is that EM energy can be stored in free space, i.e. in a vacuum. In free space v, = ¢ = 1/,/fig€g = 3 x 108 m/s.
The free-space wavelengths, A\g = ¢/f, at several frequencies, f, are

I 100 MHz 1 GHz 10 GHz

Ao 3m 30 cm 3.0 cm
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Commonly ) is used to indicate the wavelength in free space and ), the guide wavelength, is used to denote the wavelength on a
transmission line. It is convenient to use the relative permittivity (or the less commonly used term dielectric constant), ¢,, defined

Table 2.1.1

as
e =€/eo (2.1.2)
Similarly the relative permeability is

Br = 1/ to (2.1.3)

and most materials have g, = 1. The permittivity, permeability, and conductivity of materials used in RF and microwave circuits are
given in Appendix 2.A.

v/ Example 2.1.1: Transmission Line Wavelength

A length of coaxial line is filled with a dielectric having a relative permittivity of 20 and is designed to be 1/4 wavelength long
at a frequency, f, of 1.850 GHz.

a. What is the free-space wavelength?
b. What is the wavelength of the signal in the dielectric-filled coaxial line?
c. How long is the line?

Solution

a. Ao =c/f =3 x 108/1.85 x 10° = 0.162 m = 16.2 cm.
b. Note that for a dielectric-filled line with pr = 1, XA = v,/f = ¢/(v/&+f) = Xo/+v/Er» SO A = Ao/+/Er = 16.2 cm/+/20 = 3.62 cm.
C. A\g/4=3.62 cm/4 = 9.05 mm.

Footnotes

[1] The phase velocity is the apparent velocity of a point of constant phase on a sinewave and is almost frequency independent for a
low-loss coaxial line of small transverse dimensions (less than 2/10).

[2] This is derived from Maxwell’s equations and describes the situation where the fields have a very simple structure, in general
where the fields are solely directed in the transverse plane.

This page titled 2.1: Introduction is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael Steer.
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2.2: Transmission Line Theory

This section develops the theory of signal propagation on transmission lines. The first section, Section 2.2.1, makes the argument
that a circuit with resistors, inductors, and capacitors is a good model for a transmission line. The complete development of
transmission line theory is presented in Section 2.2.2, and Section 2.2.3 relates the RLGC transmission line model to the properties
of a medium. The dimensions of some of the quantities that appear in transmission line theory are discussed in Section 2.2.4.
Section 2.2.5 summarizes the important parameters of a lossless line and then two particularly important lines, coaxial lines and
microstrip lines, are considered in Sections 2.2.6 and 2.2.7.

2.2.1 Transmission Line RLGC Model

Regardless of the actual structure, a segment of uniform transmission line (i.e., a line with constant cross section along its length)
as shown in Figure 2.2.1(a) can be modeled by the circuit shown in Figure 2.2.1(b) with

Resistance along the line =R

Inductance along the line =L | all specified
Conductance shunting the line = G | per unit length
Capacitance shunting the line =C

Thus R, L, G, and C are also referred to as resistance, inductance, conductance, and capacitance per unit length. (Sometimes p.u.l.
is used as shorthand for per unit length.) In the metric system, ohms per meter (£2/m), henries per meter (H/m), siemens per meter
(S/m) and farads per meter (F/m), respectively, are used. The values of R, L, G, and C are affected by the geometry of the
transmission line and by the electrical properties of the dielectrics and conductors. C describes the ability to store electrical energy
and is mostly due to the properties of the dielectric. G describes loss in the dielectric which derives from conduction in the
dielectric and from dielectric relaxation. Most microwave substrates have negligible conductivity so dielectric relaxation loss
dominates. Dielectric relaxation loss results from the movement of charge centers which result in distortion of the dielectric lattice
(if a crystal) or molecular structure. The periodic variation of the E field transfers energy from the EM field to mechanical
vibrations. R is due to ohmic loss in the metal more than anything else. L describes the ability to store magnetic energy and is
mostly a function of geometry, as most materials used with transmission lines have g, = 1 (so no more magnetic energy is stored
than in a vacuum).

For most lines the effects due to L and ¢ dominate because of the relatively low series resistance and shunt conductance. The
propagation characteristics of the line are described by its loss-free, or lossless, equivalent line, although in practice some
information about R or G is necessary to determine power

_____ ) Nzt Raz LA Hz+Ann
..... Ommm—:11 o WAL
:::::__H:;"" : Viza Ga % Tope VA
=, % -
(a) (b}

Figure 2.2.1: Transmission line segment: (a) of length Az; and (b) lumped-element model.

losses. The lossless concept is just a useful and good approximation.

2.2.2 Derivation of Transmission Line Properties

In this section the differential equations governing the propagation of signals on a transmission line are derived. These are coupled
first-order differential equations and are akin to Maxwell’s Equations in one dimension. Solution of the differential equations
describes how signals propagate, and leads to the extraction of a few parameters that describe transmission line properties.

Applying Kirchoff’s laws applied to the model in Figure 2.2.1(b) and taking the limit as Az — 0 the transmission line equations

are
av(azz, ) ps (et) Lai(atz,t) (2.2.1)
81'(2, t) _ 31)(,2, t)
o) __ Go(zt) — CT (2.2.2)
(]
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V(2) is a phasor and v(z, t) = R{V(z)e**}. R{w} denotes the real part of w, a complex number.

In sinusoidal steady-state using cosine-based phasors these become

V&) _ (g wD)I(2) (2.2.3)
dz
and
dfj(:) — (G + WOV () (2.2.0)
Eliminating I(z) in the above yields the wave equation for V(2):
d*V(z) 9 _
2z "7 V(z)=0 (2.2.5)
Similarly
d*I(z) 2
7 I(z)=0 (2.2.6)
where the propagation constant is
y=a+38=1/(R+mL)G +wC) (2.2.7)

with SI units of m~! and where « is the attenuation coefficient and has units of nepers per meter (Np/m), and 3 is the phase-change
coefficient, or phase constant, and has units of radians per meter (expressed as rad/m or radians/m). Nepers and radians are
dimensionless units, but serve as prompts for what is being referred to.

Equations (2.2.5) and (2.2.6) are second-order differential equations that have solutions of the form
V(z) = Ve ™ + Ve (2.2.8)
and
I(z) = Ife " + Iy e™ (2:2.9)

The physical interpretation of these solutions is that V*(z) = V;te™ and I*(2) = I e~ are forward-traveling waves (moving in
the +z direction) and V~(2) = V; ¢ and I (2) = I, ¢ are backward-traveling waves (moving in the —z direction). V(z), V;", V;,
I(z), I and I; are all phasors. Substituting Equation (2.2.8) in Equation (2.2.3) results in

= TV yterr_y—ew
I(2) oL [Vore Vo €] (2.2.10)
Then from Equations (2.2.10) and (2.2.9)
I = ¢‘7+ an I~ = # N Ve 2.2.11
O " R4+gwL © d I R+]wL( 0) ( )

The characteristic impedance is defined as

| AN L L
Zo=-b =0 _Riwl _ [Rimw (2:2.12)
I; I; 04 G + jwC

with the SI unit of ohms (). Equations (2.2.8) and (2.2.9) can be rewritten as

V(z) =Vste ™ + V5 e (2.2.13)
and
A7 V-
I(z) = 2 e 0 e~ 2.2.14
()= e~ e (22.14)
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Converting back to the time domain:
v(z,t) = |V5t| cos(wt — Bz + pT)e ™ + |V | cos(wt + Bz + ¢~ )e™ (2.2.15)

where ot and ¢~ are phases of the forward- and backward-traveling waves, respectively. The phasors of the traveling voltage

waves are
Vit (2) = |V§| e®' e and Vy(2)= Ve | e e (2.2.16)
The following quantities are defined:
Characteristic impedance: Zp = \/ (R+ ywL)/(G + jw0C) (2.2.17)
Propagation constant: = \/ (R + jwL)(G + juC) (2.2.18)
Attenuation constant: o = R{vy} (2.2.19)
Phase constant: S =J{v} (2.2.20)
Wavenumber: k= —jy (2.2.21)
Phase velocity: v, =w/f (2.2.22)
2r 2«
Wavelenght: A= — = — (2.2.23)
M Ik

where w = 2xf is the radian frequency and f is the frequency with the SI units of hertz (Hz). The wavenumber & as defined here is
used in electromagnetics and where wave propagation is concerned. Considering one of the traveling waves, the phase velocity
refers to the apparent velocity of which a point of constant phase on the sinewave appears to move.

For low-loss materials, o « B, and so B ~ |k|, then the following approximations are valid:

Characteristic impedance: Zy~ 4/L/C (2.2.24)
Phase constant: =~ wVLC (2.2.25)
Wavenumber: k=~ (2.2.26)

Phase velocity: v, =w/ (2.2.27)
Wavelength: A~ %r =vp/f (2.2.28)

The important result here is that a voltage wave (and a current wave) can be defined on a transmission line. One more parameter
needs to be introduced: the group velocity,

%
o

g (2.2.29)
The group velocity is the velocity of a modulated waveform’s envelope and describes how fast information propagates. It is the
velocity at which the energy (i.e. information) in the waveform moves. Thus group velocity can never be more than the speed of
light in a vacuum, c¢. Phase velocity, however, can be more than c. If the speed at which information moves varies with frequency,
then a signal such as a pulse will spread out. Such a line is said to have dispersion. For a lossless, dispersionless line, the group and
phase velocity are the same. If the phase velocity is frequency independent, then $ is linearly proportional to w.

Electrical length is used in designs with transmission lines prior to establishing the physical length of the line. The electrical
length of a line is expressed either as a fraction of a wavelength or in degrees (or radians), where a wavelength corresponds to 360°
(or 27 radians). So if B is the phase constant of a signal on the line and ell is its physical length, the electrical length of the line in
radians is 2.

v Example 2.2.1: Physical and Electrical Length

A transmission line is 10 cm long and at the operating frequency the phase constant 8 is 30 rad/m. What is the electrical length
of the line?

Solution

The physical length of the line is £ = 10 cm = 0.1 m. Then the electrical length of the line is £, = f¢ = (30 rad/m) x 0.1 m
= 3 radians. The electrical length can also be expressed in terms of wavelength noting that 360° corresponds to 2 radians,
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l which also corresponds to A. Thus £, = (3 radians) = 3 x 360/(2r) = 171.9° or £, = 3/(2m) A = 0.477\.

v Example 2.2.2: RLGC Parameters

A transmission line has the RLGC parameters R =100 £2/m, L =80 nH/m, G = 1.6 S/m, and C = 200 pF/m. Consider a
traveling wave at 2 GHz on the line.

a. What is the attenuation constant?

b. What is the phase constant?

c. What is the phase velocity?

d. What is the characteristic impedance of the line?
e. What is the group velocity?

Solution

aa:y=a+38=+/(R+wL)(G + wC); w=12.57-10° rad/s

y= \/ (100 + jw - 80 - 107°)(1.6 + w200 x 1071%) = (17.94 + 551.85) m~*
a=R{y} =17.94 Np/m

b. Phase constant:
B =3{y} =51.85 rad/m
c. Phase velocity"

w  2rf 12.57x10°rad-s?

= =2.42 x 108
B~ B 51.85 rad - m1 23U gt

’UP=

d. Zy = (R + gwL) /vy = (100 + jw- 80 - 107°)/(17.94 + 351.85) = (17.9+ 74.3) Q@
Note also that Zy = /(R + jwL)/(G + jwC), which yields the same answer.
e. Group velocity:

vy &
7 0Bl o

Numerical derivatives will be used, thus v, = Aw/AB. Now 8 is already known at 2 GHz. At 1.9 GHz, y = 17.884
+ 749.397 m~L, and so B = 49.397 rad/m.

_ 2r(2GHz—19GHz) _ 2n(2—1.9)10° Hz
" B(2 GHz) — $(1.9 GHz) ~ (51.85 — 49.397) m—!

vy = 2.563 x 108 m/s

(Note that Hz = s~*. Note that v, # vy, and so the transmission line has dispersion.)

2.2.3 Relationship of RLGC parameters to Permittivity and Permeability of a Medium

In the previous section the telegrapher’s equations for a transmission line modeled as subsections of RLGC elements was derived.
Very good accuracy is obtained if the length of a subsection is no more than one-twentieth of a wavelength. The full transmission
line model is the cascade of many transmission line subsections (e.g. see Figure 2.2.2). In this section the RLGC parameters are
related to the physical parameters of permittivity and permeability. The development does not go into much detail, as the derivation
is involved and can only be derived analytically for a few regular transmission line structures. If you are curious, the development
is done for a parallel plate waveguide and a rectangular waveguide in Chapter 6 and for a coaxial line in Section 2.9.

The main parameters describing propagation on a transmission line are Z, and ~, and these depend on the permeability and
permittivity of the medium and the spatial variation of the E and H fields resulting from the geometry of the conductors. Only a
few geometries permit analytic solution of the fields so in general a numerical field solution is required and Z, and « derived. Very
often equations are curve fit to the numerical solutions but the structure of the equations have a theoretical foundation. It is found
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that there can be a number of possible field solutions (not unusual for the solution of differential equations) each of which is called
a mode. Modes that have all the fields in the transverse plane (perpendicular to the propagation direction) is called a transverse EM
(TEM) mode and these modes exist at DC. The other modes are only possible above a cut-off frequency. It is found that the
propagation constant has the form

2= —(k®—k?) (2.2-30)

where k. is the cutoff wavenumber and for a particular line usually has a different value for each mode. The wavenumber of a
homogeneous line is

k = Jw\/iE (2.2.31)

A mode can only exist and describe a propagating signal when 8 = J{v} is not zero which requires that 42 be negative. Thus a mode
can support a propagating mode only if the wavenumber is greater than the cut-off wavenumber, i.e. when k > k.. A TEM mode has
k. =0 so a signal, other than DC can always propagate on the line in a TEM mode. A homogeneous line has just one type of
medium supporting the EM fields. An example of a homogeneous line is a teflon-filled coaxial line. A non-homogeneous line has
two or or more dielectric mediums, such as air and a dielectric. For nonhomogeneous lines the concept of an equivalent
homogeneous line with an effective permittivity e« and effective permeability u.gs is used. Then

k = jw\/phettEett (2.2.32)

AR AL
—0

AG S=AC = = =

e O

Figure 2.2.2: RLGC model of a transmission line.

Loss is incorporated in the imaginary parts of € and g for TEM modes. As before, for any mode,

Attenuation constant: o = R{y} (2.2.33)
Phase constant: S = J{v} (2.2.34)
Phase velocity: v, =w/f (2.2.35)
Wavelength: X = 1]7? = %/r (2.2.36)

Comparing v in Equations (2.2.7) and (2.2.32), an equivalence can be developed between the lumped-element form of transmission
line propagation and the propagation of an EM wave in a medium. Specifically,

—0” pesteett = (R + jwL)(G + jwC) (2.2.37)
Lossless Medium
If the medium is lossless (i and ¢ are real and R = 0 = @), then
Pesi€e = LC (2.2.38)
When the medium is free space (a vacuum), then a subscript zero is used. Free space is also lossless, so the following results hold:
ap=0 and By = —7y = wy/Boes = wVLC (2.2.39)
If frequency is specified in gigahertz (indicated by fam,), in free space
Bo = 20.958 feu, units of rads/m (2.2.40)

At 1 GHz, By =20.958 rad/m and A¢ =29.98 cm (use Ay = 30 cm at 1 GHz as a reference). In a lossless medium with effective
relative permeability p. = pegr/po = 1 and effective relative permittivity e, = e/,

B=epo (2.2.41)

Zy depends strongly on the spatial variation of the fields. When there is no variation in the plane transverse to the direction of
propagation (i.e. for plane wave propagation)
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Zy = \/u—/s (2.2.42)

However, if there is variation of the fields

Zy = rz\/ueﬂ/seg = N\/ﬂo/é‘o\/ﬂe/se (2.2.43)

where x captures the effect of geometric variation of the fields. Spatial variation of the fields stores additional energy in the E and
H fields, affecting ~ as well as Z,.

If the boundary conditions on a transmission line are such that a required spatial variation of the fields cannot be supported, then
the signal cannot propagate. The critical frequency at which k = jw\/mie = k. is called the cutoff frequency, f.. Signals cannot
propagate on the line if the frequency is below f.. For the rest of this chapter the only lines considered are those for which &, = 0,
(and f. = 0), i.e. TEM modes on transmission lines. That is, the lines carry DC signals.

Low Loss Medium

Transmission line loss is due to the resistance of conductors, which is described by R, and loss in the dielectric described by G. For
most dielectrics there is very little conductive loss and loss is due almost entirely to dielectric relaxation. (The most common
exception is when the dielectric is silicon as there can be appreciable conduction in silicon.) In dielectric relaxation an electric field
causes charge centers to move and these cause the lattice to vibrate which we know is heat so energy is transferred from the electric
field to heat. The energy lost is proportional to frequency and so G is directly proportional to frequency and consequently, provided
there is no conduction in the dielectric, the loss tangent of the transmission line is thus defined as:

tand = GwC = independent of frequency (2.2.44)

One consequence of Equation (2.2.44), and noting that C is approximately independent of frequency, is that if G is known at one
frequency then its value at another frequency can be quickly determined.

The loss tangent of the dielectric medium and the loss tangent of the transmission line may not be the same as the EM fields may
not be confined just to the medium, e.g. fields are in air and in a dielectric.

2.2.4 Dimensions of 4, a, and 3

The SI unit of 4 are inverse meters (m™) and the attenuation constant, &, and the phase constant, 8, have, strictly speaking, the
same units. However, the convention is to introduce the dimensionless quantities Neper and radian to convey additional
information. Thus the attenuation constant o has the units of Nepers per meter (Np/m) and the phase constant 8 has the units
radians per meter (rad/m). The unit Neper comes from the name of the e(= 2.7182818284590452354...) symbol (written in upright
font and not italics since it is a constant), which is called the Neper. The Neper is used in calculating transmission line signal levels,
as in Equations (2.2.8) and (2.2.9). The attenuation and phase constants are often separated and then the attenuation constant
describes the decrease in signal amplitude as the signal travels down a transmission line. So when af = 1 Np, where ¢ is the length
of the line, the signal has decreased to 1/e of its original value, and the power drops to 1/e? of its original value. The decrease in
signal level represents loss and the units of decibels per meter (dB/m) are used with 1 Np = 20loge = 8.6858896381 dB. So
expressing o as 1 Np/m is the same as saying that the attenuation loss is 8.6859 dB/m. To convert from dB to Np multiply by 0.1151.
Thus @ = z dB/m = z x 0.1151 Np/m.

The name for e derives from John Napier, who developed the theory of logarithms [3]. e is sometimes called Euler’s constant.

In engineering log z = log,yz and Inz = log, x.
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v/ Example 2.2.3: Transmission Line Characteristics

A line has an attenuation of 10 dB/m and a phase constant of 50 radians/m at 2 GHz.

a. What is the complex propagation constant of the transmission line?
b. If the capacitance of the line is 100 pF/m and the conductive loss is zero (i.e., G = 0), what is the characteristic impedance
of the line?

Solution

a. ajnp = 0.1151 x a|qp = 0.1151 x (10 dB/m) = 1.151 Np/m, 8 = 50 rad/m
Propagation constant, v = a+ 38 = (1.151 + 550) m~!
b.v = /(R+ wL)(G + wC), and Zy = /(R + ywL)/(G + C),
therefore Zy = v/(G + jwC); w = 27-2 x 10° s71; G =0; C = 100 x 10712 F, s0 Z, = 39.8 — 50.916 Q.

2.2.5 Lossless Transmission Line

If the conductor and dielectric are ideal (i.e., lossless), then R =0 = G and the equations for the transmission line characteristics
simplify. The transmission line parameters from Equations (2.2.12) and (2.2.18)—(2.2.23) are then

Zy = \/g (2.2.45)

B=wVLC (2.2.46)
__ 2 %
A= e iuly (2.2.47)
a=0 (2.2.48)
v, =1/VLC (2.2.49)

Note that there is a distinction between a transmission line and an RLC circuit. When a transmission line is referred to as having an
impedance of 50 Q, this is referring to the line having a characteristic impedance of 50 Q, the line cannot be replaced by a 50 Q
resistor.

A line cannot be replaced by a lumped element except as follows:

1. When calculating the forward voltage wave of a line that is infinitely long (or there are no reflections from the load). Then the
line can be replaced by an impedance equal to the characteristic impedance of the line. The total voltage is then only the
forward-traveling component.

2. The characteristic impedance and load impedance are used to calculate the input impedance of the terminated line at a particular
frequency.

2.2.6 Coaxial Line

The analytic calculation of the characteristic impedance of a transmission line from geometry is not always possible except for a
few regular geometries (matching orthogonal coordinate systems). For a coaxial line, the electric fields extend in a radial direction
from the center conductor to the outer conductor. So it is possible to calculate the voltage by integrating this E field from the center
to the outer conductor. The magnetic field is circular, centered on the center conductor, so the current on the conductor can be
calculated as the closed integral of the magnetic field. (Here the field lines and the conductor boundaries correspond to the
cylindrical coordinate system.) Solving for the fields in the region between the center and outer conductors yields the following
formula for the characteristic impedance of a coaxial line (the derivation is presented in Section 2.9):

Zo =138,/ 2" log (3) 0=60,/Em (3) Q (2.2.50)
Er a &r a

where e, is the relative permittivity of the medium between the center and outer conductors, b is the inner diameter of the outer
conductor, and a is the outer diameter of the inner conductor. With a higher ¢, more energy is stored in the electric field and the
capacitance per unit length of the line, C, increases. As the relative permittivity of the line increases, the characteristic impedance
of the line reduces. Equation (2.2.50) is an exact formulation for the characteristic impedance of a coaxial line. Such a formula can
only be approximated for nearly every other line.

@ 0 e @ https://eng.libretexts.org/@go/page/41013



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/41013?pdf

LibreTexts"

Most coaxial cables have Z; of 50 Q, but different ratios of b and a yield special properties of the coaxial line. When the ratio is 1.65
for an air-filled line, Z = 30 © and the line has maximum power-carrying capability. The

(d) (e) (3] (g)

Figure 2.2.3: Coaxial line adaptors: (a) N-type female-to-female (N(f)-to-N(f)); (b) APC-7 to Ntype male (APC-7-to-N(m)); (c)
APC-7 to SMA-type male (APC-7-to-SMA(m)); SMA adapters: (d) SMA-type female-to-female (SMA(f)-to-SMA(f)); (e¢) SMA-
type male-to-female (SMA(m)-toSMA(f)); (f) SMA-type male-to-male (SMA (m)-to-SMA(m)); and (g) SMA elbow. N, APC-7 and
SMA are known as connector series.

ratio for maximum voltage breakdown is 2.7, corresponding to Zp =60 Q for an air-filled line. The characteristic impedance for
minimum attenuation in an air-filled line is 77 Q, with a diameter ratio of 3.59. This optimum ratio of outer-to-inner conductors for
minimum loss is independent of the dielectric and typical dielectrics have negligible loss with line loss due almost entirely due to
the conductors. If the dielectric filling the coaxial line is polyethylene (which is most common) with e, = 2.3, the characteristic
impedance of the minimum loss line is 50.6 Q.

The velocity of propagation in a lossless coaxial line having uniform medium is the same as that for a plane wave in the medium,
i.e. v, = ¢/+/e,. There is one caveat. This is true for all transmission line structures supporting the minimum variation of the fields
corresponding to a TEM mode. Higher-order modes, with greater spatial variations of the fields will travel more slowly (i.e. v,
< ¢/+/er), will be considered in Chapter 4. The diameter of the outer conductor and the type of internal supports for the internal
conductor determines the frequency range of coaxial components. At high frequencies, and hence short wavelengths, large internal
dimensions of a large diameter cable can support more than one spatial variation of the EM fields, i.e. more than one mode. This is
undesirable because two modes will travel at different speeds and a propagating signal divides energy between the two modes and,
since the modes have different group velocities, the signal will become garbled. Thus the transverse dimensions of the cable
determine its upper frequency limit for reliable signal transmission.

There are various coaxial lines with different diameters and different levels of attention given to the uniformity of the lines. Each
type of line is called a series and it is necessary to convert between series using adaptors. Various adaptors are shown in Figure
2.2.3. Primarily these have different cost, loss, and uniformity of Zj. It is often necessary to convert between series and also to
convert between the sexes (male and female) of connectors. Note that a plug (or jack) could be either female or male.

The different construction of connectors can be seen in Figure 2.2.4. With the APC-7 connector shown in Figure 2.2.4(a) the inside
diameter of the outer conductor is 7 mm. The unique feature of this connector is that it is sexless, with the interface plate being
spring-loaded. That is, an APC-7 connector can always be connected to another APC-7 connector. These are precision

{c) APC-7 {a) N(f) (b)SMA(m)  (d) SMA attenuator (e) N-type inline filter

Figure 2.2.4: Various coaxial 50 © transmission line connectors: (a) APC-7 coaxial connector (7 mm outer conductor diameter); (b)
female N-type (N(f)) coaxial connector (7 mm); (c) male SMA-type (SMA(m)) coaxial connector (3.5 mm); (d) DC to 26 GHz, 2-W
SMA precision fixed attenuator; and (e) N-type inline 500 MHz lowpass filter. ((d) and (e) copyright 2012 Scientific Components
Corporation d/b/a Mini-Circuits, used with permission [4]).
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(e)

Figure 2.2.5: Coaxial lines: (a) SMA cables (from the top): flexible cable type I, type II, type III, and semirigid cable; (b) coaxial
cables showing layers; (c) semirigid coaxial cable bender; (d) bender with line; and (e) hand-formable cable supporting tight radius
with low return and insertion loss. ((b) Copyright Megaphase LLC, used with permission [5].) ((¢) Copyright 2012 Scientific
Components Corporation d/b/a Mini-Circuits, used with permission [4].)

connectors used in some microwave measurements. The N-type connector in Figure 2.2.4(b) and the SMA connector in Figure 2.2.4
(c) are more common day-to-day connectors. Different views of these connectors are shown in Figures 2.2.4(d and e). Unlike an
APC-7 connector, an N-type (or SMA) male connector, for example, can only be connected to a female N-type connector. There
are a large number of different types or series of connectors for highpower applications, different frequency ranges, distortion
levels, and cost.

There are also many types of coaxial cables, as shown in Figure 2.2.5(a). These are cables with SMA connectors (with 3.5 mm outer
conductor diameter). Microwave cables without connectors are shown in Figure 2.2.5(b). These cables range in cost, flexibility, and
the number of times they can be reliably flexed or bent. The semirigid cable shown at the bottom of Figure 2.2.5(a) must be bent
using a bending tool, as shown in Figure 2.2.5(c), and in

Figure 2.2.6: Torque wrench used in making repeatable coaxial connections. Copyright MegaPhase LLC, used with permission [5].

use in Figure 2.2.5(d). The controlled bending radius ensures minimal change in the characteristic impedance and propagation
constant of the cable. Semirigid cables can only be bent once however. The highest precision bend is realized using an elbow bend,
shown in Figure 2.2.3(g). Various flexible cables have different responses to bending, with higher precision (and more expensive)
cables having the least impact on characteristic impedance and phase variations as cables are flexed.

Precision measurements require that connectors be repeatably attached using a torque wrench, as shown in Figure 2.2.6. A torque
wrench can be used in a conventional manner, but once the prescribed torque is obtained the wrench breaks just above the head.
This ensures that two connectors are repeatably joined with the same force and so the contact resistance and quality of the
connection is repeatable.

2.2.7 Microstrip Line

A microstrip line is shown in Figure 2.2.7(a). This is a commonly used transmission line, as it can be cheaply fabricated using
printed circuit board techniques. This line consists of a metal-backed substrate of relative permittivity &, on top of which is a metal
strip. Above that is air. The width of the strip determines the characteristic impedance of the line. The characteristic impedance of
microstrip lines having various strip widths is shown in Figure 2.2.8 for several substrate permittivities. So the wider the strip and
the higher the substrate permittivity, the lower the characteristic impedance of the line. The EM fields are partly in air and partly in
the dielectric and an effective permittivity must be used when calculating the electrical length of the line. The results of field
simulations of the effective permittivity of lines of various widths and with various substrate permittivities are shown in Figure
2.2.9, where it can be seen that the effective relative permittivity, e., increases for wide strips. This is because more of the EM field
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is in the substrate. Microstrip transmission line structures are often drawn showing just the layout of the strip, as shown in Figure
2.2.7(b), where

Conductor pattern

N “strip

! i3 Zm z
- A o
G I
w r
(a) Microstrip (b) Layout of microstrip lines

Figure 2.2.7: Microstrip transmission line. The layout (or top) view is commonly used with circuit designs using microstrip. This is
the pattern of the strip where (b) shows three lines of different width.
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Figure 2.2.9: Dependence of effective relative permittivity €. of a microstrip line at 1 GHz for various permittivities and aspect
ratios (w/h).

the three lines have different characteristic impedances. The next chapter presents detailed analyses of microstrip and other planar
transmission lines.

2.2.8 Summary

The important takeaway from this section is that a signal moves on a transmission line as forward- and backward-traveling waves.
The energy transferred is in the traveling waves. The total voltage and current at a point on the line is the sum of the traveling
voltage and traveling current waves, respectively, but the total voltage/current view is not sufficient to describe how a transmission
line works. Transmission line theory is expressed in terms of traveling voltage and current waves and these are akin to a one-
dimensional form of Maxwell’s equations. An argument was developed that posits a model of a line as cascaded sections of RLGC
circuit and these circuit elements can be loosely related to the material properties of the medium in which the transmission line is
embedded. There are a modification factors due to the actual orientation of the electric and magnetic fields and developing these
requires detailed field analysis of the actual transmission line geometry. This can be done for a coaxial line but a microstrip line
requires numerical analysis.

This page titled 2.2: Transmission Line Theory is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael Steer.
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2.3: The Terminated Lossless Line

Microwave engineers want to work with total voltage and current when possible and the art of design synthesis usually requires
relating the total voltage and current world of a lumped element circuit to the traveling voltage world of transmission lines. This
section develops the important abstractions that enable the total voltage and current view of the world to be used with transmission
lines. The first step in this process is in Section 2.3.1 where total voltages and currents are related to forward- and backward-

Vinyi(z) I

I(z)
+
v E:l
L 3
e LB Z
]

Zr] 3
-

———
[—

Z
! L

)
]
(a) b)

Figure 2.3.1: A terminated transmission line.

traveling voltages and currents. Insight into traveling waves and reflections is presented in Section 2.3.2. Important abstractions are
presented first for the input reflection coefficient of a terminated lossless line in Section 2.3.3 and then for the input impedance of
the line in Section 2.3.4. The last section, Section 2.3.5, presents a view of the total voltage on the transmission line and describes
the voltage standing wave concept.

2.3.1 Total Voltage and Current on the Line

Consider the terminated line shown in Figure 2.3.1(a). Assume an incident or forward-traveling wave, with traveling voltage
Vgte™P# and current Ige™#* propagating toward the load Zr, at z = 0. The characteristic impedance of the transmission line is the
ratio of the voltage and current traveling waves so that

VE]+(Z) B VE)+8_]ﬁz B VO+(0) B VE)+ B

= = =2 -2z (2.3.1)
If(z)  Ige  I50) I
The reflected wave has a similar relationship (but note the sign change):
Vel Vi
-z (2.3.2)
—Iyebr  —I;

The load Z; imposes an additional constraint on the relationship of the total voltage and current at z = 0:

Vi V(z=0)
I—i = Tez0) - Z (2.3.3)

When Z; # Z, there must be a reflected wave with appropriate amplitude to satisfy the above equations. Now the total voltage
V(2) = Vi e P + Ve (2.3.4)

and the total current, I(2), is related to the traveling current waves by

Vo' —3Bz Vo 9Pz +¢—B% — oIB2
I(z) = 706 — 706 =Ije +Ije (2.3.5)
Thus at the termination of the line (z = 0),
V(0) Vo +V5
e~ =Zr=2Zy———
10) Vi Vs

This can be rearranged as the ratio of the reflected voltage to the incident voltage:

Vo Zi—-Z
‘/0+ - Zr+ Zy

This ratio is defined as the voltage reflection coefficient at the load,
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v_ V(0 V -
0 0 Z1— 2y
— 20 2.3.6
L Vor0) Vit Zi+ 2, ( )

Tz =T

That is, at the load
Vo =TV (2.3.7)

The relationship of the traveling waves on the line can also be described using the transmission coefficient T (this is the capital
Greek letter tau which looks the same as the English letter “T".)

The voltage transmission coefficient from a port at position z to a port at position 0 is (for the transmission line)

s V;" (at end of line) _ V57 (0) _ Vgt _ b (2.38)
V" (at start of line)  Vgt(z)  Vye98%

The relationship in Equation (2.3.6) can be rewritten so that the input load impedance can be obtained from the reflection

coefficient:
1+TV
Z1=Z01—1v (2.3.9)
Similarly, the current reflection coefficient can be written as
Iy —-Zp+2
I_ "0 __ L 0 \4

The voltage reflection coefficient is used most of the time, so the reflection coefficient, I, on its own refers to the voltage reflection
coefficient, TV =T

There are several special cases that are noteworthy. The most important of these is the case when there is no reflected wave and T
= 0. To obtain " = 0, the value of load impedance, Z;, is equal to Z,, the characteristic impedance of the transmission line as seen
in Equation (2.3.6).

The total voltage and current waves on the line can be written as

V(z2) = VE,+[8_JﬂZ + I‘e]ﬂz] (2.3.11)
v+

I(2) = —2[e77P —Te? (2.3.12)
Zy

From Equations (2.3.11) and (2.3.12) it can be seen that the total voltage and current on the line consist of superpositions of incident
and reflected waves.

v/ Example 2.3.1: Forward- and Backward- Traveling Waves at an Open Circuit

A lossless transmission line is terminated in an open circuit. What is the relationship between the forward- and backward-
traveling voltage waves at the end of the line?

Solution
At the end of the line the total current is zero, so that I+ + I~ = 0 and so
I~ =—It (2.3.13)
The forward- and backward traveling voltages and currents are related to the characteristic impedance by
Zo=V*t/I*t=-V/I” (2.3.14)

Note the change in sign, as a result of the direction of propagation changing but the positive reference for current is in the same
direction. Substituting for I- at the termination,

Vt=—VIt/I-= -V It/(—I*) =V~ (2.3.15)

https://eng.libretexts.org/@go/page/41014


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/41014?pdf

LibreTexts"

Thus the total voltage at the end of the line, Vrorar, is V' +V~ =2V +. Note that the total voltage at the end of the line is
twice the incident (forward-traveling) voltage.

v/ Example 2.3.2: Current Reflection Coefficient

A load consists of a shunt connection of a capacitor of 10 pF and a resistor of 60 Q. The load terminates a lossless 50 €
transmission line. The operating frequency is 5 GHz.

a. What is the impedance of the load?

b. What is the normalized impedance of the load (normalized to Z; of the line)?
c. What is the reflection coefficient of the load?

d. What is the current reflection coefficient of the load?

Solution
a.C=10-1002F; R=60Q; f =5-10° Hz; w = 27f; Zy = 50Q
Zr=R||C=(1/R+wC)™t =0.168 — 33.174Q

b. 2z = Z1/Zy = 3.368 - 1073 — 50.063.
c. This is the voltage reflection coefficient. 'y, = (2, — 1)/(21 + 1) = —0.985 — 50.126 = 0.993.£187.3°.
d.TL =T =0.985+ 70.126 = 0.993£(187.3 — 180)° = 0.993£7.3".

2.3.2 Forward- and Backward-Traveling Pulses

Reflections at the end of a line produce a backward-traveling signal. Forward- and backward-traveling pulses are shown in Figure
2.3.2(a) for the situation where the resistance at the end of the line is lower than the characteristic impedance of the line (Z;, < Zj).
The voltage source is a step voltage that is zero for time ¢ < 0. At time ¢ = 0, the step is applied to the line and it begins traveling
down the line, as shown at time ¢ = 1. This voltage step moving from left to right is called the forward-traveling voltage wave.

At time ¢t = 2, the leading edge of the step reaches the load, and as the load has lower resistance than the characteristic impedance
of the line, the total voltage across the load drops below the level of the forward-traveling voltage step. The reflected wave is called
the backward-traveling wave and it must be negative, as it adds to the forward-traveling wave to yield the total voltage. Thus the
voltage reflection coefficient, T, is negative and the total voltage on the line, which is all that can be directly observed, drops. A
reflected, smaller, and opposite step signal travels in the backward direction and adds to the forward-traveling step to produce the
waveform shown at t = 3. The impedance of the source matches the transmission line impedance so that the reflection at the source
is zero. The signal on the line at time ¢ = 4, the time for round-trip propagation on the line, therefore remains at the lower value.
The easiest way to remember the polarity of the reflected pulse is to consider the situation with a short-circuit at the load. Then the
total voltage on the line at the load must be zero. The only way this can occur when a signal is incident is if the reflected signal is
equal in magnitude but opposite in sign, in this case I' = —1. So whenever |Zg| < |Zy|, the reflected pulse will tend to subtract from
the incident pulse.

The opposite situation occurs when the resistance at the load is higher than the characteristic impedance of the line (Figure 2.3.2
(b)). In this case the reflected pulse has the same polarity as the incident signal. Again, to remember this, think of the open-circuited
case. The voltage across the load doubles, as the reflected pulse has the same sign as well as magnitude as that of the incident
signal, in this case I' = +1. This is required so that the total current is zero.

A more illustrative situation is shown in Figure 2.3.3, where a more
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Figure 2.3.2: Reflection of a voltage pulse from a load: (a) when the resistance of the load, Ry, is lower than the characteristic
impedance of the line, Zy; and (b) when Ry, is greater than Z;.

1 £ x 2
7 2
: 0
E Zy
B : - Zy
: Forward—traveling wave
01 2 3 3 1 : Backward—traveling wave

_— Total voltage

-+ Traveling-wave ;- |
voltage

-(_/ﬁ’::;_;.
=6 |-

Figure 2.3.3: Reflection of a pulse on an interconnect showing forward- and backward-traveling pulses. Z; > Zq.

complicated signal is incident on a load that has a resistance higher than that of the characteristic impedance of the line. The
peaking of the voltage that results at the load is typically the design objective in many long digital interconnects, as less overall
signal energy needs to be transmitted down the line, or equivalently a lower current drive capability of the source is required to
achieve first incidence switching. This is at the price of having reflected signals on the interconnects, but these are dissipated
through a combination of line loss and absorption of the reflected signal at the driver.

2.3.3 Input Reflection Coefficient of a Lossless Line

The reflection coefficient looking into a line varies with position along the line as the forward- and backward-traveling waves
change in relative phase. Referring to Figure 2.3.4, at a distance £ from the load (i.e., z = —£), the input
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Figure 2.3.4: Terminated transmission line: (a) a transmission line terminated in a load impedance, Zr, with an input impedance of
Zy; and (b) a transmission line with source impedance Zg and load Z;,.
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Figure 2.3.5: The forward-traveling wave v+ (¢, z) = |V*+| cos(wt — B82) = |V+| cos(wt + ¢(2)) and the backward-traveling wave v~ (¢, 2)
= |V*| cos(wt + Bz) = |V *|cos[wt + ¢(z)]. The phase, ¢, of the forward-traveling wave becomes increasingly negative along the line
as z increases, and when reflected the phase ¢ of the backward-traveling wave becomes increasingly negative as the wave moves
away from the load (i.e. as z decreases).

reflection looking into a terminated lossless line is

Tl _Vi(z=—) V= (z=0)e? V- (2=0) e
Bt T Yie=—0)  VF(z=0e"B V*(z=0) etk

=T e (2.3.16)

Note that I'y, has the same magnitude as I'y, but rotates in the clockwise direction (becomes increasingly negative) at twice the rate
of increase of the electrical length 3¢.

It is important to graphical concepts introduced later that there be a full appreciation for the angle of I';, becoming increasingly
negative at twice the rate at which the electrical length of the line increases. Figure 2.3.5 is a way of visualizing this. The
transmission line here is A/4 long with an electrical length of 90° and is terminated in a load with reflection coefficient T'y, = +1. At
position z =0 the forward-traveling voltage wave is v*(¢,0) = |V *|cos(wt), and this then propagates down the line in the +z
direction. The forward-traveling voltage at point z = A/8 at ¢t = 0 will be the same as the voltage at z=0 at a time one-eighth of a
period in the past. The voltage at z = A/8 is v*(t,A/8) = [V | cos(wt — 27/8), i.e. there is a phase rotation of —45°. Then at z = A/4,
vt (¢, A/4) = |V*| cos(wt — 2m/4), i.e. at time ¢ = 0 there is a phase rotation of —90° relative to v*(0,0), and this is the negative of the
electrical length of the line. The voltage wave reflects at the load and becomes a backward-traveling wave. Here I't = +1 and so, at
the load, the phase of the backward- and forward-traveling waves are the same. The backward-traveling wave continues to travel in
the —z direction and its phase at + = 0 becomes increasingly negative as z gets closer to the input of the line. The phase of the
backward-traveling wave at z = 0 is rotated —90° with respect to the backward-traveling wave at the load, and has rotated —180°
relative to the forward-traveling wave at z = 0. For a lossless line, in general, the angle of Ty, = [phase of V ~(z = 0) relative to the
phase of V*(z = 0)] + (the phase of I'1) = —2(electrical length of the line) + (the phase of I'z).

2.3.4 Input Impedance of a Lossless Line

The impedance looking into a lossless line varies with position, as the forward- and backward-traveling waves combine to yield
position-dependent total voltage and current. At a distance £ from the load (i.e., z = —¢), the input impedance seen looking toward
the load is
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T
Another form is obtained by substituting Equation (2.3.6) in Equation (2.3.17):
2o = 7o (Z+ Zo)e™ + (Z — Zo)e ™ _ s Z1, cos(BE) + 32 cos(BE)
(ZL + Zp)ebt — (Zy, — Zy)e—Bt Zycos(BE) + 321, cos(BE)
gk ottt @a19)

This is the lossless telegrapher’s equation. The electrical length, 3¢, is in radians when used in calculations.

2.3.5 Standing Waves and Voltage Standing Wave Ratio

The total voltage on a terminated line is the sum of forward- and backward-traveling waves. This sum produces what is called a
standing wave. Figure 2.3.6 shows the total and traveling waveforms on a line terminated in a reactance and evaluated at times
equal to multiples of an eighth of a period. Here the traveling waves have the same amplitude indicating that the termination of the
line is reactive, [I'| =1. The interesting property here is that the total voltage appears as a standing wave with fixed points called
nodes where the total voltage is always zero. This is more easily seen in Figure 2.3.7(a), where the total voltage is overlaid for many
times. If the termination has resistance, then the magnitude of the backward-traveling wave will be less than that of the forward-
traveling wave and the overlaid total voltage is as shown in Figure 2.3.7(b). This is still a standing wave, but the minima are now
not zero. The envelope of this standing wave is shown in Figure 2.3.7(c), where there is a maximum amplitude Vi, and a minimum
amplitude Vip.

Now this situation will be examined mathematically to relate the standing wave to the reflection coefficient. If T' = 0, then the
magnitude of the total voltage on the line, |V (2)|, is equal to |V;"| anywhere on the line. For this reason, such a line is said to be
“flat.” If there is reflection the magnitude of the total voltage on the line is not constant (see Figure 2.3.7(b)). Thus from Equations
(2.3.11) and (2.3.12):

[V(2)| = |Vgt| |1 + Te¥| = |VgH| |1 + Te= %% (2.3.19)

A o8 A

Traveling waves

- by t=T/8 ° (t=2T/8 ° (dyt=3r/s -

A P NA NAS

(a)t=0

g =

(&)t =4T/8 = Bt=51/8 ° (®)t=06T/8 ° ()t =TT

Figure 2.3.6: Evolution of a standing wave with a reactive load as the sum of forward- and backward-traveling waves (to the right
and left, respectively) of equal amplitude evaluated at times ¢ equal to eighths of the period T. At¢ = T'/8 and ¢ = 5T'/8 the total
voltage everywhere on the line is zero.

wFE TN

Anti-Node
—

(a) load is a reactance only  (b) load is at least partially resistive (c) envelope of (b)

Figure 2.3.7: Standing waves as an overlay of waveforms at many times: (a) when the forward-and backward-traveling waves have
the same amplitude; (b) when the waves have different amplitudes; and (c) the envelope of the standing wave. N is a node (a
minimum) and AN is an antinode (a maximum). Nodes, N, are separated by /2. Antinodes, AN, are separated by /2.
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where z = —£ is the positive distance measured from the load at z = 0 toward the generator. Or, setting T' = |T| ¢,
[V(2)| = V5| [1+] T |e2® 269 (2.3.20)

where © is the phase of the reflection coefficient (T' = |T'| *®) at the load. This result shows that the voltage magnitude oscillates
with position z along the line. The maximum value occurs when e7®-2%) = 1 and is given by

Vinax = V5| (1 + 1) (2.3.21)
Similarly the minimum value of the total voltage magnitude occurs when the phase term is e#®~26) = _1, and is given by
Vi = [Vt (1 — |T)) (2.3.22)

A mismatch can be defined by the voltage standing wave ratio (VSWR):

Ve _ (1 +1T)

VSWR = = — 2.3.23
Von (- T) (2:323)
Also
VSWR -1
U= Vswr 1 (2:3.24)

Notice that in general I' is complex, but VSWR is necessarily always real and 1 < VSWR < oco. For the matched condition, T' = 0
and VSWR =1, and the closer VSWR is to 1, the closer the load is to being matched to the line and the more power is delivered to
the load. The magnitude of the reflection coefficient on a line with a short-circuit or open-circuit load is 1, and in both cases the
VSWR is infinite.

To determine the position of the standing wave maximum, £,,,,, consider Equation (2.3.20) and note that at the maximum
© — 2Blmax = 20w, n=0,1,2,.. (2.3.25)

Here © is the angle of the reflection coefficient at the load:

0 —2nr =224, (2.3.26)
A.q

Thus the position of the voltage maxima, £,,,,, normalized to wavelength is

e’/‘\‘—“ = % (% —n) , n=0,—1,-2,.. (2.3.27)
9

Similarly the position of the voltage minima is (using Equation (2.3.20))

6 — 2flnin = 2n+ V) (2.3.28)
After rearranging the terms,
Emin _ 1 e 1 —

Summarizing from Equations (2.3.27) and (2.3.29):

1. The distance between two successive maxima is Ay/2.

2. The distance between two successive minima is Ag/2.

3. The distance between a maximum and an adjacent minimum is \,/4.

4. From the measured VSWR the magnitude of the reflection coefficient |T'| can be found. From the measured £y, the angle © of T
can be found. Then from T the load impedance can be found.

In a similar manner to that above, the magnitude of the total current on the line is

A A6-268)
[1(¢)| = 7 [1-|T e | (2-3.30)
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Hence the standing wave current is maximum where the standing-wave voltage amplitude is minimum, and minimum where the
standing-wave voltage amplitude is maximum.

Z;, in Equation (2.3.18) is a periodic function of length with period A/2 and it varies between Z,, and Z,, where

Vinex Vam 2
Zmax = E =79 x VSWR and Zyy, = L. ~ VSWR

v Example 2.3.3: Standing Wave Ratio

In Example 2.3.2 the load consisted of a capacitor of 10 pF in shunt with a resistor of 60 Q. The load terminated a lossless 50 Q
transmission line. The operating frequency is 5 GHz.

(2.3.31)

a. What is the SWR?
b. What is the current standing wave ratio (ISWR)? (When SWR is used on its own it is assumed to refer to VSWR.)

Solution
a. From Example 2.3.2 T';, = 0.993£187.3° and so

1+|0z] 140993

= =2
1—|Ts] ~ 10993 ~ 2

VSWR =

b. ISWR = VSWR = 285

v/ Example 2.3.4: Standing Waves

A load has an impedance Zz = 45 + 575 @ and the system reference impedance, Zj, is 100 2.

a. What is the reflection coefficient?

b. What is the current reflection coefficient?

c. What is the SWR?

d. What is the ISWR?

e. The power available from a source with a 100 @ Thevenin equivalent impedance is 1 mW. The source is connected directly
to the load, Z;,. Use the reflection coefficient to calculate the power delivered to Z;,.

f. What is the total power absorbed by the Thevenin equivalent source impedance?

g. Discuss the effect on power flow of inserting a lossless 100 Q transmission line between the source and the load.

Solution
a. The voltage reflection coefficient is

T = (Z1 — Z0)/(Z1 + Zo) = (45 + 575 — 100)/(45 + 775 + 100)
= (93.04£(2.204 rads))/(163.2£(0.4773 rads))
= 0.570£(1.726 rads) = 0.570.£98.9° = —0.0881 + 70.563 = I'V (2.3.32)

b. The current reflection coefficient is
7 = —TV = 0.0881 — 50.563 = 0.570.£(98.9° — 180°) = 0.570.£81.1° (2.3.33)
c. The SWR is the VSWR, so

Vaee  1+[TY] 140570

= = =3.65 2.3.34
Vam 1—|TV]  1—0570 (2.3.34)

SWR = VSWR =

d. The current SWR is ISWR = VSWR.
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e. To determine the reflection coefficient of the load, begin by developing the Thevenin equivalent circuit of the load. The
power available from the source is P4 = 1 mW, so the Thevenin equivalent circuit is

R|||=1llﬂ!!
E Z;

Figure 2.3.8
The power reflected by the load is

Prp=P4|T}| =1 mW - (0.570)> = 0.325 mW

and the power delivered to the load is
Pp = P4(1—|T}|) = 0.675 mW

f. It is tempting to think that the power dissipated in Ryy is just Pg. However, this is not correct. Instead, the current in Ry
must be determined and then the power dissipated in Ry found. Let the current through Rrg.q.: be I, and this is composed
of forward-and backward-traveling components:

I=It+I =Q1+TpI*

where It is the forward-traveling current wave. Thus

P %|I+|2RTH= %|I+|2 x 100 = 1 mW = 10~ W

so It = 4.47 mA, and

I=(1+T)I* = (1+0.0881—70.563) x 4.47 x 107 A, |I| =5.48 mA

The power dissipated in Rrg is
Lo 1 _3\2
The circuit is that shown in part (e) and so the current in Ry is the same as the current in Zz. Thus the power delivered to
the load Z;, is due to the real part of Zz:
Pp= %|I|29%(ZL) = %(5.48 x 1073)2 x 45 = 0.676 mW (2.3.36)

g. Inserting a transmission line with the same characteristic impedance as the Thevenin equivalent impedance will have no
effect on power flow.

VSWR Measurement

The measurement of standing waves can be used to calculate the impedance of a load. The device that does this measurement,
called a slotted line, is shown in Figure 2.3.9(a). A probe is inserted a small distance into the transmission line to measure the
electric field. The RF electric field produces an RF voltage on the probe that is rectified by the diode detector. The DC voltage at
the output of the detector is proportional to the total voltage on the line. The probe can be moved along the line and the ratio of Vi
t0 Vi determined. This is just the VSWR. To find the complex load impedance it is also necessary to determine the position of the
node of the standing wave. From the measured VSWR the magnitude of the reflection coefficient |I'| can be found. From the
measured ¢max the angle 8 of 4 can be found. From « the load impedance can be found. This is demonstrated in the next example.
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Cable

Diode rectifier
Direction of trave|

Slot

Coaxial line Slotted Line
(a) (b) ()

Figure 2.3.9: Measurement of standing waves: (a) coaxial slotted line; (b) schematic of slotted line; (c) measured standing wave.

v Example 2.3.5: Slotted Line Measurement of Impedance

A slotted line is used to determine the properties of the standing wave on a terminated 50 € line see Figure 2.3.7(c). Vmax =5V
and Vg = 2 V, and the first minimum is 2 ¢cm from the load. The guide wavelength is 10 cm. What is the load impedance Z.?

Solution
Now VSWR. = Viax/Vinin = 5/2 = 2.5. So from Equation (2.3.24)

VSWR—-1 25-1

VSWR+1 2541 4% (2.3.37)

IT| = Tz| =

Equation (2.3.29) and the position of the first node can be used to determine the angle of I'z. For the first node (minimum), n

=0and
bon 1 (O 1
>N 2 (27r + 2) (2.3.38)
Rearranging,
lpim 1 )
O =2r (2— - —) radians (2.3.39)
A, 2
NOW £yin =2 cm and Ay = 10 cm. So, in degrees,
zmin 1 _ 2 1 — °
© = 360 (2/\—g - E) = 360 (2 0 10) =36 (2.3.40)

Thus 'y, = 0.4284(—36°) = 0.3463 — 50.2516, so the load impedance is (where Z, = 50 Q)

1+T
e ) =83.2—51.3Q (2.3.41)
1-T;

ZL=Z0(

2.3.6 Summary

This section related the physics of traveling voltage and current waves on lossless transmission lines to the total voltage and current
view. First the input reflection coefficient of a terminated lossless line was developed and from this the input impedance, which is
the ratio of total voltage and total current, derived. At any point along a line the amplitude of total voltage varies sinusoidally,
tracing out a standing wave pattern along the line and yielding the VSWR metric which is the ratio of the maximum amplitude of
the total voltage to the minimum amplitude of that voltage. This is an important metric that is often used to provide an indication of
how good a match, i.e. how small the reflection is, with a VSWR =1 indicating no reflection and a VSWR = oo indicating total

reflection, i.e. a reflection coefficient magnitude of 1.

This page titled 2.3: The Terminated Lossless Line is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael

Steer.
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2.4: Special Cases of Lossless Terminated Lines

The lossless transmission line configurations considered in this section are used as circuit elements in RF designs and are used
elsewhere in this book series. The first element considered in Section 2.4.1 is a short length of short-circuited line which looks like
an inductor. The element considered in Section 2.4.2 is a short length of open-circuited line which looks like a capacitor. Then
lengths of short-circuited and open-circuited lines, called stubs, used nearly always as shunt elements to introduce an admittance in
a circuit, are described in Sections 2.4.3 and 2.4.4. Another type of element, described in Section 2.4.5, is a short length of line with
either high or low characteristic impedance realizing a small series inductor or capacitor respectively. The final element described
in Section 2.4.6 is a quarter-wave transformer, a quarter-wavelength long line with a particular characteristic impedance which is
used in two ways. It can be used to provide maximum power transfer from a source to a load resistance, and it can invert an
impedance, e.g. making a capacitor terminating the line look like an inductor.

2.4.1 Short Length of Short-Circuited Line
A transmission line terminated in a short circuit (Z; = 0) has the input impedance (using Equation (2.3.18))

Zi, = 3Zy tan(pB¥) (2.4.1)
So a short length of line, £ < Ay/4, looks like an inductor with inductance L,

Z 27l
Zytan(Bl) = wL,, andso L,= Uotan )\i (2.4.2)
g

From Equation (2.4.2) it can be seen that for a given ¢, L, is proportional to Z,. Hence, for larger values of L, sections of
transmission line of high characteristic impedance are needed. So microstrip lines with narrow strips can be used to realize
inductors in planar microstrip circuits.

2.4.2 Short Length of Open-Cicuited Line

An open-circuited line has Z;, = co and so (using Equation (2.3.18))

Zy

Zin = —J tan ﬂ[ (243)
For lengths £ such that £ < A/4, an open-circuited segment of line realizes a capacitor Cy for which
1 Z 1 tan(Bf)
wCy ~ tan ff andso Cp= Z0 w (2.4.4)

From the above relationship, it can be seen that Cy is inversely proportional to Z,. Hence, for larger values of Cy, sections of
transmission line with low characteristic impedance need to be used.

2.4.3 Short-Circuited Stub

A stub is a section of open-circuited or short-circuited transmission line and is used as a series or shunt element in a microwave
circuit. There are several representations. A shorted stub is shown in Figure 2.4.1(a) as a transmission line with characteristic
impedance Zy, that is short circuited. The input impedance of the line is Z;. If the line is lossless, the usual assumption, then Zg;
will be real and Z; will be imaginary. Stubs are commonly used in microwave circuits and generally all stubs in a network have the
same length, such as A/4 long or A/8 long. Which it is is specified in the design. Realistically they do not need to have the same
length but there are some special properties for certain lengths, as will become clearer. A cleaner way to indicate a shorted stub is
shown in Figure 2.4.1(b), where the value of the stub is as indicated. The absence of a 0 subscript (which would indicate
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Short-circuited stub Zo1
I— Zoj [j ? E
- O )
4 4 Iy Zo1
(a) by  (e) (d) (e)
Open—circuited stub Zoi

p— T, T S — f—— —
e IR vl D o PR

‘I Z 2y Zo1
) (g) (h) (i) ()]

Figure 2.4.1: Transmission line stubs: (a)—(e) short-circuited stubs; and (f)—(j) open-circuited stubs.

characteristic impedance) means that this is the reactive input impedance of the stub. If a 0 subscript is used, as in Figure 2.4.1(c),
the characteristic impedance of the stub is indicated. If a numerical value is given then an imaginary impedance indicates that the
input impedance is being specified, whereas a real impedance indicates the characteristic impedance of the stub. The shorted stub is
shown as a shunt element in Figure 2.4.1(d) and as a series element in Figure 2.4.1(e). However in nearly all transmission line
technologies, including microstrip, only shunt stubs can be realized. The open-circuited stubs with annotations are shown in
Figures 2.4.1(f—j) with similar assignments of meaning. The length of a stub is often indicated by its resonant frequency, f,.. This is
the frequency at which the stub is A/4 long.

The shorted stub in Figure 2.4.1(a) has the input impedance (from Equation (2.3.18))
Z1 = JZ01 tan ﬂ[ (245)

where £ is the physical length of the line. Since the stub is A/4 long at f,, then at frequency f, the input impedance of the stub is

Zy = 3Zp tan (%fi) (2.4.6)

A special situation, and the most commonly used in design, is when the operating frequency is around one-half of the resonant

frequency (i.e., f ~ 1 f,). Then the stub is one-eighth of a wavelength long and the argument of the tangent function in Equation
(2.4.6) is approximately 7/4 and Z; becomes

T
71 & 320 tan (Z) =320 (2.4.7)

thus realizing an inductance at f = f,/2 with a reactance equal to the characteristic impedance of the line.

v/ Example 2.4.1: Short-Circuited Stub

Develop the electrical design of the shunt stub shown with a load of impedance Z; = 75 + 715 Q so that the total impedance of
the load and stub is real.

Lin— Z1

Zoy-dy
Figure 2.4.2

Solution

The short-circuited stub has characteristic impedance Zy; and length £;. Choose Zy = 75 Q (generally this must be between 15
© and 100 2 for most transmission line technologies). The stub needs to be designed so that the susceptances of the stub and
load sum to zero. The admittance of the load Yz = 1/Z; = 0.01282 — 30.002564 S. The required admittance of the stub is YsTus
= 70.002564 S so, using Equation (2.4.5),

Zgru = 1/YsruB = 3201 tan f; = —3390

Therefore, the electrical length of the stub is
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The first positive angle is taken so the stub has the shortest length. So

B¢y = arctan(—390/775) = —1.381 + nx radians, n =0, 1,2, ... (2.4.8)

B, = 1.761 radians = 100.9° (2.4.9)

The complete electrical design of the stub is that it is a shunt short-circuited stub with a characteristic impedance of 75 Q and
with an electrical length of 100.9°. The combined impedance of the stub and load is Zx = 1/(3{Yz}) = 1/0.01282 = 78.00 Q.

v/ Example 2.4.2: Model of a Resonant Shorted Transmission Line

This example presents an analytic approach to developing the equivalent circuit of a shorted stub at resonance. Consider a
shorted transmission line with characteristic impedance Z, = 12.28 @ and resonant, i.e. a quarter-wavelength long, at 1850 MHz.

Solution

At the first resonant frequency, f, = w,/(2x), the transmission line presents an open circuit and the appropriate circuit model is
shown on the right.

Al4

(e o
= B
v, 7, 12280 o
Figure 2.4.3

The strategy here is to develop the LC equivalent circuit by equating the derivatives of the resonator and the LC circuit. This is
in addition to equating the input admittances of the two circuits at the resonant frequency f, = w,/(2x). That is, at frequency f.

Y (fr) = 0= Yz0(fr) = g[wrC — 1/(wrL)] and so w?=1/(LC) (2.4.10)

The input impedance of the line at frequency f = w/(2) is Zin(w) = 32, tan(B¢), and so its input admittance is
Yia(w) = =L cot(B2) (2.4.11)
Zy

The derivative of the transmission line admittance is (using Equation (1.A.26))

OV _ OPL OYw _ 0B [—y
h = B OB = 5 (70) Do) Gty

Now g is proportional to w for a lossless dispersionless line so

Mo _ BL I o2
% ~ w Z csc“(BL)

Since the line is approximately \/4 long near the resonant frequency, for f ~ f,, B¢ ~ n/2, csc(B€) ~ 1 (which is a good
approximation since at £, [@csc(6f)]/(0w) = 0), and

oY | _ B¢
B | = onZs (2.4.13)
The input admittance of the parallel LC circuit is
_ 1 Yz _ 1
Yic=7 (wC’— E) and o = (C+ sz) (2.4.14)
At and near resonance w? ~ 1/(LC) and so
dYic
=72 24.1
B |y, 7 C (2.4.15)
Equating the derivatives of Y;,, Equation (2.4.13), and of Yj,¢, Equation (2.4.15), yields
—1Bt
— =72 2.4.1
wzy = %¢ (2.4.16)
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Thus (since B¢ ~ m/2)
™ ™ —12
= = =5.502- 1072 F = 5.502 pF 2.4.17
4w, Zy  4-27-1850-10°-12.28 P ( )
and, since w? = 1/(LC),
-1 _ ! =1.345-10"° H = 1.345 nH (2.4.18)
w2C  (2r-1850-106)2.5502.1072 ’ -

2.4.4 Open-Circuited Stub

An open-circuited transmission line is commonly used as a circuit element called an open stub shown in Figure 2.4.1(f—j). From
Equation (2.3.18) and noting that Z;, = co, the open stub input impedance is

z (2.4.19)

= — Z _—
1 J401 tan B2
With the stub one-quarter wavelength long at the frequency f,, the input impedance at £, is a short circuit and the stub is said to be

resonant at f.. Then at a frequency f, the input impedance of the stub is

Z1 = —3Z0; tan™! (%fi) (2.4.20)

When f = 1 £, the stub is one-eighth wavelength long and

1
Zy =320 —~ = —1n (2.4.21)
tan (§)

So a A/8 long open-circuited stub (A/4 at f,, f = 1 f,) realizes a capacitance with a reactance equal to the characteristic impedance
of the line.

If the length of a stub can be changed then the stub can be used as a tuning element. A common microstrip tuning technique is
shown in Figure 2.4.4, where bonding to different pads enables a variable length stub to be realized.

Figure 2.4.4: Open-circuited stub with variable length realized using wire bonding from the fixed stub to one of the bond pads. The
bond pads are on the same layer as the strip metal layer and bonding to them extends the length of the open-circuited stub.

v/ Example 2.4.3: Open-Circuited Stub

Develop the electrical design of the open-circuit stub shown with a load of impedance Z; =75 + 515 Q so that the total

Zin—= E | Zy

ZM.I[

impedance of the load and stub is real.

Figure 2.4.5
Solution

The open-circuited stub has characteristic impedance Zy; and length £;. A good choice is to choose Zy; around the impedance
level of the load as long as it can be realized; so choose Zy; = 75 Q. The stub needs to be designed so that the susceptances of
the stub and load sum to zero. The admittance of the load Yz =1/Z; = 0.01282 — 50.002564 S. The required admittance of the
stub is Ysrys = 70.002564 S, so, using Equation (2.4.19),

Zstus = 1/YsTUuB = —3Z01/ tan f; = —3390
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Therefore, the electrical length of the stub is
Bt = arctan(375/7390) = 0.1900 + nx radians,n =0, 1,2, ... (2.4.22)
The first positive angle is taken so the stub has the shortest length. Then
B1 = 0.1900 radians = 10.89° (2.4.23)

The complete electrical design of the stub is that it is a shunt open-circuited stub with a characteristic impedance of 75  and an
electrical length of 10.89°. The combined impedance of the stub and load is Zx = 1/(R{Yr}) = 1/0.01282 = 78.00 Q2.

2.4.5 Electrically Short Lossless Line

Consider the input impedance, Z;,, of an electrically short line (i.e., 8¢ is small) (see Figure 2.4.6). Using Equation (2.3.18),

P Zr + JZo(ﬂf)
14 5(21/ Zo)(BE)

Since Zof = /L/C(wVLC) = wL and B/Zy = (wWLC)/+/L/C) =wC (where L and C are the inductance and capacitance per unit
length of the line), Equation (2.4.24) can be written as

~ (21 + 22(80) [1 - 15 (50 (2.4.24)

Zin ~ Z1 [1+ (B0)?] + 7 [w(Le) — ZFw(CE)] (2.4.25)

Since B¢ is small, (8€)? is very small, and so the (B¢)2 term can be ignored. Then the input impedance of an electrically short line
terminated in impedance Zj, is

Zw ~ Z1, + 3lw(LE) — ZEw(CY)] (2.4.26)
Some special cases of this result will be considered in the following examples.
oy

Zip=> Z(‘.

Figure 2.4.6: An electrically short line.

v/ Example 2.4.4: Capacitive Transmission Line Segment

This example demonstrates that a predominantly capacitive behavior can be obtained from a short segment of transmission
line, the Zg; line here, of low characteristic impedance. Consider the transmission line system shown below with lines having
the characteristic impedances, Zy; and Zgg, Zgs > Zo;-
N
Zy—= Iy Zga
(11]
-
Figure 2.4.7
The value of Zy, is (treating Zg, as the load)
Zog + 3Zp; tan B¢
I =2t ————— 2.4.27
= O Z 01 + 920, tan BE ( )
Now (1 + 3z)~! ~ 1 — 3z — z%. Thus for a short line (and so dropping the tan?(8¢) term)
Z Zg
Zin ~ Z02 —]Z—mta.n(ﬂé) +]Z01 tan(ﬂl) = Zoz + JZ01 ta.n(/%) 1-— Z_2 (2428)
0
For Zgs > Zy and for a short line, tan(B¢) ~ B¢, and this becomes
Z2 Z2
Zin ™ Zog — )=2tan(BL) ~ Zog — ) =2 Bl (2.4.29)
Zn Zn
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which is capacitive. Now consider the circuit to the right where an effective capacitance Ce is in shunt with a load Zg,. This

m——
Zt_bclcl]'zi:::]zn.‘
P

has the input impedance

Figure 2.4.8
Z, = (;wCeHL)_I - e _ Zo2[1 — gwClestZos — (ywCeiiZo2)? ... (2.4.30)
Zpz 1+ jwCetsZoy
For wCegZps « 1 (i.e. an electrically short line)
Z, ~ Zog — wCoii Dy (2.4.31)

Equating Equations (2.4.29) and (2.4.31), the effective value of the shunt capacitor realized by the short length of low-
impedance line, the Zy, line, is

Ceff

2
1 Zoft B (2.4.32)
w

L
T wZ Zo Zn
Thus a shunt capacitor can be realized approximately by a low-impedance line embedded between two highimpedance lines.
The microstrip layout of this is shown in the figure on the right. Recall that a wide microstrip line has a low characteristic

impedance.

Figure 2.4.9

v/ Example 2.4.5: Inductive Transmission Line Segment

This example demonstrates that a (predominantly) inductive behavior can be obtained from a segment of transmission line.
Consider the transmission line system shown below with lines having two different characteristic impedances, Zy, and Zg, Zgs
&< Zo1-

(123
[11]

Zig— Z

" —

Figure 2.4.10

The value of Z;, is (using Equation (2.3.18))

Zog + 3Zp; tan B¢
Iw=20n5——F——> 2.4.33
% Zo1 + 9Z 0z tan L ( )
which for a short line can be expressed as
Zin = Zgo[1 + tan(BL)] + 3201 tan(BE) (2.4.34)

Note that Zo1 tan(B¢) is the dominant part for £ < A/8 and Zp2 < Zo:.

Thus a microstrip realization of a series inductor is a high-impedance line embedded between two low-impedance lines. A top
view of such a configuration in microstrip is shown in the figure. A narrow microstrip line has high characteristic impedance.
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The previous two examples showed how a shunt capacitance or series inductance can be realized using short sections of line, the
Zp line here, with low or high characteristic impedance respectively. This enables realization of some lumped element circuits in
microstrip form. A lumped element lowpass filter is shown in Figure 2.4.12(a) and this can be realized using wide and narrow
microstrip lines, as shown in Figure 2.4.12(b).

2.4.6 Quarter-Wave Transformer

Figure 2.4.13(a) shows a resistive load Ry, and a section of transmission line with length ¢ = A;/4 (hence the name quarter-wave
transformer). The input

| [ (43

o(——fﬂﬁmn—fm\—oJ ?Mf L | |g_-.:
T T . — o LI [

(a) (b)

% Z R Zin Z Zo)
Zy e—2ya —>f g4 —=
(a) (b)

Figure 2.4.13: The quarter-wave transformer line: (a) transforming a load; and (b) interfacing two lines.
40 Zy Zg)
] —

Figure 2.4.14: Layout of a microstrip quarter-wave transformer.

impedance of the line is

Ry + 37, tan(BE) Ry +3Zy00 Z2
BV Z ¥ jRptan(Bl)  'Zi+jRro Ry ( )
The input impedance is matched to the transmission line Zj if
Zn =2} =2 (2.4.36)

since here the characteristic impedance is real. Thus

Zy=+/Z4R;, (2.4.37)
and so the one-quarter wavelength long line acts as an ideal impedance transformer.
Another example of the quarter-wave transformer is shown in Figure 2.4.13(b). The input impedance looking into the quarter-wave

transformer (from the left) is given by

~, Zn+iZoten(Bl)  _ Zoi+iZeco  Z§
Zi.n - ZO = Z() = —
Zo + 3Zo1 tan(pe) Zo+3Znoo  Zg

(2.4.38)

Hence a section of transmission line of length £ = Ag/4 + nAy/2, where n =0,1,2,..., can be used to match lines having different
impedances, Zg; and Zg, by constructing the line so that its characteristic impedance is

Zo = ZnZe (2.4.39)

Note that for a design center frequency fo, the matching section provides a perfect match only at the center frequency and at
frequencies where £ = A\;/4 +n)y/2.
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The layout of a microstrip quarter-wave transformer is shown in Figure 2.4.14, where ¢ = ),/4 and the characteristic impedance of
the transformer, Zy, is the geometric mean of the impedances on either side, that is, Zy = v/Zg Zg2.

A quarter-wave transformer has an interesting property that is widely used. Examine the final result in Equation (2.4.38), which is
repeated here:
i

Zi_u=Z—01

(2.4.40)

Equation (2.4.40) indicates that a one-quarter wavelength long line is an impedance inverter presenting, at Port 1, the inverse of the
impedance presented at port 2, Zy. This result also applies to complex impedances replacing Zy. This impedance inversion is
scaled by the square of the characteristic impedance of the line. This inversion holds in the reverse direction as well.

2.4.7 Summary

The lossless transmission line configurations considered in this section are those most commonly used in microwave circuit design.
It is important to note that the stub line is almost always used in shunt configuration to provide an admittance in a circuit. Most
transmission line technologies, including coaxial lines and microstrip, only permit shunt stubs. The quarterwave transformer is a
particularly interesting element enabling maximum power transfer from a source to a load that may be different. An interesting
feature that is widely exploited is that the quarter-wave transformer inverts an impedance. For example, turning a small resistance
into a large resistance, or even turning a small capacitor into a large inductance. These transformations are valid over a moderate
bandwidth.

This page titled 2.4: Special Cases of Lossless Terminated Lines is shared under a CC BY-NC license and was authored, remixed, and/or curated
by Michael Steer.
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2.5: The Lossy Terminated Line

Previously Section 2.3 presented abstractions that enabled a total voltage and current view to be used with lossless transmission
lines. A similar development is presented here for lossy lines. Important abstractions are presented first for the input reflection
coefficient of a terminated lossy line in Section 2.5.1 and then for the input impedance of first a long lossy line in Section 2.5.2 and
then for a finite length line in Section 2.5.3. Section 2.5.4 presents a simple approximation for the attenuation on a line if it is low
loss. Power flow on a lossy line is considered in Section 2.5.5 and then the impact of dispersion on signal integrity considered in
Section 2.5.6. The final section, Section 2.5.7, describes a technique for the design of a finite bandwidth dispersion-less line.

2.5.1 Input Reflection Coefficient of a Lossy Line

Iy, of a lossy line can be developed by replacing j8 in Section 2.3.3 by ~. Referring to Figure 2.3.4, at a distance £ from the load
(i.e., z = —¥), the input reflection looking into a lossy line toward the load is

V(z=—f) V= (z=0e" V- (z=0e"
VHz=—£)  V*+(z=0)et?® V+(z=0)et"
=Tre 2" =T e 2t (2.5.1)

Tin | 2=t =

As the line becomes longer the magnitude of I'y, decreases exponentially, approaching zero, because of attenuation described by the
—20f
e~2 term.

2.5.2 Input Impedance of a Long Lossy Line
Figure 2.5.1(a) shows an infinitely long line with characteristic impedance Z,. The input impedance Z;, of the line is the ratio of the
total voltage V; to the total current I; at the input of the line:

_W

Zy =2
I

(2.5.2)

If the line is infinitely long or sufficiently lossy there is negligible reflected wave and thus the total voltage and current are just the
forward-traveling

Relerence Referance
pla

plane 1 ne
Zi :
v 2o v Zn
Ef E " )
I Z 5 1
JL--- Fy ¢ Fp !
b - Py, — ™ P
1| - T 2
’?'— By Py —=
Zin z e -_—
0 =
(a) (b)

Figure 2.5.1: Transmission line networks: (a) an infinitely long line; and (b) with a finite-length line of characteristic impedance Zy;
and an infinitely long transmission line of characteristic impedance Zg,.

0. I
— Z;=m ==

Z. - A | )_’!

! —
(a) (b)

Figure 2.5.2: Terminated transmission line: (a) a transmission line terminated in a load impedance, Z;,, with an input impedance of
Zy; and (b) a transmission line with source impedance Zg and load Z;.

voltage and current and

W _VHO) _
2T T 1) °

(2.5.3)
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The infinitely long line is approximated by a very long, slightly lossy, cable. It will not matter how the line is terminated (e.g., in a
resistor, open circuit, or short circuit), there will be a negligible backward-traveling wave, and the input impedance of the cable will
be its characteristic impedance.

2.5.3 Input Impedance of a Lossy Line

The impedance looking into the line varies with position, as the forwardand backward-traveling waves combine to yield position-
dependent total voltage and current. At a distance £ from the load (i.e., z = —¢), the input impedance seen looking toward the load is

- 16—21 —2t
Zin) ey = ‘;((j; _f)) =7 1 a :;: :Le—wi =Zo i e ?i:—zze (2.5.4)
Another form comes from substituting Equation (2.3.6) in Equation (2.5.4):
2 = Zo (Z1 + Zo)e™ + (Z1 — Zo)e ™ - 7, Z1, cosh(v€) + 3Zo cosh(v£)
(ZL + Zy)et — (Zr, — Zg)e Zg cosh(v€) + 3Z1, cosh(+£)

This equation is also known as the lossy telegrapher’s equation.

Note that z;, is a quasi-periodic function of ¢ and approaches Z, for a long lossy line (i.e. provided that there is attenuation and the
line’s 4 has a real part as then tanh £ goes to one).

v/ Example 2.5.1: Transmission Line Resonator

A shorted line is used as a resonator. The first resonance is a parallel resonance at 1 GHz.

a. Draw the lumped-element equivalent circuit of the resonator.

b. What is the impedance looking into the line at resonance?

c. What is the electrical length of the resonator?

d. If the resonator is Ay/4 longer, what is the input impedance of the resonator now?

Solution

2

Figure 2.5.3
LC is an open circuit at resonance. If the line is lossless, R = 0.
b. Zy, = oo (for a lossless line).
c. From Equation (2.3.18) and with Z;_¢, Zi, = 3Z tan(Bf). Zin, = co when tan(8¢) = oo, i.e. when 8¢ = /2 = X, /4 = 90°.

e

et iy

Figure 2.5.4
dZn,=0Q

2.5.4 Attenuation on a Low-Loss Line

Recall that 4, the propagation constant, is given by

7= /(R+L)(G + C) (2.5.6)
This can be written as
R G

With a low-loss line, R « wL and G « wC, and so, using a Taylor series approximation (see Equation (1.A.88)),
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R \'2 1 R
(1+ﬁ) ~1 + Eﬁ (258)
and
G \Y? 1 G
thus
1 C L
ey (R I+G\’6) + wVILC (2.5.10)
Hence for low-loss lines (in Np/m if SI units are used),
1 /R
any (Z—o + GZO) (2.5.11)
and
B~ wVLC (2.5.12)

What Equation (2.5.11) indicates is that for low-loss lines the attenuation constant, , consists of dielectric- and conductor-related
parts; that is,

a=a4+ac (2.5.13)

o~ GZo/2 (2.5.14)
and

a. ~ R/(2Zy) (2.5.15)

where a4 is the attenuation contributed by dielectric loss and is called dielectric attenuation, and «4 is the attenuation contributed
by the conductor loss and is called ohmic or conductive attenuation.

¥iz) Kz)

Zin—= Zn a 3 2!’

fe— ! —=

Figure 2.5.5: A low-loss transmission line. The propagation constant v = a + 38.

2.5.5 Power Flow on a Terminated Lossy Line
In this section a lossy transmission line with low loss is considered so that R « wL and G « wC, and the characteristic impedance

is Zy =~ 4/L/C. Figure 2.5.5 is a lossy transmission line and the total voltage and current at any point on the line are given by

V+
V() =V; [e”+Te”] and I(z) = ZL [e% —Te¥] (2.5.16)
0

Section 2.5.3 derived the lossy telegrapher’s equation:

Zr + Zptanh £

Zn =20 Zy+ Zz tanh £

(2.5.17)

For a lossy transmission line not all of the power applied at the input will be delivered to the load as power will be lost on the line
due to attenuation. The power delivered to the load (which is at position z = 0) is

Vo' I?
2Zy

Py = S RVOI(0)} = 52— (1~ N1f?) (25.18)

2

where Ty, is the reflection coefficient of the load. Similarly the power at the input of the line (at position z = —#) is
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_ 1 . _ |Vo+|2 2_—daf] 20l
P = -R{V(-OI* (-0} = 1= |Tz]"e e (2.5.19)
2 27,
and the power lost in the line is
= — Vo 2 2t 2 —2a8
PBiogs = Pn— Pp = Z—Zo[(e - 1) + |PL| (1 -2 )] (2520)

v Example 2.5.2: @) of a Transmission Line Resonator Revisited

Energy is stored on a transmission line and this must be considered in deriving the @ of a transmission line resonator. Consider
the A/4- long shorted transmission line examined in Examples 2.3.1 and 2.4.2. This line has a characteristic impedance of 12.28
Q, it is resonant at 1850 MHz, and a 10 k< resistor, R, is at the input as shown in the left figure.

e
R R (=%L
,-r’ 1228 0 Iis
n

: Yic

Figure 2.5.6
Solution
At resonance
_ Peak energy stored _ Peak energy stored
@=2m Energy dissipated per cycle “r Power loss in the resistor (B2t
Q@ = 1/(Fractional bandwidth) (2.5.22)

where w, is the radian frequency at resonance. So there are two fundamental ways that the @ can be determined: determining
the peak energy stored and the power loss, and finding the fractional bandwidth. However, using the fractional bandwidth is
only an approximate method, as @ is a measure of energy stored and energy dissipated.

For an RLC lumped-element resonator

LJL =L for 5 series RLC circuit
V©
Q=1 " R (2.5.23)
Ry/ € =L for a shunt RLC circuit

The narrowband lumped-element equivalent circuit of the resonator developed in Example 2.3.1, with C =5.503 pF and L
= 1.345 pH can be used. Thus

[c 5.503 - 10~12
=R{/==10-10%/ ——— _ =640
Q L 1.345-107°

It is important to note that the input impedance of the transmission line at the resonant frequency cannot be used to find the @
of the transmission line resonator, as it does not convey any information about the energy stored. However, the narrowband
model of the resonator at resonance does capture the energy storage information and so can be used to calculate the @ of the
resonator, as was done here.

2.5.6 Lossy Transmission Line Dispersion

On a lossy line, phase velocity, group velocity, and attenuation constant are frequency dependent and so a lossy line is, in general,
dispersive. That is, different frequency components of a signal travel at different speeds, and the phase velocity, v,, and group
velocity, v,, are functions of frequency. As a result, the signal will spread out in time and, if the line is long enough, it will be
difficult to extract the original information.

In the previous section it was seen, in Equation (2.5.12), that for a TEM line w/8 = v, = v, is approximately frequency independent
for a low-loss line. This is true for most two-conductor lines (lines that support TEM modes), but not for all transmission line
structures that guide EM waves (a rectangular waveguide is an example of where v, and v, differ significantly). Also, the
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conductive component of the attenuation constant, @, in Equation (2.5.15), is approximately frequency independent. However, the
dielectric component, a4 in Equation (2.5.14), is frequency dependent even for a low-loss line. This is because G is mostly due to
energy loss when a material lattice or molecular components are distorted by the E field. So there is more loss and G increases
linearly as the frequency increases. (Conductivity of the dielectric also affects G, but this is usually a much smaller effect except for
a silicon substrate.) If the transmission line has moderate loss, all of the propagation parameters will be frequency dependent and
the line is dispersive.

2.5.7 Design of a Dispersionless Lossy Line

Over a moderate bandwidth a lossy line can be designed to be dispersionless (i.e. vy & v, = constant). The parameters that are
important in describing signal propagation on a transmission line are the propagation constant, -, and the characteristic impedance,
Zy. When considering dispersion it is more appropriate to examine « and v, ~ w/8 (for a low loss line), as these parameters are
generally frequency dependent for a lossy line. For a line to be dispersionless «, w/8, and Z, should be independent of frequency.

For any low-loss line the propagation constant is

G C C R ¢ v
7=/ (R+wL)(G + wC) = V'L [(Hﬁ) (1+W)] (2.5.24)
If the line is designed so that
R/L=G/C (2.5.25)
then
R C
y=a+18=wVIC (1 + —) = B\ < + pVIC (2.5.26)
JwL L
From this
a=R %, B=wVLC and v, =w/B=1/VLC (2.5.27)

The analysis is completed by considering the characteristic impedance

[R+wL  [L [R/L+w
T = = =,/ == 2.5.2
0 G + C c\ Gg/c+w (2.5.28)

and, referring to Equation (2.5.25), note that the last square root term is 1, so

Zy=4/L/C (2.5.29)

which is frequency independent. The important characteristics describing signal propagation are now frequency independent and
the line is dispersionless. In practice a lossy dispersionless line can only be approximated over a small bandwidth since @ is
linearly dependent on frequency because of the frequency dependence of dielectric relaxation loss.

2.5.8 Summary

An earlier section developed the input reflection coefficient and input impedance of a lossless line. This section did the same thing
but for a lossy line. Short-hand derivations were presented for the attenuation of a low loss line in terms of the per-unit-length
resistance and characteristic impedance of the line. Dispersion on a line was discussed and a design technique presented for the
design of a dispersionless line. This design is valid over a narrow or moderate bandwidth and this bandwidth limitation applies to
all transmission line-based designs.

This page titled 2.5: The Lossy Terminated Line is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael
Steer.
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2.6: Reflections at Interfaces

Transmission lines transfer power from one point to another and there are often many interfaces at which power is reflected and
transferred. This section is focused on developing an intuitive understanding of reflection and transmission of power at interfaces
and over a transmission line. Section 2.6.1 presents an understanding of power flow and introduces the return loss concept applying
this analysis to a single interface in Section 2.6.3. Microwave engineering is greatly concerned with maximum power transfer and
the analysis that supports design choices, the maximum power transfer theorem, is revisited in Section 2.6.2. Section 2.6.4 presents
bounce diagram analysis which is concerned with reflection and transmission at multiple interfaces. This can be a confusing
analysis but it provides the essential understanding for the development of intuition for how power flows, and understanding of
situations where power flow may be disrupted. The final section, Section 2.6.5, presents the theory of small reflections, derived
from bounce diagram analysis, which is used in several places in this book series in the synthesis of transmission line networks.

2.6.1 Power Flow and Return Loss

Now consider the power flow on the lossless line in Figure 2.3.1. The incident (forward-traveling) wave has the power

Pe= gyl =gl ()]

_l + o982z M ' _lw
_29%{(V(,e )( 7 =37 (2.6.1)

and the reflected wave has the power (using Equation (2.3.7))

Vo2 o |V
L/ L (2.6.2)

P_zzo 2 Z

Considering conservation of power, the power delivered to the load, P, is the difference of the forward- and backward-traveling
powers:
1 * + — + 2
Pp = R{Vil}}=P*-P =P (1—r%) (2.6.3)
Noteworthy cases are when there is an open circuit, a short circuit, or a purely reactive load at the end of a transmission line. These

have |T'| = 1. Thus all power is reflected back to the source and P, = 0.

The power that is absorbed by the load appears as a loss as far as the incident and reflected waves are concerned. To describe this,
the concept of return loss (RL) is introduced and defined as

RL = —20log|T| dB (2.6.4)

RL indicates the available power not delivered to the load. A matched load (T = 0) has RL = oo dB, and a total reflection (|| = 1)
has RL =0 dB.

v/ Example 2.6.1: Transmission Line Model at the Load

A transmission line with a characteristic impedance of 75 Q supports a forward-traveling wave with a power of 1 yW. The line
is terminated in a resistance of 100 2. Draw the lumped-element equivalent circuit at the interface between the transmission
line and the load.

Solution

The equivalent circuit has the form
it

Eqy Z,=100 02

Figure 2.6.1

where Ery is the Thevenin equivalent generator and Zrx is the Thevenin equivalent generator impedance.
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The amplitude of the forward-traveling voltage wave is obtained by calculating the power in the forward-traveling wave:
Pt = %(V+)2/Z0 =WVHY150=1puyW =105 W

So V+ =4/150-10"% =12.25 mV. Note that V* is not Erg. To calculate Etg, consider the circuit to the right that results in
maximum power transfer.

7552

En@) < 122503750

Figure 2.6.2

So Erg =2V+ =24.5 mV. Since the line has a characteristic impedance of 75 Q, then Zrg =75 Q. So the lumped-element
equivalent circuit at the load is

7540

245 |||\’<’ﬂ 100 €

Figure 2.6.3

2.6.2 Maximum Power Transfer Theorem

Many transmission line calculations can be solved using the concepts of maximum available power, incident power, and reflected
power. At microwave frequencies the output impedance of sources, for example, cannot be ignored as can often be done at low
frequencies. Thus the output of an RF source is defined in terms of maximum available power.

Consider the source shown in Figure 2.6.4 with an impedance Zs = Rg+ X driving a load Z = Rr + 3X. The aim here is to find
Zp, for maximum delivery of power to the load. The phasor current in the load is

E

I=——+ 2.6.5
Zs+ 21, ( )
and thus the average power in the load is
1, 1( |E| )2 LIEP R,
Pr,=_-|I'RL=—-|-5—%5~| Rc= 2.6.6
b= g MR =3 (|zs+zL| = Ry + Ro)? + (Xs 1 X2)? (2.6.6)

The load required for maximum power transfer is obtained by first considering a fixed value of R, and then finding the value of X,
required to minimize

Z
i) *j’

Figure 2.6.4: A source terminated in a load. Maximum power transfer occurs when z, = Z3.

Equation (2.6.6). Since X, only affects the denominator in Equation (2.6.6), it is clear that the denominator is minimized by making
X1 = —Xg. So now Equation (2.6.6) reduces to

Py = 3BT Ry (2.6.7)
L™ (Rs+Rp)? o
and
P ikl (2.6.8)
Y (R%/Ry+2Rs + Ry) o

Now the power delivered to the load is maximized by minimizing the denominator in Equation (2.6.8), which will occur when the
derivative of the denominator in Equation (2.6.8) is zero. That is, when
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d —R%
——(RY/Rr +2Rs+Ry1): = +1=0 (2.6.9)
dRy, R2

The derivative is zero when
R%/R% =1, thatis, when Ry =+Rg (2.6.10)

When the derivative is zero, the power transferred to the load is either the minimum or maximum power that can be delivered to the
load. Clearly Rz = —Rs is a nonsensical solution as the load and source resistance should be positive. In addition, the situations at
the extremes need to be check, that is, when R is very small, R; — 0, and when Ry is very large, Ry — c0. As Ry — 0, Equation
(2.6.7) becomes P, — 0, and as Ry, — oo, Equation (2.6.7) becomes Py, — 0. Clearly there will not be negative power dissipated in
Ry, so when Ry = Rg the maximum power, Pr|ms, is dissipated in the load. Equation (2.6.7) becomes

1 |EPR. _ 1|E]?

—_— = ——— 2.6.11
2 (Rs+Rs)2? 8 Rg ( )

PL|max=

This is called the maximum available power, or simply the available power of the source. So the conditions for maximum power
transfer are Ry = Rg and X = —Xg; that is, the maximum power transfer from source to load requires

Zp =2} (2.6.12)

Also note that if the source impedance in Figure 2.6.4 is resistive, V = 1 E at maximum power transfer.

v/ Example 2.6.2: Available Power

A 75 Q source with an available power of 1 W is terminated in a short circuit. What is the power dissipated in the Thevenin
equivalent resistance of the source?

Solution

At RF, “75 Q source” refers to a source with a Thevenin equivalent resistance of 75 @ which here is Zg. The condition for
maximum power transfer, and when the full available power is delivered to the load, is when the load impedance, Z;, is the
complex conjugate of Zg = 75 Q. The circuit for maximum power transfer is as shown to the right.

Figure 2.6.5

To solve the problem we must determine E as this will not change even though the current through Zg, I, will depend on the
load impedance. The available power is

Py= %|I|2m(zs) = %|I|2 x75=1W and so I = 1/2 x 1/75 = 0.1633 A
From this the voltage across the load can be determine:

V =1Z;=0.1633 x 75 = 12.25 V and from symmetry E =2V = 24.50 V
Now the condition with a short circuit, Z; = 0, can be determined. Note that I and V" will change but £ will be fixed.
Considering the circuit to the right, now

I=E[(Zg+ Z1) = 24.50/(75 +0) = 0.3267 A

The power dissipated in Zg is

1
Pg = E172‘.»1(23) = 0.3267 x 75 = 4.002 W
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Figure 2.6.6

Some comments on this result can be made. With a short circuit the current that flows in the circuit doubles compared to the
maximum power transfer condition. Since the power dissipated in Zg is proportion to the square of the current the power
dissipated in the Thevenin equivalent resistance increases by a factor of 4 (Pg should be exactly 4 W). The ideal voltage source
E can provide unlimited power. However no matter what the value of Z;, the power dissipated in Z; can never be more than

the available power.

v/ Example 2.6.3: Forward-Traveling Wave Calculations

A transmission line is driven by a generator with a maximum available power of 20 dBm and a Thevenin equivalent impedance
of 50 Q. The transmission line has a characteristic impedance of 50 Q.

a. What is the Thevenin equivalent generator voltage?
b. What is the magnitude of the forward-traveling voltage wave on the line? Assume that the line is infinitely long.
c. What is the power of the forward-traveling voltage wave?

Solution
e Z =500 500
EG I'(' T EL 50{3
Figure 2.6.7

a. Maximum available power is delivered to the load when it is conjugately matched to the generator impedance (see right
diagram). Then Prosp = %V2/R (V is peak voltage) (i.e., PLoap = 20 dBm = 0.1 W) and

V=142Poap - R=V2x 0.1 x50 Vper =3.16 V, Eg=2V=6.32V

b. This is just V,sovV+ =3.16 V.
C. P =20 dBm.

2.6.3 A Single Interface

Many transmission line calculations are most conveniently addressed using the maximum available power concept. This is
particularly so when there are multiple transmission lines. The concept is that the maximum available power from a source is
incident on a load and if there is a mismatch, power is reflected and the rest of the power is transmitted. The circuits used to
illustrate these calculations are shown in Figure 2.6.8. The available power of the source is P,,, which is incident on the reference
plane shown in Figure 2.6.8(b) where it is called the incident power P;. At the reference plane power

_________ i Zq ' aeierence
! Source Zg! Load FE e

[ = +
; '+ E ! P SZ V
:E@ :'%ZL o
[ ! Il

(a) (b)

Figure 2.6.8: Calculations using incident and reflected power: (a) source terminated in a load; and (b) reference plane illustrating
the use of incident and reflected power at a load.

is reflected, Pg, and power is transmitted, Pr. Using the reflection coefficient normalized to the impedance of the source (i.e., Zs)
Pp=T’P; (2.6.13)

where
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_Zs—ZL

= 2.6.14
Zs+ 7y, ( )

and the transmitted power is

Pr=(1-[T) P (2.6.15)

v/ Example 2.6.4: Transmission Line Power Calculations

The transmission line shown in Figure 2.5.1(b) consists of a source with Thevenin impedance Z; =40 © and source E =5V
(peak), connected to a A/4 long line of characteristic impedance Zy: = 40 ©, which in turn is connected to an infinitely long line
of characteristic impedance Zgz =100 Q. The transmission lines are lossless. Two reference planes are shown in Figure
2.5.1(b). At reference plane 1 the incident power is Py, (the maximum available power from the source), the reflected power is
Pgy, and the transmitted power is Pry. Pp (the maximum available power from Zy,;), Pge, and Pp, are similar quantities at
Reference Plane 2. Py, Pri, Pr1, Prs, Pre,and Pr, are steady-state quantities.

a. What is Pr;?
b. What is Pry?

Solution

Since the infinitely long line does not have a backward-traveling wave this problem reduces to a single transmission line
interface problem.

First develop some expectations. This will be a sanity check during the problem. P, and P, are maximum available powers
and since the Zy, line (this is a short way of talking about the line with a characteristic impedance Zg;) is lossless they should
be equal: P;; = Pr,. Prq and Pry are the total powers delivered to the right of the respective interfaces. Again since the Zg; line
is lossless Pry = Pps, Also Pry; < Pry as power Pg; is reflected from the interface. Similarly Pry < Pyo.

a. Py is the available power from the generator. Since the Thevenin impedance of the generator is 40 Q, Py is the power that
would be delivered to a matched load (the maximum available power). An equivalent problem is shown to the right where
V = 3E =25 Vyear. SO

Z=400
Figure 2.6.9
) 1, ,1 1, ,1
Pp = power in Zp = —(V)*— = =(2.5)*— = 0.07813 W = 78.13 mW (2.6.16)
2 VA 2 40

Note that the 1 occurs because peak voltage is used in RF calculations.

b. Now the problem becomes interesting and there are many ways to solve it. One of the key observations is that the first
transmission line has the same characteristic impedance as the Thevenin equivalent impedance of the generator, Zo; = Z1,
and so can be ignored where appropriate. This observation will be used in this example. One way to proceed is to directly
calculate Pry, and a second approach is to calculate the incident and reflected powers at reference plane 2 and then to
determine Prs.

i. First approach: looking to the left from reference plane 2, the circuit can be modeled as an equivalent circuit having a
Thevenin equivalent resistance of 40 2 and a Thevenin equivalent voltage that has an available power of 78.13 mW. So
in the circuit to the right, E, is just E or 5 V.

40 0

Figure 2.6.10
The load is 100 © as the second transmission line is infinitely long. A reasonable question to ask is why E, is not 2.5 V,
as this would be the voltage across Z;, = 40 2 in part (a). However, 2.5 V is the voltage of the forward-traveling voltage
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wave on the first transmission line with characteristic impedance Zy; = 40 Q. It is not the Thevenin equivalent voltage of
the source. The voltage across the load is

100 _ 2100 _ 557 v (2.6.17)

—F— =
4 240+ 100 140

The power transmitted at reference plane 2 is also the power delivered to the load:

-p Lol _1 2 1 _ -
Pry =Py = (V) = 5 (857 355 = 00638 W = 63.8 mW (2.6.18)

A quick check is that this is less than Py, as it should be.
Second approach: This time Pg,, the reflected power at reference plane 2, will be calculated. The incident power at

—

ii.
plane 2, Py, is just Py;. Py, is the maximum available power at reference plane 2 and not necessarily the power that is
incident there. In general, to calculate Py, the Thevenin equivalent source looking to the left from reference plane 2
would need to be calculated. However since here Zy = Z;, Py, = Py = 78.13 mW.

Pgy can be calculated from the voltage reflection coefficient at reference plane 2:

_ Zp—Zy 100 —40

= = =0.42 2.6.1
Z1+ Zy 100 + 40 0-429 (R

Ppy =T2Pj5 = 0.4297 x 78 mW = 14.36 mW (2.6.20)

Ty

So Pro = Pry — Py = 78.13 mW — 14.36 mW = 63.7 mW, which is the same as the transmitted power calculated in the
first approach, allowing for rounding error.
. A third approach is to calculate the input impedance looking to the right from reference plane 1, call this Z;,;. Using the

=

ii
lossless telegrapher’s equation, Equation 2.3.18, Z, is calculated to be 16 Q.
T 400

=5V =16 0

Figure 2.6.11
The voltage across the 16 Q resistor is 16/(40 + 16)(5 V) = 1.429 V. So the power dissipated in Z is

P= %(1.429 v)21—16 =0.0638 W = 63.8 mW

as before. All of this power must be transmitted to the infinitely long line, i.e. it is Prg, as the system is otherwise

lossless.

2.6.4 Bounce Diagram

A bounce diagram is a graphical representation of reflections at the interfaces between networks. A microwave network is shown in
Figure 2.6.12 where there are two reference planes at boundaries between different parts of the network. At each boundary there are
reflections and transmissions of what could be viewed as small packets of sinusoidal signals. While the bounce diagram yields a
steady-state result such as the input impedance, the thought experiment is that small sinusoidal packets bounce around the
transmission-line network. Bounce diagrams are used to explore the impact of multiple reflections in a network leading to
understanding, and from that to design decisions. Bounce diagrams are best illustrated through an example.

Reflection and Transmission Coefficients at a Boundary

Bounce diagram analysis requires that the reflection and transmission coefficients at a boundary be referenced to a common
impedance. Figure 2.6.13(a) shows the interface of two transmission lines of characteristic impedance Zy; and Zy; at a reference
plane. The problem is determining the reflection coefficient, I', and transmission coefficient, T, at the boundary referencing them to
the same impedance. Here they will be referenced to Zp,. The reflection coefficient as seen from the Zg; line referenced to Zy; is
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Zo2 — Zm
= 2.6.21
Zoy+ Zn ( )
Now the transmission coefficient referenced to Zy, is
T =201 v+ Vi + (2.6.22)

where 201y} is the forward-traveling voltage wave on the Zy line (traveling to the right) referenced to Zy,. It is not the actual
forward-traveling voltage on the Zy, line. Vi =2% V;* is the traveling voltage wave on the Zy, line that is incident at the boundary.
It is obtained using the circuit in Figure 2.6.13(b). Figure 2.6.13(b) shows the maximum power transfer condition so that

Reference Reference
plane A plane B
. .
' 45" :
Z; =300 i

: A. B
L }% Ty HF” : ]4} Ty,

A1y, C_aap T s

¥

Figure 2.6.12: Transmission line network with a finite-length line of characteristic impedance Zy, and an infinitely long
transmission line of characteristic impedance Zg,. 4T'y; is the ith discrete reflection of an incident wave at the left-hand side of
reference plane A. 4Ty is the transmission at reference plane A for the same event. 4T'y; is the ith discrete reflection of an incident
wave at the right-hand side of reference plane A.

I[‘,.(_l_"' T

| y - —Cm—
‘_}1{_ Z“I ‘(M l‘T: "f”si';

O— — “1 2027

! == 202

Zn E m &5 8 IJT 2. TS 2
Boundary - ¢y

(a) (b) (€) (d)
Figure 2.6.13: Reflection (I') and transmission (T") at the boundary between two transmission lines of characteristic impedance Zy;
and Z2.

the forward-traveling wave on the Z, line at the left of the boundary is

Zoy Zy

Vt=Vi=E =FE
! ' Zo+ Zg 20%(Zm)

(2.6.23)

(For real impedances V;* = 1 E.)

The next parameter to determine is Z%'V,". This begins by determining the total voltage, V5, at the boundary using the circuit in
Figure 2.6.13(c):

Zo2

Va=E— 22
2 Zo + Zo2

(2.6.24)
Now consider that the Zg, line is infinitely long, then it is clear that V; =2% V. This is the actual forward-traveling voltage on the
Zpz line. Now the problem is how to change the reference impedance of V;t. This is done by noting that the forward-traveling
power wave is independent of the reference impedance, therefore the forward-traveling power wave on the Zg, line traveling to the
right, away from the reference plane, is

1

Zo1y7+)2
Pzpe = 3 V)

TV (2.6.25)

R(Zo2)

(202Vz+)2:| _ l
2

So the desired forward-traveling voltage wave is (since 22V, = V%)

https://eng.libretexts.org/@go/page/41017


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/41017?pdf

LibreTexts"

_ R0, o | B(Ze) Zyy
Myt = R(Zo) V2 =FE R (Zoo) (Zm - Zoz) (2.6.26)

So the transmission coefficient referenced to Zy; is

- Z01V2+ _E R(Zn1) ( Zo2 ) (29{(Z01) l)
v R(Zo2) \ Zor + Zo2 Zn E
R(Zo1) [9“(201) ] ( 2Z02 )
_ 2.6.27
R(Zew) | Zn Zoyr + Zop ( )

An alternative way of determining T is to consider power conservation at the boundary. Then

IT?=1—|T)% thatis |T|=+4/1—|T2 (2-6.28)

This can be used if T is expected to be real, which it will be if Zy; and Z,, are real. The positive sign should be taken. The more
general formula, Equation (2.6.27), can be used with complex impedances.

v/ Example 2.6.5: Bounce Diagram

In the transmission line system in Figure 2.6.12 the electrical length of the Zy, line (i.e., the line with characteristic impedance
Zy1) is 45° and the Zy, line is infinitely long. The aim here is to find the input impedance, Z;,. This will be arrived at in two
ways. The first technique uses a bounce diagram approach and emphasizes reflection and transmission at the interface planes.
The second approach uses the telegrapher’s equation.

a. What are the reflection and transmission parameters at reference plane A?
47y, is the reflection coefficient of signals incident on Reference Plane A from the left. 473, is the transmission coefficient
at the plane for signals from the left. 4Ty, and 4T}, are the corresponding parameters for scattering from signals coming
from the right to the plane. So, normalizing to Z;,

ATy = % =0.333 (2.6.29)
Algy = —4T'y; = —0.333 (2.6.30)

Using Equation (2.6.27),
ATy = \/ZZOII (%) = % ( 33 fgo) =0.943 (2.6.31)

Similarly, AT}, = 0.943, which is due to reciprocity. As an additional sanity check (this can only be done if Zy; and Zg, are

ATy =4/1-4T% =0943 4Ty, =4/1-4T% =0.943 (2.6.32)

b. What are the scattering parameters I'; and T at reference plane B?

real)

The reference is Z, and so the reflection coefficient going from the Z, line to the Z, line is

Zys — Zo

B
Ty = 2220
U7 Zo+ 2o

(2.6.33)

The question now is what system reference impedance to use? Should it be Z1, Zo;, or even Zg,? The problem could be
solved using any of these, but the simplest procedure is to use the same reference impedance throughout, and since the
eventual aim is to calculate the overall input reflection coefficient, the appropriate choice is Zy = Z;. Note, however, that
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the actual voltage levels on the lines are not being calculated (which would need to be referenced to the characteristic
impedance of the lines being considered), but instead a traveling wave referenced to a universal system impedance. So the
scattering parameters at reference plane B referenced to the impedance Z; are

Zyy — Z
B 02 1 B B

T'y=——"—=0.143; T9o = —"T'13 = —0.143 2.6.34
11 Zoz + Z1 i 22 1 ( )

BTy, = ,/1 —AT? =0.990; BTy, = 4/1—BTZ, = 0.990 (2.6.35)

The second transmission line is infinitely long and so no signal from the line will be incident at reference plane B from the
right.

c. What is the transmission coefficient of the Zo; transmission line referenced to Zo;?
To: is the ratio of the forward-traveling wave at the end of the line to its value at the start of the line. Using a reference
impedance of Zj,, the magnitude of the transmission coefficient is one and it rotates by the line’s electrical length @, = 45°
or 0.785 radians:

Tpy = 7701 — exp(—750.785) = 0.707 — 50.707 (2.6.36)

d. Draw the bounce diagram of the transmission line network.
The bounce diagram is shown in Figure 2.6.14.

e. What is I's, and hence what is Zi,?
Ty is the steady-state input reflection coefficient and is obtained by adding all of the signals going to the left from reference
plane A in Figure 2.6.14. So

[ =2 Ty + AT ATy TE By
+AT1y ATy T BT2) AT 99 +4 Thp AT TS B1%, AT, -
=ATy +4 T AT Ty °Ty [L+ o+ 2% + -] (2.6.37)

where ¢ = T BTy 4T9. Now 1/(1 — z) = 1 + & + 22 + -, and thus

ATy ATy TR BTy
1-— T021 Bru AF22
_ 0333 4. 2-948 0.943 x (0.707 — 0.707)% x (0.2
1— (0.707 — 70.707)% x (—0.2) x (—0.333)
= 0.345 — 50.177 (2.6.38)

Ty =Ty +

Ty, is the reflection at reference plane A and is referenced to Z; = 30 Q. So the input impedance is

Zu =27, (1+I‘in) _ 0(1+0.345—]0.1777

= 55.30 + 23.08 2.6.
1-Ti 1-0345 +_70.177) RSP (2.6.39)

-

. Use the lossless telegrapher’s equation, Equation (2.3.18), to find Zj,.
The infinitely long line presents an impedance Zy; to the 60 2 transmission line. So the input impedance looking into the 60
Q line at reference plane A is, using the lossless telegrapher’s equation,

Zy = 71 ( Zoo + 3201 tan l%)

Zoy + 320z tan B

where the electrical length g¢ is 45° or 7/4 radians. So

40 + 60 tan(m/4)

Zin = 60
" ( 60 + 740 tan(m/4)

) = 55.39 + 523.08

equivalent to the result obtained using the bounce diagram method (see Equation (2.6.39)).
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The bounce diagram technique aids in physical understanding, however using the telegrapher’s equation is a less error prone
approach to solving transmission line problems.

2.6.5 Theory of Small Reflections
If the discontinuity at the boundary A in Figure 2.6.12 is small (i.e. Z; is close to Zy instead of the 30 /60 Q discontinuity shown)
then a useful approximation is obtained by noting that 4T'j;; and 4Ty are small and 4Ty ~ 4T, ~ 1 so that in Equation (2.6.37) x
~ 0. Then Equation (2.6.37) becomes, using Equation (2.6.36), [6]

Ty ~ ATy +4 Tip AT T3 BTy & ATy +8 Tpe ¥ (2.6.40)

That is, if the discontinuity at reference plane A is small then the input reflection coefficient is dominated by the initial reflection at
A, from Z; to Zy;, and the initial reflection at B, from Zy, to Zyy, rotated by twice the electrical length, 6, of the line.

Figure 2.6.14: Bounce diagram of the transmission line network in Figure 2.6.12.

v/ Example 2.6.6: Advanced Power Calculations

This example is similar to Example 2.6.4. Again, the transmission line network of Figure 2.5.1 is considered, but now the
characteristic impedance of the first transmission line is not the same as the generator impedance and so the simplification used
in the previous example can no longer be used. Now the generator has a Thevenin impedance Z; =40 © and source E
=5 Vpeak, connected to a one-quarter wavelength long line of characteristic impedance Z¢; = 30 Q that in turn is connected to
an infinitely long line of characteristic impedance Zy, = 100 Q. The transmission lines are lossless. Two reference planes are
shown in Figure 2.5.1. At reference plane 1 the incident power is P (the maximum available power from the source), the
reflected power is Pg; and the transmitted power is Pr;. Ppy (the maximum available power from Zy,;), Prs, and Pgs are similar
quantities at reference plane 2. Pj;, Pry, Pr1, Pra, Pro, and Pps are steady-state quantities.

a. What is Pr,?
b. What is Pry?
c. Determine Pry, Pro, Pry, and Ppy.

Solution

One of the first things to note is that the infinitely long 100 £ transmission line is indistinguishable from a 100 © resistor, so the
reduced form of the problem is as shown below.

Reference Reference
plane 1 plane 2
] i

400 =——i4—=

Figure 2.6.15
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a. Pp; was calculated in Example 2.6.4 in Equation (2.6.16):

Pp =78.13 mW (2.6.41)

Py is the available power from the source and this is the power that would be delivered to a load that is conjugately
matched to the Thevenin equivalent source impedance.

b. The problem here is finding Prs. Recall that the powers here are steady-state quantities so that multiple reflections of, say, a
pulse are not being considered. Since the system is lossless, the power delivered by the generator must be the power
delivered to the infinitely long transmission line Zy, (i.e., Pry). The telegrapher’s equation can be used to calculate the input
impedance, Z,, of the two transmission line system; that is, the input impedance of Z;, from the generator end. However, a
simpler way to find this impedance is to realize that the Z, line is a A/4 transformer so that

Zo1 =30Q = \/ZinZgs = /10021 (2.6.42)

and so
Zin=99Q (2.6.43)

The equivalent circuit is as shown below, where E is the original generator voltage of 5 V and
400

Figure 2.6.16

9
= =0.9184 2.6.44
V= g5 =09184V (2.6.44)

The power delivered by the generator to the 9 € load is
1
Ppy = EV2/9 = 0.04686 W = 46.86 mW (2.6.45)

c. The power transmitted into the system at reference plane 1, Pry, is the same as the power transmitted to the 100 Q load, as
the first transmission line is lossless; that is,

Pry = Pry = 46.86 mW (2.6.46)

Also

PRl = PIl —_ PT1 = (7813 - 4686) mW = 31.27 mW (2647)

The two remaining quantities to determine are P2 and Pre. There can be a number of interpretations of what these should
be, but one thing that is certain is that

PT2 = P12 - PR2 = 46.86 mW (2.6.48)

One interpretation that will be followed here is based on the equivalent circuit at reference plane 2. Let Z,,; be the
impedance looking to the left from reference plane 2. Again, using the property of a one-quarter wavelength long
transmission line,

Zo1 = 30 = / Zow, X 40 (2.6.49)

and so
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Zow, = Z2 /40 = 302/40 = 22.5 Q (2.6.50)
The equivalent circuit at reference plane 2 is then
Z,=2050
Figure 2.6.17
Now determine V; that results in a power Prs being delivered to the 100 Q load, so
Pry = %Vf/loo = 0.04686 W (2.6.51)
and
Ve =3.06 V (2.6.52)
From the circuit above,
100
and so
Es=37V (2.6.54)
The available power from this source is obtained by considering
Z=2250
375V (ﬁ S50
Figure 2.6.18
The available power at reference plane 2 is
1 (Es/2)? 18752 _
Pry = 2 225 — 2x225 - 0.07813 W = 78.13 mW (2.6.55)
From Equation (2.6.48),
Ppy = Pry — Pry = (78.13 — 46.86) mW = 31.27 mW (2.6.56)
Note that Pg, in Equation (2.6.56) is the same as Pg; in Equation (2.6.47), as expected.

This page titled 2.6: Reflections at Interfaces is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael Steer.
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2.7: Models of Transmission Lines

Models of transmissions lines enable lines to be incorporated in simulators and related to lumped-element circuits. Section 2.7.1
presents models used in circuit simulators such as Spice. Synthesis of microwave circuits often requires that a lumped-element
design be realized using an equivalent transmission line network. The ABCD parameter technique described in Section 2.7.2 is the
main means for relating these networks and thus synthesizing transmission line-based designs. This method is used many times in
designs in this book series.

2.7.1 Circuit Models of Transmission Lines

Circuit models of transmission lines are required if they are to be used in a circuit simulator. RF and microwave engineering uses
two types of simulators. Spice-like simulators use lumped-element transmission line models in which an RLGC model of a short
segment of line is replicated for the length of the line. If the ground plane is treated as a universal ground, then the model of a
segment of length Az is as shown in Figure 2.7.1(a). In this segment r = RAz, | = LAz, g = GAz, and ¢ = CAAz, where R, L, G,
and C are the per unit length parameters of the line. Cascading the segments to get the length of the line yields the complete
lumped-element model of the line, as shown in Figure 2.7.1(b). This model is adequate if there is a well-defined ground plane.
Otherwise the more accurate form of the segment model shown in Figure 2.7.1(c) is used. The L and C of a two-conductor
transmission line model relate to the fields between the conductors and not to the conductors themselves. So assigning them to just
one conductor is not accurate. The capacitor is already shared between the two conductors in the original model, Figure 2.7.1(a), but
the inductor was assigned to just one. The change in the distributed ground model of Figure 2.7.1(c) is that inductance

Common ground plane model

r | r 1 r r [
g %% e 7 t%‘]: c g %—In E%TI c .‘.’%—In
o . e . ‘o
(a) (b)
Distributed ground model
rn iR
sew —0
g %: € gr2Z=r2
cee AA- 0
riz In2

re2 12 2 iR
Figure 2.7.1: Lumped-element transmission line models: (a) model of a short segment (e.g. A/20 long); (b) complete model of a

L cp— ga3= €
O o

re in
X w
A A4

re Iz

(c) (d)

transmission line; (c) more accurate model of a segment; and (d) complete accurate model of a transmission line.
is assigned to each of the conductors.

One of the problems with the lumped-element model is that it is not possible to handle G correctly. G is largely due to dielectric
relaxation loss and so is linearly dependent on frequency. Fortunately it is very small for RF and microwave substrates and so it can
nearly always be ignored. An exception is a silicon integrated circuit where there is appreciable dielectric loss. Parasitic extraction
software is used in silicon integrated circuit design to extract models similar to that in Figure 2.7.1(d) but account for coupling with
other circuits. Especially in digital circuits, it is sometimes difficult to identify a ground plane (a current return path) except for
critical interconnect networks such as clock and power distribution circuits.

v/ Example 2.7.1: Transmission Line Resonator

Communication filters are often constructed using several shorted transmission line resonators that are coupled to each other.
Consider a coaxial line that is short-circuited at one end. The permittivity filling the coaxial line has € = 20 and the resonator is
to be designed to resonate at a center frequency, fy, of 1850 MHz when it is A/4 long.

a. What is the wavelength in the dielectric-filled coaxial line?

b. What is the form of the equivalent circuit (in terms of inductors and capacitors) of the one-quarter wavelength long
resonator if the coaxial line is lossless? Note that the input impedance of a shorted A/4-long line is infinite.

c. What is the physical length of the resonator?

Solution
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The first thing to realize with this example is that the first resonance will occur when the length of the resonator is one-quarter
wavelength (A/4) long. Resonance generally means that the impedance is either an open or a short circuit and there is energy
stored. When the shorted line is A/4 long, the input impedance is an open circuit and also energy is stored.

a. Ag = Xo/+/&r = 16.2 cm/v/20 = 3.62 cm. (Here Ao = 30 cm at 1 GHz was used. Thus at 1850 MHz )\ = (30 cm)/1.85
=16.2 cm.)

Y o Fi % =
3 B
b.

Figure 2.7.2

Y = 0 at resonance
Y=Y,+Yc= ﬁ+JwC= “;—Z+,7w0
c.£=(0.0362 m)/4 = 9.05 mm

v/ Example 2.7.2: Resonator Model

This example builds on Example 2.7.1. RF communication filters are often constructed using several shorted transmission line
resonators that are coupled to each other. Consider a coaxial line that is short-circuited at one end. The dielectric filling the
coaxial line has a e = 20 and the resonator is to be designed to resonate at a center frequency fo = 1850 MHz.

a. What is the wavelength in the dielectric-filled coaxial line?

b. What is the form of the equivalent circuit (in terms of inductors and capacitors) of the one-quarter wavelength long
resonator if the coaxial line is lossless?

c. What is the physical length of the resonator?

d. Determine the derivative with respect to frequency of the admittance of the L¢ equivalent circuit developed in (b).
Determine an analytic expression for the derivative at the resonant frequency.

e. If the diameter of the inner conductor of the coaxial line is 2 mm and the inside diameter of the outer conductor is 5 mm,
what is the characteristic impedance of the coaxial line?

f. Calculate the input admittance of the dielectric-filled coaxial line at 0.99f,, fo, and 1.01fy. Determine the numerical
frequency derivative of the line admittance at f.

g. Derive the numeric values of the equivalent circuit of the resonator at resonance.

Solution

The first thing to realize is that the first resonance will occur when the length of the resonator is one-quarter wavelength (A/4)
long. Resonance generally means that the impedance is either an open or a short circuit and there is energy stored. When the
shorted line is A/4 long, the input impedance will be an open circuit. When the line is of zero length energy is not stored, so a
zero-length line is not a resonator.

a. Ag = Ao/+/&; = 16.2 cm/v/20 = 3.62 cm.

§ L ==
b. ::%:

Figure 2.7.3
Y =Yi+Yo= g +C = + wC.
Y = 0 at resonance.

C. £ = (0.0362 m)/4 = 9.05 mm.

d. From (b),

)4 w? J 1
w 4L +i0= w?L +JC_J(w2L +C) @7.1)
e. From Equation (2.2.50), Z; = 12.28 Q.

f.Zr =0Q, £=(0.0362 m)/4 = 9.05 mm, B = By./e,, where F,B0 is the phase constant of free space. From Equations (2.2.40)
and (2.2.41),

B =20.958 X fo|ams X V20 = 173.4 rad/m
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At0.99 fo and using Equation (2.3.18), Z;, = 5781.7 Q; Yy, = —70.001279 S.
At fo, Zin = —300 @ Yin =0 S. At 1.01 fo, Zin = —s78L.7 Q; Y = 70.001279 S.
So the derivative of the input admittance is

8Y _ AYw _ 5(0.001279 +0.001279)
dw ~ Aw  271fe(1.01—0.99)

=71.101-1071 S-s=31.101- 1071 F (2.7.2)

Note the ST unit equivalence S - s = F obtained by examining Table 2.A.1.
g. The LC circuit resonates at fo = 1.85 GHz when 1/(ywoL) = —jwoC; wo = 2xfo. Thus

LC = wy? = 0.7401 x 107 &? (2.7.3)

Equating Equations (2.7.1) and (2.7.2):

1 1
——-+C=1101x10""F andso C=1101x10"———F (2.7.4)
wyL woL

Substituting this in Equation (2.7.3) (noting the SI unit equivalence S~ - s~ = H:

L (1.101 x 1071 — —L) =0.7401 x 10~* H

1
2
Wo

1.101 x 107 'L =1.4802 x 100 H and L =1.345x 10~° H = 1.345 nH (2.7.5)

From Equation (2.7.4),

C =0.7401 x 1072%/L = 5.503 x 1072 F = 5.503 pF (2.7.6)

So the equivalent circuit of the resonator is

15
¥ o L% =

Figure 2.7.4

with L = 1.345 nH and C = 5.503 pF.

This equivalent circuit is valid for a range (say 5%-10%) of frequencies around 1.85 GHz. The broadband equivalence was
obtained here by matching both the admittance and the derivative of the admittance.

Figure 2.7.5: Two-port network of a transmission line with cascadable voltage and current definitions.

2.7.2 ABCD (Chain) Parameters of a Transmission Line

ABCD parameters, also called chain parameters, are used in RF and microwave engineering to electrically equate two different
structures such as a lumped-element network and a transmission line structure. Often the electrical design is undertaken using
lumped elements and then these are converted to equivalent transmission line structures with the equivalence achieved using
ABCD parameters.
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Figure 2.7.5, shows the voltages and currents of a two-port in cascadable form so that the input variables can be written in terms of

Va A B A
RN a1
Note that the current at port 2 is in the opposite direction to the usual definition of the two-port current. So in terms of the port
voltage and current at port 1, (V; and I,), and the port voltage and current at port 2, (V; and I),

the output variables:

Vo=Vi, L=I, Vs=Vs, and Iy=—I» (2.7.8)

In terms of traveling-wave voltages, the total voltage and current on a line of length ¢, propagation constant 4, and characteristic
impedance Z; = 1/Y; at position z are

V(z) = Vo+e—n(z—l) + VO—eﬂ(l—Z) (2.7.9)
I(z) = YOVO+e—n(z—/f) _ YOVO—er/(Z—f) (2.7.10)

where V;t and V™ are the traveling wave voltage phasors at z = £, (port 2), i.e.
1 1
VI)+ = E(Vz + ZOI2) and %_ = E(‘/z — ZOI2) (2711)

Substituting these into Equations (2.7.9) and (2.7.10),

V(z) = %(Vz + ZoLp)e =0 + %(Vz — ZoI)e"?) (2.7.12)
I(z) = %(Yon + L)e e — %(Yon — L)en=? (2.7.13)
AtPort 1 (z=0)

1 1
Vi = V(0) = 5 (Va + Zolo)e + 5 (Vo — ZoTp)e ™ 2.7.14)

1 1
L =1(0) = 5 (YoVa + B)e™ — 2 YoV — B)e ™ (2.7.15)

A4 L

L ,,
- C
Zy DI{—T_Q L

F= —M'I" H L= —if'l‘ H
= X
1 1
C=——F G=—=——F
| 2w | 2o |w
(a) () (c)

Figure 2.7.6: Lumped equivalent circuit of a one-quarter wavelength long line of characteristic impedance Z, which is the same as
that of an impedance inverter (of Z, Q): (a) one-quarter wavelength long line segment; (b) lumped-element equivalent circuit; and
(c) alternative lumped-element model.

Using the trigonometric identities in Section 1.A.2 (and noting that I, = —I),

Vo =V} = cosh(v€)Vy — Zj sinh(v€) Iy = cosh(v£)Vy + Zy sinh(v£) T (2.7.16)
I, = I, = Yy sinh(y€)Vz — cosh(y£) I, = Yy sinh(v£)V; + cosh(y£) I, (2.7.17)

That is, the ABCD parameters of a lossy line are

A = cosh(vf) B = Zsinh(+£)
C = Yy sinh(v¥) D = cosh(y£) (2.7.18)

and the ABCD parameters of a lossless transmission line, where v = 58, are

A = cos(B¢) B = 3Z,sin(pY)
C = jYysin(BE) D = cos(B¢) (2.7.19)
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v/ Example 2.7.3: Lumped Element Model of a Quarter-Wavelength Long Line

Develop the lumped-element model of a one-quarter wavelength long lossless transmission line having characteristic
impedance Z,.

Solution

The model is developed by equating ABCD parameters. The ABCD parameters of a onequarter wavelength long lossless line
(with g€ = «/2) are

A=cos(fl) =0 (2.7.20)
B = 3Zysin(BL) = 32 (2.7.21)
C = 3Yysin(BL) = 3/Z, (2.7.22)
D =cos(B) =0 (2.7.23)

The ABCD parameters of a Pi network (see Table 2.A.1 of [7]) are

A=1+ys/ys (2.7.24)
C=y1+y2 +y192/ys (2.7.26)
D=1+y/ys (2.7.27)
Equating Equations (2.7.21) and (2.7.25),
ys = 1/(320) (2.7.28)
and with Equations (2.7.20), (2.7.23), (2.7.24), and (2.7.27),
Y1 ="y2 = —y3 = —1/(9Z) (2.7.29)

The lumped equivalent circuit of the quarter-wave transformer in Figure 2.7.6(a) is shown in Figure 2.7.6(b). An alternative
lumped-element model is shown in Figure 2.7.6(c). The lumped-element model of the 50 © line at 400 MHz is shown in Figure
2.7.6(b) with L = 19.89 nH and C = 7.968 pF. This is a simpler and more accurate model of a A/4 long line than a model with
multiple short line segments as in Figure 2.7.1.

This page titled 2.7: Models of Transmission Lines is shared under a not declared license and was authored, remixed, and/or curated by Michael

Steer.
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2.8: Two-Conductor Transmission Lines

Nearly every two-conductor transmission line supports EM fields at frequencies down to DC. As a result, such lines can usually be
characterized at DC and the properties of the lines will be essentially the same at RF frequencies. In the following, the
characteristic impedances of the most common types of two-conductor lines are presented. For all of these lines the phase constant
is the same as it would be in the medium without conductors (i.e., § = w4/p€). The characteristic impedances are modifications of
the freespace wave impedance g = v/po/eo = 1207 Q = 376.73 Q. The properties of many other transmission lines are given in [8].

Figure 2.8.1: Coaxial line

Zo=00 (B, (3) =60,/ 2" 1n (3) (2.8.1)
2 '\ e, a Ep a

Exact. See derivation in Section 2.9.

b
a

Figure 2.8.2: Square coaxial line

-1
Zo ~ oy /? [4(—1)2_‘2 +0.558)] (2.8.2)

Typical accuracy: < 1% for b/a < 4. Reference [9].

Figure 2.8.3: Rectangular coaxial line

e B (et 2 )

Typical accuracy: 1%. References [10, 11, 12].

Figure 2.8.4: Rectangular coaxial line, thin strip ¢ = 0

= \/’T { - —ln 1+coth ]} (2.8.4)

Typical accuracy: 1%. Reference [10].
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Figure 2.8.5: Square coax with circular inner conductor

Z0=ﬂ /ﬂln(l.0787b)
2\ e, a

Typical accuracy: 1.5%. References [8, 13, 14, 15].

-
® @

Figure 2.8.6: Parallel wires

Zy = o &arccosh (k)
T V &r a

Typical accuracy: 1%. References [16, 17].

h}: .E E,

Figure 2.8.7: Slab line
Zy =15, / ? In [1 +1.314g+ 4/(1.3149)2 4+ 2g| where g = (b/a)* —1
r

Typical accuracy: 0.5%. Reference [18].
|
‘ b

Figure 2.8.8: Twisted pair with T twists per unit length

&,
G

Zy = o &a.rccosh (2)
T a

€e
ge =1+ q(e — 1), g = 0.25 4 0.00046?
T= tan® so © — arctan(7T'rD)

7D
Typical accuracy: 1%. Reference [19].

Characteristics of two-conductor transmission lines.

(2.8.5)

(2.8.6)

(2.8.7)

(2.8.8)
(2.8.9)
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2.9: Coaxial Line

In this section the characteristic impedance of a coaxial line is calculated. The technique assumes that the dynamic electric and
magnetic fields will be the same as they would be at DC. This physical insight enables the problem to be solved relatively simply
using the static field laws. Later the dynamic situation is considered when the fields on a realistic coaxial line are considered.

2.9.1 Characteristic Impedance of a Coaxial Line

In the following the per unit length parameters—R, L, @, and C—of a coaxial line are obtained. From these the characteristic
impedance and propagation constant of the coaxial line are derived. The development is an example of how these parameters can
be developed for any transmission line. The key is using a coordinate system that matches the structure being considered. Then
Maxwell’s equations can be expressed very simply, usually as one-dimensional ordinary differential equations. Very often the static
electric and magnetic field laws can be used that make the development even simpler. If an orthogonal coordinate system does not
coincide with the dimensions of the line, then sometimes it is possible to use a mathematical technique called conformal mapping
to map a nonconforming shape such as a microstrip line into a shape that matches an orthogonal coordinate system [20]. Once the
transmission line parameters are derived the result is mapped back to the original structure. Fortunately most transmission line
structures conform to an orthogonal coordinate system.

The cross section of a coaxial line is shown in Figure 2.9.1(a) and it has two concentric conductors with the inner conductor having
an outer radius of @ and the inside of the outer conductor with a radius b. The fields between the conductors can be solved by
expressing the field relations in cylindrical coordinates. The following is a simplification of the treatment in [21], which can be
applied to a broader range of coaxial cables than just the circularly symmetrical conventional coaxial cable in Figure 2.9.1. The
simplest possible field distribution is shown in Figure 2.9.1(b). The first parameter to be developed is C. For this, the charge on one
of the conductors is related to the voltage between the conductors. Consider a section of line of length Az, then using Gauss’s law,
Equation (1.6.6), the electric flux is related to the total charge enclosed. So at radius r,

f D= Qenclosed
2nrDy(r)Az = pgAz and 2mreE (r)Az = pieAz (2.9.1)

where p, is the charge on the inner conductor per unit length (in the z direction). So the radial electric field is

E=E.(r)t= (2.9.2)

r
27re

and r is the unit vector in the radial direction. The voltage between the conductors is

b b
[ Bear= [ Pdr= P (d
V_/a E, d'r—/a Y- dr = e n(a) (2.9.3)

Now, the total capacitance of a section of line is

CrotaL = CAz = Q_ p’—‘ez (2.9.4)
and so the capacitance per unit length of line is (with SI units of F/m)
= lnil‘:r;:a) (2.9.5)
The conductance of the line is found beginning with the current density in the dielectric, which is
J =0FE + jweE (2.9.6)
Integrating this over the volume of the dielectric,
I=GV + wCV (2.9.7)

Using a similar development to that which led to Equation (2.9.5), the conductance per unit length is found to be (with the SI units
of S/m)
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(2.9.8)

Inner conductor

Outer conductor

(a) (b)
Figure 2.9.1: Coaxial line: (a) with inner an conductor of radius a and an outer conductor with inside radius b; and (b) with
cylindrical coordinates used in calculation.

The development of the expressions for L and R is more involved, as there will be current in the interior of the inner conductor. To
simplify matters the high-frequency limit will be considered where the skin effect is fully established so that the currents on the
inner and outer conductors are confined to a thin layer near the surfaces of the conductors at radius e for the inner conductor and at
radius b for the outer conductor. Then the magnetic field will be confined to the region between the conductors. Using Ampere’s
circuital law, Equation (1.6.1),

f H.de = 7{ Hydb-dl = Ipgiosea = I (2.9.9)
¢ ¢
where the closed line integral is on a circle of constant radius. Noting that H, is only a function of r, then fora < r < b,

I
I=2nr,(r) and B,=pH,= % (2.9.10)

This enables the line inductance to be calculated as the total magnetic flux (obtained by integrating over the cross section of the
coaxial line between radii a and b) per unit current. So the inductance of the line per unit length is

L=/ab(2—i:r) dr = %m (%) (2.9.11)

which has SI units of H/m.

The resistance of the lines is calculated using the surface resistance of the conductors, Rs. So the resistance of the line per unit
length is

p= e (l + %) (2.9.12)

which has the ST units of Q/m.

Then the lossless characteristic impedance of the coaxial line is

Zo— \/g - %\/gln (%) (2.9.13)

which has units of Qs if all the quantities in the expression are in SI units. A complex characteristic impedance is derived using Zo
= /(R + wL)/(G + ywC), but if the loss is small, this will be very close to the lossless characteristic impedance. Also

Z0=‘/&i’/ﬂln (3) =60,/21n (3) (2.9.14)
gr 2w\ &o a Er a

Note that the 60 is exact and not an approximation.

For actual coaxial lines the dielectric has negligible loss and the resistance, R, is small. Using the results developed in Section 2.5.4
for a low-loss line, the attenuation coefficient for a low-loss coaxial line is, from Equation (2.5.15),

amam (L 1y BT (1, 1y R 7 2919
T2z, 2r \a " 0) m@fa)\ u \a " b) /o) u h
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Figure 2.9.2: A coaxial transmission line: (a) three-dimensional view; (b) the line with pulsed voltage source showing the electric
fields at an instant in time as a voltage pulse travels down the line.

which is the attenuation due to the conductor, that is, due to ohmic or conductor loss. From Equation (2.9.15) it is seen that for a
given characteristic impedance, and hence a fixed ratio b/a, the attenuation coefficient and thus loss, is minimized when the line
has a large cross section (i.e., large a and b). With a fixed a, attenuation is minimized with b/a = 3.59 independent of x and € [17].
For an air-filled coaxial line with u, =1 =¢,, the characteristic impedance of this minimum-loss line is 76.7 Q. For a typically
Teflon-filled coaxial line ¢, = 2.1 and the characteristic impedance of a minimum loss line, from Equation (2.9.14), is 52.9 Q. The
above result is when the conductivity of the inner and outer conductors is the same and the internal inductance of the conductors is
negligible. If the internal inductance is not negligible, or the conductors have different conductivity, which happens when the
conductors are not solid, then the optimum characteristic impedance could be higher or lower [17]. The choice of 50 Q@ for the
characteristic impedance is a good compromise. Other optimum line dimensions can be derived for maximizing breakdown voltage
and optimizing power transfer [22].

The upper operating frequency and dimensions of coaxial lines are chosen to ensure single-mode propagation [23, 24, 25]. A useful
approximation to the cutoff frequency of the first higher-order mode is [23]

m(a+b)

Ae & 3

(2.9.16)

which is the circumference of a circle halfway between the inner and outer conductors. Since b is several times a, then the radius of
the outer conductor largely determines the upper operating frequency. Minimizing loss given a fixed cutoff frequency of the first
higher-order mode yields another optimum value of /e for minimum loss (see [22]).

2.9.2 Electromagnetic Fields on a Realistic Coaxial Line

In this section a realistic coaxial line is considered with conductors having a small amount of loss. This expands on the discussion
in Section 2.1.2. When a positive voltage pulse is applied to the center conductor of the coaxial line, as shown in Figure 2.9.2(a), an
electric field results that is essentially directed from the center conductor to the outer conductor. A much smaller component of the
electric field will also be directed along the line. These fields are shown in Figure 2.9.2(b), where the direction of the electric field
is the direction in which a positive charge would move if it was released into the field. The component of the field that is directed
along the shortest path from the center conductor to the outer conductor (in the transverse plane)

¢ I
1 5"<'|-.\r|u[: ' Qepnrerla g
'{l'l.?\[l.R E jlll ENTER f

i3 !
& Q('I-NII'IJZ&_._._._._,_‘_, + Oepnre RL@‘_A_AH_..
'{li\l'l-.]l [_“‘—’_‘ fu.\h-n B A

Figure 2.9.2: Fields, currents, and charges on the coaxial transmission line of Figure 2.1.2 at times ¢4 > t3 > t5 > ¢;. QcenTER iS the
net free charge on the center conductor. IcgnTer is the current on the center conductor.

is denoted Ez, and the component directed along the line is denoted E;. (The subscripts T and L denote transverse and longitudinal
components, respectively.) Thus, while E; « Er, it is necessary to accelerate electrons on the conductors and so give rise to
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current flow, and hence the movement of the pulse along the line. The electrons do not accelerate indefinitely, as they collide with
atoms and scatter so that there is a net velocity of free electrons along the inner and outer conductors.

Snapshots of a pulse traveling along a line are shown in Figure 2.9.2 at four different times.
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2.10: Summary

In this chapter a classical treatment of transmission lines was presented. Transmission lines are distributed elements and form the
basis of microwave circuits. A distinguishing feature is that they support forward- and backward-traveling waves and they can be
used to implement circuit functions. RF and microwave engineers are, of course, electrical engineers who learned how to design
circuits using lumped elements. Distributed circuits can be made functionally equivalent to lumped-element circuits, at least over a
narrow frequency range. The most important technique for establishing this is equating the ABCD parameters of the distributed
circuit and those of a lumped-element circuit. As will be seen, this technique will be exploited many times in the rest of this book.
Distributed circuits enable an RF designer to realize functions that often have superior performance to their lumped-element
analogs. At least at microwave frequencies, the loss of lumped elements can be significantly higher than those of distributed
elements. Superior performance can be obtained by exploiting the intrinsic behavior of distributed structures. Sometimes
functionality can only be conceived of using transmission-line structures, then, often, a low-frequency lumped-element equivalent
can be developed. Exploiting the functionality of distributed structures requires a solid understanding of the behavior, modeling,
and circuits that can be realized using transmission lines. The technology covered in this chapter provides the theoretical
underpinning for all of the other topics covered in this book.

The most important of the formulas presented in this chapter are listed here. Reflection coefficients are referenced to an impedance
Zy, the load impedance is Z;, and a line has a characteristic impedance Z,, physical length ¢, and propagation constant v (or
electrical length in radians of 8¢ where £ is the physical length of the line.

Reflection coefficient of a load Load impedance in terms of  Input reflection coefficient of

impedance Z, : reflection coefficient T : a lossless line of length £

L=I"=Z2m (236) Zy = Zrer it (2.3.9) I =Tpe P (2.3.16)

Input reflection coefficient of  Input impedance of a lossless Input impedance of a lossy

a lossy line of length £ line line

Dy =Tre 7 — g ZrtiltmBl 9318\ gz _ g Zithtsmhy g 1a
n =207z, mp  (2318) Zn=Zoz5 70  (25-17)

=Tpe e 28 (25.1)
Reflection coefficient in terms VSWR in terms of reflection
of VSWR coefficient

IT| = SWR-L  (2.3.24) VSWR = {1 (2.3.29)
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2.12: Exercises

1. A coaxial line is short-circuited at one end and is filled with a dielectric with a relative permittivity of 64. [Parallels Example
2.1.1]

a. What is the free-space wavelength at 18 GHz?
b. What is the wavelength in the dielectric-filled coaxial line at 18 GHz?
c. The first resonance of the coaxial resonator is at 18 GHz. What is the physical length of the resonator?

2. A transmission line has the following RLGC parameters: R = 100 Q/m, L = 85 nH/m, G =1 S/m, and C = 150 pF/m. Consider
a traveling wave on the transmission line with a frequency of 1 GHz. [Parallels Example 2.2.2]

a. What is the attenuation constant?

b. What is the phase constant?

c. What is the phase velocity?

d. What is the characteristic impedance of the line?
e. What is the group velocity?

3. A transmission line has the per-unit length parameters L = 85 nH/m, G = 1 S§/m, and C = 150 pF/m. Use a frequency of 1 GHz.
[Parallels Example 2.2.2]

a. What is the phase velocity if R = 0 Q/m?
b. What is the group velocity if R =0 2/m?
c. If R =10 kQ/m what is the phase velocity?
d. If R =10 kQ/m what is the group velocity?

4. A line is 10 ¢m long and at the operating frequency the phase constant 3 is 40 rad/m. What is the electrical length of the line?
[Parallels Example 2.1.2]

5. A dielectric-filled lossless transmission line carrying a 1 GHz signal has the parameters L = 80 nH/m and C = 200 pF/m. When
the dielectric is replaced by air the line’s capacitance is Cy; = 50 pF/m. What is the relative permittivity of the dielectric?

6. A coaxial transmission line is filled with lossy dielectric material with a relative permittivity of 5 — 70.2. If the line is air-filled it
would have a characteristic impedance of 100 2. What is the input impedance of the line if it is 1 km long? Use reasonable
approximations. [Hint: Does the termination matter?]

7. A transmission line has the per unit length parameters R = 2Q/cm, L = 100 nH/m, G = 1 mS/m, C = 200 pF/m.

a. What is the propagation constant of the line at 5 GHz?
b. What is the characteristic impedance of the line at 5 GHz?
c. Plot the magnitude of the characteristic impedance versus frequency from 100 MHz to 10 GHz.
8. A line is 20 ¢cm long and at 1 GHz the phase constant § is 20 rad/m. What is the electrical length of the line in degrees?
9. What is the electrical length of a line that is a quarter of a wavelength long,
a. in degrees?
b. in radians?
10. A lossless transmission line has an inductance of 8 nH/cm and a capacitance of 40 pF/cm.
a. What is the characteristic impedance of the line?
b. What is the phase velocity on the line at 1 GHz?

11. A 50 Q coaxial airline is a coaxial line without a dielectric (i.e., it is air-filled) and with thin dielectric discs supporting the inner
conductor have negligible effect. If the air is replaced by a dielectric having a relative permittivity of 20, what is the
characteristic impedance of the dielectric-filled line?

12. A transmission line has an attenuation of 2 dB/m and a phase constant of 25 radians/m at 2 GHz. [Parallels Example 2.2.3]

a. What is the complex propagation constant of the transmission line?
b. If the capacitance of the line is 50 pF - m~! and G = 0, what is the characteristic impedance of the line?

13. A very low-loss microstrip transmission line has the following per unit length parameters: R = 2 2/m, L = 80 nH/m, C
=200 pF/m, and G =1 pS/m.

a. What is the characteristic impedance of the line if loss is ignored?
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b. What is the attenuation constant due to conductor loss?
c. What is the attenuation constant due to dielectric loss?
14. A lossless transmission line carrying a 1 GHz signal has the following per unit length parameters: L = 80 nH/m, C = 200 pF /m.
a. What is the attenuation constant?
b. What is the phase constant?
c. What is the phase velocity?
d. What is its characteristic impedance?

15. A transmission line has a characteristic impedance Z; and is terminated in a load with a reflection coefficient of 0.8245°. A
forward-traveling voltage wave on the line has a power of 1 dBm.

a. How much power is reflected by the load?
b. What is the power delivered to the load?

16. A transmission line has an attenuation of 0.2 dB/cm and a phase constant of 50 radians/m at 1 GHz.

a. What is the complex propagation constant of the transmission line?

b. If the capacitance of the line is 100 pF/m and G = 0, what is the complex characteristic impedance of the line?

c. If the line is driven by a source modeled as an ideal voltage and a series impedance, what is the impedance of the source for
maximum transfer of power to the transmission line?

d. If 1 W is delivered (i.e. in the forward-traveling wave) to the transmission line by the generator, what is the power in the
forward-traveling wave on the line at 2 m from the generator?

17. The transmission line shown in Figure 2.5.1 consists of a source with Thevenin impedance Z; = 40  and source E = 5 V (peak)
connected to a A/4 long line of characteristic impedance Zy; = 50 Q, which in turn is connected to an infinitely long line of
characteristic impedance Zg, = 100 . The transmission lines are lossless. Two reference planes are shown in Figure 2.5.1. At
reference plane 1 the incident power is Py, the reflected power is Pg;, and the transmitted power is Pry. Pra, Pge, and (Prs) are
similar quantities at reference plane 2. [Parallels Examples 2.6.4 and 2.6.6]

a. What is Pp;?
b. What is Pry?

18. A lossless, 10 cm-long, 75 Q transmission line is driven by a 1 GHz generator with a Thevenin equivalent impedance of 50 Q.
The maximum power that can be delivered to a load attached to the generator is 2 W. The line is terminated in a load that has a
complex reflection coefficient (referred to 50 ©2) of 0.65 + 70.65. The effective relative permittivity, ., of the non-magnetic
transmission line is 2.0.

a. Calculate the forward-traveling voltage wave (at the generator end of the transmission line). Ignore reflections from the load
at the end of the 75 Q line.

b. What is the load impedance?

c. What is the wavelength of the forward-traveling voltage wave?

d. What is the VSWR on the line?

e. What is line’s propagation constant?

f. What is the input reflection coefficient (at the generator end) of the line?

g. What is the power delivered to the load?

19. The first resonance of a lossless non-magnetic open-circuited transmission line is at 30 GHz. The effective relative permittivity
of the line is 12.
a. What is the resonator’s input impedance?
b. Draw its LC equivalent circuit.
c. What is its electrical length?
d. What is its physical length?

20. An open-circuited transmission line is used as a resonator. What is the electrical length of the line at its first resonance?
21. The second resonance of an open-circuited transmission line is used as a resonator.

a. What is its input impedance?

b. What is its electrical length?
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22. A lossless transmission line is driven by a 1 GHz generator having a Thevenin equivalent impedance of 50 Q. The transmission
line is lossless, has a characteristic impedance of 75 2, and is infinitely long. The maximum power that can be delivered to a
load attached to the generator is 2 W.

a. What is the total (phasor) voltage at the input to the transmission line?
b. What is the magnitude of the forward-traveling voltage wave at the generator side of the line?
c. What is the magnitude of the forward-traveling current wave at the generator side of the line?
23. A transmission line is terminated in a short circuit. What is the ratio of the forward- and backward-traveling voltage waves at
the termination? [Parallels Example 2.3.1]
24. A 50  transmission line is terminated in a 40 © load. What is the ratio of the forward- to the backward-traveling voltage waves
at the termination? [Parallels Example 2.3.1]
25. A 50 Q transmission line is terminated in an open circuit. What is the ratio of the forward-to the backward-traveling voltage
waves at the termination? [Parallels Example 2.3.1]
26. The resonator below is constructed from a 3.0 cm length of 100 Q air-filled coaxial line, shorted at one end and terminated with a
capacitor at the other end.

3cm
[Pt}

!UHI{# Zo= 100 12

Figure 2.12.1

a. What is the lowest resonant frequency of this circuit without the capacitor (ignore the 10 k2 resistor)?

b. What is the capacitor value to achieve the lowest-order resonance at 6.0 GHz (ignore the 10 k2 resistor)?

c. Assume that loss is introduced by placing a 10 k€ resistor in parallel with the capacitor. What is the Q of the circuit?
d. Approximately what is the bandwidth of the circuit?

27. A 50  transmission line is terminated in a load that results in a reflection coefficient of 0.5 + 30.5.

a. What is the load impedance?
b. What is the VSWR on the line?
c. What is the input impedance if the line is one-half wavelength long?

28. Communication filters are often constructed using several shorted transmission line resonators that are coupled by passive
elements such as capacitors. Consider a coaxial line that is short-circuited at one end. The dielectric filling the coaxial line has a
relative permittivity of 64 and the resonator is to be designed to resonate at a center frequency, f,, of 800 MHz. [Parallels
Example 2.7.2]

a. What is the wavelength in the dielectricfilled coaxial line?

b. What is the form of the equivalent circuit (in terms of inductors and capacitors) of the one-quarter wavelength long
resonator if the coaxial line is lossless?

c. What is the length of the resonator?

d. If the diameter of the inner conductor of the coaxial line is 2 mm and the inside diameter of the outer conductor is 5 mm,
what is the characteristic impedance of the coaxial line?

e. Calculate the input admittance of the dielectric-filled coaxial line at 0.99f,, fo, and 1.01fy. Determine the numerical
derivative of the line admittance at fo.

)

. Derive the values of the equivalent circuit of the resonator at the resonant frequency and derive the equivalent circuit of the
resonator. Hint: Match the derivative expression derived in (e) with the actual derivative derived in Example 2.7.2.

29. Develop an analytic formula relating a reflection coefficient (I'1) in one reference system (Zo;) to a reflection coefficient (I's) in
another reference system (Zg).
30. A line has a characteristic impedance Z, and is terminated in a load with a reflection coefficient of 0.8. A forward-traveling
voltage wave on the line has a power of 1 W.
a. How much power is reflected by the load?
b. What is the power delivered to the load?
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31. A load consists of a shunt connection of a capacitor of 10 pF and a resistor of 25 Q. The load terminates a lossless 50 Q
transmission line. The operating frequency is 1 GHz. [Parallels Example 2.3.2]

a. What is the impedance of the load?

b. What is the normalized impedance of the load (normalized to the characteristic impedance of the line)?
c. What is the reflection coefficient of the load?

d. What is the current reflection coefficient of the load?

e. What is the standing wave ratio (SWR)?

f. What is the current standing wave ratio (ISWR)?

32. A 50 © air-filled transmission line is connected between a 40 GHz source with a Thevenin equivalent impedance of 50 Q and a
load. The SWR on the line is 3.5.

a. What is the magnitude of the reflection coefficient, I'z, at the load?

b. What is the phase constant, 8, of the line?

c. If the first minimum of the standing wave voltage on the transmission line is 2 mm from the load, determine the electrical
distance (in degrees) of the SWR minimum from the load.

d. Determine the angle of ', at the load.

e. What is 'y, in magnitude-phase form?

f. What is ', in rectangular form?

g. Determine the load impedance, Z;,.

33. A load consists of a resistor of 100 Q in parallel with a 5 pF capacitor with an electrical signal at 2 GHz.

a. What is the load impedance?
b. What is the reflection coefficient in a 50 2 reference system?
c. What is the SWR on a 50 Q transmission line connected to the load?

34. An amplifier is connected to a load by a transmission line matched to the amplifier. If the SWR on the line is 1.5, what
percentage of the available amplifier power is absorbed by the load?

35. An output amplifier can tolerate a mismatch with a maximum SWR of 2.0. The amplifier is characterized by a Thevenin
equivalent circuit with an impedance of 50 Q and is connected directly to an antenna characterized by a load resistance Ry.
Determine the tolerance limits on Ry so that the amplifier does not self-destruct.

36. A load has a reflection coefficient of 0.5 when referred to 50 2. The load is placed at the end of a 100 -transmission line.

a. What is the complex ratio of the forward-traveling wave to the backward-traveling wave on the 100 £ line at the load end of
the line?
b. What is the VSWR on the 100 {2 line?

37. A load has a reflection coefficient of 0.5 when referred to 50 Q. The load is at the end of a line with a 50 Q characteristic
impedance.

a. If the line has an electrical length of 45°, what is the reflection coefficient calculated at the input of the line?
b. What is the VSWR on the 50 © line?

38. A 100 Q resistor in parallel with a 5 pF capacitor terminates a 100 Q transmission line. Calculate the SWR on the line at 2 GHaz.

39. A lossless 50 © transmission line has a 50 Q generator at one end and is terminated in 100 . What is the VSWR on the line?

40. A lossless 75 Q line is driven by a 75 Q generator. The line is terminated in a load that with a reflection coefficient (referred to 50
Q) of 0.5 + 70.5. What is the VSWR on the line?

41. A load with a 20 pF capacitor in parallel with a 50 Q resistor terminates a 25 Q line. The operating frequency is 5 GHz. [Parallels
Example 2.3.3]

a. What is the VSWR?
b. What is ISWR?
42. Aload zZ; = 55— 355 Q and the system reference impedance, Z, is 50 Q. [Parallels Example 2.3.4]

a. What is the load reflection coefficient I';?
b. What is the current reflection coefficient?
c. What is the VSWR on the line?
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d. What is the ISWR on the line?
e. Now consider a source connected directly to the load. The source has a Thevenin equivalent impedance Zg = 60 Q and an
available power of 1 W. Use I';, to find the power delivered to Zy.
f. What is the total power absorbed by Zg?
43. A slotted line, as shown in Figure 2.3.7(c), is used to characterize a 50 2 line terminated in a load Zyr. Vimax =1V and Viin
= 0.1 V, and the first minimum is 5 cm from the load. The guide wavelength is 30 cm. What is Zp? [Parallels Example 2.3.5]
44. A shorted coaxial line is used as a resonator. The first resonance is determined to be a parallel resonance and is at 1 GHz.

a. Draw the lumped-element equivalent circuit of the resonator.
b. What is the electrical length of the resonator?
c. What is the impedance looking into the line at resonance?
d. If the resonator is \/4 longer, what is the impedance of the resonator now?
45. A load of 100 © is to be matched to a transmission line with a characteristic impedance of 50 2. Use a quarter-wave transformer.
What is the characteristic impedance of the quarter-wave transformer?
46. Determine the characteristic impedance of a quarter-wave transformer used to match a load of 50 Q to a generator with a
Thevenin equivalent impedance of 75 Q.
47. A transmission line is to be inserted between a 5  line and a 50 © load so that there is maximum power transfer to the 50 £ load
at 20 GHz.
a. How long is the inserted line in terms of wavelengths at 20 GHz?
b. What is the characteristic impedance of the line at 20 GHz?
48. The resonator below is constructed from a 3.0 cm length of 100 © air-filled coaxial line shorted at one end and terminated with a
capacitor at the other end:

3.0em
-

Z,= 1000
R=10'Q =

Figure 2.12.2

a. What is the lowest resonant frequency of this circuit without the capacitor (ignore the resistor)?

b. What is the capacitor value required to achieve resonance at 6.0 GHz?

c. Assume that loss is introduced by placing a 10 k€2 resistor in parallel with the capacitor. What is the @ of the circuit?
d. What is the bandwidth of the circuit?

49. A coaxial transmission line is filled with lossy material with a relative permittivity of 5 — 50.2. If the line is air-filled it would
have a characteristic impedance of 100 €.

a. What is the characteristic impedance of the dielectric-filled line?
b. What is the propagation constant at 500 MHz?
c. What is the input impedance of the line if it has an electrical length of 280° and is terminated in a 35 Q2 resistor?
50. A coaxial line is filled with a very slightly lossy material with a relative permittivity of 5. The line would have a characteristic
impedance of 100 Q if it was air-filled.
a. What is the characteristic impedance of the dielectric-filled line?
b. What is the propagation constant at 500 MHz? Use the fact that the velocity of an EM wave in a lossless air-filled line is the
same as that of free-space propagation in air.
c. What is the input impedance of the line if it has an electrical length of 90° and it is terminated in a 35 Q resistor?
d. What is the input impedance of the line if it has an electrical length of 180° and is terminated in an impedance 735 Q?
e. What is the input impedance of the line if it is 1 km long? Use reasonable approximations.
51. A lossy transmission line with a characteristic impedance of 60 — 52 Q is driven by a generator with a Thevenin equivalent
impedance Z,. If the line is infinitely long, what is Z,; for maximum power transfer from the generator to the line?
52. A 25 Q-transmission line is driven by a generator with an available power of 23 dBm and a Thevenin equivalent impedance of 60
Q. [Parallels Example 2.6.3]
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a. What is the Thevenin equivalent generator voltage?
b. What is the magnitude of the forward-traveling voltage wave on the line? Assume the line is infinitely long.
c. What is the power of the forward-traveling voltage wave?
53. A open-circuited coaxial line is used as a resonator. The first resonance is a series resonance at 2 GHz. [Parallels Example 2.5.1]
a. Draw the lumped-element equivalent circuit of the resonator.
b. What is the resonator’s electrical length?
c. What is the impedance looking into the line at resonance?
d. If the resonator is 3A,/4 longer, what is the input impedance of the resonator?
54. The forward-traveling wave on a 60 Q line has a power of 2 mW. The line is terminated in a resistance of 50 . How much
power is delivered to the 50 2 load.
55. The forward-traveling wave on a 40 Q2 line has a power of 2 mW. The line is terminated in a resistance of 60 2. How much
power is in the backward traveling wave?
56. The forward-traveling wave on a 60 Q line has a power of 2 mW. The line is terminated in a resistance of 50 Q. Draw the
lumped-element equivalent circuit at the interface of the line and the load. [Parallels Example 2.6.1]
57. A source is connected to a load by a one wavelength long transmission line having a loss of 1.5 dB. The source reflection
coefficient (referred to the transmission line) is 0.2 and the load reflection coefficient is 0.5.
a. What is the transmission coefficient?
b. Draw the bounce diagram using the transmission and reflection coefficients. Determine the overall effective transmission
coefficient from the source to the load. Calculate the power delivered to the load from a source with an available power of
600 mW.
58. Consider a coaxial line that is short-circuited at one end. The dielectric filling the line has e, = 20 and the line has its lowest
frequency resonance at 2.4 GHz. [Parallels Example 2.7.1]
a. What is the guide wavelength?
b. Draw the resonator’s equivalent circuit.
c. What is the resonator’s physical length?
59. Consider a lossless coaxial line that is open-circuited at one end and is used as a resonator that is resonant at fo = 2.4 GHz. The
line’s dielectric has &, = 81. [Parallels Example 2.7.2]
a. What is the wavelength in the line?
b. Draw the lumped-element equivalent circuit of a A,/4 long resonator?
c. What is the resonator’s physical length?
d. What is the derivative with respect to frequency of the admittance of the LC equivalent circuit developed in (b).
e. If the diameter of the inner conductor of the line is 1 mm and the inside diameter of the outer conductor is 3 mm, what is the
characteristic impedance of the line?
f. Determine the numerical frequency derivative of the line admittance at fj.
g. Derive the values of the equivalent circuit of the resonator at resonance.
60. Develop the lumped-element model of a half wavelength long line having characteristic impedance Zz,. [Parallels Example
2.7.3]
61. The diameter of the inner conductor of a coaxial line is 2 mm and the interior diameter of the outer conductor 8 mm. The coaxial
line is filled with polyimide which has a relative permittivity of 3.2.
a. What is the characteristic impedance of the line?
b. Describe the conditions by which a non-TEM mode can be supported. Refer to two different families of higher-order modes.
c. For the coaxial line here, at what frequency will a second propagating mode be first supported?

2.12.1 Exercises By Section
tchallenging, tvery challenging
§2.11

§2.221,3,4,5,6,7,8,9,10,11,12,13, 141,15
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§2.3 161, 17, 181,191, 20, 21, 22, 23, 24, 25, 26 1, 271, 281, 29, 301, 311, 321, 331, 341, 351, 361, 37, 38, 39, 40, 41, 42, 43
§2.4 441, 45,46, 47

§2.5 481,491, 501, 51, 521, 53

§2.6 54,55, 56, 571

§2.7 58,591, 60

§2.9 61

2.12.2 Answers to Selected Exercises
11.11.2Q
12.0.23 + 525 m™!

17. (b) 74.0 mW
28.(c) 1.17 ecm
28.(e) 74.55- 1071 S. s

32. (f) 0.544 + ;0.116
33. (f) 41.45

35.250 < Z; <1009
46.61.2 Q
57.354.2 mW

This page titled 2.12: Exercises is shared under a not declared license and was authored, remixed, and/or curated by Michael Steer.
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2.A: Appendix- Physical Constants and Material Properties

2.A.1 Sl Units

The main SI units used in RF and microwave engineering are given in Table 2.4.1. Symbols for SI units! (from the French name
Systeme International d’Unites) are written in upright roman font. (Source: U.S. National Institute of Standards and Technology
(2006) [26], and 2002 CODATA recommended values of constants [27].)

The International Organization for Standardization (ISO) maintains the International System of Quantities (ISQ) defines the
quantities that are measured in SI units [28]. These are set out in the ISO 8000 standard (which is jointly published with the
International Electrotechnical Commission (IEC) as the IEC 8000).

e The fundamental units of the SI system are meter, kilogram, second, candela, mole, and Kelvin.

o The unit of length is spelled meter in the United States and metre in other countries.

e The unit designations, such as m for meter, is called a symbol and not an abbreviation.

¢ Symbols for units are written in lowercase unless the symbol is derived from the name of a person. For example, the symbol for
the unit of force is N as it is named after Isaac Newton. An exception is the use of L for liter to avoid possible confusion with ],
which looks like the numeral one and the letter i.

e A space separates a value from the symbol for the unit (e.g., 5.6 kg). There is an exception for degrees, with the symbol °. For

example, 45 degrees is written 45°.

S| Unit Combinations

When SI units are multiplied a center dot is used. For example, newton meters is written N - m. When a unit is derived from the
ratio of symbols then either a solidus (/) or a negative exponent is used; the symbol for velocity (meters per second) is either m/s or
m -s~L. The use of multiple solidi for a combination symbol is confusing and must be avoided. So the symbol for acceleration is m
-s72 or m/s® and not m/s/s. Another example is the thermal conductivity of aluminum at room temperature which is k = 237 kW
-m~!.K~! and not k = 237 k¥W/m/K or 237 kW /m - K. However, 237 kW/(m - K) is sometimes used.

Consider calculation of the thermal resistance of a rod of cross-sectional area A and length ¢:

V4
Rra =+ (2.A.1)
If A=0.3 cm? and ¢ = 2 mm, the thermal resistance is
2

Rru = ( mni)l (2.A.2)

(237 kW -m~1-K™) - (0.3 cm?)

_ (2-1073 m)
237 (10> - W-m~1-K1).0.3- (1072 - m)2

2.1073 m
= . 2.A.3
237-103-0.3-10* W.m 1. K!.m?2 ( )
=2.813-10~* K- W = 281.3 uK/W (2.A.4)

This would be an error-prone calculation if the thermal conductivity was taken as 237 kW/m/K.

The use of SI units initially means that calculations can be undertaken without the tedium of tracing units through calculations.
This requires that the ST unit of the final result be known and assigned. Repeating the above calculation for the thermal resistance

of a rod using Equation (2.A.1), first express the
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SI unit Name Usage In terms of fundamental units
A ampere current (abbreviated as amp) Fundamental unit
cd candela luminous intensity Fundamental unit
C coulomb charge A-s

F farad capacitance kgl.m2. A% 5!
g gram weight =kg/1000

H henry inductance kg -m?.A%.572

J joule unit of energy kg -m?.s72

K kelvin thermodynamic temperature Fundamental unit
kg kilogram SI fundamental unit Fundamental unit
m meter length Fundamental unit
mol mole amount of substance Fundamental unit
N newton unit of force kg -m-s2

T ohm resistance kg -m?2-A2.578
Pa pascal pressure kg-m~!.s72

] second time Fundamental unit
S siemen admittance kg!-m2.A%.¢8
A volt voltage kg -m2-A'. g3
w watt power J-s71

Table 2.4.1: Main SI units used in RF and microwave engineering. The SI units used in electromagnetics are given in Table 1.5.1.
quantities in SI units: £ =2-1072 m; k= 2.37-10° W/(m-K); and A = 0.3 - 10~ m?, then

2
" 2.37-10°-0.3-107*

Ry =2.813-10~* (2.A.5)
The SI unit of Rry is K/W, so that Rry = 2.813-10~* K- W~! = 281.3 uK/W.

S| Prefixes

A prefix before a unit indicates a multiple of a unit (e.g., 1 pA is 1072 amps). (Source: 2015 ISO/IEC 8000 [28].) In 2009 new
definitions of the prefixes for bits and bytes were adopted [28] removing the confusion over the earlier use of quantities such as
kilobit to represent either 1,000 bits or 1,024 bits. Now kilobit (kbit) always means 1,000 bits and a new term kibibit (Kibit) means
1,024 bit. Also the now obsolete usage of kbps is replaced by kbit/s (kilobit per second). The prefix k stands for kilo (i.e. 1,000) and
Ki is the symbol for the binary prefix kibi- (i.e. 1,024). (Note that “K” is sometimes used as an abbreviation for 1,024 but this is
non-standard.) The symbol for byte (= 8 bits) is “B”.
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SI Prefixes SI Prefixes Prefixes for bits and bytes
Symbol Factor Name Symbol Factor Name Name
10724 y yocto 10! da deca kilobit kbit 1000 bit
107% z zepto 102 h hecto megabit Mbit 1000 kbit
10718 a atto 108 k kilo gigabit Gbit 1000 Mbit
10718 f femto 108 M mega terabit Thit 1000 Gbit
10712 P pico 10° G giga kibibit Kibit 1024 bit
107° n nano 1012 T tera mebibit Mibit 1024 Kibit
1078 7 micro 105 P peta gibibit Gibit 1024 Mibit
1073 m milli 108 E exa tebibit Tibit 1024 Gibit
1072 c centi 10% yA zetta kilobyte kB 1000 B
107! d deci 10% Y yotta kibibyte KiB 1024 B

Table 2.4.2: SI prefixes.

Physical and Mathematical Constants

Physical and mathematical constants in SI units. Source: U.S. National Institute of Standards and Technology (2006) [26], and
2002 CODATA recommended values of constants [27].
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Parameter Value Description
c 299792458 m - 57! Speed of light in a vacuum (free space)
Elementary charge (negative of an
e 1.6021765310~%° C , 1y charge (neg
electron’s charge)
e 2.718281828459045 Natural log base
¥ 0.577215664901532 Euler's ratio
[} 1.618033988749894 Golden ratio
€0 8.854187817 x 1072 F-. m! Permittivity of a vacuum (free space)
h 6.6260693 x 1073 J . Planck constant (alt. & = h/(2r))
k 1.3806505 x 10723 J. K ! the Boltzmann constant
Me 9.1093826 x 1073! kg Electron mass
Permeability of free space = 4 x 107" N
Ko 12.566370614 x 10~ N - A~2 por Y P 4
Pi, ratio of circumference to diameter of a
T 3.14159265358979323846264 .
circle
P 101325 Pa Standard atmosphere (pressure)
Characteristic impedance of vacuum (free
n 376.730313461 Q
space)
J 6.241509 x 108 eV 1 joule of energy in terms of electron-volts

1 eV of energy in joules (the energy
eV 1.602176 x 107 J required to move a charge e through a
potential of 1 V)

Table 2.A.3: Physical and mathematical constants.

Accuracy and Precision

Precision is a description of statistical variability or random error while accuracy includes systematic errors in a measurement or
calculation (and these are not random) combined with statistical variability. For example, consider the calculation of the resistance
of a uniform length of metal using dimensions (length ¢, width w, thickness ¢, which are known accurately) and resistivity p where
the p may not be known accurately. The resistance R = pf/(wt).

The resistance calculation would not be accurate if the resistivity is not known accurately. However the calculation would be
precise if the resistivity of the metal is known to be fixed (and not statistically variable). If the resistivity of the metal varies from
place to place, i.e. it is not homogeneous, then there is statistical variability of the resistivity depending on the section of metal
chosen and so both the precision and the accuracy of the resistance calculation would be poor. You can have a precise answer that is
not accurate, but you cannot have an accurate result that is not precise.

The number of significant digits in a calculation or measurement implies the accuracy and/or precision of a number. Sometimes the
accuracy is explicitly stated, for example 4.01 + 0.02 m, but more commonly in engineering the number of significant digits implies
the accuracy and/or precision. Error is taken to be one half of the last significant digit. So 1200 m implies an accuracy of 0.5 m.
While 1.2 km would imply an accuracy of 0.05 km or 20 m. Usually 4 is enough but there are departures from this.

One common situation is when we are talk about the center frequency of a carrier in a communication system. That is because we
can precisely set the frequency of a carrier and can put communication bands very close together. For example, if we have

frequency bands that are 25 kHz wide on a carriers near 900 MHz. We would need to indicate the frequency of the carrier to a
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fraction of a kilohertz. So there is a significant difference between specifying a carrier as being at 1.000000 GHz or at 1.000001 GHz.
Sometimes however it is not important to specify frequency so accurately. In the great majority of situations four digits of accuracy
is enough, in any case it is very difficult to fabricate something with better than 0.1% accuracy.

When using decibels, a logarithmic scale, two digits after the decimal point is the usually sufficient and required. One digit after the
decimal point is not enough accuracy. For example, 0 dB = 100 = 1.000 and 0.1 dB = 100.01 = 1.023. So if there is only one digit
after the decimal point is used then the accuracy implied is 1%. Now 0.01 dB = 100.001 = 1.0023 and so with two digits after the
decimal point the implied accuracy is 0.1% which is about four digits of precision. With four digits after the decimal digit,
0.0001 dB =100.00001 =1.000023. which is the same as claiming around 6 digits of accuracy. Achieving this is highly unlikely
except in circumstances involving frequency or when circuits are tuned after fabrication.

There are a few exceptions to the accuracy implied by the number of digits used with decibels. When a number is written as 0 dB or
10 dB, for example, with no digits after the decimal point, then the implication is that it is exactly 0 dB (= 1.00000000) or 10 dB (
= 10.0000000). Another exception is a factor of 2 which in decibels is 3.01 dB. It is common to write this as 3 dB and when one sees
3 dB then most people automatically recognize this as a factor of exactly 2. Similarly for 6 dB the implication is that it refers to a
factor of exactly 4.

Using more significant digits in a result than is justified can leave an impression of a lack of understanding, that the result was
simply a matter of plugging numbers into a calculation rather than understanding what was being done. When an engineer presents
results, the observer, usually another engineer, wants to develop trust for the engineering process. Engineering is pragmatic and
abstractions are made, you always want to create an impression that you are in control and know what you are doing. Sure interim
results can have many significant digits of accuracy but final results should have reasonable accuracy.

Standard Temperatures

Description Value In Terms of Fundamental Units

Absolute zero temperature 0K Fundamental unit = —273.15°C

19-25°C, generally used as an imprecise
Room temperature 290 — 298 K measurement implying that properties are
unchanged over a few degrees variation.

In microwave engineering [29], different in

Standard temperature 290 K o

other disciplines.

—174 dBm/Hz. (e.g., in 2 Hz bandwidth the

available noise of a resistor at room
Available noise of a resistor at room temperature is —171 dBm). (At 290 K the
temperature available noise power is —173.97 dBm/Hz,

at 293 K it is —173.93 dBm/Hz, at 298 K it is
—173.86 dBm/Hz.)

Table 2.A4.4: Temperature constants.
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2.A.2 Greek Alphabet and Additional Characters

Greek Alphabet
Name Uppercase Lowercase
alpha A a
beta B B8
gamma r ¥
delta A )
epsilon E €
zeta yA ¢
eta H n
theta 2) 0
iota I [
kappa K K
lambda A A
mu M I
nu N v
xi E 3
omicron 0 )
pi I T
rho P p
sigma ) o
tau T T
upsilon T v
phi o ¢
chi X X
psi v Y
omega Q w

Table 2.A.5
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Additional Characters

nabla v
Cross X
times X
varepsilon 5
varphi @
varpi w
varrho 0
varsigma S
vartheta 9
aleph R
Table 2.4.6

2.A.3 Conductors, Dielectrics, and Magnetic Materials

Electrical and thermal properties of RF and microwave materials are given in the tables below. A parameter listed as a range
indicates that the parameter depend on the formulation of the alloy. L indicates the property in the direction perpendicular to the
crystal axis. // indicates the property in the direction parallel to the crystal axis.

Material data from several sources including the Standard Reference Data database of the U.S. National Institute of Standards and
Technology [26], the CODATA databases of the International Council for Science, Committee on Data for Science and Technology
[27], and references [30, 31, 32, 33]. Electrical and especially thermal properties are functions of temperature; properties at

temperatures other than 300 K should be researched.
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Material
Aluminum
Cobalt
Copper
Ferrite (NiZn)
Gold

Iron

Lead
Magnesium
Manganese
Mumetal
Nickel
Palladium
Permalloy 45
Platinum
Silver

Steel
Superconductors
Supermalloy
Tungsten

Wood (dry)

Relative Permeability .,

1.00000065
60

0.999994

16 — 640

0.999998

5,000 — 6,000
0.999983
1.00000693
1.000125

20,000 — 1000, 000
50 — 600

1.0008

2,500

1.000265
0.99999981

100 — 40,000

0

100, 000

1.000068

0.99999942

Table 2.A.7: Relative permeability of metals.

Some calculations require the use of volumetric heat capacity, c, obtained from

but ensure the use of SI units, i.e. convert the density p to kg- m™3.

Cy = Cpp

(2.A.6)

The electrical resistivities listed in Table 2.A.10 for single-element metals are those of single-crystal metals. The resistivity of the
best fabricated metal with multiple crystal grains tends to be up to 5% above that of a single-crystal. Poorly fabricated metals can
have a resistivity twice as high.
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Material

Air (dry, sea level)
Alumina

99.5%

96%

85%

Aluminum nitride
Bakelite
Beryllium oxide (toxic)
Diamond

Ferrite (MnZn)
Ferrite (NiZn)
FR-4 circuit board
GaAs

InP

Glass

Mica

Mylar

Paper, white
Polyethylene
Polyimide
Polypropylene
Quartz (fused)
Sapphire

//

1

Polycrystalline
Silicon (undoped)

Low resistivity (used in
CMOS)

High resistivity

Carbide (SiC)

Dioxide (SiO2)

Resistivity i wh at W

4x 107

> 108
> 108
> 108
108
1-100
>108
10%-1010
0.1-10Q2-m
0.1-124
8 x 10°
1.0
Up to 0.001
2x 108
2x 10°
1010
3.5 x 10°
> 107
1010
> 107

7.5 x 1011

> 106
> 108

> 108

50 pQ - m

300 mf2- m
100

5.8 x 107

Relative permittivityg at

1.0005

9.8
9.0
8.5
8.9
4.74
6.7
5.68
13—16
13—-16
4.3—-45
12.85

124

5.4

3.2

2.26
3.2
2.25

3.8

11.6
9.4

10.13

11.68

11.68
10.8

3.7-41

Loss tangent ) at B

0.000

0.0001 — 0.0002

0.0006

0.0015

0.001

0.022

0.004

< 0.0001

0.0004

0.0004

0.01

0.0006

0.001

0.002

0.0006

0.005

0.008

0.0002

0.005

0.0003

0.00075

0.00004 — 0.00007

0.00004 — 0.00007

0.00004 — 0.00007

0.005

0.005

0.002

0.001
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Relative permittivity (e, at

Material Resistivity (MQ - m p, at 300 K) | GHz) Loss tangent (tan ¢ at 1 GHz)
Nitride (SizNy) 107 7.5 0.001
Poly 01-10kQ-m 11.7 0.005
Teflon (PTFE) 1010 2.1 0.0003
Vacuum 00 1 0
Water
Distilled 182 80 0.1
Ice (273 K) 1 42 0.05
Wood (dry oak) 3 x 101 1.5—4 0.01
Zirconia (variable) 10* 28 0.0009

Table 2.A.8: Electrical properties of dielectrics and nonconductors.
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Material

Air (dry, sea level)
Alumina

100%

99.5%

96%

85%

Aluminum nitride
Bakelite (wood filler)
Beryllium oxide (toxic)
Diamond

Ferrite (MnZn)
Ferrite (NiZn)

FR-4 circuit board
Graphite

GaAs

InP

Glass

Mica

Mylar (polyethylene-
terephtalate)

Paper, (white bond)
Polyethylene
Polyimide
Polypropylene
Quartz (fused)
Sapphire

/!

1

Polycrystalline
Silicon (undoped)

low resistivity (used in
CMOS)

Thermal conductivity,

(TN S 3
(at

¥

g )
0.026

30
26.9— 30
24.7
16
285
02—14
64 — 210
1,000 — 2, 000
35—5
35—5
0.16—0.3
25— 470
50 — 59
68
0.8—12

260 — 750
0.08

40—90
0.42—0.51
0.12
0.35—0.40

1.30—1.44
35

32

31-33

149

Specific heat capacity,

b F K

@ty )

1.005

0.78
0.78
0.78
0.92
0.74
1.38
1.75 (@0°C)
0.52 —0.63
0.7—-0.8
0.75
0.6
0.71 —0.83
0.37
0.31
0.5— 0.84

0.5
1.19

1.4
23-29
1.09 —1.15
1.7—-2.0

0.67 —0.74
0.74—0.78

0.74—0.78

0.74—0.78

0.705

Density, ORI

(at

0.0018

3.8
3.8
3.8
3.5
3.28
1.25 — 1.36
1.85—2.85
3.50 —3.53
4.9
4.5
1.3—1.8
1.3—-2.27
5.32
4.81
2.0—8.0

0.72
14

0.72

2.30

143
0.855

2.2
4.05

4.05

3.97—4.05

2.34

Speed of sound, w
¥

@ty )

343

9,900 — 10, 520

11,000

12,000

1,200

4,730

3,950 — 5,640

1,900 — 2,430

1,900 — 2,430

2,740

5,800

11,100

8,433
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Material

high resistivity
carbide (SiC)
dioxide (SiO2)
nitride (SizgN,)
polysilicon
Teflon (PTFE)
Vacuum

Water
Distilled

Ice (at 273 K)
Wood (dry oak)

Zirconia (variable)

Thermal conductivity, &

(W-m™'-K™)
(at 300 K)
149
350 — 490
14
28
12.5— 157
0.20—0.25

0

580
2.22
170

1.7—2.2

Specific heat capacity,

cp kI kg™ K1)
(at 25°C)
0.705
0.75
1.0
0.711
0.71—0.75
0.97

0

4.18
2.05
2

0.40—0.50

Density, p (g- cm™3)

(at 25°C)
2.34
2.55

2.27—2.63
3.44

22—23
21—-2.2

0

0.997
0.917
0.6—0.9

5.6—6.1

Table 2.A4.9: Thermal properties of dielectrics and nonconductors.
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.57
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11,000
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Conductors
Electrical Thermal Specific heat Thermal
' resistitivity,,  conductivity, ca[[:acity, b g Density, , 3 coefficient of Speed of sound,
Material 6 W Mo i PR ¥ resistance T ¥
C @, ) @, ) @, ) @, ) @, )

Aluminum 26.50 237 0.897 2.70 0.004308 6420
Brass Variable 120 0.38 8.4—8.7 0.0015 3,500 — 4,700
Bronze Variable 110 0.38 7.4-8.9
Chromium 125 93.9 0.450 7.15 5,490
Constantan 500 19.5 0.39 8.9 +0.00003
Copper 16.78 401 0.39 8.94 0.004041 3,560 — 4,700
Gold 22.14 318 0.129 19.30 0.003715 3,240
Graphite
// c-axis 1,200 1,950 0.71 2.09 —2.23 —0.0002
L c-axis 41,000 5.7 0.71 2.09—2.23 —0.0002
Iridium 471 147 0.131 22.6
Iron (cast, hard) 96.1 80.2 0.449 7.87 0.005671 5,600 — 5,900
Lead 208 35.3 0.127 11.3 1,160 — 2,200
Manganin 430 — 480 22 0.406 8.4 +0.000015
Mercury 961 8.34 0.139 13.563 0.0089
Nickel 69.3 90.9 0.445 8.90 0.0058 — 0.0064 5,600
NiChrome 1,100 11.3 0.432 8.40 0.00017
Palladium 105.4 71.8 0.244 12.0 3,070
Platinum 105 71.6 0.133 21.5 0.0037 — 0.0038 3,300
Silver 15.87 429 0.235 10.49 0.003819 3,600 — 3, 650
Solder
tin-lead Pb, Sn 17.2 34 0.167 8.89
50% Pb
lead-free 170 53.5 0.23 7.25
77.2% Sn
2.8% Ag
20% In
Steel, stainless 720 16 0.483 7.48 — 8.00 5,740 — 5,790

Steel, carbon

https://eng.libretexts.org/@go/page/41024



https://libretexts.org/
https://eng.libretexts.org/@go/page/41024?pdf

LibreTexts"

Conductors
e o or et T Syt cun
Material (02 - m) (W-m™1.K™) ‘kg7l-KY) om™) resistance (K™!) ce (m-s71)
(at 20°C) (at 300 K) (at 25°C) (at 25°C) (at 20°C) (at 20°C)

(Standard) 208 46 0.49 7.85 0.003 — 0.006 4,880 — 5,050
Tantalum 133 57.5 0.14 16.69 0.0038

Tin 115 66.8 0.227 7.27 3,300
Titanium 4,200 21.9 0.522 4.51 6,070 — 6,100
Tungsten 52.8 173 0.132 19.3 0.004403 5,200

Zinc 59.0 116 0.388 7.14 0.0037 — 0.0038 4,200

Table 2.4.10: Thermal and electrical properties of conductors.

Footnotes

[1] The older metric systems used different fundamental units; for example, the mks metric system used meter, kilogram, and

second as fundamental units; the cgs metric system used centimeter, gram, and second as fundamental units.

This page titled 2.A: Appendix- Physical Constants and Material Properties is shared under a not declared license and was authored, remixed,

and/or curated by Michael Steer.
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3.1: Introduction

The majority of transmission lines used in high-speed digital, RF, and microwave circuits are planar, as these can be defined using
masks, photoresist, and etching of metal sheets. The most common planar transmission line is the microstrip line shown in Figure
3.1.1 and in cross section in Figure 3.1.2. This cross section is typical of what would be found on a semiconductor or printed
wiring board (PWB), which is also called a printed circuit board (PCB). Current flows in both the top and bottom conductor,
but in opposite directions. The physics is such that if there is a signal current on the top conductor, there must be a return signal
current, which will tend to be as close to the signal current as possible to minimize stored energy. The provision of a signal return
path close to the signal path is important in maintaining the integrity of (i.e., a predictable signal waveform on) an interconnect.

Conductor pattern

Current

® flowing
out

@ Guren

Cusrran
flawing

Figure 3.1.2: Cross-sectional view of a microstrip line showing electric and magnetic field lines and current flow. The electric and
magnetic fields are in two mediums—the dielectric and air. If the line is homogeneous (the same dielectric everywhere) the electric
and magnetic fields are only in the transverse plane, a field configuration known as the transverse electromagnetic mode (TEM).

D Y==Cl

Figure 3.1.3: Representations of a shorted microstrip line with a short (or via) at port 2: (a) three-dimensional (3D) view indicating
via; (b) side view; (c) top view with via indicated by X; (d) schematic representation of transmission line; (e) alternative schematic
representation; and (f) representation as a circuit element.

In the microstrip line, electric field lines start on one of the conductors and finish on the other and are located almost entirely in the
plane transverse to the long length of the line. The magnetic field is also mostly confined to the transverse plane, and so this line is
referred to as a transverse electromagnetic (TEM) line. Integrating the electric field along a path gives the voltage. Since the
voltage between the top and bottom conductors is more or less the same everywhere, longer F field lines correspond to lower levels
of E field. The strength of the E field is also indicated by the density of the E field lines. This is a drawing convention for both
electric and magnetic fields. A further comment is warranted for this line. This line is more accurately called a quasi-TEM line, as
the longitudinal fields, particularly in the air region, are not negligible. The relative level of the longitudinal fields increases with
frequency, but below about 10 GHz and for typical dimensions used, the line is still essentially TEM. In Figure 3.1.2 current flows
in the strip and a return current flows in what is normally regarded as the ground conductor. Both the signal and return currents
induce a magnetic field and the closed path integral of the magnetic field is equal to the current enclosed by the path.

Various schematic representations of a microstrip line are used. Consider the representations in Figure 3.1.3 of a length of
microstrip line shorted by a via at the end denoted by “2” (specifically the “2” refers to Port 2). The views in Figure 3.1.3(a and b)
provide perspectives. The representations shown in Figure 3.1.3(d—f) are symbols used in circuit diagrams with the one used

depending on the number of microstrip lines in a circuit diagram. If a circuit diagram has many transmission line elements, then the
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simple representation of Figure 3.1.3(f) is most common. If there are few transmission line elements, then the representation of
Figure 3.1.3(d) is most common.

This page titled 3.1: Introduction is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael Steer.
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3.2: Substrates

Planar transmission line design involves choosing both the transmission line structure to use and the substrate. In this section the
electrical properties of materials will be discussed and then substrates commonly used with planar interconnects will be considered.

3.2.1 Dielectric Effect

The presence of material between the conductors alters the electrical characteristics of the interconnect. With a dielectric, the
application of an electric field moves the centers of positive and negative charge at the atomic and molecular level. Moving the
charge centers changes the amount of energy stored in the electric field—a process akin to storing energy in a stretched spring. The
extra energy storage property is described by the relative permittivity, e,, which is the ratio of the permittivity of the material to
that of free space:

er =€/ep (3.2.1)

The relative permittivities of materials commonly used with interconnects range from 2.08 for Teflon™, used in high-performance
PCBs and coaxial cables, to 11.9 for silicon (Si), to 3.8-4.2 for silicon dioxide (SiO;), and 12.4 for gallium arsenide (GaAs).

When the fields are in more than one medium (a nonhomogeneous transmission line), as for the microstrip line, the effective
relative permittivity, &, (or usually just e, = e,), is used. The characteristics of the nonhomogeneous line are then more or less the
same as for the same structure with a uniform dielectric of permittivity, €.z = €c€0. The eog changes with frequency as the
proportion of energy stored in the different regions changes. This effect is called dispersion and causes a pulse to spread out as the
different frequency components of the pulse want to travel at different speeds.

3.2.2 Dielectric Loss Tangent, tan §

Loss in a dielectric comes from two sources: (a) dielectric damping (also called dielectric relaxation) and (b) conduction losses
in the dielectric. Dielectric damping originates from the movement of charge centers resulting in mechanical distortion of the
dielectric lattice. An alternating electric field results in vibrational (or phonon) energy in the dielectric, thus energy is lost from the
electric field. It is easy to see that this loss increases linearly with frequency and is zero at DC. Because of this, in the frequency
domain loss is described by incorporating an imaginary term in the permittivity. So now the permittivity of a dielectric becomes

e=¢ereg=¢"—3¢" =eole. — zer) (3.2.2)

If there is no dielectric damping loss, ¢” = 0. The other type of loss that occurs in the dielectric is due to the movement of charge
carriers in the dielectric. The ability to move charges is described by the conductivity, o, and the loss due to current conduction is
independent of frequency. So the energy lost in the dielectric is proportional to we” + ¢ and the energy stored in the electric field is
proportional to we’. Thus a loss tangent is introduced:

we’ +o
Also the relative permittivity can be redefined as
er=cl—9 (e” + L) (3.2.4)
T r weo

With the exception of silicon, the loss tangent is very small for dielectrics that are useful at RF and microwave frequencies and so
most of the time

ler| ~ &7 (3.2.5)
and this is what is quoted as the permittivity of a material. Thus
er =€, — (e} + a/(weo)) ~ £, (1 — gtand) (3.2.6)

3.2.3 Magnetic Material Effect

A similar effect on energy storage in the magnetic field occurs for a few materials. The magnetic properties of materials are due to

the magnetic dipole moments that result from alignment of electron spins—an intrinsic property of electrons. In most materials the
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electron spins occur in pairs with opposite signs, with the result that there is no net magnetic moment. However, in magnetic
materials, some of the electron spins are not canceled and there is a net magnetic moment. This net magnetic moment aligns itself
with an applied H field and so provides a mechanism for additional storage of magnetic energy. The relative permeability, p,,
describes this effect and

B = pro (3:2.7)

Most materials have g, =1. One notable exception is nickel, which has a high permeability, is a very convenient processing
material, and is often used in electronic packaging for its desirable processing properties.

As with dielectrics, the effect of loss in a magnetic material can be described by its complex permeability:
p=p"—gu" (3.2.8)

Lossy magnetic effects are due to the movement of magnetic dipoles, which creates vibrations in a material and hence loss.

3.2.4 Substrates for Planar Transmission Lines

The properties of a number of common substrate materials are given in Table 3.2.1; more are given in Appendix 2.A. Crystal
substrates such as sapphire, quartz, and semiconductors (Si, GaAs, and InP) have very good dimensional tolerances and uniformity
of electrical properties. Many other substrates have high surface roughness and electrical properties that can vary. For example,
FR4 is the most common type of printed circuit board substrate and is a weave of fiberglass embedded in resin. So the material is
not uniform and in the assembly of a multilayer circuit board layers of FR4 are pressed together and the resin flows so that there is
an unpredictable localized variation in the proportion of resin and glass. High-performance FR4 for microwave applications has a

fine weave.
Material 10*tand e, (at 10 GHz)
Air (dry) ~0 1
Alumina, 99.5% 1—2 10.1
Sapphire 04—-0.7 9.4, 11.6
Glass, typical 20 5
Polyimide 50 3.2
Quartz (fused) 1 3.8
FR4 circuit board 100 43—45
RT-duroid 5880 5—15 2.16 —2.24
RT-duroid 6010 10—60 10.2 —10.7
AT-1000 20 10.0—13.0
Si (high resistivity) 10— 100 11.9
GaAs 6 12.85
InP 10 12.4
SiO, (on-chip) = 4.0—4.2
LTCC (typical, green tape(TM) 951) 15 7.8

Table 3.2.1: Properties of common substrate materials. The dielectric loss tangent is scaled. For example, for glass, tan 4 is typically
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(a} Microstrip (b) Stripline

Figure 3.2.1: Planar transmission lines.
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3.3: Planar Transmission Line Structures

Planar transmission lines are the most common transmission lines for high-speed digital, RF, and microwave circuits. Two planar
transmission line structures are shown in Figure 3.2.1. The reason these are so popular is that they can be mass produced. For the
microstrip line in Figure 3.2.1(a) the fabrication process begins with a dielectric sheet with solid metal layers on the top and
bottom. One of these is covered with a photosensitive material, called a photoresist, exposed to a prepared pattern that defines the
interconnect line network, then the photoresist is developed and the unexposed (or exposed, depending on whether the photoresist
is positive or negative) metal on one side is etched away. The stripline in Figure 3.2.1(b) is fabricated similarly to microstrip but
followed by one more step in which a dielectric sheet with a ground plane only is bonded on top.

There are two major categories of planar transmission lines that can be sorted according to the uniformity of the medium
surrounding the transmission line conductors. When the embedding medium is uniform the transmission line structures are referred
to as homogeneous. If there are two or more regions with different permittivity the transmission line is called inhomogeneous. The
most important planar transmission line structures are shown in Figure 3.3.1 longitudinal direction). Transmission lines where the
longitudinal fields are

Inhomogeneous Homogeneous

g — —

(a) Microstrip (d) Stripline
— e p— —_—
§

(b) Coplanar waveguide (CP'W)  (e) Embedded differential line

, 8

() Differential line

Figure 3.3.1: Cross sections of several homogeneous and inhomogeneous planar transmission line structures.
almost insignificant are referred to as supporting a TEM mode, and they are called TEM lines.

The most important inhomogeneous lines are shown in Figure 3.3.1(a—c). The main difference between the two sets of
configurations (homogeneous and inhomogeneous) is the frequency-dependent variation of the EM field distributions with
inhomogeneous lines. With inhomogeneous lines, the EM fields are not confined entirely to the transverse plane even if the
conductors are perfect. However, they are largely confined to the transverse plane and so these lines are called quasi-TEM lines.
The inhomogeneous lines are simpler to make. Each transmission line structure comprises a combination of metal (shown as dense
black) and dielectric (indicated by the shaded region and having permittivity ¢). It is common not to separately designate the
permeability, pp, of the materials because, except for magnetic materials, u = po. The region with permittivity ¢, is air. In most
cases the dielectric principally supports the metal pattern, acting as a substrate, and clearly influences the wave propagation. The
actual choice of structure depends on several factors, including operating frequency and the type of substrate and metallization
system available.

3.3.1 Microstrip

Microwave circuits on compound semiconductor substrates (e.g. GaAs) are called monolithic microwave integrated circuits
(MMICs). Microwave circuits on silicon (Si) semiconductor substrates are called radio frequency integrated circuits
(RFICs) Microwave integrated circuits (MICs) are also called hybrid MICs.

Microstrip (Figure 3.3.1(a)) is the simplest structure to fabricate beginning with a thin dielectric substrate with metal on both sides.
One metal sheet is kept as the electrical ground plane while the other is patterned using photolithography. The metal is chemically
etched to form a microstrip transmission network. Although microstrip has a very simple geometric structure, the EM fields
involved are complex and cannot be determined analytically. However, simple approaches to the field calculations combined with
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frequency-dependent expressions yield quite accurate designs. Microwave integrated circuits (MICs) using microstrip can be
designed for frequencies up to several tens of gigahertz. At higher frequencies, particularly into the millimeter wavelength ranges
(above 30 GHz), losses (including radiation) increase significantly, the transmission line characteristics vary greatly with frequency
(called frequency dispersion), the field directions cannot be confined to the transverse plane, and fabrication tolerances become
exceedingly difficult to meet as the required substrate thickness becomes very thin. With monolithic ICs, fabrication tolerances are
much finer than with hybrid MICs and the options available for both microstrip and other transmission structures are extended.

3.3.2 Coplanar Waveguide

Coplanar waveguide (CPW) (Figure 3.3.1(b)) [1] supports a quasi-TEM mode of propagation with the active metallization and the
ground planes on the same side of the substrate. Each “side-plane” conductor is grounded and the center strip carries the signal,
thus much less field enters the substrate when compared with microstrip. In conventional CPW the ground planes extend
indefinitely, but in finite ground CPW (FGCPW), the extent of the grounds is limited. It is important to connect the ground strips
every tenth of a wavelength or so. This is done using wire bonds, via structures, or in integrated circuit form using air bridges.
CPW does a good job of suppressing radiation, it has low frequency dispersion, and is preferred to microstrip for large spatially
distributed circuits at frequencies above 20 GHz or so. It does have drawbacks, including the increased area required (compared
with microstrip) and the need to use ground straps.

3.3.3 Coplanar Strip and Differential Line

This simple transmission structure (Figure 3.3.1(c)) is formed by two conductors in the same plane. As with the embedded
differential line, the possible existence of ground planes is incidental and ideally these should not influence the field pattern. In one
realization, one of the conductors is grounded, and this form is called coplanar stripline or coplanar strip (CPS) [2, 3,4, 5, 6, 7, 8,
9, 10, 11, 12]. In this configuration, CPS is used as an area-efficient variation of CPW. When neither of the conductors is grounded
and the line is driven differentially, the interconnect is called a differential line. A differential line is used extensively with RFICs
and in critical nets in high-speed digital ICs. The two forms have essentially identical electrical characteristics, with differences
resulting from interaction with other metallic structures such as ground planes.

Silicon-based RFICs generally use differential signaling for analog signals to overcome the problem of field coupling in high-
density circuits and problems due to the finite conductivity of the silicon substrate that results in high levels of circuit noise in the
substrate. The currents on each of the differential signal paths balance each other and thus each provides the signal return path for
the other. This design practice effectively eliminates RF currents that would occur on ground conductors.

3.3.4 Stripline

Stripline (Figure 3.3.1(d)) is a symmetrical structure somewhat like a coaxial line completely flattened out so that the center
conductor is a rectangular metal strip and the outer grounded metal is an extended rectangular box. The entire structure is 100%
filled with dielectric, and therefore transmission is TEM and completely dependent upon the relative permittivity, ¢,. Therefore the
wavelength is simply the free-space value divided by the square root of ¢,. Stripline is fabricated similarly to microstrip, but now a
substrate with a ground plane backing is placed on top.

—

Actunl structure Simplified structure Alernative simplified
for madeling siructure for modeling

Figure 3.3.2: A microstrip line modeled as a zero-thickness microstrip line. Also shown is a more accurate alternative simplified
structure.

3.3.5 Embedded Differential Line

This simple transmission structure (Figure 3.3.1(e)) is formed by having just two conductors embedded in a substrate with no
specific ground plane. In this structure the possible existence of ground planes is incidental, and ideally these should not influence
the field pattern. Essentially the substrate acts as a mechanical supporting element and a quasi-TEM mode forms the main
propagating field distribution.
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3.4: Modeling of Transmission Lines

Describing the signal on a line in terms of E and H requires a description of the E and H fields in the transverse plane. This can be
quite difficult. It is fortunate that current and voltage descriptions can be successfully used to describe the state of a transmission
line at a particular position along the line. This is an approximation and the designer needs to be aware of situations where this
breaks down. Such extraordinary effects are left to the next chapter. Once the transmission line descriptions have been simplified to
current and voltage, R, L, G, and C models of the line can be developed. A range of models are used for transmission lines
depending on the accuracy required and the frequency of operation.

Uniform interconnects (with regular cross section) can most accurately be modeled using EM modeling software. Most commonly
a specialized type of software called 22D EM is used, which only considers current flowing in the horizontal plane or in the
vertical direction. A consequence is that planar interconnects are modeled as having zero thickness, as shown in Figure 3.3.2. This
is reasonable for microwave interconnects, as the thickness of a planar strip is usually much less than the width of the interconnect.
Many analytic formulas have also been derived for the characteristics of uniform interconnects. These formulas are important in
arriving at synthesis formulas that can be used in design (i.e., arriving at the physical dimensions of an interconnect structure from
its required electrical specifications). Just as importantly, the formulas provide insight into the effects of materials and geometry.

Simplification of the geometry of the type illustrated in Figure 3.3.2 for microstrip can lead to appreciable errors in some situations.
More elaborate computer programs that capture the true geometry must still simplify the real situation. An example is that it is not
possible to account for density variations of the dielectric. Consequently characterization of many RF and microwave structures
requires measurements to “calibrate” simulations. Unfortunately it is also difficult to make measurements at microwave
frequencies. Thus one of the paradigms in RF circuit engineering is requiring intuition, measurements, and simulations to develop
self-consistent models of transmission lines and distributed elements.

This page titled 3.4: Modeling of Transmission Lines is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael

Steer.
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3.5: Microstrip Transmission Lines

Transmission lines with conductors embedded in an inhomogeneous dielectric medium cannot support a pure TEM mode. This is
the case even if the conductors are lossless. The most important member of this class is the microstrip transmission line (Figure
3.3.1(c)). Part of the field is in the air and part in the dielectric between the strip conductor and the ground. In most practical cases,
the dielectric substrate is electrically thin, that is, A « X. Then the transverse field is dominant and the fields are called quasi-TEM.

The original analysis of microstrip was based on the unfolding of a coaxial line [13].

3.5.1 Microstrip Line in the Quasi-TEM Approximation

In this section a number of relations are developed based on the principle that the phase velocity of an EM wave in an air-only
homogeneous transmission with a TEM field line is just c. It is also shown that the static solutions for the transverse electric field
alone can be used to calculate the characteristics of a transmission line. The procedure described is used in many EM computer
programs to calculate the characteristics of transmission lines.

As a first step, the potential of the conductor strip is set to V, and Laplace’s equation is solved using an EM simulator for the
electrostatic potential everywhere in the dielectric. Then the per unit length (p.u.l.) electric charge, @, on the conductor is
determined. Using this in the following relation gives the line capacitance:

c=2
Vo
In the next step, the process is repeated with ¢, = 1 to determine Cj; (the capacitance of the line without a dielectric).

If the microstrip line is now an air-filled lossless TEM structure,

1
Vp, air = C = Fm (351)

and so

1

L is not affected by the dielectric properties of the medium.! I calculated above is the desired p.u.l. inductance of the line with the
dielectric as well as in free space. Once L and C have been found, the characteristic impedance can be found using

L

Zo = v (3.5.3)
rewritten as
1 1

Zy=— 3.5.4
Y o (35.4)

and the phase velocity is

1 Ca.ir

Up= ——===¢C 3.56.5
=~ Vo (353)

Now the field is distributed in the inhomogeneous medium and in free space, as shown in Figure 3.5.1(a). So the effective relative
permittivity, e, of the equivalent homogeneous microstrip line (see Figure 3.5.1(b)) is defined by

(4
= (3.5.6)
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(a) (b)
Figure 3.5.1: Microstrip /ink.sh micr (a) cross section; and (b) approximate equivalent structure where the strip is embedded in a
dielectric of semi-infinite extent with effective relative permittivity e.

Combining Equations (3.5.5) and (3.5.6), the effective relative permittivity (usually just the term effective permittivity is used) is
obtained:

(4
Cair

(3.5.7)

Ee =

The effective permittivity can be interpreted as the permittivity of a homogeneous medium that replaces the air and the dielectric
regions of the microstrip, as shown in Figure 3.5.1. Since some of the field is in the dielectric and some is in air, the effective
relative permittivity must satisfy

1<e.<é (3.5.8)

However, the minimum &, will be greater than 1 as electrical energy will be distributed in air and dielectric. The wavelength on a
transmission line, the guide wavelength ), is related to the free space wavelength by A, = Ao/+/Ee.

v Example 3.5.1: Microstrip Calculations

A microstrip line has a characteristic impedance Z, of 50 Q derived from reflection coefficient measurements and an effective
permittivity, €., of 7 derived from measurement of phase velocity. What is the line’s per-unit-length inductance, L, and
capacitance, C?

Solution

The key equations are Zy = v/L/C, €, = C/Cur, and for the air-filled microstrip line (with a TEM mode) v, = 1/4/LCq; = c.
Also assume that g, = 1 which is the default if not specified otherwise and also that L does not change if only the dielectric is
changed. Thus

C € L Ee . €e
Caj=6_e and then L=ﬁ so that ZO=”6=%’ that is C=\C/Z_0

So C = V7/(2.998 - 108 x 50) = 1.765- 107'° = 176.5 pF/m and L = ZZC = 441.3 nH/m.

3.5.2 Input Impedance of a Shorted Microstrip Line Modeled using a Field Solver

In this example a shorted microstrip line is examined with the aid of a microwave computer-aided design tool. The specific tool
used here is National Instruments AWR Design Environment (AWRDE), but most microwave analysis tools will provide the same
insight. The project file for the AWR Design Environment is RFDesign Shorted Microstrip Line.emp.

-_— L

1 o I
(a)

! -]
MATERIAL 3 T S |

MATERIAL2 | +
MATERIAL 1 hl

(b) (c)

Figure 3.5.2: Microstrip line layout: (a) microstrip schematic; (b) stack-up of materials with material 1 being the substrate, material
2 being the metal of the strip, and Material 3 being vacuum; and (c) simulation layout. Dimensions are w = 500 ym, £ = 1 cm. The
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metal is ¢ = 6 pm thick gold (conductivity o = 42.6 x 106 S/m) and the alumina substrate height is & = 600 pm with relative
permittivity e, = 9.8 and loss tangent 0.001. The size of the simulation box is defined by W = 6 mm, L = 12 mm, and box height H

= 2.61 mm.

The schematic of the microstrip line is shown in Figure 3.5.2(a). This is what the microstrip looks like from above, with the black
region indicating metal and the white cross indicating a via that connects the strip to the ground plane. The distance from the start
of the line to the wall of the via is £. The via has a finite length and it is important to take the length of the line up to the wall that
terminates the propagating electric and magnetic fields of the microstrip line and not to the center point of the via. While vias are
typically cylinders, and so there is not an electric wall across the microstrip, the part of the wall of the via that first encounters the
EM fields guided by the microstrip line is a good approximation.

To perform an EM analysis of this line it is necessary to define an enclosure with the cross section shown in Figure 3.5.2(b) and the
top view shown in Figure 3.5.2(c). The enclosure sets up the walls that terminate the EM field lines. Here the enclosure is a metal
box length L = 12 mm and width W = 6 mm. The height of the enclosure depends on the thicknesses assigned to the three materials
that comprise the microstrip environment (see Figure 3.5.2(b)). The enclosure here is a metal box, but options are usually provided
to define walls as electric or magnetic walls, and in addition the top walls of the box can be defined as absorbing walls. An
absorbing or free-space wall presents an approximation to the free-space conditions. In this example six electric walls are used,
with the side walls and top wall spaced a good distance from the line so that the fields are not perturbed by the presence of the side

walls.

There are two main types of frequency-domain EM solvers used in microwave engineering. One type uses the finite element
method (FEM), which solves for the fields at every grid point in a three-dimensional volume. This can provide a wealth of
information and handle a broad range of microwave structures. However, it is very slow and runs into memory problems for all but
the simplest structures. The other type of solver is called

T

\

o 10 20 0

Phase (degrees)

Frequency (GHz)

Figure 3.5.3: Magnitude and phase of the input impedance, Z;, of the microstrip line in Figure 3.5.2.

a two-and-a-half dimensional (or 22D) field solver. This type of solver uses what is called the method of moments to solve for the
charges on the surfaces of metals. Fields are not found at every point in space and so a 24D field solver is much faster than a 3D
solver. The type of solver that will be used here is a 22D field solver available in the AWRDE environment and also used in the
Sonnet simulations used elsewhere in this book. The restriction that comes with using a 24 D field solver is that the conductors and
dielectrics must be arranged in layers, as shown in Figure 3.5.2(b). Metals are treated as infinitely thin and, in some tools,
dielectrics can be arranged as blocks, but still following the layering protocol.

The layout in the horizontal z — y plane in Figure 3.5.2(c) is very close to the schematic view shown in Figure 3.5.2(a). Port 1 (the
only port) of the microstrip line is shown on the left in Figure 3.5.2(a) and in Figure 3.5.2(c) it is embedded in the left electric wall.
As was mentioned, a 22D field solver finds the charges on the metal. A grid of cells is established and most often the grid is a
regular rectangular mesh and curves and oblique angles can only be approximated. Even when more sophisticated meshes are used,
a curved shape is approximated by straight lines. In Figure 3.5.2(c) the via is inserted as a rectangular cuboid. Another restriction of
21D field solvers is that currents must flow either in the z — y plane or in the vertical (z) direction. So as long as the via has a small
(relative to a wavelength) dimension in the z direction and the z — y dimensions of the via are small, this is a small restriction in
exchange for a simulation that can be thousands of times faster than full 3D methods.

The dimensions of the microstrip were chosen for a characteristic impedance of 50 € yielding w = 500 pm for the alumina dielectric
with relative permittivity e, = 9.8 and height » = 600 pm. Also £ =1 cm. Often it is necessary to include realistic loss for the
materials to obtain physically meaningful results. Here the metal of the line and of the bottom wall is gold with conductivity o
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=42.6 x 108 S/m and the loss tangent of the alumina is 0.001. The strip has a thickness ¢ = 6 pm. The metal strip is simulated as
though it was infinitely thin, but the thickness is used in calculating the resistance of the strip. The dielectric above the strip is free
space with permittivity o and with a thickness of 2 mm. So the height of the box H=h + ¢ + 2 mm = 2.610 mm.

The input impedance, Z,, of the shorted microstrip line is shown in Figure 3.5.3. The plots show the magnitude and phase of the
input impedance. The phase is mostly +90° or —90°, indicating that Z;, is mostly reactive. At low frequencies near 0 GHz, the input
impedance is inductive since

0 200

AT (S
« N\ P\INAN

SN AL WYAL
\ \

2{’0 10 20 00
Frequency (GHz)

Phase (degrees)

=
s

Figure 3.5.4: Magnitude and phase of the input reflection coefficient, I, of the microstrip line in Figure 3.5.2 but now with a high
loss substrate with tané = 0.1.

the phase is approximately +90°. Zi, increases as would be expected from the approximate model of a shorted line. At 3 GHz, Zi,
changes from inductive to capacitive going through a near-open circuit. The transition is not instantaneous, as the line is lossy. Zi
continues to cycle as the excitation frequency increases.

It is interesting to view what happens when the loss is greatly increased. Here this is done by increasing the loss tangent of the
dielectric, tan g, to 0.1. This is much higher than that of any useful substrate. The reflection coefficient of the high loss line is shown
in Figure 3.5.4. At very low frequencies |I'| ~ 0 dB, i.e., [I'| ~ 1. The phase of I' ~ 180° so that I' ~# —1 (i.e., a short circuit). As
frequency increases |I'| decreases because of increasing dielectric loss and the phase of I' monotonically decreases as the line
becomes electrically longer.

3.5.3 Effective Permittivity and Characteristic Impedance

This section presents formulas for the effective permittivity and characteristic impedance of a microstrip line. These formulas are
fits to the results of detailed EM simulations. Also, the form of the equations is based on good physical understanding. First,
assume that the thickness, t, is zero. This is not a bad approximation, as ¢ < w, b for most microwave circuits.

Hammerstad and others provide well-accepted formulas for calculating the effective permittivity and characteristic impedance of
microstrip lines [14, 15, 16]. Given &,, w, and h, the effective relative permittivity is

Mostly the term “effective permittivity” is used to mean effective relative permittivity (check the magnitude).

e+l g—1 10h\ —2?
co= Tyt T () (359)
where
1. [u*+ {u/52}? 1 u \3
o(W)lumuyn =1+ Eln[ ut 1 0.432 ] * 17 ® [H (18.1) ] (3.5.10)
and
_ 5,-—0.9 ] 0.053
b(er) = 0.564 [ e (3.5.11)

Take some time to interpret Equation (3.5.9), the formula for effective relative permittivity. If ¢, =1, thene, = (1 +1)/24+0 =1,
as expected. If g, is not that of air, then &, will be between 1 and ¢,, dependent on the geometry of the line, or more specifically, the
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ratio w/h. For a very wide line, w/h > 1, e, = (e, +1)/2 + (¢, — 1)/2 = &,, corresponding to the EM energy being confined to the
dielectric. For a thin line w/h « 1, €, = (e, + 1)/2, the average of the dielectric and air permittivities.

The characteristic impedance is given by

Zy
Zy=—— 3.5.12
= ( )
where the characteristic impedance of the microstrip line in free space is
Fih 2h\2
Zo1 = Zo|(e,=1) = 601n lL +4/1+ (—) (3.5.13)
w w
and
Fy = 6+ (21 — 6) exp {—(30.666h/w) " 7528} (8.5.14)

The accuracy of Equation (3.5.9) is better than 0.2% for 0.01 < w/h <100 and 1 < e, < 128. Also, the accuracy of Equation (3.5.13)
is better than 0.1% for w/h < 1000. Note that Z; has a maximum value when w is small.

Now consider the special case where w is vanishingly small. Then ee has its minimum value:
1
€e = E(E" + ]_) (3515)

This leads to an approximate (and convenient) form of Equation (3.5.9):

_(er 1) | (er—1) 1

€e = +
) 2 2 /1+12h/w

This approximation has its greatest error of 1% for low and high ¢, and narrow lines, w/h <« 1. Again, Equation (3.5.12) is used to

(3.5.16)

calculate the characteristic impedance. A comparison of the line characteristics using the more precise formula for ee (Equation
(3-5.9)) and the slightly less accurate fit (Equation (3.5.16)) is given in Table 3.5.1.

The more exact analysis, represented by Equation (3.5.9), was used to develop Table 3.5.2, which can be used in the design of
microstrip on a silicon dioxide (SiO;) substrate and on an FR4 printed circuit board that both have a relative permittivity of 4, on
alumina with a permittivity of 10, on a silicon (Si) substrate with a relative permittivity of 11.9, and on a gallium arsenide (GaAs)
substrate with a relative permittivity of 12.85.

v/ Example 3.5.2: Microstrip Calculations

The strip of a microstrip line has a width of 600 um and is fabricated on a lossless substrate that is 635 um thick and has a
relative permittivity of 4.1.

a. What is the effective relative permittivity?
b. What is the characteristic impedance?
c. What is the propagation constant at 5 GHz ignoring any losses?

Solution

Use the formulas for effective permittivity, characteristic impedance, and attenuation constant from Section 3.5.3 with w = 600
pm; h =635 um; &, =4.1; w/h = 600/635 = 0.945.

(= i !
L
Figure 3.5.5
&+l e —1 10K\ ~**
e = 1 —
a. & 2 a 2 ( v w )
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From Equations (3.5.10) and (3.5.11),

(w/h)* + {w/(52R)}? w
a=1+4—191n[ (w/l;;4+0.i:-252 ]+F1_71n [1+(m)3] =0.991
]0.053

= 0.541

b= 0.564 [E’_O'g
er+3

From Equation (3.5.9), e, = 2.967.
b. In free space,

. 2
Zolaz = 601n [Flwh 41+ (%)

where Fy = 6 + (2 — 6) exp {—(30.666h/w)0 B}, Zg = Zo|an/v/Ee

Zolar =129.7Q and  Zo = Zo|a/v/Ee = 75.30)

C. f=5 GHz, w=27f, v = jw\/Ho€oce = J180.5/ m
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&r w/h €e Zy €e Zy
Eq. (3.5.9), 0.2% Eq. (3.5.16), 1%
1 0.01 1 401.1 1 401.1
1 0.1 1 262.9 1 262.9
1 1 1 126.5 1 126.5
1 10 1 29.04 1 29.04
1 100 1 3.61 1 3.61
2 0.01 1.525 322.5 1.514 325.9
2 0.1 1.565 210.0 1.545 211.5
2 1 1.645 98.64 1.639 98.83
2 10 1.848 21.36 1.837 21.43
2 100 1.969 2.58 1.972 2.58
10 0.01 5.683 165.8 5.630 169.0
10 0.1 6.016 107.0 5.909 108.2
10 1 6.705 48.86 6.748 48.70
10 10 8.556 9.93 8.534 9.94
10 100 9.707 1.16 9.752 1.16
20 0.01 10.88 119.6 10.77 122.2
20 0.1 11.57 77.14 11.36 78.00
20 1 13.01 35.07 13.13 34.91
20 10 16.93 7.06 16.91 7.06
20 100 19.38 0.821 19.48 0.819
128 0.01 66.90 48.15 66.30 49.25
128 0.1 71.51 31.02 70.27 31.37
128 1 81.12 14.05 82.11 13.96
128 10 71.51 2.80 70.27 2.80
128 100 123.8 0.325 124.5 0.324

Table 3.5.1: Comparison of two fitted equations for the effective relative permittivity and characteristic impedance of a microstrip
line. Equation (3.5.9) has an accuracy of better than 0.2% and Equation (3.5.16) has an accuracy of better than 1%.
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® t P e W t¥F &

(U) ° s &° s &° 3
140 0.171 2.718 0.028 5.914 0.017 6.907
139 0.176 2.720 0.029 5.917 0.018 6.910
138 0.181 2.722 0.030 5.919 0.019 6.914
137 0.185 2.723 0.031 5.922 0.020 6.919
136 0.190 2.725 0.032 5.924 0.021 6.923
135 0.195 2.727 0.033 5.927 0.022 6.925
134 0.201 2.729 0.035 5.931 0.022 6.927
133 0.206 2.731 0.036 5.933 0.023 6.930
132 0.212 2.733 0.037 5.936 0.024 6.934
131 0.217 2.734 0.038 5.939 0.025 6.937
130 0.223 2.736 0.040 5.942 0.026 6.941
129 0.229 2.738 0.043 5.949 0.028 6.948
128 0.235 2.740 0.044 5.951 0.029 6.951
127 0.241 2.742 0.046 5.955 0.030 6.954
126 0.248 2.744 0.048 5.958 0.031 6.957
125 0.254 2.746 0.050 5.962 0.033 6.963
124 0.261 2.748 0.052 5.966 0.034 6.966
123 0.268 2.750 0.054 5.970 0.035 6.969
122 0.275 2.752 0.056 5.973 0.038 6.977
121 0.283 2.755 0.058 5.977 0.039 6.980
120 0.290 2.757 0.061 5.982 0.041 6.985
119 0.298 2.759 0.063 5.985 0.043 6.990
118 0.306 2.761 0.066 5.990 0.045 6.995
117 0.314 2.763 0.068 5.993 0.047 6.999
116 0.323 2.766 0.071 5.998 0.049 7.004
115 0.331 2.768 0.074 6.003 0.051 7.008
114 0.340 2.771 0.077 6.007 0.053 7.013
113 0.349 2.773 0.080 6.012 0.055 7.017
112 0.359 2.776 0.083 6.016 0.057 7.022
111 0.368 2.778 0.086 6.021 0.060 7.028
110 0.378 2.781 0.089 6.025 0.062 7.032
109 0.389 2.783 0.093 6.031 0.065 7.038
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(1 t e W eF b

(U) Oy (Y S (Y S €
108 0.399 2.786 0.097 6.036 0.068 7.044
107 0.410 2.789 0.100 6.040 0.071 7.050
106 0.421 2.791 0.104 6.046 0.074 7.055
105 0.432 2.794 0.109 6.052 0.077 7.061
104 0.444 2.797 0.113 6.057 0.080 7.066
103 0.456 2.800 0.117 6.062 0.084 7.073
102 0.468 2.803 0.122 6.069 0.087 7.079
101 0.481 2.806 0.127 6.075 0.091 7.085
100 0.494 2.809 0.132 6.081 0.095 7.092
99 0.507 2.812 0.137 6.087 0.099 7.099
98 0.521 2.815 0.143 6.004 0.103 7.105
97 0.535 2.819 0.148 6.100 0.108 7.113
96 0.550 2.822 0.154 6.106 0.112 7.120
95 0.565 2.825 0.160 6.113 0.117 7.127
94 0.580 2.829 0.167 6.121 0.122 7.135
93 0.596 2.832 0.173 6.127 0.128 7.144
92 0.612 2.836 0.180 6.134 0.133 7.151
91 0.629 2.839 0.187 6.142 0.139 7.159
90 0.646 2.843 0.195 6.150 0.145 7.168
89 0.664 2.847 0.202 6.157 0.151 7.176
87 0.701 2.855 0.219 6.173 0.164 7.193
86 0.721 2.859 0.228 6.182 0.171 7.203
85 0.740 2.863 0.237 6.190 0.179 7.213
84 0.761 2.867 0.246 6.198 0.187 7.223
83 0.782 2.872 0.256 6.208 0.195 7.233
82 0.804 2.876 0.266 6.216 0.203 7.242
81 0.826 2.881 0.277 6.226 0.212 7.253
80 0.849 2.885 0.288 6.235 0.221 7.263
79 0.873 2.890 0.299 6.245 0.230 7.274
78 0.898 2.895 0.311 6.255 0.240 7.285
7 0.923 2.900 0.324 6.265 0.251 7.297
76 0.949 2.905 0.337 6.276 0.262 7.309
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(1 t e W eF b

(U) ) s S S ) €
75 0.976 2.910 0.350 6.286 0.273 7.321
74 1.003 2.915 0.364 6.297 0.285 7.333
73 1.032 2.921 0.379 6.309 0.297 7.345
72 1.062 2.926 0.394 6.320 0.310 7.359
7 1.092 2.932 0.410 6.332 0.323 7.371
70 1.123 2.937 0.426 6.34 0.338 7.386
69 1.156 2.943 0.444 6.357 0.352 7.399
68 1.190 2.949 0.462 6.369 0.368 7.414
67 1.224 2.955 0.480 6.382 0.384 7.429
66 1.260 2.961 0.500 6.396 0.400 7.444
65 1.298 2.968 0.520 6.410 0.418 7.460
64 1.336 2.974 0.541 6.424 0.436 7.476
63 1.376 2.980 0.563 6.439 0.455 7.492
62 1.417 2.987 0.586 6.454 0.475 7.509
61 1.460 2.994 0.610 6.470 0.496 7.527
60 1.504 3.001 0.635 6.486 0.518 7.545
59 1.551 3.008 0.661 6.502 0.541 7.564
58 1.598 3.015 0.688 6.519 0.564 7.583
57 1.648 3.022 0.717 6.538 0.589 7.603
56 1.700 3.030 0.746 6.556 0.616 7.624
55 1.753 3.037 0.777 6.575 0.643 7.645
54 1.809 3.045 0.809 6.594 0.672 7.667
53 1.867 3.053 0.843 6.614 0.702 7.690
52 1.927 3.061 0.878 6.635 0.733 7.713
51 1.991 3.069 0.915 6.657 0.766 7.738
50 2.056 3.077 0.954 6.679 0.800 7.763
49 2.125 3.086 0.995 6.702 0.837 7.790
48 2.197 3.004 1.037 6.726 0.875 7.817
a7 2.272 3.103 1.081 6.750 0.914 7.845
46 2.350 3.112 1.128 6.775 0.956 7.874
45 2.432 3.121 1.177 6.801 1.000 7.904
4 2.518 3.131 1.229 6.828 1.047 7.936
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(i t e W eF B

(U) Oy (Y S (Y S €
43 2.609 3.140 1.283 6.856 1.096 7.968
42 2.703 3.150 1.340 6.884 1.147 8.002
41 2.803 3.160 1.400 6.913 1.201 8.036
40 2.908 3.171 1.464 6.944 1.259 8.072
39 3.019 3.181 1.531 6.974 1.319 8.108
38 3.136 3.192 1.602 7.006 1.384 8.147
37 3.259 3.203 1.677 7.039 1.452 8.186
36 3.390 3.214 1757 7.073 1.524 8.226
35 3.528 3.226 1.841 7.108 1.600 8.268
34 3.675 3.237 1.931 7.143 1.682 8.311
33 3.831 3.250 2.027 7.180 1.769 8.355
32 3.997 3.262 2.129 7.218 1.862 8.402
31 4.174 3.275 2.238 7.258 1.961 8.449
30 4.364 3.288 2.355 7.298 2.067 8.498
29 4.567 3.301 2.480 7.340 2.181 8.549
28 4.875 3.315 2.615 7.384 2.304 8.601
27 5.020 3.329 2.760 7.428 2.436 8.655
26 5.273 3.344 2.917 7.475 2.579 8.712
25 5.547 3.359 3.087 7.523 2.734 8.770
24 5.845 3.374 3.272 7.573 2.902 8.831
23 6.169 3.390 3.474 7.625 3.086 8.894
22 6.523 3.407 3.604 7.679 3.287 8.960
21 6.912 3.424 3.936 7.734 3.508 9.028
20 7.341 3.441 4.203 7.793 3.752 9.100
19 7.815 3.459 4.499 7.854 4.022 9.174
18 8.344 3.478 4.829 7.917 4.323 9.252
17 8.936 3.497 5.199 7.983 4.661 9.334
16 9.603 3.517 5.616 8.053 5.043 9.419
15 10.361 3.538 6.090 8.126 5.476 9.509
14 11.229 3.559 6.633 8.202 5.972 9.604
13 12.233 3.581 7.262 8.282 6.547 9.704
12 13.407 3.604 7.997 8.367 7.219 9.809
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Z &, = 4 (Si0,, FR4) & = 10 (Alumina) &, = 11.9 (Si)

(1)) u Ee U €e w €e
11 14.798 3.628 8.868 8.456 8.016 9.920
10 16.471 3.652 9.916 8.550 8.975 10.038

Table 3.5.2: Microstrip line normalized width u(= w/A) and effective permittivity, ., for specified characteristic impedance Z,.
Data derived from the analysis in Section 3.5.3.
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Figure 3.5.6: Dependence of the ¢ factor of a microstrip line at 1 GHz for various permittivities and aspect (w/h) ratios. (Data
obtained from EM field simulations using Sonnet.)

3.5.4 Filling Factor

Defining a filling factor, g, provides useful insight into the distribution of energy in an inhomogeneous transmission line. The
effective microstrip permittivity is?

ge=1+q(e,—1) (3.5.17)

where for a microstrip line ¢ has the bounds
1
5 <a<1 (3.5.18)

The useful aspect of ¢ is that it is almost independent of &,. A ¢ factor of 1 would indicate that all of the fields are in the dielectric
region. The dependence of the g of a microstrip line at 1 GHz for various permittivities and aspect (w/h) ratios is shown in Figure
3.5.6. The properties of a microstrip line, and uniform transmission lines in general, can be described very well by considering the
geometric filling factor, ¢, and the dielectric permittivity separately. Fitting of the microstrip data yields a formula for ¢ in terms of
the geometry parameters [19]:

1 1
=3 (1 Y 12h/w) (3519)

3.5.5 Microstrip Resistance
R for a microstrip line is the sum of the resistance of the strip and the resistance of the ground plane:

R = Ryip + Reround (3.5.20)
(with SI units of Q/m). At low frequencies the current is uniformly distributed in the strip and so

R
Ramip = % =2 (3.5.21)

where p (with units of Qm) is the resistivity of the strip metal, R, = p/t (with units of Q but referred to as £/sq, ohms per square) is
the sheet resistance (also called the surface resistance) of the strip, ¢ is the thickness of the strip, and w is the width of the strip.
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The sheet resistance is used to indicate the resistance of a sheet of conductor without needing to factor in the thickness ¢ in
calculations.

At DC the current is distributed in the ground plane over the full width of the ground. At quite low frequencies this transitions so
that the current is not uniformly distributed in the ground plane and the resistance of the ground plane is approximated as [19]

Ry, w/h
w w/h+58+0.03h/w’

Reround = for 0.1 < w/h < 10 (3.5.22)
where the sheet resistance of the ground plane is R,,. The transition frequency from DC to the low-frequency approximation above
has been found to be 1.3 MHz for a microstrip with w = 200 gm, A = 100 pm, ¢, = 4, and a ground plane width of 2 mm (i.e., a very
wide ground) [20]. So at RF and microwave frequencies Equation (3.5.22) should be used as the low-frequency value of Rgound.
Both Rymip and Rgeuma Will increase at higher frequencies as then the charges rearrange at much higher frequencies. This will be
considered in the next chapter.

Finally, the attenuation due to the conductor loss, a., from Equation (2.5.15), is R/2Z, and so

_ Rstrip + Rground

27, (3.5.23)

Cc

v/ Example 3.5.3: Microstrip Attenuation

If the strip in Example 3.5.2 has a resistance of 1 /cm and the ground plane resistance can be ignored, what is the attenuation
constant at 5 GHz?

Solution

Figure 3.5.7
For a low-loss line, o = R/(2Zy) (since there is no dielectric loss), R =1 Q/cm, Zo = 75.3 , and so, using Equation (2.5.15),

a = 0.664 Np/m

3.5.6 Microstrip Conductance

For a microstrip line, an estimate of G is [19]

G==t

- 1 w(tan 6)e,Cair (3.5.24)

where tané is the loss tangent of the microstrip substrate and w is the radian frequency. So from Equations (2.5.14), (3.5.4), and

(3.5.24),
_GZy le.—1 1
w=—=5 p— 1w(tanti) &rClatr o (3.5.25)
Or, using Equation (3.5.7), this can be written as
aa= 2 ans)—=D N (3.5.26)
1T 2,/€c(er — 1) P o

This formula can be used with any TEM transmission line, that is, any transmission line in which the fields are perpendicular to the
direction of propagation.
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v/ Example 3.5.4: Microstrip "Rule-Of-Thumb"

A rule of thumb is a guideline that is not intended to be accurate but can be easily applied. The accurate formulas for the
characteristic impedance and effective permittivity of a microstrip line, Equations (3.5.12)—(3.5.16), indicate an underlying
trend. The very approximate ‘rule of thumb,’ for characteristic impedance of a microstrip line is
Zo, ROT = % % (3.5.27)
where k is a constant which is established for a reference line. Taking the reference as e, = 10 and w/h = 0.954 then from Tables
3.5.1 and 3.5.2, Zy, ger = 50 Q. For this reference k£ = 154.4 Q. The following table indicates the accuracy of this rule of thumb.
&r w/h actual Z, () approzim;;e Zo,wor ( error
10 1 48.86 48.8 1%
2 1 98.64 109 11%
20 1 35.07 34.5 2%
4 0.849 80 83.8 5%
10 0.288 80 91.0 14%
11.9 0.221 80 95.2 19%
4 2.056 50 53.8 8%
10 0.954 50 50.0 0%
11.9 0.800 50 50.0 0%
4 4.364 30 37.0 23%
10 2.355 30 31.8 6%
11.9 2.067 30 31.1 4%
Table 3.5.3
Thus the trends are correctly described. Even the worst case (¢ =4, w/h =4.364) has an error of 23% for a factor of 11
parameter change from the reference (¢ = 10, w/h = 0.954).

Footnotes

[1] The assumption that L is not affected by the dielectric is a good approximation. However, there is a small discrepancy as a
change in the electric field orientation affects the magnetic field, but there is little additional magnetic energy storage.

[2] The effective permittivity in Equation (3.5.17) is the upper bound on the permittivity of mixtures [17] and is known as the
Maxwell Garnett mixing rule [18].

This page titled 3.5: Microstrip Transmission Lines is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael

Steer.
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3.6: Microstrip Design Formulas

The formulas developed in Section 3.5.3 enable the electrical characteristics to be determined given the material properties and the
physical dimensions of a microstrip line. In design, the physical dimensions must be determined given the desired electrical
properties. Several people have developed procedures that can be used to synthesize microstrip lines [15, 21, 22, 23, 24]. This
subject is considered in much more depth in [19], and here just one approach is reported. The formulas are useful outside the range
indicated, but with reduced accuracy. Again, these formulas are the result of curve fits, but starting with physically based equation
forms.

3.6.1 High Impedance

For narrow strips, that is, when Z; > (44 — 2¢,) €,

w_ f(expH' 1 -1
h ( 8 4epo’) (36.1)

where

= Bov2er ) | % (5'_1) (mf + ilnf) (3.6.2)

119.9 & +1 2 g m

For Zy > (63 — 2¢,) Q, [24]

er+1

Ee = 5

2
29.98 2 12 re.—1 r 1 4
- Zo (s,+1 ) (sr+1 ) (IDT}_TIH;) (3.6.3)

The formula for ¢, is accurate to better than 1% for Z, > (44 — 2¢,) Q@ (i.e w/h < 1.3) for 8 < e,r < 12 [24]. Overall the synthesis of
w/h has an accuracy of better than 1%.

3.6.2 Low Impedance

Strips with low Z, are relatively wide and the formulas below can be used when Z; < (44 — 2¢,) Q. The cross-sectional geometry is

given by
% = % [(de, — 1) — In(2d,, — 1)] + % [ln(dE, —1)+0.293 — 0'5:7] (3.6.4)
where
4 — 59.9572 (365)
Zoy/er
For Zy < (63 — 2¢,) 02 [24]
€e Er (3.6.6)

~ 0.96 + £,(0.109 — 0.004¢,)[log(10 + Zo) — 1]

The expression for ee is accurate to better than 1% [24] for 8 < ¢, < 12 and 8 < Z, < (63 — 2¢,) .

v/ Example 3.6.1: Microstrip Design

Design a microstrip line to have a characteristic impedance of 75 © at 10 GHz. The microstrip a substrate that is 500 pm thick
with a relative permittivity of 5.6.

a. What is the width of the line?
b. What is the effective permittivity of the line?

Solution
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a. The high-impedance (or narrow-strip) formula (Equation (3.6.1)) is to be used for Z, > (44 — ¢,)[= (44 — 5.6) = 38.4] Q.
With e, = 5.6 and Z, = 75 Q, Equation (3.6.2) yields H’= 2.445. From Equation (3.6.1), w/h = 0.704, thus w = w/h x h
=0.704 x 500 pm = 352 pm.

b. The effective permittivity formula is Equation (3.6.3), and so e, = 3.82.

This page titled 3.6: Microstrip Design Formulas is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael

Steer.
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3.7: Stripline

A symmetrical stripline is shown in Figure 3.7.1(a). A stripline resembles a microstrip line and comprises a center conductor pattern
symmetrically embedded completely within a dielectric, the top and bottom layers of which are conducting ground planes. The
strip of width w is considered to have a thickness ¢ that is very small so that the strip is a distance h from each of the ground planes
and the ground planes are separated by b = 2hD. The strip is completely surrounded by the dielectric and so this is a homogeneous
medium and there is no need to introduce an effective permittivity.

h f L h i f - B
bl 1 £
;IP’TF-- - MSInp e 1] po—, =i Sirip
(a) Stripline (b) Suspended stripline

Figure 3.7.1: Stripline transmission lines. In the suspended stripline the strip is supported by a membrane.
¢, %,

Figure 3.7.2: Fringe capacitance at the corners of the strip in a stripline transmission lines.

3.7.1 Characteristic Impedance of a Stripline

Finite Thickness

The characteristic impedance of a stripline is [25, 26]

30r]  (1—t/b)

3.7.1
V5| a1 0; (371
where the effective width of the strip, weg, is obtained from
w 035—w/b?]  w
Wett _ ) b [ (T+12¢/b) ] 3 <035 (3.7.2)
b © © >0.35

and

Cr=2m [%(t/b) + 1] ~tm {m - 1} (3.7.3)

Cy accounts for the fringing capacitance at the edges of the strip and incorporates the effect of the strip thickness for ¢ « . The
fringing capacitance per unit length (e.g., F/m) at each corner of the strip is

’_ E()ErCf
F= T4 (3.7.4)
and is shown in Figure 3.7.2. The accuracy of these formulas is better than 1% for W/(b—t) > 0.05 and ¢/b < 0.025.
Zero Thickness
If the strip has zero thickness, the characteristic impedance of stripline is
307 1 94.25 1
,= | 20T - (3.7.5)
VEr ] (wesr/b) +2In2/m — \f&, (wes/b) +0.441

where the effective width of the strip, wes, is obtained from

https://eng.libretexts.org/@go/page/41033



https://libretexts.org/
https://eng.libretexts.org/@go/page/41033?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electronics/Microwave_and_RF_Design_II_-_Transmission_Lines_(Steer)/03%3A_Planar_Transmission_Lines/3.07%3A_Stripline

LibreTexts"

w _w)?2 w
war _ [ % —(035-%)" £ <035 (3.7.6)
b ] 2 >0.35
The fringing capacitance per unit length at each corner of the strip is
2In2
cj= % = 0.441eqe, (3.7.7)

A stripline supports a purely TEM mode and there is no dielectric dispersion due to an effective permittivity change with frequency.
Losses in a stripline are due to dielectric, conductor, and radiative losses. Radiative losses are confined to energy lost to excitation
of the parallel plate waveguide mode, but this can be suppressed by shorting the ground planes together at regular intervals (say
every tenth of a wavelength).

Formulas have also been developed for the characteristic impedance of asymmetrical stripline, that is, when the strip is not centered
between the ground planes [27].

v Example 3.7.1: Stripline

A thin strip of a symmetrical stripline has a width of 0.5 mm, is embedded in a dielectric of relative permittivity 5.6, and is
between ground planes separated by 1 mm. What is the characteristic impedance of the stripline?

Solution

The structure is shown in Figure 3.7.1(a) with w = 0.5 mm and b = 1 mm. Since the strip is thin, consider that ¢ = 0. So from
Equations (3.7.2) and (3.7.3)

Weff

=05 and C;=0.441 (3.7.8)

and so

94.25 1

Zo =
07 /56 (0.5+0.441)

=42.77Q (3.7.9)

3.7.2 Attenuation on a Stripline

For a low-loss stripline with radiation loss suppressed by vias between the ground planes, the attenuation, o, comprises two parts,
the conductive attenuation, a,, and the dielectric attenuation, ag4, so that & = @, + a4. From Equation (2.5.15)

R

ac=2—Z0

(3.7.10)

where R is the resistance per unit length of the line. R is the sum of the strip and ground resistances. At low frequencies the
resistance of the strip is

Rstrip = Rs/w (3711)

where R, is the sheet resistance of the strip and w is the width of the strip. The treatment for the ground resistance is similar to that
described in Section 3.5.5 for microstrip. At low microwave frequencies

1 Ry w/h

Rgomt = 5 = w/h + 5.8+ 0.08h/w’

for 0.1 <w/h <10 (3.7.12)

where the sheet resistance of the ground plane is R,,. The factor of onehalf arises because there are two grounds and the resistance
from each is in parallel. The effect of the ground on the line resistance is small. Both Rgyip and Rgouwd Will increase at higher
frequencies as the charges rearrange at much higher frequencies. This will be considered in the next chapter.

The formula for the dielectric attenuation comes from Equation (3.5.26). The general formula for the attenuation constant due to
dielectric loss is, for a low-loss TEM line,

o= %(tan&)% Np/m (3.7.13)
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Since the effective permittivity of a stripline is just the relative permittivity of the substrate, ¢, = ¢,, then Equation (3.7.13) reduces
to

g = %(tan 0)v/er Np/m = %w,/uosesr(tan 0) Np/m (3.7.14)

(Note that here w is the radian frequency and not the width w.)

The suspended stripline structure shown in Figure 3.7.1(b) has minimal dielectric and hence minimal dielectric loss. Resonators
built using a suspended stripline have a high @ and this structure can be used to realize high-performance filters.

v/ Example 3.7.2: Stripline Attenuation

What is the attenuation of a symmetrical stripline at 1 GHz with w = h = 0.5 mm, a £ = 4 pm-thick strip, silver metallization,
and an FR-4 substrate. The ground planes are 4 uym thick. Assume that high frequency effects on line resistance can be ignored.

Solution

The strip is very thin and the results of Example 3.7.1 can be used so Z, = 42.77 Q. The resistivity of silver is py; = 14.87 nQ - m
and so the sheet resistivity of the strip, R; = pag/t = (14.87 n - m)/(4 pm) = 3.968 mQ. From Equation (3.7.11) the resistance of
the strip is Ry = Rs/w = (3.968 mQ)/(1 mm) = 3.968 £2/m. The sheet resistance of the grounds is the same as the strip so R,
= 3.968 mQ. From Equation (3.7.12) the resistance of the grounds is

R _ 1B w/h
gowd = 9 " w/h + 5.8 + 0.03h/w
1 (3.968 mQ) 1 3.968 2/m
- = = = 0.581 Q2 3.7.15
2 (lmm) 1+58+003 6.83 /m (3.7.15)

so that the total line resistance R = Rsprip + Rground = 4.549 ©/m. Thus the attenuation due to conductor loss is a, = R/(2Zp)
=0.1064 Np/m = 0.924 dB/m. FR-4 has negligible conductivity and loss in the dielectric is due to dielectric relaxation. FR-4
has a loss tangent at 1 GHz of 0.01 and a relative dielectric constant of 4.3. From Equation (3.7.14)

1
o= Ew,/ugsosr(tan 0) Np/m = 0.2172 Np/m = 1.886 dB/m (3.7.16)

The total attenuation & = a, + a,g = (0.924 + 1.886) dB/m = 2.810 dB/m.

3.7.3 Design Formulas for a Stripline

The synthesis of a symmetrical stripline with a substrate having a relative permittivity e, and thickness b requires determination of
the width of the strip for a particular characteristic impedance [25]. The width w is obtained from

w T for Zy < 120/+/e, Q
2= (3.7.17)
b 0.85— 06—z for Zo > 120/,/&; Q
where
p=—oom _2m2_ 9% 44 (3.7.18)

VerZy T &l
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3.8: Co-Planar Waveguide

Microstrip is the most popular medium for circuit design at frequencies ranging from several hundred megahertz to tens of
gigahertz. However, the electrical characteristics of a microstrip line are sensitive to variations of substrate thickness, and radiation
from a microstrip line increases when the substrate is thick. The substrate thickness is not well controlled and can vary by 1%-5% in
many substrate technologies. As a result, the characteristic impedance will change by about the same amount. This is not acceptable
in many designs where it is desirable that microstrip synthesis be accurate to 1% or so. The lateral dimensions, however, are well
controlled being photolithographically defined and then etched.

A solution to the problems of microstrip is coplanar waveguide (CPW) shown in Figure 3.8.1(a). CPW consists of a central strip
flanked by two metal half-planes that carry the return current. The outer conductors can be regarded as ground, but they do not
need to be explicitly connected to ground. Provided that the substrate is sufficiently thick, in practice this means that the substrate
thickness is two or three times greater than both the strip width w and the metal separation s, the electrical characteristics of CPW
are entirely determined by the lateral dimensions, since all of the metallization is on one layer.

Of course, the infinite half-grounds of CPW cannot be produced so a more realistic implementation of CPW is finite ground CPW
(FGCPW), shown in Figure 3.8.1(b), where the signal return conductors are of finite width. For both the CPW and FGCPW lines,
the vitalization and currents

i in Finite
Strip Strip by

Y Finite /, /
Conductor pattern ground
< /%2%7
“-_ o WS . Wy '| g

h e R i / h W) .I‘\—q_.l‘—‘iv—

(a) (b)

Figure 3.8.1: Coplanar waveguide (CPW): (a) conventional; and (b) finite ground CPW (FGCPW).

are confined to a single layer. However, the following discussion focuses on the idealized CPW structure in Figure 3.8.1(a) as this
has been studied extensively. However, the characteristics of FGCPW are very close to those of CPW if w; > 3w (see Figure 3.8.1

(b))

3.8.1 Effective Permittivity and Characteristic Impedance of CPW

The fields in CPW, and thus the EM energy, are almost equally divided between air and dielectric, especially when the gap is small
relative to the thickness of the dielectric. The effective relative permittivity of CPW is [28]
ge = €re = 0.5(e, + 1){tanh[1.785log(h/s) + 1.75]
+(ks/h)[0.04 — 0.7k + 0.01(1 — 0.1¢,) (0.25 + k)] } (3.8.1)
which is accurate to 1.5% for /s > 1. In Equation (3.8.1)
w

= .8.2
k w+2s (38.2)

Simply taking the effective permittivity as (e- + 1)/2 is a good starting point in analysis and design.

The characteristic impedance of CPW is [29]

_ 30 K@)
0= \/E_‘3 K(k‘) (383)
where
K =4/(1—k?) and K'(k)=K(K) (3.8.4)

K(k) and K (k') are elliptic integrals, but the ratio, which is all that is required, is much simpler [30]:
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) 0<k<0.707

K’ (k) 1-Vk

(3.8.5)
K'(k) 1 1+VE
O —In (271 — W) 0.707 < k<1 (3.8.6)

Note that with CPW, Z; is determined by the ratio of the center strip width w to the gap width s. This makes the design of a CPW
line with a particular Z non unique because an infinite range of w and s values will result in a specific Zy requirement. This
provides additional design flexibility.

v/ Example 3.8.1: CPW

A CPW line is fabricated on a 500 pm thick GaAs substrate, has a strip with a width of 200 ym, and a gap of 200 ym between the
strip and the ground planes. The relative permittivity of the substrate is 12.85 and the strip is 10 pm thick. What is the effective
permittivity and characteristic impedance of the CPW line?

Solution
The structure is that shown in Figure 3.8.1(a) with w = 500 pm, s = 200 pm, k = 500 ym, and ¢ = 10 pm. From Equation (3.8.2),

w 500

= w+2s  B00+400 0% ()

From Equation (3.8.1),

£ = 0.5(12.85 + 1){tanh(1.785 log(500/200) + 1.75]
+(0.556 - 200,/500)[0.04 — 0.7 - 0.556 + 0.01(1 — 0.1 - 12.85)(0.25 + 0.556)]}
=6.28 (3.8.8)

This compares to &, = 6.925 if the permittivities of air and the substrate are averaged.

Several quantities need to be calculated before calculating Z,. Since 0 < k < 0.707,

Kk 1 1+vVk
——=—In|2 =0.833 3.8.9
o® T (1_ﬁ) Y
Thus from Equation (3.8.3),
30w K'(K)
Zy= 7= K® =45.10Q (3.8.10)

3.8.2 Loss of CPW lines

Loss of a CPW line is primarily due to dielectric, radiative, and conductor losses. Dielectric loss is lower in a CPW line than in a
microstrip line as the electric field lines are evenly divided between the air and dielectric, whereas with a microstrip line most of
the field is concentrated in the dielectric. Also, radiation loss with CPW is much lower than with microstrip as the fields lines with
a CPW line are much more tightly confined. In practice, when s/h is near to or greater than 1 the structure partially turns into a
microstrip transmission line and it is of no use as a CPW line. This transfer of energy into the microstrip mode is another form of
loss but can be avoided.

At low frequencies the strip resistance is
Rstrip = Rs/w (3811)

where R, is the sheet resistance of the strip and w is the width of the central strip. The ground resistance can be ignored as the
ground current spreads out considerably and the resistances of each ground are in parallel, thus further reducing the ground
resistance.

Approximately, the dielectric and conductive components of the attenuation are (if w, pg, and g9 have SI units) [19]
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R
ap = %w,/uososrtand Np/m and a¢= % Np/m (3.8.12)
0

respectively. So ap is almost entirely due to the choice of substrate material.

In summary, it is necessary to calculate the loss of CPW lines using EM simulation software to obtain the required accuracy. This is
due to the more tightly confined fields and the greater variation of current densities compared to microstrip and stripline. A key
attribute of CPW is the relative frequency independence of the effective permittivity, as this leads to almost dispersion-free
transmission of signals. Also, devices can be connected along the signal path without using vias.

3.8.3 CPW Structures

The various CPW structures shown in Figure 3.8.2 are used to realize transmission line elements. The CPW-to-microstrip transition

shown in
4 b~ 4
W w W

W T 1r— Tl
(a) Short circuit (b) Impedance step out () Right-angled bend
i 5| st

T T g

=gk —l

(d) Open circuit (e) Impedance step in (f) Mitered rlgh!v.mgh-d bend

—1—

ok ke =tV
0 »-ﬁ:l T il : Ll‘
w T Il T”
T -dl:- o == Microstrip
ir ground

cPw Micrastnp

="
=

(g) Gap capacitor (j) Series stub (k) CPW-to-microstrip transition

Figure 3.8.2: CPW structures.

Conductor
pattem

Figure 3.8.3: Differential line or coplanar strips (CPS).
Figure 3.8.2(k) requires vias to transfer the ground plane from the same surface as the strip in the CPW line to the second metal
plane that forms the ground of microstrip.
3.8.4 Differential Line and Coplanar Strip

A coplanar strip (CPS) line is shown in Figure 3.8.3. CPS has only two conductors separated by a narrow longitudinal slot. It is a
balanced line structure and is occasionally implemented in applications including radiating elements and transitions. CPS has
become important for on-chip implementations, especially for RFICs and high-speed digital signal transmission, where it is usually
referred to as differential line.

CPS is closely related to CPW, as the signal return path is well defined and the electrical characteristics are independent of

substrate thickness. CPS is a good structure to use instead of CPW when space is at a premium. Differential line is commonly used
with RFICs, as the signal path on the IC is almost always differential since differential circuits on-chip remove many of the
distortion and noise-coupling concerns. CPS suffers from relatively high radiation losses when realized on low-permittivity

https://eng.libretexts.org/@go/page/41034


https://libretexts.org/
https://eng.libretexts.org/@go/page/41034?pdf

LibreTexts"

substrates. The radiation also results in substantial interaction and cross talk between adjacent circuits, although this is lower than
with a microstrip line.

3.8.5 Summary

Coplanar waveguide is the transmission medium of choice above 20 GHz or so, although the threshold for the switch from
microstrip to CPW is higher for on-chip lines. CPW confines the EM fields in a more localized manner than does microstrip, thus
reducing spurious coupling, radiation, and dispersion. The electrical characteristics of CPW are defined by the lateral dimensions
that can be accurately defined photolithographically. This is a significant advantage when the thickness of a substrate cannot be
accurately controlled. CPW provides a precisely defined signal return path and this reduces capacitive coupling of signal lines. CPS
lines are also used as digital interconnect mediums where the desirable attribute is the differential signaling. Differential lines,
having the same structure as CPS, are commonly used as off-chip transmission lines connecting RFICs.

This page titled 3.8: Co-Planar Waveguide is shared under a not declared license and was authored, remixed, and/or curated by Michael Steer.
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3.9: Summary

This chapter considered the most important planar transmission lines: microstrip, CPW and stripline. These lines can be produced
using printed circuit board techniques. At frequencies below 1 GHz, economics require that standard FR4 circuit boards be used.
The weave of a conventional FR4 circuit board can be a significant fraction of critical transmission line dimensions and so affect
electrical performance. Nonwoven substrates and sometimes hard substrates such as alumina ceramic, sapphire, or silicon crystal
wafers are often required. These also provide higher-dimensional tolerance than can be achieved using conventional woven FR4
substrates. In general, once a design has been optimized in fabrication so that the desired electrical characteristics are obtained,
microwave circuits using planar transmission lines can be cheaply and repeatably manufactured in volume. This is true even with
ceramic substrates that shrink when they are fired in a process performed after the transmission lines have been patterned.
Microstrip and CPW are ideal transmission lines enabling surface modification in design optimization. Buried transmission line
mediums such as stripline are difficult to rework, but of course allow more compact designs and thus lower unit costs. However,
the rework difficulty results in higher design cost. Stripline does have an advantage over microstrip. Microstrip radiates, but with
the fields confined between ground planes, stripline does not. Also stripline design enables multilayer circuit boards to be used, and
thus results in smaller overall circuit size, at the price of higher design cost since design on-the-bench optimization are much more
difficult.

This page titled 3.9: Summary is shared under a not declared license and was authored, remixed, and/or curated by Michael Steer.
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3.11: Exercises

1

10

11.

12.

13.

14.

15

16.

. At low frequencies a microstrip line has a capacitance of 1 nF/m and when the dielectric is replaced by air its capacitance is

0.5 nF/m. What is the phase velocity of signals on the line with the dielectric substrate in place? Consider that the relative
magnetic permeability is 1.

. A non-magnetic microstrip line has a capacitance of 100 pF/m and when the dielectric is replaced by air it has a capacitance of

25 pF/m. What is the phase velocity of signals on the line with the dielectric?

. At low frequencies a non-magnetic microstrip transmission line has a capacitance of 10 nF/m and when the dielectric is

replaced by air it has a capacitance of 2.55 nF/m. What is the effective permittivity of the microstrip line of signals on the line
with the dielectric substrate in place?

. A microstrip line on 250 pm thick GaAs has a minimum and maximum strip widths of 50 ym and 250 um respectively. What is

the range of characteristic impedances that can be used in design?

. A microstrip line with a substrate having a relative permittivity of 10 has an effective permittivity of 8. What is the wavelength

of a 10 GHz signal propagating on the microstrip?

. A microstrip line has a width of 500 ym and a substrate that is 635 um thick with a relative permittivity of 20. What is the

effective permittivity of the line?

. The strip of a microstrip has a width of 250 um and is fabricated on a lossless substrate that is 500 gm thick and has a relative

permittivity of 2.3. [Parallels Example 3.5.2]

a. What is the effective relative permittivity of the line?

b. What is the characteristic impedance of the line?

c. What is the propagation constant at 3 GHz ignoring any losses?

d. If the strip has a resistance of 0.5 Q/cm and the ground plane resistance can be ignored, what is the attenuation constant of
the line at 3 GHz?

. A microstrip line on a 250 um-thick silicon substrate has a width of 200 ym. Use Table 3.5.2.

a. What is line’s effective permittivity.
b. What is its characteristic impedance?

. A 600 um-wide microstrip line on a 500 pm thick alumina substrate. Use Table 3.5.2.

a. What is line’s effective permittivity.
b. What is its characteristic impedance?

. A microstrip line on a 1 mm-thick FR4 substrate has a width of 0.497 mm. Use Table 3.5.2.

a. What is line’s effective permittivity.
b. What is its characteristic impedance?

Consider a microstrip line on a substrate with a relative permittivity of 12 and thickness of 1 mm.

a. What is the minimum effective permittivity of the microstrip line if there is no limit on the minimum or maximum width of
the strip?

b. What is the maximum effective permittivity of the microstrip line if there is no limit on the minimum or maximum width of
the strip?

A microstrip line has a width of 1 mm and a substrate that is 1 mm thick with a relative permittivity of 20. What is the geometric
filling factor of the line?

The substrate of a microstrip line has a relative permittivity of 16 but the calculated effective permittivity is 12. What is the
filling factor?

A microstrip line has a strip width of 250 pm and a substrate with a relative permittivity of 10 and a thickness of 125 ym. What is
the filling factor?

. A microstrip line has a strip width of 250 pm and a substrate with a relative permittivity of 4 and thickness of 250 pm. Determine

the filling factor and thus the effective relative permittivity of the line?
A microstrip line has a strip with a width of 100 um and the substrate which is 250 um thick and a relative permittivity of 8.

a. What is the filling factor, g, of the line?
b. What is the line’s effective relative permittivity?
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c. What is the characteristic impedance of the line?
17. An inhomogeneous transmission line is fabricated using a medium with a relative permittivity of 10 and has an effective
permittivity of 7. What is the fill factor ¢?
18. A microstrip technology uses a substrate with a relative permittivity of 10 and thickness of 400 ym. The minimum strip width is
20 pm. What is the highest characteristic impedance that can be achieved?
19. A microstrip transmission line has a characteristic impedance of 75 £, a strip resistance of 5 Q/m, and a ground plane resistance
of 5 2/m. The dielectric of the line is lossless.

a. What is the total resistance of the line in ©/m?
b. What is the attenuation constant in Np/m?
c. What is the attenuation constant in dB/cm?

20. A microstrip line has a characteristic impedance of 50 Q, a strip resistance of 10 £/m, and a ground plane resistance of 3 Q/m.

a. What is the total resistance of the line in Q/m?
b. What is the attenuation constant in Np/m?
c. What is the attenuation constant in dB/cm?

21. A microstrip line has 10 um-thick gold metallization for both the strip and ground plane. The strip has a width of 125 um and the
substrate is 125 pm thick.

a. What is the low frequency resistance (in /m) of the strip?
b. What is the low frequency resistance of the ground plane?
c. What is the total low frequency resistance of the microstrip line?

22. A 50 Q microstrip line has 10 um-thick gold metallization for both the strip and ground plane. The strip has a width of 250 um
and the lossless substrate is 250 pm thick.

a. What is the low frequency resistance (in Q/m) of the strip?

b. What is the low frequency resistance of the ground plane?

c. What is the total low frequency resistance of the microstrip line?
d. What is the attenuation in dB/m of the line at low frequencies?

23. A 50 Q microstrip line with a lossless substrate has a 0.5 mm-wide strip with a sheet resistance of 1.5 mQ and the ground plane
resistance can be ignored. What is the attenuation constant at 1 GHz? [Parallels Example 3.5.3]

24. A microstrip line operating at 10 GHz has a substrate with a relative permittivity of 10 and a loss tangent of 0.005. It has a
characteristic impedance of 50  and an effective permittivity of 7.

a. What is the conductance of the line in S/m?
b. What is the attenuation constant in Np/m?
c. What is the attenuation constant in dB/cm?

25. A microstrip line has the per unit length parameters L = 2 nH/m and C = 1 pF/m, also at 10 GHz the substrate has a
conductance G of 0.001 S/m. The substrate loss is solely due to dielectric relaxation loss and there is no substrate conductive
loss. The resistances of the ground and strip are zero.

a. What is G at 1 GHz?
b. What is the magnitude of the characteristic impedance at 1 GHz?
c. What is the dielectric attenuation constant of the line at 1 GHz in dB/m?

26. A microstrip line has the per unit length parameters L = 1 nH/m and C = 1 pF/m, also at 1 GHz the substrate has a conductance
G of 0.001 S/m. The substrate loss is solely due to dielectric relaxation loss and there is no substrate conductive loss. The
resistance of the strip is 0.5 2/m and the resistance of the ground plane is 0.1 Q/m.

a. What is the per unit length resistance of the microstrip line at 1 GHz?

b. What is the magnitude of the characteristic impedance at 1 GHz?

c. What is the conductive attenuation constant in Np/m?

d. What is the dielectric attenuation constant of the line at 1 GHz in dB/m?

27. A microstrip line operating at 2 GHz has perfect metallization for both the strip and ground plane. The strip has a width of 250
pm and the substrate is 250 um thick with a relative permittivity of 10 and a loss tangent of 0.001.
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a. What is the filling factor, g, of the line?
b. What is the line’s effective relative permittivity?
c. What is the line’s attenuation in Np/m?
d. What is the line’s attenuation in dB/m?
28. A 50 Q microstrip line operating at 1 GHz has perfect metallization for both the strip and ground plane. The substrate has a
relative permittivity of 10 and a loss tangent of 0.001. Without the dielectric the line has a capacitance of 100 pF/m.

a. What is the line conductance in S/m?

b. What is the line’s attenuation in Np/m?

c. What is the line’s attenuation in dB/m?

29. Design a microstrip line having a 50 Q characteristic impedance. The substrate has a permittivity of 2.3 and is 2560 pm thick. The
operating frequency is 18 GHz. You need to determine the width of the microstrip line.
30. A load has an impedance Z = 75 + 515 Q.

a. What is the load reflection coefficient, I'z,, with reference impedance of 75 Q?

b. Design an open-circuited stub at the load that will make the impedance of the load plus the stub, call this Z;, be purely real.
Choose a stub characteristic impedance of 75 Q. At this stage do an electrical design only. (This requires complete electrical
information such as the electrical length of the stub.)

c. Following on from (b), now design a quarter-wave transformer between the source and the stub that will present 50  at the
input. (The design must include the characteristic impedance of the transmission line and its electrical length. Thus the
structure is a A/4 transformer, a stub, and the load.)

d. Now convert the electrical specifications of the design into a physical design at 1 GHz using microstrip technology with
substrate thickness h = 0.5 mm and relative permittivity &, = 10. You must design the widths and lengths of the stub and the
quarterwave transformer.

31. Design a microstrip line to have a characteristic impedance of 65  at 5 GHz. The substrate is 635 pm thick with a relative
permittivity of 9.8. Ignore the thickness of the strip. [Parallels Example 3.6.1]
a. What is the width of the line?
b. What is the effective permittivity of the line?
32. Design a microstrip shorted stub at 10 GHz with the following characteristics:
o Characteristic impedance of 60 Q.
o A substrate with a relative permittivity of 9.6 and thickness of 500 pm.
o Input impedance of 760 Q.

a. What is the width of the microstrip line?

b. What is the length of the line in centimeters?

c. What is the effective permittivity of the line?

d. If the line is one-quarter wavelength longer than that calculated in (b), what will the input reactance be?

e. Regardless of your calculations above, what is the input admittance of a one-quarter wavelength long shorted stub?

33. Design a microstrip line to have a characteristic impedance of 20 Q. The microstrip is to be constructed on a substrate that is
1 mm thick with a relative permittivity of 12. [Parallels Example 3.6.1]
a. What is the width of the line? Ignore the thickness of the strip and frequency-dependent effects.
b. What is the effective permittivity of the line?
34. A load has an impedance Z = 75 + 715 Q.

a. What is the load reflection coefficient, I'z, if the system reference impedance is 75 Q?

b. Design a shorted stub at the load that will make the impedance of the load plus the stub, call this Z;, be purely real; that is,
the reflection coefficient of the effective load, I';, has zero phase. Choose a stub characteristic impedance of 75 Q2. At this
stage do an electrical design only. (This require complete electrical information, e.g. the electrical length of the stub.)

c. Following on from (b), now design a quarter-wave transformer between the source and the stub that will present 50 £ at the
input. (The design must include the characteristic impedance of the transmission line and its electrical length. Thus the
structure is a \/4 transformer, a stub, and the load.)
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35.

36.

37.

38

39.

40.

41.

42.
43.

44.

45.

d. Now convert the electrical design into a physical design at 1 GHz using microstrip technology with substrate thickness A
= 0.5 mm and relative permittivity e, = 10. You must design the widths and lengths of the stub and the quarter-wave
transformer.

The strip of a symmetrical stripline has a width of 1 mm and the ground planes of the stripline are separated by 2 mm. The
dielectric has a relative permittivity of 4.2. The strip has negligible thickness.

a. What is the effective permittivity of the stripline?
b. What is the characteristic impedance of the stripline at 1 GHz?

The strip of a symmetrical stripline has a width of 500 pm and the ground planes of the stripline are separated by 1 mm. The
dielectric has a relative permittivity of 10. The strip has a thickness of 0.1 mm.

a. What is the effective permittivity of the stripline?

b. What is the characteristic impedance of the stripline?

c. What is the total fringing capacitance in pF/m?
The strip of a symmetrical stripline has a width of 200 gm and the ground planes of the stripline are separated by 1 mm. The
dielectric has a relative permittivity of 4. The strip has a thickness of 0.1 mm.

a. What is the effective permittivity of the stripline?

b. What is the characteristic impedance of the stripline?
c. What is the total fringing capacitance in pF/m?

. The strip of a symmetrical stripline has a width of 50 ym and the ground planes of the stripline are separated by 300 gm. The

dielectric has a relative permittivity of 10. The strip has a thickness of 10 um. What is the characteristic impedance of the
stripline?

The strip of a symmetrical stripline has a width of 0.25 mm and the ground planes of the stripline are separated by 1 mm. The
dielectric has a relative permittivity of 80. What is the effective width of the strip?

The strip of a symmetrical stripline has a width of 100 ym and is embedded in a lossless medium that is 400 gm thick and has a
relative permittivity of 13, thus the separation, h, from the strip to each of the ground planes is 200 pm.

a. Draw the effective waveguide model of a stripline with magnetic walls and an effective strip width, weg.
b. What is the effective relative permittivity of the stripline waveguide model?
c. What is weg?

A symmetrical stripline has a thin strip with a width of 200 um, is embedded in a dielectric of relative permittivity 12, and is
between ground planes separated by 500 pm. What is Z; of the line? [Parallels Example 3.7.1]

At 1 GHz a 60 Q stripline has the per unit parameters R = 2 Q/m and G = 1 mS/m. What is the attenuation of the line in dB/m?
A 50 ©Q symmetrical stripline has a 0.5 mm wide strip and the ground planes are separated by 1.2 mm. The strip has a sheet
resistance of 1.5 m§2 and each ground plane has a sheet resistance of 1 mQ. (Ignore high frequency effects on resistance.) The
substrate has a loss tangent of 0.005 and a relative permittivity of 6. [Parallels Example 3.7.2]

a. What is the line’s effective permittivity?

b. What is its characteristic impedance?

c. What is the attenuation constant of the line in dB/m at 2 GHz?
The strip of a CPW line has a width w = 400 um and separations from the in-plane grounds of s = 250 ym. The substrate is A
= 1000 um thick and the thickness of the metal is t = 5 pum. What is the effective permittivity and characteristic impedance of the
CPW line.
A CPW line with a 250 um thick GaAs substrate, has a width of 125 ym and thickness of 3 um, and a gap of 125 um between the
strip and ground planes. [Parallels Example 3.8.1]

1. What is the line’s effective permittivity?
2. What is the Zj of the line?

3.11.1 Exercises by Section
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§3.54,5,61,71,8,9,10,11,12,13, 14,15, 16,17, 18, 19, 20, 21, 22, 23, 24, 251, 26 1, 27, 28
§3.6 291, 301, 311, 321, 33t

§3.7 34%, 351, 361, 371, 381, 391, 401, 411, 42,43

§3.8 44, 45¢

3.11.2 Answers to Selected Exercises

6.12.75
7.(c) 784.1 m™!

19. (c) 0.579 dB/m
20. (a) 13Q2/m

25. (b) 44.72 Q
31. (a) 340 pm

33.(b)9.17
34. (b) 100.9° for open stub, 10.89° for shorted stub

39. 245.5 ym
40. (c) 969 pym
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4.1: Introduction

Previous chapters discussed the low-frequency operation of transmission lines. This chapter describes the origins of, particularly of
planar lines. Figure 4.1.1 shows the typical frequency dependence of a line’s RLGC parameters. The variations of R, L, and C are of
most interest, and, except with some semiconductor substrates, G is usually negligible.

The major limitation on the dimensions and maximum operating frequency of a transmission line is determined by the origination
of higher-order modes (i.e., orientations of the fields). Different modes on a transmission line travel at different velocities. Thus the
problem is that if a signal on a line is split between two modes, then the information sent from one end of the line will reach the
other end in two packets arriving at different times. The two modes have random partitioning of the signal
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Figure 4.1.1: Frequency dependence of transmission line parameters.
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Figure 4.1.2: Dispersion of a pulse along a line.

energy and it is the combination that will be detected, and in general the information will be lost as the two modes combine in an
incoherent manner. Multimoding must always be avoided.

This page titled 4.1: Introduction is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael Steer.
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4.2: Frequency-Dependent Characteristics

All interconnects have frequency-dependent behavior. In this section the origins of the frequency-dependent behavior of a
microstrip line are examined because microstrip has the most significant frequency dependence among interconnects of general
interest. Frequency-dependent behavior other than multimoding often results in dispersion. The effect can be seen in Figure 4.1.2
for a pulse traveling along a line. The pulse spreads out as the different frequency components travel at different speeds. For a long
line, successive pulses will start merging and the signal will become unintelligible.

The most important frequency-dependent effects are

o changes of material properties (permittivity, permeability, and conductivity) with frequency (Section 4.2.1),
o current bunching (discussed in Section 4.2.3),

o skin effect (Sections 4.2.4 and 4.2.5),

o internal conductor inductance variation (Section 4.2.4),

o dielectric dispersion (Section 4.2.6), and

e multimoding (Section 4.4).

While the discussion focuses on microstrip lines, the effects occur with other planar and nonplanar transmission lines.

4.2.1 Material Dependency

Changes of permittivity, permeability, and conductivity with frequency are properties of the materials used. Fortunately the
materials of interest in microwave technology have characteristics that are almost independent of frequency, at least up to 300 GHz
or so.

4.2.2 Frequency-Dependent Charge Distribution

Skin effect, current bunching, and internal conductor inductance are all due to the necessary delay in transferring EM information
from one location to another. This information cannot travel faster than the speed of light in the medium. In a dielectric material the
speed of an EM wave will be slower

High frequency effect on charge distribution
5V 5V

Current bunching alone

5V, 5

1 GHz 10 GHz
Skin effect alone

5V 5y
0 \-'% 0 \:@

1 GHz 10 GHz
(a) (h) (c)
Figure 4.2.1: Cross-sectional view of the charge distribution on an interconnect at different frequencies. The + and — indicate
charge concentrations of different polarity and corresponding current densities. There is no current bunching or skin effect at DC.

than that in free space by a factor of /g, where ¢, is the relative permittivity of the material. Thus the speed of an EM wave in
microwave dielectrics is reduced typically by a factor ranging from just over 1 to 300. However, the velocity in a conductor is
extremely low because of high conductivity. In brief, current bunching is due to changes related to the finite velocity of information
transfer through the dielectric, and skin effect and variations of internal conductor inductance are due to the very slow speed of
information transfer inside a conductor. As frequency increases, only limited information to rearrange charges can be sent before
the polarity of the signal reverses and information is sent to reverse the changes. The skin and charge-bunching effects on a
microstrip line are illustrated in cross section in Figure 4.2.1.
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4.2.3 Current Bunching

Consider the charge distribution for a microstrip line shown in the cross-sectional views in Figure 4.2.1. The microstrip cross
sections shown here are typical of an interconnect on a printed circuit board or a monolithically integrated circuit where the top
dielectric is a passivation layer. The thickness of the microstrip is often a significant fraction of its width, although this is
exaggerated in Figure 4.2.1.

The charge distribution shown in Figure 4.2.1(a) applies when there is a positive DC voltage on the strip (the top conductor). In this
case there are positive charges on the top conductor arranged with a fairly uniform distribution. The individual positive charges
(caused by the absence of balancing electrons exposing positively charged ions) tend to repel each other, but this has little effect on
the charge distribution for practical conductors with finite conductivity. (If the conductor had zero resistance then these net charges
would be confined to the surface of the conductor.) The bottom conductor is known as the ground plane and there are balancing

J?k\.l'lt.-wphn\l ‘?\Vmwphu:\

Ground
_ plane

________________________________ Strip

{a) DC (b) High frequency

Figure 4.2.2: Current bunching effect in time. Positive and negative charges are shown on the strip and on the ground plane. The
viewpoint is on the ground plane.

negative charges, or a surplus of electrons, so that electric field lines begin on the positive charges and terminate on the negative
charges. The negative charges on the ground plane are uniformly distributed across the whole of the ground plane. An important
point is that where there are unbalanced charges there can be current flow. So the charge distribution at DC, shown in Figure 4.2.1
(a), indicates that for the top conductor, current would flow uniformly inside the conductors and the return current in the ground
plane would be distributed over the whole of the ground plane.

The charge distribution becomes less uniform as frequency increases and eventually the signal changes so quickly that information
to rearrange charges on the ground plane is soon (half a period latter) countered by reverse instructions. Thus the charge
distribution depends on how fast the signal changes. Another way of looking at this effect is to view the charges on the strip of the
microstrip line at one time. This is shown in Figure 4.2.2 for a DC signal on the line and for a high-frequency signal. The DC
situation is shown in Figure 4.2.2(a) where there is a uniform distribution of negative charges on the strip. This uniform distribution
(in this case of negative charges) is seen from the viewpoint shown. The field then induces uniformly distributed positive charges
on the ground plane. At a high frequency the charges on the strip alternate between negative and positive charges, as shown in
Figure 4.2.2(b). Now the effective charge on the strip that is “seen” depends on how far the viewpoint is from the strip. When the
viewpoint is at a large distance, it will seem as though the positive and negative charges cancel each other out. Thus on the ground
plane at a large distance from the strip there will effectively be very little net charge on the strip. Consequently, at distance, there
will be few matching charges on the ground plane that match the charges on the strip. Closer into the strip the ground will “see” a
more concentrated charge on the strip and the charges on the ground plane will correspond more closely to the DC situation.

The electric field lines, which must originate and terminate on charges, will concentrate in the substrate more closely under the
strip as frequency increases. There will be fewer electric field lines in the air that go out to the fewer distant charges in the ground
plane. The two major effects are that the effective permittivity of the microstrip line increases with frequency, and resistive loss
increases as the average current density in the ground, which corresponds to the net charge density, increases. Thus the line
resistance and capacitance increase with frequency (see Figure 4.1.1(a) and 4.1.1(d), respectively). For the majority of substrates G
is due to dielectric relaxation rather than conduction in the dielectric. As such, G increases linearly with frequency with a
superlinear increase at very high frequencies when the electric field is more concentrated in the dielectric (see Figure 4.1.1(c)).

In the frequency domain the current bunching effects are seen in the higher-frequency views shown in Figures 4.2.1(b and c). (The
concentration of charges near the surface of the metal is a separate effect known as the skin effect.) The longitudinal impact of
current or charge bunching alone is illustrated in Figures 4.2.3, 4.2.4, and 4.2.5. These figures present amplitudes of the current and
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charge phasors at various frequencies and were calculated using the Sonnet EM simulator. In interpreting these figures, take into
account the magnitudes of the current and charge distributions as identified in the captions, as the scales are normalized. An
alternative view (or time-domain view) is the instantaneous snapshot of current and charge shown in Figure 4.2.6.

This situation is not just confined to the transverse plane, and regions further along the interconnect also send instructions. The net
effect is bunching of charges and hence of current on both the ground plane and the strip.

4.2.4 Skin Effect and Internal Conductor Inductance

At low frequencies, currents are distributed uniformly throughout a conductor. Thus there are magnetic fields inside the conductor
and hence magnetic energy storage. As a result, there is internal conductor inductance. Transferring charge to the interior of
conductors is particularly slow, and as the frequency of the signal increases, charges are confined closer to the surface of the metal.
This effect is seen in Figure 4.2.7 where the current density inside the strip of a microstrip line is plotted at various frequencies.
Thus time-varying EM fields are not able to penetrate the conductors as much as frequency increases. This phenomenon is known
as the skin effect. With lower internal currents, the internal conductor inductance reduces and the total inductance of the line drops
[1, 2, 3, 4]. Thus the redistribution of the current results in a change of the inductance with frequency (see Figure 4.1.1(b)). Only
above a few gigahertz or so can the line inductance be approximated as a constant for the transverse interconnect dimensions of a
micron to several hundred microns.

The skin effect is characterized by the skin depth, §,, which is the distance at which the electric field, or equivalently the charge
density, reduces to 1/e of its value at the surface. The skin depth is determined to be

0, = 1//7fpoo2 (4.2.1)

Here f is frequency and o3 is the conductivity of the conductor. The conductivity is a measured quantity that is determined by the
same physical phenomenon.! The permittivity and permeability of metals typically used

1 GHz
P ==
(b) Current on strip (d) Charge on strip
(a) Scale (¢} Current on ground () Charge on ground

Figure 4.2.3: Normalized current and charge magnitudes on an alumina microstrip line at 1 GHz (&, = 10.0): (a) scale; (b)
longitudinal current, 4,, on the strip (10-26 A/m); (c) on the ground plane (0-3.2 A/m); (d) charge on the strip (80-400 nC/m?); and
(e) on the ground (0-33 nC/m?). See inside the back cover for a color image.

10 GHz

(b) Current on strip (d) Charge on strip
— ]
l —_— —
(a) Seale  (c) Current on ground (e) Charge on ground

Figure 4.2.4: Normalized current and charge magnitudes on an alumina microstrip line at 10 GHz: (a) scale; (b) longitudinal current,
i, on the strip (10-28 A/m); (c) on the ground plane (0-4.1 A/m); (d) charge on the strip (114-512 nC/m?); and (e) on the ground (
0-39 nC/m?). See inside the back cover for a color image.
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30 GHz
| | —
(b) Current on strip (d) Charge on strip
oI
(a) Scale  (c) Current on ground (e) Charge on ground

Figure 4.2.5: Normalized magnitudes of current and charge on an alumina microstrip line at 30 GHz: (a) scale; (b) longitudinal
current, 4,, on the strip (10-31 A/m); (c) on the ground plane (0-6 A/m); (d) the charge on the strip (200-575 nC/m?); and (e) on the
ground (0-68 nC/m?). See inside the back cover for a color image.

Longitudinal current Charge
i i T
| o

(b) On strip (d) On strip

(a) Scale (c) On ground () On ground

Figure 4.2.6: Normalized instantaneous current and charge on an alumina microstrip line at 30 GHz. Lighter regions have higher
current density in (b) and (c), and more positive charge in (d) and (e).

indicate higher

1 I i “n Darker regions
current denisty.

I
{a) )]

 R— . R— ]

} (d)

Figure 4.2.7: Cross sections of the strip of a microstrip line showing the impact of skin effect and current bunching on current
density: (a) at dc (uniform current density); (b) the strip thickness, ¢, is equal to the skin depth, §, (i.e. at a low microwave
frequency); (c) t = 36,; (d) t = 54, (i.e. at a high microwave frequency); and (e) ¢ = 55, for a narrow strip. The plots are the result of
3D simulations of a microstrip line using internal conductor gridding.

for interconnects (e.g., gold, silver, copper, and aluminum) are that of free space, €o and w, respectively, as there is no mechanism
to store electric energy (there is no separation of charge centers) and, except for magnetic materials, no mechanism to store
magnetic energy (no unbalanced magnetic moments).

4.2.5 Skin Effect and Line Resistance

The skin effect is illustrated in Figure 4.2.1(b) at 1 GHz. The situation is more extreme as the frequency continues to increase (e.g.,
to 10 GHz) as in Figure 4.2.1(c). There are several important consequences of this. On the top conductor, as frequency increases,
current flow is mostly concentrated near the surface of the conductors and the effective cross-sectional area of the conductor, as far
as the current is concerned, is less. Thus the resistance of the top conductor increases. A more dramatic situation exists for the
charge distribution in the ground plane. From the previous discussion of current bunching it was noted that charge is not uniformly
distributed over the whole of the ground plane, but instead becomes more concentrated under the strip as frequency increases. In
addition to this, charges and current are confined to the skin of the ground conductor so that the frequency-dependent relative
change of ground plane resistance with increasing frequency is greater than that of the strip. On the strip, current bunching results
in charges being concentrated on the edges of the strip. This effect is more pronounced the higher the permittivity of the substrate.

The skin effect and current bunching result in frequency dependence of the line resistance, R, with

R(0) f such that ¢t < 36,

R(f) = { R(0) + Ryen(f) f such that ¢ > 36, (42.2)

where R(0) = Rtip(0) + Rgrowna(0) is the resistance of the line at low frequencies (see Equation (3.5.20)). R(f) describes the
frequency-dependent line resistance that is due to both the skin effect and current bunching. Approximately,
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Raaw(f) = R(O)kV/f (4.2.3)

Here k is a constant, and while Equation (4.2.3) indicates proportionality to 1/F, this is an approximation, but R(f) always increases
more slowly than frequency [4, 6, 7, 8]. The dominant breakpoint is indicated in Equation (4.2.2).

The increased resistance of the strip at high frequencies results from both current bunching, increasing the current density at the
edges of the strip and reducing it in the middle with respect to the width of the strip, and skin effect, increasing the current density
on the top and bottom surfaces of the strip and reducing it in the middle with respect to the thickness of the strip (this is of concern
at frequencies where ¢ > 36, [4, 7]). At low frequencies the contribution of the ground to the resistance of the line is small, but
because of current bunching the resistance of the ground becomes significant [8] at higher frequencies. The resistance of the ground
further increases because of the skin effect and at high microwave frequencies the resistance of the ground can be comparable to
that of the strip. Surface roughness of the metal also affects line resistance [9]. This is easy to imagine if the roughness is
comparable to the skin depth as the current path is increased by the roughness. Roughness of the metal surface primarily reflects
the roughness of the substrate for hard substrates. With soft substrates the underside of the metal is intentionally roughened so that
the rough needle-like metal surface penetrates into and anchors to the dielectric when the metal and dielectric are pressed together.
For these reasons it is not possible to develop a simple and accurate expression for the frequency-dependent resistance of a
microstrip line, and EM simulation is also necessary, but even then roughness cannot be accounted for. EM simulation is necessary
in any case to determine attenuation due to radiation. It is essential to incorporate measurements into the design cycle of circuits at
high microwave frequencies to account for effects that cannot be modeled [10, 11]. One observation on the frequency dependence
of resistance is that it is pointless to make the thickness of the strip or of the ground thicker than three times the skin depth.

v/ Example 4.2.1: Skin Depth

Determine the skin depth for copper (Cu), silver (Ag), aluminum (Al), gold (Au), and titanium (Ti) at 100 MHz, 1 GHz,
10 GHz, and 100 GHz.

Solution

The skin depth is calculated using Equation (4.2.1) and the conductivity from Appendix 2.A.

Resistivity (m2  Conductivity Skin depth, 6, (m)

Metal

~m) (MS/m) 100 MHz 1 GHz 10 GHz 100 GHz
Copper (Cu) 16.78 59.60 6.52 2.06 0.652 0.206
Silver (Ag) 15.87 63.01 6.34 2.01 0.634 0.201
Aluminum (Al) 26.50 37.74 8.19 2.59 0.819 0.259
Gold (Ag) 22,14 4517 7.489 2.37 0.749 0.237
Titanium (Ti) 4200 0.2381 103.1 32.6 10.3 3.26
Table 4.2.1

4.2.6 Dielectric Dispersion

Dispersion is principally the result of the propagation velocity of a sinusoidal signal being dependent on frequency. For a pulse on
the line, dispersion manifests as the various frequency components of a signal traveling with different velocities.

The electric field lines shift as a result of the different distributions of charge, with more of the electric energy being in the
dielectric as frequency increases. Thus the effective permittivity of a microstrip line increases with increasing frequency. At high
frequencies, the fundamental result of the field rearrangement is that the capacitance of the line increases, but this change can be
quite small—typically less than 10% over the range of DC to 100 GHz. (This effect is described by the frequency dependence of the
effective permittivity of the transmission line.) To a lesser extent, dispersion is also the result of other transmission line parameters
changing with frequency, such as an interconnect’s resistance. For an IC where the interconnects can have very small transverse
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dimensions (e.g., microns) on digital ICs, the line resistance is the most significant source of dispersion. The qualitative effect of
dispersion is the same whether it is related to the resistance (resistance-induced dispersion) or change in the effective permittivity
(dielectric-inhomogeneity-induced dispersion).

Different interconnect technologies have different dispersion characteristics. For example, with a microstrip line the effective
permittivity changes with frequency as the proportion of the EM energy in the air region to that in the dielectric region changes.
Dispersion is reduced if the fields are localized and cannot change orientation with frequency. This is the case with coplanar
interconnects—in particular, coplanar waveguide (CPW) and coplanar strip (CPS) lines. The stripline of Figure 3.3.1(k) also has
low dispersion, as the fields are confined in one medium and the effective permittivity is just the permittivity of the medium. Thus
interconnect choices can have a significant effect on the integrity of a signal being transmitted.

As discussed earlier, as the frequency is increased, the fields on a microstrip line become more concentrated in the region beneath
the strip. Thus there is a frequency-dependent effective microstrip permittivity, .(f). This quantity increases with frequency and
the wave is progressively slowed down. The effective microstrip permittivity is now

ee(f) = {c/[vp()]}? (4.2.4)

Fundamentally, characterizing the dispersion problem then consists of solving the transmission line fields for the frequency-
dependent phase velocity, vp(f). The limits of e.(f) are readily established; at the low-frequency extreme it reduces to the static
TEM value ¢, (or &.(0)), while as frequency is increased indefinitely, e.(f) approaches the substrate permittivity itself, e,. That is,

€.(0) as f—0

4.2.
Er as f = o0 (4.2.5)

ge(f) = {

Between these limits .(f) changes smoothly.

4.2.7 Summary

Various transmission line technologies have different frequency dispersion characteristics. The two most important technologies for
microwave circuits are coaxial lines and microstrip. With both the variation of resistance with frequency due principally to the skin
effect are significant. However this has little effect on characteristic impedance and effective permittivity with the dominate effect
being increased loss at higher frequencies. With microstrip, but not with a coaxial line, variations due to changing orientation of the
EM fields is the most significant effect. With increasing frequency the proportion of signal energy in the air region reduces and the
proportion in the dielectric increases. The overall trend with microstrip is for the fields to be more concentrated in the dielectric as
frequency increases and this increases a microstrip line’s effective relative permittivity and hence slows down propagation. The
variation of characteristic impedance of microstrip with frequency is more complex as the increasingly tight transverse rotation, i.e.
curl, of the fields tends to increase characteristic impedance but the increasing effective permittivity tends to decrease characteristic
impedance. Thus following the initial design of a microstrip circuit, it is important to use EM simulations to adjust designs to
account for dispersion.

Footnotes

[1] This phenomenon is described by M. Born and E. Wolf [5]. In a conductor an electric field accelerates free electrons that in turn
radiate around the direction of motion. This process is repeated as the field penetrates the conductor. While the leading edge of the
electric field propagates quickly through the conductor it rapidly diminishes in amplitude. The average field penetrates very slowly
due to the large number of free electrons and multiple scattering of the field. A rough guide is that the effective velocity at
microwave frequencies for transfer of the bulk of the energy is about ¢/1000. It is not possible to determine an accurate number.

This page titled 4.2: Frequency-Dependent Characteristics is shared under a CC BY-NC license and was authored, remixed, and/or curated by
Michael Steer.
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4.3: High-Frequency Properties of Microstrip Lines

Here the high-frequency properties of microstrip lines are discussed and formulas incorporating frequency dependence are
presented for effective permittivity, characteristic impedance, and attenuation loss. The effective permittivity at DC (as calculated
in the previous chapter) is denoted .(0) and the characteristic impedance at DC is Zy(0). These are also called the quasi-static
effective permittivity and quasi-static characteristic impedance. Detailed analysis [12] yields the following formula for the
frequency-dependent effective permittivity of a microstrip line:

eelf) == % (43.1)
where
fo= mr 0m - ({’;3325:1-73)(1,, /h) (432)
fo= %tan_l {a, EE:(_LE:(OI)} (43.3)
B { ;n?,o;n : ZEZ° i 533 (4.3.4)

1 -3
mo=it T+ valh | 032 (1+V v h) 435
1++y/w/h / (4.3.5)
{ 1+ kb7 {0.15 — 0.235¢045//fe}  for w/h < 0.7
Me =

(4.3.6)
1 for w/h > 0.7

SI units are used in these equations. The accuracy of the equations is better than 0.6% for 0.1 < w/h <10, 1 <&, <128, and for any
value of h/X provided that k < A/10.

The free-space wavelength is Ay, the wavelength in the medium is A, and the guide wavelength (the wavelength on the line) is
Ag.

The frequency-dependent characteristic impedance is, with reference to Equations (3.5.13) and (3.5.12),

Zn V/€e(0)
= Zo(0
v=n 290

Zy(f) = (4.3.7)

4.3.1 Frequency-Dependent Loss

The effect of loss on signal transmission is captured by the attenuation constant, a. There are two primary sources of loss: that
resulting from the dielectric, captured by the dielectric attenuation constant, aq, and that from the conductor loss, captured by the
conductor attenuation constant, a.. Thus

aldgs = a4las + aclas (4.3.8)

When dielectric loss is significant (e.g., the substrate is silicon which has appreciable conductivity), the previous formula for a4
(Equation (3.5.26)) provides a good estimate for the attenuation when ¢, is replaced by the frequency-dependent effective relative
permittivity, e.(f).

Frequency-dependent conductor loss, described by the conductor attenuation ., results from the concentration of current as
frequency increases:

R({)

a.(f) = 27 (4.3.9)

where R(f) is the frequency-dependent line resistance described in Section 4.2.5.
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A third source of loss is radiation loss, leading to an attenuation factor, o,. At the frequencies at which a transmission line is
generally used, it is usually smaller than dielectric and conductor losses. So, in full,

o(f) = aa(f) - ac(f) - ar(f) (4.3.10)
and in decibels
a(f)las = ea(flas + ac(f)las + or(f)|aB (4.3.11)
sk
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Figure 4.3.2: Dependence of effective relative permittivity, ., of a microstrip line at 1 GHz for various permittivities and aspect
ratios (w/h).

4.3.2 Field Simulations

In this section, results are presented for EM simulations of microstrip lines with a variety of parameters. These simulations were
performed using the Sonnet EM simulator. Figure 4.3.1 presents calculations of Z, for various aspect ratios (w/h) and substrate
permittivities (e,) when there is no loss. The key information here is that narrow strips and low-permittivity substrates have high
Zy. Conversely, wide strips and high-permittivity substrates have low Z,. The dependence of permittivity on aspect ratio is shown
in Figure 4.3.2, where it can be seen that the effective permittivity, e., increases for wide strips. This is because more of the EM
field is in the substrate.

When loss is incorporated, ¢, becomes complex and the imaginary components indicate loss mostly due to conductor loss. Figure
4.3.3 presents the frequency dependence of three microstrip lines with different substrates and aspect ratios. These simulations took
into account finite loss in the conductors and in the dielectric. In Figure 4.3.3(a) it can be seen that the effective permittivity, .,
increases with frequency as the fields become confined more to the substrate. Also, the real part of the characteristic impedance is
plotted with respect to frequency. Up to 20 GHz a drop-off in Z, is observed as frequency increases. This is due to both reduction of
internal strip and ground inductances as charges move to the skin of the conductor and also to greater confinement of the EM fields
in the dielectric as frequency increases. It is not long before the characteristic impedance increases. This effect is not due to the skin
effect and current bunching that were previously described. Rather it is due to other EM effects that are only captured in EM
simulation. It is a result of spatial variations being developed in the fields (related to the fact that not all parts of the fields are in
instantaneous contact).
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Figure 4.3.3: Frequency dependence of the real and imaginary parts of . and Z, of a gold microstrip line on alumina with e,.(DC).

4.3.3 Summary

Today’s microwave designer is indeed fortunate that in the 1980s considerable effort was put into developing frequency-dependent
formulas for effective permittivity and characteristic impedance, Equations (4.3.1) and (4.3.7), and these can still be used. One
effect that is not captured by these formulas is the increased transverse curl of the EM fields with increasing frequency and this
tends to increase the characteristic impedance, e.g. see Section 4.3.2. But the frequency-dependence of effective relative
permittivity is captured. To incorporate the geometric impact on frequency-dependent characteristic impedance it is necessary to
optimize a design using EM field simulation following an initial design using the frequency-dependent formulas.

This page titled 4.3: High-Frequency Properties of Microstrip Lines is shared under a CC BY-NC license and was authored, remixed, and/or
curated by Michael Steer.
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4.4: Multimoding on Transmission Lines

Multimoding is a phenomenon that affects the integrity of a signal as it travels on a transmission line. For transmission lines,
multimoding occurs when there are two or more EM field configurations that can support a propagating wave. Different field
configurations travel at different speeds so that the information traveling in two or modes modes would combine incoherently and,
if the energy in the modes is comparable, it will be impossible to discern the intended information being sent. It is critical that the
dimensions of transmission line structures be designed to avoid multimoding. The most common mode on a transmission line is
when there is no, or the minimum possible, variation of the fields in the transverse direction (perpendicular to the direction of
propagation).

The transmission structures of interest here are those that have conductors that establish boundary conditions to guide a wave along
an intended path. For these lines the lowest-order mode with minimum transverse field variations is called the TEM mode. Higher-
order modes occur when the fields can vary. From here the discussion necessarily invokes EM theory. If you need to do this, see
Section 1.5, where EM theory is reviewed specifically with respect to multimoding. One of the important concepts is that electric
and magnetic walls impose boundary conditions on the fields. Electric walls are conductors, whereas a magnetic wall is formed
approximately at the interface of two regions having different permittivity.

It is the property of EM fields that spatial variations of the fields cannot occur too quickly. This comes directly from Maxwell’s
equations that relate the spatial derivative (the derivative with respect to distance) of the electric field to the time derivative of the
magnetic field. The same is true for spatial variation of the magnetic field and time variation of the electric field. How fast a field
varies with time depends on frequency. How fast an EM field changes spatially, its curl, depends on wavelength relative to
geometry and on boundary conditions. Without electric and magnetic walls establishing boundary conditions, as in free space, a full
wavelength is required to obtain the lowest-order variation of the fields. With electric or magnetic walls where the fields can
terminate, a smaller distance is sufficient. Between two electric walls one-half wavelength of distance is required. The same is true
for magnetic walls. With one electric wall and one magnetic wall, a quarter-wavelength separation of the walls will support a
higher-order mode. A

E field H field
Electric wall Normal Parallel
Magnetic wall Parallel Normal

Table 4.4.1: Properties of the EM fields at electric and magnetic walls.

(b)

Figure 4.4.1: Parallel-plate waveguide: (a) three-dimensional view; and (b) cross-sectional (transverse) view.

general rule for avoiding multimoding is that critical transverse geometries must be kept to under a fraction of a wavelength (say,
< A/20r < A/4).

One type of multimoding has already been described. In the previous chapter it was seen that the signals on a regular transmission
line have two simple solutions that are interpreted as the forward-traveling and backward-traveling modes. Each mode is a possible
solution of the differential equations describing the signals. These are not the modes being referred to by the term multimoding.
The boundary conditions in the longitudinal direction are established by the source and load impedances, and so the variation can
be any fraction of a wavelength. This section is concerned with other solutions to the equations describing the fields on a
transmission line structure. In general, the other solutions arise when the transverse dimensions, such as the distance between the
two conductors of a two-conductor transmission line, permits a variation of the fields.
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The boundary conditions established at electric and magnetic walls were derived in Section 1.8 and are summarized in Table 4.4.1.
Circuit structures such as transmission lines, substrate thicknesses, and related geometries are nearly always chosen so that only
one solution of Maxwell’s equations is possible. In particular, if the cross-sectional dimensions of a transmission line are much less
than a wavelength then it will be impossible for the fields to curl up on themselves and so perhaps there will be only one or, in
some cases, no solutions to Maxwell’s equations.

This page titled 4.4: Multimoding on Transmission Lines is shared under a CC BY-NC license and was authored, remixed, and/or curated by
Michael Steer.
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4.5: Parallel Plate Waveguide

The parallel-plate waveguide shown in Figure 4.4.1 is the closest regular structure to planar transmission lines such as a microstrip
line. The aim here is to develop design guidelines that will enable transmission line structures to be designed to avoid multimoding.

- TSI e -— -
A
E

¥ £
i B

{a) TEM mode {b) TE mode,

Figure 4.5.1: Parallel-plate waveguide showing electric, E, and magnetic, H, field lines. The electric (E) and magnetic (H) field
lines are shown with the line thickness indicating field strength. The shading of the E field lines indicates polarity (+ or —) and the
arrows indicate direction (and also polarity). The z direction is into the page.

4.5.1 Electromagnetic Derivation

The development of the wave equations begins with Maxwell’s equations (Equations (1.5.1)—(1.5.4)). A simplification to the
equations is to assume a linear, isotropic, and homogeneous medium, a uniform dielectric, so that e and p are independent of signal
level and are independent of the field direction and position. Thus (in the time domain)
- 0B — - 8D
== = _— 4.5.1
Vx€& o VxH=J+ o (4.5.1)

V-D=py V.-B=0 (4.5.2)

where py is the volume charge density and J is the current density. 7 and py will be zero except at an electric wall. The above
equations do not include magnetic charge or magnetic current density. These do not actually exist and so a modified form of
Maxwell’s equations incorporating these is not necessary to solve the fields on a structure.

In the lateral direction, the z direction, the parallel-plate waveguide in Figure 4.4.1 extends indefinitely. For this regular structure,
and with a few assumptions, the form of Maxwell’s equations with multidimensional spatial derivatives can be simplified. One
approach to solving differential equations is to assume a form of the solution and then test to see if it is a valid solution. The first
solution to be considered is called the TEM mode and corresponds to the minimum possible variation of the fields. Also, it is
assumed that the variation in the z direction is described by the traveling-wave equations. So the only fields of interest here are E
and H in the transverse plane; all that is seen in Figure 4.4.1(b). If all the fields are in the zy plane, then it is sufficient to apply just
the boundary conditions that come from the top and bottom ground planes. At first it appears that there are many possible solutions
to the differential equations. This is simplified by assuming certain variational properties of the E;, E,, H,, and H,, fields and then
seeing if these solutions can be supported. The simplest solution is when there is no variation in the fields and then the only
possible outcome is that E, = 0 = Hy. This is the TEM mode indicated in Figure 4.5.1(a). At the boundaries, the top and bottom
metal planes, there is a divergence of the electric field, as immediately inside the (ideal) conductor there is no electric field and
immediately outside there is. This divergence is supported by the surface charge on the ground planes (see Equation (1.5.2)).

In Figure 4.5.1(a), the thickness of the lines indicates relative field strength and there is no variation in field strength in either the
electric or magnetic fields shown. The coefficients of the field components are determined by the boundary conditions. The trial
solution used here has E, =0 = Hy and E, =0 = H,; that is, the trial solution has the electric field in the y direction and the
magnetic field is in the x direction. Maxwell’s equations (Equations (4.5.1) and (4.5.2)) become (note that € = £,% + &,§ + &€,2)

0B,% D%

g = g +7 (4.5.3)
V-Dy=p V-B,x=0 (4.5.4)

Vx&EF=—

Expanding the curl, Vx, and div, V-, operators using Equations (1.5.21) and (1.5.22) these become (with D = ¢FE and B = pH)
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LOE, 9B,k OuT,%

220 _ OBk _ Ok (4.5.5)

yaZz _ agz,fr ‘7= Beatyfl L7 (4.5.6)
iazz,, _ agjy _ (4.5.7)
633; _ 6;;2(: -0 (4.5.8)

These equations describe what happens at each point in space.

Equation (4.5.5) indicates that if there is a time-varying component of the z-directed B field then there must be a z-varying
component of the E, field component. This is just part of the wave equation describing a field propagating in the z direction.
Equation (4.5.6) indicates the same thing, but now the roles of the electric and magnetic fields are reversed. Equation (4.5.5) shows
that the y component of the electric field can be constant between the plates, but at the plates there must be a charge on the surface
of the conductors (see Equation (4.5.7)), to terminate the electric field (as indicated by Equation (4.5.7)), as there is no electric field
inside the conductors. Equation (4.5.8) indicates that the z component of the magnetic field cannot vary in the « direction (i.e., B,
and H, are constant). Thus the assumption behind the trial solution about the form of this mode is correct. The electric and
magnetic field are uniform in the transverse plane, the zy plane, and the only variation is in the direction of propagation, the z
direction (but there is no 2-directed component of the fields). Thus the test solution satisfies Maxwell’s equations. This is the TEM
mode, as all field components are in the z and y directions and none are in the z direction. The TEM mode can be supported at all
frequencies in the parallel-plate waveguide.

In exploring the existence of higher-order modes, Maxwell’s equations need to be simplified further. Putting Equations (4.5.5)—
(4.5.8) in phasor form, and considering the source free region between the plates (so J =0 and p = 0), these become (note that E, is

the phasor of E;)
9E, T
5 = JwpH, % JweE, (4.5.9)
% —0 aa}if —0 (4.5.10)
and the solution becomes
6625;” =~%E, and 3;5’ =~2H, (4.5.11)

where v = jw,/fz€ and there is no variation of the E, component of the electric field in the y direction and no variation of the H,
component of the magnetic field in the z direction.

Another possible set of modes occurs when the electric field is only in the y direction, but then there must be a variation of the field
strength, as shown in Figure 4.5.1(b). The simplest variation is when there is a half-sinusoidal spatial variation of the E, field
component. Applying the methodology described above, it is found that there must be a component of the magnetic field in the z
direction to support this mode. Hence these modes are called transverse electric (TE) modes. (Interchanging the roles of the
electric and magnetic fields yields the transverse magnetic (TM) modes where there is an electric field component in the z
direction.) The half-sinusoidal variation still enables the charge to support the existence of an E, electric field.

A key result from our previous discussion is that there must be enough distance for the field to curl and this is related to
wavelength, A. This transverse electric mode can only exist when A > A/2. When & is smaller than one-half wavelength, this mode
cannot be supported, and is said to be cut off. Only the TEM mode can be supported all the way down to DC, so modes other than
TEM have a cutoff frequency, f., and a cutoff wavelength, A.. The concept of wavenumber k(= 27/\ = w,/pe) is also used. The
cutoff wavelength, A., and the cutoff wavenumber, k., are both related to the dimension below which a mode cannot “curl”
sufficiently to be self-supporting. For the lowest TE mode, k. = 2r/A. with A. = 2h. In general, for TE modes, there can be n
variations of the electric field, and n indicates the nth TE mode, denoted as TE,, for which k,, =nr/k and A, = 2h/n. The
propagation constant of any mode in a uniform lossless medium (not just in a parallel-plate waveguide mode) is

8= \/m (4.5.12)
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For the TEM mode, k. = 0. High-order modes are described by their own k..

TM modes are similarly described, and again k. = na/h for the TM,, mode. A mode can be supported at any frequency above the
cutoff frequency of the mode, it just cannot be supported at frequencies below the cutoff frequency as it is not possible for the
fields to vary (or curl) below cutoff.

4.5.2 Multimoding and Electric and Magnetic Walls

In the above discussion, the parallel-plate waveguide had two electric walls—the top and bottom metal walls. Here results will be
presented when magnetic walls are introduced. A magnetic wall can only be approximated, as magnetic conductors do not exist
(since magnetic charges do not exist). Whereas an electric wall appears as a short circuit, a magnetic wall is an open circuit.
Maxwell’s equations and the electric and magnetic walls establish the following requirements on the fields:

Perpendicular electric field

Electri 11
ectric wa Tangential magnetic field

M i m Perpendicular magnetic field
. Tangential electric field

Table 4.5.1: Requirements imposed on fields by electric and magnetic walls.

The lowest-order modes that can be supported by combinations of electric and magnetic walls are shown in Figure 4.6.1. With two
electric or two magnetic walls, a TEM mode (having no field variations in the transverse plane) can be supported. Of course, there
will be variations in the field components in the direction of propagation. The modes with the simplest geometric variations in the
plane transverse to the direction of propagation establish the critical wavelength. In Figure 4.6.1 the distance between the walls is d.
For the case of two like walls (Figures 4.6.1(a and c)), A, = 2h, as one-half sinusoidal variation is required. With unlike walls (see
Figure 4.6.1(b)), the varying modes are supported with just one-quarter sinusoidal variation, and so A, = 4h.

v Example 4.5.1: Modes and Electric and Magnetic Walls

A magnetic wall and an electric wall are 1 cm apart and are separated by a lossless material having e, = 9. What is the cut-off
frequency of the lowest-order mode in this system?

Solution

The EM field established by the electric and magnetic walls is described in Figure 4.6.1(b). There is no solution to the
Maxwell’s equations that has no variation of the EM fields since it is not possible to have a spatially uniform electric field
which is perpendicular to an electric wall while also being perpendicular to a parallel magnetic wall. The other solutions of
Maxwell’s equations require that the fields vary spatially, i.e. curl. Without electric and magnetic walls the minimum distance
over which the EM fields will fold back on to themselves is a wavelength. With parallel electric and magnetic wall separated
by h the minimum distance for a solution of Maxwell’s equations is a quarter wavelength, A, of the walls as shown on the right
in Figure 4.6.1(b). That is

h=X/4 or A=4h=4cm = \o/(/zsr) (4.5.13)

E|BC[HC wall

Figure 4.5.2
Since the relative permeability has not been specified assume that p, =1 so
M=A9=12cm=c/f

The cut-off frequency is
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f=1(2.998 x 10® m/s)/(0.12 m)
= 2.498 GHz (4.5.14)

This page titled 4.5: Parallel Plate Waveguide is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael Steer.
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4.6: Microstrip Operating Frequency Limitations

Different types of higher-order modes can exist with microstrip and the two maximum operating frequencies of microstrip lines are
(a) the lowest-order TM mode and (b) the lowest-order transverse microstrip resonance mode. In practice, multimoding is a
problem when two conditions are met. First it must be possible for higher-order field variations to exist, and second, that energy
can be effectively coupled into the higher-order mode. Generally this

MODE WITH MODES WITH
u SIMPLEST
VARIATION VARIATION
ELECTRIC it - ﬁ_-- | ——
¥ = J N . T N .
f o £ e 1 Wb p
SN SNEH S B SRLE R - R
~ | S—

ELECTRIC

] oy 0 hoy o w
o0 E.N, E.H

TEM mods TM mode TE mode
any h h 2An h oz
ELECTRC |, - [=—————"] m
¢ = 1= or . i 1
m H i
- —-‘I\——f—-‘l‘—b—
o= ¢ ] 1 ¢ - - - 1
MAGNETIC £, E,
H, ",
P H [
NONE

Hybrid mode Hybrid mode
b 2AA h 2Am

C ] C 1 s 1

MAGNETIC

MAGNETIC

fc) H, ",

no KM, BN,

TEM mode T™ mode TE mada
uny h hTAR h zAR

Figure 4.6.1: Lowest-order modes supported by combinations of electric and magnetic walls.

requires significant discontinuity on the line or that the phase velocities of two modes approximately coincide. An early discussion
said that the phase velocities of two modes would be different and this is when the dielectric is uniform. However, with a
nonhomogeneous line like microstrip, there can be frequencies where the phase velocities of two modes can coincide.

Since discontinuities are inevitable it is always a good idea to use only the first consideration. As was noted previously, the modal
analysis that was possible with the parallel-plate waveguide cannot be repeated easily for the microstrip line because of the
irregular cross section, but the phenomena is very similar. Instead of a TEM mode, there is a quasi-TEM mode and there are TE
and TM modes.

4.6.1 Microstrip Dielectric Mode (Slab Mode)

A dielectric on a ground plane with an air region (of a wavelength or more above it) can support a TM mode, generally called a
microstrip dielectric mode, substrate mode, microstrip TM mode, or slab mode. The microstrip dielectric mode is a problem for
narrow microstrip lines. Whether this mode exists in a microstrip environment depends on whether energy can be coupled from the
quasi-TEM mode (which is always generated) of the microstrip line into the TM dielectric mode. The critical frequency at which
the TM mode becomes important is when there is significant coupling. Coupling is a problem with a microstrip line having a
narrow strip, as the field orientations of the quasi-TEM mode and the dielectric mode align. Also, coupling occurs when the phase
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velocities of the two modes coincide. A detailed analysis reported in Chapter 11 of [12] and in [13] shows that this occurs at the
first critical frequency,

ctan1(e,)
\/§1rh\/ er—1

At fy the dielectric mode will be generated even if there is not a discontinuity. If there is a discontinuity, say a split of one
microstrip line into two microstrip lines, multimoding will occur when the dielectric mode can exist. From Figure 4.6.1(b), the
dielectric slab mode can be supported when k > A,/4, where ), is the wavelength in the dielectric. Now A, = Xo/+/€r = ¢/(f1/€r), SO
the second critical frequency is

fa= (4.6.1)

Cc

4h /e,

This development assumes that the interface between the dielectric and air forms a good magnetic wall. With a dielectric having a
permittivity of 10, typical for microwave circuits, the effective value of h would be increased by up to 10%. However, it is difficult
to place an exact value on this.

fc2=

(4.6.2)

In summary, f. is the lowest frequency at which the dielectric mode will exist if there is a discontinuity, and f. is the lowest
frequency at which the dielectric mode will exist if there is not a discontinuity.

v/ Example 4.6.1: Dielectric Mode

The strip of a microstrip has a width of 1 mm and is fabricated on a lossless substrate that is 2.5 mm thick and has a relative
permittivity of 9. At what frequency does the substrate (or slab) mode first occur?

ey
—

T
I
I
L

;
f
= w045 =

Figure 4.6.2
Solution
Two frequencies must be considered. One that comes from the dimensions of the dielectric slab and the other from

considerations of matching phase velocities. From phase velocity consideration used in developing Equation (4.6.1), the first
critical frequency is

ctan!(g;)

\/§1rh\/ er—1

The other critical frequency is when a variation of the magnetic or electric field can be supported between the ground plane
and the approximate magnetic wall supported by the dielectric/free-space interface. This is when h = X = A¢/(4v/9) = 2.5 mm
= Xg = 3 cm. Thus the second slab mode critical frequency is

fa= =13.9 GHz

fc2 =10 GHz

Since discontinuities cannot be avoided, f,, is the critical frequency to use.

4.6.2 Higher-Order Microstrip Mode

If the cross-sectional dimensions of a microstrip line are smaller than a fraction of a wavelength, then the electric and magnetic
field lines will be as shown in Figure 3.1.2. These field lines have the minimum possible spatial variation and the fields are almost
entirely confined to the transverse plane; this mode is called the quasi-TEM microstrip mode. However, as the frequency of the
signal on the line increases it is possible for these fields to have one-quarter or one-half sinusoidal variations. Deriving the
frequency at which a higher-order microstrip mode is supported is involved.

The following is a summary of a more complete discussion on operating frequency limitations in Section 7.8 of [12]. Some
variations of the fields or modes do not look anything like the field orientations shown in Figure 3.1.2. However, the variations that
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are closest to the quasi-TEM mode are called higher-order microstrip modes and the one that occurs at the lowest frequency
corresponds to a half-sinusoidal variation of the electric field between the edge of the strip and the ground plane. This path is a little
longer than the path directly from the strip to the ground plane. However, for a wide strip, most of the EM energy is between the
strip and the ground plane (both of which are electric walls) with approximate magnetic walls on the side of the strip. The modes
are then similar to the parallel-plate waveguide modes described in Section 1.5. The next highest microstrip mode (or parallel-plate
TE mode) occurs when there can be a half-sinusoidal variation of the electric field between the strip and the ground plane. This
corresponds to Figure 4.6.1(a). However, for finite-width strips the first higher-order microstrip mode occurs at a lower frequency
than implied by the parallel-plate waveguide model. This is because the microstrip fields are not solely confined to the dielectric
region, and in fact the electric field lines do not follow the shortest distance between the strip and the ground plane. Thus the fields
along the longer paths to the sides of the strip can vary at a lower frequency than on the direct path. With detailed EM modeling
and with experimental support it has been established that the first higher-order microstrip mode can exist at frequencies greater

than [12]
c
JHigher-Microstrip = m (4.6.3)

This is, however, only an approximate guide.

v/ Example 4.6.2: Higher-Order Microstrip Mode

The strip of a microstrip has a width of 1 mm and is fabricated on a lossless substrate that is 2.5 mm thick and has a relative
permittivity of 9. At what frequency does the first higher microstrip mode first propagate?

=W

T T T
' 0

= w+D4h -

Figure 4.6.3

—

i .\
2 %

Shorter half-wavelength path Longer half-wavelength path

Higher frequency estimate Lower frequency estimate

Figure 4.6.4
Solution

The higher-order microstrip mode occurs when a half-wavelength variation of the electric field between the strip and the
ground plane can be supported. When k = A/2 = Xo/(3 - 2) = 2.5 mm; that is, the mode will occur when Xy = 15 mm. So

.f Higher-Microstrip = 20 GHz

A better estimate of the frequency where the higher-order microstrip mode becomes a problem is given by Equation (4.6.3):

.ingher-Microstrip = C/(4h\/ Er — 1) = 10.6 GHz

So two estimates have been calculated for the frequency at which the first higher-order microstrip mode can first exist. The
first estimate is approximate and is based on a half-wavelength variation of the electric field confined to the direct path
between the strip and the ground plane. The second estimate is more accurate as it considers that on the edge of the strip the
fields follow a longer path to the ground plane. It is the half-wavelength variation on this longer path that determines if the
higher-order microstrip mode will exist. Thus the more precise determination yields a lower critical frequency.

4.6.3 Transverse Microstrip Resonance

For a wide microstrip line, a transverse resonance mode can exist. This is the mode that occurs when EM energy bounces between
the edges of the strip with the discontinuity at the strip edges forming a weak boundary. This is illustrated in Figure 4.6.5, where the
microstrip shown in cross section in Figure 4.6.5(a) is approximated as a rectangular waveguide in Figure 4.6.5(b) with magnetic
walls on the sides and an extended electrical wall on the top surface of the dielectric. Figure 4.6.5(b) is called the microstrip
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waveguide model. The transverse resonance mode corresponds to the lowest-order H field variation between the magnetic walls. At
the cutoff frequency for this transverse-resonant mode, the equivalent circuit is a resonant transmission line of length w + 2d, as
shown in Figure 4.6.6, where d = 0.2h accounts for the microstrip side fringing. A half-wavelength must be supported by the length
w + 2d. Therefore the cutoff half-wavelength is

Ac c
— =w+2d=w+0.4h thatis —— =w+0.4h 4.6.4
2 2fcv Er ( )

Hence the critical frequency for transverse resonance is
Jo TRAN = ——= s (46.5)
o TRAN = e (2w + 0.8h) e
I
(a)
Electric wall

Magnetic

Magnetic
wall ~s~ wall

(b)

Figure 4.6.5: Approximation of a microstrip line as a waveguide: (a) cross section of microstrip; and (b) microstrip waveguide
model having effective width w + 0.4k with magnetic and electric walls.
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Figure 4.6.6: Transverse resonance: standing wave (| E,|) and equivalent transmission line of length w + 2d, where d = 0.2A.

v/ Example 4.6.3: Transverse Resonance Mode

The strip of a microstrip has a width of 1 mm and is fabricated on a lossless substrate that is 2.5 mm thick and has a relative
permittivity of 9.

a. At what frequency does the transverse resonance first occur?
b. What is the operating frequency range of the microstrip line?

—We

= w04~

Figure 4.6.7
Solution
h=25mm, w=1mm, A=A/ = \o/3

a. The magnetic waveguide model of Figure 4.6.5 can be used in estimating the frequency at which this occurs. The frequency
at which the first transverse resonance mode occurs is when there is a full half-wavelength variation of the magnetic field
between the magnetic walls, that is, when w+ 0.4h = /2 = 2 mm:
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o
3:2
b. All of the critical multimoding frequencies must be considered here and the minimum taken: for the slab mode, fa
(Equation (4.6.1)) and f.2 (Equation (4.6.1), see Example 4.6.1 for the calculation of these); for the higher-order microstrip
mode, fHigh—Microstrip (Equation (4.6.3), see Example 4.6.2 for this calculation)); and for the transverse resonance mode
(Equation (4.6.6), and calculated in this example). So the operating frequency range is DC to 10 GHz.

=2mm= X =12mm andso f. tran =25 GHz (4.6.6)

4.6.4 Summary

There are four principal higher-order modes that need to be considered with microstrip transmission lines:

Mode Critical Frequency

Dielectric (or substrate) mode with no discontinuity Equation (4.6.1)

Dielectric (or substrate) mode with discontinuity Equation (4.6.2)

Higher order microstrip mode Equation (4.6.3)

Transverse resonance mode Equation (4.6.5)
Table 4.6.1

The lowest frequency determines the upper frequency of transmission line operation with a single mode.

This page titled 4.6: Microstrip Operating Frequency Limitations is shared under a CC BY-NC license and was authored, remixed, and/or curated
by Michael Steer.
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4.7: Multimoding Considerations for Coplanar Waveguide

The field orientation on CPW is little affected when frequency increases and as such the effective permittivity of CPW has little
frequency dependence. (This is in marked contrast to microstrip. )Thus dielectric-related dispersion of CPW is minimal and this is
one of the main advantages of using CPW over microstrip. CPW has the frequency-dependent line resistance

R(0) f such that ¢t < 34,

R(f) = { R(0) + Raan(f) £ such that ¢ > 34, (4.7.1)

where R(0)(= Rstip(0) + Reround(0)) is the resistance of the line at low frequencies. R(f) describes the frequency-dependent line
resistance, which is due to both the skin effect and current bunching. Approximately,

Ryan(f) = R(O)kV/f (4.7.2)

where % is a constant. As with microstrip, EM simulations are recommended to determine line loss. This is necessary in any case to
determine attenuation due to radiation, which can be ignored at low microwave frequencies.

The discussion of multimoding on CPW will consider the finite ground CPW structure (FGCPW) shown in Figure 4.7.1. Most of
the considerations pertaining to multimoding on microstrip apply to FGCPW. However, with CPW the fields penetrate into the
substrate a lesser distance and so it is less likely that the substrate mode or microstrip mode will be excited. To avoid the microstrip
mode the FGCPW should be a sufficient distance from the bottom ground plane. Generally a substrate height three or more times
both the gap and strip width is sufficient. A mode that can exist on FGCPW that does not have an equivalent with microstrip occurs
when the ground strips on either side of the center strip acquire different voltages. The correct functioning of FGCPW requires
these to be at the same potential. The solution is to connect the two side strips together using grounding straps as shown in Figure
4.7.2(a). The straps are realized using bond wires if FGCPW is used on a circuit board, or using air bridges if the line is on a
monolithic integrated circuit. Placing the strips at approximately one-quarter wavelength distances is appropriate, although this can
be relaxed if the line

Strip  Finite
e ground
Finite /, /
ground

/! y : W
I s 1wWlhs

Figure 4.7.1: Finite ground CPW transmission line.
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Figure 4.7.2: CPW structures with ground straps to suppress the parallel plate mode.
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Figure 4.7.3: Stripline transmission line.

is fairly free of discontinuities. The straps should be placed randomly to avoid any filtering effect that could result from placing the
straps at regular intervals. The straps should also be used whenever there is a discontinuity (see, e.g., the junction in Figure 4.7.2
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4.8: Multimoding Considerations for Stripline

A stripline transmission line is shown in Figure 4.7.3. Being a homogeneous line, stripline does not have a frequency-dependent
permittivity until molecular effects become important at hundreds of gigahertz (depending on the substrate). Stripline has the
frequency-dependent line resistance

R(0) f such that t < 34,

R(f) = { R(0) + Raan(f) £ such that ¢ > 35s (48.1)

where R(0) = Rytip(0) + Rgrouna(0) is the resistance of the line at low frequencies. R(f) describes the frequency-dependent line
resistance, which is due to both the skin effect and current bunching. Approximately,

Raan(f) = RO)kV/f (48.2)
where k is a constant.

As with microstrip, EM simulations are recommended to determine line loss. However, provided that regular vias are used between
the ground planes (and eliminating the TEM parallel plate mode), attenuation due to radiation loss is minimal.

The moding that is of most concern with stripline is the parallel plate waveguide mode that can be excited at stripline
discontinuities. The simplest parallel plate waveguide mode has no variation of the fields in the transverse direction, so there is a
uniform electric field from the top plate to the bottom plate. This mode can propagate down to DC. In normal operation a stripline
has an E field directed from the strip to the top ground plane and an oppositely directed E field from the strip to the bottom ground
plane. Thus excitation of the parallel plate waveguide mode can be suppressed by making sure that the two ground planes are at the
same potential. This is done by periodically shorting the two ground planes together using through-substrate vias. Apart from this
consideration, the multimoding considerations presented for the microstrip should also be considered.

This page titled 4.8: Multimoding Considerations for Stripline is shared under a not declared license and was authored, remixed, and/or curated by
Michael Steer.

https://eng.libretexts.org/@go/page/41047



https://libretexts.org/
https://eng.libretexts.org/@go/page/41047?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electronics/Microwave_and_RF_Design_II_-_Transmission_Lines_(Steer)/04%3A_Extraordinary_Transmission_Line_Effects/4.08%3A_Multimoding_Considerations_for_Stripline
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electronics/Microwave_and_RF_Design_II_-_Transmission_Lines_(Steer)/04%3A_Extraordinary_Transmission_Line_Effects/4.08%3A_Multimoding_Considerations_for_Stripline
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electronics/Microwave_and_RF_Design_II_-_Transmission_Lines_(Steer)/04%3A_Extraordinary_Transmission_Line_Effects/4.08%3A_Multimoding_Considerations_for_Stripline?no-cache
https://www.ece.ncsu.edu/people/mbs/

LibreTexts"

4.9: Power Losses and Parasitic Effects
Four separate mechanisms lead to power losses in microstrip lines:

a. Conductor losses.

b. Dissipation in the dielectric of the substrate.
c. Radiation losses.

d. Surface-wave propagation.

The first two items are dissipative effects, whereas radiation losses and surface-wave propagation are essentially parasitic
phenomena. The reader is directed to Chapter 8 of [12] for an extensive treatment. Here, summary results are presented.

Conductor losses greatly exceed dielectric losses for most microstrip lines fabricated on low-loss substrates. Lines fabricated on
low-resistivity silicon wafers, however, can have high dielectric loss. These wafers are most commonly used for digital circuits, and
the interconnect transverse dimensions are generally very small so that line resistance is very high, and again, resistive losses
dominate.

Radiation from a microstrip line results from asymmetric structures. In particular, discontinuities such as abruptly open-circuited
microstrip (i.e., open ends), steps, and bends will all radiate to a certain extent. Such discontinuities form essential features of
microwave circuits and therefore radiation cannot be avoided. Efforts must be made to reduce such radiation and its undesirable
effects. In most cases, radiation can be represented by a shunt admittance.

Surface waves, trapped just beneath the surface of the substrate dielectric, will propagate away from microstrip discontinuities as
TE and TM modes. The effect of surface waves can be treated as a shunt conductance.

Various techniques can be used to suppress radiation and surface waves:

a. Metallic shielding or “screening.”

b. The introduction of lossy (i.e., absorbent) material near any radiative discontinuity.

c. The utilization of compact, planar, inherently enclosed circuits such as inverted microstrip and stripline.

d. Reducing the current densities flowing in the outer edges of any metal sections and concentrate currents toward the center
and in the middle of the microstrip.

e. Possibly shaping the discontinuity in some way to reduce the radiative efficiency.
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4.10: Lines on Semiconductor Substrates

Propagation on transmission line structures fabricated on semiconductor substrates can have peculiar behavior. The interest in such
lines is in relation to RF integrated circuits (RFICs) and monolithic microwave integrated circuits (MMICs) using both silicon and
compound semiconductor technologies. More specifically, interconnects on metal-oxide-semiconductor (MOS) or metal-
insulator-semiconductor (MIS) systems, where an insulating layer, such as oxide, exists between the conductor and the
semiconductor wafer (see Figure 4.10.1(a)), are of particular interest due to their ability to support a slow-wave mode. A slow-wave
mode propagates much slower than would be expected. In the case of a semiconductor substrate with intermediate conductivity, the
magnetic field penetrates into the substrate but the electric field does not. This separation of magnetic and electric fields slows the
wave. Slow-wave structures find major use in distributed elements on-chip at RF. In particular, a silicon substrate can have a
significant impact on microstrip propagation that derives from the charge layer formed at the silicon—silicon dioxide interface. The
slow-wave effect is utilized in delay lines, couplers, and filters. With Schottky contact lines, the effect is used in variable-phase
shifters, voltage-tunable filters, and various other applications.

Now, an intuitive explanation of the propagation characteristics of microstrip lines on layered substrates can be based on the
parallel-plate structure shown in Figure 4.10.2. For an exact EM analysis of the slow-wave effect with silicon substrates, see [14].
As well as developing a very useful approximation for the important situation of transmission lines on an insulator such as silicon
oxide on a semiconductor, the treatment below indicates the type of approach that can be used to analyze unusual structures. In this
structure, assume a quasi-TEM mode of propagation. In other words, the wave propagation parameters «, 8, and Z; can be deduced
from electrostatic and magnetostatic solutions for the per unit length parameters C, G, L, and R.

The analysis begins with a treatment of the classic Maxwell-Wagner capacitor. Figure 4.10.3(a) shows the structure of such a
capacitor where there are two different materials between the parallel plates of the capacitor with different permittivities and
conductivities. The equivalent circuit is shown in
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Figure 4.10.1: Transmission lines on silicon semiconductor: (a) silicon-silicon dioxide sandwich; and (b) bulk view.
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Figure 4.10.2: Parallel-plate transmission line structure.

Figure 4.10.3(b) with the elements given by (A is the plate area)

A 1 dl A 1 d2
= _— = —_—— = B — = —— 4.1 .1
&) E1d1,R1 alA’02 €2d2,R2 o A (4.10.1)
n=RiCi= 2 n=RCp =2 (4.10.2)
o1 P
The admittance of the entire structure at radian frequency w is
_ 1 (1+wn)(1+4wn)
Y(w) = R+ T+ wr (4.10.3)
where
Ri9+ Romy

=—— 4.10.4
4 Ri+ R, ( 0 )
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Introducing

Y(w) = (ae%) (4.10.5)

the effective complex permittivity, e, = &, — 7¢Z, can be defined in terms of Equation (4.10.3). Using Equations (4.10.3) and (4.10.5)
yields
, m+mn—Tt+rrimw? d

T R+ Ry)[l+ W) 4 (4.10.6)

Consider now the case when R; goes to infinity (i.e., Layer 1, the top layer, in Figure 4.10.3 is an insulator). For this case, Equation
(4.10.6) becomes

e 1+(1+3—3§—;)2(“f—;): (a:) (410)
L+ (g a) () N @

It is clear from Equations (4.10.6) and (4.10.7) that the effective complex permittivity has a frequency-dependent component.
Consider how this varies with a few cases of w. For w = 0, the static value of the effective permittivity is

d
€0 = g (4.10.8)

For the case where w goes to infinity (the optical value), the real part of the effective permittivity is

’ _ 8162(d1 + dg)

= 4.10.9
€00 €ady + €1ds ( )

Note also that the value of £, can be approximately achieved for a large value of wes/a9 (i.e., low-conductivity substrates can be
used to ensure that the displacement currents dominate). In a similar way, it is clear that ¢/, can be achieved by having a small
value of we/o5. Also note that e/, can be made very large by making d; much smaller than d.
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(b) equivalent circuit

Figure 4.10.3: Maxwell-Wagner capacitor.
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Figure 4.10.4: Modes on an MOS transmission line: (a) equivalent structure of the MOS line of Figure 4.10.1.

v Example 4.10.1: Two-Layer Substrate

Consider the structure in Figure 4.10.2. Determine the guide wavelength, A, and the wavelength in the insulator, A, at a
frequency of 1 GHz. SiOs and Si are the dielectrics, with permittivities &; = 4¢¢ and &3 = 13¢, (the conductivities are zero). The
depths d, and d; of the two dielectrics are dy = 250 pm and d; = 0.1 pm.

Solution
8
_3x10 G sm=15cm
10°v4
dy+d 108
_&asditd) o000y = X1 0839 m—832em (4.10.10)
e1dy + €2d; 10°v/12.99

4.10.1 Modes on the MIS (MOS) Line

The previous description of the properties of a Maxwell-Wagner capacitor leads to a discussion of the possible modes on the MIS
(MOS) line. To make the problem tractable, the transmission line shown in Figure 4.10.1(a) will be approximated as having the
cross section shown in Figure 4.10.4(a).

Dielectric Quasi-TEM Mode

The first possible mode is the dielectric quasi-TEM mode, for which the sectional equivalent circuit model of Figure 4.10.4(b) is
applicable. In this mode o2 <« we2. This implies from the earlier discussion that ; = ¢; , and p; = po. Thus the per unit length
parameters are

L=uoﬂ, Cl=51K, Cz=€2Km G’2=0'2K (4.10.11)
di ds ds

These have the SI units H/m for L, F/m for Cy, F/m for C», and S/m for Gs.

Skin-Effect Mode

The second possible mode is the skin-effect mode, for which the sectional equivalent circuit model of Figure 4.10.4(c) is
applicable. Here, o3 « we, is such that the skin depth §, = 1/4/7fuoo2 in the semiconductor is much smaller than dy and

é
ei=clo w="2(0+3)

Thus
_ 4 W
L= oy Ci=g & (4.10.12)
1 (6, 3 1 (6,

These have the SI units H/m for L; and Ly, F/m for C;, and Q/m for R;.

Slow-Wave Mode

The third possible mode of propagation is the slow-wave mode [15, 16], for which the sectional equivalent circuit model of Figure
4.10.4(d) is applicable. This mode occurs when f is not so large and the resistivity is moderate so that the skin depth, §,, is larger
than (or on the order of) dy. Thus e, = €/, but u; = po. Therefore

o 1L 1 1 [&
P el Voo e V d

(with ST units of m/s) and Ay = A14/d1/d, where ); is the wavelength in the insulator.

(4.10.14)
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4.11: Summary

Design is an iterative process and initial RF design is based on frequency-independent characteristics. For a transmission line,
quantities such as the characteristic impedance, effective permittivity, phase and group velocities, and the RLGC parameters are
taken as fixed. The RLGC parameters are the basis of the simplest lumped-element circuit model of a transmission line. Each of the
components of this model will vary with frequency. The resistance per unit length, R, increases with frequency as charges
concentrate on the surface of conductors and charges bunch (i.e., become less spread out). Both of these effects are due to the finite
time it takes to transmit the EM signal that rearranges charges to support an alternating wave.

An EM signal on a transmission line is described by Maxwell’s equations and there can be many possible solutions depending on
the boundary conditions. With transmission lines and other microwave structures such as resonators these are called modes. All
transmission lines have at least two solutions, the forward- and backward-traveling waves. While strictly these are also modes, this
classification is avoided by microwave engineers. Microwave engineers identify modes as different solutions to Maxwell’s
equations that, for transmission lines, are different orientations of the fields largely in the transverse direction to propagation. Each
mode will, in general, have forward- and backward-traveling components. A two-conductor transmission line is designed to have
dimensions that are small enough that there is only one mode, or else special precautions are taken to avoid a second mode being
established. Sometimes multimoding is desirable. If these multimoded structures are used there are strict design criteria that enable
the special functionality that is made available to be exploited. Multimoding sets the upper bound on the frequency of operation of
most transmission line structures.

The most popular microwave transmission lines—microstrip, stripline and CPW—can all support multiple modes, but most are cut
off by keeping transverse dimensions small with respect to a wavelength. When it is possible for a second (or higher-order) mode to
exist, whether that mode is generated depends on the coupling mechanism between modes. This coupling mechanism is a
discontinuity, which of course is common if circuit structures are to be incorporated. Stripline and CPW can support a second mode
at quite low frequencies. With stripline the dominant second mode is the parallel-plate waveguide mode supported by the two
ground planes of stripline.

A microwave designer must always be aware of frequency dependence and multimoding and choose dimensions to avoid their
occurrence except when the use is intentional and controlled.
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4.13: Exercises

1. Current bunching and the skin effect result in transmission line loss increasing with frequency.

a. Show current bunching on a transverse diagram of the microstrip line.
b. Describe the skin effect on a transverse diagram of the microstrip line.

2. What is the skin depth on a copper microstrip line at 10 GHz? Assume that the conductivity of the deposited copper forming the
strip is half that of bulk single-crystal copper. Use the data in the table on page 130.

3. What is the skin depth on a silver microstrip line at 1 GHz? Assume that the conductivity of the fabricated silver conductor is
75% that of bulk single-crystal silver. Use the data in the table on page 130.

4. What is the dominant source of dispersion on a microstrip transmission line?

5. Using Figure 4.3.3, determine the complex characteristic impedance and complex effective permittivity of a microstrip line at
12 GHz. The line is fabricated on alumina with ¢,(0) = 9.9, w = 240 ym, h = 500 ym.

6. A magnetic wall and an electric wall are 2 cm apart and are separated by a lossless material having a relative permittivity of 10
and a relative permeability of 23. What is the cut-off frequency of the lowest-order mode in this system?

7. Describe the transverse resonance mode on stripline. When can it occur?

8. The strip of a microstrip has a width of 600 ym and is fabricated on a lossless substrate that is 1 mm thick and has a relative
permittivity of 10.

a. Draw the microstrip waveguide model of the microstrip line. Put dimensions on your drawing.

b. Sketch the electric field distribution of the first transverse resonance mode and calculate the frequency at which the
transverse resonance mode occurs.

c. Sketch the electric field distribution of the first higher-order microstrip mode and calculate the frequency at which it occurs.

d. Sketch the electric field distribution of the slab mode and calculate the frequency at which it occurs.

9. A microstrip line has a width of 352 ym and is constructed on a substrate that is 500 pm thick with a relative permittivity of 5.6.

a. Determine the frequency at which transverse resonance would first occur.

b. When the dielectric is slightly less than one-quarter wavelength in thickness the dielectric slab mode can be supported.
Some of the fields will appear in the air region as well as in the dielectric, extending the effective thickness of the dielectric.
Ignoring the fields in the air (use a one-quarter wavelength criterion), at what frequency will the dielectric slab mode first
occur?

10. The strip of a microstrip has a width of 600 um and uses a lossless substrate that is 635 pm thick and has a relative permittivity of
4.1.

a. At what frequency will the first transverse resonance occur?

b. At what frequency will the first higher-order microstrip mode occur?
c. At what frequency will the slab mode occur?

d. Identify the useful operating frequency range of the microstrip.

11. The design space for transmission lines in microstrip designs is determined by the design project leader to be 20-100 Q. The
preferred substrate has a thickness of 500 um and a relative permittivity of 8. What is the maximum operating frequency range
of designs supported by this technology choice. Ignore frequency dispersion effects (i.e., frequency dependence of effective
permittivity and losses). [Hint: First determine the dimensions of the strip that will provide the required impedance range and
then determine the frequency at which lowest-order multimoding occurs.]

12. Consider the design of transmission lines in microstrip technology using a lossless substrate with a relative permittivity of 10
and thickness of 400 pm. You will want to use the formulas in Section 3.5.3.

a. What is the maximum characteristic impedance that can be achieved for a transmission line fabricated in this technology?

b. Plot the characteristic impedance versus strip width.

c¢. From manufacturing tolerance considerations, the minimum strip width that can be manufactured is 20 ym. What is the
maximum characteristic impedance that can be achieved in practice?

d. If the operating frequency range is 1-10 GHz, determine the maximum width of the strip from higher-order mode
considerations. You must consider the transverse resonance mode as well as higher-order microstrip modes.

e. Identify the electrical design space (i.e., the achievable characteristic impedance range).
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f. Identify the physical design space (i.e., the range of acceptable strip widths).

g. If the electrical design space requires that transmission line impedances be achieved within 4+2 €, what tolerance must be
achieved in the manufacturing process if the substrate thickness can be achieved exactly? [Hint: First identify the critical
physical process corner and thus the critical strip width that is most susceptible to width variations. Then determine the
tolerance on the strip width to achieve the allowable characteristic impedance variation. That is, characteristic impedance is
a function of strip width and height. If the substrate is perfect (no height variation), then how much can the strip width vary
to keep the impedance within +2 Q of the desired value? You can solve this graphically using a plot of z, versus width or
you can iteratively arrive at the answer by recalculating Z;.]

h. If the electrical design space requires that transmission line impedances be achieved within +2 2, what tolerance must be
achieved in the manufacturing process if the substrate thickness tolerance is +2 ym? If the substrate is not perfect (the height
variation is +2 ym), then how much can the strip width vary to keep the impedance within +2 Q of the desired value? This
problem is directly applicable to real-world process/design trade-offs.

13. The strip of a microstrip has a width of 500 pm and is fabricated on a lossless substrate that is 635 um thick and has a relative
permittivity of 12. [Parallels Examples 4.6.1, 4.6.2, and 4.6.3]

a. At what frequency does the transverse resonance first occur?
b. At what frequency does the first higher-order microstrip mode first propagate?
c. At what frequency does the substrate (or slab) mode first occur?

14. The strip of a microstrip has a width of 250 pm and uses a lossless substrate that is 300 gm thick and has a relative permittivity of
15.

a. At what frequency does the transverse resonance first occur?

b. At what frequency does the first higher-order microstrip mode propagate?
c. At what frequency does the substrate (or slab) mode first occur?

d. What is the highest operating frequency of the microstrip?

15. A microstrip line has a strip width of 100 pm and is fabricated on a substrate that is 150 um thick and has a relative permittivity
of 9.

a. Draw the microstrip waveguide model and indicate and calculate the dimensions of the model.

b. Based only on the microstrip waveguide model, determine the frequency at which the first transverse resonance occurs?

c. Based on the microstrip waveguide model, determine the frequency at which the first higher-order microstrip mode occurs?
d. At what frequency will the slab mode occur? For this you cannot use the microstrip waveguide model.

16. A microstrip line has a strip width of 100 um and is fabricated on a substrate that is 150 gm thick and has a relative permittivity
of 9.
a. Define the properties of a magnetic wall.
b. Identify two situations where a magnetic wall can be used in the analysis of a microstrip line; that is, give two situations
where a magnetic wall approximation can be used.
c. Draw the microstrip waveguide model and indicate and calculate the dimensions of the model.

17. Consider the design of transmission lines in microstrip technology using a lossless substrate with relative permittivity of 20 and
thickness of 200 um.

a. Using qualitative arguments, show that the maximum characteristic impedance that can be achieved for a transmission line
fabricated in this technology is 116 Q. The maximum is not actually 116 £, but a simple argument will bring you to this
conclusion.

b. Plot the characteristic impedance versus substrate width.

c. From manufacturing tolerance considerations, the minimum strip width that can be manufactured is 20 ym. What is the
maximum characteristic impedance that can be achieved in practice?

d. If the operating frequency range is 2-18 GHz, determine the maximum width of the strip from higher-order mode
considerations. You must consider the transverse resonance mode, the higher-order mode, and the slab mode.

e. Identify the electrical design space (i.e., the characteristic impedance range).

f. Identify the physical design space (i.e., the range of acceptable strip widths).
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g. If the electrical design space requires that transmission line impedances be achieved within +2 2, what tolerance must be
achieved in the manufacturing process if the substrate thickness can be achieved exactly? [Hint: First identify the critical
physical process corner and thus the critical strip width that is most susceptible to width variations. Then determine the
tolerance on the strip width to achieve the allowable characteristic impedance variation.]

h. If the electrical design space requires that transmission line impedances be achieved within +2 Q, what tolerance must be
achieved in the manufacturing process if the substrate thickness tolerance is +2 pm?

18. The strip of a microstrip line has a width of 0.5 mm, and the microstrip substrate is 1 mm thick and has a relative permittivity of
9 and relative permeability of 1.

a. Draw the microstrip waveguide model and calculate the dimensions of the model. Clearly show the electric and magnetic
walls in the model.

b. Use the microstrip waveguide model to calculate the cut off frequency of the transverse resonance mode?

c. A substrate mode can also be excited but the cut off frequency of this mode cannot be calculated using the microstrip
waveguide model. Provide a brief description of the substrate mode and calculate the lowest frequency at which it can exist.

19. A microstrip technology uses a substrate with a relative permittivity of 10 and thickness of 400 ym. If the operating frequency is
10 GHz, what is the maximum width of the strip from higher-order mode considerations.
20. A microstrip line operating at 18 GHz has a 200 pm thick substrate with a relative permittivity of 20.

a. Determine the maximum width of the strip from higher-order mode considerations. Consider the transverse resonance mode,
the higher-order microstrip mode, and the slab mode.
b. Thus determine the minimum achievable characteristic impedance.

21. A microstrip line has a strip width of 100 gm and is fabricated on a 150 pm-thick lossless substrate with a relative permittivity of
9.

a. Define the properties of a magnetic wall.
b. Identify two situations where a magnetic wall can be used in determining multimoding on a microstrip line. That is, give
two locations where a magnetic wall approximation can be used.

22. Two magnetic walls are separated by 1 mm in a lossless material having a relative permittivity of 9 and a relative permeability
of 1.

a. What is the wavelength of a 10 GHz signal in this material?

b. Now consider a field variation, i.e. a mode and not constant, established by the magnetic walls. Describe this lowest order
field variation. That is how does the H field vary or how does the E field vary (one is sufficient)?

c. What is the lowest frequency at which a field variation can be supported by those walls in the specified medium?

23. A microstrip line has a strip width of 250 ym and a 300 pm thick substrate with a relative permittivity of 15. At what frequency
can the substrate mode first occur?

24. A microstrip line has a strip width of 250 pm and a 300 pm thick substrate with a relative permittivity of 15. At what frequency
can a higher-order microstrip mode first propagate?

25. A microstrip line has a strip width of 200 gm and a substrate that is 400 um thick and has a relative permittivity of 4. Use the
microstrip waveguide model to determine the lowest frequency at which higher-order microstrip mode can occur.

26. A microstrip line has a strip width of 250 ym and a 300 um thick substrate with a relative permittivity of 15. At what frequency
can transverse resonance first occur?

27. The figure below is the cross section of a finite ground coplanar waveguide (FGCPW) transmission line over a ground plane.
The FGCPW consists of the ground strips of width w; and the strip of width w. Now w1 =2.5 x s, w=13xs,and h=4 x s.
The thickness is ¢t = 0.3 x s.

® Current in - Neg:

@ Current out +  Positive churge

arive chirge

Figure 4.13.1
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a. Ignore the bottom ground plane for now. Redraw the structure and indicate the charge and current distributions at
microwave frequencies using the convention shown. On the strip the current flows in and the charge is positive.

b. Does this structure support a transverse EM mode?

c. Again ignoring the bottom ground plane, redraw the structure and indicate the region where the energy is concentrated.

d. Now consider the complete structure. If the guide wavelength is g, and the wavelength in the dielectric is ), indicate the
criterion for the lowest frequency at which transverse resonance will become a problem.

28. Use a diagram to show the E and H fields of the microstrip mode on finite ground CPW.
29. Does finite ground CPW support a transverse resonance mode? Explain.
30. For a finite ground CPW line illustrate the following modes and the conditions under which they occur.

a. The microstrip mode.
b. The cross mode (the ground planes not at the same potential).
c. The transverse mode mode.

31. Consider a symmetrical stripline with the following parameters: total substrate thickness, d = 1.7 mm; strip width, w = 2.5 mm;
relative permittivity of the substrate = 9; and operating frequency = 30 GHz.

a. What is the value of the effective permittivity?
b. What is the value of the free-space wavelength?
c. What is the value of the guide wavelength?

32. What is the dominant cause of dispersion on a stripline? That is, what is most likely to cause frequency dependence of the
characteristic impedance and propagation constant of the line.
33. The strip of a microstrip line has a width of 200 um and the substrate is 400 um thick and has a relative permittivity of 4.

a. Draw the effective waveguide model of a microstrip line with magnetic walls and an effective strip width, we.

b. What is the effective relative permittivity of the microstrip waveguide model?

c. What is weg?

d. Can the lowest frequency at which the transverse resonance mode first occurs be determined from the microstrip waveguide
model?

34. The strip of a symmetrical stripline has a width of 200 um and is embedded in a lossless medium that is 400 gm thick and has a
relative permittivity of 13, thus the separation, A, from the strip to each of the ground planes is 200 gm.

a. Draw the waveguide model of a stripline with magnetic walls and an effective strip width, weg, which will be approximately
the same as with a microstrip line.

. What is the effective relative permittivity of the stripline waveguide model?

. What is weg?

. At what frequency will the first transverse resonance occur?

. At what frequency will the first higher-order stripline mode occur?

- O &N O

. At what frequency will the first parallel-plate waveguide mode occur? Do not consider the mode with no field variation, as
this cannot be excited.
g. Identify the useful operating frequency range of the stripline.

35. Describe the parallel-plate mode on stripline.

36. Consider the structure in Figure 4.10.2. Determine the guide wavelength, ),, and the wavelength in the top insulator, A4, ata
frequency of 20 GHz. The permittivities are £; = 3.9¢¢ and e, = 13¢o. The depths of the dielectrics are dy = 100 um and d; = 1.0
um. [Parallels Example 4.10.1]

37. Consider a metal-oxide-semiconductor transmission medium as examined in Section 4.10. The structure in the form of a
Maxwell-Wagner capacitor is shown in Figure 4.10.3(a) with d; = 100 pm, d2 = 500 ym, and relative permittivities ¢, = 3.9 and
€r2 = 13. Ignore the finite conductivity. What is the capacitance model of this structure (see Figure 4.10.3(b)) and what are the
values of the capacitances?

4.13.1 Exercises by Section
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§4.21t,2,3

§4.3 4f

§4.45

§4.56,7

§4.6 8t,91, 101, 11}, 121, 13t, 141, 15, 16, 17t, 18, 19, 20, 21, 22, 23, 24, 25, 26
§4.7 271, 28,29, 30

§4.8 311, 321, 331, 341, 35

§4.10 36, 371

4.13.2 Answers to Selected Exercises
3.2.315 pm

6. 247 MHz

8. (c) 25 GHz
9. (c) DC to 63.4 GHz
10. (d) DC < £ < 48.6 GHz

14.104.6 GHz
17. (a) 116 Q

17. (f) 20 pm < w < 1.96 mm
18. (b) 55.6 GHz

34.207.9 GHz
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5.1: Introduction

This chapter describes what happens when two transmission lines are so close together that the fields produced by one line interfere
with the other line. Then a portion of the signal energy on one line is transferred to the other resulting in coupling. For microstrip
lines the coupling reduces as the lines separate and usually the coupling is small enough to be ignored if the separation is at least
three times the height of the strips. Transmission line coupling may be undesirable in many situations, but the phenomenon is
exploited to realize many novel RF and microwave elements such as filters. A coupled pair of transmissions lines also enables the
forward- and backwardtraveling waves on a line to be separately measured.

The chapter begins with a discussion of the physics of coupling which leads to the preferred description of propagation on a pair of
parallel coupled lines (PCLs) as supporting an even mode and an odd mode, and forward- and backward-traveling versions of
each. Many microwave circuit elements are based on PCL elements such as PCL filters. The separation of the fields into even and
odd modes comes naturally from a consideration of the fields. This is leads to a low-frequency circuit model described in Section
5.4. Section 5.4.1 presents a high frequency model of a PCL with the L and C model of a single transmission line replaced by
multiple inductances, capacitances, and mutual inductances and capacitances. As with single microstrip lines, formulas have been
developed for the propagation characteristics of a pair of coupled microstrip lines, and these are presented in Section 5.6. The rest
of the chapter builds up design concepts and presents some particular applications on the way.

Section 5.7 presents the analysis used to determine reflection coefficients of terminated coupled lines. The next section, Sections
5.8, describe two types of couplers that use a pair of coupled lines to selectively separate and tap off a portion of the power in either
the forward-traveling wave, the backward-traveling wave, or both. A design technique for synthesizing them is presented and this is
key to nearly all design using a pair of coupled lines as a circuit element. Section 5.9 presents the circuit models for various
coupled line configurations and these models are essential to the synthesis of PCL-based microwave components. There are other
ways to partition the modes on a pair of coupled lines and with RFICs the preferred description uses differential and common
modes as described in Section 5.10. The difference between these modes and odd and even modes comes down to bookkeeping
with a preference to use differential and common modes with circuits, and a preference to use odd and even modes when relating to
fields. The final section, Section 5.11, describes another type of coupling, common impedance coupling. This is not always related
to PCLs but this is the appropriate place to consider this phenomenon.

This page titled 5.1: Introduction is shared under a not declared license and was authored, remixed, and/or curated by Michael Steer.
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5.2: Physics of Coupling

If the fields of one transmission line intersect the region around another transmission line, then some of the energy propagating on
the first line appears on the second. This coupling discriminates in terms of forward- and backward-traveling waves. In particular,
consider the coupled microstrips shown in Figure 5.2.1. The direction of propagation comes from & x % . Using the right-hand rule,
the direction of propagation of the signal on the left-hand strip is out of the page. This is called the forward-traveling direction.
Now consider the fields around the right-hand strip, the inactive line, and note the direction of the E field. The H field immediately
to the left of the right-hand strip is stronger than on the right of the strip. So effectively there is a clockwise circulation of the H
field around the right hand strip. By applying € x % to the signal induced on the right-hand strip, it is seen that the induced signal
travels into the page, or in the backward-traveling direction. The coupling with parallel-coupled microstrip lines is called
backward-wave coupling. This is, of course, a frequency-domain view of coupling. In practice, there is also a small component of
forward coupling.

In digital systems the forward coupling is of most importance because of the way traveling waves are reinforced. To appreciate this,
consider a voltage step traveling in the forward direction on one strip. The step edge couples across to the neighboring line,
producing a large backward-traveling pulse and a smaller forward-traveling pulse (approximately the derivative of the original step
signal). The coupled forward-traveling pulse travels at the same velocity as the step signal so that the coupled forward-traveling
signal integrates over time, whereas the backward-traveling signal does not.

The discussion now returns to the frequency-domain view, as this is the

® Gurrent flowing out

Gurrrent flowing in Positive voltage
o - induced on
inactive line

Circulation of
H field around
s, inactive line

=<
S

Direction of signal propagation

Active Jine Inactive line
(a) (b)

Figure 5.2.1: Edge-coupled microstrip lines with the left line driven with the forward-traveling field coming out of the page: (a)
cross section of microstrip lines as found on a printed circuit board showing a conformal top passivation or solder resist layer; and
(b) in perspective showing the direction of propagation of the driven line (left) and the direction of propagation of the main coupled
signal on the victim line (right).

required orientation in designing narrowband systems (i.e., most RF and microwave circuits). Previously forward- and backward-
traveling waves on an individual transmission line were introduced as separate modes; each mode is a self-sustaining and
propagating field orientation on a transmission line. By analogy, in understanding coupled line behavior, and to facilitate design
using transmission line coupling, it is a good idea to treat a pair of coupled lines as a single transmission structure. This structure
supports two families of modes called the even mode and the odd mode, and both have forward- and backward-traveling
components (see Figure 5.2.2).

In the even mode (Figures 5.2.2(a and b)), the amplitude and polarity of the voltages on the two signal conductors are the same. In
the odd mode (Figures 5.2.2(c and d)), the voltages on the two signal conductors are equal but have opposite polarity. Any EM field
orientation on the coupled lines can be represented as a weighted addition of the even-mode and odd-mode field configurations.

It is just as valid to consider the field orientations based on each of the lines (taken one at a time) and to consider the effect of the
other line as a perturbation of the fields of the first line. However, the odd- and even-mode view of the fields assists in
understanding and quantitatively describing coupling. This view facilitates the design of components that exploit coupling. The
configuration of the fields supported by the coupled lines depends on how the lines are driven and terminated. The actual fields will
be a superposition of the even and odd modes. Also, at any instant the voltages on the lines are composed of even and odd
components.

The characteristic impedances of the even and odd modes will differ because of the different field orientations. These are termed
the even-mode and odd-mode characteristic impedances, denoted by Z,. and Z,,, respectively. Here the e subscript identifies the
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even mode and the o subscript identifies the odd mode. With coupled microstrip lines, the phase velocities

(a) Even mode (b) Even mode
- —
R
- = + +
2
(¢) Odd mode {d) Odd mode

Figure 5.2.2: Modes on parallel-coupled microstrip lines. In (b) and (d) the electric fields are indicated as arrowed lines and the
magnetic field lines are dashed.

> ; r . - s
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(a) Even mode (b) Odd mode ()

Figure 5.2.3: Definitions of total voltages and even- and odd-mode voltage phasors on a pair of coupled microstrip lines: (a) even-
mode voltage definition; (b) odd-mode voltage definition; (c) depiction of how even- and odd-mode voltages combine to yield the
total voltages on individual lines. F indicates front and B indicates back.
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I

Figure 5.2.4: Coupled microstrip lines: (a) with total voltage and current phasors at the four terminals; and (b) cross section.

of the two modes will differ since the two modes have different amounts of energy in the air and in the dielectric, resulting in
different effective permittivities of the two modes.

Coupled lines are modeled by determining the propagation characteristics of the even and odd modes. Also, at the circuit level,
coupling can be described by network parameters that relate total voltage and current. Using the definitions shown in Figures 5.2.3
and 5.2.4, the total voltage and current phasors on the original structure are a superposition of the even- and odd-mode solutions:

Vi=Vpe+Vpo ©IL=1Ipe+Ip
Vo= VFe_VFo I, =IFe_IFo

5.2.1
VE;=VBe+VBo I3 = Ig.+ Ipo ( )
Vio=Vge— Vg, I4=1Ip.—Ip,

with the subscripts F and B indicating the front and back, respectively, of the even- and odd-mode components. Also
Vre = (V1+V2)/2 Ip.= (L1 +12)/2
Vro= (Vi —Va)/2 Ip,= (I1 — I2)/2 (5.2.2)

Ve = (Va+V4)/2 Ipe=(I3+1)/2
VBo=(Va—V4)/2 Ip,=(I3—14)/2

The forward-traveling components can be written as
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Vir=Vi + Vi, Il =Ip+Ig
Vit =Vi—Vi, I3 =Ip—1I

5.2.3
VS VE Ve B =TI, 629
Vi =V =V, If=Ii—1Iy
The backward-traveling components are written similarly so that the total front and back even- and odd-mode voltages are
Ve =Vi + Vi Vae=Vg +V5 (5:2.4)
Ve =V + Vi Ve =Vi +Vy o

With an ideal voltmeter the V1, Vs, V3, and V; voltages would be measured from a point on the strip to a point on the ground plane
immediately below. The voltages 2V, and 2V5, are the voltages that would be measured between the strips at the front and back of
the lines, respectively (see Figure 5.2.2). It would not be possible to directly measure Vi, and V.

One set of network parameters describing a pair of coupled lines is the port-based admittance matrix equation relating the port
voltages, V1-V4, to the port currents, I1—Iy:

I Yy Y12 Y13 Yuu Vi
T \Z
2| _ | Y Y22 Y Yu 2 (5.2.5)
I3 Ys1 Y32 Yss Y34 Vs
I Y4l Ya2 Y3 Yu Vi

These are port-based y parameters as the currents and voltages are defined for ports. Since microstrip lines are fabricated (most of
the time) on nonmagnetic dielectrics, then they are reciprocal so that y;; = y;;. Coupling from one line to another is described by the
terms y12(= yo1) and yz4(= yas).

Summary

The important concept introduced in this section is that fields and the propagating waves on a pair of parallel coupled lines can be
described as a combination of odd and even modes each of which has forward- and backward-wave versions.

This page titled 5.2: Physics of Coupling is shared under a not declared license and was authored, remixed, and/or curated by Michael Steer.
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5.3: Coupled Transmission Line Theory

In this section coupled transmission line theory is developed in terms of the quantities shown in Figure 5.2.4. The voltages and
currents shown here are phasors that vary along the line and are functions of z.

The quasi-TEM mode of propagation is also assumed, and the transmission line system is completely lossless with perfect
conductors and insulators. In phasor form, the generalized telegrapher’s equations for a pair of coupled lines are?!

d‘i}f) = —wLnly(2) — Lol (z) (5.3.1)
dV;—f”) = —jwLn Ty (z) — jwLals(z) (5.3.2)
dléi’”) = —wCnVi(z) — WwC1Va(z) (5.3.3)
dI;ia:) = —gwCnVi(z) — jwConVa(x) (5.3.4)

These are generalizations of the telegrapher’s equations of a single transmission line, and for reciprocity, C1s = Cy and Li; = Lo;.
Compaction of the equations is obtained by introducing the per unit length inductance matrix, L, and the per unit length capacitance
matrix, C, defined as

Ly Ly ]
L= 5.3.5
[ Ly Ly ( )
and
Cu Chi ]
C= 5.3.6
[ Ciz C2 ( )

The next step is to express the voltage on the pair of coupled transmission lines in vector form as

Vi(z)

Vo) | = [Vi(z)Va(z)]® (5.3.7)

V(z) = [

where T indicates transpose and converts the row vector into a column vector. Similarly the vector of currents on the coupled
transmission lines is

I(z) = [I1(z)L2(x)]" (5.3.8)

Using the above relations, the telegrapher’s equation, from Equations (5.3.1)—(5.3.4), is represented in matrix form as
iV(ar:) = —jwLI(z) (5.3.9)
dz = e
and
iI(ar:) = —wCV(z) (5.3.10)
dx = -

Rearranging Equations (5.3.9) and (5.3.10), taking derivatives, and after substitution, the final wave-equation form is obtained:

2 2
3—m V(z) + w’LCV(z) =0 (5.3.11)
and
a2’
7 1@+ WLCI(z) =0 (5.3.12)

Solving these second-order differential equations yields descriptions of the propagation characteristics. With confidence, a solution
in the form of propagating waves can be assumed:
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—1b1z
V(z) = Vo = Vodiag(e %, e7) = V, [ ¢ 0 ] (5.3.13)
0 e 1B
Substituting this into Equation (5.3.11) yields

—B?Vy +w?LCVy =0 (5.3.14)

For a nontrivial solution of Equation (5.3.14), the determinant of the matrix equation should be zero:

p? , , 10

det { LC — JU =0, where the unit matrix U= 01 (5.3.15)

Equation (5.3.15) is the characteristic equation that can be solved to determine the phase constant, 8. There are many possible
solutions, and weighted linear combinations of the solutions are also solutions.

If only the quasi-TEM modes are considered, then there are two possible sets of solutions for the phase constant, with one set of
solutions being

b1 = w8 (5.3.16)
and the other
B2 = twS; (5.3.17)

The different signs here are physically interpreted as referring to the forward- and backward-traveling waves. Thus the coupled pair
of conductors supports two unique families of modes (each family comprising forward- and backward-traveling waves) with each
family relating to a particular field configuration on the coupled line system.? That is, S1 and S. are each single numbers and, just
considering the forward-traveling waves, wS; is the propagation constant of one mode and wS: is the propagation constant of the
second mode.

The circuit-level model of a coupled line pair is developed by considering the calculation of the L and C matrices. The elements of
the capacitance matrix are obtained in two simulations in which the line charge is calculated. A variety of commercially available
software packages exist for the extraction of the per unit length L and C matrices. The matrix C is calculated, in most packages,
from the solutions of a two-dimensional electrostatic problem. The steps involve solving for the charges on the lines with voltages
set on the conductors. With total voltages V; and V; on lines 1 and 2, the charges on lines @, and Q5 are

Q1=CuV1 +Ci2V, (5.3.18)
and
Q2 = C13V1 + CV3 (5.3.19)
Simulation 1: With ¥; = 1 and V;, = 0, the charges are calculated with the result that
Cu=@Q:1>0 (5.3.20)
and
Cip=Q2<0 (5.3.21)
(Note that Cyj, i # 4, is negative.)
Simulation 2: With V; = 0 and V;, = 1, the charges are recalculated, and now
Cxn=@Q; and Ci=0G (5.3.22)

The characterization of the lines is completed by determining the elements of the inductance matrix. This is done by calculating the
capacitances with and without the dielectric. The principle effect of the dielectric is to alter the configuration and magnitude of the
electric field. The dielectric has little effect on the magnitude and orientation of the magnetic field. With the same current on the
coupled lines, the same magnetic energy is stored, and the inductances of the coupled line are unchanged by the dielectric. The
other assumption is that with a TEM mode on the lines, and in the absence of a dielectric, the velocity of propagation is ¢ = 1/v/LC.
Specifically, the assumption is that for a TEM mode and without a dielectric, the phase velocity is just e. This is a very good
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approximation and is exact if the conductors have infinite conductivity. (If the conductors have finite conductivity there would be
field inside the conductors, and the wave slows down slightly.) Determining the capacitance matrix without the dielectric enables
the inductance matrix to be calculated:

1o
L=Ly=5G; (5.3.23)
where the subscript 0 indicates free space (but a subscript 0 on Z, e.g., Zy, indicates characteristic impedance).

5.3.1 Summary

This section introduced the telegrapher’s equations for a pair of coupled lines in a form that is an extension of the telegrapher’s
equations of a single line but with the L and C of a single line replaced by 2 x 2 L and C matrices. It is no longer necessary to deal
with fields and a circuit model can be used.

Footnotes

[1] In Figure 5.2.4(a) v; and V; are the voltages at terminals 1 and 2 of lines 1 and 2. They are also port voltages referenced to the
ground immediately below the appropriate terminal. V;(z) and Va(z) are the total voltage anywhere on lines 1 and 2, respectively, as
shown in Figure 5.2.4(b). Similar notation will be used for voltages and traveling-wave components.

[2] Also it is up to the user to decide the form of the families to use. The most convenient family in microwave analysis is to use
even and odd modes. In general, a system with N active conductors (and one reference conductor) will support 2 x N (quasi-) TEM
modes.

This page titled 5.3: Coupled Transmission Line Theory is shared under a not declared license and was authored, remixed, and/or curated by
Michael Steer.
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5.4: Low Frequency Capacitance Model of Coupled Lines

The low-frequency model of a pair of lossless coupled lines comprises only capacitances. A pair of coupled lines, as shown in
Figure 5.4.1(a), has four terminals. At very low frequencies V; and Vj are identical as are voltages V, and V4. So the low-frequency
model of the pair of coupled lines has just two terminals in addition to ground, as shown in Figure 5.4.1(b).

The capacitances in Figure 5.4.1(b) are the shunt capacitance C; and C; and the mutual capacitance C,. In the even mode, the
voltages at terminals 1 and 2 are the same so that C, vanishes and the low-frequency capacitance model of the pair of coupled lines
in the even mode comprises just the self-capacitances C; and Cj (see Figure 5.4.1(c)). In the odd mode, the voltage at terminal 2 is
the negative of the voltage at terminal 1. The result is that there is a virtual ground between the terminals. Now a better circuit
model is that shown in Figure 5.4.1(d). This is where the restriction that the lines are of equal width is used. This assumption places
the virtual ground between equal-value capacitances. The symmetrical case is the one of most interest. If asymmetrical coupled
lines are to be analyzed, the analysis departs at this point and EM simulation is required.

To proceed, the capacitance model must be put in the form of per unit length capacitances and put in terms of the elements of a
capacitance matrix.

0 ® O 2 2, O
o o O r—i——i—1°
OT TC2 OT TC
(c) Even mode (d) Odd mode

Figure 5.4.1: Very low frequency models of a pair of coupled lines.

@ St g ® ®
ala )
{C”+(_'11JA}== ==4(_‘E+L'lljaf |L‘“TL‘;luj== -=|L‘:ﬂ_'ur3[
(a) Coupled-line (b) Even-mode
-2Cy,80 -2 A
bl ®
CytCplalT T(Cyy+Cplal
(¢) Odd-mode

Figure 5.4.2: Low frequency capacitance models of a pair of coupled lines of length A/.
The indefinite nodal admittance matrix of the low-frequency coupled-line model of Figure 5.4.1(b) is

ci+C, -C,

= A 4.1
—¢, G-, JwCAL (5.4.1)

Y =jw

where AZ is the length of the coupled lines, and C is the per unit length capacitance matrix (see Equation (5.3.5)). Thus the low-
frequency capacitance model of a pair of coupled lines of length A¢ and equal width is as shown in Figure 5.4.2(a). It is found in
analysis that Cy5 is negative.

For symmetrical coupled lines (the strips having the same width) the per unit length even- and odd-mode capacitances, as defined
in the definition of odd and even modes in Section 5.2, are

C.=Cn+C12 and C,=C1—Cr (5.4.2)

That is,

(5.4.3)

C= [ Cu Cr ] _ %(Ce'i'oo) %(CE_CO)
Cia Cx 1(Ce—Co) 1(C.+C)
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5.4.1 Capacitance Matrix Extraction

This section describes a general procedure for the extraction of the capacitance matrix of a number of coupled conductors [1].

Either measurements or measurement-like simulations can be used. This is done by evaluating one capacitance at a time for

different connections of interconnects to each other.

Without loss of generality, consider the three-line structure shown in Figure 5.4.3, where there are four conductors, including
ground. A 3 x 3 capacitance matrix is extracted from the capacitances of pairs of connected conductors. There are seven possible

combinations, as shown on the left-hand side of Figure 5.4.4. However, because of reciprocity, C;; = Cj, there are only six

capacitances (Cp1, Ciz2, Ci3, Ca2, Cas, and Cs3) to be determined, and only six sets of connections are required. The seventh set

serves as a check. In an EM simulation, the connections are conveniently realized by holding the black group at one voltage (e.g.,

1V) and the white group at 0 V. The corresponding capacitance connections are shown on the right in the figure: the seven

individual capacitance measurements are Cy4, Cg, C¢, Cp, Cg, Cr, and Cgq. Thus the elements of the capacitance matrix are

Cu=C;+Cp+Cf3 Ci=Cn=-Cj
Cp=Cp+Ch+Cj Ci3=Cyn=-Cj
Cs3 = Cé;; + 01,3 + 02’3 Coy3 =Cs = —02’3

Cia,
Cp,  Cn
o = oHE
Cit Co»y CaT
4 [ 4
(a) Coupled lines (b) Capacitance model

Conductor Number
1

Cg = C}y +Chy +C;

IR

(5.4.4)

Figure 5.4.3: Three-line structure with four conductors labeled 1, 2, 3, and 4.

Figure 5.4.4: Combinations of conductors leading to various capacitance measurements. The capacitances Cjy, ... , Cg are measured

between the conductor identified by the open square and the ground that is connected to the conductors, indicated by the closed

squares.

Using the first six measurements in Figure 5.4.4,

Thus

Ca=Cn Cp =Cu +2C1;2+Cy
Cp=Cx Cg=C1n+2C13+Cs3
Co=Cs Crp = Cp+2C33+ Cs3

Cll = CA 012 = C21 = %(CD - CA - CB)
Cxn=Cs Cis=Cn= %(CE —C4—Co)
Cs3 =Cg¢ Cyu=Cp= %(CF —Cp—Cc)

This extraction does not require the widths of the strips to be the same.

(5.4.5)

(5.4.6)
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5.5: Symmetric Coupled Transmission Lines

In this section, even and odd modes are considered as defining independent transmission lines. The development is restricted to a
symmetrical pair of coupled lines; that is, each transmission line of the pair is identical. Thus the strips have the same self-
inductance, L, = L;; = Loy, and self-capacitance, C, = C1; = Ca2, Where the subscript s stands for “self.” L,, = Lis = Lo; and Cy,
= C1p = Cy are the mutual inductance and capacitance of the lines, and the subscript m stands for “mutual.” Equations (5.3.1)-
(5.3.4) can thus be written as

Vi(z) = —jwLI1(z) — wLpI2(z) (5.5.1)
dx

Wa@) _ _ Lly(@) — pLoIa(a) (5.5.2)
dz

) uCVi(z) — 1CnVa(a) (55.3)

dIfT(x) = —gwCnpVi(z) — JwCsVa(z) (5.5.4)

The even mode is defined as the mode corresponding to both conductors being at the same potential and carrying the same
currents:!

Vi=Va=V, and L=L =1, (5.5.5)

The odd mode is defined as the mode corresponding to the conductors being at opposite potentials relative to the reference
conductor and carrying currents of equal amplitude but of opposite sign:?

Vi=—Vo=V, and L1=-L =1, (5.5.6)

The characteristics of the two possible modes of the coupled transmission lines are now described. For the even mode, from
Equations (5.5.1) and (5.5.2),

2 Vi(e) + Va(@)] =~ L + L [(0) + 1) (5:57)
which becomes
d‘;ei’”) = —gw(Ls + L) Io(z) (5.5.8)

Similarly, using Equations (5.5.3) and (5.5.4),

2 (@) + (@) = ~g0(Cs + C) (@) + Va(a)] (5.5.9)
which in turn becomes
Uel®) — o Co+ Cu)Vela) (5.5.10)

Defining the even-mode inductance and capacitance, L, and C,, respectively, as
L.=Ls+L,=L;1+Lis and C.=C;+C,, =C11+Cr2 (5511)

leads to the even-mode telegrapher’s equations:

%(m) = —jwL.I(z) (5.5.12)
and
dI;ia:) = —jwCeVe(z) (5.5.13)

From these, the even-mode characteristic impedance can be found,
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Zge = c.~\c.xc, (5.5.14)
and also the even-mode phase velocity,
1
Vpe = ﬁ (5.5-15)

The characteristics of the odd-mode operation of the coupled transmission line can be determined in a similar procedure to that
used for the even mode. Using Equations (5.5.1)—(5.5.4), the odd-mode telegrapher’s equations become

dvo(z) _

dz _]w(Ls - Lm)Io(w) (5.5.16)
and

Lol®) — g Cs— CmVol) (5517)

Defining L, and C, for the odd mode such that
Lo = Ls - Lm = L11 - L12 and Co = 03 —_ Cm = 011 bt Cl2 (5518)

then the odd-mode characteristic impedance is

L,  [Ly—Ln
Zw=1| o o —cn (5.5.19)
and the odd-mode phase velocity is
Vg = —— (5.5.20)
P VLG, o

Now for a sanity check. If the individual strips are widely separated, L,, and C,, will become very small and Z;, and Z;, will be
almost equal. As the strips become closer, L, and C, will become larger and Zp, and Z, will diverge. This is as expected.

5.5.1 Odd-Mode and Even-Mode Capacitances

The previous section used the even- and odd-mode capacitances for two coupled microstrip lines with the strips having equal cross
section so that each strip had the same self-capacitances. In this section this restriction is removed and the results apply to any pair
of coupled lines in any technology and of any cross section. The results enable the capacitances of the capacitance matrix to be
determined from calculations of the charges on the lines. Repeating Equations (5.3.18) and (5.3.19),

Q1=CuVi+CV2 and Q2= CuVi+CxnVz (5.5.21)
the capacitance matrix is
Cn Cr ]
C= 5.5.22
[ Ca Oy ( )

In the even mode V1 = V» = V. and so the even-mode charges on strip 1 and strip 2 are
Qie = (Cu1+C12)Ve and Q2 = (Cou +Cn)Ve (5.5.23)

respectively. Defining the even-mode charge as

Qe = (Q1e + Q2¢)/2 (5.5.24)
then the even-mode charge becomes
Qe =Ve(C11+ C2 + C12 + Ca1) /2 (5.5.25)
This leads to the even-mode per unit length capacitance,
Ce=Qc/Ve=(C11+ Ca + C12+ Ca1)/2 (5.5.26)
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Similarly, in the odd mode, V, = V; = —V», and the odd-mode charges on strip 1 and strip 2 are
Q1o = (Cuui —C12)V, and Qg = (Ca —C22)Vs (5.5.27)
respectively. The odd-mode charge is then
Qo= (Q10— Q2)/2=(C11 + C2 — C12 — Cn)V, /2 (5.5.28)
The odd-mode capacitance is

Co=Qo/Vo=(C11+Cs2—C13 —Cn)/2 (5.5.29)

v Example 5.5.1: Parallel Line Capacitance

EM software can be used to determine the even- and odd-mode parameters of a coupled line. This is usually done by setting
the phasor voltages on the coupled line and evaluating the phasor charges. Consider a pair of coupled microstrip lines as in
Figure 5.2.4. The voltage applied to the left strip is designated as V; and the voltage applied to the right strip is V5. The phasor
charge on the strips are @; and Qs, respectively. The analysis is repeated, but this time with the substrate removed, and so
establishing the free-space situation. In this case the charges are denoted by Qg and Q.. The matrix of (computer-based)

measurements is as follows:

Case Vi (V) Va (V) Q1 (pC/m) Q2 (pC/m) Qo1 (pC/m) Qo2 (pC/m)
A 1 -1 70 —80 22.2 —24.7
B 1 1 30 40 2.82 5.32
Table 5.5.1

a. What is the two-port capacitance matrix?
b. What is the even-mode capacitance?
c. What is the odd-mode capacitance?
d. What is the free-space (no dielectric) two-port capacitance matrix?
e. What is the free-space even-mode capacitance?
f. What is the free-space odd-mode capacitance?
g. What is the even-mode effective relative permittivity?
h. What is the odd-mode effective relative permittivity?
i. Note that both the odd mode and even mode are TEM modes, so the phase velocity in the free-space situation is c.
Determine the odd-mode and even-mode inductances per unit length in free space.
j. Note that the inductances do not change when the dielectric is replaced. What is the even-mode impedance?
k. What is the odd-mode impedance?
1. What is the even-mode phase velocity?
m. What is the odd-mode phase velocity?

Solution

a. Begin by considering the cross section of a coupled line shown to the right and use the basic equations relating the charges
on the line to the voltages on them:

1 2
= =
Figure 5.5.1
Q1=CuVi+CrV2 and Q2 =CyuVi+CxV2

and consider two sets of voltage conditions.
Case A: This is the odd excitation, V; = 1 V and V, = —1 V and the charges are
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Qa=Cn—Cr2 (5.5.30)

and

Q24=Cn—Cxn (5.5.31)

Case B: This is the even excitation, V; = V, = 1 V and the charges are

Q1B =Cu +Crp (5.5.32)
and
Q25 = Cy + Cy (5.5.33)
Adding Equations (5.5.30) and (5.5.32) results in
Q14 + Q1B = 2C11, (5.5.34)

1
thus Cp; = E(QIA + QIB) = (70 + 30)/2 pF/m =50 pF

Subtracting Equation (5.5.30) from Equation (5.5.32) yields

Q18 — Q14 = 2C12, (5.5.35)
1 1
thus Ci2 = E(QIB —Q1a) = 5(30 —70) pF/m = —20 pF/m

Because of reciprocity, Cy = C1a = —20 pF/m.
Subtracting Equation (5.5.31) from Equation (5.5.33) results in

Q28 — Q24 = 209, (5.5.36)
1 1
thus Cgp = E(ng —Q24) = 5(40 + 80) pF/m = 60 pF/m

Thus the per unit length capacitance matrix of the coupled line is

e Cu Cn ] _[ 50 -—20
T | C Caxn —20 60

] pF/m (5.5.37)

b. Even-mode capacitance, C.:
The even mode has V1 = V; and the even-mode voltage is V. = (V1 + V2)/2.
The even-mode charge is Q. = (Q1 + Q2)/2 = (30 + 40)/2 pC/m = 35 pC/m, SO

C. = Q./V, = 35 pF/m (5.5.38)

¢. Odd-mode capacitance, C,:
The odd-mode voltage is V, = (V4 — V2)/2 and the odd-mode charge is Q, = (Q1 — Q2)/2. WithV; =+1Vand Vo = -1V,
% == 1!

Qo= %[70 — (—80)] pC/m = 75 pC/m, thus C,= Qo/Vo =75 pF/m (5.5.39)

d. Using a similar procedure to that in (a), but now using the free-space charge calculations, Qo; and Qg results in the unit
capacitance matrix:

125 —9.69
—-9.69 15.0
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€. Ce = 4.07 pF/m

f. Cop = 23.5 pF/m

8. £re = Ce/Cep = 35/4.07 = 8.6

h. e, =C,/Cy = T75/23.5=3.2

i. Phase velocity, v, = 1/v'LC. With no dielectric, the phase velocity is ¢

Up=C= 1/\/ LoCo — Ly = 1/(0200)

and the odd-mode free-space inductance is

Lo =1/(c?Co) =1/ [(3-10%)223.5-107"%] H/m =473 nH/m (5.5.41)

The free-space even-mode inductance is

Ly =1/(c*Ce) =1/ [(3-10%)% - 4.07-107'%] H/m = 2.73 yH/m (5.5.42)

j- Zo=v/To[Cy; Lo=La Zo=/473-10~%/(75-10%) @ = 79.4Q
k. Z. = \JI.JC, = Z. = /2.73-107%/(35 - 10%) @ = 279 0

L vye = 1/vL.Ce = (2.73-107%-35-107%%)~7 = 1.023- 108 m/s
M. vpo = 1/v/L,Co = (473-107° . 75 . 10712)~% = 1.68 - 10° m/s

Footnotes

[1] Here I, = (I; + I,)/2 and V, = (V; + V;)/2. The reason for the supposedly equally valid definition I, = I; + I, not being used is
that the adopted definition results in the desirable form of the even-mode characteristic impedance.

[2] Here I, = (I — I3)/2 and V, = (V1 — V2)/2.

This page titled 5.5: Symmetric Coupled Transmission Lines is shared under a not declared license and was authored, remixed, and/or curated by
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5.6: Formulas for Impedance of Coupled Microstrip Lines

Formulas for the characteristic impedance and effective permittivity of symmetric coupled microstrip lines, with the cross section
shown in Figure 5.6.1, were developed by Hammerstad and Jensen [2] based on the concept of even and odd modes. The formulas
are accurate to better than 1% for 0.1 < » < 10 and g > 0.01, where u is the normalized width, and g is the normalized gap:

u=w/h g=s/h (5.6.1)

In the following, Z, and &, refer to the characteristic impedance and effective permittivity of an individual microstrip line with a
normalized width of » on a substrate with a relative dielectric constant of &,

Figure 5.6.1: Cross section of symmetrically coupled microstrip lines.

5.6.1 Even-Mode Coupled-Line Parameters
The even-mode characteristic impedance is
Zoe(u,9) = Zo1e(u, 9)/ 1/ €ee(ts, 9, €r) (5.6.2)

where ¢, is the effective relative permittivity of the even mode and Zgy, is the even-mode characteristic impedance with the
dielectric replaced by free space:

_ Z()(U)
Zo1e(u, g) = 1= Zo(w)bu(m.9) /0 (5.6.3)
where
be(u,g) = ) (5.6.4)

P(9){a(g)um® +[1 - a(g)lum®}

and 5o = 376.73 Q ~ 377 Q is the characteristic impedance of a TEM wave in a vacuum (i.e., free space). Now Zy(u) is the free-
space characteristic impedance of an individual microstrip line and is given by Equation (3.5.13). In Equations (5.6.2) and (5.6.3),
the effective permittivity of the even mode is

1 -1
Eee(tty gy6r) = = ;r + E’TFe(u, 9,6r) (5.6.5)
where
10 1wl
Fe(u,g,e,) = [1+m (5.6.6)
1 ut + {u/52}% 1 u \3
a(u) =1+ zghn [ 10432 | 187" [1 + (18.1) ] (5.6.7)
. 0.053
b(er) = 0.564 [Ee f:',’g] (5.6.8)
o(u) = 0.8645u"1™ (5.6.9)
g 92.09
W) =1+ =+ 35F (5.6.10)
a(g) = 0.5exp(—g) (5.6.11)
20.36\ 6] v
=0.21 4113+ == —In|— 6.12
mig) =0 75+[ 3+( g ) ] +323n[1+(g/13.8)10] (5.6.12)
u(20 + g2
n(u,g) = gexp(—g) + un+s) (5.6.13)

10 + g2
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5.6.2 Odd-Mode Coupled-Line Parameters

The odd-mode characteristic impedance is

Zoo(u, 9) = Zoo(u, 9)/1/ €eo(u, 9, &) (5.6.14)

where g, is the effective relative permittivity of the odd mode and Zy,, is the odd-mode characteristic impedance with the dielectric
replaced by free-space:

Zy(u)
1— ZO(U)¢0(U7 9)/770

Zy(u) is the free-space characteristic impedance of an individual microstrip line and is given by Equation (3.5.13). In Equations
(5.6.14) and (5.6.15), the effective permittivity of the odd mode is

Zoio(u, g) = (5.6.15)

Eeolt, g,67) = ;' Ly %Fo(u, g,€r) (5.6.16)
where
Fo(u, g,6r) = folu, g,€,)(1 4 10/u) o) (5.6.17)
0
Po(u, 9) = Be(u,9) — %exp [B(9)u™@ In(u)] (5.6.18)
0.627
6(g) =1.72 117 |14+ ——— .6.1
(9) 729+ 1.1751In ( + g+0‘32792_17) (5.6.19)
1 910
Blg) = 0.2306 + 7 In [ T 3T ] (5.6.20)
+%ln(1 + 0.6464M1™) (5.6.21)
n(g) = {% + exp[—6.424 — 0.76 In(g) — (g/0.23)5]} (5.6.22)
10 + 68.3¢2
X In (HTW) (5.6-23)
. L
foltsg,r) = fir(g, 1) exp [p()In(w) + a(9)sin (m e ) | (5624
p(g) = exp(—0.7459%2%) / cosh(g"%®) (5.6.25)
0.328¢7(90) }
1(g,60) =1— —0.179¢%15 — 5.6.26
e =1- {019 - o (5:6:20)
_ _ exp[l—(er—1)%/8.2]
r(g,&;) =1+40.15 {1 e (5.6.27)
q(g) = exp(—1.366 — g) (5.6.28)
and a(u), b(e,), and ¥(g) are the same as for the even mode (see Section 5.6.1).
5.6.3 System Impedance of Coupled Lines
The system impedance of a pair of coupled lines is
Zos = v/ Z0eZ0o (5.6.29)

This is derived in Section 5.7.1 where it is shown that there will be no odd-mode reflections, and even-mode reflections will be
small, at the ports of a symmetrical coupled-line pair if each line of the directional coupler is terminated in an impedance Zgyg. That
is, Zyg is the impedance required for matching. Z; is the characteristic impedance of an individual line of the symmetrical coupled-
line pair (when there is no coupling) and is only close to Zgs when the separation, s, of the lines is large.

5.6.4 Discussion

Normalized even- and odd-mode characteristic impedances of a pair of coupled lines are plotted in Figure 5.6.2 for various
normalized widths »
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Figure 5.6.2: Normalized even-mode and odd-mode characteristic impedances of a pair of coupled microstrip lines (e, = 10).

(=w/h) and as a function of normalized gap width g( = s/h). This plot illustrates the utility of using even- and odd-mode
descriptions. In Figure 5.6.2, the even- and odd-mode impedances are normalized to the characteristic impedance of an individual
line, Zy. When the lines are far apart (i.e., g is large), the even- and odd-mode impedances converge to the characteristic impedance
of a single line. As the lines get closer, the gap narrows, and the even- and odd-mode impedances diverge in opposite directions. To
obtain the characteristic impedances of a coupled line the characteristic impedance of a single microstrip line must be found. This
was given in Section 3.5.3 and the key result is repeated in Figure 5.6.3.

In the even mode, more of the field is in the dielectric than with the odd mode. It is therefore not surprising that the effective
permittivities of the two modes differ. The normalized coupled-line effective permittivities are shown in Figure 5.6.4. The deviation
of the even- and odd-mode permittivities as the gap between the lines narrows is not as large as the change in the characteristic
impedance. Also, there is a difference in the phase velocities of the two modes along the line, and this has an appreciable effect on
the performance of components such as filters that use coupled lines as a functional component. At the first reading of the plot (
5.6.4) it would seem that there is nonmonotonic behavior at low g. This is an artifact of the normalization used, and the
unnormalized permittivities are indeed monotonic with respect to both » and g.

Figure 5.6.5 plots, as a function of normalized separation, g, and for substrate permittivities ranging from 4 to 20, the even-mode
and odd-mode characteristic impedances normalized to the characteristic impedance of a single strip for extremes of normalized
widths (u = 0.5 and w = 5). The figure highlights that the split of the even- and odd-mode characteristic impedances is almost solely
dependent on geometry (i.e., the separation of the strips) and not the permittivity of the substrate. In the figure appropriate
normalization is used to highlight this fact. There are four families of curves,
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Figure 5.6.3: Normalized characteristic impedance and normalized effective permittivity of a microstrip line as a function of u
= w/h. For example, if v = 1 and &, = 10, then from the figure, Zy\/z, = 126 @ and &./e, = 0.671; thus Z, = 48.6 2 and e, = 6.71.
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Figure 5.6.4: Normalized even-mode and odd-mode effective permittivity of a pair of coupled microstrip lines. The effective
permittivity of an individual microstrip line with the same normalized width u is e..

two for the even-mode characteristic impedances and two for the odd-mode characteristic impedances. Each family comprises the
results for three widely different permittivities of the dielectric (specifically e, = 4, 10, and 20).
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Figure 5.6.5: Normalized even-mode and odd-mode characteristic impedances of a pair of coupled microstrip lines for extremes of
u. Each family of three curves is for &, = 4, 10, and 20. Z; is the characteristic impedance of an individual microstrip line with the
same normalized width, w = w/h. The strips have equal width.

v/ Example 5.6.1: Even- and Odd-Mode Parameters

A coupled line is constructed on an alumina substrate of thickness 500 um and relative permittivity e, = 10. The lines are 500
pm wide and the gap separation is 250 pm. What are the even- and odd-mode characteristic impedances and effective
permittivities of the coupled line?

Solution

The odd-mode characteristic impedance, Z,,, and even-mode characteristic impedance, Z,,, can be found using Figures 5.6.2
and 5.6.3. Now

u=w/h = (500 pm)/(500 pm) =1 and g=s/h = (250 pm)/(500 pm) = 0.5
From Figure 5.6.2,
Z()E/Z() =121 and Z()o/Z(] =0.76 (5630)

where Zj is the characteristic impedance of an individual line. From Figure 5.6.3, and using the curve for e, = 10,

€e/er =0.671, andso &, =10x 0.671 =6.71 (5.6.31)
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Also from Figure 5.6.3,
Zo/e. = 126, andso Zo=126/v6.71 = 48.6 Q (5.6.32)
Consequently, combining Equations (5.6.30) and (5.6.32),
Z0o=37Q and Zg. =590 (5.6.33)

The effective odd-mode and even-mode permittivities are obtained from Figure 5.6.4. The normalized even-mode effective
permittivity is €ee/€e = 1.086 and the normalized odd-mode effective permittivity is €eo/€. = 0.868. Since €. = 6.71, the final
result is

Eee =128 and e, =5.82

Figure 5.6.6: Terminated coupled lines: (a) with a load described by the y-parameter matrix Y; (b) symmetrical loads; (c) loads
considered in example.

5.6.5 Summary

This section presented formulas and graphs for determining the frequency-independent parameters of coupled lines given their
dimensions. Frequency dependence of these electrical parameters are discussed in [3, 4]. The effect of finite metallization thickness
is also discussed in [3]. Synthesis of coupled lines, i.e. determining their physical dimensions given their desired electrical
parameters, is undertaken in the context of their use and is generally based on approximate, but reasonably accurate, models of a
pair of coupled lines. This will be considered in Section 5.9.
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5.7: Terminated Coupled Lines

A pair of coupled lines supports even and odd modes and these can be coupled by the terminations at the end of a line. Thus at a
termination, such as that shown in Figure 5.6.6(a), where the termination is general and represented by a port-based admittance
matrix Y, the reflected even and odd modes will have contributions from both incident even and odd modes:

Vo =TV, +CeoV,t and V, =TVt + Co Vit (5.7.1)

where I'z, and I'z, are even- and odd-mode reflection coefficients and C,, and C,, describe coupling first from the odd mode to the
even mode and then from the even mode to the odd mode. The derivation of the reflection coefficients and coupling coefficients is
left for an example at the end of this section. The summary results are

2+ ZooYA — ZoeYs — 2Z0e Z00YD
2+ ZooYA + ZooYs + 220 Zp, YD

27,.Yg i
2+ ZgoYA + ZoeYs + 2Z0eZ0oYD
1+ Zoo(y12 + y21) — ZoeZooYD

', = 5.7.4
b= 1 ¥ ZooYa + Z0Ys + Z0eZ0oYD (5.7.4)

Ty = (5.7.2)

Ceo =

—Coe (5.7.3)

where

Y= (yu+yi2+ya+yn) Ya=(Yu—y2—ya+y2) } (5.7.5)

Yp = (yuy2e — Y12921) and Y = (yu1 — Y12 + Y21 — ¥22)

Controlling the coupling can be used in filter design based on parallel coupled lines.

5.7.1 Reflectionless Condition

In design of many coupled line sections it is important to minimize reflections of coupled lines. One quasi-reflectionless condition
is to terminate individual lines of the coupled line in the system reference impedance Zyg = v/Zg.Zoo- Then y11 = 1/Zps = ya9, and
y12 =0 =y and referring to Equation (5.7.5), Y5 = YA =2/Zys =2/vZoeZoo, Y& =0, and Yp = 1/Z4.Zy, and Equation (5.7.2)

becomes
Le = 2+ 2\/ ZOoZOe — 2\/ ZOeZOO -2 — \/ZOOZOe — 2\/ZOeZ00 (5 7 6)
2+ 2\/Z00Z05 + 2\/Z0eZOO +2 2+ v ZOoZOe + \'% ZOeZOO
which is small and
1+40-1
FLo = T = 0 (577)

Also note that the mode couplings C,. and C,,. are both zero. So terminating the individual lines of a pair of coupled lines in Zyg
results in the odd-mode reflection coefficient I'z, being zero and the odd-mode reflection coefficient T', being small.

The even and odd-mode reflection coefficients can both be set to zero by simultaneously setting the numerators of Equations (5.7.2)
and (5.7.2) to zero while maintaining symmetry, i.e. y;; = ya, and because of reciprocity y;5 = y2; thus ensuring that Yz = 0 and
coupling is zero.

v Example 5.7.1: Reflection at the End of a Pair of Coupled Lines

A pair of coupled lines with even- and odd-mode characteristic impedances Z,, and Zj, respectively is loaded as shown in
Figure 5.6.6(a) where the load has the two-port y-parameter matrix, Y. Find the even and odd-mode reflections.

Solution

The analysis begins by writing out the expressions relating the traveling-wave and total voltages and currents at the
termination.
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Ve=1(Vi+V2) Vo=3(Vi—V3) IL=in+0L) L=1n-D)
Vi=(V\it+V)  W=V+Vy) L=U{+I) L=f+I;)
Vit=(Vr+Vh) V= (ir-Vh) Lr=If+1) L= -1
Vi=WVe+Vy) Vy=(WVo-Vy) Ir=(0I-+1) I =(1I7-I)
I} =V /2 I =V /Z Iy =V, Z. I; =V, [ Z

At the termination

[Il _ L'+ Iy+I;+1; -V1:|=|:'!/11 y12:||:V1:|
I Lr—-Iy+1; -1, | V2 Y21 Y22 |2

Y
[ Vet = Vi) Zoe + (Vo = V) Zoo ] _ [ yu v ]

5.7.8
Vet = Vi) Zoe — (VsH = V57)/ Zoo Yn Yz 18
Ve + Vi + Vo + Vo
V=V + Vo -V,
The reflected even and odd modes have contributions from incident even and odd modes:
Vo =TV, +CoV,t and Vy =TV, + CoVit (5.7.9)
where I'z, and 'z, are even- and odd-mode reflection coefficients, C,. and C,, describe coupling, and
V- Vv,
Tre= % , Tro= -2 , (5.7.10)
Vet lyeco Vot lyrzo
V- vV,
Coo= —5 and Coe = —
7F e e
I'ze and C,, are obtained by expanding Equation (5.7.8) with V;t = 0:
V=V Zoe = Vs [ Zoo = yu (VF + VT + V) +y (VH+ Vo =V,))
ie. 22— (1 +y1Z0e + y12Z0c) = —— (1 — y11Z0e — y12Z0¢) (5.7.11)
Oe ZOe _
- Z(; (1 + y11Z00 — y12Z00)
Vot =V Zoe + Vi) Zoo = yur (VH + Vo + V) -y (VH+ V7 = V,) (5.7.12)
. Ve Vet
ie. = (—1+ynZoo — y220) = 5 — (L —y21Zoc — yz2Z0e) (5.7.13)
0o Oe
V-
+ Ze (—1 — y21Z0e — y22Z0e)
Oe

I'z. is obtained by eliminating V- by multiplying Equation (5.7.13) by (1 + y11Z00 — ¥12Z00) and subtracting it from Equation
(5711) Inultlphed by (—1 + y21Z00 = ygzzoo):

_a + b b

= —_— Th e = — 7.14
Y e T ol T TR (5.7.14)
where

a = (14 y11Zoe + y12Z0e)(—1 + y21Z00 — Y22Z00)
— (1 + y21Z0e + y22Z0) (1 + y11Z00 — Y12Z00)

= —2— ZooYA — ZoeYs — 2Z0eZ0oYD (5715)
b= (1 —y1120e — Y12Z0e)(—1 + Y21 Z00 — Y22Z00) (5.7.16)
— (1 = y21Zoe — y22Z0¢) (1 + y11Z00 — Y12Z00)
= —2— ZgoYA + ZoeYx + 220 Z0oYD (5.7.17)
Yy = (yu1 + Y12 + Y21 + ¥22), Ya = (Y11 — Y12 — Y21 + y22), (5.7.18)

and Yp = (y11y22 — y12y21)
b 24 ZooYA — Zo.Ys — 2ZoeZ0,YD
ro_b_ 5.7.19
L7 0 T 2+ ZooYa + ZoeYs + 2Z0e Z0oYp (5.719)

As a sanity check, if the load is symmetrical y3; = yop = Yz = 1/Zy, the differential load impedance is infinite y;2 = 0 = yay, if
the lines are far apart Zo, = Zo, = Zy, then Yy = 2Yz, Ya = 2Y;, and Yp = Y}? and Equation (5.7.19) becomes
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2+ 2Z0Yy, — 220y — 2237 1- 2272

9+ 220Yy +220Y; + 223Y7 | 1+ 2Z0Yy + Z3Y7
. (1 — Z()YL)(]. + ZOYL)
© (14 ZoYz)(1 + ZoY1)

1-20YL 2Z1—2

= = 5.7.20
1+ ZyY Z1, + Zy ( )

Le

This is the reflection coefficient of a transmission line of characteristic impedance Z, terminated in a load Z, as expected.
Find C¢, by expanding Equation (5.7.8) with V,;* =0:

Vo Zoe + Vot = Vo)) Zoo =91 (V,F + Vo + V)
+y2(-V, +V, =V,))

v Vi
ie. (14 y1Zoe + y12Z0e) = - — (1 — y11Z00 + Y12Z00) (5.7.21)
Zoe ZOo
- Zo (1 + y11Z00 — Y12Z00)
0o
Vo[ Zoe — (Vot = V) Zoo =y (+V,F + V7 + V) (5.7.22)
+yn (—V;F+V V)
7 v
ie. (=1 + y21Z00 — y22Z00) = —— (1 + y21Z00 — Y22Z00) (5.7.23)
ZOO ZOo

|74
- Ze (1 + y21Z0e + y22Z0e)
Oe

To eliminate V,~ multiply Equation (5.7.23) by (1 + 1120, — ¥12Z0,) and subtract it from Equation (5.7.21) multiplied by (-1
+ Y21 Z00 — Y22Z00)"

Ve_ V.o+ ¢ Zoe
= h that =— 7.24
7o, a Zo, ¢ suc at Cog a Zo, (5.7.24)

where a is as in Equation (5.7.15) and
¢ = (1 —y11Z00 + Yy12Z00) (—1 + Y21 Z00 — Y22Z00)
+ (1 + y21Z00 — Y22 Z00) (1 + y11Z00 — Y12Z00)
= —2Zy,Yr where Yg = (y11— y12 + Y21 — ¥Y22) (5.7.25)
2700

Ceo G0 B (5.7.26)

" 24 ZooYa + Z0cY5 + 220 Z0:Yp

Now for a sanity check. If the load is symmetrical y11 = y22 and y12 = ya1, then Yz = 0 and C., = 0 indicating that a signal is not
converted from odd mode to even mode with reflection from a symmetrical load, as expected.

The analysis is now repeated to find I'z,, and C,e. I'z, is found by eliminating V.~ from Equations (5.7.21) and (5.7.23) by
multiplying Equation (5.7.23) by (1 + y11Z0e + ¥12Z0.) and subtracting it from Equation (5.7.21) multiplied by (1 + ya1Z0e

+ y2220e):
vt V- V-
—d= e and Tro= —>- _4 (5.7.27)
Zo Zo V=0 Vo V=0 €
d = (1—y1Z00 + Y12Z00) (1 + y21Z0e + y22Z0c)
+ (14 y21Z00 — ¥22Z00) (1 + y11Z0e + Y12Z0e)
= 2+ 2Z0,(y12 + y21) — 2Z0e Z00YD (5.7.28)
e = (14 y11Z00 — ¥12Z00) (1 + y21Z0e + Y22Z0c) (5.7.29)
— (=1 + y21Z00 — Y22 Z00) (1 + y11Z0e + y12Z0¢)
= 24 2Z0Ya + 2Z0:Ys + 2Z00 Z0oY D (5.7.30)
14+ Z — Z0e oY
Ty, = + Zoo (Y12 + y21) 0eZ00Y D (5.7.31)

B 1+ ZOoYA + ZOeYE + ZerOOYD

C,e is found by eliminating V.~ achieved by multiplying Equation (5.7.23) by (1 + y11Zo. + ¥12Z0.) and subtracting it from
Equation (5.7.21) multiplied by (1 + yo1 Z¢e + y22Z0¢):

—f_ + 9
V;ZOO_VE ZOe

Thus C,. = = —— where 5.7.32
V=0 “ " f Zoe ( )
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9=—01—y12Z0e — y12Z0¢)(1 + y21Z0e + Y22Z0¢)
+ (1 — y21Z0e — y22Z0e) (1 + y11Zoe + y12Z0c)
= 2Z0e(y11 + Y12 — Y21 — y22) = 2Z0YE (5.7.33)
==+ y11Z00 — Y12Z00)(1 + y21Z0e + Y22Z0¢) (5.7.34)
+ (—1 + y21Z0e — Y22 Z0e) (1 + y11Z0e + Y12 Z0¢)
=—2—ZooYA — ZoeYs — 2Z0eZ00YD (5.7.35)
Cho= ~2Z0YE =—C (5.7.36)
e 2+ ZOoYA - ZOeYE + 2ZOeZOol/D B e o

v Example 5.7.2: Even and Odd Mode Loads

A pair of coupled lines is loaded as shown in Figure 5.6.6(a). The even-mode characteristic impedance is Zg. = 90 £ and the
odd-mode characteristic impedance is Zg, = 45 €.

a. What is the even-mode reflection coefficient?
To simplify calculations let the forward-traveling even-mode voltage at the load V;* =1 V, and there is no forward-
traveling odd-mode voltage. V- and V™ are the backward-traveling even- and odd-mode voltages and I}, I, and I, are
the corresponding currents. At Port 1

_ly _u+ + - -_1 - -
L= oVi=VE+ VI Vo + Vo = (L 0+ Vo + V)

vt v, Vo 1 v, Vo
T+ + = = e _ ‘e _ 7o _ -~ _"e _ To
h=lit L+l 41 = 0= = 7, =90 90 45
Equating these and multiplying by 180:
1+5V, +7V, =0 (5.7.37)

At Port 2
L= —Vi= — (VoVH+Vo —V) = (1404 V, —V;)
100 100 100
L=If-If+I;—1I, = ;i +0— Z"; +% = 9—10—% %
Equating these and multiplying by 900:
1—19V, +29V; =0 (5.7.38)

Multiplying Equation (5.7.38) by 7 and subtracting it from Equation (5.7.37) times 29:

(29 — 7) + (145 + 133)V,” + (203 — 203)V,” =0 = V,” = —0.07914 V

Thus

T =V, /V} =V, /1=—0.07914 (5.7.39)

Alternatively the general formula, Equation (5.7.2), can be used noting that Z;. = 90 Q, Zg, = 45 Q, y11 = 1/60, y22 = 1/100,
and g1, = 0 = y91. Then ya = 0.026667 S, yz = 0.026667 S, yp = 0.00016667 S:

_ 2+445-0.026667 — 90 - 0.026667 — 2 - 45 - 90 - 0.00016667

Tz = 2 + 45 - 0.026667 + 90 - 0.026667 + 2 - 45 - 90 - 0.00016667

—0.07914 (5.7.40)

The two evaluations of I'z, are in agreement.
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b. What is the effective even-mode load resistance Ry.?
Ry, is the resistance that yields I'z, when referred to Zg. Thus

1+Tp. 1+ (—0.07914)
Rre = Zge =90 =176.80Q 5.7.41
Le = 201 _T1. 1— (—0.07914) ( )
c. What is the odd-mode reflection coefficient?
Calculating this directly using Equation (5.7.4):
I, 14+0—45-90-0.00016667 — 0.06180 (5.7.42)

-1 + 45 - 0.026667 + 90 - 0.026667 + 45 - 90 - 0.00016667
d. What is the effective odd-mode load resistance Rj,?

1+T1 . 1+0.06180

Rio=Zoo7— T, ~1—0.06180

=50.92Q (5.7.43)

This page titled 5.7: Terminated Coupled Lines is shared under a not declared license and was authored, remixed, and/or curated by Michael Steer.
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5.8: Directional Coupler

Coupling can be exploited to realize a new type of element called a directional coupler. The schematic of a directional coupler is
shown in Figure 5.8.1(a) and a microstrip realization is shown in Figure 5.8.1(b). The microstrip realization is typical of most
directional couplers in that it comprises two parallel signal lines with the electric and magnetic fields of a signal on one line
inducing currents and voltages on the other. A usable directional

(coupled port) (isolated port)
yo _ Port3 Pot4 7~ pons Poris
3-=— O0— —0 —="4
VI — O Lr~—o -a-l,—
1 Port1 Port 2 2
(input port) (through port) 5oy Port 2

(a) (b)

Figure 5.8.1: Directional couplers: (a) schematic; and (b) backward-coupled microstrip coupler. (Note that not all couplers are
backward-wave couplers as shown in (a).)

Parameter Ideal Ideal (dB) Typical
Coupling, C - - 3—40dB
Transmission, T [v/1—1/C7 20log |/1—1/C| —0.5 dB
Directivity, D oo oo 40 dB
Isolation, I o0 00 40 dB

Table 5.8.1: Ideal and typical parameters of a directional coupler.

coupler has a coupled line length of at least one-quarter wavelength, with longer lengths of line resulting in broader bandwidth
operation. Directional couplers are used to sample a traveling wave on one line and to induce a usually much smaller image of the
wave on another line. That is, the forward- and backward-traveling waves are separated. Here a prescribed amount of the incident
power is coupled out of the system. Thus, for example, a 20 dB microstrip coupler is a pair of coupled microstrip lines in which
1/100 of the power input is coupled from one microstrip line onto the another.

Referring to Figure 5.8.1, a coupler is specified in terms of the following parameters (always check the magnitude of the factors, as
some papers and books on couplers use the inverse of the C used here):

¢ Coupling factor:

C=Vt/V;7 = inverse of the voltage fraction “transferred”
(coupled) across to the opposite arm (C > 1)

o Transmission factor (inverse of insertion loss):

T=V,/V;t = transmission directly through the “primary” arm
of the structure (T < 1)

o Directivity factor:

D=V, /V, = measure of the undesired coupling from Port 1 to
Port 4 relative to the signal level at Port 3 (D > 1)

o Isolation factor:

I=V"/vy = isolation between Port 4 and Port 1 (I > 1)

It is usual to quote these quantities in decibels. For example, the coupling factor in decibels is C|4g = 20logC. So 20 dB coupling
indicates that the coupling factor is 10. An ideal quarter-wave coupler has D = oo (i.e., infinite directivity) and

— ZOe + ZOa

c
ZOe - ZOo

(5.8.1)
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This result comes from a detailed derivation for the case when the coupled-line section is one-quarter wavelength long—the length
when the coupling is maximum. The derivation is given in Section 11.4 of [5]. In decibels the coupling is

Clas = 201og (M)

5.8.2
ZOe - ZOo ( )

Typical and ideal parameters of a directional coupler are given in Table 5.8.1. Since an ideal coupler does not dissipate power, the
magnitude of the transmission coefficient is

iT| = ‘ 1—1/C?| (5.8.3)

There are many types of directional couplers, and the phases of the traveling waves at the ports will not necessarily coincide. The
microstrip coupler shown in Figure 5.8.1(b) has maximum coupling when the lines are one-quarter wavelength long.? At the
frequency where they are one-quarter wavelength long, the phase difference between traveling waves entering at Port 1 and leaving
at Port 2 will then be 90°.

v/ Example 5.8.1: Directional Coupler Isolation

A lossless directional coupler has coupling C' = 20 dB, transmission factor 0.8, and directivity 20 dB. What is the isolation?
Express your answer in decibels.

Solution

Coupling factor: ¢ = V;*/Vy
Transmission factor: T = V; /V;*
Directivity factor: D =V /V,

Isolation factor: I = V;*/v

1 SAMPLE TERMINATION

N
o BN

I INPUT 2 DIRECT OUTPUT

Figure 5.8.2
D=20dB=10 and C=20dB=10
so the isolation is
LA/

= -—=D-C=10-10=100 =40 dB
Vi Vi Vg

5.8.1 Design Equations for a Directional Coupler

In the previous section the coupling factor was expressed in terms of the even- and odd-mode impedances. However, design starts
with the specification of the coupling level, and from this the required physical dimensions are derived. A one-quarter wavelength
long coupler will be considered, as this is the optimum coupling length. From Equation (5.8.1), the desired coupling factor is

— ZOe + ZOo

C
ZOe - ZOa

(5.8.4)

where the coupling factor is an absolute voltage-referenced quantity and usually must be derived from the coupling factor in
decibels; let this be C|4p:

C = 10C1=/? (5.8.5)

The system impedance comes from

Z2s ~ ZoeZoo (5.8.6)
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Zyg is introduced here because Zj is used for the characteristic impedance of the individual lines of the coupler; note that Z, is not
equal to Zgs. Zgg should match the characteristic impedance of the transmission lines connected to the coupler. From these

expressions, the even- and odd-mode impedances required are

Q
+
—

ZOe ~ Z()S m (587)
c-1
Z()o ~ Z()S C—-I-l (588)
and the ratio of imedances is
C+1
ZOe/ZOo ~ m (589)

v/ Example 5.8.2: Directional Coupler Electrical Design

Develop the electrical design of a 15 dB directional coupler in a 50 £ system.

Solution

The electrical design of a directional coupler comes down to determining the evenand odd-mode characteristic impedances
required. Now the coupling factor, C, is (Zpe + Zoo)/(Z0e — Z0o) and

c+1

Zoe =2Zos\| 57

For a 15 dB directional coupler, C = 15 dB = 5.618 and, since Zyg = 50 Q2,

[5.618 + 1
Zo. = 50 % =59.90 and Zo, = Zi;/Zo. = 50%/59.9 = 41.7Q

The above are the required electrical design parameters.

5.8.2 Directional Coupler with Lumped Capacitors

Directional couplers using only coupled transmission lines can be large at low frequencies, as the minimum length is approximately
one-quarter of a wavelength. This can be a problem at RF and low microwave frequencies, say, below 3 GHz. The length of the line
can be reduced by incorporating lumped elements, as shown in Figure 5.8.3(a). The equivalence is established using ABCD
parameters. Figure 5.8.3(b) shows a hybrid directional coupler using a ferrite core, forming a magnetic transformer, to provide
enhanced coupling of the coupled lines at low frequencies with a frequency range of 1-700 MHz. At high frequencies the ferrite
core is a magnetic open circuit and the line coupling dominates.

5.8.3 Physical Design of a Pair of Coupled Lines

Equations (5.8.7)—(5.8.9) are the basic design expressions, as Zo. and Zo, can be related to physical dimensions. When the two strips
of a microstrip directional coupler are close, the orientation of the field lines and hence the characteristic impedances of the
individual lines change. That is, the characteristic impedance of each line on its own, Z,, will differ from the system impedance,
Zys- For a normalized line width of w = (w/h), this effect is shown in Figure 5.8.4. Here Zys is the geometric mean of the even- and

odd-mode impedances.
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Figure 5.8.3: Parallel coupled lines with lumped capacitors bridging the ends to provide compensation: (a) schematic illustration;
and (b) using a hybrid transformer to provide enhanced coupling of the coupled lines at low frequencies (Model GC6-2, copyright
Synergy Microwave Corporation, used with permission [6]).

L 1]
1,40 \
1.30
1.0
Z, /%
10
—1 |
100 T — —
| —T f‘_),_._._._-—-
(4] —
/2yt )
(11 4]
[Fis] /
%60 4—
e i
ao s 100 1.5 20 25 am in 400

Figure 5.8.4: Normalized even- and odd-mode characteristic impedances of coupled microstrip lines with normalized width, u
= 0.5, versus normalized gap spacing, g.

Microstrip coupler design proceeds as follows. The first step is to examine the specifications and determine the substrate
permittivity, e,, coupling factor, C, and the system characteristic impedance, Zys. From C find Zg./Zy; the data in Tables 5.8.2 and
5.8.3 enable some of the physical parameters to be determined, including the normalized gap coupling parameter, g, and the
normalized strip width, u. The next step is to design the dimensions of the individual microstrip lines connecting the directional
coupler using Table 5.8.3. At this stage the widths and spacings of the microstrip circuit are normalized. Using the substrate height,
these are unnormalized to obtain the actual physical dimensions. Finally, the coupler is one-quarter wavelength long, as this was the
basis for the formula relating the even- and odd-mode impedances to the coupling factor in Equation (5.8.1). The even and odd
modes have different effective permittivities and the ),/4 length should apply to both the even and odd modes. Clearly both cannot
be satisfied. It is reasonable to use the average of the even- and odd-mode permittivities to establish the coupler length. The length
is not a very sensitive parameter anyway. The connection of the individual lines to the coupler is not specifically part of the
synthesis described, but if designed they should have the system characteristic impedance.

A comment on this design procedure is in order. The design procedure above yields a narrowband directional coupler. A broadband
directional coupler, and indeed any component that is desired to have a broad bandwidth, should be designed using filter principles.
Another comment is that the design flow is one of synthesis. An alternative procedure that is often used is to start with an
approximate design and rely on optimization tools to obtain the desired characteristics. This works in many cases, but does lead to
novel design. Having said that, the synthesis procedure does not yield a perfect design, as parasitic and dispersive effects are not
taken into account. Optimization from the synthesized design usually requires only a small adjustment. In practice, the uncertainties
of physical structures (e.g., variations in the effective permittivity of actual materials) require experimental iteration as well.
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er=4(SiO2 and FR4), Z,s = 50 Q

g Zoe/Zoo u Zoe () Zoo () Eee Eeo Zy ()
0.1 2.20 1.57 74.12 33.72 3.20 2.61 58.60
0.2 1.87 1.72 68.38 36.52 3.23 2.65 55.60
0.3 1.70 1.80 65.26 38.37 3.25 2.68 54.10
0.4 1.59 1.86 62.93 39.66 3.26 2.70 53.10
0.5 1.50 1.90 61.26 40.74 3.27 2.72 52.20
0.6 1.44 1.93 59.93 41.63 3.27 2.74 52.00
0.7 1.39 1.95 58.90 42.42 3.27 2.76 51.60
0.8 1.35 1.97 57.95 43.05 3.28 2.78 51.30
0.9 1.31 1.98 57.25 43.67 3.28 2.79 51.20
1.0 1.28 1.99 56.61 44.20 3.27 2.80 51.00
1.2 1.23 2.01 55.46 45.03 3.27 2.82 50.70
14 1.19 2.02 54.64 45.76 3.27 2.84 50.50
1.6 1.16 2.03 53.93 46.32 3.26 2.85 50.40
1.8 1.14 2.03 53.48 46.88 3.25 2.87 50.40
2.0 1.12 2.04 52.94 47.21 3.25 2.88 50.20
2.5 1.09 2.05 52.08 4791 3.23 291 50.10

3 1.07 2.05 51.62 48.46 3.20 2.93 50.10
4 1.04 2.06 50.93 48.98 3.17 2.96 49.90

5 1.03 2.06 50.64 49.35 3.15 2.98 49.90
10 1.00 2.07 50.06 49.89 3.10 3.02 49.80

Table 5.8.2: Design parameters for coupled lines for e» = 4. The normalized gap, g, is chosen to obtain the desired coupled-line
mode impedance ratio, Z./Z,. Data are derived from the analysis in Section 5.6. Z, is the characteristic impedance of an
individual microstrip line with a normalized width, u. For Zyg = 50 Q, w/h = 2.056, from Table 3.5.2.
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&, = 10 (Alumina), Zos = 50

g Zoe/Zoo u Zoe () Zoo () Eee Eeo Zy ()
0.1 2.72 0.65 82.26 30.25 6.95 5.59 59.40
0.2 2.18 0.75 73.90 33.82 7.06 5.64 55.90
0.3 1.91 0.81 69.06 36.10 7.13 5.69 54.00
0.4 1.74 0.84 66.19 37.96 7.17 5.73 53.10
0.5 1.62 0.87 63.66 39.29 7.20 5.77 52.20
0.6 1.53 0.89 61.79 40.42 7.22 5.81 51.70
0.7 1.46 0.90 60.45 41.47 7.23 5.85 51.40
0.8 1.40 0.91 59.25 42.32 7.23 5.88 51.10
0.9 1.35 0.92 58.17 43.01 7.24 5.92 50.90
1.0 1.31 0.93 57.19 43.57 7.24 5.95 50.60
1.2 1.25 0.94 55.78 44.59 7.23 6.01 50.30
14 1.21 0.94 54.90 45.55 7.21 6.06 50.30
1.6 1.17 0.94 54.19 46.30 7.19 6.11 50.30
1.8 1.14 0.95 53.34 46.66 7.17 6.16 50.10
2.0 1.12 0.95 52.87 47.14 7.14 6.20 50.10
2.5 1.09 0.95 52.05 47.97 7.08 6.29 50.10
3 1.06 0.95 51.54 48.50 7.02 6.36 50.10
4 1.04 0.95 50.97 49.08 6.92 6.46 50.10
5 1.03 0.95 50.69 49.39 6.85 6.53 50.10
10 1.03 0.95 50.26 49.94 6.73 6.62 50.10

Table 5.8.3: Design parameters for a microstrip coupler on a substrate with &, of 10. Data are derived from the analysis in Section
5.6. Z, is the characteristic impedance of an individual microstrip line with a normalized width, 4. For Zys = 50 , w/h = 0.954,
from Table 3.5.2.

v Example 5.8.3: Physical Design of a 10 dB Microstrip Coupler

Design a microstrip directional coupler with the following specifications:

Transmission line technology Microstrip

Coupling coefficient C =10dB
Microstrip characteristic impedance Zy =509
Substrate permittivity Er =10.0
Substrate thickness h =1 mm
System center frequency (midband for the coupler) fo =5 GHz

The cross-sectional dimensions that must be determined are the strip width, w, and the strip separation, s, as shown in Figure
5.8.5. The procedure is to first determine the coupling factor:

C = 10Cl=/20) — 19(19/20) — 3 162 (5.8.10)
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The ratio of the even- and odd-mode impedances required to achieve the desired coupling is derived from Equation (5.8.9):

C+1 316241
ZOe/ZOO = m = m = 1.925 (5.811)

Solution

The problem now is to determine the physical geometry (i.e., the line widths and spacing). The data in Table 5.8.3 apply here
(as & = 10), enabling the normalized gap, g = s/h, and normalized line width, 4 = w/h, to be determined for a specified
impedance ratio, Zo/Zo,. The table does not contain a line for Z,./Z, = 1.925 and so the table must be interpolated (e.g. using
linear or bilinear interpolation as described in Appendix 1.A.12). The line for Zg./Zp, =2.15 has g = 0.2, and the line for
Zoe/ Zoo = 1.90 has g = 0.3. So for Zo./Zg, = 1.925,

0.3—0.2

thus

s=g-h=0.290 mm (5.8.13)
The value of » must also be interpolated from Table 5.8.3 and » = 0.805 is obtained; thus

w=1u-h=0.805 mm (5.8.14)

The coupler should be one-quarter wavelength long, so the effective relative permittivity of the even and odd modes is
required. From Table 5.8.3, the interpolated values are

€ee=T.124 and &, = 5.686 (5.8.15)

These effective permittivities are different, so determination of the optimum length of the coupler is not straightforward. The
only choice is to use the average of the permittivities:

Ee, avg = (Ece + Ee0) /2 = 6.405 (5.8.16)
Thus the average wavelength is

c 3.10%
A = = =2.37 cm 5.8.17
g f\/ €e, avg 5- 109v 6.405 ( )

and the length of the coupler is
L =),/4=>593 mm (5.8.18)

Finally, the widths of the feed lines must be determined. The system impedance is 50 Q and, from Table 3.5.2, the width, w’, is
found to be 0.954 mm. The final layout of the coupler is shown in Figure 5.8.6. The realization of a microstrip directional
coupler as a laboratory component is shown in Figure 5.8.7.

EM analysis is often used to refine this synthesized coupler. There are two main uncertainties in the design. One is the
uncertainty in the length of the coupler (due to the different even- and odd-mode effective permittivities). The other uncertainty
is that the coupled-line equations come from low-frequency analysis—EM analysis will capture the frequency-dependent
effects. However, only minor iteration would normally be required.

u = w'h

l.'
= &/h
(a) Cross section (b) Layout

Figure 5.8.5: Dimensions to be determined in the physical design of a directional coupler.
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0953 mm

Figure 5.8.6: Final coupler layout for Example 5.8.3.

(b)

Figure 5.8.7: Connectorized directional couplers: (a) a microstrip directional coupler with SMA connectors connected to internal
microstrip lines, the top right-hand connector has a 50 Q termination; (b) a 250 W, 0.9-9 GHz coupler with N-type connectors on the
through line and an SMA connector on the coupled port, insertion loss is less than 0.1 dB. Copyright 2012 Scientific Components
Corporation d/b/a Mini-Circuits, used with permission [7].

5.8.4 The Lange Coupler

A directional coupler comprised of two parallel microstrip lines cannot achieve a coupling of 3 dB, which corresponds to splitting
the power of a traveling wave into two equal components. Lange [8] introduced a coupler, now known as the Lange coupler, in
1969. The Lange coupler (see Figure 5.8.8) has a coupling factor of around 3 dB. In this design, true quadrature coupling over an
octave bandwidth is realized as a consequence of the interdigital coupling section, which also compensates for the differences of
the even- and odd-mode phase velocities over the wide frequency range. Note the use of the center bond wires—this was the key
invention. The bonding wires should look, electrically, as close as possible to a short-

y I

Isolated

Inpat I it

,
:

i
output

Through; i 5

(a) Microstrip layout (b) Circuit symbol

Figure 5.8.8: A four-finger Lange coupler.

Figure 5.8.9: Coupled microstrip lines with total voltage and current phasors at the four terminals.

circuit. This means that their lengths, [,, must be kept as short as possible: Is « Ay, /4, where Agn is the midband wavelength. In
semiconductor technologies, these bond wires are replaced by air bridges, and in structures with two or more metal layers the
wirebonds are replaced by vias to another metal layer and a short connection on the second metal layer. In some designs, six
coupling fingers are used instead of the four shown in Figure 5.8.8. Note that the input-to-direct-output link meanders through the

structure and this DC connection identifies the through connection.
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The physical length of the coupler is approximately one-quarter wavelength long at the center frequency of the coupling band. As
with many distributed components, this element was invented using intuition and empirical iterations. Since then, analytic design
formulas have been developed to enable synthesis of the electrical parameters of the coupler (see [5]). The synthesis is based on
even- and odd-mode impedances analogous to those developed in Section 5.8 for a coupler comprised of coupled microstrip lines.
Synthesis leads to a design that is close to ideal, and subsequent modeling in an EM simulator can be used to obtain an optimized
design accounting for frequency-dependent and parasitic effects.

Footnotes

[1] This is shown in a detailed derivation provided in Section 11.4 of [5].

This page titled 5.8: Directional Coupler is shared under a not declared license and was authored, remixed, and/or curated by Michael Steer.
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5.9: Models of Parallel Coupled Lines

5.9.1 Chain Matrix Model of Coupled Lines

The chain matrix of a pair of coupled lines is the multiport version of the two-port ABCD parameters and relates the input currents
and voltages at one end of a pair of coupled lines to the voltages and currents at the other end. The chain matrix is derived here
following the development in [9]. The terminal characteristics of the coupled lines shown in Figure 5.8.9 can be expressed in terms
of the even and odd modes. For the even mode

11+ W) _ [ cosf,  3Xgesinb, ] 1(Vz+Va) (59.1)

%(Il + 1) | 7Yoesiné, cos @, %(134_[4) 9.
and for the odd mode

tvn-w) | [ cos@,  Xoosinb, ] L(Vs—Vi) 592

(L —1) 9Yo,8iné,  cosé, —L-1) -

where Yy, = 1/Z,. is the even-mode characteristic admittance and Yy, = 1/Zg, is the characteristic admittance of the odd mode.
Also, 6, is the electrical length of the lines for the even mode, and 6, is the odd-mode electrical length of the lines. Grouping
Equations (5.9.1) and (5.9.2),

i a1 aiz by b V3
Ve a1 axz ba  ba \Z
= 5.9.3
I, ciu ci2 di dip —I3 ( )
I, ca1 cp doy dp -1
where
1
ayy = a9 =dy =dyj; = E(COS 0. + cos 00) (5.9.4)
1
Q12 = Q91 = d12 = d21 = E(COS 0e — Cos 00) (595)
1
b1y = by = JE(Z()E sin @, + Zg, sin 00) (5.9.6)
1
b12 = b21 = ]E(de sin Oe - Z()o sin 00) (597)
1
c11 = Cog = _7§(Y0E sin @, + Yo, sind,) (5.9.8)
1
Cla =Co1 = JE(Yoe sin 6, — Yo, sin 6y) (5.9.9)
Similarly the admittance equation for a pair of coupled lines is derived as
W Y11 Y12 Y13 Yu n
Vs I
2 | _ Y21 Y22 Y23 Y24 2 (5‘9.10)
Vs Ys1 Y32 Yss Y4 I3
Vi Yo Y12 Y3 Yu I
where
1
Y11 =Y = Y33 = Yu = —JE(YBC cot B + Yo, cot 6,) (5.9.11)
1
Y12 = Y21 = Y34 = Y3 = —JE(YoE cot 0, — Yy, cot 6,,) (5.9.12)
1
Y13 = Y31 = You = Ya2 = JE(%e cscf. + Yo, cscb,) (5.9.13)
1
Y14 = ya = Y2 = ya2 = )5 (Yoc csce — Yo, cscbo) (5.9.14)
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5.9.2 ABCD Parameters of Coupled-Line Sections

The chain matrix of a pair of coupled lines, Equation (5.9.3), can be used to develop the ABCD parameters of two-port coupled line
networks [9]. Several networks that are commonly used in realizing filters and other microwave circuits are shown in Table 5.9.1

with
[2]=[gg”_‘z] (5.9.15)

One approach to developing the physical layout of microwave circuits from the electrical design equates the ABCD parameters of
the coupled-line networks to the ABCD of the synthesized lumped-element circuit.

5.9.3 Synthesis of Specific Coupled-Line Connections

The equivalence of ABCD parameters can be used in microwave network synthesis to transform uncoupled transmission line
structures into a

(a) Open-circuited interdigital coupled-line section (b) Short-circuited interdigital coupled-line section

(bandpass/bandstop networks) (bandpass/bandstop networks)
lo——7] lo— K
2 P e—

A= D= (Zo, cot8, + Zo, cot 0,)/ A
(Zo. 00t 0. + Zoo cot o)/ A= D = (Vo cot 0, + Yo cot ,)/A

J
B=ﬁ[zge+zgo B=2]/A
—2Z0¢Z0, C= vz 4+vy2
(cot 8. cot 8, + csc b, csc b,)] 2A [Yoc + Yoo
C=2/A —2YeYoo(cot , cot 8, + csc b, cscb,)]
A = Zyecscl, — Zy, cscb, (5.9.16) A = Yy csc . — Yo csc b, (5.9.17)

. . (d) Shorted symmetric coupled-line section (lowpass networks)
(c) Meander coupled-line section (lowpass networks) .

] R E— )
2

A= D = (Ze cot 8, — Zo cot 6,)/A A =D = (Yo cot 6 + Yoo cot 6,)/ A

B=2)/A
B = 2j2ZyeZy, cot 8. tan 6,/ A
C—2/A C =/ @ANYE+Y3
A = Zye cot 8 + Zoo tan 8, (5.9.18) +2¥0e Yoo (csc b csc 6, — cot 6 cot 6,)]
A =Yy, csc O, + Yy, csch, (5.9.19)
(e) Open-circuited combine coupled-line section (f) Short-circuited combine coupled-line section
(bandpass/bandstop networks) (bandpass/bandstop networks)
lo—__1 11— "
P — e I—
A =D = (Zp.cot 0. + Zp, cot 8,)/A A =D = (Yp,cot 0, + Yo cot 0.) /A
B = —327Z4.Z, cot 6 cot 0,/ A B=25/A
C=23/A C = —)2Yy. Yy, cot O cot 6,/ A
A = Zy, cot 0. — Zy, cot 6, (5.9.20) A =Yy, cot 8, — Yy, cot 0, (5.9.21)

Table 5.9.1: ABCD parameters of coupled-line sections. Usage described in [10, 11, 12, 13].

c i“—"i.’"u ¢ ) W ;-:—a.{'; s
o—f—cmmmo—f—o o 4 4, T
O C— O | I

4y Zoe, Zoo
(a) (b) (c)

Figure 5.9.1: Coupled line equivalence: (a) a one-quarter wavelength long line with input and output series capacitance; (b)
microstrip layout; and (c) equivalent coupled lines laid out in microstrip. The network in (a) is equivalent to the network in (c) if
Zpe = (1/0 + 2Z0) and Zyo = Zyp.
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coupled-line section. As an example, consider the capacitively coupled one-quarter wavelength long line shown in both Figures
5.9.1(a) and 5.9.1(b). This configuration often occurs in filter design and an equivalent structure using coupled lines and not

requiring discrete capacitors is shown in Figure 5.9.1(c). The equivalence is developed by equating the ABCD parameters of the
two

TH-'.
b=

Coupling Zo, U |ceupling
network network

T..’«
b

Zou

(a) (b)

Figure 5.9.2: Models of a pair of coupled lines using even- and odd-mode lines: (a) with coupling network; and (b) with
transformer-based coupling.

structures. The ABCD matrix of the coupled-line network of Figure 5.9.1(c) is given in Table 5.9.1(a):

A Zye cot 0, + Zy, cot 6, -D C— 29
~ Zgecscl, — Zgocscl, ~ Zpecscl, — Zgy, csc b,
B= % (5.9.22)

Z2 + Z2 — 2Z:Zoo(cot O cot 0, + csc b, csc 8,)
Zge csc b, — Zy, csc b,

where Zy. and Z,, are the modal impedances, and . and 9, are the even-and odd-mode electrical lengths.

Developing the ABCD parameters of the capacitively loaded one-quarter wavelength long line in Figure 5.9.1(a) and equating them
with the ABCD parameters in Equation (5.9.22) leads to an equivalence between the loaded line (Figure 5.9.1(b)) and the coupled
line shown in Figure 5.9.1(c), where

Zye =(1/C+2Zo) and Zy =2 (5.9.23)

5.9.4 Model Using Even- and Odd-Mode Lines

The pair of coupled lines in Figure 5.8.9 can be modeled using evenand odd- mode transmission lines as shown in Figure 5.9.2(a).
While the partitioning of the terminal voltages and currents of the coupled lines into even- and odd-mode components is simple to
describe mathematically (e.g., the odd-mode voltage V, = 1(V; — V2)), there is not a simple way to represent the partitioning in
circuit form. Instead, in a circuit simulator the coupling network in Figure 5.9.2(a) is modeled using voltage-controlled current
sources [14]. A circuit model that is more convenient to use in the analysis of a coupled line networks is shown in Figure 5.9.2(b).
The equivalence of this network to a coupled line is demonstrated by showing that the chain matrix parameters of the circuit in
Figure 5.9.2(b) are the same as those in Equations (5.9.3)—(5.9.9), see Example 5.9.1.

Coupled lines are an important element in many microwave circuits, including filters, matching networks, and biasing networks.
Very often the circuit development leads to a particular topology that can be implemented using coupled-line networks. For
example, the structure at the top in Figure 5.9.3(a) is known as an open-circuited interdigital section. The equivalent
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(a) Open-circuited interdigital (b) Short-circuited interdigital
coupled-line section coupled-line section
lo— ] lo— 1

= |
T a2y, ls ) 2Zy, b

(d) Shortsymmetric coupled-line

(¢) Meander coupled-line section :
section

2Zy, 0,

f] Short-circuited ombline
(e) Open-circuited combline 0 SRR comBi

: : coupled-line section
coupled-line section b o =

Figure 5.9.3: Coupled-line sections with models comprising individual transmission lines corresponding to the even- and odd-
modes.

circuit of this network, shown at the bottom in Figure 5.9.3(a), is derived from the coupled-line equivalent circuit shown in Figure
5.9.2(b).

v/ Example 5.9.1: Chain Matrix Parameters of Coupled Lines

Develop the chain matrix of the coupled-line model shown in Figure 5.9.2(b) and show that these are the chain matrix
parameters of a coupled line.

Solution

The coupled-line model is annotated with voltages and currents in Figure 5.9.4. Using Table 2.A.1 of [15], the even- and odd-
mode lines have the following ABCD parameters:

Wi cosf, 27, sin 6, WA
0 J Y (5.9.24)
Iw J¢Yesind, cosf, Iy
Vx cos 6, 12Z,8in 6, Vz
d — 5.9.25
an [ Ix ] [ 13Y,siné, cosé, Iz ( )

While the ABCD parameters of the transformers could be used, it is more convenient to write down the terminal characteristics
of the transformers directly. First, the transformers on the right-hand side are described by

Vw=2-(Va+Va) Ir==(—Is) + (- 1u)]

(5.9.26)

Vo= (Vs Va) Iz= 34 ((-I5) — (L)

Combining Equations (5.9.24)—(5.9.26) yields
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Vw
Vx
T (5.9.27)
Ix
V2cos0, V2 cos b, Jﬁde sin 6, Jﬁde sin 6,
ﬁcos 6, 2cos b, ]\/_Zo,, sin @, —]\/_Zoo sin 6,
f —=Ypesinf, J—= f Yoe sin 6, vcos 0 vcos 0.
‘/_Ygosma ‘/_Ygosmﬂ 2‘/_cost9 —FCOSO
V3
Vi
=k
I

The development is completed by using the voltage and current relations determined by the transformers on the left-hand side:

1= ﬁ(vw+vx) I = V2(Iw + Ix)

(5.9.28)
Vo= ﬁ(VW—Vx) I = V2(Iy — Ix)
Combining Equations (5.9.27) and (5.9.28):
|4 aj;, aj, b by V3
V2 _ az ayp by by V4 (5.9.29)
I ci1 ¢ dip diy —I3
I ey ¢ dy dy —I4

where
aly =a5 =dj; =djy = %(cos 0. +cos,) aly=ay=di,=dy = %(cos 0. — cosf,)
1= by = J%(de sin 6, + Zg, sin ,) blp=by = ]%(de sin 0, — Zg, sin 6,)
cly=Chpp = J%(Yoe sin 6, + Yo, sin6.) clo=¢pH = J% (Yo sin 0, — Yg, sin ,)

which is identical to the chain matrix of the coupled transmission line, Equation (5.9.3). Thus Figure 5.9.2(b) is an accurate
circuit model of a pair of coupled transmission lines.

5.9.5 Alternative Coupled-Line Model

The previous section developed a model of a pair of coupled lines and it was shown how the model related to various coupled-line
sections. While ABCD parameters can be used to equate two different implementations, it is useful to have a topology that can be
visualized and used to guide synthesis.

Figure 5.9.4: Annotated coupled-line model used in Example 5.7.2.
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£y

v Fes o | [T oL ]

(a) (b)

Figure 5.9.5: A pair of symmetrical coupled lines: (a) physical layout; and (b) its approximate equivalent circuit model in a form
that appears in network synthesis. n = (Zp. + Z0o)/(Z0e — Zoo)-

The accurate form of the coupled-line model developed in the previous section does not often occur in network synthesis. (In
synthesis, such as when designing a filter using coupled lines, a mathematical description can sometimes be converted into circuit
form which includes transmission lines that are coupled.) An alternative but approximate model that has the same topology as many
synthesized networks is shown in Figure 5.9.5(b).

A physical pair of coupled lines is shown in Figure 5.9.5(a) with even-mode characteristic impedance, Zg, and odd-mode
impedance, Zo,, with the coupling coefficient!

ZOe — ZOo

= Bl 5.9.30
ZOe + ZOo ( )

The corresponding approximate equivalent network model of the coupled line in Figure 5.9.5(a) was developed by Malherbe [16]
and is shown in Figure 5.9.5(b) with

Zos
Zog = — 295 5.9.31
V1I—K? ( )
vV1—K2

Zp = Zos—K2 (5.9.32)

1 ZOe + ZOo
n=—=——— 5.9.33
K ZOe - ZOo ( )

Zos = \/ ZoeZoo (5.9.34)

The electrical length of the Zy; and Zy, lines is the electrical length of the coupled line. The reason this model is approximate is it
assumes that the coupled lines are symmetrical (e.g., equal width for the microstrip lines) and uses a low-frequency capacitor-based
development. Also a pair of coupled lines has two electrical lengths, the electrical length of the even mode and the electrical length
of the odd mode. So the best that can be done is to take the electrical lengths of the Zy and Zp, lines as the average electrical
lengths of the even and odd modes. Never-the-less this model is commonly used in developing the initial design of coupled-line
networks that must then be followed by adjustment in a microwave circuit simulator.

5.9.6 Approximate Synthesis from the Coupled-Line Model

The electrical design of networks of coupled lines commonly leads to the parameters of the coupled-line model shown in Figure
5.9.5(b). From these the physical layout can be derived. That is, given n = 1/K, Zp, and Zg,, the coupled-line parameters Zos, Zoe,
and Zo, are found. Equations (5.9.31) and (5.9.32) lead to two equations for Zos:

Zos,s19m) = ZouV 1 — K2 (5.9.35)
K2
Zos,(5.108) = Z02 Wivay <]

These could be different and this is a result of the model being approximate. If so, then the proper course forward is to use the

geometric mean:
Zos = 1/ Zos,(5.197)Z05,(5.198) (5.9.37)

(5.9.36)

Rearranging Equation (5.9.33),
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1+n=1+Z0e+Z00=ZOe_ZOO+Z0e+Z00= 2ZOe
ZOe - ZOo ZOe - ZOo ZOe - ZOo

2 n—1 Zoe — Zo Zoo — Zoe + Zoe Zo
1— - —1— - = 5.9.38
n+1l n+1l Zge Ze Zoe ( )

That is,
Zoe n+1

= 5.9.39
ZOo n—1 ( )

Combining this with Equation (5.9.34),

n—1 Z2
Zoo = Zos / ey and Zg, = Z‘;S (5.9.40)
0

These equations can be used in physical synthesis. For example, if Zyg is close to 50 Q and the substrate is alumina, then the ratio
Zoe/ Zo, can be used to find the physical dimensions from Table 5.8.3. Otherwise the formulas described in Section 5.6 can be used
iteratively.

The physical length of the coupled line is determined by using the geometric mean of the even- and odd-mode effective
permittivities to convert from the electrical length (in degrees or wavelengths). This initial design is followed by adjustment in a
microwave circuit simulator.

Footnotes

[1] This is the inverse of the coupling factor, C used previously, see Equation (5.145). However using € introduces confusion since
ABCD parameters are often used in synthesis of coupled line networks. Note that here K = 1/(coupling factor), that is, K = 1/C.

This page titled 5.9: Models of Parallel Coupled Lines is shared under a not declared license and was authored, remixed, and/or curated by
Michael Steer.
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5.10: Differential and Common Modes

In working with RFICs it is convenient to use differential and common mode definitions, rather than odd and even mode
definitions, as these directly relate to the differential circuits most commonly used in CMOS design. There are several reasons for
this and one is that the most common type of amplifier with CMOS circuits is a differential amplifier where there are two input
signal lines and two output signal lines and the actual signal is the differential signal which, in terms of voltage, is the difference of
the two voltages on the lines. The situation is as shown in Figure 5.10.1(a) where there are two signal conductors and a ground
plane (at 0 V). Here the differential voltage is V3 = (V4 — V). The common mode voltage is V. = (V1 + V3) which will normally
consist of a DC voltage and a usually small, and ideally zero, common mode signal which is the non-DC part of V;.. Most CMOS
circuits are designed so that the DC component of Vg = 0. It is a quirk of history that microwave engineering and thus EM analysis
used even- and odd-mode signals whose definitions differ by a factor of two from the definitions of common- and differential-mode
signals. This section relates the two groups of signals and parameters for the common/differential mode group and the even/odd
mode group.

The differential- and common-mode parameters of coupled lines can be derived from the odd- and even-mode parameters. The
difference is in the definition of the voltage and currents in the modes as shown in Figure 5.10.1. The even mode is defined with V3
=Vy =V, and I; =1, =1I,, while for the common mode V; =V, =V, and I; + I, = I,. Thus, in terms of the even-mode
characteristic impedance, Z,., the common-mode characteristic impedance is

ZOc = %Zﬂe (5101)

The odd mode is defined with V; = -V, =V, and I, = —I, = I,,, while for the differential mode V; — Vo =V and I, = —I, = I;.
Thus, in terms of the odd-mode characteristic impedance, Zg,, the differential-mode characteristic impedance is

Zog = 27200 (5.10.2)

(a) Definition of total
voltages and currents

(d) Odd mode (e) Differential mode

Figure 5.10.1: Definition of coupled-line modes.

(a) Common mode (b) Differential mode

Figure 5.10.2: Driving configurations.

Other parameters remain unchanged. That is, the propagation constant, phase and group velocities, and wavelengths are the same
for common and even modes, as they are for the differential and odd modes.

The driving and termination configurations for differential and common mode signals are shown in Figure 5.10.2. The reflectionless

(i.e. matched) termination of coupled lines used in common mode is

1
Ry =Zo= 5 e (5.10.3)

as in Figure 5.10.2(a). The reflectionless termination of a differential line is

Ry = Zoa = 2Z00 (5.10.4)
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as shown in Figure 5.10.2(b).

v/ Example 5.10.1: Common and Differential Mode Reflections at the End of Coupled Lines

A pair of coupled lines with common- and differential-mode characteristic impedances Z,o and Zy, respectively is loaded as
shown in Figure 5.6.6(a) where the load has the two-port y-parameter matrix, Y. Find the common and differential-mode
reflections. This example parallels Example 5.7.1 where even and odd modes were considered.

Solution

The analysis begins by writing out the expressions relating the traveling-wave and total voltages and currents at the
termination.

=1lWi+Ww) Va=(V1—Va) I.=(I1+ 1) Li=i(— D)

=Vit+vi) =W+ Vy) L= +I) L=(f+1I;)
F=VE+H3VH V= -3V IF=GLA L) =G -1)
T=Vo+3Ve) Ve =WV —-3V)) =G +I;) I =3I, -I)

I;' = VC+/Z00 Ic_ = —Vc_/Zoc I;’ = Vd+/Zoc Id_ = _Vd_/ZOd

At the termination

[ ] s+ IF+ 310+ 17 Vl]_[yn yuHVl]
Iy +i1; 17 Val lya w2 Va2

Y
[E(V+ Vo) Zoc+ (Vi =V /ZOd:| [yu y12:|

5.10.5
sV =V Zoe— (Vi = V) Z0a Ya1 Y22 ( )
Vit + 3V + Ve + 5V
RARELZRS AR 17y
The reflected even and odd modes have contributions from incident common and differential modes:
V. =TV, + CuVy and Vy =TVit + CeV,F (5.10.6)
where I, and I'4 are common- and differential-mode reflection coefficients, Cy. and C¢4 describe coupling, and
| vV |/ V;
Tre= % Tra= % Cea = —+ and Cjg = —2 (5.10.7)
Vet lyao Vi o Vi o Vet lypzo
T'zc and C4 are obtained by expanding Equation (5.10.5) with V;F =0
Vet = Vi) Zoo— 2V [ Zoa = yu Vi + 2V, + V)
+ 2V + 2V, - V)
V+
i + 2y12Z0c) = i(l — 2y11Z0c — 2y12Z0c) (5.10.8)
IC

7
- Z_(2 + y11204 — Y12Z04)
od

Vit =V)/ Zoe + 2V) ) Zoa = yn (VT + 2V, + V) (5.10.9)
+y2@VeH +2V7 V)

.V A
ie -2 (—2+ y21Z0a — y22Z04) = (1 — 2421 Z0c — 2y22Z0c) (5.10.10)
Z()d ZOc

2y21Zoe — 2y22Z0c)

I'z. is obtained by eliminating V;~ by multiplying Equation (5.10.10) by (2 + y11Z04 — ¥12Z04) and subtracting it from Equation
(5.10.8) multiplied by (—2 + y21Z0a — y22Z04):

b
— = Th Tie=— 5.10.11
® Zoa ¢ Zoclyi—o BTy ( )

where
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a = (1 + 2y11 Zoc + 2y12Z0c)(—2 + Y21 Zod — Y22Z0d)
— (1 + 2y21Zoc + 2y22Z0c) (2 + Y11 204 — Y12Z04)

= 2 7o,V — AZ0 Y5 — 4Z0.Z0aY (5.10.12)
b= (1 — 2y11Z0c — 2y12Z0c) (—2 + y21Z04 — yng()d) (5.10.13)
— (1 —2y21Zoc — 2y22Z0c) (2 + Y11 Z0d — Y12Z04)
=—4— ZogYA +4Zy.Ys +4Z0.Z0qYD (51014)
Yr = (yu +y12 +y21 +v22), Ya = (yu — 12 — y21 + ¥22), (5.10.15)

and Yp = (y11y22 — y12921)
b 4+ ZoaYa — 4Z0cYs — 4Z0cZ0qYD
a 4+ ZoYA +4ZyYs + 4Zo.Z0sYD

T'e = (5.10.16)

Compare this to the even-mode reflection coefficient, I'z,, found in Example 5.6.6. Substituting Zo; = 22, and Zo, = £ Zq. in
Equation (5.10.16)

_ 4+ 220,Ya — 2Z0eYs — 4Z0cZ0aYp _
4+ 279, YA +4Zo.Ys + 4Z0:.Z0aYD

FLe FLe (51017)

Find C.4 by expanding Equation (5.10.5) with V;t = 0:

Vi Zoo+ 2V —2Vy) ) Zoa = yu (V" + 2V, + V)
+yn(=V +2V, - V)

. V- {7
ie. 2 (1 + 2911 Z0c + 2y12Z0.) = ZLM@ — y11204 + Y12204) (5.10.18)
[

Z
o
- —Zd (2 + y11 204 — y12Z04)
0d

=V [Zoo — 2V} —2V]) [ Zoa = ym (+V5F + 2V + V) (5.10.19)
+yn(—V5H+2V, = V)
7 Vi
ie Z—(—2 + y212Z0d — Y22 Z04) = —Z—(2 + y21Z0q — y22Z04) (5.10.20)
0d 0d

.
- Zc0 (1 + 2y21Zoc + 2y22Z0c)
[

To eliminate V;- multiply Equation (5.10.20) by (2 + y11Z¢s — y12Z04) and subtract it from Equation (5.10.18) multiplied by (—2
+y21Z0a — y22Z04):

Ve V;l+ ¢ Zyc
a=——c sothat C, = — 5.10.21
Zy. Zoa “ a Zu ( )
where g is as in Equation (5.10.12) and
¢ = (2 —y11Z04 + Y12Z04)(—2 + Y21 Z0d — Y22Z04)
+ (2 + y21Z0a — Yy22Z04) (2 + Y11 Z0d — Y12Z04)
= _2ZOdYE where YE = (yu — Y12 —+ Y21 — y22) (51022)
4Z0:YE
Coy = =C, 5.10.23
4T U+ ZogYa + 420 Y5 + 4Z0Z0aYD ( )
(which can be verified using the substitutions Zoy = 2Zg, and Zy, = %Z(,e).
Similarly,
24 Zoa(y12 + yo1) — 2ZocZ0aYp
T'ra = =T 5.10.24
YT 24 ZoaYa + 420 Y5 + 2Z0.Z0aYp | ( )
and
—470.Y7
Cac Qo B Cea=Coe (5.10.25)

T 4% ZoaVa + 420.Ys + 4Z0cZ0YD

This page titled 5.10: Differential and Common Modes is shared under a not declared license and was authored, remixed, and/or curated by
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5.11: Common Impedance Coupling

So far coupling has been discussed in terms of the EM fields shared by two transmission lines. This is not the only way coupling of
signals occurs. Sharing of a return path results in coupling, often called common impedance coupling, as there is a circuit element
common to two or more transmission lines. The simplest situation is a shared impedance rather than a shared transmission line
return, so that the return current attributed to one interconnect induces a voltage across the common impedance element. This
signal then appears as though it is on the victim line. The common impedance could be the inductance or resistance of the ground
conductor in the case of microstrip lines. In general, however, common impedance coupling will occur whenever the current return

path is common.
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5.12: Summary

Coupling from one transmission line to a nearby neighbor may often be undesirable. However, the coupling can be controlled and
coupled lines have become an important circuit component in distributed microwave circuits. One example is a directional coupler,
which is little more than a pair of coupled lines, and this device forms the special function of separating forward- and backward-
traveling waves. Another example of the application of coupled lines is their use in microwave filters. Bandpass filters are
essentially coupled resonators. In a filter that uses coupled lines, each individual line becomes a resonator and the coupling of the
resonators is controlled by how far they are spaced.

The analysis and circuit model of a pair of coupled lines is based on describing the voltages and currents on the lines as the linear
combination of an even mode and an odd mode. Each of these modes will have forward- and backward-traveling wave
components. Separating the signals on a coupled-line pair into even and odd modes facilitates extraction of the coupled-line
parameters from simulation and measurement. It also enables a model of the coupled line to be developed that consists of
individual lines that are coupled by transformers.

With the differential circuits used with RFICs it is more convenient to consider the signals on a pair of coupled lines as comprising
common and differential modes. These can be directly related to even and odd modes and the difference comes down to definitions
of average voltage (i.e., the common- and even-mode voltages) and the definition of the difference voltage (i.e., the differential-
and odd-mode voltages). There is a similar difference for the currents.

The suite of microwave elements that exploit distributed effects available to a microwave designer is surprisingly large. Coupled
lines comprise a large proportion of these elements. This chapter concludes with an example of the broadband response of a pair of
coupled microstrip lines.

v/ Example 5.12.1: Shorted Coupled Lines

Gwn Design Environment Project File: RFDesign Coupled Shorted Microstrip Lines.emp

In this example a pair of shorted coupled microstrip lines are examined using EM analysis. The layout of the coupled lines is
shown in Figure 5.12.1. The box used in simulation has electric side and top walls. The bottom of the box (below the strips) is
an electric wall and forms the ground plane. The ground plane is specified as gold and the finite conductivity of gold is used
for the strips and the ground plane. The coupled lines here are arranged as a two-port structure. Scattering (S) parameters are
used to describe the characteristics of microwave structures. The transmission coefficient is S;, and for a matched structure $;;
is the reflection coefficient. The coupled-line structure is symmetrical, as the widths of the strips are the same so that S;; = S5,
and Sy, = Sy;. Each microstrip line on its own was designed to have a characteristic impedance of 50 Q.

The calculated two-port S parameters are plotted in Figure 5.12.2. The loss of 0 dB corresponds to an S parameter absolute
value of 1. Large S; responses are centered at 1.5 GHz, 7.5 GHz, and 13 GHz and are shaped as bandpass filter responses. This
suggests that coupled-line sections could be used as the basis of microwave bandpass filters. The passband frequencies are
related to the lengths of the lines. The effective dielectric constant for one of the microstrip lines is 6.5 (from Table 3.5.1) and
so at 1.5 GHz the 1 cm line length is A/8 long, at 7.5 GHz it is 51/8 long, and at 13 GHz it is 91/8 long. The round-trip lengths
are \/4, 5\/4, and 9)/4 long at the respective frequencies. Thus the round-trip lengths are separated by A and so the addition of
half-wavelength sections of lossless line has no impact on the reflection and transmitted response amplitudes.

f In' 3
1o v | ¥
I

(a) (b)

https://eng.libretexts.org/@go/page/41051



https://libretexts.org/
https://eng.libretexts.org/@go/page/41051?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electronics/Microwave_and_RF_Design_II_-_Transmission_Lines_(Steer)/05%3A_Coupled_Lines_and_Applications/5.12%3A_Summary

LibreTexts*

Figure 5.12.1: Coupled microstrip line layout: (a) schematic; and (b) layout in an EM field solver. Dimensions of the coupled lines
are w = 500 pm, s = 100 ym, £ =1 cm, W = 6 mm, L = 12 mm. The metal is 6 um thick gold (conductivity ¢ = 42.6 x 10%) and the
alumina substrate height is 600 pm with relative permittivity €, = 9.8 and a loss tangent of 0.001.
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Figure 5.12.2: Insertion loss (S21) and return loss (S11) of the coupled line of Figure 5.12.1.
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5.14: Exercises

1. Consider the cross section of a coupled transmission line, as shown in Figure 5.2.1, with even and odd modes both traveling out
of the page.

a. For an even mode on the coupled line, consider a phasor voltage of 1 V on each of the lines above the ground plane at 0 V.
Sketch the directed electric field in the transverse plane, i.e. show the direction of the electric field.

b. For the even mode, sketch the directed magnetic fields in the transverse plane (the plane of the cross section).

c. For an odd mode on the coupled line, consider a phasor voltage of +1 V on the left line and a phasor voltage of —1 Vv on the
right line. Sketch the directed electric fields in the transverse plane (the plane of the cross section).

d. For the odd mode, sketch the directed magnetic fields in the transverse plane (the plane of the cross section).

2. EM software can be used to determine the even-and odd-mode parameters of a coupled line. This is usually done by setting the
phasor voltage on the coupled line and evaluating the phasor charge for each condition. The voltage applied to the left strip is V;
and the voltage applied to the right strip is V5. The phasor charges on the strips are @; and Q2, respectively. The analysis is
repeated with the substrate replaced by free space. In this case, the charges are denoted by Qo; and Qos. The (computer-based)
measurements follow. [Parallels Example 5.5.1]

i=1V; i=1V;
Charge
Vo=-1V V=1V
Q1 (pC/m) 40 20
Q2 (pC/m) —50 30
Qo1 (pC/m) 13.25 6
Qo2 (pC/m) -10 2.75

Table 5.14.1

a. What is the two-port capacitance matrix?

b. What is the even-mode capacitance?

c. What is the odd-mode capacitance?

d. What is the free-space (no dielectric) two-port capacitance matrix?

e. What is the free-space even-mode capacitance?

f. What is the free-space odd-mode capacitance?

g. What is the even-mode effective relative permittivity?

h. What is the odd-mode effective relative permittivity?

3. Two 50 Q microstrip lines are to be run parallel to each other on a 1 mm-thick printed circuit board with a relative permittivity e,

= 4. The signal on the lines is 3 GHz. The effective permittivity of the lines is 3.1 and it is determined that the approximate
distance over which the lines will be parallel is 1.42 cm. The coupling of the signals on the lines must be at least 30 dB down.

a. What is the free-space wavelength, A, of the signal?
b. What is the guide wavelength, Ay, of the signal?
c. How long is the parallel run of the microstrip lines in terms of A,?
d. What is the required maximum parallel-line coupling factor? Explain your reasoning.
e. What is the minimum separation of the lines? Explain your reasoning.
4. A pair of coupled lines has an even-mode effective permittivity, e, of 4.9 and an odd-mode effective permittivity of 5.2.

a. What is the even-mode phase velocity?
b. What is the odd-mode phase velocity?
5. A directional coupler using coupled lines is constructed on an alumina substrate of thickness 300 ym and &, = 10. The lines are
250 um wide and the gap separation is 100 um. What are (a) the characteristic impedances, (b) the effective permittivities, and
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(c) the phase velocities of the even and odd mode of the coupled line. (Hint: If you use a table you need to use interpolation as
described in Section 1.A.12.)

6. An ideal directional coupler is lossless and there are no reflections at the ports. If the coupling factor is 10, what is the the
magnitude of the transmission coefficient?

7. A directional coupler has the following characteristics: coupling factor C = 20, transmission factor 0.9, and directivity factor
25 dB. Also, the coupler is matched so that there is no reflection at any of the ports. What is the isolation in decibels?

8. Alossy 6 dB directional coupler is matched so that there is no reflection at any of the ports. The insertion loss (considering the
through path) is 2 dB. If 1 mW is input to the directional coupler, what is the power in microwatts dissipated in the directional
coupler? Ignore power leaving the isolated port.

9. A 1 GHz microstrip directional coupler has a coupling factor of 20 dB. The coupler must have a system impedance of 50 Q.

a. Draw the layout of the directional coupler.

b. What is the even-mode impedance of the coupler?

c. What is the odd-mode impedance of the coupler?

d. What is the optimum electrical length of the directional coupler in degrees at the design center frequency?
e. If, in addition, the isolation of the directional coupler is 40 dB, what is its directivity in decibels?

10. A directional coupler comprising a coupled pair of microstrip lines is to be designed in a 75 Q system. The coupling factor is 10.

a. What is the system impedance Zyg?
b. What is the odd-mode impedance of the coupler?
c. What is the even-mode impedance of the coupler?

11. A matched directional coupler has a coupling factor C of 20, transmission factor 0.9, and directivity of 25 dB. What is the power
dissipated in the directional coupler if the input power to Port 1 is 1 W.

12. Develop the design of a 10 dB directional coupler using coupled microstrip lines and a substrate with a permittivity of 10, a
substrate thickness, k, of 600 um, and a center frequency of 1 GHz. Develop the electrical design of the coupler (i.e., find the
even- and odd-mode impedances required) and then develop the physical design (with widths and lengths) of the directional
coupler. Use a system impedance of 50 2.

13. Design a microstrip directional coupler with the following specifications:

Transmission line technology: Microstrip
Coupling coefficient, C : 20 dB
Characteristic impedance, Zyg: 50
Substrate permittivity, e,: 4.0

Substrate thickness, k: 635 pm

Center frequency, fo: 10 GHz.

14. A directional coupler using coupled lines is constructed on an alumina substrate of thickness 300 ym. The lines are 250 ym wide
and the gap separation is 100 um. What are the characteristic impedances, effective permittivities, and phase velocities of the
even- and odd-modes of the coupled line? Port 1 is the input, Port 2 is the through output, and Port 3 is the coupled output.
(Hint: See Table 5.8.3.)

a. Draw the schematic of the directional coupler and label the ports.
b. What is the transmission coefficient of the coupler?
c. Can the directivity of the coupler be determined? If so, what is the directivity, D, of the coupler?
15. Consider a pair of parallel microstrip lines separated by a spacing, s, of 100 ym.
a. What happens to the coupling factor of the lines as s reduces?
b. What happens to the system impedance as s reduces and no other dimensions change?
c. In terms of wavelengths, what is the optimum length of the coupled lines for maximum coupling?
16. What is the coupling factor of a Lange coupler in decibels?
17. Consider the open-circuited interdigital coupled-line section in Table 5.9.1. If the coupled line is A/4 long, write down the
simplified ABCD parameters. Assume that §, = 6.
18. Consider the shorted symmetric coupled-line section in Table 5.9.1. If the coupled line is A/4 long, write down the simplified
ABCD parameters. Assume that 4, = 0,.
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19. Consider the open-circuited combine coupled-line section in Table 5.9.1. If the coupled line is A/4 long, write down the
simplified ABCD parameters. Assume that §, = 6.

20. Consider the short-circuited interdigital coupled-line section in Table 5.9.1. If the coupled line is A/4 long, write down the
simplified ABCD parameters. Assume that 6, = 6,.

21. A coupled microstrip line has an odd-mode impedance of 30 © and an even-mode impedance of 65 2.

a. What is the differential characteristic impedance of the coupled lines?
b. What is the common-mode characteristic impedance of the coupled lines?

22. A pair of coupled microstrip lines has odd- and even-mode characteristic impedances of 60  and 70 2 respectively. If a load
resistance, Ry, is placed at the end of the lines from one strip to the other, what is the value of Ry for no reflection of the even
mode?

23. The coupled lines below have odd- and even-mode characteristic impedances of 30 Q and 60 Q respectively.

%:m
r %mf

Figure 5.14.1

a. What is the odd-mode reflection coefficient T'?
b. What is the common-mode characteristic impedance of the coupled lines?

24. The coupled lines below have odd- and even-mode characteristic impedances of 60 £ and 100  respectively. The coupled lines
have a length ¢ and this is A/4 long for the odd mode.

Figure 5.14.2

a. What is the odd-mode reflection coefficient at the load, call this I'z,?
b. What is the odd-mode reflection coefficient at the input to the coupled lines?

25. The coupled microstrip lines below have an odd-mode characteristic impedance of 40 Q and an even-mode characteristic
impedance of 75 €.

e =

%50!?

Figure 5.14.3

a. What is the differential-mode characteristic impedance?
b. What is the common-mode characteristic impedance?

26. The coupled lines below have odd- and even-mode characteristic impedances of 40 2 and 75 Q respectively.

E%Tﬁ‘.!

]

Figure 5.14.4

a. What is the differential-mode characteristic impedance, Zg;?

b. What is the differential-mode load resistance, Z14?

c. What is the differential-mode reflection coefficient, I'r4, at the load?
d. What is the odd-mode reflection coefficient, I'r4, at the load?
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27. The coupled lines below have odd- and even-mode characteristic impedances of 60 2 and 100 Q respectively. The coupled lines
have a length ¢ and this is A/4 long for the odd mode.

Figure 5.14.5
a. What is the differential-mode reflection coefficient, I'g, at the load?
b. What is Iy at the input of the lines?
5.14.1 Exercises by Section
tchallenging, fvery challenging
§5.2 11
§5.5 21, 3¢
§5.6 4,5,
§5.8 6,7,8,91, 101, 11,121, 13t, 141, 151, 16
§5.917,18,19,20

§5.10 21,22, 23,24, 25, 26, 27

5.14.2 Answers to Selected Exercises
2.(h)3.87

5. (C) vpo = 1.256 - 10° m/s
6. 0.9950
7. (b) 187 mW

9.(e) D=10dB
10. Zop. = 67.84 Q

17. C = 23/(Zoe — Zoo)
21.3259Q

24.0.4118

26. —0.0323
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6.1: Introduction

Rectangular waveguides are used to route millimeter-wave signals and high power microwave signals. The rectangular waveguide,
often called just waveguide, shown in Figure 6.1.1 has metal walls forming a rectangular pipe. Charges and currents induced in the
conductive walls guide propagating EM fields in the +z and —z directions. The rectangular waveguide has very little loss compared
to a coaxial line because the EM field is away from the walls and there is little current in the walls, and what is there is spread out
resulting in low current density. All of the waveguide loss, as with the loss of most transmission systems, is resistive loss so
minimizing current density minimizes loss.

This chapter begins with Section 6.2 where symmetries and restricting

E-plane

Transverse plane
H-plane

x
Screw hole

Direction ol propagation
Revetese—lravghngau%aue

Alignment hole —
Direction of propagation
Aard—nave iﬁgov%age Alignment pin e \

(a) Rectangular waveguide (b) Definition of planes

Waveguide flange

Figure 6.1.1: Rectangular waveguide.

/Direc!ion of propagation
Reverse—traveling wave

2 Direction of agation
z ¥ lﬁnarﬂ—iravefmgm 9

Figure 6.1.2: Parallel-plate waveguide.

propagation to only the +z direction are applied to Maxwell’s equations to yield the rectangular wave equation. These are then used
in Section 6.3 to describe propagation between two metal planes forming what is called a parallel-plate waveguide, see Figure 6.1.2.
Then the rectangular wave equations are applied to a rectangular waveguide in Section 6.4 to derive the field distribution inside a
rectangular waveguide.

This page titled 6.1: Introduction is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael Steer.
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6.2: The Rectangular Wave Equation

Maxwell’s equations will be put in a form that can be used in establishing the field descriptions in parallel-plate and rectangular
waveguides. The EM fields in these structures vary sinusoidally with respect to both position and time so the first simplification of
Maxwell’s equations is to use phasors. Boundary conditions are established by the metal walls, and these walls match the Cartesian
coordinate system. So Maxwell’s equations are put in Cartesian coordinate form. Simplifications of the fields can be made that
relate to the positions of the metal walls. Another simplification is made by assuming that there can only be propagation in the +z
direction. When the wave propagates in the +z direction it is called the forward-traveling wave, and when it propagates in the —z
direction it is called the reverse-traveling wave.

The development begins with Maxwell’s equations (Equations (1.5.1)—(1.5.4)) in a source-free region (p =0 and J =0). A
simplification comes from assuming a linear, isotropic, and homogeneous medium so that e and x are independent of signal level
and are independent of the field direction and of position, thus

s_ @ OH
V-2=0=V- (6.2.2)
7. 0D _ €
V.- B=0=V - % (6.2.4)
Taking the curl of Equation (6.2.1) leads to
oH AV x H)
VUxVxE=-Vxpu by = h % (6.2.5)

Applying the identity V x V x A = V(V - A) — V24 to the left-hand side of Equation (6.2.5), and replacing V x # with the right-
hand side of Equation (6.2.3), the equation above becomes

= = a ( o 9%
Using Equation (6.2.2) this reduces to
_ 2(g
V2E = pe 6a£f) (6.2.7)
where
= 0% 9% 9% =, 0%
V2€=W+W+W=V?£+ﬁ (6.2.8)
and
= 0% 0%
vie= yro W (6.2.9)

is used for fields propagating in the +2 direction and the subscript ¢ indicates the transverse plane (the z—y plane here). Equation
(6.2.9) can be put into the form of its components. Since

E=EX+EFT+EE (6.2.10)

then
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Ox2

_ 2 28
V2 = (6 £’ﬁ+ %y

Ox?

Ox?

o2, 8%E, . 9%, . 8%,
y+ z|+ X+ y+ z

oy* oy? oy?

NU A (655 o fi) ; 6212)
* (a;ze; * i)zyiz * %2521) 2 (6.2.13)
and

Invoking the phasor form, 8/8t is replaced by jw, and with propagation only in the +z direction there is an assumed et~
dependence of the fields. Development is now simplified by introducing the phasor & defined so that

E=FEe” (6.2.15)
Now Equation (6.2.7) further reduces to
VZE = (V?E + 682?) = VZE +4%E = (jyw)?ueE = —Kk*E (6.2.16)
where k = w,/pe is the wavenumber (with SI units of m~). Rearranging Equation (6.2.16) yields
VZE=—(v*+K)E (6.2.17)
A similar expression can be derived for the magnetic field:
VIH =—(vV+K)H (6.2.18)

Equations (6.2.17) and (6.2.18) are called wave equations, or Helmholtz equations, for phasor fields propagating in the z direction.
Equations (6.2.17) and (6.2.18) are usually written as

VE = —kE (6.2.19)

VIH = —k*H (6.2.20)
where the cutoff wavenumber is

E=v+k (6.2.21)

Equations (6.2.19) and (6.2.20) describe the transverse fields (the fields in the z—y plane) between the conducting plates of the
parallel-plate as well as within the walls of the rectangular waveguide having a e®*—? dependence. The general form of the
solution of these equations is a sinusoidal wave moving in the z direction. For propagating waves in a lossless medium, v = 38,
where 8 is the phase constant:

B=1y/k2— Kk

If B is not real, which occurs when |k.| < |k|, then an EM wave cannot propagate and such modes are called evanescent modes.

(6.2.22)

These are like fringing fields. If they are generated, say at a discontinuity, they will store reactive energy locally.

Boundary conditions, resulting from the charges and current on the plates, further constrain the solutions. Equation (6.2.1) with

Equation (1.A.39) becomes
V x E = jwpH (6.2.23)

In rectangular coordinates, E = E % + E,y+ E,Z and H=H,x%+ H,y + H,%, and Equation (6.2.23) becomes
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O +7Ey = —gwpH, —%2 —yE, = —jwpH,
o5, o, (6.2.24)
% — oy = JwuH,
Similarly for V x HyweE:
O +yH, = weE, —% —yH, = jweE,
on,  om (6.2.25)

e oy — JweE;

Solving Equations (6.2.24) and (6.2.25) yields the rectangular wave equations for k. # 0(k2 = k2 +~? and if there is no loss k2

= wlpe — %)
om (e ) Ham (0% e ) 022
—, (0H, omH, _ 8B,  E,
Ez=w—§(w"—w) Hz—wiu(a_zv_w)

The solution for k. = 0 is arrived at separately. Since k. = 0 there is no loss. Also propagation at DC is a solution and the phasor
fields at w = 0 will also be the field descriptions at any frequency. At w =0, y = 38 = 0 and k = 0. Equations (6.2.24)—(6.2.25) are

now written as

oE, _ _ 0B, - =

S T0-Ey=0-H,=0 —%*—0-E,=0-H;=0

%—%’=—0-Hz=0 %4_0.11”:0.}5’1:0 (6.2.27)
o, _ _ o OH,  oH, _ —

~% _0-H,=0 E,=0 %2 _0.E,=0

The only solutions to these with §/0z = 0 that also satisfies boundary conditions are that E, =0 = H, = E;, = H,, and H, and E,
are constants.

Now that the fields are in the appropriate forms, classification of possible solutions (i.e. modes) can be developed for the parallel-
plate and rectangular waveguides. At this stage the following simplifications have been made to Maxwell’s equations to get them
into the form of Equation (6.2.26)):

o Using phasors

e Restriction of propagation to the +z and —z directions

e Assuming that e and p are constants
o Putting the wave equations in rectangular form so that boundary conditions established by the metal walls can be easily applied.

This page titled 6.2: The Rectangular Wave Equation is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael

Steer.
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6.3: Parallel-Plate Waveguide

This section derives the propagating EM fields for the parallel-plate waveguide shown in Figure 6.3.1. The parallel-plate waveguide
shown in Figure 6.3.1(a) has conducting planes at the top and bottom that (as an approximation) extend infinitely in the z direction.
Electromagnetic fields introduced between the plates, say by a sinusoidally varying voltage generator across the plates, will be
guided by the charges and currents induced in the conductors.

The parallel-plate waveguide structure occurs in many planar circuits, such as between the ground and power planes of circuit
boards. Understanding the EM propagation supported by parallel-plate waveguides enables design choices to be made that suppress
unwanted propagation modes.

6.3.1 TEM Mode

In the transverse EM (TEM) mode, all of the £ and H field components are in the plane transverse to the direction of propagation,
that is, E, = 0 = H,. Thus Equation (6.2.26) requires that E,, E,, H,, and H, cannot vary with position in the transverse plane (i.e.,
with respect to z and y). Thus E,, E,, H,, and H, must be constant between the plates. Furthermore, boundary conditions require
that H, = 0 and E, = 0 at the conductors. So in the TEM parallel-plate mode, only F, and H, exist, and they are constant. Equation

¥ o

Direction of propagason d

i Reverse-traveling wave
i / Directian of progagaton ob——— o
Forward-raveling wave 0 *

(a) Three-dimensional view (b) Transverse view

Figure 6.3.1: Parallel-plate waveguide.
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H HoE
0 Iy
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[—————]
E, [
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H, H.

g ) 0 B ¥
no ExH_E.H. \l

TEM, TM;;, TE;, mode TM mode TE mode
any h h 2Acn b 2 Apn2

T
eLecTric -
E

|

Figure 6.3.2: Lowest-order modes supported by combinations of electric and magnetic walls for the TEM (= TM, = TE,), TM;,
and TE; modes.

(6.2.25) leads to

= IVEL j:\/EEy —+lg, (6.3.1)

JWH JWl 7 n
where the plus sign describes forward-traveling fields (propagating in the +z direction) and the minus sign describes backward-
traveling fields (propagating in the —z direction). The quantity § = +/p/e is called the wave impedance, it is the intrinsic
impedance of the medium between the parallel plates. This field variation is shown on the left in Figure 6.3.2(a). The TEM mode
exists down to DC.

To determine the characteristic impedance of the parallel-plate waveguide first calculate the voltage of the top plate with respect to
the bottom plate. This voltage is the integral of the electric field between the plates:

https://eng.libretexts.org/@go/page/41065



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/41065?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electronics/Microwave_and_RF_Design_II_-_Transmission_Lines_(Steer)/06%3A_Waveguides/6.03%3A_Parallel-Plate_Waveguide

LibreTexts"

d
V=-— Eyje "dy = E,de™ (6.3.2)
y=0
since FE, is a constant. The current on the top plate in the z direction is obtained by integrating the surface current density in the z
direction. Assuming that the plates have a width W in the « direction then the current on the top plate is

w
I=— | J, 2dz=H,We™ (6.3.3)

z=0

since E, is a constant. In terms of voltage and current (and hence treating the parallel-plate waveguide as a transmission line) the
characteristic impedance of the TEM mode is
V_ Ed nd

Zo = T oW~ W (6.3.4)

Here 7 is the intrinsic impedance of a TEM mode in the medium. Since we are considering a TEM mode, the wave impedance of
the TEM mode is just the intrinsic impedance, that is,

ZTEM = Ey/Hz = Z0|free-spa.ce =n (635)

With 5y = 4/po/€0 being the free-space impedance, the characteristic impedance can be written

d
Zy = % I:—: and Zrem=n=1no ‘Z—: (6.3.6)

The phase velocity (= w/p) is just the speed of light in the medium:

1 c
v, = = 6.3.7
? Vv Ho€o VHrEr ( )

Formulas for attenuation are developed in [1] and the conductor attenuation

a.= R—; (with SI units of Np/m) (6.3.8)
n
where R; = 1/(09,) is the surface resistance of the conductor, ¢ is the conductivity of the conductor, and §;, is the skin depth in the
conductor. The attenuation due to dielectric loss is

_ K’tané
=25

aq (with SI units of Np/m) (6.3.9)

6.3.2 TM Mode

The Transverse Magnetic Mode (TM) is characterized by H, = 0. Another restriction that will be used here in developing the
field equations is that there is no variation of the fields in the z direction. Examining Equation (6.2.25) the only components of the
field that could exist are E,, E,, and H,. Everywhere E, is perpendicular, and H,, is parallel, to the electrical walls so boundary
conditions are satisfied for E, and H,. E, will be parallel to the electrical walls at the walls so boundary conditions need to be

applied in deriving E,.
The boundary conditions are that the E field parallel to the conducting walls is zero. Considering E, only, Equation (6.2.18)
becomes
@B, _ —kE (6.3.10)
gz =~ P .3.
The solution to Equation (6.3.10) is
E, = [Eysin(kqy) + By cos(key)le™ (6.3.11)

To find the coefficients Ey and E; boundary conditions are applied so that E, is zero at y = 0 and y = d (since the FE field parallel to
the conductors must be zero), that is,

E,|y—0=0=EFE; and E,|,—q=0= Egsin(k.d) (6.3.12)
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This requires that sin(k.d) = 0, and thus requiring that there are discrete values of k,:
ke=mr/d m=1,2,3,.. (6.3.13)

(Note that m = 0 is also a solution but requires a separate derivation, see the summary for this section.) Each value of k. identifies a
different mode and m is the mode index. The mth mode is the TM,,, mode and m indicates the number of half-sinusoidal variations
of the fields in the y direction. The TM,, mode propagates if the wavelength of the signal is such that A > ., where ), is the critical
wavelength of the mth mode

Substituting the above results and assumptions (e.g., 8/0z = 0) in Equation (6.2.25),

H,=0E,=0H,=0 (6.3.14)
E, = Epsin(k.y)e " (6.3.15)
v dE, vy -
=1 =__'F » 1 3.1
y K dy . o cos(kcy)e (6.3.16)
H, =22 dB; _ X2 cos(kcy)e™” (6.3.17)
z kg dy kc 0 c. -J.

These are the complete field descriptions of the TM parallel-plate waveguide modes with zero variation in the z direction. Recall
that the wavenumber k = wy/e.

There are an infinite number of TM modes identified by the index m, which determines the cutoff wavenumber, k., of the particular
mode. The propagation constant of the mth mode, i.e. the TM,,, mode, is

v= \/kg — k2= \/(m'lr/oi)2 —w2ue (6.3.18)

Propagation is only possible if 4 has an imaginary component. Thus in a lossless medium v = 38 and 8 = 1/k2 — k2. The cutoff
frequency below which propagation is not possible is

1 k 1 mmr mv
fo=or VEE 2mdypE  2d (6.319)
where v = 1/,/pe is the velocity of a TEM mode in the medium. The cutoff wavelength can also be defined as
v 2d
A= T m (6.3.20)
where v is the speed of light in the medium. The wavelength of the TM,, mode, at a particular frequency, is the guide wavelength
A= m_ A (6.3.21)

B 1=(f/F)?

where ) is the wavelength of a TEM mode in the medium: A = v/f (so Ay = A when k. = 0). The phase velocity of the modes is
dependent on the mode index m through the cutoff frequency:

=2 =2 (6.3.22)

B VI-(/P?

and the group velocity is

Vg = % =vy/1=(fe/f)? (6.3.23)

The phase velocity, v,, of a TM mode is greater than v while the group velocity, v,, is slower than ». The group velocity is the
velocity at which energy is transmitted and thus can never be faster than the speed of light, ¢. The phase velocity, however, can be
greater than ¢. The TM mode field variation is shown on the right in Figure 6.3.2.

The wave impedance of the TM,, mode is

Zrv = —E,/H, = a% - /3—,:’ (6.3.24)

Formulas for attenuation are developed in [1] and the conductor attenuation
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_ 2R,
Bnd

where R, = 1/(ad,) is the surface resistance of the conductor, ¢ is the conductivity of the conductor, and 4, is the skin depth in the
conductor. The attenuation due to dielectric loss is

Qc

(with SI units of Np/m) (6.3.25)

o k?tand
d= 28

(with SI units of Np/m) (6.3.26)

6.3.3 TE Mode

The transverse electric (TE) mode is characterized by E, = 0. Following the same development as for the TM modes, the TE,,
mode fields with n variations of the H, are

E,=0,E,=0, H,=0 (6.3.27)
H, = Hycos(kcy)e " (6.3.28)
E, = J;’:—“HO sin(k.y)e " (6.3.29)
H, = leo sin(koy)e ™" (6.3.30)

The equations for k., vy, vy, fo, Ae, and A4 of the TE,, mode are the same as for the TM,, mode considered in the previous section
with the replacement of the mode index m by n, n =1,2,3, .... (Note that n = 0 is also a solution but requires a separate derivation,
see the summary for this section.) The TE mode field variation is shown on the right in Figure 6.3.2.

The wave impedance of the TE mode is

Zm =0 (6.3.31)
B
Formulas for attenuation are developed in [1] and the conductor attenuation
2k2R,
a, = kﬁcn v (with ST units of Np/m) (6.3.32)

where R, = 1/(0d,) is the surface resistance, n, of the conductor, ¢ is the conductivity of the conductor, and 4, is the skin depth pf
the conductor. The attenuation due to dielectric loss is

_ K’tané
=25

aq (with SI units of Np/m) (6.3.33)

6.3.4 Summary

The TEM mode (where k. = 0) is the same as the TMy mode and the TE, mode. Here derivations of the TE and TM modes began
with from Equation (6.2.25) and were only solutions for k. # 0. Development of the 0th order TE and TM modes requires
derivation from Equation (6.2.26) but this was done for the TEM mode and so was not repeated for the TEy and TM, modes.

This page titled 6.3: Parallel-Plate Waveguide is shared under a CC BY-NC license and was authored, remixed, and/or curated by Michael Steer.
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6.4: Rectangular Waveguide

A rectangular waveguide is shown in Figure 6.4.1(a). Rectangular waveguides guide EM energy between four connected electrical
walls, and there is little current created on the walls. As a result, resistive losses are quite low, much lower than can be achieved
using coaxial lines for example. One of the major uses of a rectangular waveguide is when losses must be kept to a minimum, so
that a rectangular waveguide is used in very high-power situations such as radar, and at a few tens of gigahertz and above. At
higher frequencies the loss of coaxial lines becomes very large, and it also becomes difficult to build small-diameter coaxial lines at
100 GHz and above. As a result, a rectangular waveguide is nearly always used above 100 GHz. There are many low- to medium-
power legacy systems that use rectangular waveguides down to 1 GHz.

A rectangular waveguide supports many different modes, but it does not support the TEM mode. The modes are categorized as
being either TM or TE, denoting whether all of the magnetic fields are perpendicular to the direction of propagation (these are the
transverse magnetic fields) or whether all of the electric fields are perpendicular to the direction of propagation (these are the
transverse electric fields). Dimensions of the waveguide can be chosen so that only one mode can propagate for a range of
frequencies. With more than one mode propagating, the different components of a signal would travel at different speeds and thus
combine at a load incoherently, since the ratio of the energy in the modes would vary (usually) randomly.

The TE and TM field descriptions are derived from the solution of differential equations—Maxwell’s equations—subject to
boundary conditions. The general solutions for rectangular systems are sinewaves and there are possibly many discrete solutions.
The nomenclature that has developed over

= ¥
-,F Direction of propagation
; Reverse—traveling wave
)
i Direction of propagation

Forward—traveling wave 0
f— a4 —f 0 4 &
(a) Three-dimensional view (b) Transverse cross section

Figure 6.4.1: Rectangular waveguide with internal dimensions of « and b.

the years to classify modes references the number of variations in the z direction, using the index m, and the number of variations
in the y direction, using the index n. So there are TE, and TMy, modes, and dimensions are usually selected so that only the TEo
mode can propagate.

6.4.1 TM Modes

The development of the field descriptions for the TM modes begins with the rectangular wave equations derived in Section 6.2.
Transverse magnetic waves have zero H,, but nonzero E,. The differential equation governing E., is, in rectangular coordinates
(from Equations (6.2.13) and (6.2.16)),

VIE, = a;ﬁ‘ + 6625‘ = —k2E, (6.4.1)
Using a separation of variables procedure, this equation has the solution
E, = [A'sin(k,z) + B’cos(k,z)][C’sin(kyy) + D’cos(kyy)le ™ (6.4.2)
where
K2+ k2 = k2 (6.4.3)

The perfectly conducting boundary at & = 0 requires B’= 0 to produce E, = 0 there. Similarly the ideal boundary at y = 0 requires D
’=0. Replacing A’C’ by a new constant 4, then

E, = Asin(k,z) sin(kyy)e " (6.4.4)
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The axial electric field, E,, must also be zero at z = a and y = b. This can only be so (except for the trivial solution A = 0) if k;a is

an integral multiple of = so that sin(k,a) = 0:
kza=mn, m=1,23,... (6.4.5)
Similarly, for E, to be zero at y = b, sin(k,b) = 0 and k,b must also be a multiple of :
kbp=nm, n=1,23,.. (6.4.6)

So the cutoff frequency of the TM wave with m variations in z and with = variations in y (i.e., the TM,,, mode) is, from Equation

(6.4.3),
ke, 1 mm\ 2 7\ 2]1/2
fonn = Sn iz ~ Imiie [(T) +(n3) ] (647)
The remaining field components of the TM,,,, wave are found with H, = 0 and E, from Equation (6.4.4) and Equation (6.2.25)):
By = =% 4 cos(k,a) sin(kyp)e" (6.4.8)
Sy cos(kz) sin(kyy)e A.
7k!l . —Yz
E,=— K Asin(k,z) cos(kyy)e (6.4.9)
-
H, = '7;:26 Y Asin(kyz) cos(kyy)e " (6.4.10)
Cmn
ek . vy
H,= _J]‘:%,,, Acos(kgz) sin(kyy)e ™ (6.4.11)
T™M1: Mode

Direction of
propagation

_'_}Elec!rpc field
‘r [D Magnetic fisld

Figure 6.4.2: Electric and magnetic field distribution for the lowest-order TM mode, the TM;; mode.
The spatial field variations depend on the z and y cutoff wavenumbers, &, and k,, which in turn depend on the mode indexes and
the cross-sectional dimensions of the waveguide. The cutoff wavenumber, k., is a function of the m and n indexes, and so &, is
often used for the cutoff wavenumber with

=k k= () () @412

The lowest-order TM mode is the TM;; mode, with m = 1 and n = 1, and this has the minimum variation of the fields (of any TM
mode); these are shown in Figure 6.4.2.
In summary, a mode can propagate only at frequencies above the cutoff frequency. Another quantity that defines when cutoff
occurs is the cutoff wavelength, defined as

v

" femn

where v = 1/,/pe is the velocity of a TEM mode in the medium (and of course this is not a rectangular waveguide mode). The
cutoff wavelength is the wavelength in the medium (without the waveguide walls) at which cutoff occurs. Since &2 is k¥* — 82, the

Ac (6.4.13)

attenuation constant of a given mode for frequencies below the cutoff frequency is

2
a= [k — K=k 41— ( ff ) v F< S (6.4.14)
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The phase constant for frequencies above the cutoff frequency is

2
B=y/k2—k2 = k‘/l - (f;) v F> fonn (6.4.15)

For a propagating mode (i.e., f > f.,,) the wavelength of the mode, called the guide wavelength, is

DY S (6.4.16)

B V1-(/F)?
where X is the wavelength of a TEM mode in the medium (but of course not in the waveguide): A = v/f. The phase velocity of the
mode is also dependent on the mode indexes m and n through the cutoff frequency,

- Y (6.4.17)

V1= (enn/)?

’Up=

®| €

and the group velocity is

vy = ;l—d‘; =vy/1— (fena/f)? (6.4.18)

6.4.2 TE Modes

Transverse electric waves have zero E, and nonzero H, so that, in rectangular coordinates,

ViH, = a;gz + a;yI"zr‘ = —k2H, (6.4.19)
Solving using the separation of variables technique gives
H, = [A"sin(k,x) + B’ cos(ksx)][C"'sin(kyy) + D"'cos(kyy)le ™ (6.4.20)
where
K+ k2 =k (6.4.21)

Imposition of a boundary condition in this case is a little less direct, but the electric field components are

_Jwp OH,

E, = 2 o (6.4.22)
_ ]wuk!l 7 2 ’r 7 —vz
i [A”sin(k;x) + B’ cos(k;x)][C” cos(kyy) — D’'sin(kyy)le (6.4.23)
(4
Jwp OH,
= 4.24
VU k2 Bz 6 )
= 2R 11008 (o) — B sin(lo)][C”'sin(kyy) + D" cos(kyy)]e (6.4.25)
= %2 2T 2T o) o) 4.
For E_ to be zero at y = 0 for all z, C"’= 0; and for E, = 0 at z = 0 for all y, A”’= 0. Defining B”D'’= B, then
H, = Bcos(k,z) cos(kyy) (6.4.26)
k
E, = ]w:z Y Bcos(k;x) sin(kyy)e ™ (6.4.27)
C
E,=— J“’}i’“’ Bsin(k,z) cos(kyy)e™ (6.4.28)
E, is zero at « = g, that is, sin(k,a) = 0, so that ke must be a multiple of :
kza=mn, m=1,23,... (6.4.29)

Also, E; is zero at y = b, that is, sin(k,b) =0, so that k,b must be zero (so that E, is always zero) or that it is a multiple of 7.
Therefore

kbp=nr n=0,1,2,3,.. (6.4.30)
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Figure 6.4.3: Electric and magnetic field distribution for the lowest-order TE mode.

The forms of the transverse electric field are then

Jwpk . -~
E,= 3 Y Bcos(kyx) sin(k,y)e ™ (6.4.31)
ks g o
E,= —%Bsm(k,m) cos(kyy)e™ (6.4.32)

and the corresponding transverse magnetic field components are

H, = szm Bsin(k,z) cos(kyy)e* (6.4.33)
Cmn
7":1/ s z
H,= = B cos(ksx) sin(kyy)e ™ (6.4.34)
Cmn

Here the use of k.,,, emphasizes that the cutoff wavenumber is a function of the m and n indexes:
2 _ 42 2 _ (mm\2 nmw\2
K= kat .= (20) +(55) (6.4.35)

The lowest-order TE mode is the TEyg mode (with m =1 and » = 0) and this has the minimum variation of the fields; these are
shown in Figure 6.4.3.

6.4.3 Practical Rectangular Waveguide

The dimensions and operating frequencies of a rectangular waveguide are chosen to support only one propagating mode. The
operating frequency is between the cutoff frequency of the mode with the lowest cutoff frequency and the cutoff frequency of the
mode with the next lowest cutoff frequency. Thus only one mode propagates.

Referring to Figure 6.4.1, if the dimensions are chosen so that b is greater than a, then the lowest-order TE mode (the TE; mode)
has one variation of the fields in the z direction, while the lowest-order TM mode (the TM;; mode) has one variation of the field in
the z direction and one variation in the y direction. Thus the cutoff frequency of the TMy; mode will be higher than the cutoff
frequency of the TE;y mode. Below the cutoff frequency the modes will not propagate (i.e., 8 (the imaginary part of the
propagation constant) is zero). The propagation constants of the rectangular waveguide

1000
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Figure 6.4.4: Dispersion diagram of waveguide modes in air-filled Ka-band rectangular waveguide with internal dimensions of
0.280 x 0.140 inches (7.112 mm x 3.556 mm). Ka-band waveguide is used between 26.5 GHz and 40 GHz. Over this frequency range
only the TE;y mode propagates.

Mode Cut-off frequency (GHz)
TEM not supported

TEqp 21.07 GHz

TEo 42.15 GHz

TE11 4713 GHZ

TM;y not supported
TMo1 not supported
TMun 47.13 GHz

Table 6.4.1: Cut-off frequencies of several modes in Ka-Band waveguide nominally used between 26.5 GHz and 40 GHz.

modes with the lowest cutoff frequencies are shown in Figure 6.4.4 for a Ka-band waveguide having internal dimensions of a
= 0.280 inches and b = 0.140 inches. This figure is known as a dispersion diagram and is sometimes plotted as 8 versus k. There are
four modes supported below 60 GHz and the line corresponding to the TEM mode is provided for reference, as the TEM mode is
not supported in a rectangular waveguide.

Not all possible low-order modes can be supported in rectangular waveguide as the boundary conditions cannot be satisfied (see
Table 6.4.1). The cutoff frequency of the TE;o mode is 21.07 GHz and the next lowest cutoff mode, the TEq; mode, has a cutoff
frequency of 42.15 GHz. The mode has a cutoff frequency which is the frequency when the wavelength (in the medium, or free-
space wavelength if the guide is air-filled) is twice the a dimension of the waveguide (see Figure 6.4.1). The next higher-order mode
appears when it is possible for a variation in the y direction. This occurs at a frequency corresponding to the  dimension being one-
half wavelength in the medium. The TE;; mode and TM;; modes have the same cutoff frequency of 47.13 GHz. In determining the
operating frequency range both the phase and group velocity variations are considered. These are shown in Figure 6.4.5 for the TEy,
mode, where they are normalized to c as the waveguide is air-filled. The group velocity, v,, varies substantially, especially near the
cutoff frequency of the mode. As a result, the lower operating frequency of the mode is chosen to be substantially above the cutoff
frequency. The upper limit of the operating frequency is chosen to be about 5% below the cutoff frequency of the second
propagating mode. This

B

TE;; mode

n

ba

Normalized velocity
B

0.6

tod
Y

|
0.2 Ka—band |

4] 20 40 60
Frequency (GHz)

Figure 6.4.5: Normalized phase and group velocities of the TE;y mode in air-filled Ka-band waveguide.

is because small discontinuities can launch the higher-order mode. Thus the operating frequency of a Ka-band waveguide is
26.5 GHz—40 GHz, providing a margin of 5.4 GHz at the low end, and 2.2 GHz margin at the high end. So approximately one-half
octave of bandwidth is supported by a rectangular waveguide if the wide dimension is twice the height of the waveguide. Since a
rectangular waveguide is useful over a relatively narrow frequency range, standard dimensions have been developed, as listed in
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Table 6.4.2. A waveguide is referred to by its waveguide standard number (its WR designation), however, the old letter designations
of bands are commonly used.

At times it is necessary to have a rectangular waveguide that can be used over more than one-half octave of bandwidth. This is
achieved by reducing the height, b, of the waveguide, producing what is called a reduced-height waveguide. By reducing b to one-
quarter of a, an octave of bandwidth can be obtained [2, 3, 4].

6.4.4 Rectangular Waveguide Components

Rectangular waveguide components require considerable machining, but the equivalents of many of the components that are
available in microstrip can be realized. Invariably the lowest-order TE mode is used. This is the TE;, mode, with the field
configuration shown in Figure 6.4.3. The characteristic of this mode is that the E-field is transverse to the direction of propagation.
Many components have particular orientations to the planes of the E and H fields. Consider the rectangular waveguide bends shown
in Figure 6.4.6. The bend in Figure 6.4.6(a) is called an H-plane bend, or H-bend, as the axis of the waveguide (which is in the
direction of propagation) always remains parallel to the H field. With the E-plane bend, or E-bend, in Figure 6.4.6(b), the axis of the
waveguide remains parallel to the E field. The flat sections at the end of the waveguide sections are called flanges. The pins in the
flanges are alignment pins that insert into holes in the opposite flange.

In building circuits using rectangular waveguides, it is frequently necessary to rotate and twist the waveguide so that sections can
be joined. Bends enable this, but twists (as shown in Figure 6.4.7) are also used.

https://eng.libretexts.org/@go/page/41066


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/41066?pdf

LibreTexts"

Operating Frequency ( Internal Dimensions (

Band EIA Waveguide Band ) _inches) Cutoff &
g X

WR-2300 0.32-0.49 23.000 x 11.500 0.257
WR-2100 0.35-0.53 21.000 x 10.500 0.281
WR-1800 0.43-0.62 18.000 x 9.000 0.328
WR-1500 0.49-0.74 15.000 x 7.500 0.393
WR-1150 0.64-0.96 11.500 x 5.750 0.513
WR-1000 0.75-1.1 9.975 x 4.875 0.592
WR-770 0.96-1.5 7.700 x 3.385 0.766
WR-650 1.12-1.70 6.500 x 3.250 0.908
R WR-430 1.70 —2.60 4.300 x 2.150 1.37
D WR-340 2.20 — 3.30 3.400 x 1.700 1.74
S WR-284 2.60 — 3.95 2.840 x 1.340 2.08
E WR-229 3.30 —4.90 2.290 x 1.150 2.58
G WR-187 3.95—5.85 1.872 x 0.872 3.15
F WR-159 4.90 —7.05 1.590 x 0.795 3.71
C WR-137 5.85 —8.20 1.372 x 0.622 4.30
H WR-112 7.05 —10.00 1.122 x 0.497 5.26
X WR-90 8.2—-124 0.900 x 0.400 6.56
Ku WR-62 12.4—18.0 0.622 x 0.311 9.49
K WR-51 15.0 — 22.0 0.510 x 0.255 11.6
K WR-42 18.0 —26.5 0.420 x 0.170 14.1
Ka WR-28 26.5 —40.0 0.280 x 0.140 21.1
Q WR-22 33—50 0.224 x 0.112 26.3
U WR-19 40—-60 0.188 x 0.094 31.4
v WR-15 50 — 75 0.148 x 0.074 39.9
E WR-12 60 —90 0.122 x 0.061 48.4
w WR-10 75—110 0.100 x 0.050 59.0
F WR-8 90 — 140 0.080 x 0.040 73.8
D WR-6 110 —-170 0.0650 x 0.0325 90.8
G WR-5 140 — 220 0.0510 x 0.0255 116
WR-4 170-260 0.0430 x 0.0215 137
WR-3 220-325 0.0340 x 0.0170 174
Y WR-2 325-500 0.0200 x 0.0100 295

@ https://eng.libretexts.org/@go/page/41066



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://eng.libretexts.org/@go/page/41066?pdf

LibreTexts"

Operating Frequency (  Internal Dimensions (a

Band EIA Waveguide Band ] TE;o Cutoff (GHz)
GHz) x b, inches)
WR-1.5 500-750 0.0150 x 0.0075 393
WR-1 750-1100 0.0100 x 0.0050 590

Table 6.4.2: Waveguide bands, operating frequencies, and internal dimensions. Waveguide dimensions specified in inches (use

25.4 mm/inch to convert to millimeters). The number in the WR designation is the long internal dimension of the waveguide in

hundreds of an inch. The TE;q mode cutoff frequency is when the long dimension is one-half wavelength long (the free-space
wavelength if vacuum- or air-filled, or modified by the square root of the permittivity if the waveguide is dielectric filled).

Waveguide tees are used to split and combine signals. There are both E-plane and H-plane versions, as there were for bends (see
Figure 6.4.8).

There is a wide variety of waveguide components. The components are developed from EM field considerations and not derived
from current and voltage circuits. For example, a termination in a rectangular waveguide is realized using a resistive wedge of
material as shown in Figure 6.4.9(a). This provides a termination with a lower reactive component than would be obtained with a
lumped resistor placed at the end of the line. The matched load absorbs all of the power in the traveling wave incident on it. The
functional component is a lossy material, often shaped as a wedge or tall pyramid, that absorbs power over a distance
corresponding, perhaps, to one-half wavelength or longer. So while the characteristic impedance of a wave in the rectangular
waveguide varies with frequency, the termination is always matched to this impedance. A high-power waveguide matched load is
shown in Figure 6.4.9(b). This component uses the structure illustrated in Figure 6.4.9(a) and has fins for the dissipation of heat. A
waveguide

(a) H-plane bend (b) E-plane bend (c) Various bends

Figure 6.4.6: Rectangular waveguide bends. In (c), top is X-band (8-12 GHz), middle is Ku-band (12-18 GHz), and bottom is Ka-
band (26-40 GHz).

Y
(a) Diagrammatic view (b) Photograph

Figure 6.4.7: Rectangular waveguide twist.

attenuator is realized by introducing resistive material, as shown in Figure 6.4.9(c). This introduces a section of line with a high
attenuation coefficient. By controlling the depth of the resistive vane, as shown in Figure 6.4.9(d), a variable attenuator is
obtained.

Discontinuities in the waveguide introduce inductive, capacitive, and resonant elements. Several discontinuities that are used to
realize these elements are shown in Figure 6.4.10. These illustrate most clearly the use of E and H field disturbances to realize
capacitive and inductive components. An E-plane discontinuity (Figure 6.4.10(a)) is modeled approximately by a frequency-
dependent capacitor. H-plane discontinuities (Figure 6.4.10(b and c)) resemble inductors, as does the circular iris of Figure 6.4.10(d).
The resonant waveguide iris of Figure 6.4.10(e) disturbs the E and H fields and is modeled by a parallel LC resonant circuit near the
frequency of resonance. Posts in the waveguide are used as reactive elements (Figure 6.4.10(f)) and to mount active devices (Figure
6.4.10(g)). The equivalent circuits of waveguide discontinuities are modeled by capacitive elements if the E field is interrupted and
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by inductive elements if the H field (or current) is disturbed. Many papers (e.g., [5, 6, 7, 8]) have been devoted to analytic field
solutions that lead to equivalent lumped element representations of waveguide discontinuities that can then be used in synthesis.

A rectangular waveguide circulator is shown in Figure 6.4.11. A circulator uses a special property of magnetized ferrites that
provides a preferred direction of EM propagation.

It is sometimes necessary to interface between waveguide series, and one component to do this is the tapered waveguide section
shown in Figure 6.4.12(a). Alternatively the one-quarter wavelength long impedance transformer

(¢) H-plane tee (d) Signal flow in an H-plane tee

—t g 'JI'

w

o

(e) E-plane tee (f) Various tees

Figure 6.4.8: Rectangular waveguide tees: (a) three-dimensional representation of an E-plane tee; (b) description of the signal flow
in an E-plane tee; (c) three-dimensional representation of an H-plane tee; (d) description of the signal flow in an H-plane tee; (e)
photograph of an E-plane tee; and (f) photograph of waveguide tees for different waveguide bands (top, X-band H-plane tee;
middle, Ku-band H-plane tee; bottom, Ka-band E-plane tee).

shown in Figure 6.4.12(b) could be used. This section can be shorter than the tapered waveguide section, which, however, has
higher bandwidth.

Other components commonly encountered are the waveguide switch (see Figure 6.4.12(c)), the coaxial-to-waveguide adaptor (see
Figure 6.4.13), and the waveguide horn antenna (see Figure 6.4.12(d)).

Distributed directional couplers are realized by two coupled transmission lines. A rectangular waveguide directional coupler is
shown in Figure 6.4.14.
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{a) Termination (b) High-power termination

Resistive vane

1 f

(¢) Attenuator (d) Variable attenuator

Figure 6.4.9: Terminations and attenuators in a rectangular waveguide.

Transverse plane
H-plane

Figure 6.4.10: Rectangular waveguide discontinuities and their lumped equivalent circuits: (a) capacitive E-plane discontinuity; (b)
inductive H-plane discontinuity; (c) symmetrical inductive H-plane discontinuity; (d) inductive post discontinuity; (e) resonant
window discontinuity; (f) capacitive post discontinuity; and (g) diode post mount.

Here the two transmission lines, the rectangular waveguides, are coupled by slots in the common wall of the guides. In Figure
6.4.14(b) the EM wave from the bottom waveguide leaks into the top waveguide through the coupling slots. A quick check on
phasing indicates that the coupled wave in the reverse direction is canceled. Meanwhile, in the forward-traveling direction there is
constructive interference of the coupled EM wave.

Variable elements available in a rectangular waveguide include the micrometer tuner, shown in Figure 6.4.15. The tuner shown in
Figure 6.4.15(a)

(a)

Figure 6.4.11: Waveguide circulator: (a) schematic; and (b) three-dimensional representation showing H field lines magnetizing a
ferrite disk.
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e —

(a) Waveguide taper  (b) A/4 transformer (c) Waveguide switch (d) Waveguide horn

Figure 6.4.12: Waveguide components: (a) waveguide switch; (b) rectangular waveguide quarter-wavelength impedance
transformer; (c) rectangular waveguide taper connecting one waveguide series to another; and (d) waveguide horn antenna.

WAVEGUDE WAVEGUDE
LOOP
sTUB
4 COAXIAL COAXIAL
CABLE GABLE
(a) {b

) (<)

Figure 6.4.13: Coaxial transmission line to rectangular waveguide adaptor: (a) photograph; (b) adaptor using a coupling stub; and
(c) adaptor using a coupling loop.

typically moves a reactive element along the waveguide. One example is the movable short circuit shown in Figure 6.4.5(b).
Another variable element used in tuning is the waveguide slide tuner, shown in Figure 6.4.15(c). Here a slot is cut in the wide wall
of the waveguide and a metal probe is inserted. The slot is in a region where the currents in the waveguide wall are minimum, so
little discontinuity is introduced. The probe introduces a reactive discontinuity, and the reactance can be varied by changing the
depth of penetration of the probe using the knob seen on top. The probe can move up-and-down along the slot to further increase
the impedance range that can be presented.

Hybrids in waveguides (Figure 6.5.1) do not look anything like their microstrip equivalents.

PORT4 = 1 POAT3
Isolaleg:l’ogi ﬂlgﬂoupbd - .t ...-: ....-: -~ e
i :Ill:l | s |} || s | | —
— Ot —0 —a= S [t
Input port 1 Port 2 Through POAT1 1 POAT2

(@ (b)

S

Figure 6.4.14: Rectangular waveguide directional couplers: (a) schematic; (b) and (c) waveguide directional coupler showing
coupling slots; and (d) three directional couplers with the fourth port terminated in an integral matched load. In (d), from top to
bottom: W-band, 10 em long; Ka-band, 15 cm long, and X-band, 35 cm long.

(a) (b) (e}

Figure 6.4.15: Waveguide tuners: (a) micrometer-driven variable short circuit; (b) internal details of a variable short circuit; and (c)
waveguide slide tuner.
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6.5: Summary

Rectangular waveguides guide EM fields in a rectangular pipe. Parallel plate waveguides are unintentional but are approximated by
the planar conductors found in printed circuit boards. Rectangular wave equations describe propagation in these structures and are
derived from Maxwell’s equations by applying multiple simplifications such as using phasors, restricting propagation to just one
direction, and applying symmetries. Important concepts that flow from the rectangular wave equations are that rectangular and
parallel-plate waveguides support multiple modes, i.e. variations of the EM field, with all but the TEM mode having a finite cut-off
frequency below which a particular mode cannot propagate. The rectangular waveguide does not support a TEM mode, a mode
with no variations of the field between boundaries, so the rectangular waveguide cannot support a propagating mode below the
lowest cut-off frequency. A mode with more variations of the field will have a higher cut-off frequency. A separate physical result is
that if two modes can propagate the EM energy will be equally partitioned between them. Thus if two or more modes can propagate
the information will become garbled since different modes travel at different speeds. This is observed in practice so for example,
with rectangular waveguide the useful frequency range of operation is between the cut-off frequency of the mode with the simplest
field variation, and hence the lowest cut-off frequency, and the cut-off frequency of the next higher-order mode.

Signal into E-arm gs*
Part 3

Coplanar arm

Port1

H-am

SH Sy
Signal into H-arm

(a) Three-dimensional representation (b) Description of signal flow

Figure 6.5.1: Rectangular waveguide hybrid.
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6.7: Exercises

1. A four-layer circuit board has four levels of metalization with the two inner layers being supply and ground planes are RF
grounds. The top layer has a very dense concentration of signal lines and for the purposes of understanding the fields in the
dielectric between the top two layers of metalization both layers of metalization can be considered to be solid. The situation
now reduces to a parallel plate waveguide which allows signals to travel in the dielectric from one region of the circuit board to
another. The dielectric has a relative permittivity of 4 and the thickness of the dielectric between the metal layers is 1 mm.

a. What is the mode that propagates at the lowest frequency and what is the cut-off wavenumber and cut-off frequency of this
mode?

b. What is the wave impedance of this mode at 1 GHz?

c. What is the phase velocity of this mode at 1 GHz?

2. A multi-layer circuit board forms a parallel plate waveguide between the metal planes (even if they are broken up a little). Thus
EM energy propagates around the circuit board and not all of the energy is confined by the circuit board lines.

a. What is the EM mode that is mostly to propagates?
b. Draw the E and H fields of the mode in cross section.
c. If the distance between the plates is 1 mm, what is the lowest frequency at which this lowest order mode can propagate.

3. Two adjacent layers of a circuit board are continuous ground planes separated by a 0.5 mm-thick dielectric having a relative
permittivity of 4.
a. What is the lowest frequency at which the TEM mode propagates.
b. What is the wave impedance of the TEM mode at 10 GHz.

4. Two adjacent layers of a circuit board are continuous ground planes separated by a 0.5 mm-thick dielectric having a relative
permittivity of 4. What is the lowest frequency at which the TM; mode propagates.

5. Two adjacent layers of a circuit board are continuous ground planes separated by a 0.5 mm-thick dielectric having a relative
permittivity of 4. What is the lowest frequency at which the TE; mode propagates.

6. An air-filled W-band waveguide has a 75-100 GHz operating frequency, extends in the z direction and has internal dimensions
of Ay = 0.100 in. by A, = 0.050 in. f, is the cut-off frequency, and k. is the cutoff wavenumber.

a. Does the waveguide support a transverse electromagnetic (TEM) mode provide your reasons?
b. What is the distinguishing feature of the TE waveguide modes?
c. What is the distinguishing feature of the TM waveguide modes?
d. What modes other than TEM, TE, and TM modes propagate in rectangular waveguide?
e. Are TEy and TMg, modes supported in the waveguide and why?
f. What is k, of the TE,, mode?
g. What is k. of the TEy mode?
h. What is k. of the TE;; mode?
i. What is f. of the TE;q mode?
j. What is f, of the TEy; mode?
k. What is the wavenumber of the TE(; mode at 90 GHz, discuss if your answer is not real?
1. What is the wavenumber of the TE;o mode at 90 GHz, discuss if your answer is not real?
m. What is f, of the TE;; mode?
n. What is k, of the TMy, mode?
0. What is k. of the TMy; mode?
p. What is k. of the TM;; mode?
g. What is k, of the TM;q mode?
r. What is f, of the TMy; mode?
s. What is f, of the TM;; mode?
t. What can you say about the relative cut-off frequency of the TE,,, and TM,,,, m + n > 2, modes relative to the cutoff
frequencies of the TE,, and TM,,,,, m + n = 1, modes?
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u. Sketch and label the dispersion curves for the TE,,, and TM,,,, m,n = 0,1, modes, i.e. 8 versus frequency over the
frequency range 0 to 200 GHz.
v. What is the frequency range over which only one mode can propagate?
w. Why is it desirable that only one mode propagate?
x. Why is the operating frequency range specified for this waveguide less than the frequency range over which only one mode
can exist.
7. An air-filled E-band waveguide has a 60-90 GHz operating frequency and has internal dimensions of 0.122 in by 0.061 in.

a. What is the phase velocity of the TE;o mode at 60 GHz.
b. What is the phase velocity of the TE;, mode at 90 GHz.
c. What is the wave impedance of the TE,, mode at 60 GHz.
d. What is the wave impedance of the TE;o mode at 90 GHz.
e. What is the difference between characteristic impedance and wave impedance for the waveguide?
8. An X-band waveguide has the dimensions 0.9 in x 0.4 in. Calculate the cut-off frequencies for the TE;y, TEo, and TMyy,
modes.
9. An X-band waveguide has the dimensions 0.9 in x 0.4 in. Calculate the cut-off frequencies for the TE;y, TEq;, and TMyy,
modes.
10. A W-band waveguide has the dimensions 0.1 in x 0.05 in and the cut-off frequency of the TE;y mode is 59.0 GHz. Verify this.

a. What is the cut-off frequencies of the TEy; mode?
b. What is the cut-off frequencies of the TM;; mode?
c. What is the the operating frequency range over which only one mode can exist?

11. An E-band waveguide has the dimensions 0.122 in x 0.061 in and the cut-off frequency of the TE;y mode is 48.4 GHz. Verify
this.

a. What is the cut-off frequency of the TE(; mode?
b. What is the cut-off frequency of the TM; mode?
c. What is the the frequency range over which only one mode can exist?

12. A W-band waveguide has the dimensions 0.1 in x 0.05 in. At 100 GHz only the TE;; mode can propagate. At 100 GHz and for the
TE;y mode

a. what is the wave impedance?
b. what is the phase velocity?
c. what is the group velocity?

13. An E-band waveguide has the dimensions 0.1 in x 0.05 in. At 38 GHz only the TE;y mode can propagate. At 38 GHz and for the
TE;o mode

a. what is the wave impedance?
b. what is the phase velocity?
c. what is the group velocity?

14. A communication system at 60 GHz has a bandwidth of 4 GHz so that the operating frequency range is 58 GHz to 62 GHz.
Waveguide is to be used to route the millimeter-wave signal to an antenna. What waveguide should be used to justify your
answer.

15. A communication system 15 GHz has a bandwidth of 1 GHz so that the operating frequency range is 14.5 GHz to 15.5 GHz.
Waveguide is to be used to route the millimeter-wave signal to an antenna. What waveguide should be used to justify your
answer.

6.7.1 Exercises by Section
§6.21,2,3,4,5

§6.46,7,8,9,10,11,12,13, 14, 15

6.7: Exercises is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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