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CHAPTER OVERVIEW

1: Review of network theory

Introduction

This note is a review of some of the most salient points of electric network theory. In it we do not prove any of the assertions that
are made. We deal only with passive, linear network elements.

1.1: Network Primitives

1.2: Examples- Voltage and Current Dividers

1.3: Node Voltages and Reference

1.4: Serial and Parallel Combinations

1.5: Loop and Node Equations

1.6: Linearity and Superposition

1.7: Thevenin and Norton Equivalent Circuits

1.8: Two Port Networks

1.9: Inductive and Capacitive Circuit Elements
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1.1: Network Primitives
Electric network theory deals with two primitive quantities, which we will refer to as:

1. Potential (or voltage), and
2. Current.

Current is the actual flow of charged carriers, while difference in potential is the force that causes that flow. As we will see,
potential is a single- valued function that may be uniquely defined over the nodes of a network. Current, on the other hand, flows
through the branches of the network. Figure 1 shows the basic notion of a branch, in which a voltage is defined across the branch
and a current is defined to flow through the branch. A network is a collection of such elements, connected together by wires.

- + v —-—

Figure 1: Basic Circuit Element

Network topology is the interconnection of its elements. That, plus the constraints on voltage and current imposed by the elements
themselves, determines the performance of the network, described by the distribution of voltages and currents throughout the
network.

Two important concepts must be described initially. These are of “loop” and “node”.

1. A loop in the network is any closed path through two or more elements of the network. Any non-trivial network will have at
least one such loop.

v -
i, * 2

—~—
W

V.
1 V3

+

)

Figure 2: This is a loop

2. anode is a point at which two or more elements are interconnected.
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Figure 3: This is a node

The two fundamental laws of network theory are known as Kirchoff’s Voltage Law (KVL), and Kirchoff’s Current Law (KCL).
These laws describe the topology of the network, and arise directly from the fundmantal laws of electromagnetics. They are simply
stated as:

® Zloop v =0

° Enode ’Lk =0

1Note that KVL is a discrete version of Faraday’s Law, valid to the extent that no time-varying flux links the loop. KCL is just
conservation of current, allowing for no accumulation of charge at the node.

Network elements affect voltages and currents in one of three ways:

1. Voltage sources constrain the potential difference across their terminals to be of some fixed value (the value of the source).
2. Current sources constrain the current through the branch to be of some fixed value.
3. All other elements impose some sort of relationship, either linear or nonlinear, between voltage across and current through the

branch.
o=
v i
Voltage Current
Source Source

Figure 4: Notation for voltage and current sources

Voltage and current sources can be either independent or dependent. Independent sources have values which are, as the name
implies, independent of other variables in a circuit. Dependent sources have values which depend on some other variable in a
circuit. A common example of a dependent source is the equivalent current source used for modeling the collector junction in a
transistor. Typically, this is modeled as a current dependent current source, in which collector current is taken to be directly
dependent on emitter current. Such dependent sources must be handled with some care, for certain tricks we will be discussing
below do not work with them.

For the present time, we will consider, in addition to voltage and current sources, only impedance elements, which impose a linear
relationship between voltage and current. The most common of these is the resistance, which imposes the relationship which is
often referred to as Ohm’s law:

v = Riy
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Figure 5: Resistance Circuit Element

A bit later on in this note, we will extend this notion of impedance to other elements, but for the moment the resistance will serve
our purposes.
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1.2: Examples- Voltage and Current Dividers

Figure 6 may be used as an example to show how we use all of this. See that it has one loop and three nodes. Around the loop,
KVL is:

Ve—v1—vy =0
At the upper right- hand node, we have, by KCL:
31—i2=0
The constitutive relations imposed by the resistances are:

v = Rty
v2 = Rygi

Combining these, we find that:
Vs =(R1+ R3) i1
We may solve for the voltage across, say, R,, to obtain the so-called voltage divider relationship:

—V. B
vy =Vs Ri+R;

i
1
+ V1

—

+ YWWWA N
R V.
Vv 1 R 2

S 2 -

Figure 6: Voltage Divider
A second example is illustrated by Figure 7. Here, KCL at the top node yields:
I;—i1—i9=0
And KVL, written around the loop that has the two resistances, is:
Rii1 — Raia =0
Combining these together, we have the current divider relationship:

R,

-7 121
BT E, (12.1)

iz

Once we have derived the voltage and current divider relationships, we can use them as part of our “intellectual toolkit”, because
they will always be true.

IS <> R1 %v_‘l R2 %vg

Figure 7: Current Divider
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1.3: Node Voltages and Reference

One of the consequences of KVL is that every node in a network will have a potential which is uniquely specified with respect to
some other node. Thus, if we take one of the nodes in the network to be a reference, or datum, each of the other nodes will have a
unique potential. The voltage across any network branch is then the difference between the potentials at the nodes to which the
element is connected. The potential of a node is the sum of voltages encountered when traversing some path between that node and
the datum node. Note that any path will do. If KVL is satisfied, all paths between each pair of nodes will yield the same potential.

A commonly used electric circuit is the Wheatstone Bridge, shown in its simplest form in Figure 8. The output voltage is found
simply from the input voltage as just the difference between two voltage dividers:

_ R, _ Ry )
Vo = Us ( Ri+R, R3+Ry

This circuit is used in situations in which one or more resistors varies with, say temperature or mechanical strain. The bridge can be
balanced so that the output voltage is zero by adjusting one of the other resistors. Then relatively small variations in the sensing
element can result in relatively big differences in the output voltage. If, for example R, is the sensing element, R, can be adjusted
to balance the bridge.
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1.4: Serial and Parallel Combinations

There are a number of techniques for handling network problems, and we will not be able to investigate each of them in depth. We
will, however, look into a few techniques for analysis which involve progressive simplification of the network. To start, we
consider how one might handle series and parallel combinations of elements. A pair of elements is in series if the same current
flows through both of them. If these elements are resistors and if the detail of voltage division between them is not required, it is
possible to lump the two together as a single resistance. This is illustrated in Figure 9. The voltage across the current source is:

vV, =v1 + V3 =1 R+ iRy =1, (R1 + R2)

The equivalent resistance for the series combination is then:

Ryeries = R1+ Rz (1.4.1)
+ +
Ry %"1 R3 %"3
+ - -
v
O e -
- + +

Figure 8: Wheatstone Bridge
+ V1
T WWA +
s () Vg R2%V2
- + i 2

Figure 9: Series Resistance Combination

Similarly, resistance elements connected in parallel can be lumped if it is not necessary to know the details of division of current

between them. Figure 10 shows this combination.
Here, current % is simply:
P [l 1
i=g+m=v(m+%)
The equivalent resistance for the parallel combination is then:

1 RiR,
Ry = = 1.4.2
pa L+RL2 R1+R2 ( )

Because of the importance of parallel connection of resistances (and of other impedances), a special symbolic form is used for
parallel construction. This is:

RiR,

1.4.3
R+ R, ( )

Ry|R; =
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As an example, consider the circuit shown in Figure 11, part (a). Here, we have four, resistors arranged in an odd way to form a
two- terminal network. To find the equivalent resistance of this thing, we can do a series of series-parallel combinations.

The two resistors on the right can be combined as a series combination to form a single, two ohm resistor as shown in part (b).
Then the equivalent resistor, which is in parallel with one of the two ohm resistors can be combined to form a single combination
part(c). That is in series with the remaining resistor, leaving us with an equivalent input resistance of R = 3Q.

Figure 10: Parallel Resistance Combination

2 1
_\"\W ‘.l‘.l‘.lvl
2 1 > > > %
Parrallel Series
Series
(a) Cor:'lb Comb C Comb

Figure 11: Senes—Parallel Reduction
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1.5: Loop and Node Equations

There are two well- developed formal ways of solving for the potentials and currents in networks, often referred to as loop and

node equation methods. They are closely related, using KCL and KVL together with element constraints to build sets of equations

which may then be solved for potentials and currents.

¢ In the node equation method, KCL is written at each node of the network, with currents expressed in terms of the node
potentials. KVL is satisfied because the node potentials are unique.

o In the loop equation method, KVL is written about a collection of closed paths in the network. “Loop currents” are defined, and
made to satisfy KCL, and the branch voltages are expressed in terms of them.

The two methods are equivalent and a choice between them is usually a matter of personal preference. The node equation method is
probably more widely used, and lends itself well to computer analysis.

To illustrate how these methods work, consider the network of Figure 12.

This network has three nodes. We are going to write KCL for each of the nodes, but note that only two explicit equations are
required. If KCL is satisfied at two of the nodes, it is automatically satisfied at the third. Usually the datum node is the one for
which we do not write the expression.

i Ry
WW

+

v O gw Of

Figure 12: Sample Network

KCL written for the two upper nodes of the network is:

. V V—’Ug
— — = 1.5.1
’L1+R1+ o 0 (1.5.1)
’02—V V2
-1 —-— = 1.5.2
+ 7 +R 0 (1.5.2)

These two expressions are easily solved for the two unknowns, %; and wvs:

vy = %V_F BoBs

Ry+Rs
i = Ri+RytRsy,_ R I
1= Ri(Rs+Rs) Ryt+Rs

Figure 13: Sample Network Showing Loops

The loop equation method is similar. We need the same number of independent expressions (two), so we need to take two
independent loops. For this, take as the loops as is shown in Figure 13:

1. The loop that includes the voltage source and R;.
2. The loop that includes R;, Ry, and Rs.

It is also necessary to define loop currents, which we will denote as i, and 4. These are the currents circulating around the two
loops. Note that where the loops intersect, the actual branch current will be the sum of or difference between loop currents. For this
example, assume the loop currents are defined to be circulating counter-clockwise in the two loops. The two loop equations are:

V 4+ Ry (ig—1) =0 (1.5.3)
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These are equally easily solved for the two unknowns, in this case the two loop currents 4, and 4.

Ry (ib—14q) + Rais+ R3 (is — 1) = 0 (1.5.4)
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1.6: Linearity and Superposition
An extraordinarily powerful notion of network theory is linearity. This property has two essential elements, stated as follows:

1. For any single input z yielding output g, the response to an input kz is ky for any value of .
2. If, in a multi-input network the input z; by itself yields output g; and a second input gz, by itself yields s, then the
combination of inputs z; and =z yields the output y = y; + yo.

This is important to us at the present moment for two reasons:

1. Tt tells us that the solution to certain problems involving networks with multiple inputs is actually easier than we might expect:
if a network is linear, we may solve for the output with each separate input, then add the outputs. This is called superposition.

2. Tt also tells us that, for networks that are linear, it is not necessary to actually consider the value of the inputs in calculating
response. What is important is a system function, or a ratio of output to input.

Superposition is an important principle when dealing with linear networks, and can be used to make analysis easier. If a network
has multiple independent sources, it is possible to find the response to each source separately, then add up all of the responses to
find total response. Note that this can only be done with independent sources!

Consider, for example, the example circuit shown in Figure 12. If we are only interested in the output voltage wv;, we may find the
response to the voltage source first, then the response to the current source, then the total response is the sum of the two. To find the
response to the voltage source, we must “turn off” the current source. This is done by assuming that it is not there. (After all, a
current source with zero current is just an open circuit!). The resulting network is as in Figure 14.

.
W’.\

+

v () %Ra v2v

Figure 14: Superposition Fragment: Voltage Source
Note that the resistance R; does not appear here. This is because a resistance in parallel with a voltage source is just a voltage

source, unless one is interested in current in the resistance. The output voltage is just:

— Rs
V2o = 4 Ry+R3

Next, we “turn off” the voltage source and “turn on” the current source. Note that a voltage source that has been turned off is a

short circuit, because that implies zero voltage. The network is as shown in Figure 15

Ro

+

()T' %Ra Y 2i

Figure 15: Superposition Fragment: Current Source
The response to this is:
vy = IR3|R3
The total response is then just:

_ L — R RyR3
vy = v+ =V m HIgiE,

This page titled 1.6: Linearity and Superposition is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James
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1.7: Thevenin and Norton Equivalent Circuits

A particularly important ramification of the property of linearity is expressed in the notion of equivalent circuits. To wit: if we are
considering the response of a network at any given terminal pair, that is a pair of nodes that have been brought out to the outside
world, it follows from the properties of linearity that, if the network is linear, the output at a single terminal pair (either voltage or
current) is the sum of two components:

1. The response that would exist if the excitation at the terminal pair were zero and
2. The response forced at the terminal pair by the exciting voltage or current.

This notion may be expressed with either voltage or current as the response. These yield the Thevenin and Norton equivalent
networks, which are exactly equivalent. At any terminal pair, the properties of a linear network may be expressed in terms of either
Thevenin or Norton equivalents. The Thevenin equivalent circuit is shown in Figure 16, while the Norton equivalent circuit is
shown in Figure 17.

WW

v Vt: ()

—

Figure 16: Thevenin Equivalent Network
|

_—

v Req % '

Figure 17: Norton Equivalent Network
The Thevenin and Norton equivalent networks have the same impedance. Further, the equivalent sources are related by the simple
relationship:
Vrn = Regly (1.7.1)

The Thevenin Equivalent Voltage, the source internal to the Thevenin equivalent network, is the same as the open circuit voltage,
which is the voltage that would appear at the terminals of the equivalent circuit were it to be open circuited. Similarly, the Norton
Equivalent Current is the same as minus the short circuit current.

To consider how we might use these equivalent networks, consider what would happen if the Wheatstone bridge were connected by
some resistance across its output, as shown in Figure 18
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+ +
R4 %"1 R3 %"3
+ - =
v + Vo L
s WA
R
- + 9 +

Figure 18: Wheatstone Bridge With Output Resistance

The analysis of this situation is simplified substantially if one recognizes that each side of the bridge can be expressed as either a
Thevenin or Norton equivalent network. We may proceed to solve the problem by finding the equivalent networks for each side,
then paste them together to form the whole solution. So: consider the equivalent network for the left-hand side of the network,
formed by the elements V, R;and R;. This is shown in Figure 19.

+ R4

G —%

Rthi

Rz VThi

Figure 19: Construction of Equivalent Circuit

Where, here, the components of the equivalent circuit are:

R,
o = Ve
Thi Ri+ R,
R.q = Ri|Ry
Similarly, the right side of the network is found to have an equivalent source and resistance:
Ry
=V—_
UThr R3 + R4
Reqr = R3 ||R4

And the whole thing behaves as the equivalent circuit shown in Figure 20

RThi Rs RThr
WA WA YW

", +

VThi VThr

Figure 20: Equivalent Circuit

This is, of course, easily solved for the current through, and hence the voltage across, the resistance Rj, which was desired in the
first place:

— _ Ry — Ry Ry
Us = (DTM 'UThr) Rs+regtreqr v ( Ri+R, f TacR4R3 + R4) Rs+R;||R2+Rs|Rs
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1.8: Two Port Networks

So far, we have dealt with a number of networks which may be said to be one port or single-terminalpair circuits. That is, the
important action occurs at a single terminal pair, and is characterized by an impedance and by either a open circuit voltage or a
short circuit current, thus forming either a Thevenin or Norton equivalent circuit. A second, and for us very important, class of
electrical network has two (or sometimes more) terminal pairs. We will consider formally here the two port network, illustrated
schematically in Figure 21.

There are a number of ways of characterizing this type of network. For the time being, consider that it is passive, so that there is no
output without some input and there are no dependent sources.

iq i2
— -

+ | +
V4 Vo

Figure 21: Two-Port Network

Then we may characterize the network in terms of the currents at its terminals in terms of the voltages, or, conversely, we may
describe the voltages in terms of the currents at the terminals. These two ways of describing the network are said to be the
admittance or impedance parameters. These may be written in the following way:

The impedance parameter point of view would yield, for a resistive network, the following relationship between voltages and
currents:

-U1]=[R11 R12]-i1-
| v Ro1 Ry | | 42 |

Similarly, the admittance parameter point of view would yield a similar relationship:

-7:1:|:|:G11 G12:|-'U1-
| i3 Ga Gao | [ ve

These two relationships are, of course, the inverses of each other. That is:

[ Gu G ] _ [ Ry Ry ]_1 (1.8.1)

Ggl ng - Ry Ry
If the networks are linear and passive (i.e. there are no dependent sources inside), they also exhibit the property of reciprocity. In a
reciprocal network, the transfer impedance or transfer admittance is the same in both directions. That is:

Ry =Rn
G2 = G2

It is often useful to express two- port networks in terms of T or IT networks, shown in Figures 22 and 23.

Sometimes it is useful to cascade two-port networks, as is shown in Figure 24. The resulting combination is itself a two-port.
Suppose we have a pair of networks characterized by impedance parameters:

[vl]z[Rll R12][i1]
Vg Ris Ry iz
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Figure 22: T- Equivalent Network

WW

Gq2
G11-G2 G- Gy

Figure 23: TI-Equivalent Network

vs | _[ Rss Ra i3
vy Ry Ry n

By noting that v, = vs and i3 = —is, it is possible to show, with a little manipulation, that:
v | 1 B i1
vy Ry Ry ig

’_ _ _Eh
Ry =Ru Rys+Ras

where

R?
L _ 34
Ry =Ry Rys+Rss

_ _RuRu
Ru= Rga+Rss
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1.9: Inductive and Capacitive Circuit Elements

So far, we have dealt with circuit elements which have no memory and which, therefore, are characterized by instantaneous
behavior. The expressions which are used to calculate what these elements are doing are algebraic (and for most elements are linear
too). As it turns out, much of the circuitry we will be studying can be so characterized, with complex parameters.

However, we take a quick diversion to discuss briefly the transient behavior of circuits containing capacitors and inductors.

iq ig i3 ig
+ | + + iE
vi 1 v2 v3 2 va

Figure 25: Capacitance and Inductance
Symbols for capacitive and inductive circuit elements are shown in Figure 25. They are characterized by the relationships between

voltage and current:

. dv. diy
= =L— 19.1
ic.=0C 7 vy 7t (1.9.1)

Note that, while these elements are linear, since time derivatives are involved in their characterization, expressions describing their
behavior in networks will become ordinary differential equations

Simple Case: R-C

n-l
+
=

—~C v R%

Figure 26: Simple Case: R-C

Figure 26 shows a simple connection of a resistance and a capacitance. This circuit has only two nodes, so there is a single voltage
v across both elements. The two elements produce the constraints:

=2
" R
oo
°T dt

and, since i, = —i,,
d 1,
d_Tt] + W’U =0
Now, we know that this sort of first-order, linear equation is solved by:

v~ e R

(To confirm this, just substitute the exponential into the differential equation.) Then, if we have some initial condition, say w(t = 0)

=V, then
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This was a trivial case, since we don’t describe how that initial condition might have taken place. But consider a closely related

_t
v=Vye &

problem, illustrated in Figure 27.

Simple Case with Drive

R
+ AW +

Vs C;

/1

Figure 27: RC Circuit with Drive

The analysis of this circuit is accomplished by noting that it contains a single loop, and adding up the voltages around the loop we
find:

dv,
RCZE +v.=v,
Now, assume that the voltage source is a step:
vy = Vou_1(t)

We should define the step function with some care, since it is of quite a lot of use. The step is one of a hierarchy of singularity
functions. It is defined as:

u_i(®) ={ (1’ z:g (1.9.2)

Now, remembering that differential equations have particular and homogeneous solutions, and that for ¢ > 0 a particular solution
which solves the differential equation is:

Vp=V
Of course this does not satisfy the initial condition which is that the capacitance be uncharged: v.(t =0+) = 0. Again, remember

that the whole solution is the sum of the particular and a homogeneous solution, and that the homogeneous solution is the un-driven
case. To satisfy the initial condition, the homogeneous solution must be:
Ceh = —VC_%

So that the total solution is simply:

ve=V (1 — e_ﬁ)
Next, suppose v, = u_;(t)V coswt. We know the homogeneous solution must be of the same form, but the particular solution is a bit
more complicated. In later chapters we will learn how to make the process of extracting the particular solution easier, but for the
time being, let’s assume that with a sinusoidal drive we will get a sinusoidal response of the same frequency. Thus we will guess

Vep = Vip COS(wE — @)
The time derivative is
d;’—;’” = WV sin(wt — @)
so that we can find an algebraic equation for the particular solution:
V coswt = Vep(cos(wt — @) + wRC'sin(wt — ¢))
Note the trigonometric identities:

cos(wt — ¢) = cos ¢ coswt + sin @ sin wi
sin(wt — ¢) = —sin ¢ cos wt + cos Psin wit
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Since the sine and cosine terms are orthogonal, we can equate coefficients of sine and cosine to get:

V = Vyplcos ¢ + wRC'sin ¢]
0 = Vp[sin ¢ + wRC cos ¢]

The second of these can be solved for the phase angle:
¢ =tan"'wRC
and squaring both equations and adding;:
V2 =V2(1+ (wRC)?)
so that the particular solution is:

Vep = mcos(wt —¢)

Finally, if the capacitor is initially uncharged (v.(t = 0+) =0), we can add in the homogeneous solution (we already know the
form of this), and find the total solution to be:

[cos(wt — ¢) — cos qﬁe_%]

— v
Vep = +/1+(wRC)?
This is shown in Figure 28

R=1,C=1,0M =10
T T

A N 4| | f
0.6 | ﬂl ) Il‘ \I |’ \I ‘II \ll | \I
04l i ||‘ \I { Il I \I { |I | B

an (UYL

02 | | ‘

|
04| ||| |I ll ll \ | ‘I |I || II‘ l\ {l II |I l‘ |4

Vep

-0.8 | \

-1} V

-12 L - - L '
0 0.5 1 18 2 25 3 35 4 4.5 &

Figure 28: Output Voltage for RC Example

Second-Order System Example

R1 R2

+
+
\ Lg i1 L e
s =
|

Figure 29: Two-Inductor Circuit

Figure 29 shows a network with two inductances and two resistances. Assume that this is driven by a voltage step: v, = V,u_1(t).
Note that, with two inductances, we will require two initial conditions to complete the solution.

The steady state (particular) solution is w, = 0. There will, of course, be current flowing in each of the inductances, but if excitation
is constant there will be no time derivative of current so that voltage across each of the inductances will eventually fall to zero.

The initial conditions may be found by inspection. Right after ¢ =0 (note we use ¢ = 0+ for this), output voltage must be:
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This must be so since current cannot be made to flow instantaneously in either inductance, so that there is no current in either

v(t=0+)=V;

resistance.

The second initial condition is the rate of change of voltage right after the instant of the voltage step. To find this, note that output
voltage is equal to the source voltage minus the voltage drops across each of the two resistances.

v, = U5 — Raiz — Ry (41 +12)
If we differentiate this with respect to time and note that the time derivative of a constant (after the step the input voltage is
constant) is zero:
Po(t=0+)=—(R1+Ry) % — R %

Now, since right after the instant of the step both inductances have the source voltage V; across them:

iy — dis =Y
dt [$=0+ dt [t=0+ "~ L

the rate of change of voltage at ¢ = 0+ is:

dv,

_ _2Ri4R,
dt L V’

=0+

Now, we can find the homogeneous solution using the loop method. Setting the source to zero, assume a current ¢, in the left-hand
loop and 4 in the right-hand loop. KVL around these two loops yields:

Ryig+ L& (ia—4,) =0
Ryiy+2L% — L% — g

With a little manipulation, these become:

L% 4+ 2Ryig + Raip =0
L% 4 Riiq+ Raip =0

Assume that solutions are of the form JIe®, and this set of simultaneous equations becomes:

R w7 ]=10]

We need to solve this for s (to find values of s for which this set is true, and that is simply the solution of the “characteristic
equation”

(sL+2R;)(sL+ R3) — R1R2 =0
which is the same as:
4 Bl B =0
Now, for the sake of “nice numbers”, assume that R1 = 2R, R2 = 3R. The characteristic equation is:
2+ 7854 6(2) =0
which factors nicely into (s+ £)(s+6%£) =0
), orthetwovaluesofsare\( s = —£ and s=—6£.
Since the particular solution to this one is zero, we have a total solution which is:
v, = Ae~ %t + Be 6%t
The initial conditions are:
Volpmgy =A+B=V,

dv, R R
= -7 (A4+6B) =17V,

dt o+

The solution to that pair of expressions is:

=-_% =
A=—3¢ B= =
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and this is shown in Figure 30.

Two Inductor Example
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Figure 30: Output Voltage for Two Inductor Example
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CHAPTER OVERVIEW

2: AC power flow in linear networks

Introduction

Electric power systems usually involve sinusoidally varying (or nearly so) voltages and currents. That is, voltage and current are
functions of time that are nearly pure sine waves at fixed frequency. In North America, most ships at sea and eastern Japan that
frequency is 60 Hz. In most of the rest of the world it is 50 Hz. Normal power system operation is at this fixed frequency, which is
why we study how systems operate in this mode. We will deal with transients later.

This note deals with alternating voltages and currents and with associated energy flows. The focus is on sinusoidal steady state
conditions, in which virtually all quantities of interest may be represented by single, complex numbers.

Accordingly, this section opens with a review of complex numbers and with representation of voltage and current as complex
amplitudes with complex exponential time dependence. The discussion proceeds, through impedance, to describe a pictorial
representation of complex amplitudes, called phasors. Power is then defined and, in sinusoidal steady state, reduced to complex
form. Finally, flow of power through impedances and a conservation law are discussed.

Secondarily, this section of the notes deals with transmission lines that have interesting behavior, both in the time and frequency
domails.

2.1: Transmission Lines

2.2: Complex Exponential Notation

2.3: Sinusoidal Time Functions

2.4: Tmpedance

2.5: System Functions and Frequency Response

2.6: Phasors

2.7: Energy and Power

2.8: A Conservation Law

2.9: Power Flow Through An Impedance

2.10: Compensated Line
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2.1: Transmission Lines

A transmission line is really a long, continuous thing. It has inductance which is really inductance per unit length multiplied by the
line length, but it also has a continuous capacitance. We might attempt to represent a long transmission line as a series of relatively
’short’ sections each represented by an inductance and a capacitance. These ’lumped parameter’ models for lines are actually used
in many system studies, particularly in physical analog models called *Transmission System Simulators’. (We built one of these at
MIT in the 1970°s). After the next section you might contemplate the definition of ’short’ for our purposes here, but generally each
lumped parameter capacitance and resistance pair would represent a few to a few tens of miles.

Telegrapher’s Equations

Peering at the model presented in Figure 22, one might divine that a proper representation of voltage and current, both of which are
functions of time and distance along the line, might be:

L L L L

v _ o
% = Lig
% _ _ 0
bz = Clm

These are known as the “Telegrapher’s Equations” and represent the fact that inductance presents voltage drop along the line in
proportion to rate of change of current and that capacitance presents a change in current along the line in proportion to rate of
change of voltage.

It is not difficult to eliminate either voltage or current from these to produce a wave equation. For example, take the cross-
derivatives and substitute the second of these equations into the first to get:

2 2
g - Lo

Now: this equation is solved by arbitrary functions which are of the form:
v(z,t) = v(z + ut)
where the wave velocity is:

— 1
VLG

So now we can see that the voltage on the line is the sum of some waveform going in the ’positive’ direction and something else
going in the "negative’ direction:

v(z,t) = vy (x— ut) + v_(z + ut)
The same will be true of current, and substituting back into either of the telegrapher’s equations yields:
i(z,t) = Lim (v4(z — ut) —v_(z + ut))
the product of inductance times wave velocity has the units of impedance:

Lu=./g=2

This is often referred to as the ’characteristic impedance’ of the transmission line. This is also a commonly used term: transmission
cables are often referred to by their characteristic impedances. For coaxial wires 50 to 72 ohms are common values. For high
tension transmission lines somewhat higher values are to be expected.
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Surges on Transmission Lines

Consider the situation shown in Figure 23. Here the left-hand end of the line is driven by a current source with a pulse (illustrated is
a square pulse). This is actually not too far from the situation that transmission lines experience with lightning, which is usually
representable as a current source, typically of magnitude between 20 and 100 kA and duration of about 1pS. (Actually, it is not a
square pulse but that is not important here).

What will happen, if the pulse is short enough, is that it will launch a traveling wave in which v, = Zyi, and i, is the current that
was imposed. When this pulse reaches the far, or load end of the line, we have the situation in which at that point:

v(t) = vy +v_
R
it = Zy Zo

and, of coures, v = Ri.

The ’reflected’, or negative going wave will have magnitude:

R
£

i
Z_0+1

v =vy

In the extreme case of an open circuit, the magnitude of the voltage pulse at the end of the transmission line is exactly twice that of
the propagating pulse. In the case of a short circuit, of course, the magnitude of the voltage is zero, the current in the short is double
the current of the pulse itself, and the pulse is reflected, but going in the reverse direction with a polarity the opposite of the
forward-going pulse. This is illustrated in cartoon form in Figure 23.

L S
v v 1

[

R<Z,

N
LT

v
Figure 23: Pulse Propagation on a Transmission Line

Sinusoidal Steady State

Now, consider a transmission line operating in the sinusoidal steady state. As suggested by Figure 24, it is driven by a voltage
source at one end and is loaded by a resistive load at the other. Consistent with the voltage and currents that we know can exist on
such a line, we know they will be of this form:

3]

AAAA—

YYYY
o)

). -
Figure 24: Transmission Line in Simple Configuration

v(z,t) = Re {Z+ej(“’t_k‘°) + K_ej(“’“"“)}
i(2.¢) = Re d Vt gitt—ka) _ V. j(wt+km)}
z(a:,t)—Re{ZOe Zoe

. . Y 1
Where the phase velocity is u= % = NiroR

At the termination end of the line, at z =¢
Erroneous nesting of equation structures

This may be solved for the ratio of ’reverse’ to ’forward’ amplitude:
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Erroneous nesting of equation structures
Since at the ’sending’ end:
Erroneous nesting of equation structures

With a little manipulation it can be determined that

_y e lan)(an)
B =V e ()
Further manipulation yields:

R

Zo

=Vs z%cos kl+jsin ke

-—r

This might be made a bit more comprehensible when turned into a magnitude:

2
Zp

(z%cos k@) 2+(siu ke)?

If the line is loaded with a resistance equivalent to the ’surge impedance’ (so-called ’surge impedance loading’, the receiving end
voltage is the same as the sending end voltage. If it is more heavily loaded, the receiving end voltage is less than the sending end
and if it is less heavily loaded the receiving end voltage is greater.

This page titled 2.1: Transmission Lines is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley
(MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.

https://eng.libretexts.org/@go/page/55542


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55542?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.01%3A_Transmission_Lines
https://creativecommons.org/licenses/by-nc-sa/4.0
http://web.mit.edu/kirtley/www/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-050j-information-and-entropy-spring-2008/
https://ocw.mit.edu/courses/6-061-introduction-to-electric-power-systems-spring-2011

LibreTexts"

2.2: Complex Exponential Notation

Start by recognizing a geometric interpretation for a complex number. If we plot the real part on the horizontal (x) axis and the
imaginary part on the vertical (y) axis, then the complex number z =z + jy (where j =+/—1) represents a vector as shown in
Figure 1. Note that this vector may be represented not only by its real and imaginary components, but also by a magnitude and a

phase angle:
Im(.)
Y — z=x+7jy
¢
x Re(:)
Figure 1: Representation of the complex number
z=z+jy
Im(-)
sing —
Magnitude = 1
) |
cos ¢ Re(-)
Figure 2: Representation of
i
2| = Va? + 2 (2.2.1)
= ¥
¢ = arctan ( p ) (2.2.2)

The basis for complex exponential notation is the celebrated Euler Relation:
%% = cos(¢) + jsin(¢) (2.2.3)
which has a representation as shown in Figure 2.

Now, a comparison of Figures 1 and 2 makes it clear that, with definitions (1) and (2),

2=z + jy = |z|e? (2:24)
It is straightforward, using (3) to show that:
Jé —Ji
cos(¢) = % (2.2.5)
Jj¢ __ o—i9
smwy=i—ﬁ1— (2.2.6)
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Im(-)

Re()

*
VA
Figure 3: Representation Of A Complex Number And Its Conjugate

The complex exponential is a tremendously useful type of function. Note that the product of two numbers expressed as
exponenentials is the same as the exponential of the sums of the two exponents:

efed — eat? (2:2.7)

Note that it is also true that the reciprocal of a number in exponential notation is just the exponential of the negative of the
exponent:

S e (2.2.8)

Then, if we have two numbers z, = |z,| e/ and z, = |2,| e/, then the product of the two numbers is:

21239 = |£1||£2| ej(¢1+¢2) (2'2'9)
and the ratio of the two numbers is:
4 _ @ej(m—qsz) (2.2.10)
% |§2|

The complex conjugate of a number z =z + jy is given by:

=z gy (2.2.11)
The sum of a complex number and its conjugate is real:

z+2* =2Re(z) = 2z (2.2.12)
while the difference is imaginary:

z—2" =2jIm(2) = 2jy (2.2.13)

where we have used the two symbols Re(-) and Im(-) to represent the operators which extract the real and imaginary parts of the
complex number.

The complex conjugate of a complex number z = |z|e’ may also be written as:
2=zl (2.2.14)

so that the product of a complex number and its conjugate is real:

22" = |2]e|z]le ™ = |2|? (2-2.15)
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2.3: Sinusoidal Time Functions
A sinusoidal function of time might be written in at least two ways:
f(t) = Acos(wt + ¢) (2.3.1)
f() = Bcos(wt) + C'sin(wt) (2.3.2)
A third way of writing this time function is as the sum of two complex exponentials:
f(t) = XeM + X*e 9t (2.3.3)
Note that the form of equation 19, in which complex conjugates are added together, guarantees that the resulting function is real.

Now, to relate equation 19 with the other forms of the sinusoidal function, equations 17 and 18, see that X may be expressed as:

X =|X|e? (2:3.4)
Then equation 19 becomes:
F() = |X|efe + | X|*e Ve M (2.3.5)
= | X|efHet) 4 | X|*eiWHet) (2.3.6)
= 2|X] cos(wt + 9) (2.3.7)

Then, the coefficients in equation 17 are related to those of equation 19 by:

x=2 (238)
v=2¢ (2.3.9)
Alternatively, we could write
X=z+jy (2.3.10)
in which the real and imaginary parts of X are:
z = | X| cos() (2.3.11)
y = |X]sin(y) (23.12)
Then the time function is written:
f(t) = z (e + &) + jy (e — e7) (2.3.13)
= 2z cos(wt) — 2ysin(wt) (2.3.14)
Thus:
A=2z (2.3.15)
B=-2 (2.3.16)
X — % _ jg (2.3.17)
It is also possible to write equation 19 in the form:
f(t) = Re (2Xe™") (2.3.18)

While both expressions (19 and 34) are equivalent, it is advantageous to use one or the other of them, according to circumstances.
The first notation (equation 19) is the full representation of that sinusoidal signal and may be used under any circumstances. It is,
however, cumbersome, so that the somewhat more compact version(equation 34) is usually used. Chiefly when nonlinear products
such as power are involved, it is necessary to be somewhat cautions in its use, however, as we will see later on.
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2.4: Impedance

Because it is so easy to differentiate a complex exponential time signal, such a way of representing time signals has real advantages
in electric circuits with all kinds of linear elements. In Section 1 of these notes, we introduced the linear resistance element, in
which voltage and current are linearly related. We must now consider two other elements, inductances and capacitances. The
inductance produces a relationship between voltage and current which is:

L C

Figure 4: Inductance and Capacitance Elements

vg = L%L (2.4.1)
If voltage and current are sinusoidal functions of time:
V= Kej“’t + K"e‘j“’t
i = Ief* + I*e 5"
Then the relationship between voltage and current is given simply by:
V = jwLI (2.4.2)

This is a particularly simple form, and as can be seen is directly analogous to resistance. We can generalize our view of resistance
to complex impedance (or simply impedance), in which inductances have impedance which is:

Z, = jwL (2.4.3)

The capacitance element is similarly defined. A capacitance has a voltage-current relationship:

dve
i =C—= 244
i=C 7t ( )
Thus the impedance of a capacitance is:
1
Zo= 55 (2.4.5)

The extension to resistive network behavior is now obvious. For problems in sinusoidal steady state, in which all excitations are
sinusoidal, we may use all of the tricks of linear, resistive network analysis. However, we use complex impedance in place of
resistance.

The inverse of impedance is admittance:

X:

I~

Series and parallel combinations of admittances and impedances are, of course, just like those of conductances and resistances. For
two elements in series or in parallel:

Series:
Z=7Z +2Z, (2.4.6)
Y.Y
y=_—1=2_ 2.4.7
r=viv (247)
Parallel:
Z.Z
zZ=-"1=2 2.4.8
<7 Z,+2, (24.8)
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Y=Y, +Y, (24.9)

Example

Suppose we are to find the voltage w(¢) in the network of Figure 5, in which i(¢) = I cos(wt). The excitation may be written as:

_|._
i(t) <R E (1)

Figure 5: Complex Impedance Network
i(t) = Leit + Le 3t = Re (Iei)
Now, the complex impedance of the parallel combination of R and L is:
Rljwl = g

So that, if (t) is represented by:

Then

_ RywL
V= R+jwL I

Now: the impedance Z may be represented by a magnitude and phase angle:
Z=\z|e"®
wLR

A= Jersm

¢ = 1—a,rctanE
T2 R

Then, using relations developed here, v(t) may be written as:
wLl

’U(t) = WCOS(M + ¢)

Note that this expression represents only the sinusoidal steady state solution, and therefore does not represent any starting
transients.
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2.5: System Functions and Frequency Response

If we are interested in the behavior of a linear system such as the circuits we have been discussing, we often speak of the system
function. This is the (usually complex) ratio between output and input of the system. System functions can express driving point
behavior (impedance or its reciprocal, admittance) or transfer behavior. We speak of voltage or current transfer ratios and of
transfer impedance (output voltage related to input current) and transfer admittance (output current related to input voltage).

The system function may be expressed in a number of ways, often as a Laplace Transform. Such is beyond the scope of this
subject. However, it is important to understand one way of expressing linear system behavior, in the form of frequency response.
The frequency response of a system is the complex number that relates output of the system to input as a function of frequency.
Usually it is expressed as a pair of numbers, magnitude and phase angle. Thus

H(jw) = |H(jw)|e?0)

Subjects in Signals and Systems or Network Theory often spend some time on how to obtain and plot the frequency response of a
network in ways which are both useful and easy. For our purposes, a straightforward, perhaps even “brute force” approach will do.
Consider, for example, the circuit shown in Figure 6.

1 mHy
T TN .
+

mn 1 k2 Vout

Figure 6: Example Circuit for Frequency Response

This is just a voltage divider between an inductance and a resistance. We seek to find, and then plot, the transfer ratio V,y; /Via of
this network. A very little analysis yields an expression for the transfer function, which is:

Vvout (Jw) _ R _ 1
Vi (jw) ~ R+jwLl

1+'w£
R

The magnitude and angle of this function can be extracted in a number of ways. For the purpose of these notes, we have done the
mathematics using MATLAB. The specific instructions for producing the frequency response plot are shown in Figure 7.
Funamentally what is done is to compute the system function for a number of frequencies (note that we use a way of computing
specific frequencies which produces a uniform spacing on a logarithmic scale, and then plotting the magnitude (also on a
logarithmic scale) and angle of that system function against frequency.

This page titled 2.5: System Functions and Frequency Response is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
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2.6: Phasors

Phasors are not weapons. They are a handy geometric trick which help us understand the nature of sinusoidal steady state signals
and systems. To start, consider the basis for complex exponential time notation, the function e#*. At any instant of time, this is a
complex number: at time ¢ =0 it is equal to 1, at time wt = Z it is equal to 7, and so forth. We may describe this function as a
vector, of length unity, rotating about the origin of the complex number plane, with angular velocity w. It has, of course, both real
and imaginary parts, which are just the projections of the vector onto the real and imaginary axes.

Now consider a sinusoidally varying signal z(t), which may be represented by:
z(t) = %ej“’t + %e‘j“’t
This is the sum of two numbers, complex conjugates, which are, as functions of time, rotating in opposite directions in the complex
plane. The sum of the two is, of course, real. This is the same time function as:
z(t) = Re (Xe*) (2.6.1)
where the real part operator Re(-) simply takes the projection of the function on the real axis.

It might be helpful at this point to remember one of the features of complex arithmetic. Multiplication of two complex numbers
results in a third complex number which has:

L=1e-3; % Set Parameter Values

R=1000;

e=3:.05:7; % This is a way of producing evenly
=10 ." e; % spaced points on a logarithmic chart
om=2%pi .* f; % Frequency in radians per second
H=1 ./ (1+ j*L/R .* om); % This is the frequency response
subplot (211);

loglog(f, abs(H)) %4 Plot of magnitude

xlabel(’Frequency, Hz’);

ylabel(’Magnitude’);

grid

subplot(212);

semilogx(f, angle(H)) % Plot of angle
xlabel(’Frequency, Hz’)

ylabel(’Angle’)

grid

title(’Frequency Response of L-R’)
print(’freq.ps’)

Figure 7: MATLAB Program freq.m
1. a magnitude which is the product of the magnitudes of the two numbers begin multiplied and,
2. an angle which is the sum of the angles of the two numbers being multiplied.

Thus, multiplying a number by e#?, which has a magnitude of unity and an angle which is increasing with time at the rate w,

simply has the effect of setting that number spinning around the origin of the complex plane.

It is therefore relatively easy to represent sinusoidally varying signals with just their complex amplitudes, understanding that they
also include e#**, which provides time variation. The complex amplitude includes not only the magnitude of the signal, but also a
phase angle. Usually the phase angle by itself is of little use, and must be related to some time reference. That is, as we will see, it
is the difference between phase angles that is important in most cases.

Impedances and admittances are also complex numbers, so that phasors can be used to visualize the relationship between voltages
and currents in a network. The key here is that multiplication and division of complex numbers is the same as multiplication or
division of magnitudes and addition or subtraction of angles.

Example
Consider the simple network shown in Figure 9, and suppose that the current source is sinusoidal:

i = Re (Ie™)
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The impedance of the R-L. combination is a complex number:

0

10 [ oo o L B R T
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Frequency, Hz
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Frequency, Hz
Figure 8: Frequency Response

Z =R+ jwL =1+ 2

Now: the impedance may be represented in the complex plane as shown in Figure 10.

Voltage v is given by:

where:

v = Re (Vet)

=21

Then the relationship between voltage and current is as shown in Figure 11. Note that the phase angle between voltage and current
is the same as the phase angle of the impedance.

Note that KVL may be represented graphically in the fashion of Figure 12.
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2.7: Energy and Power
For any terminal pair with voltage and current defined as shown in Figure 13, power flow into the element is:
p=uvi (2.7.1)

?:s v UJL = 29

Figure 9: Example Circuit
Im(Z)
2 VA

Re(Z)
1

Figure 10: Complex Impedance

Power is expressed in Watts (W), and one Watt is the product of one Volt and one Ampere. Energy transferred over an interval of
time tp to t; is the integral of power:

w= / " @it (2.7.2)

to

Energy is expressed in Joules, and one Joule is one Watt- Second. A Joule is also a Newton-Meter (force times distance), and

therefore a Watt is a Newton-Meter per Second.

Consider the behavior of the three types of linear, passive elements we have encountered:

(2.7.3)

L

Re()

Figure 11: Voltage and Current
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<

Vi

»— Re(V
v (¥)

Figure 12: Components of Voltage

v element

Figure 13: Definition for Power

o di 1 di?
The quantity wr = 1Li? may be interpreted as energy stored in the inductance, so that p = ﬁ"—tL. We will need to refine this

definition later, when we consider electromechanical interactions or nonlinear elements, but it will do for now.

p= UC% = %Cdd—f (2.7.5)
The quantity wg = 2Cv? may similarly be interpreted as energy stored in the capacitance.
Next, consider the power input to each of these three elements under sinusoidal steady state conditions:
o Resistance: if i = I cos(wt + 6), then

p = RI? cos?(wt + 0)

= RTIz [1 + cos 2(wt + 6)] @76)

Thus, average power into the resistance is:
1 2
P= 5 RI (2.7.7)

o Inductance: if i = Icos(wt + ), then voltage is v = —wLIsin(wt + 6), and power is:

p = —wLI? cos(wt + 0) sin(wt + 6)
(2.7.8)

2
=— “’12’1 sin 2(wt + 6)

Average power into the inductance is zero. Instantaneous energy stored in the inductance is

wy = 2 LI% cos?(wt +0)
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and that has an average value:

<wp >= %Lﬁ (2.7.9)
wCV? |
. p=——p—sin 2(wt + ¢) (2.7.10)

which has zero time average. Energy stored in the capacitance is:
we = 1CVZcos?(wt + ¢)
which has time average:
<wg >= %CV2 (2.7.11)

Now, consider power flow into a set of terminals in a situation in which both voltage and current are sinusoidal and have the same
frequency, but possibly different phase angles:

v(t) = V cos(wt + @)
i(t) = Isin(wt + 6)
It is necessary to revert to the original form of complex notation, as in equation 19, to compute power.
1 . .
o(t) = 3 [Ve™ + V*e ] (2.7.12)
i(t) = % [Ie? + I*e™%] (2.7.13)

Instantaneous power is the product of voltage and current:

p= 7 VI + VL4 VI 4V [ (27.14)
This is directly equivalent to:
p= %Re [VI* + VIe™] (2.7.15)
This is, in turn, expressible as:
p= %|Z||l|[cos(¢ —0) + cos(2ut + ¢ + )] (2.7.16)

From this, we extract “real power”, or time- average power:
1 |
P = JRe[VI'] = Z|V|I] cos(s — 6) (27.17)

The ratio between real power and apparent power P, = %|V|I| is called the power factor, and is simply:
power factor = cos = cos(¢ — 6) (2.7.18)
The power factor angle % = ¢ — 0 is the relative phase shift between voltage and current.

This expression for time- average power suggests a definition for something we might call complex power:

P+iQ = %ﬂ* (2.7.19)
in which average power P is the real part. The magnitude of this complex quantity is the apparent power. The imaginary part is
called reactive power. It has importance which will be discussed later.

Different units are used for real, reactive and apparent power, in order to gain some distinction between quantities. Usually we will
express real power in watts (W) (or kW, MW,...). Apparent power is expressed in volt-amperes (VA), and reactive power is
expressed in volt-amperes-reactive (VAR’s).

To obtain some more feeling for reactive power, expand the time- varying part of the expression for instantaneous power:
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Now, using the trig identity cos(z + y) = cosz cosy —sinzsiny, and assigning z = 2wt +2¢ and y = — = 6 — ¢, we have:

Pvarying = 3|V]|I| cos(2wt + ¢+ 6)

Dvarying = %|K"l|[eosz(‘”t + ¢) + sin¢sin2(wt + ¢)]

Thus, total instantaneous power is:

p= % ‘K ||I cos [l + cos 2(wt + ¢)] + %| Z” I|sint)sin 2(wt + ¢) (2.7.20)
Now, if we note expressions for Pand @, we can re-write this as:
p = P[1+cos2(wt + ¢)] + Qsin2(wt + ¢) (2.7.21)

Thus, real power P represents not only time average power but also the pulsations that go with time average power. Reactive power
Q represents energy exchange with zero average value.

RMS Amplitude

Note that, in all of the expressions for power used so far, a factor of  appears. This is, of course, because the average value of the
product of two sinusoids of the same frequency has a value of half of the products of their peak amplitudes multiplied by the cosine
of the relative phase angle. It has become common to use a different measure of voltage amplitude, which is called root-mean-
square or simply RMS. The proper definition for the RMS value of a waveform is somewhat complex, but boils down to that value
which, if it were DC, would dissipate the same power in a resistor. It is possible to define RMS for any periodic waveform.
However, since we will be dealing with sinusoids, the definition is even easier. Clearly, since power dissipated in a resistor is, in
terms of peak amplitudes:

v
P=3%
then the RMS amplitude must be:
Vems = M (2.7.22)
NG 7.
Then,
P Y

As we will see, RMS amplitudes are the default for most situations: when a circuit is described as “120 Volts AC”, the designation
virtually always means 120 Volts, RMS. The peak amplitude of this is |V| = +/2 - 120 ~ 170 volts. Often you will see sinusoidal
waveforms expressed in the form:

v = V2Vaug cos(wt)

in which Vs is obviously the RMS amplitude

Example

Consider the simple network of Figure 14. We will calculate the instantaneous power flow into that network in terms we have been
discussing. Assume that the voltage source has RMS amplitude

v R X

Figure 14: Example Circuit
of 120 volts and R and X are both 100 Q. Then:

v(t) = 170 cos wt
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The admittance of this network is:

1 _ J
Y= 100 100
Instantaneous Power Flow

350 ; T T fﬂ\ T T ) T T

sooF [ i i
250 ! | | | ! | B

200| | | f | ! | |

100F | | | | | | |

Power, \Watts

S50 |II II |I II. |I I| { o

0o 1 2 s 4 5 6 7 8 9 10
Frequency * Time, Radians
Figure 15: Power Flow For Example Circuit
so that the complex amplitude of current is:
I=17—3417

And then complex power is:
P+jQ = 1170(1.7 + j1.7)

Real and reactive power are, respectively: P =144 W, @ = 144VAR. This gives a power factor angle of = arctan(l) = 45°.
Then, instantaneous power is:

p = 1441 + cos 2 (wt — 45°)] + 144 sin 2 (wt — 45°)
This is illustrated in Figure 15.
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2.8: A Conservation Law

It is possible to show that complex power is conserved in the same way as we expect time average power to be conserved. Consider
a network with a collection of terminals and with a collection of internal branches. Instantaneous power flow into the network is:

Pin = ) terminals V4
Note that this expression holds for voltage and current expressed over any complete set of terminals. That is, if it is possible to
delineate the terminals of the network into a set of pairs, the voltages might correspond to voltages across the pair, while currents
would flow between the terminals of each pair. Alternatively, the voltages might correspond to single node-to-datum voltage, while
currents would then be single input node currents. Since power can go only into network elements, it follows that the sum of
internal branch powers must be equal to the sum of terminal powers:

Yoovi= ) v (2.8.1)

terminals branches
If this is true for instantaneous power, it is also true for complex power:
Z VI= Z VI (2.8.2)
terminals branches
Now, if the network is made up of resistances, capacitances and inductances,

S vi= Z vi+ > vi+ Y VI (2.8.3)

terminals it

capa

For these individual elements:

¢ Resistances: VI* = R|I|?
o Inductances: VI* = jwL|I|?
» Capacitances: VI* = —jwC|V|?

Then equation 69 becomes:

Vi= Y RIP+; Y, wLI*-j Y, wCV? (2.84)

terminals resistances inductances capacitances
Then, identifying individual terms:
> terminais Y4 = 2(P +3jQ) Total Complex Power into Network
> resistances BILIZ=2Y <p,>  Power Dissipated in Resistors
I inductances WLI|> = 4w < wy > Energy Stored in Inductances
3 capacitances WOV |> = 4w3" < we > Energy Stored in Capacitances
So, for any RLC network:
P+jQ= Y <p>+2w| Y <wr>— ) <we> (2.8.5)

resistors inductors capacitors
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2.9: Power Flow Through An Impedance

Consider the situation shown in Figure 16. This actually represents a number of important situations in power systems, where the
impedance Z might represent a transmission line, transformer or motor winding. Of interest to us is the flow of power through the
impedance. Current is given

= Y =
—

v, £ V,

Figure 16: Power Flow Example

by:
0= % (2.9.1)
Then, complex power flow out of the left- hand voltage source is:
P+ijQ= %KI (%) (2.9.2)
Now, the complex amplitudes may be expressed as:
v, =v,|e’ (2.9.3)
V, = |V,| e (2.9.4)

where ¢ is the relative phase angle between the two voltage sources. Complex power at the terminals of the voltage source V, is
now given by:

|K1|2 _ V| [Vy| e

P+jQ= 2z 27

(2.9.5)

This is describable as a circle in the complex plane, with its origin at

and its radius equal to:

Now suppose the impedance through which we are passing power is describable as a simple inductance as shown in Figure 17. This
is perhaps the simplest of transmission line models which represents only the inductive impedance of the line. Line inductance
arises because currents in the line produce magnetic fields, and this is a fair model for most lines which are fairly ’short’. More on
that in the next section. This line has the impedance

Z = jwL = jXp

Now, switching to RMS amplitudes, so that VvV, = ﬁzl and V. = ﬁz2, Then real and reactive power flow are:

. . Ivl-vv
P, +jQ, =V.I =JTST

. . - vrv,
PrtjQr=-VI'=j————"

@ https://eng.libretexts.org/@go/page/55529



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55529?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.09%3A_Power_Flow_Through_An_Impedance

LibreTexts"

Vs vV,

) )

Figure 17: Simplest Transmission Line Model

Now if we assume that the voltages are of the form:
V.=V, i
V, = Ve

and that the relative phase angle between them is ¢ — 8 = § and doing a little trig:
V,V,sinéd
XL
V2 —V,V,cosd
Qs = X
L

_ VsV;sin g

Xr

V2 —V,V,cosd
Qr= T X
L

P, =

P.=

A picture of this locus is referred to as a power circle diagram, because of its shape. Figure 18 shows the construction of a sending
end power circle diagram for equal sending-end and receivingend voltages and a purely reactive impedance.

Q

Figure 18: Power Circle, Equal Voltages

As a check, consider the reactive power consumed by the line itself: we expect that @, + @, = @y, and so:
V2+V2—2V,V, cosé

Q3+Qr= Xz

Note that the voltage across the line element itself is found using the law of cosines (see Figure 19:
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r
Figure 19: Illustration of the Law of Cosines

VE=V2+V2-2V,V,cos6
and, indeed,

V‘2
QL=+
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2.10: Compensated Line

L
O "0 O
Vg G—~ -~ Cr ¥

Figure 20: Transmission Line Model

Perhaps a more commonly used model for a transmission line is as shown in Figure 20. This represents not only the fact that most
transmission lines have, in addition to series inductance, parallel capacitance but also the fact that many transmission lines are
shunt compensated. This may be represented as a two-port network with the admittance parameters, using X; = jwL and X¢

= = -
wC ’*°

= 1 __1

Xss - X iXer

_ _ 1
Zsr - Zra - XL
= 1 _ 1
er - XL iXo2

It is fairly clear that, for voltage sources at both ends, real and reactive power flow are:

T V;V)}ima VsVicosd
1 1 sV COS
QFV?V(;;x—m)‘T
P,= —%
o, _ V.J;r((;osé
g2l b
o xL xC

S

Figure 21: Power Circle, Equal Voltages, Compensation Offset

The power circle for this sort of line is similar to that of the simpler model, but the center is offset to smaller reactive component,
as shown in Figure 21.
An interesting feature of transmission lines is illustrated by what might happen were the receiving line to be open: in that case:
_ 1
Zr - Ks 1-w?LC
Depending on the values of frequency, inductance and capacitance this could be arbitrarily large, and this is a potential problem,
particularly for longer lines, as we will discuss in the next section.
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CHAPTER OVERVIEW

3: Polyphase Networks
Most electric power applications employ three phases. That is, three separate power carrying circuits, with voltages and currents

staggered symmetrically in time are used. Two major reasons for the use of three phase power are economical use of conductors
and nearly constant power flow.

Systems with more than one phase are generally termed polyphase. Three phase systems are the most common, but there are
situations in which a different number of phases may be used. Two phase systems have a simplicity that makes them useful for
teaching vehicles and for certain servomechanisms. This is why two phase machines show up in laboratories and textbooks.

Systems with a relatively large number of phases are used for certain specialized applications such as controlled rectifiers for
aluminum smelters. Six phase systems have been proposed for very high power transmission applications.

Polyphase systems are qualitatively different from single phase systems. In some sense, polyphase systems are more complex, but
often much easier to analyze. This little paradox will become obvious during the discussion of electric machines. It is interesting to
note that physical conversion between polyphase systems of different phase number is always possible.

This chapter starts with an elementary discussion of polyphase networks and demonstrates some of their basic features. It ends with
a short discussion of per-unit systems and power system representation.

3.1: Two Phases

3.2: Three Phase Systems

3.3: Line-Line Voltages

3.4: Transformers

3.5: Three-Phase Transformers

3.6: Polyphase Lines and Single-Phase Equivalents
3.7: Introduction To Per-Unit Systems

This page titled 3: Polyphase Networks is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley
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3.1: Two Phases

The two-phase system is the simplest of all polyphase systems to describe. Consider a pair of voltage sources sitting side by side
with:

v = V coswt (3.1.1)
ve = Vsinwt

Suppose this system of sources is connected to al “balanced load”, as shown in Figure 1. To compute the power flows in the
system, it is convenient to re-write the voltages in complex form:

v v,
11 12
15 I

" C"_) ) ARE:

Figure 1: Two-Phase System

AN

G

v = Re [Ve]
vy = Re [—jVe"]

= Re [Kej(“’t_%)]

- V1

¥

Va

Figure 2: Phasor Diagram for Two-Phase Source

If each source is connected to a load with impedance:

Z=|Z|e"
then the complex amplitudes of currents are:
vV
I e i
V _ip —ix
L= e fe—i%

Each of the two phase networks has the same value for real and reactive power:

. Vi
P+3Q = %ew

or:

_ v
P= @cosd)

_ v
Q= @smd)
The relationship between “complex power” and instantaneous power flow was worked out in Chapter 2 of these notes. For a
system with voltage of the form:
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instantaneous power is given by:

v= Re [Ve/¥elt]

p = P[1+ cos2(wt + ¢)] + Qsin 2(wt + ¢)

For the case under consideration here, ¢ = 0 for phase 1 and ¢ = —3 for phase 2. Thus:
v L :
P1 = 3zcos P[1 + cos 2wt] + msmd)sm 2wt

2 2
D2 = %cos P[1 + cos(2wt — 7)] + %sind)sin(ZWt —)

Note that the time-varying parts of these two expressions have opposite signs. Added together, they give instantaneous power:

v

p=p1+p2= ECOSV)

At least one of the advantages of polyphase power networks is now apparent. The use of a balanced polyphase system avoids the
power flow pulsations due to ac voltage and current, and even the pulsations due to reactive energy flow. This has obvious benefits
when dealing with motors and generators or, in fact, any type of source or load which would like to see constant power.

This page titled 3.1: Two Phases is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley (IMIT
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3.2: Three Phase Systems

Now consider the arrangement of three voltage sources illustrated in Figure 3.

e
+
Ve
2 2 b
Vels Ve 13 V. Ua
Figure 3: Three- Phase Voltage Source
The three phase voltages are:
vo= Veoswt = Rel[Ve™] (3.2.1)
vp = V cos (wt — 23—7[.) = Re [Vej(“’t_%)] (3.2.2)
2r j(wi-+3F)
ve=Veos (wt+ =) =Re [Veil+ )] (3.2.3)

These three phase voltages are illustrated in the time domain in Figure 4 and as complex phasors in Figure 5. Note the symmetrical
spacing in time of the voltages. As in earlier examples, the instantaneous voltages may be visualized by imagining Figure 5
spinning counterclockwise with angular velocity w. The instantaneous voltages are just projections of the vectors of this
“pinwheel” onto the horizontal axis.

1 T

ol |/ A
dale 1 | \ \ L |
oaf |} I i i i i i 4

0.2 o { o fo i [ b

Va, Vb, Ve
o

t
Figure 4: Three Phase Voltages
Consider connecting these three voltage sources to three identical loads, each with complex impedance Z, as shown in Figure 6.

If voltages are as given by (9 - 11), then currents in the three phases are:

v .
i, = Re [:em] (3.2.4)
i»=Re [gej(“’t—%)] (3.2.5)
ic = Re [%e]’(ﬁ’”%’)] (3.2.6)
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Vi
Figure 5: Phasor Diagram: Three Phase Voltages

@ U @ Up <|> e AR Ve i Uy 7 Uy

Figure 6: Three- Phase Source Connected To Balanced Load

Complex power in each of the three phases is:

P+3iQ = VI —(cos®p + jsin) (3.2.7)

I
2|2
Then, remembering the time phase of the three sources, it is possible to write the values of instantaneous power in the three phases:

V2

Do = 2] ——{cos [l + cos 2wt] + sinpsin 2wt} (3.2.8)
vi* cos [1 + cos (2wt — 2_7r)] + sin ¢ sin (2wt — 2—1)} (3.2.9)
=9z 3 3 -
vi* cos [1 + cos (2wt + 2—)] + sin¢sin (Zwt + 2_7r)} (3.2.10)
Pe= 921 3 3 -
The sum of these three expressions is total instantaneous power, which is constant:
V)2
P=patptpe=7 iz ———cosy (3.2.11)
It is useful, in dealing with three phase systems, to remember that
cosz +cos(x— Z) +cos(z+ &) =0

regardless of the value of z.
Now consider the current in the neutral wire, 4,, in Figure 6. This current is given by:
in =1g + 1y + 4. = Re E(e’ + €’ 3) 4+ ¢el 3 ) =0 (3.2.12)

This shows the most important advantage of three-phase systems over two-phase systems: a wire with no current in it does not have
to be very large. In fact, the neutral connection may be eliminated completely in many cases. The network shown in Figure 7 will
work as well as the network in Figure 6 in most cases in which the voltages and load impedances are balanced.
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Figure 7: Ungrounded Three-Phase Source and Load

There is a fundamental difference between grounded and undgrounded systems if perfectly balanced conditions are not maintained.
In effect, the ground wire provides isolation between the phases by fixing the neutral voltage a the star point to be zero. If the load
impedances are not equal the load is said to be unbalanced. If the system is grounded there will be current in the neutral. If an
unbalanced load is not grounded, the star point voltage will not be zero, and the voltages will be different in the three phases at the
load, even if the voltage sources all have the same magnitude.

This page titled 3.2: Three Phase Systems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James

Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.

https://eng.libretexts.org/@go/page/55544


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55544?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.02%3A_Three_Phase_Systems
https://creativecommons.org/licenses/by-nc-sa/4.0
http://web.mit.edu/kirtley/www/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-050j-information-and-entropy-spring-2008/
https://ocw.mit.edu/courses/6-061-introduction-to-electric-power-systems-spring-2011

LibreTexts"

3.3: Line-Line Voltages

A balanced three-phase set of voltages has a well defined set of line-line voltages. If the line-toneutral voltages are given by (9 -
11), then line-line voltages are:

Vap = Vo — vy = Re [V (1 — e77%) ] (3.3.1)
vhe = v — v, = Re [V (e ¥ — %) ] (3.3.2)
Vea = Ve — Vg = Re [V (7% — 1) ] (3.3.3)
and these reduce to:
vab = Re [V3Ves ] (3.3.4)
Vs = Re [V3Ve 1] (3.3.5)
vea = Re [V3Ve ¥ &) (3.3.6)

The phasor relationship of line-to-neutral and line-to-line voltages is shown in Figure 8. Two things should be noted about this
relationship:

 The line-to-line voltage set has a magnitude that is larger than the line-ground voltage by a factor of /3.
¢ Line-to-line voltages are phase shifted by 30° ahead of line-to-neutral voltages.

Clearly, line-to-line voltages themselves form a three-phase set just as do line-to-neutral voltages. Power system components
(sources, transformer windings, loads, etc.) may be connected either between lines and neutral or between lines. The former
connection of often called wye, the latter is called delta, for obvious reasons.
Vc

Vab

vhc

1
Figure 8: Line-Neutral and Line-Line Voltages

It should be noted that the wye connection is at least potentially a four-terminal connection, while the delta connection is inherently

three-terminal. The difference is the availability of a neutral point. Under balanced operating conditions this is unimportant, but the

difference is apparent and important under unbalanced conditions.

Example: Wye and Delta Connected Loads

Loads may be connected in either line-to-neutral or line-to-line configuration. An example of the use of this flexibility is in a fairly
commonly used distribution system with a line-to-neutral voltage of 120 V, RMS. In this system the line-to-line voltage is 208 V,
RMS. Single phase loads may be connected either line-to-line or line-to-neutral.
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+ Vc
Figure 9: Wye And Delta Connected Voltage Sources
a a
Z
a
an Zab
Zy
Z \
c & b c Z be b

Figure 10: Wye And Delta Connected Impedances

Suppose it is necessary to build a resistive heater to deliver 6 kW, to be made of three elements which may be connected in either
wye or delta. Each of the three elements must dissipate 2000 W.

Thus, since P = VTf, the wye connected resistors would be:

Ry= 5 =720

while the delta connected resistors would be:
Ra= 28 = 2160
As is suggested by this example, wye and delta connected impedances are often directly equivalent. In fact, ungrounded

connections are three-terminal networks which may be represented in two ways. The two networks shown in Figure 10,
combinations of three passive impedances, are directly equivalent and identical in their terminal behavior if the relationships

between elements are as given in (27 - 32).

Z,Z,+2Z,Z,+2,72

Z,= - (3.3.7)
=c
_Z,Z,+Z,Z,+ZZ (338)
Zbe Za 9.
_Z2,+2,2Z,+ZZ (339)
Z, = Z, 3.
Z.Z
Z = “—%=cw 3.3.10
- Zab + Zbc + an ( )
Z.Z
Z, = —aZb 3.3.11
b= gz, 2, G340
g = Znfa (33.12)
- Zab + Zbc + an

A special case of the wye-delta equivalence is that of balanced loads, in which:

£,=4,=4,=2,

and
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in which case:

Z,=2, =2, =2

=ab =be =ca =A

ZA = 3Zy

Example: Use of Wye-Delta for Unbalanced Loads

The unbalanced load shown in Figure 11 is connected to a balanced voltage source. The problem is to determine the line currents.
Note that his load is ungrounded (if it were grounded, this would be a trivial problem). The voltages are given by:

vg = V coswt

vy = Veos (wt — 2F)

v, = V cos (wt + ZT")
To solve this problem, convert both the source and load to delta equivalent connections, as shown in Figure 12. The values of the
three resistors are:

— — 24442 __
’I"ab—’l"ca—T—‘L

2+4+2
Tbe = +1+ =8

The complex amplitudes of the equivalent voltage sources are:

Yo =Ka_Kb=K(1—e—j2T") = VV/3ei%

Ve —ViV. V(o )~

Ve =Zc—za=Z(eJ'%"_1) — VV/3ei%
I

I
(4
Figure 11: Unbalanced Load

- + Ia

Vea Vi __ R _=4

Figure 12: Delta Equivalent
Currents in each of the equivalent resistors are:

— — — Ve
ll—i I, =2 I3—K

The line curents are then just the difference between current in the legs of the delta:
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I,,=I1—I3=\/?_,V(Eff - ff) =3y
h=h-h=vav (5t - 5) =—(F+i})v
L=h-h=vv (-G —— (3 -ihV
These are shown in Figure 13.
Im()
1
"ZK
-3y 3y
1= o
Re(-)
M_iy_

Figure 13: Line Currents

This page titled 3.3: Line-Line Voltages is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley
(MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.

https://eng.libretexts.org/@go/page/55545


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55545?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.03%3A_Line-Line_Voltages
https://creativecommons.org/licenses/by-nc-sa/4.0
http://web.mit.edu/kirtley/www/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-050j-information-and-entropy-spring-2008/
https://ocw.mit.edu/courses/6-061-introduction-to-electric-power-systems-spring-2011

LibreTexts"

3.4: Transformers

Transformers are essential parts of most power systems. Their role is to convert electrical energy at one voltage to some other
voltage. We will deal with transformers as electromagnetic elements later on in this subject, but for now it will be sufficient to use a
simplified model for the transformer which we will call the ideal transformer. This is a two-port circuit element, shown in Figure
14.

11 19
— N1 : N2 =

U1 v2

Figure 14: Ideal Transformer

The ideal transformer as a network element constrains its terminal variables in the following way:

v _ v
NN (3.4.1)

Nyiy = —Noig (3.4.2)

As it turns out, this is not a terribly bad model for the behavior of a real transformer under most circumstances. Of course, we will
be interested in fine points of transformer behavior and behavior under pathological operating conditions, and so will eventually
want a better model. For now, it is sufficient to note just a few things about how the transformer works.

1. In normal operation, we select a transformer turns ratio % so that the desired voltages appear at the proper terminals. For
example, to convert 13.8 kV distribution voltage to the 120/240 volt level suitable for residential or commercial single phase
service, we would use a transformer with turns ratio of 1383 = 57.5. To split the low voltage in half, a center tap on 240 the low
voltage winding would be used.

2. P1+p2 =vii1 + vl =0 (3.4.3)

3. The transformer also tends to transform impedances. To show how this is, look at Figure 15. Here, some impedance is
connected to one side of an ideal transformer. See that it is possible to find an equivalent impedance viewed from the other side

I I
:1* NliNz :2’

of the transformer.

A

Noting that

and that
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Then the ratio between input voltage and current is:

=21

2
My =(N1) I

V.= N, 2 N ) T (3.4.4)
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3.5: Three-Phase Transformers

A three-phase transformer is simply three single phase transformers. The complication in these things is that there are a number of
ways of winding them, and a number of ways of interconnecting them. We will have more to say about windings later. For now,
consider interconnections. On either “side” of a transformer connection (i.e. the high voltage and low voltage sides), it is possible
to connect transformer windings either line to neutral (wye), or line to line (delta). Thus we may speak of transformer connections
being wye-wye, delta-delta, wye-delta, or delta-wye.

Ignoring certain complications that we will have more to say about shortly, connection of transformers in either wye-wye or delta-
delta is reasonably easy to understand. Each of the line-to-neutral (in the case of wye-wye), or line-to-line (in the case of delta-
delta) voltages is transformed by one of the three transformers. On the other hand, the interconnections of a wye-delta or delta-wye
transformer are a little more complex. Figure 16 shows a delta-wye connection, in what might be called “wiring diagram” form. A
more schematic (and more common) form of the same picture is shown in Figure 17. In that picture, winding elements that appear
parallel are wound on the same core segment, and so constitute a single phase transformer.

ANTAN

Figure 16: Delta-Wye Transformer Connection

Now: assume that Np and Ny are numbers of turns. If the individual transformers are considered to be ideal, the following
voltage and current constraints exist:

Yoy = JJ\\;_Z (var — vba) (3.5.1)
vby = x—z (VA —vea) (3.5.2)
Vey = x—: (vea — Van) (3.5.3)
ap = JJ:/.I—Z (bay — icv) (3.5.4)
ipa = x—z (6by — iay) (3.5.5)
feA = x—z (Gey — dvy) (3.5.6)

Aﬁ

BA CY

Figure 17: Schematic of Delta-Wye Transformer Connection
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where each of the voltages are line-neutral and the currents are in the lines at the transformer terminals.
Now, consider what happens if a A — Y transformer is connected to a balanced three- phase voltage source, so that:

vaa = Re (Vei?)
A = Re (Zej(“’t_%“))
vea = Re (Zej(“’t*'%))

Then, complex amplitudes on the wye side are:

Vo= ¥V(1-e¥¥)=  V3RVes
V= mY (e_]T - ej%n) = ﬁx—ﬁ—e_ﬁ
Vo- BV(EE-D-  vERver

Two observations should be made here:

e The ratio of voltages (that is, the ratio of either line-line or line-neutral) is different from the turns ratio by a factor of /3.
e All wye side voltages are shifted in phase by 30° with respect to the delta side voltages.

Example

Suppose we have the following problem to solve:

A balanced three- phase wye-connected resistor is connected to the A side of a ¥ — A transformer with a nominal voltage ratio of
Z—é =N

What is the impedance looking into the wye side of the transformer, assuming drive with a balanced source?

The situation is shown in Figure 18.

J 4
. N, - N
Ny >>: .;;Q 2 R§
r e o -

g P e

N J\ Cog ™ e
o ol o
ST Ly O (TR R
- NY G ..,_\

Figure 18: Example

It is important to remember the relationship between the voltage ratio and the turns ratio, which is:

W N=_Ma
vy V3Ny
so that:
Ny _ N
N = 3

Next, the Y — A equivalent transform for the load makes the picture look like figure 19
In this situation, each transformer secondary winding is conected directly across one of the three resistors. Currents in the resistors

are given by:

i1 = VabA
17 3R
iy = VbcA
> 3R
o= VeaA
37 3R

Line currents are:
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L . VabA —VeaA _ . .
oA =01 — 13 = T = 71A —13A
X , , UbeA — VabA . .
A =12 — 11 = ~— 3R =122A —UA
X X . VcaA — UbeA . ,
LA =13 — g = —3R =13A — 12A

c
% x ~
cY Thy
Figure 19: Equivalent Situation

Solving for currents in the legs of the transformer A, subtract, for example, the second expression from the first:
. . , QWb A—VbeA—Yea,
2i1a —igp — i3 = Sl

Now, taking advantage of the fact that the system is balanced:

1A +%2A + 1340 =0
VabA + VbeA + Vear = 0

to find:
. Y,
ina = 4
. U
ioA = 5%
ign = g

Finally, the ideal transformer relations give:
N, . Nj -
VabA = FyVay day = 1A
N, . Na -
VbeA = FrUby Gy = Fi2a

N, . Na -
VeaA = FyVe¥ by = Foi3A

so that:
. Na)? 1
tay = (N_y) ﬁvaY
iy = (ﬂ)z 1o
Ny 3R
i (Nayt L
cY = (Ny) 3R'UcY

The apparent resistance (that is, apparent were it to be connected in wye) at the wye terminals of the transformer is:
2
Rey=3R (%)
Expressed in terms of voltage ratio, this is:
2 2
= N\ o
Ry =3R(2) =R(Xx)
It is important to note that this solution took the long way around. Taken consistently (uniformly on a line-neutral or uniformly on a
line-line basis), impedances transform across transformers by the square of the voltage ratio, no matter what connection is used.

This page titled 3.5: Three-Phase Transformers is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James
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3.6: Polyphase Lines and Single-Phase Equivalents

By now, one might suspect that a balanced polyphase system may be regarded simply as three single-phase systems, even though
the three phases are physically interconnected. This feeling is reinforced by the equivalence between wye and delta connected
sources and impedances. One more step is required to show that single phase equivalence is indeed useful, and this concerns
situations in which the phases have mutual coupling.

In speaking of lines, we mean such system elements as transmission or distribution lines: overhead wires, cables or even in-plant
buswork. Such elements have impedance, so that there is some voltage drop between the sending and receiving ends of the line.
This impedance is more than just conductor resistance: the conductors have both self and mutual inductance, because currents in
the conductors make magnetic flux which, in turn, is linked by all conductors of the line.

A schematic view of a line is shown in Figure 20. Actually, only the inductance components of line impedance are shown, since
they are the most interesting parts of line impedance. Working in complex amplitudes, it is possible to write the voltage drops for

the three phases by:
Vo=V, =3wLl, + jwM (I, +1,) (3.6.1)
Vi — Vg = jwLL, +jwM (I, + 1) (3.6.2)
V.-V, =iwLl +jwM (I, +1,) (3.6.3)
If the currents form a balanced set:
IL+I,+1 = (3.6.4)
Then the voltage drops are simply:
V=V, =il —M)I,
Kbl - Kbg = jw(L - M)lb
ch - ch = JL\)(L - M)!c
L iy
Vai—— (VT Va2
L —UUJJ'M—
L R
v u
b1=—= | Yb2
! e L
b A A
L M M
V(T L | I—vcz

4
Figure 20: Schematic Of A Balanced Three-Phase Line With Mutual Coupling
In this case, an apparent inductance, suitable for the balanced case, has been defined:
Li=L-M (3.6.5)

which describes the behavior of one phase in terms of its own current. It is most important to note that this inductance is a valid
description of the line only if (46) holds, which it does, of course, in the balanced case.

Example

To show how the analytical techniques which come from the network simplification resulting from single phase equivalents and
wye-delta transformations, consider the following problem:

A three-phase resistive load is connected to a balanced three-phase source through a transformer connected in delta-wye and a
polyphase line, as shown in Figure 21.
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Voltage Source Primary Sccondary Transmission Line Load
Transformer

Figure 21: Example
The problem is to calculate power dissipated in the load resistors. The three- phase voltage source has:
ve = Re [\/EVRMSej“’t]
vp = Re [\/ﬁVRMse"(“’t_zT“)]
v. = Re [\/EVRMsej(“’t+2T")]
This problem is worked by a succession of simple transformations. First, the delta connected resistive load is converted to its
equivalent wye with Ry = £.

Next, since the problem is balanced, the self- and mutual inductances of the line are directly equivalent to self inductances in each
phaseof L = L — M.

Now, the transformer secondary is facing an impedance in each phase of:
ZY& = jwL; + Ry

The delta-wye transformer has a voltage ratio of:

% — _Na
Vs V3Ny

so that, on the primary side of the transformer, the line and load impedance is:

gp = jwLeg+ Req

()2

Il = V2Vrus

Y (wLeg) 2 +Re,

where the equivalent elements are:

2
Ley =

N—

Re, =

Wl W

Magnitude of current flowing in each phase of the source is:

Dissipation in one phase is:

1
P = SIIPRe,
3 ViysRed (3.6.6)
(“"LW)2 + qu

And, of course, total power dissipated is just three times the single phase dissipation.

This page titled 3.6: Polyphase Lines and Single-Phase Equivalents is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
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3.7: Introduction To Per-Unit Systems

Strictly speaking, per-unit systems are nothing more than normalizations of voltage, current, impedance and power. These
normalizations of system parameters because they provide simplifications in many network calculations. As we will discover, while
certain ordinary parameters have very wide ranges of value, the equivalent per-unit parameters fall in a much narrower range. This
helps in understanding how certain types of system behave.

(51
O ]

Figure 22: Example

Normalization Of Voltage And Current

The basis for the per-unit system of notation is the expression of voltage and current as fractions of base levels. Thus the first step
in setting up a per-unit normalization is to pick base voltage and current.

Consider the simple situation shown in Figure 22. For this network, the complex amplitudes of voltage and current are:
v=Iz (3.7.1)

We start by defining two base quantities, Vg for voltage and Ip for current. In many cases, these will be chosen to be nominal or
rated values. For generating plants, for example, it is common to use the rated voltage and rated current of the generator as base
quantities. In other situations, such as system stability studies, it is common to use a standard, system wide base system.

The per-unit voltage and current are then simply:

v
v= g (3.7.2)
. I
1= E (3.7.3)
Applying (49) and (50) to (48), we find:
v=12 (3.7.4)
where the per-unit impedance is:
i IB
i=Zy (3.7.5)
This leads to a definition for a base impedance for the system:
Zp= /B (3.7.6)
Ip
Of course there is also a base power, which for a single phase system is:
Pp=Vzlz (3.7.7)

as long as Vg and Ip are expressed in RMS. It is interesting to note that, as long as normalization is carried out in a consistent
way, there is no ambiguity in per-unit notation. That is, peak quantities normalized to peak base quantities will be the same, in per-
unit, as RMS quantities normalized to RMS bases. This advantage is even more striking in polyphase systems, as we are about to
see.
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Three Phase Systems

When describing polyphase systems, we have the choice of using either line-line or line-neutral voltage and line current or current
in delta equivalent loads. In order to keep straight analysis in ordinary variable, it is necessary to carry along information about
which of these quantities is being used. There is no such problem with per-unit notation.

We may use as base quantities either line to neutral voltage Va4 or line to line voltage Vai_,.
Taking the base current to be line current Ig, we may express base power as:

Pp =3V ,In (3.7.8)
Because line-line voltage is, under normal operation, v/3 times line-neutral voltage, an equivalent statement is:

Pp = V3VaiIn (3.7.9)
If base impedance is expressed by line-neutral voltage and line current (This is the common convention, but is not required),

_ VBl—g

Zp= (3.7.10)

Ip

Then, base impedance is, written in terms of base power:

2 2
Pg L Va, Vi

Zp (3.7.11)

B @ Pp Pp

Note that a single per-unit voltage applied equally well to line-line, line-neutral, peak and RMS quantities. For a given situation,
each of these quantities will have a different ordinary value, but there is only one per-unit value.

Networks With Transformers

One of the most important advantages of the use of per-unit systems arises in the analysis of networks with transformers. Properly
applied, a per-unit normalization will cause nearly all ideal transformers to dissapear from the per-unit network, thus greatly
simplifying analysis.

To show how this comes about, consider the ideal transformer as shown in Figure 23. The

1 1
o 1: N e

Figure 23: Ideal Transformer With Voltage And Current Conventions Noted

ideal transformer imposes the constraints that:
V,=NY,
_ 1
L=+

Normalized to base quantities on the two sides of the transformer, the per-unit voltage and current are:

v,
"_)1=W
2'1_[_1_311
"_)2=sz:2
22=%

Now: note that if the base quantities are related to each other as if they had been processed by the transformer:
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Vpa = NVp (3.7.12)
I
Ipy = % (3.7.13)

then v, =v, and 4, = i,, as if the ideal transformer were not there (that is, consisted of an ideal wire).

1
Expressions (59) and (60) reflect a general rule in setting up per-unit normalizations for systems with transformers. Each segment
of the system should have the same base power. Base voltages transform according to transformer voltage ratios. For three-phase
systems, of course, the voltage ratios may differ from the physical turns ratios by a factor of +/3 if delta-wye or wye-delta
connections are used. It is, however, the voltage ratio that must be used in setting base voltages.

Transforming From One Base To Another

Very often data such as transformer leakage inductance is given in per-unit terms, on some base (perhaps the units rating), while in
order to do a system study it is necessary to express the same data in per-unit in some other base (perhaps a unified system base). It
is always possible to do this by the two step process of converting the per-unit data to its ordinary form, then re-normalizing it in
the new base. However, it is easier to just convert it to the new base in the following way.

Note that impedance in Ohms (ordinary units) is given by:
Z=22Zp =2, Zp (8.7.14)

Here, of course, z, and z, are the same per-unit impedance expressed in different bases. This could be written as:

V2 V2
L =P (3.7.15)
This yields a convenient rule for converting from one base system to another:
2
£Y O% %D—|—D—D—|—D% %[D—N—D—) Load
Gl Tl L T2
3-Phase
Fault

Figure 24: One-Line Diagram Of Faulted System

Example: Fault Study

To illustrate some of the concepts with which we have been dealing, we will do a short circuit analysis of a simple power system.
This system is illustrated, in one-line diagram form, in Figure 24.

A one-line diagram is a way of conveying a lot of information about a power system without becoming cluttered with repetitive
pieces of data. Drawing all three phases of a system would involve quite a lot of repetition that is not needed for most studies.
Further, the three phases can be re-constructed from the one-line diagram if necessary. It is usual to use special symbols for
different components of the network. For our network, we have the following pieces of data:

Symbol Component Base P Base V Impedance
Gy Generator 200 13.8 3.18

Ty Transformer 200 13.8/138 312

L Trans. Line 100 138 .02+ 5.05
T, Transformer 50 138/34.5 j.08
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A three-phase fault is assumed to occur on the 34.5 kV side of the transformer T5. This is a symmetrical situation, so that only one
phase must be represented. The per-unit impedance diagram is shown in Figure 25. It is necessary to proceed now to determine the
value of the components in this circuit.

T Ty T2

xQ ]
YT rrnm AN mmn >
€g

Figure 25: Impedance Diagram For Fault Example

First, it is necessary to establish a uniform base an per-unit value for each of the system components. Somewhat arbitrarily, we
choose as the base segment the transmission line. Thus all of the parameters must be put into a base power of 100 MVA and voltage
bases of 138 kV on the line, 13.8 kV at the generator, and 34.5 kV at the fault. Using (62):

100
Ty = 200 x .18 = .09 per-unit
1
T = % x .12 = .06 per-unit
TTo = % x .08 = .16 per-unit
r = .02 per-unit
T = .05 per-unit

Total impedance is:

£=j($g+-’vT1 +z+ )+
= j.36 + .02 per-unit
|z] = .361 per-unit

Now, if e4is equal to one per-unit (generator internal voltage equal to base voltage), then the per-unit current is:
|i| = <& = .277 per-unit
This may be translated back into ordinary units by getting base current levels. These are:

o Jp=_100MVA _ 4 1gKA

T V/3x13.8kV
_ _100MVA  _

* Ip= g agmy = 4184
_ _100MVA  _

o Ip= J3x345KV 1.67kA

Then the actual fault currents are:

+ Atthe generator |1 f| =11,595 A
+ On the transmission line |I,| = 1159 A

o Atthe fault |I|=4633 A
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CHAPTER OVERVIEW

4: Introduction to symmetrical components

Introduction

Installment 3 of these notes dealt primarily with networks that are balanced, in which the three voltages (and three currents) are
identical but for exact 120° phase shifts. Unbalanced conditions may arise from unequal voltage sources or loads. It is possible to
analyze some simple types of unbalanced networks using straightforward solution techniques and wye-delta transformations.
However, power networks can be come quite complex and many situations would be very difficult to handle using ordinary
network analysis. For this reason, a technique which has come to be called symmetrical components has been developed.

Symmetrical components, in addition to being a powerful analytical tool, is also conceptually useful. The symmetrical components
themselves, which are obtained from a transformation of the ordinary line voltages and currents, are useful in their own right.
Symmetrical components have become accepted as one way of describing the properties of many types of network elements such
as transmission lines, motors and generators.

4.1: The Symmetrical Component Transformation
4.2: Sequence Impedances

4.3: Unbalanced Sources

4.4: Rotating Machines

4.5: Transformers

4.6: Unbalanced Faults

This page titled 4: Introduction to symmetrical components is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
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4.1: The Symmetrical Component Transformation

The basis for this analytical technique is a transformation of the three voltages and three currents into a second set of voltages and
currents. This second set is known as the symmetrical components.

Working in complex amplitudes:

va = Re (V&™) (4.1.1)
vp = Re (V,e/(%)) (4.1.2)
ve = Re (V e/(+%)) (4.1.3)
The transformation is defined as:
KI 1 1 a 22 z.a
Vol=3|1 24 ¢a v,
v, 11 1 v,
where the complex number g is:
a =% = —% +j? (4.1.4)
2 _ % —jz—“=_l_ ﬁ
a“=¢ls =e’s 5 I (4.1.5)
ad@ =1 (4.1.6)

This transformation may be used for both voltage and current, and works for variables in ordinary form as well as variables that
have been normalized and are in per-unit form. The inverse of this transformation is:

v, 11 1]y,
Vo |=|¢a a 1|]|Y, (4.1.7)
v a @ 1]||V

0

—C

The three component variables V,, V,, V are called, respectively, positive sequence, negative sequence and zero sequence. They
are called symmetrical components because, taken separately, they transform into symmetrical sets of voltages. The properties of
these components can be demonstrated by tranforming each one back into phase variables.

Consider first the positive sequence component taken by itself:

v,=v (4.1.8)
V,=0 (4.1.9)
Vy=0 (4.1.10)
yields:

V,=V or wv;=Vcoswt (4.1.11)

2 27
V,=aV or wy=Vcos (wt — ?) (4.1.12)

2m
V.,=aV or wv,=Vcos (wt + ?) (4.1.13)

This is the familiar balanced set of voltages: Phase b lags phase a by 120° phase c lags phase b and phase a lags phase c.

The same transformation carried out on a negative sequence voltage:

V,=0 (4.1.14)
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V,=V (4.1.15)
Vy=0 (4.1.16)
yields:

V.=V or w,=Vcoswt (4.1.17)

2m
Vy,=aV or wv,=Vecos (wt + ?) (4.1.18)

9 2T
V,=aV or v.=Vcos (wt—?) (4.1.19)

This is called negative sequence because the sequence of voltages is reversed: phase b now leads phase a rather than lagging. Note
that the negative sequence set is still balanced in the sense that the phase components still have the same magnitude and are
separated by 120° . The only difference between positive and negative sequence is the phase rotation. This is shown in Figure 1.

Ve Vi
Va Va
W Ve
Positive Sequence Negative Sequence

Figure 1: Phasor Diagram: Three Phase Voltages

The third symmetrical component is zero sequence. If:

V,=0 (4.1.20)
V,=0 (4.1.21)
y,=Vv (4.1.22)
Then:
V.=V or w,=Vcoswt (4.1.23)
V,=V or wv=Vecosuwt (4.1.24)
V.=V or wv.=Vecoswt (4.1.25)

That is, all three phases are varying together.

Positive and negative sequence sets contain those parts of the three-phase excitation that represent balanced normal and reverse
phase sequence. Zero sequence is required to make up the difference between the total phase variables and the two rotating
components.

The great utility of symmetrical components is that, for most types of network elements, the symmetrical components are
independent of each other. In particular, balanced impedances and rotating machines will draw only positive sequence currents in
response to positive sequence voltages. It is thus possible to describe a network in terms of sub-networks, one for each of the
symmetrical components. These are called sequence networks. A completely balanced network will have three entirely separate
sequence networks. If a network is unbalanced at a particular spot, the sequence networks will be interconnected at that spot. The
key to use of symmetrical components in handling unbalanced situations is in learning how to formulate those interconnections.

This page titled 4.1: The Symmetrical Component Transformation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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4.2: Sequence Impedances

Many different types of network elements exhibit different behavior to the different symmetrical components. For example, as we
will see shortly, transmission lines have one impedance for positive and negative sequence, but an entirely different impedance to
zero sequence. Rotating machines have different impedances to all three sequences.

Positive Sequence Negative Sequence

Figure 2: Sequence Connections For A Line-To-Line Fault

To illustrate the independence of symmetrical components in balanced networks, consider the transmission line illustrated back in
Figure 20 of Installment 3 of these notes. The expressions for voltage drop in the lines may be written as a single vector expression:

|4

Vs =V = wL I (4.2.1)

:ph_Ph

where

Kph = Zb (4.2.2)

L,=|1, (4.2.3)

L M M
=ML M (4.2.4)
=ph
M M L

Note that the symmetrical component transformation (4) may be written in compact form:

V,=TV (4.2.5)
—P
where
|te a?
I=3|1a a (4.2.6)
11 1
and V_ is the vector of sequence voltages:
v,
Ka = K2 (4.2.7)
Y,
Rewriting (27) using the inverse of (31):
T, TV, = jwéphflz“_lla (4.2.8)
Then transforming to get sequence voltages:
Vy—Vy=swIL T71, (4.2.9)

The sequence inductance matrix is defined by carrying out the operation indicated:
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L =TL T! (4.2.10)
=3 ——ph=
which is:
L-—M 0 0
L= 0 L-M 0 (4.2.11)
0 0 L+2M

Thus the coupled set of expressions which described the transmission line in phase variables becomes an uncoupled set of
expressions in the symmetrical components:

V=V, =ju(l—-MI (4.2.12)
Vg =V = ju(L— M)I, (4.2.13)
Voo = Vg = jw(L +2M)I, (4.2.14)

The positive, negative and zero sequence impedances of the balanced transmission line are then:
Z, = Z, = jw(l — M) (4.2.15)

Z, =jw(L+2M) (4.2.16)

0
So, in analysis of networks with transmission lines, it is now possible to replace the lines with three independent, single- phase
networks.

Consider next a balanced three-phase load with its neutral connected to ground through an impedance as shown in Figure 3.

The symmetrical component voltage-current relationship for this network is found simply, by assuming positive, negative and zero
sequence currents and finding the corresponding voltages. If this is done, it is found that the symmetrical components are
independent, and that the voltagecurrent relationships are:

v, =2I, (4.2.17)
V,=12I, (4.2.18)
Vy=(2+32,)1, (4.2.19)

C & 4 b

Figure 3: Balanced Load With Neutral Impedance
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4.3: Unbalanced Sources

Consider the network shown in Figure 4. A balanced three-phase resistor is fed by a balanced line (with mutual coupling between
phases). Assume that only one phase of the voltage source is working, so that:

v,=Vv (4.3.1)
V,=0 (4.3.2)
V,=0 (4.3.3)

The objective of this example is to find currents in the three phases.

Figure 4: Balanced Load, Balanced Line, Unbalanced Source

To start, note that the unbalanced voltage source has the following set of symmetrical components:

v, = % (4.3.4)
V,= % (4.3.5)
V,= % (4.3.6)
Next, the network facing the source consists of the line, with impedances:
Z, = jw(L — M) (4.3.7)
Z, = jw(L — M) (4.3.8)
Z, = jw(L + 2M) (4.3.9)
and the three- phase resistor has impedances:
Z,=R (4.3.10)
Z,=R (4.3.11)
Z,=o0 (4.3.12)

Note that the impedance to zero sequence is infinite because the neutral is not connected back to the neutral of the voltage source.
Thus the sum of line currents must always be zero and this in turn precludes any zero sequence current. The problem is thus
described by the networks which appear in Figure 5.

Jw(L — M) Jw(L — M) jw(L+2M)
(D5 3r (DF 3r
Positive Negative Zero

Figure 5: Sequence Networks
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Currents are:

[ =—rH¥V
L1 = 3GeE—m+B
I =gl —
L2 T 3Gw@—M)+ER)
lo =0

Phase currents may now be re-assembled:

la = 11 + lg + l()
lb = 9211 +a_12 +l0
lc = a'_Il +Q212 +l0
or:
. 2V
=" 3(jw(L — M)+ R)
(a®+a)V
=7 3(jw(L — M) + R)

" 3(jw(L — M) +R)
I (a+a®)V
e 3(jw(L — M)+ R)

T 3(w(L—M)+R)
(Note that we have used a?+a = —1).
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4.4: Rotating Machines

Some network elements are more readily represented by sequence networks than by ordinary phase networks. This is the case, for
example, for synchronous machines. synchronous motors and generators produce a positive sequence internal voltage and have
terminal impedance. For reasons which are beyond the scope of these notes, the impedance to positive sequence currents is not the
same as the impedance to negative or to zero sequence currents. A phase-by-phase representation will not, in many situations, be
adequate, but a sequence network representation will. Such a representation is three Thevenin equivalent circuits, as shown in

Figure 6
iXs L2 jXo Lo
V, Vy
Positive Negative Zero

Figure 6: Sequence Networks For A Synchronous Machine
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4.5: Transformers

Transformers provide some interesting features in setting up sequence networks. The first of these arises from the fact that wye-
delta or delta-wye transformer connections produce phase shifts from primary to secondary. Depending on connection, this phase
shift may be either plus or minus 30° from primary to secondary for positive sequence voltages and currents. It is straightforward to
show that negative sequence shifts in the opposite direction from positive. Thus if the connection advances positive sequence
across the transformer, it retards negative sequence. This does not turn out to affect the setting up of sequence networks, but does
affect the re-construction of phase currents and voltages.

A second important feature of transformers arises because delta and ungrounded wye connections are open circuits to zero
sequence at their terminals. A delta connected winding, on the other hand, will provide a short circuit to zero sequence currents
induced from a wye connected winding. Thus the zero sequence network of a transformer may take one of several forms. Figures 7
through 9 show the zero sequence networks for various transformer connections.

X
I O O O ( B

Figure 7: Zero Sequence Network: Wye-Wye Connection, Both Sides Grounded

X

Figure 8: Zero Sequence Network: Wye-Delta Connection, Wye Side (Left) Grounded
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4.6: Unbalanced Faults

A very common application of symmetrical components is in calculating currents arising from unblanced short circuits. For three-
phase systems, the possible unbalanced faults are:

1. Single line-ground,
2. Double line-ground,
3. Line-line.

These are considered separately.

Single Line-To-Ground Fault
The situation is as shown in Figure 10

The system in this case consists of networks connected to the line on which the fault occurs. The point of fault itself consists of a
set of terminals (which we might call “a,b,c”). The fault sets,

Figure 9: Zero Sequence Network: Wye-Delta Connection, Ungrounded or Delta-Delta
Point Of Fault

/

Network Network

Figure 10: Schematic Picture Of A Single Line-To-Ground Fault

at this point on the system:

V =0
—a

£b=0
I=0

Now: using the inverse of the symmetrical component transformation, we see that:
V,+V,+V,=0 (4.6.1)

And using the transformation itself:

L =I,=1,= (4.6.2)

1
I gla
Together, these two expressions describe the sequence network connection shown in Figure 11. This connection has all three
sequence networks connected in series.

Double Line-To-Ground Fault

If the fault involves phases b, ¢, and ground, the “terminal” relationship at the point of the fault is:

Kb=0
V,=0
I,=0

Then, using the sequence transformation:
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Combining the inverse transformation:
I=L+I,+1,=0

These describe a situation in which all three sequence networks are connected in parallel, as shown in Figure 12.

I

Positive
Sequence

i1z
Negative
Sequence

o

Zero
Sequence Vo

Figure 11: Sequence Connection For A Single-Line-To-Ground Fault

I |1 I
dt 1 N V2 . V0 +
Positive Negative
A% Zero
Sequence 1 Sequence V2 Sequence VO

Figure 12: Sequence Connection For A Double-Line-To-Ground Fault

Line-Line Fault

If phases b and c are shorted together but not grounded,

v,=V
— —c
Ib = _Ic
I,=0
Expressing these in terms of the symmetrical components:
Kl = Kz
=5 (a+d)V,
Ly=1+L,+1,
=0
la = 11 + 12
=0

These expressions describe a parallel connection of the positive and negative sequence networks, as shown in Figure 13.
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J’Il VI
Positive Negative
Sequence Sequence | 2

Figure 13: Sequence Connection For A Line-To-Line Fault

Example Of Fault Calculations

In this example, the objective is to determine maximum current through the breaker B due to a fault at the location shown in Figure
14. All three types of unbalanced fault, as well as the balanced fault are to be considered. This is the sort of calculation that has to

be done whenever a line is installed or modified, so that protective relaying can be set properly.
T T
1 Q6 gl G PO [
[ N 2
[ i L

A\@ Fault AY

Figure 14: One-Line Diagram For Example Fault

Parameters of the system are:

System Base Voltage 138 kV
System Base Power 100 MVA
Transformer T) Leakage Reactance .1 per-unit
Transformer T, Leakage Reactance .1 per-unit
Line L, Positive And Negative Sequence Reactance j.05 per-unit
Line L; Zero Sequence Impedance j.1 per-unit
Line L, Positive And Negative Sequence Reactance j.02 per-unit
Line L, Zero Sequence Impedance j.1 per-unit

The fence-like symbols at either end of the figure represent “infinite buses”, or positive sequence voltage sources.

The first step in this is to find the sequence networks. These are shown in Figure 15. Note that they are exactly like what we would
expect to have drawn for equivalent single phase networks. Only the positive sequence network has sources, because the infinite
bus supplies only positive sequence voltage. The zero sequence network is open at the right hand side because of the deltawye

transformer connection there.
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41 hipj05 402 4.1

Positive Sequence
4.1 ipj.05 502 4.1

Fault
|

Negative Sequence
4.1 Top 4.1 j§.1

Fault
|

Zero Sequence
Figure 15: Sequence Networks

Symmetrical Fault

For a symmetrical (three-phase) fault, only the positive sequence network is involved. The fault shorts the network at its position,
so that the current is:

Y

= ]+5 = —§6.67 per — unit

Single Line-Ground Fault

For this situation, the three networks are in series and the situation is as shown in Figure 16
The current 4 shown in Figure 16 is a total current, and is given by:

—73.0

i=

1 -
XGABj12) 152

?
—

i1g| 3415 3512

C_f)l isp | 3515 3j.12

Figure 16: Completed Network For Single Line-Ground Fault
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Then the sequence currents at the breaker are:

1B 2B i
—ix 3.12'
- j12+3.15
—_j133
1:03 =i
=—33.0

The phase currents are re-constructed using:
i, =15+ ip+ig

i, = 921—"1B +aiyp +iop

i, =aip+ 92@'23 +igp
These are:

1y = —Jj5.66 per-unit

i, =—Jjl.67 per-unit

i, =—j1.67 per-unit

Double Line-Ground Fault

For the double line-ground fault, the networks are in parallel, as shown in Figure 17.

ipl 3515 3312 dippf 3715 3512 igpf 352

Figure 17: Completed Network For Double Line-Ground Fault

To start, find the source current ;:

. 1
i=- -
=7 4(-15]] - 12) + 45(-15]]-12]].2)
= —j8.57
Then the sequence currents at the breaker are:
iy, =1X J12
S1BT ST 51924 415
= —33.81
P §.12]5.2
2B 27 12|52+ 515
= j2.86
j.127.15
ioB =ix %
J-2+3.12|5.15
= j2.14

Reconstructed phase currents are:
i, =41.19

3b=103_§(113+223)_71 (115 — iyp)

= j2.67 — 5.87
=% 73 (iyp +iyp) + 5 (115 = iyp)
= j2.67+ 5.87

li, | =119 per-unit
|3'b| =6.43 per-unit

lic] = 6.43  per-unit
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Line-Line Fault

The situation is even easier here, as shown in Figure 18

iip| 35.15

[e.
—

j12  ippt 3515

Figure 18: Completed Network For Line-Line Fault

The source current 3 is:

and then:

Phase currents are:

1
2 x j(.15].12)
= —47.50

=

bip = —iyp

_; 12
T 4124415
=—43.33

. 1, . V3
4 =—5 (15 +isp) —3 =5 (i15—b25)

|§b| =5.77 per-unit

lic| =5.77 per-unit

Conversion To Amperes

Base current is:

Then current amplitudes are, in Amperes, RMS:

Phase A
Three-Phase Fault 2791
Single Line-Ground, ¢, 2368

Double Line-Ground, ¢s,¢. 498

Line-Line, ¢4, ¢, 0

—_Ps
Ig = TV = 418.4A

Phase B
2791
699
2690

2414

7.12

Phase C
2791
699
2690

2414

This page titled 4.6: Unbalanced Faults is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley
(MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

5: Introduction to Load Flow

Even though electric power networks are composed of components which are (or can be approximated to be) linear, electric power
flow, real and reactive, is a nonlinear quantity. The calculation of load flow in a network is the solution to a set of nonlinear
equations. The purpose of this note is to describe how network load flows may be calculated.

This is only an elementary treatment of this problem: there is still quite a bit of activity in the professional literature concerning
load flow algorithms. The reason for this is that electric utility networks are often quite large, having thousands of buses, so that the
amount of computational effort required for a solution is substantial. A lot of effort goes into doing the calculation efficiently. This
discussion, and the little computer program at the end of this note, uses the crudest possible algorithm for this purpose. However,
for the relatively simple problems we will be doing, it should work just fine.

5.1: Power Flow

5.2: Bus Admittance

5.3: Gauss—Seidel Iterative Technique
5.4: Example- Simple-Minded Program
5.5: Example

This page titled 5: Introduction to Load Flow is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James
Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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5.1: Power Flow

Power flow in a network is determined by the voltage at each bus of the network and the impedances of the lines between buses.
Power flow into and out of each of the buses that are network terminals is the sum of power flows of all of the lines connected to
that bus. The load flow problem consists of finding the set of voltages: magnitude and angle, which, together with the network
impedances, produces the load flows that are known to be correct at the system terminals. To start, we view the power system as
being a collection of buses, connected together by lines. At each of the buses, which we may regard as nodes, we may connect
equipment which will supply power to or remove power from the system. (Note: in speaking of power here, we are really referring
to complex power, with both real and reactive components). If we have made a connection to a given system node (say with a
generator), the complex power flow into the network at node & is:

Sk =P+ jQr = ViI; (5.1.1)

This page titled 5.1: Power Flow is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley (MIT
OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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5.2: Bus Admittance

Now, if the network itself is linear, interconnections between buses and between buses and ground can all be summarized in a
multiport bus impedance matrix or its inverse, the bus admittance matrix. As it turns out, the admittance matrix is easy to
formulate.

The network consists of a number N, of buses and another number N, of lines. Each of the lines will have some (generally
complex) impedance Z. We form the line admittance matrix by placing the admittance (reciprocal of impedance) of each line on
the appropriate spot on the main diagonal of an N, x N, matrix:

= 0 0
= 0

Y, = (5.2.1)

o o -

2
0 L

Interconnections between buses is described by the bus incidence matrix. This matrix, which has N, columns and N, rows, has
two entries for each line, corresponding to the buses at each end. A “direction” should be established for each line, and the entry for
that line, at location (np,n,) in the node incidencd matrix, is a 1 for the “sending” end and a -1 at the “receiving” end. Actually, it
is not important which end is which. The bus incidence matrix for the network described by Figure 1 below is:

1 0 0 O
0 0 0 1
NI=]-11 1 0

— o o -1 4
0 —-10 0

It is not difficult to show that the bus admittance matrix is given by the easily computed expression:

Y=NI Y, NI (5.2.2)

The elements of the bus admittance matrix, the self— and mutual— admittances, are all of the following form:

I
Y= (5.2.3)

with all other voltages equal to zero.
Thus an alternative way to estimate the bus admittance matrix is to:

e Assume that all nodes (buses) are shorted to ground,

e Assume that one node is unshorted and connected to a voltage source,
o Calculate all node currents resulting from that one source.

¢ Do this for each node.

We may observe:
¢ Reciprocity holds:
ij = ij (5.2.4)

o Driving point admittance Yy is just the sum of all admittances of lines connected to bus ¥, including any fixed impedances
connected from that bus to ground.

o Mutual admittance Y j; is minus the sum of the admittances of all lines connected directly between buses jand k. Usually
there is only one such line.

Network currents are then given by:

0
<
<

(5.2.5)
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Where [ is the vector of bus currents (that is, those currents entering the network at its buses. V represents the bus voltages and Y
is the bus admittance matrix. We will have more to say about estimating the bus admittance matrix in another section. For the

moment, note that an individual bus current is given by:

N
L=) YiV; (5.2.6)

=1
where N is the number of buses in the network. Then complex power flow at a node is:
N
Se=Vi) YyV; (5.2.7)
=1
Now, the typical load flow problem involves buses with different constraints. It is possible to specify six quantities at each bus:
voltage magnitude and angle, current magnitude and angle, real and reactive power. These are, of course, inter-related so that any
two of these are specified by the other four, and the network itself provides two more constraints. Thus it is necessary to, in setting
up a load flow problem, specify two of these six quantities. Typical combinations are:

¢ Generator Bus: Real power and terminal voltage magnitude are specified.

¢ Load Bus: Real and reactive power are specified.

¢ Fixed Impedance: A fixed, linear impedance connected to a bus constrains the relationship between voltage and current.
Because it constrains both magnitude and angle, such an impedance constitutes two constraints.

o Infinite Bus: This is a voltage source, of constant magnitude and phase angle.

The load flow problem consists of solving Equation 5.2.7 as constrained by the terminal relationships.

One bus in a load flow problem is assigned to be the “slack bus” or “swing bus”. This bus, which is taken to be an “infinite bus”,
since it does not have real nor reactive power constrained, accommodates real power dissipated and reactive power stored in
network lines. This bus is necessary because these losses are not known a priori. Further, one phase angle needs to be specified, to
serve as an origin for all of the others.

This page titled 5.2: Bus Admittance is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley
(MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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5.3: Gauss—Seidel Iterative Technique

This is one of many techniques for solving the nonlinear load flow problem. It should be pointed out that this solution technique,
while straightforward to use and easy to understand, has a tendency to use a lot of computation, particularly in working large
problems. It is also quite capable of converging on incorrect solutions (that is a problem with nonlinear systems). As with other
iterative techniques, it is often difficult to tell when the correct solution has been reached. Despite these shortcomings, Gauss—
Seidel can be used to get a good feel for load flow problems without excessive numerical analysis baggage.

Suppose we have an initial estimate (ok: guess) for network voltages. We may partition Equation ??? as:
Sk=Vi Y YHV]+ViYi Vi (5.3.1)
ik
Noting that S, = P;, + jQ, we can solve for V} and, taking the complex conjugate of that, we have an expression for Vj in terms
of all of the voltages of the network, P and Q:

1 Pe—jQx
Vi=o— | S =D YaV; (5.3.2)
Yk ( Vi o
Expression Equation 5.3.2 is a better estimate of V) than we started with. The solution to the set of nonlinear equations consists of
carrying out this expression, repeatedly, for all of the buses of the network.

An iterative procedure in which a correction for each of the voltages of the network is computed in one step, and the corrections
applied all at once is called Gaussian Iteration. If, on the other hand, the improved variables are used immediately, the procedure is
called Gauss—Seidel Iteration.

Note that Equation 5.3.2 uses as its constraints P and @ for the bus in question. Thus it is useable directly for load type buses. For
other types of bus constraints, modifications are required. We consider only two of many possible sets of constraints.

For generator buses, usually the real power and terminal voltage magnitude are specified. At each time step it is necessary to come
out with a terminal voltage of specified magnitude: voltage phase angle and reactive power @ are the unknowns. One way of
handling this situation is to:

1. Generate an estimate for reactive power @, then
2. Use Equation 5.3.2 to generate an estimate for terminal voltage, and finally,
3. Holding voltage phase angle constant, adjust magnitude to the constraint.

At any point in the iteration, reactive power is:
N
Qr=1Im {vk > Y;ka;f} (5.3.3)
=1

It should be noted that there are other ways of doing this calculation. Generally they are more work to set up but often converge
more quickly. Newton’s method and variations are good examples.

For buses loaded by constant impedance, it is sufficient to lump the load impedance into the network. That is, the load admittance
goes directly in parallel with the driving point admittance at the node in question.

These three bus constraint types, generator, load and constant impedance are sufficient for handling most problems of practical

importance.

This page titled 5.3: Gauss—Seidel Tterative Technique is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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5.4: Example- Simple—Minded Program

Attached to this note is a MATLAB script which will set up carry out the Gauss—Seidel procedure for networks with the simple
constraints described here. The script is self-explanatory and carries out the load flow described by the simple example below.

Note that, as with many nonlinear equation solvers, success sometimes requires having an initial guess for the solution which is
reasonably close to the final solution.

This page titled 5.4: Example- Simple-Minded Program is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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5.5: Example

Consider the system shown in Figure 1. This simple system has five buses (numbered 1 through 5) and four lines. Two of the buses
are connected to generators, two to loads and bus 5 is the “swing bus”, represented as an “infinite bus”, or voltage supply.

For the purpose of this excercise, assume that the line impedances are:

Zo = .05+j.1
Zy = .05+ ;.05

5.5.1
Zy = .15+ .2 (5.5.1)
Zs = .04+ .12

We also specify real power and voltage magnitude for the generators and real and reactive power for the loads:

e Bus 1: Real power is 1, voltage is 1.05 per—unit

e Bus 2: Real power is 1, voltage is 1.00 per—unit

¢ Bus 3: Real power is -.9 per—unit, reactive power is 0
e Bus 4: Real power is -1, reactive power is -.2 per—unit.

Note that load power is taken to be negative, for this simple-minded program assumes all power is measured into the network.

Bus 1 Bus 3 Busb

e = 11

I
Bus 2 Bus4 |Z; L Py + Q4
Z4
G O - Py 4+ jQ2

Figure 1: Sample System

% Simple-Minded Load Flow Example

% First, impedances

Z1=.05+j*.1;

7.2=.05+j*.05;

Z3=.15+j*.2;

74=.04+j*.12;

% This is the node-incidence Matrix
NI=[1000;0001;-1110;00-1-1;0-100];
% This is the vector of "known" voltage magnitudes
VNM =[1.051001]’;

% And the vector of known voltage angles
VNA=[00000];

% and this is the "key" to which are actually known
KNM=[11001];

KNA=[00001];

% and which are to be manipulated by the system

KUM =1 - KNM;
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KUA =1 - KNA;

% Here are the known loads (positive is INTO network
% Use zeros for unknowns

P=[11-9-107;

Q=[000-.20];

% and here are the corresponding vectors to indicate
% which elements should be checked in error checking
PC=[11110];

QC=[00110];

Check = KNM + KNA + PC + QGC;

% Unknown P and Q vectors

PU=1-PC;

QU=1-QC;

fprintf(’Here is the line admittance matrix:\n’);
Y=[1/21000;0 1/22 0 0;0 0 1/23 0;0 0 0 1/Z4]

% Construct Node-Admittance Matrix

fprintf(’ And here is the bus admittance matrix\n”)
YN=NI*Y*NI’

% Now: here are some starting voltage magnitudes and angles
VM =[1.051.993 .949 1]’;

VA =[.0965 .146 .00713 .0261 0]’;

% Here starts a loop

Error = 1;

Tol=1e-10;

N = length(VNM);

% Construct a candidate voltage from what we have so far
VMAG = VNM .* KNM + VM .* KUM,;

VANG = VNA .* KNA + VA .* KUA;

V = VMAG .* exp(j .* VANG);

% and calculate power to start

I=(YN*V);

PI = real(V .* conj(l));

QI = imag(V .* conj(I));

%pause

while(Error>Tol);

for i=1:N, % Run through all of the buses

% What we do depends on what bus!
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if (KUM(i) == 1) & (KUA(i) == 1), % don’t know voltage magnitude or angle
pve= (P(1)-j*Q())/conj(V(i));

for n=1:N,

if n ~=i, pvc = pvc - (YN(i,n) * V(n)); end

end

V(i) = pvc/YN(,i);

elseif (KUM(i) == 0) & (KUA(i) == 1), % know magnitude but not angle
% first must generate an estimate for Q

Qn = imag(V(i) * conj(YN(,:)*V));

pve= (P()-*Qn)/conj(V(D);

for n=1:N,

if n ~=i, pvc = pve - (YN(i,n) * V(n)); end

end

pv=pvc/YN(i,i);

V(@) = VM(i) * exp(j*angle(pv));

end % probably should have more cases

end % one shot through voltage list: check error

% Now calculate currents indicated by this voltage expression
I=(YN*V);

% For error checking purposes, compute indicated power
PI = real(V .* conj(1));

QI = imag(V .* conj(1));

% Now we find out how close we are to desired conditions
PERR = (P-PI) .* PC;

QERR = (Q-QI) .* QC;

Error = sum(abs(PERR) .A2 + abs(QERR) .A2);

end

fprintf(’Here are the voltages\n’)

v

fprintf(’Real Power\n’)

P

fprintf(’Reactive Power\n’)

Q
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CHAPTER OVERVIEW

6: Magnetic circuit analog to electric circuits

Introduction

In this chapter we describe an equivalence between electric and magnetic circuits and in turn a method of describing and analyzing
magnetic field systems which can be described in magnetic circuit fashion. As it turns out, the equivalence is a fair approximation
to reality and may be used with some confidence.

Magnetic circuits are those parts of devices that employ magnetic flux to either induce voltage or produce force. Such devices
include transformers, motors, generators and other actuators (including things such as solenoid actuators and loudspeakers). In such
devices it is necessary to produce and guide magnetic flux. This is usually done with pieces of ferromagnetic material (which has
permeability very much larger than free space). In this sense, magnetic circuits are like electric circuits in which conductive
material such as aluminum or copper has high electric conductivity and are used to guide electric current.

The analogies between electric and magnetic circuits are two: the electric circuit quantity of current is analogous to magnetic
circuit quantity flux. (Both of these quantities are ’solenoidal’ in the sense that they have no divergence). The electric circuit
quantity of voltage, or electomotive force (EMF) is analogous to the magnetic circuit quantity of magnetomotive force (MMF).
EMF is the integral of electric field E, MMEF is the integral of magnetic field H.

6.1: Electric Circuits and Kirchoff’s Laws

6.2: Magnetic Circuits

6.3: Faraday’s Law and Inductance

This page titled 6: Magnetic circuit analog to electric circuits is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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6.1: Electric Circuits and Kirchoff’'s Laws

Conservation of Charge and KCL
To begin with, consider the law of Conservation of Charge:
& J-dd= 4 [ adv=0

vol

This assumes, of course, that there is no accumulation of charge anywhere in the system. This is not a wonderful assumption for
any systems with capacitor plates, but if one considers capacitors to be circuit elements so that both plates of a capacitor are part of
any given element the right hand side of this expression really is zero.

Thsn, if we note current to be the integral of current density: Over some area, a fraction of the whole area around a node:
ir=[f, J-da
then we have:
Zk iy =0
Faraday’s Law
$E-df =—4 [[B-di
The left-hand integral may be taken to be a number of sub-integrals, each denoted by a discrete fractional integral:
v = f :: E-de
If we assume that there are no substantive flux linkages among the circuit elements:
[B=0
then we have KVL:
2kvk=0
Faraday’s Law
$E-df =—2 [[B-di
The left-hand integral may be taken to be a number of sub-integrals, each denoted by a discrete fractional integral:
v = f :: E-de
If we assume that there are no substantive flux linkages among the circuit elements:
[B=0
then we have KVL:

Ypvr=0

Ohm'’s Law

At this point it is probably appropriate to note that Ohm’s Law can be used to derive the constitutive relationship for a resistor.
Suppose we have a conductive element similar to the rectangular solid shown in Figure 1. Assume current is confined in this
element and flowing perpendicular to the flat end shown in the figure. Current density is

_ I
Jo =305

where I is to total current and h and w are height and width of the conductor, respectively. Electric field along the length of the
element is:
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Which leads us to an expression for element resistance:

vk=szdZ=%l

hj + /
A

Figure 1: Simple circuit element

This page titled 6.1: Electric Circuits and Kirchoff’s Laws is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
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6.2: Magnetic Circuits
As it turns out, magnetic circuits are very similar and are governed by laws that are not at all different from those of electric

circuits, with only one minor difference.

Conservation of Flux: Gauss’ Law
To start, Gauss’ law is:
f$B-di=0
This reflects that notion that there are no sources of flux: this is a truely sinusoidal quantity. It neither begins nor ends but just goes
in circles.

If we note a fraction of the surface around a node and call it surface k, the flux through that surface is:
®,= [ 4,B-dd
If we take the sum of all partial fluxes through a surface surrounding a note we come to the analog of KCL:

Yr®r=0

MMF: Ampere’s Law
Ampere’s Law is simply stated as:
$Hde=[[J-dd

The integral of current density J is current, quantified in the SI system as Amperes. As it is generally carried in wires which might
number, say, N, it is often quantified as:

[JJ-da=NI

For this we will often use the term MagnetoMotive Force or MMF, which gets the symbol F. If we use that symbol to denote the
integral of magnetic field over a magnetic circuit element:
Fe=[2H-di
Then, if we take enough of these subintegrals to cover the loop around a group of elements, we have
> Fi=NI

Note that this is not exactly the same as KVL, as it has a source term on the right.

Magnetic Circuit Element: Analogy to Ohm’s Law

Magnetic circuits have an equivalent to resistance. It is the ratio of MMF to flux and has the symbol . I direct comparison with
the derivation of resistance, a magnetic circuit element is shown in Figure 2.

- / X
hw + /
i

0]

Figure 2: Magnetic circuit element

Assume that the material of this element has permeability g > ug, so that it has a constitutive relationship:

B, = uH,
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If flux density in the material is uniform, total flux through the element is:
® = hwB; = hwuH,
And the MMF is simply the integral of magnetic field H from one end to the other: again we assume uniformity so that:
F=/(H,

The reluctance of this element is then:

Magnetic Gaps

In reality, magnetic circuits tend to be made up of very highly permeable elements (pieces of iron) and relatively small air-gaps. A
sketch of such a gap is shown in Figure 3.

w

e

h—=oa

g

Figure 3: Gap between magnetic elements

It is usually permissible to assume that iron elements have very high permeability (x — 00), so that there is negligible MMF drop.
In this sense the iron elements serve in the same role as copper or aluminum wire in electric circuits. The gap, on the other hand,
has reluctance:

H

—8.
Bm |Bg| Hm
W—co H—0o0

Fringing Field

Figure 4: Gap details
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Boundary Conditions

Shown in Figure 4 is the cross-section of a gap. It is assumed that the elements shown have some depth into the paper which is
greater than the gap width g. If the permeability of the elements to the right and the left is very high, we say that magnetic flux is
largely confined to those elements. Note that the boundary condition associated with Ampere’s Law dictates that the magnetic field
intensity H, in the air adjacent to the permeable material and parallel with the surface must be equal to the magnetic field intensity
H,, just inside the magnetic material and parallel with the surface. If the material is very highly permeable (u — oo), that magnetic
field must be nearly zero: H, = H,, — 0. This means that magnetic field must be perpendicular to the surface of very highly
permeable material. This is the case in the gap itself, where:

By =By,
We should note, however, that there will be ’fringing’ fields in the region near the gap, so that our expression for the reluctance of

the gap will not be quite correct. The accuracy of the expression which ignores fringing is best for really small gaps and generally
over-estimates the reluctance.

This page titled 6.2: Magnetic Circuits is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley
(MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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6.3: Faraday’s Law and Inductance

Changing magnetic fields give rise to electric fields and consequently produce voltage. This is how inductance works. Consider the
situation shown rather abstractly in Figure 5.

Faraday’s Law is, in integral form:
fE'-d[: —% ff Amf}‘-ﬁda

If the contour shown is highly conducting (say, if it is a wire), there is zero electric field over that part of the contour. Voltage
across the terminals is:

Vap = f:E'dZ

and that is the whole of the integral above. Thus we may conclude that:

Figure 5: Loop for Faraday’s Law

Vab=—%ff A,eaﬁ-ﬁda

Now, if we define flux linked by this contour to be:

-

A= —ff Area B - Tida
then voltage is, as we expect:
V= %

As it turns out, current flowing in the wire with sense shown by i in Figure 5 tends to produce flux with sense opposite to the
normal vector shown in that figure, and so produces positive flux. Generally, in calculating inductance, one uses the ’right hand
rule’ in determing the direction of flux linkage: if the fingers of your right hand follow the direction of the winding, from the
positive terminal, positive flux is in the direction of your thumb.

Example: Solenoid Actuator

Shown in Figure 6 is a representation of a common solenoid actuator. When current is put through the coil a magnetic flux appears
in the gaps and pulls the plunger to the left. We will examine the force and how to calculate it in later chapters. For now, however,
we are concerned with magnetic fields in the device and with the calculation of inductance. Assume that the stator and plunger are
both made of highly permeable materials (u — oo). If the coil carries current Iin N turns in the sense shown, magnetic flux will
cross the narrow air-gap to the right in the direction from the stator to the plunger and then return in the sense shown in the variable
length gap of width z. It is clear that this is also positive sense flux for the coil.

The magnetic circuit equivalent is shown in Figure 7. All of the flux produced crosses the variable width gap which has reluctance:
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Depth D perpendicular to view

i
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-

Figure 6: Cross-Section of Solenoid Actuator
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Figure 7: Magnetic Equivalent Circuit of Solenoid Actuator

Ry =

-
pohD

Half of the flux crosses each of the other two gaps, which are in parallel and have reluctance:

— g
Rg ~ powD
Total flux in the magnetic circuit is
_ F
e = Rot+LiR,
And since A = N®and F = NI, the inductance of this structure is:
_ N2 _ __ N2
L="%= %17,

This page titled 6.3: Faraday’s Law and Inductance is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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7: Power electric motor drives
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8: Electromagnetic forces and loss mechanisms

Introduction

This section of notes discusses some of the fundamental processes involved in electric machinery. In the section on energy
conversion processes we examine the two major ways of estimating electromagnetic forces: those involving thermodynamic
arguments (conservation of energy) and field methods (Maxwell’s Stress Tensor). In between these two explications is a bit of
description of electric machinery, primarily there to motivate the description of field based force calculating methods.

The subsection of the notes dealing with losses is really about eddy currents in both linear and nonlinear materials and about semi-
empirical ways of handling iron losses and exciting currents in machines.

8.1: Energy Conversion Process-

8.2: Tying the MST and Poynting Approaches Together

8.3: Simple Description of a Linear Induction Motor

8.4: Surface Impedance of Uniform Conductors

8.5: Iron

8.6: Semi-Empirical Method of Handling Iron Loss

This page titled 8: Electromagnetic forces and loss mechanisms is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
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8.1: Energy Conversion Process-

In a motor the energy conversion process can be thought of in simple terms. In “steady state”, electric power input to the machine
is just the sum of electric power inputs to the different phase terminals:

P, =3, v
Mechanical power is torque times speed:
P,=TQ
And the sum of the losses is the difference:
Pi=P,—P,
Electro-
Electric Power [n| ———————=>{ Mechanical == Mechanical Power Out
Converter

Losses: Heat, Moise, Windage,...
Figure 1: Energy Conversion Process
It will sometimes be convenient to employ the fact that, in most machines, dissipation is small enough to approximate mechanical
power with electrical power. In fact, there are many situations in which the loss mechanism is known well enough that it can be
idealized away. The “thermodynamic” arguments for force density take advantage of this and employ a “conservative” or lossless
energy conversion system.

Energy Approach to Electromagnetic Forces:

j; Magnetic Field

System

Figure 2: Conservative Magnetic Field System

To start, consider some electromechanical system which has two sets of “terminals”, electrical and mechanical, as shown in Figure
2. If the system stores energy in magnetic fields, the energy stored depends on the state of the system, defined by (in this case) two
of the identifiable variables: flux (), current (i) and mechanical position (z). In fact, with only a little reflection, you should be
able to convince yourself that this state is a single-valued function of two variables and that the energy stored is independent of
how the system was brought to this state.

Now, all electromechanical converters have loss mechanisms and so are not themselves conservative. However, the magnetic field
system that produces force is, in principle, conservative in the sense that its state and stored energy can be described by only two
variables. The “history” of the system is not important.

It is possible to chose the variables in such a way that electrical power into this conservative system is:

e _ i 20X
Pe=vi=i%

Slmilarly, IneChaIliCEll pO wer out Of the SyStem iS.
pm = fe dz
dt

The difference between these two is the rate of change of energy stored in the system:
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It is then possible to compute the change in energy required to take the system from one state to another by:

N
Win(a) — Wn(b) = [ idA — fedz

where the two states of the system are described by a = (Ag,%,) and b= (s, zp)

If the energy stored in the system is described by two state variables, X and z, the total differential of stored energy is:

AW = 2m g + 2 dg

and it is also:
AWy, = idX — fédx
So that we can make a direct equivalence between the derivatives and:

e _ _OWn
f - oz

This generalizes in the case of multiple electrical terminals and/or multiple mechanical terminals. For example, a situation with
multiple electrical terminals will have:

AW = D ikdAx — fedx

And the case of rotary, as opposed to linear, motion has in place of force fe¢ and displacement gz, torque 7¢ and angular
displacement 6.

In many cases we might consider a system which is electricaly linear, in which case inductance is a function only of the mechanical
position z.

Az) = L(z)i

In this case, assuming that the energy integral is carried out from X = 0 (so that the part of the integral carried out over z is zero),

A _ 1.
W =[5 2 MA = 3 75
This makes
R
Note that this is numerically equivalent to
fo =34 L()

This is true only in the case of a linear system. Note that substituting L(z)i = A too early in the derivation produces erroneous
results: in the case of a linear system it is a sign error, but in the case of a nonlinear system it is just wrong.
Coenergy

We often will describe systems in terms of inductance rather than its reciprocal, so that current, rather than flux, appears to be the
relevant variable. It is convenient to derive a new energy variable, which we will call co-energy, by:

W, =3, Aiti — W,
and in this case it is quite easy to show that the energy differential is (for a single mechanical variable) simply:
aw,, = Ek Aedip + fedz

so that force produced is:

oW,
fe= e

Consider a simple electric machine example in which there is a single winding on a rotor (call it the field winding and a polyphase
armature. Suppose the rotor is round so that we can describe the flux linkages as:
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Aa = Lqiq + Layis + Lapic + M cos(pb)is

Ab = Lapia + Lais + Lapic + M cos (pf — 25 ) if

Ae = Lapia + Lapiy + Laic + M cos (pf + 2&) ig

As = M cos(pf)i, + M cos (p§ — ) iy + Mcos (p0 + Z) + Lyiy
Now, this system can be simply described in terms of coenergy. With multiple excitation it is important to exercise some care in
taking the coenergy integral (to ensure that it is taken over a valid path in the multi-dimensional space). In our case there are
actually five dimensions, but only four are important since we can position the rotor with all currents at zero so there is no
contribution to coenergy from setting rotor position. Suppose the rotor is at some angle 6 and that the four currents have values
140, %0, %0 and ig. One of many correct path integrals to take would be:

W, = [i® Lyiadia

+ Jo” (Lapiao + Luis) dip

+ f(f‘” (Lapiao + Lapiso + Lyic) dic

+f(fm (M cos(pB)iao + M cos (p6 — ) iso + M cos (p6 + 5F) ico + Lyis) di

The result is:
W, = ELa (zio + i+ zzo) + Lap (a0t + Gaotco + cotbo)
2 2 1
+ Mig (z’ao cos(pf) + iy cos (pH — ?ﬂ) + i COS (pﬂ + ?ﬂ)) + ELﬂ'%

If there is no variation of the stator inductances with rotor position 6, (which would be the case if the rotor were perfectly round),
the terms that involve L, and Lab) contribute zero so that torque is given by:

T, = HZVT;:' = —pMi gq (iq0 5in(pf) + is0sin (pf — Z) + ic,sin (pf + )

We will return to this type of machine in subsequent chapters.

Continuum Energy Flow
At this point, it is instructive to think of electromagnetic energy flow as described by Poynting’s Theorem:
S=FExH
Energy flow S, called Poynting’s Vector, describes electromagnetic power in terms of electric and magnetic fields. It is power
density: power per unit area, with units in the SI system of units of watts per square meter.

To calculate electromagnetic power into some volume of space, we can integrate Poyting’s Vector over the surface of that volume,
and then using the divergence theorem:

P=—§§ iida=— [y V-Sdv

Now, the divergence of the Poynting Vector is, using a vector identity:

= -

V.-§=V.-(ExH =H-VxE—E-VxH
9B _
ot

(5T
<y

——_H.
The power crossing into a region of space is then:
P=fvol(E-j+I_:i-%§)dv
Now, in the absence of material motion, interpretation of the two terms in this equation is fairly simple. The first term describes
dissipation:
E-J=|Bf*o=|J%
The second term is interpreted as rate of change of magnetic stored energy. In the absence of hysteresis it is:

Note that in the case of free space,
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which is straightforwardedly interpreted as rate of change of magnetic stored energy density:
Wn = %I”OlH |2

Some materials exhibit hysteretic behavior, in which stored energy is not a single valued function of either B or H, and we will
consider that case anon.

Material Motion

— N
In the presence of material motion %, electric field E’ in a “moving” frame is related to electric field FE in a “stationary” frame
and to magnetic field B by:

E' =E+¥xB
This is an experimental result obtained by observing charged particles moving in combined electric and magnetic fields. It is a
relatavistic expression, so that the qualifiers “moving” and “stationary” are themselves relative. The electric fields are what would
be observed in either frame. In MQS systems, the magnetic flux density B is the same in both frames.

The term relating to current density becomes:

-

E-J=(8-3xB).7
We can interpret E’ - J as dissipation, but the second term bears a little examination. Note that it is in the form of a vector triple
(scalar) product:
—3xB-J=—%-BxJ=—3-JxB

This is in the form of velocity times force density and represents power conversion from electromagnetic to mechanical form. This
is consistent with the Lorentz force law (also experimentally observed):

F=JxB
This last expression is yet another way of describing energy conversion processes in electric machinery, as the component of

apparent electric field produced by material motion through a magnetic field, when reacted against by a current, produces energy
conversion to mechanical form rather than dissipation.

Additional Issues in Energy Methods

There are two more important and interesting issues to consider as we study the development of forces of electromagnetic origin
and their calculation using energy methods. These concern situations which are not simply representable by lumped parameters and
situations that involve permanent magnets.

Coenergy in Continuous Media

Consider a system with not just a multiplicity of circuits but a continuum of current-carrying paths. In that case we could identify
the co-energy as:

Wi = [ JN@)dT - dd

where that area is chosen to cut all of the current carrying conductors. This area can be picked to be perpedicular to each of the
current filaments since the divergence of current is zero. The flux A is calculated over a path that coincides with each current
filament (such paths exist since current has zero divergence). Then the flux is:

@)= [B-dn
Now, if we use the vector potential A for which the magnetic flux density is:
B=VxA
the flux linked by any one of the current filaments is:

@) =¢A-df
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Now: it is possible to make d¢ coincide with dg and be parallel to the current filaments, so that:
W, = [yq A - didv

Permanent Magnets

Permanent magnets are becoming an even more important element in electric machine systems. Often systems with permanent
magnets are approached in a relatively ad-hoc way, made equivalent to a current that produces the same MMF as the magnet itself.

The constitutive relationship for a permanent magnet relates the magnetic flux density B to magnetic field H and the property of
the magnet itself, the magnetization M.

B=po(H+ M)
Now, the effect of the magnetization is to act as if there were a current (called an amperian current) with density:
J*=VxM
Note that this amperian current “acts” just like ordinary current in making magnetic flux density. Magnetic co-energy is:
W= [,aA-V x dMdv

Next, note the vector identity

So that:

W), = [ =V (A xdM)dv + [, (V x A)- dMdv

m

Then, noting that B=V x A:
W), =—§ A x dMds + [, B- dMdv

The first of these integrals (closed surface) vanishes if it is taken over a surface just outside the magnet, where M is zero. Thus the
magnetic co-energy in a system with only a permanent magnet source is

W, = [y B - dMdv

Adding current carrying coils to such a system is done in the obvious way.

Electric Machine Description:

Actually, this description shows a conventional induction motor. This is a very common type of electric machine and will serve as a
reference point. Most other electric machines operate in a fashion which is the same as the induction machine or which differ in
ways which are easy to reference to the induction machine.

Consider the simplified machine drawing shown in Figure 3. Most (but not all!) machines we will be studying have essentially this
morphology. The rotor of the machine is mounted on a shaft which is supported on some sort of bearing(s). Usually, but not always,
the rotor is inside. I have drawn a rotor which is round, but this does not need to be the case. I have also indicated rotor conductors,
but sometimes the rotor has permanent magnets either fastened to it or inside, and sometimes (as in Variable Reluctance Machines)
it is just an oddly shaped piece of steel. The stator is, in this drawing, on the outside and has windings. With most of the machines
we will be dealing with, the stator winding is the armature, or electrical power input element. (In DC and Universal motors this is
reversed, with the armature contained on the rotor: we will deal with these later).

In most electrical machines the rotor and the stator are made of highly magnetically permeable materials: steel or magnetic iron. In
many common machines such as induction motors the rotor and stator are both made up of thin sheets of silicon steel. Punched into
those sheets are slots which contain the rotor and stator conductors.
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Figure 3: Form of Electric Machine
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Figure 4 is a picture of part of an induction machine distorted so that the air-gap is straightened out (as if the machine had infinite
radius). This is actually a convenient way of drawing the machine and, we will find, leads to useful methods of analysis.

What is important to note for now is that the machine has an air gap g which is relatively small (that is, the gap dimension is much
less than the machine radius r). The machine also has a physical length 1. The electric machine works by producing a shear stress in
the air-gap (with of course side effects such as production of “back voltage”). It is possible to define the average airgap shear stress,
which we will refer to as . Total developed torque is force over the surface area times moment (which is rotor radius):

T=21r2 <1>

Power transferred by this device is just torque times speed, which is the same as force times surface velocity, since surface velocity
is u=r:

P,=QT =2l <T>u

If we note that active rotor volume is #r2¢, the ratio of torque to volume is just:

%=2<‘r>

Now, determining what can be done in a volume of machine involves two things. First, it is clear that the volume we have
calculated here is not the whole machine volume, since it does not include the stator. The actual estimate of total machine volume
from the rotor volume is actually quite complex and detailed and we will leave that one for later. Second, we need to estimate the
value of the useful average shear stress. Suppose both the radial flux density Br and the stator surface current density Kz are
sinusoidal flux waves of the form:

B, = v/2By cos(pd — wt)

/ Stator Core

Stator Conductors
4 InSlots

Rotor Conductors
In Slots

Figure 4: Windings in Slots
K, = V2K cos(pf — wt)
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Note that this assumes these two quantities are exactly in phase, or oriented to ideally produce torque, so we are going to get an
“optimistic” bound here. Then the average value of surface traction is:

<7>= & [P B,K,d = ByK,

This actually makes some sense in view of the empirically derived Lorentz Force Law: Given a (vector) current density and a
(vector) flux density. In the absence of magnetic materials (those with permeability different from that of free space), the observed
force on a conductor is:

F=JxB
Where J is the vector describing current density (4/m?) and B is the magnetic flux density (T). This is actually enough to
describe the forces we see in many machines, but since electric machines have permeable magnetic material and since magnetic

fields produce forces on permeable material even in the absence of macroscopic currents it is necessary to observe how force
appears on such material. A suitable empirical expression for force density is:

F=JxB-1(H-H)Vu
where H is the magnetic field intensity and g is the permeability.
Now, note that current density is the curl of magnetic field intensity, so that:
F=(V x H) x uHl ~ 2 (H - H)Vp
= u(V x H) xFI—%(IZT-IZT)Vu
And, since:
(VxH)yx H=(H -V)H-1v(H-H)
force density is:
Fm u(B-)H — 3 u9(H - )~ 2 (- B)Vp
= -V (qud - 1)
This expression can be written by components: the component of force in the i’th dimension is:
Fi=p) (Hka%) H;— a%,- (302 HE)
Now, see that we can write the divergence of magnetic flux density as:
V-E=Eka%kqu=0
and
pYk (Hrgl ) Hi = ¥4 22 pHpH; — H; ) 72 pHy
but since the last term in that is zero, we can write force density as:
Fy= 2 (uHiHy— 564y, HY)
where we have used the Kroneker delta d;x = 1if ¢ =k, 0 otherwise.
Note that this force density is in the form of the divergence of a tensor:
F= 2Ty
or
F=v-T
In this case, force on some object that can be surrounded by a closed surface can be found by using the divergence theorem:
f=laFdv= Joa V- Tdv=§f T fida
or, if we note surface traction to be 7; = ), Tixnk, where n is the surface normal vector, then the total force in direction i is just:

f = fs 'r,-da = f Zk Tiknkda.
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The interpretation of all of this is less difficult than the notation suggests. This field description of forces gives us a simple picture
of surface traction, the force per unit area on a surface. If we just integrate this traction over the area of some body we get the
whole force on the body. Note that this works if we integrate the traction over a surface that is itself in free space but which
surrounds the body (because we can impose no force on free space).

Note one more thing about this notation. Sometimes when subscripts are repeated as they are here the summation symbol is
omitted. Thus we would write 7; =, Tixnk = Tixny.

Now, if we go back to the case of a circular cylinder and are interested in torque, it is pretty clear that we can compute the
circumferential force by noting that the normal vector to the cylinder is just the radial unit vector, and then the circumferential
traction must simply be:

To = poH,Hy

Simply integrating this over the surface gives azimuthal force, and then multiplying by radius (moment arm) gives torque. The last
step is to note that, if the rotor is made of highly permeable material, the azimuthal magnetic field is equal to surface current
density.

This page titled 8.1: Energy Conversion Process- is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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8.2: Tying the MST and Poynting Approaches Together
Contour Field Region

Figure 5: Illustrative Region of Space
Now that the stage is set, consider energy flow and force transfer in a narrow region of space as illustrated by Figure 5. The upper

and lower surfaces may support currents. Assume that all of the fields, electric and magnetic, are of the form of a traveling wave in
the x- direction: Re {e/“t2)},

If we assume that form for the fields and also assume that there is no variation in the z- direction (equivalently, the problem is
infinitely long in the z- direction), there can be no x- directed currents because the divergence of current is zero: V-J =0. In a
magnetostatic system this is true of electric field E too. Thus we will assume that current is confined to the z- direction and to the
two surfaces illustrated in Figure 5, and thus the only important fields are:

17, Re {H eftk}
We may use Faraday’s Law (V x E = —%B) to establish the relationship between the electric 0t and magnetic field: the y-
component of Faraday’s Law is:

JKE, = —jwpmH,
or

E, =—%mH,

The phase velocity w,, = % is a most important quantity. Note that, if one of the surfaces is moving (as it would be in, say, an

induction machine), the frequency and hence the apparent phase velocity, will be shifted by the motion. We will use this fact
shortly.

Energy flow through the surface denoted by the dotted line in Figure 5 is the component of Poynting’s Vector in the negative y-
direction. The relevant component is:

Sy = (E x H)y = E,H, = —%poH,H,

Note that this expression contains the xy component of the Maxwell Stress Tensor T,, = poH,H, so that power flow downward
through the surface is:
S =—8, = YugHHy = up Ty,
The average power flow is the same, in this case, for time and for space, and is:
<8>=3Re{E,H}} = up P Re {H H; }

We may choose to define a surface impedance:

which becomes:

H
Zs = —polUph 7 = —poupn R
H,

where now we have defined the parameter R to be the ratio between y- and x- directed complex field amplitudes. Energy flow
through that surface is now:

S =—1Re{E H:} = {Re{|H,|"2,}

@ https://eng.libretexts.org/@go/page/55600



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55600?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms/8.02%3A_Tying_the_MST_and_Poynting_Approaches_Together

Li breTexts*

This page titled 8.2: Tying the MST and Poynting Approaches Together is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.

https://eng.libretexts.org/@go/page/55600


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55600?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms/8.02%3A_Tying_the_MST_and_Poynting_Approaches_Together
https://creativecommons.org/licenses/by-nc-sa/4.0
http://web.mit.edu/kirtley/www/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-050j-information-and-entropy-spring-2008/
https://ocw.mit.edu/courses/6-061-introduction-to-electric-power-systems-spring-2011

LibreTexts"

8.3: Simple Description of a Linear Induction Motor
9 o Jot-kx)
— OO
\_ l H @zs \ y
< featd
) T U0 5 ; u X
S

Figure 6: Simple Description of Linear Induction Motor

The stage is now set for an almost trivial description of a linear induction motor. Consider the geometry described in Figure 6.
Shown here is only the relative motion gap region. This is bounded by two regions of highly permeable material (e.g. iron),
comprising the stator and shuttle. On the surface of the stator (the upper region) is a surface current:

R, =7,Re{K it}
The shuttle is, in this case, moving in the positive x- direction at some velocity w. It may also be described as an infinitely
permeable region with the capability of supporting a surface current with surface conductivity o, so that K, = o,E..

Note that Ampere’s Law gives us a boundary condition on magnetic field just below the upper surface of this problem: H, = K,
so that, if we can establish the ratio between y- and x- directed fields at that location,

< Twy>= Re{H H.} = #|K,,|"Re{R}
Note that the ratio of fields H /H, = Ris independent of reference frame (it doesn’t matter if we are looking at the fields from the

shuttle or the stator), so that the shear stress described by Ty, is also frame independent. Now, if the shuttle (lower surface) is
moving relative to the upper surface, the velocity of the traveling wave relative to the shuttle is:

Us = Upp — U = 8%
where we have now defined the dimensionless slip s to be the ratio between frequency seen by the shuttle to frequency seen by the
stator. We may use this to describe energy flow as described by Poynting’s Theorem. Energy flow in the stator frame is:
Supper = Uph Ty
In the frame of the shuttle, however, it is
Stower = UsTny = SSuypper

Now, the interpretation of this is that energy flow out of the upper surface (Sypper ) COnsists of energy converted (mechanical
power) plus energy dissipated in the shuttle (which is Sywe here. The difference between these two power flows, calculated using
Poynting’s Theorem, is power converted from electrical to mechanical form:

Sconverted = Supper (1 — 8)
Now, to finish the problem, note that surface current in the shuttle is:

Kz,- = E;U.s = —usﬂoﬂsﬂy

where the electric field E’, is measured in the frame of the shuttle.

We assume here that the magnetic gap g is small enough that we may assume kg « 1. Ampere’s Law, taken around a contour that
crosses the air-gap and has a normal in the z- direction, yields:

g9 agf =K, + K,
In complex amplitudes, this is:

—jkgH =K  +K =K, —pous0.H,

or, solving for H,,.

— K
= Ug0s

H —1
=y kg 1+jmo*®
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Average shear stress is

. 2 Busos
K. J o KL TE

|2
kg Re { 1+j% } =72 kg 1+(uo:;v.s)“

<Ty)=Re{HH,} =]
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8.4: Surface Impedance of Uniform Conductors

The objective of this section is to describe the calculation of the surface impedance presented by a layer of conductive material.
Two problems are considered here. The first considers a layer of linear material backed up by an infinitely permeable surface. This
is approximately the situation presented by, for example, surface mounted permanent magnets and is probably a decent
approximation to the conduction mechanism that would be responsible for loss due to asynchronous harmonics in these machines.
It is also appropriate for use in estimating losses in solid rotor induction machines and in the poles of turbogenerators. The second
problem, which we do not work here but simply present the previously worked solution, concerns saturating ferromagnetic
material.

Linear Case

The situation and coordinate system are shown in Figure 7. The conductive layer is of thicknes 7 and has conductivity ¢ and
permeability ug. To keep the mathematical expressions within bounds, we assume rectilinear geometry. This assumption will
present errors which are small to the extent that curvature of the problem is small compared with the wavenumbers encountered.
We presume that the situation is excited, as it would be in an electric machine, by a current sheet of the form K, = Re {Ke/“t*2)},

Conductive Slab H
> y

& t,,

Permeable Surface
Figure 7: Axial View of Magnetic Field Problem

In the conducting material, we must satisfy the diffusion equation:
V2E = uoa%
In view of the boundary condition at the back surface of the material, taking that point to be y =0, a general solution for the
magnetic field in the material is:
H,=Re {A sinh ayej(“’t_k’)}
k .
H,=Re {j—A cosh aye](“’t_’“)}
(27
where the coefficient a satisfies:
a? = jupgo + k2
and note that the coefficients above are chosen so that A has no divergence.

Note that if kis small (that is, if the wavelength of the excitation is large), this spatial coefficient o becomes

as it
where the skin depth is:
_ 2
d= wieo
To obtain surface impedance, we use Faraday’s law:
VxE:—%
which gives:
E,=—m%H,
Now: the “surface current” is just
K.s = _Ez‘
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so that the equivalent surface impedance is:

Z= _%I = jpo<cothoT

A pair of limits are interesting here. Assuming that the wavelength is long so that & is negligible, then if oT is small (i.e. thin

material),
. _ 1
Z = jlo gy = o
On the other hand as oT — oo,
1+§
Z—

Next it is necessary to transfer this surface impedance across the air-gap of a machine. So, with reference to Figure 8, assume a new
coordinate system in which the surface of impedance Z, is located at y =0, and we wish to determine the impedance Z
=—E /H at y=g.

In the gap there is no current, so magnetic field can be expressed as the gradient of a scalar potential which obeys Laplace’s

equation:
H=-Vy
K
z i / y
A I~
/ © )
) 1
X g
Surface Impedance Z ¢
Figure 8: Impedance across the air-gap

and

Vi) =0
Ignoring a common factor of e#“**2) we can express H in the gap as:
— ky —ky
H_=jk (ﬂre +y e )
H,= k(s )
At the surface of the rotor,

—z —x—38

or

—om (¥, 9 ) =hz, (¥, +v )
and then, at the surface of the stator,

3 f ekgff_,rkg
Z="F, =iy e

A bit of manipulation is required to obtain:

. *9(wpo—jkZ,)—e 9 (wpo+jkZ,)
Z - w { € =3 =)
£ =Jkoy "9 (wpo—jkZ,)+e ¥ (wpo+5kZ,)

It is useful to note that, in the limit of Z, — oo, this expression approaches the gap impedance

2,-5%
and, if the gap is small enough that kg — 0,
Z-2)Z,

@ https://eng.libretexts.org/@go/page/55603



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55603?pdf

Li breTexts*

This page titled 8.4: Surface Impedance of Uniform Conductors is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or

curated by James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.

https://eng.libretexts.org/@go/page/55603


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55603?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms/8.04%3A_Surface_Impedance_of_Uniform_Conductors
https://creativecommons.org/licenses/by-nc-sa/4.0
http://web.mit.edu/kirtley/www/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-050j-information-and-entropy-spring-2008/
https://ocw.mit.edu/courses/6-061-introduction-to-electric-power-systems-spring-2011

LibreTexts"

8.5: lron

Electric machines employ ferromagnetic materials to carry magnetic flux from and to appropriate places within the machine. Such
materials have properties which are interesting, useful and problematical, and the designers of electric machines must deal with this
stuff. The purpose of this note is to introduce the most salient properties of the kinds of magnetic materials used in electric
machines.

We will be concerned here with materials which exhibit magnetization: flux density is something other than B = poH. Generally,
we will speak of hard and soft magnetic materials. Hard materials are those in which the magnetization tends to be permanent,
while soft materials are used in magnetic circuits of electric machines and transformers. Since they are related we will find
ourselves talking about them either at the same time or in close proximity, even though their uses are widely disparite.

Magnetization:
It is possible to relate, in all materials, magnetic flux density to magnetic field intensity with a consitutive relationship of the form:
B = po(H + M)
where magnetic field intensity H and magnetization M are the two important properties. Now, in linear magnetic material
magnetization is a simple linear function of magnetic field:
M=xnH
so that the flux density is also a linear function:
B=po(l+xm) H

Note that in the most general case the magnetic susceptibility cm might be a tensor, leading to flux density being non-colinear with
magnetic field intensity. But such a relationship would still be linear. Generally this sort of complexity does not have a major effect
on electric machines.

Saturation and Hysteresis

In useful magnetic materials this nice relationship is not correct and we need to take a more general view. We will not deal with the
microscopic picture here, except to note that the magnetization is due to the alignment of groups of magnetic dipoles, the groups
often called domaines. There are only so many magnetic dipoles available in any given material, so that once the flux density is
high enough the material is said to saturate, and the relationship between magnetic flux density and magnetic field intensity is
nonlinear.

Shown in Figure 9, for example, is a “saturation curve” for a magnetic sheet steel that is sometimes used in electric machinery.
Note the magnetic field intensity is on a logarithmic scale. If this were plotted on linear coordinates the saturation would appear to
be quite abrupt.

At this point it is appropriate to note that the units used in magnetic field analysis are not always the same nor even consistent. In
almost all systems the unit of flux is the weber (W), which
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is the same as a volt-second. In SI the unit of flux density is the tesla (T), but many people refer to the gauss (G), which has its
origin in CGS. 10,000 G = 1 T. Now it gets worse, because there is an English system measure of flux density generally called kilo-
lines per square inch. This is because in the English system the unit of flux is the line. 10® lines is equal to a weber. Thus a Tesla is
64.5 kilolines per square inch.

The SI and CGS units of flux density are easy to reconcile, but the units of magnetic field are a bit harder. In SI we generally
measure H in amperes/meter (or ampere-turns per meter). Often, however, you will see magnetic field represented as Oersteds
(Oe). One Oe is the same as the magnetic field required to produce one gauss in free space. So 79.577 A/m is one Oe.

In most useful magnetic materials the magnetic domaines tend to be somewhat “sticky”, and a more-than-incremental magnetic
field is required to get them to move. This leads to the property called “hysteresis”, both useful and problematical in many
magnetic systems.

Hysteresis loops take many forms; a generalized picture of one is shown in Figure 10. Salient features of the hysteresis curve are
the remanent magnetization B, and the coercive field H,. Note that the actual loop that will be traced out is a function of field
amplitude and history. Thus there are many other “minor loops” that might be traced out by the B-H characteristic of a piece of
material, depending on just what the fields and fluxes have done and are doing.

Now, hysteresis is important for two reasons. First, it represents the mechanism for “trapping” magnetic flux in a piece of material
to form a permanent magnet. We will have more to say about that anon. Second, hysteresis is a loss mechanism. To show this,

consider some arbitrary chunk of
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Figure 10: Hysteresis Curve Nomenclature

material for which we can characterize an MMF and a flux:

F=NI= /ﬁ-deﬁ

174 L
@-/th—//m B-dA
Energy input to the chunk of material over some period of time is
w= [VIdt=[Fd®= [, [H.di [[dB-dAdt

Now, imagine carrying out the second (double) integral over a continuous set of surfaces which are perpendicular to the magnetic
field H. (This IS possible!). The energy becomes:

w= [, [ff H- dBdvoldt

and, done over a complete cycle of some input waveform, that is:

w= // Wadvol
vol

W, = f H-dB
i
That last expression simply expresses the area of the hysteresis loop for the particular cycle.

Generally, for most electric machine applications we will use magnetic material characterized as “soft”, having as narrow a
hysteresis loop (and therefore as low a hysteretic loss) as possible. At the other end of the spectrum are “hard” magnetic materials
which are used to make permanent magnets. The terminology comes from steel, in which soft, annealed steel material tends to have
narrow loops and hardened steel tends to have wider loops. However permanent magnet technology has advanced to the point
where the coercive forces possible in even cheap ceramic magnets far exceed those of the hardest steels.

Conduction, Eddy Currents and Laminations:

Steel, being a metal, is an electrical conductor. Thus when time varying magnetic fields pass through it they cause eddy currents to
flow, and of course those produce dissipation. In fact, for almost all applications involving “soft” iron, eddy currents are the
dominant source of loss. To reduce the eddy current loss, magnetic circuits of transformers and electric machines are almost
invariably laminated, or made up of relatively thin sheets of steel. To further reduce losses the steel is alloyed with elements (often
silicon) which poison the electrical conductivity.

There are several approaches to estimating the loss due to eddy currents in steel sheets and in the surface of solid iron, and it is
worthwhile to look at a few of them. It should be noted that this is a “hard” problem, since the behavior of the material itself is
difficult to characterize.
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Complete Penetration Case

e 1 ©-,

Figure 11: Lamination Section for Loss Calculation

Consider the problem of a stack of laminations. In particular, consider one sheet in the stack represented in Figure 11. It has
thickness ¢ and conductivity o. Assume that the “skin depth” is much greater than the sheet thickness so that magnetic field
penetrates the sheet completely. Further, assume that the applied magnetic flux density is parallel to the surface of the sheets:

B=17,Re {\/EBoej“’t}
Now we can use Faraday’s law to determine the electric field and therefore current density in the sheet. If the problem is uniform in

the x- and z- directions,

OE )
5 = —JwoBo

Note also that, unless there is some net transport current in the x- direction, E must be antisymmetric about the center of the sheet.
Thus if we take the origin of y to be in the center, electric field and current are:

E,= _jw-BOy
J, =—JjwBooy
Local power dissipated is
P(y) = szgzry2 =

o
To find average power dissipated we integrate over the thickness of the lamination:
t k3
< P>= 2 [§ Ply)dy = 2uBjo [} vdy = %u?Byt%o
Pay attention to the orders of the various terms here: power is proportional to the square of flux density and to the square of
frequency. It is also proportional to the square of the lamination thickness (this is average volume power dissipation).

As an aside, consider a simple magnetic circuit made of this material, with some length ¢ and area A, so that volume of material is
£A. Flux lined by a coil of N turns would be:
A=N& = NAB,
and voltage is of course just V = jwL. Total power dissipated in this core would be:
1 2
Po= AW B0 = %

where the equivalent core resistance is now

A 12N?
Ro=4"0

Eddy Currents in Saturating lron

The same geometry holds for this pattern, although we consider only the one-dimensional problem (k — 0). The problem was
worked by McLean and his graduate student Agarwal Equation ??? Equation ???. They assumed that the magnetic field at the
surface of the flat slab of material was sinusoidal in time and of high enough amplitude to saturate the material. This is true if the
material has high permeability and the magnetic field is strong. What happens is that the impressed magnetic field saturates a
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region of material near the surface, leading to a magnetic flux density parallel to the surface. The depth of the region affected
changes with time, and there is a separating surface (in the flat problem this is a plane) that moves away from the top surface in
response to the change in the magnetic field. An electric field is developed to move the surface, and that magnetic field drives eddy
currents in the material.

B

Figure 12: Idealized Saturating Characteristic

Assume that the material has a perfectly rectangular magnetization curve as shown in Figure 12, so that flux density in the x-
direction is:

B, = Bysign (H,)

The flux per unit width (in the z- direction) is:

&= [y Bydy
and Faraday’s law becomes:
B,= %
while Ampere’s law in conjunction with Ohm’s law is:
% =oF,

Now, McLean suggested a solution to this set in which there is a “separating surface” at depth ¢ below the surface, as shown in
Figure 13 . At any given time:

H,= 1,0 (1+ %)

H,
J,=0E,=—"2
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---------------------------------- Separating Surface

---------------------------------- Penetration
Depth

Figure 13: Separating Surface and Penetration Depth

That is, in the region between the separating surface and the top of the material, electric field E, is uniform and magnetic field H,
is a linear function of depth, falling from its impressed value at the surface to zero at the separating surface. Now: electric field is
produced by the rate of change of flux which is:

Eliminating E, we have:

& _ _H,
2CW ~ 0B,
and then, if the impressed magnetic field is sinusoidal, this becomes:
d¢? H, .
@ = By Snwt|

This is easy to solve, assuming that (=0at t=0,

— 2Hy i wit
C=1/wB, 803

Now: the surface always moves in the downward direction (as we have drawn it), so at each half cycle a new surface is created: the

old one just stops moving at a maximum position, or penetration depth:

— 2Hy
0= woBy

This penetration depth is analogous to the “skin depth” of the linear theory. However, it is an absolute penetration depth.
The resulting electric field is:

Ezz%cos% O<wt<m

This may be Fourier analyzed: noting that if the impressed magnetic field is sinusoidal, only the time fundamental component of
electric field is important, leading to:

E,= %%(coswt+ 2sinwt + ...)

Complex surface impedance is the ratio between the complex amplitude of electric and magnetic field, which becomes:

Z_%_Slz 3
Z,=F = a2t

Thus, in practical applications, we can handle this surface much as we handle linear conductive surfaces, by establishing a skin

depth and assuming that current flows within that skin depth of the surface. The resistance is modified by the factor of & and the

“power factor” of this surface is about 89 % (as opposed to a linear surface where the “power factor” is about 71 %.

Agarwal suggests using a value for By of about 75 % of the saturation flux density of the steel.

This page titled 8.5: Iron is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley (MIT
OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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8.6: Semi-Empirical Method of Handling Iron Loss

Neither of the models described so far are fully satisfactory in describing the behavior of laminated iron, because losses are a
combination of eddy current and hysteresis losses. The rather simple model employed for eddy currents is precise because of its
assumption of abrupt saturation. The hysteresis model, while precise, would require an empirical determination of the size of the
hysteresis loops anyway. So we must often resort to empirical loss data. Manufacturers of lamination steel sheets will publish data,
usually in the form of curves, for many of their products. Here are a few ways of looking at the data.

A low frequency flux density vs. magnetic field (“saturation”) curve was shown in Figure 9. Included with that was a measure of

the incremental permeability

w=a
In some machine applications either the “total” inductance (ratio of flux to MMF) or “incremental” inductance (slope of the flux to
MMF curve) is required. In the limit of low frequency these numbers may be useful.

For designing electric machines, however, a second way of looking at steel may be more useful. This is to measure the real and
reactive power as a function of magnetic flux density and (sometimes) frequency. In principal, this data is immediately useful. In
any well-designed electric machine the flux density in the core is distributed fairly uniformly and is not strongly affected by eddy
currents, etc. in the core. Under such circumstances one can determine the flux density in each part of the core. With that
information one can go to the published empirical data for real and reactive power and determine core loss and reactive power
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in the graphs shown above.
Figure 14 shows core loss and “apparent” power per unit mass as a function of (RMS) induction for 29 gage, fully processed M-19
steel. The two left-hand curves are the ones we will find most useful. " P" denotes real power while " P," denotes “apparent
power”. The use of this data is quite straightforward. If the flux density in a machine is estimated for each part of the machine and
the mass of steel calculated, then with the help of this chart a total core loss and apparent power can

Table 1: Exponential Fit Parameters for Two Steel Sheets
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29 Ga, Fully Processed

M-19 M-36
Base Flux Density By 1T 1T
Base Frequency fo 60 Hz 60 Hz
Base Power (w/lb) P, 0.59 0.67
Flux Exponent €s 1.88 1.86
Frequency Exponent €F 1.53 1.48
Base Apparent Power 1 VA 1.08 1.33
Base Apparent Power 2 VA, .0144 .0119
Flux Exponent € 1.70 2.01
Flux Exponent € 16.1 17.2

be estimated. Then the effect of the core may be approximated with a pair of elements in parallel with the terminals, with:

_ qV]?
R. =15
qV|?
X, =
Q
Q=4/P?—P?

Where g is the number of machine phases and V is phase voltage. Note that this picture is, strictly speaking, only valid for the
voltage and frequency for which the flux density was calculated. But it will be approximately true for small excursions in either
voltage or frequency and therefore useful for estimating voltage drop due to exciting current and such matters. In design program
applications these parameters can be re-calculated repeatedly if necessary.

“Looking up” this data is a it awkward for design studies, so it is often convenient to do a “curve fit” to the published data. There
are a large number of possible ways of doing this. One method that has bee found to work reasonably well for silicon iron is an
“exponential fit”:

~ B \B ( f\

PP (%) (%)

This fit is appropriate if the data appears on a log-log plot to lie in approximately straight lines. Figure 15 shows such a fit for the
same steel sheet as the other figures.

For “apparent power” the same sort of method can be used. It appears, however, that the simple exponential fit which works well
for real power is inadequate, at least if relatively high inductions are to be used. This is because, as the steel saturates, the reactive
component of exciting current rises rapidly. I have had some success with a “double exponential” fit:

VA~ VA (£)" VA (£)"

To first order the reactive component of exciting current will be linear in frequency.

https://eng.libretexts.org/@go/page/55724


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55724?pdf

LibreTexts"
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Figure 15: Steel Sheet Core Loss Fit vs. Flux Density and Frequency

In the disk that is to be distributed with these notes there are a number of data files representing properties of different types of
nonoriented sheet steel. The format of each of the files is the same: two columns of numbers, the first is flux density in Tesla, RMS,
60 Hz. The second column is watts per pound or vo ). Proc is “f” for fully processed and “s” for semiprocessed. Data is “p” for

power, “pa” for apparent power. Gage is 29 (.014” thick), 26 (.0185” thick) or 24 (.025” thick). Example: m19fp29.prn designates
loss in M-19 material, fully processed, 29 gage.

Also on the disk are three curve fitting routines that appear to work with this data. (Not all of the routines work with all of the
data!). They are:

1. efit <return>.
fit what (name.prn) ==>

Enter the file name for the material designator without the .prn extension. The program will think about the problem for a
few seconds and put up a plot of its fit with points noting the actual data. Entera <return> and a summary of the fit turns
up, including the fit parameters and an error indication. These programs use MATLAB’s fmins routine to minimize a mean-
squared error as calculated by the auxiliary function Titerr.m .

2. e2fit.m implements the double exponential fit of apparent power against flux density. Use is just like efit. It uses the
auxiliary function fit2err.m .

3. pfit.m uses the MATLAB function polyfit to fit a polynomial (in B) to the data.
Most of the machine design scripts enclosed with the material for this special summer subject employ the exponential fits for core
iron developed here.
References
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CHAPTER OVERVIEW

9: Synchronous machine and winding models

Introduction

The objective here is to develop a simple but physically meaningful model of the synchronous machine, one of the major classes of
electric machine. We can look at this model from several different directions. This will help develop an understanding of analysis
of machines, particularly in cases where one or another analytical picture is more appropriate than others. Both operation and sizing
will be of interest here.

Along the way we will approach machine windings from two points of view. On the one hand, we will approximate windings as

sinusoidal distributions of current and flux linkage. Then we will take a concentrated coil point of view and generalize that into a
more realistic and useful winding model.

9.1: Relating Rating to Size

9.2: Winding Inductance Calculation

9.3: Physical Picture- Current Sheet Description

9.4: Continuous Approximation to Winding Patterns

9.5: Classical, Lumped-Parameter Synchronous Machine
9.6: Balanced Operation

9.7: Reconciliation of Models

9.8: Per-Unit Systems

9.9: Normal Operation

9.10: Salient Pole Machines- Two-Reaction Theory
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9.1: Relating Rating to Size

It is possible, even with the simple model we have developed so far, to establish a quantitative relationship between machine size
and rating, depending (of course) on elements such as useful flux and surface current density. To start, note that the rating of a
machine (motor or generator) is:

[P +jQ| =qVI

where g is the number of phases, V is the RMS voltage in each phase and I is the RMS current. To establish machine rating we
must establish voltage and current, and we do these separately.
Voltage
Assume that our sinusoidal approximation for turns density is valid:

n4(0) = Hacosph
And suppose that working flux density is:

B.(0) = Bosinp(0 — ¢)

Now, to compute flux linked by the winding (and consequently to compute voltage), we first compute flux linked by an incremental
coil:

Xi(0) = [}, ¢B.(¢) Rd¥
Then flux linked by the whole coil is:
Yo =1 [ B Ni(O)na(6)Rd = F 2% By cos po

This is instantaneous flux linked when the rotor is at angle ¢. If the machine is operating at some electrical frequency w with a
phase angle so that p¢ = wt + 4, the RMS magnitude of terminal voltage is:
B
Vo= £524RN, %
Finally, note that the useful peak current density that can be used is limited by the fraction of machine periphery used for slots:
By=B,(1—X,)

where B, is the flux density in the teeth, limited by saturation of the magnetic material.

Current
The (RMS) magnitude of the current sheet produced by a current of (RMS) magnitude I is:

K.=$%
And then the current is, in terms of the current sheet magnitude:
I=2RK,2-
Note that the surface current density is, in terms of area current density J,, slot space factor A, and slot depth h,:
K, = A;Jshs
This gives terminal current in terms of dimensions and useful current density:

I= é—*lf}";)\,,h,,J5

Rating

Assembling these expressions, machine rating becomes:

|P+jQ| = qVI = £2rR*Ze X, (1 — X) hyJ,

V2
This expression is actually fairly easily interpreted. The product of slot factor times one minus slot factor optimizes rather quickly
to 1/4 (when X, =1). We could interpret this as:

https://eng.libretexts.org/@go/page/57002
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where the interaction area is:

|P = jQ| = Asu,T*

A, =27RL
The surface velocity of interaction is:
Uy = %R =QR
and the fragment of expression which “looks like” traction is:
T = hoJy TeX, (1- )

Note that this is not quite traction since the current and magnetic flux may not be ideally aligned, and this is why the expression
incorporates reactive as well as real power.

This is not quite yet the whole story. The limit on B, is easily understood to be caused by saturation of magnetic material. The
other important element on shear stress density, h,J, is a little more involved.

We will do a more complete derivation of winding reactances shortly. Here, start by noting that the per-unit, or normalized
synchronous reactance is:

— X, L — BB A /5 hJs
zd_XdV_ pg 1-), 2 B,

While this may be somewhat interesting by itself, it becomes useful if we solve it for h,J,:

p(1=Xs)B,

hyd, = Tq9 HoRAV2

That is, if zg4is fixed, h,J, (and so power) are directly related to air- gap g. Now, to get a limit on g, we must answer the question
of how far the field winding can “throw” effective air- gap flux? To understand this question, we must calculate the field current to
produce rated voltage, no- load, and then the excess of field current required to accommodate load current.

Under rated operation, per- unit field voltage is:
e2p = v? + (z4i)’ + 2z4ising

Or, if at rated conditions v and i are both unity (one per- unit), then

eas = 4/ 1+ 25+ 2x4sin9

Thus, given a value for x4 and ¢, per- unit internal voltage e,y is also fixed. Then field current required can be calculated by first
estimating field winding current for “no-load operation”.

_ poNglgm
B, = e

and rated field current is:

Ip = Ifnieqs
or, required rated field current is:

NiI; = 2911(1;0)‘;,)& eaf
Next, Iy can be related to a field current density:
NiI; = %5 ApsJy

where Ngg is the number of rotor slots and the rotor slot area Agg is

Apg = wghpg
where hp is rotor slot height and wg is rotor slot width:

2R
WR = _IGrRsAR

Then:

N¢I; = mRAphrJy
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Now we have a value for air- gap g:

_ 2poksRAghrJs
9= 0 A)Buea

This then gives us useful armature surface current density:

hoJs = V224 32 hpJy
We will not have a lot more to say about this. Note that the ratio of z4/eqs can be quite small (if the per-unit reactance is small),
will never be a very large number for any practical machine, and is generally less than one. As a practical matter it is unusual for
the per-unit synchronous reatance of a machine to be larger than about 2 or 2.25 per-unit. What this tells us should be obvious:

either the rotor or the stator of a machine can produce the dominant limitation on shear stress density (and so on rating). The best
designs are “balanced”, with both limits being reached at the same time.

This page titled 9.1: Relating Rating to Size is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James

Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.

https://eng.libretexts.org/@go/page/57002


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/57002?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.01%3A_Relating_Rating_to_Size
https://creativecommons.org/licenses/by-nc-sa/4.0
http://web.mit.edu/kirtley/www/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-050j-information-and-entropy-spring-2008/
https://ocw.mit.edu/courses/6-061-introduction-to-electric-power-systems-spring-2011

LibreTexts"

9.2: Winding Inductance Calculation

The purpose of this section is to show how the inductances of windings in round- rotor machines with narrow air gaps may be
calculated. We deal only with the idealized air- gap magnetic fields, and do not consider slot, end winding, peripheral or skew
reactances. We do, however, consider the space harmonics of winding magneto-motive force (MMF).

To start, consider the MMF of a full- pitch, concentrated winding. Assuming that the winding has a total of N turns over p pole-
pairs, the MMF is:

1 nw
nodd
This leads directly to magnetic flux density in the air- gap:
o~ Ko
B, = — — ——sinnp¢
. ; 2
nodd

Note that a real winding, which will most likely not be full- pitched and concentrated, will have a winding factor which is the
product of pitch and breadth factors, to be discussed later.

Now, suppose that there is a polyphase winding, consisting of more than one phase (we will use three phases), driven with one of
two types of current. The first of these is balanced, current:
I, = I cos(wt)

Ib=Icos(wt—2?7r)

I, =1Icos (wt+ 2?”)
Conversely, we might consider Zero Sequence currents:
I,=Iy=1,=Icoswt
Then it is possible to express magnetic flux density for the two distinct cases. For the balanced case:
B, =Y By sin(npg F wt)
where

o The upper sign holds for n=1,7,...
e The lower sign holds for n =5,11,...
o all other terms are zero

and

B =

Y
)3
¥2

3l

The zero- sequence case is simpler: it is nonzero only for the triplen harmonics:

B, = 2:0=3,9,... S (sin(npd — Wt) + sin(np¢ + Wt))

g nm 2p 2
Next, consider the flux from a winding on the rotor: that will have the same form as the flux produced by a single armature
winding, but will be referred to the rotor position:

which is, substituting ¢’ =¢ — %,

Byp= Yol %2 on fysinn(pp — wt)

nodd

The next step here is to find the flux linked if we have some air- gap flux density of the form:

@ 0 g @ @ https://eng.libretexts.org/@go/page/57008
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Now, it is possible to calculate flux linked by a single- turn, full- pitched winding by:

B, = 321 Brysin(npé + wit)

¢ = [ B,Rld¢
and this is:
¢=2RI> >, ﬁ—;"cos(wt)
This allows us to compute self- and mutual- inductances, since winding flux is:
A= N¢

The end of this is a set of expressions for various inductances. It should be noted that, in the real world, most windings are not full-
pitched nor concentrated. Fortunately, these shortcomings can be accommodated by the use of winding factors.

The simplest and perhaps best definition of a winding factor is the ratio of flux linked by an actual winding to flux that would have
been linked by a full- pitch, concentrated winding with the same number of turns. That is:

k, = -Duetual
w Atull-pltch

It is relatively easy to show, using reciprocity arguments, that the winding factors are also the ratio of effective MMF produced by
an actual winding to the MMF that would have been produced by the same winding were it to be full- pitched and concentrated.
The argument goes as follows: mutual inductance between any pair of windings is reciprocal. That is, if the windings are
designated one and two, the mutual inductance is flux induced in winding one by current in winding two, and it is also flux induced
in winding two by current in winding one. Since each winding has a winding factor that influences its linking flux, and since the
mutual inductance must be reciprocal, the same winding factor must influence the MMF produced by the winding.

The winding factors are often expressed for each space harmonic, although sometimes when a winding factor is referred to without
reference to a harmonic number, what is meant is the space factor for the space fundamental.

Two winding factors are commonly specified for ordinary, regular windings. These are usually called pitch and breadth factors,
reflecting the fact that often windings are not full pitched, which means that individual turns do not span a full n electrical radians
and that the windings occupy a range or breadth of slots within a phase belt. The breadth factors are ratios of flux linked by a given
winding to the flux that would be linked by that winding were it full- pitched and concentrated. These two winding factors are
discussed in a little more detail below. What is interesting to note, although we do not prove it here, is that the winding factor of
any given winding is the product of the pitch and breadth factors:

ko = Kk

With winding factors as defined here and in the sections below, it is possible to define winding inductances. For example, the
synchronous inductance of a winding will be the apparent inductance of one phase when the polyphase winding is driven by a
balanced set of currents. This is, approximately:

— J© 3 4 poN’RIkS,
Ld - Zn=1,5,7,.. 27 plgn?

This expression is approximate because it ignores the asynchronous interactions between higher order harmonics and the rotor of
the machine. These are beyond the scope of this note.

Zero- sequence inductance is the ratio of flux to current if a winding is excited by zero sequence currents:

_ 4 poN’RIE,
Lo= 2n=3,9,... 3; op29n2
And then mutual inductance, as between a field winding (f) and an armature winding (a) , is:

= é/‘ONfNakfnkan-Rl

M(0)=Z7r 2

~ p2gn
nodd

cos(npd)

Now we turn out attention to computing the winding factors for simple, regular winding patterns. We do not prove but only state
that the winding factor can, for regular winding patterns, be expressed as the product of a pitch factor and a breadth factor, each of
which can be estimated separately.

@ 0 g @ @ https://eng.libretexts.org/@go/page/57008
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Pitch factor is found by considering the flux linked by a less- than- full pitched winding. Consider the situation in which radial
magnetic flux density is:

B, = By sin(np¢ — wt)
A winding with pitch o will link flux:
A=NLf ,i?j%% B, sin(np¢ — wt)Rd¢
Pitch arefers to the angular displacement between sides of the coil, expressed in electrical radians. For a full- pitch coil o= .
The flux linked is:
X = BB iy (52) sin (1)
The pitch factor is seen to be:
kpn = sin ¥

Now for breadth factor. This describes the fact that a winding may consist of a number of coils, each linking flux slightly out of
phase with the others. A regular winding will have a number (say m) coil elements, separated by electrical angle -.

A full- pitch coil with one side at angle ¢ will, in the presence of sinusoidal magnetic flux density, link flux:
z_§
A=NI[¢ * Bysin(npp — wt)Rd¢

This is readily evaluated to be:
2NIRB, i(wt—
A= n—pRe (eJ(wt nf))
where complex number notation has been used for convenience in carrying out the rest of this derivation.
Now: if the winding is distributed into m sets of slots and the slots are evenly spaced, the angular position of each slot will be:
& =iv— S5ty
and the number of turns in each slot will be mlp, so that actual flux linked will be:
2NIRB, 1 -1 (wt—ng;
A= . Zim=0 Re (eJ(Wt n&))
The breadth factor is then simply:
b= & Tt e
Note that this can be written as:
ky = —emr?__l - Yo eI
Now, focus on that sum. We know that any coverging geometric sum has a simple sum:
i 1
YTt =15
and that a truncated sum is:
—1
Z:ZO = Ezo - Ztoim
Then the useful sum can be written as:
Ty eI = (1— &™) SRy eI = 28

Now, the breadth factor is found:
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9.3: Physical Picture- Current Sheet Description

Consider this simple picture. The ‘machine’ consists of a cylindrical rotor and a cylindrical stator which are coaxial and which have
sinusoidal current distributions on their surfaces: the outer surface of the rotor and the inner surface of the stator.

The ‘rotor’ and ‘stator’ bodies are made of highly permeable material (we approximate this as being infinite for the time being, but
this is something that needs to be looked at carefully later). We also assume that the rotor and stator have current distributions that
are axially (z) directed and sinusoidal:

K5 = Kgcospf
KE=Kpgcosp(6—¢)

Here, the angle ¢ is the physical angle of the rotor. The current distribution on the rotor goes along. Now: assume that the air-gap
dimension g is much less than the radius: g << R. It is not

Stator

Rotor

Figure 1: Elementary Machine Model: Axial View

difficult to show that with this assumption the radial flux density Br is nearly uniform across the gap (i.e. not a function of radius)
and obeys:

0B, K5+KE
o = —pg

Then the radial magnetic flux density for this case is simply:
B, = —% (Kgsinpl + Kgsinp(6 — ¢))

Now it is possible to compute the traction on rotor and stator surfaces by recognizing that the surface current distributions are the
azimuthal magnetic fields: at the surface of the stator, Hy = —K? and at the surface of the rotor, Hy = KE. So at the surface of the
rotor, traction is:

=T = —% (Kgsinpb + Kgsinp(8 — ¢)) Krcosp(d — @)

The average of that is simply:

< Tp>= —%KSKR sin pg

The same exercise done at the surface of the stator yields the same results (with opposite sign). To find torque, use:
T =2rR%2 < 19 >= ”":—;WKSKR sin pg
We can pause here to make a few observations:

1. For a given value of surface currents Ks and Kr, torque goes as the fourth power of linear dimension. The volume of the
machine goes as the third power, so this implies that torque capability goes as the 413 power of machine volume. Actually, this
understates the situation since the assumed surface current densities are the products of volume current densities and winding
depth, which one would expect to increase with machine size. Thus machine torque (and power) densities tend to increase
somewhat faster with size.

2. K5 = Kgcos(pf —wt)

and this pulls the rotor along.
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3. For a given pair of current distributions there is a maximum torque that can be sustained, but as long as the torque that is
applied to the rotor is less than that value the rotor will adjust to the correct angle.
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9.4: Continuous Approximation to Winding Patterns

Now let’s try to produce those surface current distributions with physical windings. In fact we can’t do exactly that yet, but we can
approximate a physical winding with a turns distribution that would look like:

n —&cos 0
S_ZR Y4

N,
np = 55 cosp(6—9)

Note that this implies that Ngand N are the total number of turns on the rotor and stator. i.e.:
3 —
p/f 2y ngRdf = Ng
Then the surface current densities are as we assumed above, with:

— Nglg _ Nzl
Ks =35 Kr= 7

So far nothing is different, but with an assumed number of turns we can proceed to computing inductances. It is important to
remember what these assumed winding distributions mean: they are the density of wires along the surface of the rotor and stator. A
positive value implies a wire with sense in the +z direction, a negative value implies a wire with sense in the -z direction. That is, if
terminal current for a winding is positive, current is in the +z direction if n is positive, in the -z direction if n is negative. In fact,
such a winding would be made of elementary coils with one half (the negatively going half) separated from the other half (the
positively going half) by a physical angle of n/p. So the flux linked by that elemental coil would be:

®,(0) = f,_, hoH, (8") LRdb’

So, if only the stator winding is excited, radial magnetic field is:

NI .
H, =Nl
r S0 sin pf

and thus the elementary coil flux is:

®;(0) = uoNsIstR

oy 008 Pl

Now, this is flux linked by an elementary coil. To get flux linked by a whole winding we must ‘add up’ the flux linkages of all of
the elementary coils. In our continuous approximation to the real coil this is the same as integrating over the coil distribution:

Xs =p [, &:(0)ns(6)Rdb
This evaluates fairly easily to:
2
As = PO% EI;:;S I,
which implies a self-inductance for the stator winding of:

¢RN?
ypﬂ

Ls=pof
The same process can be used to find self-inductance of the rotor winding (with appropriate changes of spatial variables), and the
answer is:

£RN
sz

Lrp=w}
To find the mutual inductance between the two windings, excite one and compute flux linked by the other. All of the expressions

here can be used, and the answer is:

M(9) = po§ EsNe cos pg

Now it is fairly easy to compute torque using conventional methods. Assuming both windings are excited, magnetic coenergy is:
W, = 3LsI}+ LI} + M(¢)Islg

and then torque is:

w;, .
T=%8= —pog lR]Z;NR IgIgsinpgd

and then substituting for NgIg and NgIg:
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NgIs = 2RKg
Nrlp=2RKp

we get the same answer for torque as with the field approach:

T =2rRY* < 1y >= "":—;WKSKR sin p¢
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9.5: Classical, Lumped-Parameter Synchronous Machine

Now we are in a position to examine the simplest model of a polyphase synchronous machine. Suppose we have a machine in
which the rotor is the same as the one we were considering, but the stator has three separate windings, identical but with spatial
orientation separated by an electrical angle of 120° = 2x/3. The three stator windings will have the same self- inductance (L,).

With a little bit of examination it can be seen that the three stator windings will have mutual inductance, and that inductance will be
characterized by the cosine of 120°. Since the physical angle between any pair of stator windings is the same,

Loy = Lgc = Lpe = _%La

There will also be a mutual inductance between the rotor and each phase of the stator. Using M to denote the magnitude of that
inductance:
7w LRN,N¢
e
My = M cos(pg)
27
My; = M cos (p¢ - ?)
M; = M cos (p¢ + 2?1)
We show in Chapter 1 of these notes that torque for this system is:
T = —pMiqissin(pp) — pMiyissin (p¢ — 2—33') — pMi issin (p¢ + %’r)
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9.6: Balanced Operation

Now, suppose the machine is operated in this fashion: the rotor turns at a constant velocity, the field current is held constant, and
the three stator currents are sinusoids in time, with the same amplitude and with phases that differ by 120 degrees.

o =wt+4;
if=1Is
ia = I cos(wt)

z';,=Icos(wt—2?7r)

2
i, = I cos (wt+ _7r)
3
Straightforward (but tedious) manipulation yields an expression for torque:
T= —%pMIIf sin §;

Operated in this way, with balanced currents and with the mechanical speed consistent with the electrical frequency (pQ2 = w), the
machine exhibits a constant torque. The phase angle 4; is called the torque angle, but it is important to use some caution, as there is
more than one torque angle.

Now, look at the machine from the electrical terminals. Flux linked by Phase A will be:
)\a = Lgiq + Lapiy + Lgcic + MIf COSp¢

Noting that the sum of phase currents is, under balanced conditions, zero and that the mutual phase-phase inductances are equal,
this simplifies to:

Aa = (Lg — Lap) ia + MIfcospp = Lgiq + MI;cospd
where we use the notation L, to denote synchronous inductance.

Now, if the machine is turning at a speed consistent with the electrical frequency we say it is operating synchronously, and it is
possible to employ complex notation in the sinusoidal steady state. Then, note:

ia = I cos (wt + 0;) = Re {Ie®t+6:}

If , we can write an expression for the complex amplitude of flux as:

Ae =Re {Aaej“’t }
where we have used this complex notation:
I= Ted%
lf =7 fej6'm

Now, if we look for terminal voltage of this system, it is:
v = %2 =Re {jwA e*t}

This system is described by the equivalent circuit shown in Figure 2.

af

Figure 2: Round Rotor Synchronous Machine Equivalent Circuit
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where the internal voltage is:

Eaf = jwMIfeja"'

Now, if that is connected to a voltage source (i.e. if is fixed), terminal current is:

_ V- EBuye®
I= X4
where Xg = wLy is the synchronous reactance.

Then real and reactive power (in phase A) are:
vrI*

Vv Z_Eafej6 "
- JX4

1 VP 1 VEe?
T2 Xy 2 —jXy4

P+jQ=

| = D=

This makes real and reactive power:

Qu= oo — o et

If we consider all three phases, real power is

Now, at last we need to look at actual operation of these machines, which can serve either as motors or as generators.

Vector diagrams that describe operation as a motor and as a generator are shown in Figures 3 and 4, respectively.

Vv

1%

Eaf

Over-Excited Under—Excited
Figure 3: Motor Operation, Under- and Over- Excited

Operation as a generator is not much different from operation as a motor, but it is common to make notations with the terminal
current given the opposite (“generator”) sign.
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E

af
1%
\'")
Over-Excited Under-Excited

Figure 4: Generator Operation, Under- and Over- Excited
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9.7: Reconciliation of Models

We have determined that we can predict its power and/or torque characteristics from two points of view : first, by knowing currents
in the rotor and stator we could derive an expression for torque vs. a power angle:

T= —%pMIIfsiné',-

From a circuit point of view, it is possible to derive an expression for power:

and of course since power is torque times speed, this implies that:

VE. . VE. .
T = —% nX";sm6=—% pr:’sm&

In this section of the notes we will, first of all, reconcile these notions, look a bit more at what they mean, and then generalize our
simple theory to salient pole machines as an introduction to two-axis theory of electric machines.

Torque Angles:

Figure 5 shows a vector diagram that shows operation of a synchronous motor. It represents the MMF’s and fluxes from the rotor
and stator in their respective positions in space during normal operation. Terminal flux is chosen to be ‘real’, or occupy the
horizontal position. In motor operation the rotor lags by angle 4, so the rotor flux M1y is shown in that position. Stator current is
also shown, and the torque angle between it and the rotor, §; is also shown. Now, note that the dotted line OA, drawn perpendicular
to a line drawn between the stator flux L4I and terminal flux A, has length:

|OA| = L4Isind; = A¢sind

M,
Figure 5: Synchronous Machine Phasor Addition

Then, noting that terminal voltage V =wA;, E, =wMI;and X, = wLy, straightforward substitution yields:

VEy . )
3B % Lsing = $pMIIssins;

So the current- and voltage- based pictures do give the same result for torque.

This page titled 9.7: Reconciliation of Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James
Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.

https://eng.libretexts.org/@go/page/55731



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55731?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.07%3A_Reconciliation_of_Models
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.07%3A_Reconciliation_of_Models
https://creativecommons.org/licenses/by-nc-sa/4.0
http://web.mit.edu/kirtley/www/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-050j-information-and-entropy-spring-2008/
https://ocw.mit.edu/courses/6-061-introduction-to-electric-power-systems-spring-2011

LibreTexts"

9.8: Per-Unit Systems

Before going on, we should take a short detour to look into per-unit systems, a notational device that, in addition to being
convenient, will sometimes be conceptually helpful. The basic notion is quite simple: for most variables we will note a base
quantity and then, by dividing the variable by the base we have a per-unit version of that variable. Generally we will want to tie the
base quantity to some aspect of normal operation. So, for example, we might make the base voltage and current correspond with
machine rating. If that is the case, then power base becomes:

Pg =3Vglp
and we can define, in similar fashion, an impedance base:
— Vs
Zp =1

Now, a little caution is required here. We have defined voltage base as line-neutral and current base as line current (both RMS).
That is not necessary. In a three phase system we could very well have defined base voltage to have been line-line and base current
to be current in a delta connected element:

Vea =3V Ipa= %

In that case the base power would be unchanged but base impedance would differ by a factor of three:
Pp=Vpalpn Zpa =3Zp

However, if we were consistent with actual impedances (note that a delta connection of elements of impedance 3Z is equivalent to
a wye connection of Z), the per-unit impedances of a given system are not dependent on the particular connection. In fact one of
the major advantages of using a per-unit system is that per-unit values are uniquely determined, while ordinary variables can be
line-line, line-neutral, RMS, peak, etc., for a large number of variations.

Perhaps unfortunate is the fact that base quantities are usually given as line-line voltage and base power. So that:

Pg 73
V3Vaa B [

Vea _ Via
Isa

Ip= =2

1
3

Now, we will usually write per-unit variables as lower-case versions of the ordinary variables:

- = r
V=9 P= ete

Thus, written in per-unit notation, real and reactive power for a synchronous machine operating in steady state are:

Veof s _ i _ veas .
= sind g= rriierve sin §

p=—

These are, of course, in motor reference coordinates, and represent real and reactive power into the terminals of the machine.
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9.9: Normal Operation

The synchronous machine is used, essentially interchangeably, as a motor and as a generator. Note that, as a motor, this type of
machine produces torque only when it is running at synchronous speed. This is not, of course, a problem for a turbogenerator which
is started by its prime mover (e.g. a steam turbine). Many synchronous motors are started as induction machines on their damper
cages (sometimes called starting cages). And of course with power electronic drives the machine can often be considered to be “in
synchronism” even down to zero speed.

As either a motor or as a generator, the synchronous machine can either produce or consume reactive power. In normal operation
real power is dictated by the load (if a motor) or the prime mover (if a generator), and reactive power is determined by the real
power and by field current.

Figure 6 shows one way of representing the capability of a synchronous machine. This picture represents operation as a generator,
so the signs of pand g are reversed, but all of the other elements of operation are as we ordinarily would expect. If we plot p and
g (calculated in the normal way) against each other, we see the construction at the right. If we start at a location q = —v?/xz4, (and
remember that normally v =1 per-unit , then the locus of p and ¢ is what would be obtained by swinging a vector of length
veqs/xq Over an angle 4. This is called a capability chart because it is an easy way of visualizing what the synchronous machine (in
this case generator) can do. There are three easily noted limits to capability. The upper limit is a circle (the one traced out by that
vector) which is referred to as field capability. The second limit is a circle that describes constant |p + jq|. This is, of course, related
to the magnitude of armature current and so this limit is called armature capability. The final limit is related to machine stability,
since the torque angle cannot go beyond 90 degrees. In actuality there are often other limits that can be represented on this type of a
chart. For example, large synchronous generators typically have a problem with heating of the

Q
Field Limit

Stator

<
é} Limit

X d Stability Limit

Figure 6: Synchronous Generator Capability Diagram

stator iron when they attempt to operate in highly underexcited conditions (q strongly negative), so that one will often see another
limit that prevents the operation of the machine near its stability limit. In very large machines with more than one cooling state (e.g.
different values of cooling hydrogen pressure) there may be multiple curves for some or all of the limits.

Another way of describing the limitations of a synchronous machine is embodied in the Vee Curve. An example is shown in Figure
7 . This is a cross-plot of magnitude of armature current with field current. Note that the field and armature current limits are
straightforward (and are the right-hand and upper boundaries, respectively, of the chart). The machine stability limit is what
terminates each of the curves at the upper left-hand edge. Note that each curve has a minimum at unity power factor. In fact, there
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is yet another cross-plot possible, called a compounding curve, in which field current is plotted against real power for fixed power
factor.
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9.10: Salient Pole Machines- Two-Reaction Theory

So far, we have been describing what are referred to as “round rotor” machines, in which stator reactance is not dependent on rotor
position. This is a pretty good approximation for large turbine generators and many smaller two-pole machines, but it is not a good
approximation for many synchronous motors nor for slower speed generators. For many such applications it is more cost effective
to wind the field conductors around steel bodies (called poles) which are then fastened onto the rotor body, with bolts or dovetail
joints. These produce magnetic anisotropies into the machine which affect its operation. The theory which follows is an
introduction to two-reaction theory and consequently for the rotating field transformations that form the basis for most modern

dynamic analyses.

Figure 8 shows a very schematic picture of the salient pole machine, intended primarily to show how to frame this analysis. As
with the round rotor machine the stator winding is located in slots in the surface of a highly permeable stator core annulus. The
field winding is wound around steel pole pieces. We separate the stator current sheet into two components: one aligned with and

one

Vee Curves

1.2

Per-Unit la

0+ f } f
0 0.5 1 1.5 2 25 3

Per-Unit Field Current

Per-Unit Real Power: |——0.00 0.32 —0.64 0.96 |

Figure 7: Synchronous Machine Vee Curve

in quadrature to the field. Remember that these two current components are themselves (linear) combinations of the stator phase
currents. The transformation between phase currents and the dand g- axis components is straightforward and will appear in Chapter

4 of these notes.

The key here is to separate MMF and flux into two orthogonal components and to pretend that each can be treated as sinusoidal.
The two components are aligned with the direct axis and with the quadrature axis of the machine. The direct axis is aligned with the
field winding, while the quadrature axis leads the direct by 90 degrees. Then, if ¢ is the angle between the direct axis and the axis
of phase a, we can write for flux linking phase a:

Ae = Agcosp — Aysing
Then, in steady state operation, if V, = %, and ¢ = wt + delta,
Vo = —wAgsing — wlgcos ¢
which allows us to define:

Vi =—wly
Va=wlqg

one might think of the ‘voltage’ vector as leading the ‘flux’ vector by 90 degrees.

Now, if the machine is linear, those fluxes are given by:
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Ag = Lgls+ MI;
Ag = Lql,

d-axis

g=axis

Figure 8: Cartoon of a Salient Pole Synchronous Machine

b vV

e

\Y4
d

Figure 9: Resolution of Terminal Voltage

Note that, in general, Lg4+# L,. In wound-field synchronous machines, usually L4 > L,. The reverse is true for most salient (buried
magnet) permanent magnet machines.

Referring to Figure 9, one can resolve terminal voltage into these components:

Vi;=Vsind
Vg =V cosd

or:

Vi=—wlg=—wL,=Vsiné
Ve=wAg=wLglj+wMI;=Vcosd

which is easily inverted to produce:

_ Vcosd— Eof
4= X,
_ Vsing

L=-"%

where

Xi=wLly Xq=wLy E.=wMI;
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Now, we are working in ordinary variables (this discussion should help motivate the use of perunit!), and each of these variables is
peak amplitude. Then, if we take up a complex frame of reference:

V=Vat+iV,

l =1 d + jI q

complex power is:
P+jQ = 3VI' = 3 {(Vala+ Voly) + 5 (Vola — Val,)}

or:

X

VE, 2
P=—§( a'fsin6+—(i—i) sin25)

Eaf

Figure 10: Phasor Diagram: Salient Pole Machine

A phasor diagram for a salient pole machine is shown in Figure 10. This is a little different from the equivalent picture for a round-
rotor machine, in that stator current has been separated into its d- and g- axis components, and the voltage drops associated with
those components have been drawn separately. It is interesting and helpful to recognize that the internal voltage Egs can be
expressed as:

Eaf =FE+ (Xd — Xq) I

where the voltage E; is on the quadrature axis. In fact, E1 would be the internal voltage of a round rotor machine with reactance
X, and the same stator current and terminal voltage. Then the operating point is found fairly easily:

X, Isiny
_ -1 q
§=—tan (V+Xchos'¢)

E, = \/ (V + X Isin®)? + (X I cosp)?
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Power-Angle Curves

1.5

xd=2.2

xq=1.6
£ | ——Rouna Rotor
2 | Salient Rotor
S . ] [=—talentRour|

Torque Angle
Figure 11: Torque-Angle Curves: Round Rotor and Salient Pole Machines

A comparison of torque-angle curves for a pair of machines, one with a round, one with a salient rotor is shown in Figure 11 . It is

not too difficult to see why power systems analysts often neglect saliency in doing things like transient stability calculations.

This page titled 9.10: Salient Pole Machines- Two-Reaction Theory is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.

@ 0 e @ 9.10.4 https://eng.libretexts.org/@go/page/55734


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55734?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.10%3A_Salient_Pole_Machines-_Two-Reaction_Theory
https://creativecommons.org/licenses/by-nc-sa/4.0
http://web.mit.edu/kirtley/www/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-050j-information-and-entropy-spring-2008/
https://ocw.mit.edu/courses/6-061-introduction-to-electric-power-systems-spring-2011

LibreTexts*
CHAPTER OVERVIEW

10: Analytic design evaluation of induction machines

Introduction

Induction machines are perhaps the most widely used of all electric motors. They are generally simple to build and rugged, offer
reasonable asynchronous performance: a manageable torque-speed curve, stable operation under load, and generally satisfactory
efficiency. Because they are so widely used, they are worth understanding.

In addition to their current economic importance, induction motors and generators may find application in some new applications
with designs that are not similar to motors currently in commerce. An example is very high speed motors for gas compressors,
perhaps with squirrel cage rotors, perhaps with solid iron (or perhaps with both).

Because it is possible that future, high performance induction machines will be required to have characteristics different from those
of existing machines, it is necessary to understand them from first principles, and that is the objective of this document. It starts
with a circuit theoretical view of the induction machine. This analysis is strictly appropriate only for wound-rotor machines, but
leads to an understanding of more complex machines. This model will be used to explain the basic operation of induction
machines. Then we will derive a model for squirrel-cage machines. Finally, we will show how models for solid rotor and mixed
solid rotor/squirrel cage machines can be constructed.

The view that we will take in this document is relentlessly classical. All of the elements that we will use are calculated from first
principles, and we do not resort to numerical analysis or empirical methods unless we have no choice. While this may seem to be
seriously limiting, it serves our basic objective here, which is to achieve an understanding of how these machines work. It is our
feeling that once that understanding exists, it will be possible to employ more sophisticated methods of analysis to get more
accurate results for those elements of the machines which do not lend themselves to simple analysis.

An elementary picture of the induction machine is shown in Figure 1. The rotor and stator are coaxial. The stator has a polyphase
winding in slots. The rotor has either a winding or a cage, also in slots. This picture will be modified slightly when we get to
talking of “solid rotor” machines, anon. Generally, this analysis is carried out assuming three phases. As with many systems, this
generalizes to different numbers of phases with little difficulty.

Stator Winding
in Slots

Rotor Winding
or Cage in
Slots

Air-Gap

Figure 1: Axial View of an Induction Machine

10.1: Induction Motor Transformer Model
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10.2: Operation- Energy Balance
10.3: Squirrel Cage Machine Model
10.4: Solid Iron Rotor Bodies

10.5: Induction Motor Speed Control
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10.1: Induction Motor Transformer Model

The induction machine has two electrically active elements: a rotor and a stator. In normal operation, the stator is excited by
alternating voltage. (We consider here only polyphase machines). The stator excitation creates a magnetic field in the form of a
rotating, or traveling wave, which induces currents in the circuits of the rotor. Those currents, in turn, interact with the traveling
wave to produce torque. To start the analysis of this machine, assume that both the rotor and the stator can be described by
balanced, three — phase windings. The two sets are, of course, coupled by mutual inductances which are dependent on rotor
position. Stator fluxes are (Mg, Ap, Ac) and rotor fluxes are (A4, Ag, A¢). The flux vs. current relationship is given by:

A ig
)\b ib
)\c _ LS MSR ic
A4 l‘—’-rgR Lp ia
)\B iB
Ac ic
where the component matrices are:
La Lab Lab
£S = Lab La Lab
Lab Lab La
Ly Lap Lun
L.=| Lap La Las

Lag Lap Ly
The mutual inductance part of (1) is a circulant matrix:
M cos(pb) Mcos (pf+ 2£) M cos (pd — 2)
M . =| Mcos (p9— %) M cos(pb) M cos (p6 + 2)
Mecos (pf+ 2*) Mcos(pf— 2-) M cos(pf)
To carry the analysis further, it is necessary to make some assumptions regarding operation. To start, assume balanced currents in
both the stator and rotor:

iq = Ig cos(wt)

iy = Igcos (w — %")

i = Igcos (wt+ %")
ia = Ipcos(wrt + £R)

2
ip = Ipcos (th+€R— —ﬂ-)

3
ic = Igcos (th+§R + 2%)
The rotor position 4 can be described by
0 =wyt+ 6

Under these assumptions, we may calculate the form of stator fluxes. As it turns out, we need only write out the expressions for A,
and M4 to see what is going on:

Ao =(Lg — Lgp) Is cos(wt) + MIg (cos (wgt + £R) cos p (wp, + 6o)
27 21 2 2
+ cos (th +ép+ ?) cos (p (wmt + 0p) — ?) + cos (th +&ép— ?) cos (p (wmt + 6o) + ?)

which, after reducing some of the trig expressions, becomes:

Ao = (Lg — Lgp) I5 cos(wt) + %MIR cos ((pwm + wg)t + &g + pbo)
Doing the same thing for the rotor phase A yields:

A =M1, (cos p (wmt + o) cos(wt)) + cos (p (wmt + 8p) — 2%) cos (wt — 2?1)

2 2
+ cos (p (wmt + 60) + ?W) cos (wt + ?ﬂ-) + (La — Lap) Igcos (wrt + £R)
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This last expression is, after manipulating:

Aa = 3 MI, cos ((w— pwm) t — pbo) + (L4 — LaB) Ir cos (wrt + £r)
These two expressions, 9 and 11 give expressions for fluxes in the armature and rotor windings in terms of currents in the same two
windings, assuming that both current distributions are sinusoidal in time and space and represent balanced distributions. The next
step is to make another assumption, that the stator and rotor frequencies match through rotor rotation. That is:

W — PWy, = WR
It is important to keep straight the different frequencies here:
w is stator electrical frequency
wr is rotor electrical frequency
wm is mechanical rotation speed
so that pw,, is electrical rotation speed.

To refer rotor quantities to the stator frame (i.e. non- rotating), and to work in complex amplitudes, the following definitions are

made:
ho = Re (A,64%)
A =Re (A  edrt)
i = Re (Z,e)
ia =Re (I 6™
With these definitions, the complex amplitudes embodied in 58 and 66 become:
A, =LsI + % M!Aej(fnﬂﬂo)
A= %Mlae_jpoo + Lgl ye¥r

There are two phase angles embedded in these expressions: 6y which describes the rotor physical phase angle with respect to stator
current and &z which describes phase angle of rotor currents with respect to stator currents. We hereby invent two new rotor

variables:
Ajr= AACM)
I,.= lAeJ'(Poo+En)

These are rotor flux and current referred to armature phase angle. Note that A ,, and I,. have the same phase relationship to each
otherasdo A, and I,.Using 19 and 20 in 17 and 18, the basic flux/current relationship for the induction machine becomes:

A | _[8s M|[L
A iM Lg L

This is an equivalent single- phase statement, describing the flux/current relationship in phase a, assuming balanced operation. The
same expression will describe phases b and c.
Voltage at the terminals of the stator and rotor (possibly equivalent) windings is, then:
Ka = ija + R"‘la
KA_R = ijAAR + RAlAR
or:
Za = j“-’LSla + jw%MlAR + Rala
V= ij%Mla + jwrLrl,p + Ral,p

To carry this further, it is necessary to go a little deeper into the machine’s parameters. Note that Lg and Lg are synchronous
inductances for the stator and rotor. These may be separated into space fundamental and “leakage” components as follows:
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— _ 3 4 WRINgkg
Lg=Ls—Lap = 27 plg +Lg

- — 3 4 mRINGKR
Lr=La—Lap=455—pm, ~+L

Where the normal set of machine parameters holds:
R is rotor radius

tis active length

g is the effective air- gap

p is the number of pole- pairs

N represents number of turns

k represents the winding factor

S as a subscript refers to the stator

R as a subscript refers to the rotor

L, is “leakage” inductance

The two leakage terms Lg and Lg contain higher order harmonic stator and rotor inductances, slot inducances, end- winding
inductances and, if necessary, a provision for rotor skew. Essentially, they are used to represent all flux in the rotor and stator that is
not mutually coupled.

In the same terms, the stator- to- rotor mutual inductance, which is taken to comprise only a space fundamental term, is:

__ 4 poRINgNgkskr
M= =r

Note that there are, of course, space harmonic mutual flux linkages. If they were to be included, they would hair up the analysis
substantially. We ignore them here and note that they do have an effect on machine behavior, but that effect is second- order.

Air- gap permeance is defined as:

__ 4 moRl
$ag = 7 p2g

so that the inductances are:
Lg = 3pakiN2+ Lg
Lr= %Payk%?,N}zz +Ln
M = p,yNgNgkskr
Here we define “slip” s by:
WR = Sw

so that

Then the voltage balance equations become:
Za = jw (%Pagk,ngg' + LSI) la + jw%PGyNSNRkSkRIAR + Rala
KAR = jsw%pagNsNRkslea + jsw (%pagk%Ng + LRI) lA.R + RAZAR

At this point, we are ready to define rotor current referred to the stator. This is done by assuming an effective turns ratio which, in
turn, defines an equivalent stator current to produce the same fundamental MMF as a given rotor current:

Nak

L, = NetsLar

Now, if we assume that the rotor of the machine is shorted so that V AR = 0 and do some manipulation we obtain:
V,=iXu+X1)I, +3jXul,+ R,

0=jXnl, +j(Xar+ Xa) I, + 221,
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where the following definitions have been made:

Xm= %wpagNgkg

X1 =wLg
2
X =wln (§%)

Nsks )2
B = Ra (3%5)
These expressions describe a simple equivalent circuit for the induction motorshow in Figure 2. We will amplify on this equivalent

circuit anon.

I R, X1 X9 I

Figure 2: Equivalent Circuit

Effective Air-Gap: Carter’s Coefficient

In induction motors, where the air-gap is usually quite small, it is necessary to correct the air-gap permeance for the effect of slot
openings. These make the permeance of the air-gap slightly smaller than calculated from the physical gap, effectively making the

gap a bit bigger. The ratio of effective to physical gap is:
gefft = 9g t+st—-{—q‘}(a)
where

fle) = f(%g) = atan(a) — logsec

This page titled 10.1: Induction Motor Transformer Model is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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10.2: Operation- Energy Balance

Now we are ready to see how the induction machine actually works. Assume for the moment that Figure 2 represents one phase of
a polyphase system and that the machine is operated under balanced conditions and that speed is constant or varying only slowly.
“Balanced conditions” means that each phase has the same terminal voltage magnitude and that the phase difference between
phases is a uniform. Under those conditions, we may analyze each phase separately (as if it were a single phase system). Assume an
RMS voltage magnitude of V; across each phase.

The “gap impedance”, or the impedance looking to the right from the right-most terminal of X is:
Zy=jXnl (jX2 + &)
A total, or terminal impedance is then
Zy=jX1+Rs + 2,

and terminal current is

Rotor current is found by using a current divider:

iX,
I = I,—%n
VXt B

“Air-gap” power is then calculated (assuming a three-phase machine):
Pog=3|D|" £

This is real (time-average) power crossing the air-gap of the machine. Positive slip implies rotor speed less than synchronous and
positive air-gap power (motor operation). Negative slip means rotor speed is higher than synchronous, negative air-gap power
(from the rotor to the stator) and generator operation.

Now, note that this equivalent circuit represents a real physical structure, so it should be possible to calculate power dissipated in
the physical rotor resistance, and that is:

P, = Pys
(Note that, since both P,, and s will always have the same sign, dissipated power is positive.) The rest of this discussion is framed

in terms of motor operation, but the conversion to generator operation is simple. The difference between power crossing the air-gap
and power dissipated in the rotor resistance must be converted from mechanical form:

P =Py —P;
and electrical input power is:
Py =Py+ P,
where armature dissipation is:
P,=3|L|*R,
Output (mechanical) power is
Pou, = Pog— P,

Where P, describes friction, windage and certain stray losses which we will discuss later.

And, finally, efficiency and power factor are:

%

% Torque-Speed Curve for an Induction Motor
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% Assumes the classical model

% This is a single-circuit model

% Required parameters are R1, X1, X2, R2, Xm, Vt, Ns
% Assumed is a three-phase motor

% This thing does a motoring, full speed range curve

% Copyright 1994 James L. Kirtley Jr.

%
s =.002:.002:1; % vector of slip
N=Ns.*(1-s); % Speed, in RPM

oms = 2*pi*Ns/60; % Synchronous speed
Rr=R2 ./s; % Rotor resistance

Zr=j*X2 +Rr; % Total rotor impedance

Za = par(j*Xm, Zr); % Air-gap impedance
Zt=R1+j*X1+Za; % Terminal impedance
la=Vt./Zt; % Terminal Current

12 =Ta .* cdiv (Zr, j*Xm); % Rotor Current
Pag = 3 .* abs(12) A2 * Rr; % Air-Gap Power
Pm =Pag.*(1-s); % Converted Power
Trq =Pag ./ oms; % Developed Torque
subplot(2, 1, 1)

plot(N, Trq)

title(’Induction Motor’);

ylabel’N-m’);

subplot(2,1,2)

plot(N, Pm);

ylabel("Watts’);

xlabelCRPM’);

Example of Operation

The following MATLAB script generates a torque-speed and power-speed curve for the simple induction motor model described
above. Note that, while the analysis does not require that any of the parameters, such as rotor resistance, be independent of rotor
speed, this simple script does assume that all parameters are constant.

Example

That MATLAB script has been run for a standard motor with parameters given in Table 1.

Torque vs. speed and power vs. speed are plotted for this motor in Figure 3. These curves were generated by the MATLAB script
shown above.
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Table 1: Example, Standard Motor

Rating 300 kw

Voltage 440 VRMS, I-1
254 VRMS, I-n

Stator Resistance R1 .0073 Q

Rotor Resistance R2 .0064 Q

Stator Reactance X1 .06 Q

Rotor Reactance X2 .06 Q

Magnetizing Reactance Xm 2.5 Q

Synchronous Speed Ns 1200 RPM

This page titled 10.2: Operation- Energy Balance is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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10.3: Squirrel Cage Machine Model

Now we derive a circuit model for the squirrel-cage motor using field analytical techniques. The model consists of two major parts.
The first of these is a description of stator flux in terms of stator and rotor currents. The second is a description of rotor current in

terms of air- gap flux. The result of all of this is a set of expressions for the elements of the circuit model for the induction machine.
To start, assume that the rotor is symmetrical enough to carry a surface current, the fundamental of which is:
K,.=1,Re ( Krej(wt—W’))
=1,Re ( Krej(wt—w))

Note that in 58 we have made use of the simple transformation between rotor and stator coordinates:

¢, = ¢ — Wt
and that

pwy, =w—wy =w(l —8)
Here, we have used the following symbols:

is complex amplitude of rotor surface current
8 is per- unit “slip”
w is stator electrical frequency
Wy is rotor electrical frequency
W

is rotational speed

The rotor current will produce an air- gap flux density of the form:

B,=Re ( Erej(“’t_f"ﬁ))
where
_ _ i R
B, = —jm K,
Induction Motor
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Figure 3: Torque and Power vs. Speed for Example Motor
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Note that this describes only radial magnetic flux density produced by the space fundamental of rotor current. Flux linked by the
armature winding due to this flux density is:

M = INsks |25 B.(¢)Rd¢
This yields a complex amplitude for Agg:
Aar =Re (A ze*")
where

— 2’#03 Nsks
AAR Kr

Adding this to flux produced by the stator currents, we have an expression for total stator flux:

3 4 poNZRIKY 21uoR*Ngkg
A, = (3427558 + L) I, + Zulihsba g

—a

Expression 66 motivates a definiton of an equivalent rotor current 12 in terms of the space fundamental of rotor surface current
density:

R
kg Kz
Then we have the simple expression for stator flux:
A, =(Lag+Lg) I, + Laal,
where L, is the fundamental space harmonic component of stator inductance:
_ 3 4 moNZERI

Laa= 3% "%

The second part of this derivation is the equivalent of finding a relationship between rotor flux and I,. However, since this

machine has no discrete windings, we must focus on the individual rotor bars.

Assume that there are Np slots in the rotor. Each of these slots is carrying some current. If the machine is symmetrical and
operating with balanced currents, we may write an expression for current in the k* slot as:

i1 = Re (Z,e)

where

2‘5

I =1l

and I is the complex amplitude of current in slot number zero. Expression 71 shows a uniform progression of rotor current phase
about the rotor. All rotor slots carry the same current, but that current is phase retarded (delayed) from slot to slot because of
relative rotation of the current wave at slip frequency.

The rotor current density can then be expressed as a sum of impulses:

K, = Re (ZNR—I 1 el i(wt—k32) 5 5(¢' - 21rk))

The unit impulse function §() is our way of approximating the rotor current as a series of impulsive currents around the rotor.
This rotor surface current may be expressed as a fourier series of traveling waves:

K, = Re( ® Knej(wrt—nw’))

Note that in 73, we are allowing for negative values of the space harmonic index = to allow for reverse- rotating waves. This is
really part of an expansion in both time and space, although we are considering only the time fundamental part. We may recover
the n* space harmonic component of 73 by employing the following formula:

K, =<1 [ K.(¢t)eiltmd)dp >

Here the brackets <> denote time average and are here beause of the two- dimensional nature of the expansion. To carry out 74 on
72, first expand 72 into its complex conjugate parts:

o=yl {0 s bR (o 32)
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If 75 is used in 74, the second half of 75 results in a sum of terms which time average to zero. The first half of the expression
results in:

_ I 27 \~Np—1 —_7'2)\,M jnpe ( _m)
K. =arlo 2o e e (¢ 3 ) do

The impulse function turns the integral into an evaluation of the rest of the integrand at the impulse. What remains is the sum:

_ I Np-1 in1)FE
Kn — 2nR k=0 © 7

The sum in 77 is easily evaluated. It is:

— i P == i
Na1 jax%; I Ng if(n— 1)N_R = integer
=0 € =

0 otherwise
The integer in 78 may be positive, negative or zero. As it turns out, only the first three of these (zero, plus and minus one) are
important, because these produce the largest magnetic fields and therefore fluxes. These are:

p Ngp—p
n—1l)—=—-lorn=——"7"-——
( )NR D

=0 orn=1
N
=1 orn=YrtDP
P

Note that 79 appears to produce space harmonic orders that may be of non- integer order. This is not really true: is is necessary that
np be an integer, and 79 will always satisfy that condition.

So, the harmonic orders of interest to us are one and
N,
n pn 1

e (3o)

Each of the space harmonics of the squirrel- cage current will produce radial flux density. A surface current of the form:

Ky, = Re (5 eilrt=—me9))

produces radial magnetic flux density:
By = Re ( Emej(wrt—npaﬁ’))

where

_ _ s boNgIL
=Zm 2mnpg

In turn, each of the components of radial flux density will produce a component of induced voltage. To calculate that, we must
invoke Faraday’s law:

= B

VxE=-9%

The radial component of 85, assuming that the fields do not vary with Z, is:

o _ 0B
ol =7

|=

Or, assuming an electric field component of the form:
E,, =Re ( Enej(wrt_"P¢))
Using 84 and 87 in 86, we obtain an expression for electric field induced by components of airgap flux:

E,=%kp

=n np —n

_ _ s poNrw,R
En = I 2ng(np) ~

Now, the total voltage induced in a slot pushes current through the conductors in that slot. We may express this by:
El + E'n— + En+ = Zslotl

Now: in 90, there are three components of air- gap field. E; is the space fundamental field, produced by the space fundamental of
rotor current as well as by the space fundamental of stator current. The other two components on the left of 90 are produced only
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by rotor currents and actually represent additional reactive impedance to the rotor. This is often called zigzag leakage inductance.
The parameter Zslot represents impedance of the slot itself: resistance and reactance associated with cross- slot magnetic fields.
Then 90 can be re-written as:

_ - poNrwrR 1 1
B =Zyul + 75 ((w)“ t )L

To finish this model, it is necessary to translate 91 back to the stator. See that 67 and 77 make the link between I and I,:

— _Nr
I, = vk L

Then the electric field at the surface of the rotor is:

__ | 6Ngks . 3 poNgksR 1 1
E, = Nr Zslot + Jwr g ((ﬂ+p)2 + (n-p)* )] I,

This must be translated into an equivalent stator voltage. To do so, we use 88 to translate 93 into a statement of radial magnetic
field, then find the flux liked and hence stator voltage from that. Magnetic flux density is:

_ IJEI
= w.R
6Ngk R, ) .3 poNgk 1 1
_ sksp ( lot +JLM) 4§ BolVsksp ~+ )L,
NgR Wy T g (nyp) (n_p)
where the slot impedance has been expressed by its real and imaginary parts:
Z,,, = Raiot + jwrLsiot (10.3.1)
Flux linking the armature winding is:
0
Aag = NskslR / Re (B,e™“%)) d¢ (10.3.2)
%
Which becomes:
Aag = Re (A, ™) (10.3.3)
where:
_ 2NskglR
A, =i— =B, (10.3.4)
Then “air- gap” voltage is:
Y, = o, -~ 2Nk
12IN2K2 R 6 woRIN2k2 1 1 (10.3.5)
=-I, —== (jWleot + —2) + jw— RS z T 2
Nr s Y (n+p)*  (n-p)

Expression 99 describes the relationship between the space fundamental air- gap voltage Ve, and rotor current I,. This expression
fits the equivalent circuit of Figure 4 if the definitions made below hold:

XQ‘IE

Ro

S

Figure 4: Rotor Equivalent Circuit
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12IN2k2 6 uoRINZk2 1 1
2= w2 Ly w0 Po M sPs ( -+ - (10.3.6)
R ™ g (Nr+p)” (Np—p)
12IN2k2
2= %Rm (10.3.7)

The first term in 100 expresses slot leakage inductance for the rotor. Similarly, 101 expresses rotor resistance in terms of slot
resistance. Note that Lslot and Rslot are both expressed per unit length. The second term in 100 expresses the “zigzag” leakage
inductance resulting from harmonics on the order of rotor slot pitch.

Next, see that armature flux is just equal to air- gap flux plus armature leakage inductance. That is, 68 could be written as:
A=A, +Lal, (10.3.8)
There are a number of components of stator slot leakage L, each representing flux paths that do not directly involve the rotor.

Each of the components adds to the leakage inductance. The most prominent components of stator leakage are referred to as slot,
belt, zigzag, end winding, and skew. Each of these will be discussed in the following paragraphs.

Belt and zigzag leakage components are due to air- gap space harmonics. As it turns out, these are relatively complicated to
estimate, but we may get some notion from our first- order view of the machine. The trouble with estimating these leakage
components is that they are not really independent of the rotor, even though we call them “leakage”. Belt harmonics are of order n
=5 and n = 7. If there were no rotor coupling, the belt harmonic leakage terms would be:

3 4 poN3KRL

Xags = E;W (10.3.9)
Xy = 34 HoNEKTL (10.3.10)
T 2T Tl e

The belt harmonics link to the rotor, however, and actually appear to be in parallel with components of rotor impedance appropriate
to 5p and 7p pole- pair machines. At these harmonic orders we can usually ignore rotor resistance so that rotor impedance is purely
inductive. Those components are:

121N 2k2 6 poRINZK2 1 1
Xop = w—p o Laot +w Rots™ -+ . (10.3.11)
R T 9 (Nr+5p)° (Nr—5p)
12IN2k2 6 poRINZk? 1 1
Xog = w5 gy 4w BT S+ . (10.3.12)
N T 9 (Ne+17p)° (Nr—Tp)

In the simple model of the squirrel cage machine, because the rotor resistances are relatively small and slip high, the effect of rotor
resistance is usually ignored. Then the fifth and seventh harmonic components of belt leakage are:

X5 = Xogs| X25 (10.3.13)
X7 = Xogr| Xo7 (10.3.14)

Stator zigzag leakage is from those harmonics of the orders png, = Ngos &= p Where Ny, -

3 4 poNZRI ot Fp
Xz = 5; 2 + — 2 (10.3.15)
g (N slots +P) (N slots P)

Note that these harmonic orders do not tend to be shorted out by the rotor cage and so no direct interaction with the cage is
ordinarily accounted for.

In order to reduce saliency effects that occur because the rotor teeth will tend to try to align with the stator teeth, induction motor
designers always use a different number of slots in the rotor and stator. There still may be some tendency to align, and this produces
“cogging” torques which in turn produce vibration and noise and, in severe cases, can retard or even prevent starting. To reduce this
tendency to “cog”, rotors are often built with a little “skew”, or twist of the slots from one end to the other. Thus, when one tooth is
aligned at one end of the machine, it is un-aligned at the other end. A side effect of this is to reduce the stator and rotor coupling by
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just a little, and this produces leakage reactance. This is fairly easy to estimate. Consider, for example, a space-fundamental flux
density B, = Bj cospb, linking a (possibly) skewed full-pitch current path:
A= f%l %+§%

masz
w1

B cos pdRdOdxz

Here, the skew in the rotor is ¢ electrical radians from one end of the machine to the other. Evaluation of this yields:

2B, Rl sin §
A= BB TS
2

Now, the difference between what would have been linked by a non-skewed rotor and what is linked by the skewed rotor is the
skew leakage flux, now expressible as:

The final component of leakage reactance is due to the end windings. This is perhaps the most difficult of the machine parameters
to estimate, being essentially three-dimensional in nature. There are a number of ways of estimating this parameter, but for our
purposes we will use a simplified parameter from AlgerEquation ?7?:

2
X, = 2 § 208 (p - 0.3)

As with all such formulae, extreme care is required here, since we can give little guidance as to when this expression is correct or
even close. And we will admit that a more complete treatment of this element of machine parameter construction would be an
improvement.

Harmonic Order Rotor Resistance and Stray Load Losses

It is important to recognize that the machine rotor “sees” each of the stator harmonics in essentially the same way, and it is quite
straightforward to estimate rotor parameters for the harmonic orders, as we have done just above. Now, particularly for the “belt”
harmonic orders, there are rotor currents flowing in response to stator mmf’s at fifth and seventh space harmonic order. The
resistances attributable to these harmonic orders are:

12IN2k2

Ras = TR5Rslot,5 (10.3.16)
121N 2k2
27 =~ Ralorr (10.3.17)
R

The higher-order slot harmonics will have relative frequencies (slips) that are:

n=6k+1

sn=1=F(1—s)n{ " 6k —1

}k an integer (10.3.18)

The induction motor electromagnetic interaction can now be described by an augmented magnetic circuit as shown in Figure 17.
Note that the terminal flux of the machine is the sum of all of the harmonic fluxes, and each space harmonic is excited by the same
current so the individual harmonic components are in series.

Each of the space harmonics will have an electromagnetic interaction similar to the fundamental: power transferred across the air-
gap is:
Pem,n =312 Ban

2,n s,

Of course dissipation in each circuit is:
— 372
Py, = 3I2mR2,n
leaving

Pon =312, %2 (1—5,)

2n s,

Note that this equivalent circuit has provision for two sets of circuits which look like “cages”. In fact one of these sets is for the
solid rotor body if that exists. We will discuss that anon. There is also a provision (r.) for loss in the stator core iron.
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Power deposited in the rotor harmonic resistance elements is characterized as “stray load” loss because it is not easily computed
from the simple machine equivalent circuit.

Slot Models

Some of the more interesting things that can be done with induction motors have to do with the shaping of rotor slots to achieve
particular frequency-dependent effects. We will consider here three cases, but there are many other possibilities.

First, suppose the rotor slots are representable as being rectangular, as shown in Figure 5, and assume that the slot dimensions are
such that diffusion effects are not important so that current in the slot conductor is approximately uniform. In that case, the slot
resistance and inductance per unit length are:

1
slot = — 7 _ 10.3.1
Raot wiho (10.3.19)
hs
Lot = po 3w, (10.3.20)

The slot resistance is obvious, the slot inductance may be estimated by recognizing that if the current in the slot is uniform,
magnetic field crossing the slot must be:

|~

j— T
Hy— h_,

s

g

Then energy stored in the field in the slot is simply:

2
1 2 _ hs po (_Iz _ 1 pohs 72
3LaatI? =w, [" 5 (w,h,) dz = §55=1

T ?

— W —

Figure 5: Single Slot

Deep Slots

Now, suppose the slot is not small enough that diffusion effects can be ignored. The slot becomes “deep” to the extent that its depth
is less than (or even comparable to) the skin depth for conduction at slip frequency. Conduction in this case may be represented by
using the Diffusion Equation:

V2.E_[ = o0 (‘in
In the steady state, and assuming that only cross-slot flux (in the y direction) is important, and the only variation that is important is

in the radial (x) direction:

%H, .
mzv = ]wsllfOo'H!/

This is solved by solutions of the form:
H,=H Let(tDF

where the skin depth is

_ [_2
6= WshtoO

Since H, must vanish at the bottom of the slot, it must take the form:
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_ sinh(1+j) %
Hy = Heop gunires iy
Since current is the curl of magnetic field,

OH,
J,=0E,= a; = Htop

1+j cosh(1+j)hT‘
5 sinh(1+_7')hT‘

Then slot impedance, per unit length, is:

Zaor = 2 coth(1 + j) %

w

Of course the impedance (purely reactive) due to the slot depression must be added to this. It is possible to extract the real and
imaginary parts of this impedance (the process is algebraically a bit messy) to yield:

1 sinh2% 4gin22
w306 cosh 2% — cos2%

¥ 1 1 sinh2hT’ —sin2%

leot =po— + —
wq Wy W08 cosh2hT’ —0052%

Rgot =

Multiple Cages

The purpose of a “deep” slot is to improve starting performance of a motor. When the rotor is stationary, the frequency seen by
rotor conductors is relatively high, and current crowding due to the skin effect makes rotor resistance appear to be high. As the
rotor accelerates the frequency seen from the rotor drops, lessening the skin effect and making more use of the rotor conductor.

This, then, gives the machine higher starting torque (requiring high resistance) without compromising running efficiency.

This effect can be carried even further by making use of multiple cages, such as is shown in Figure 6. Here there are two
conductors in a fairly complex slot. Estimating the impedance of this slot is done in stages to build up an equivalent circuit.

Assume for the purposes of this derivation that each section of the multiple cage is small enough that currents can be considered to
be uniform in each conductor. Then the bottom section may be represented as a resistance in series with an inductance:

— 1
R, = owihy

— Bo
L“_ 3 wp

The narrow slot section with no conductor between the top and bottom conductors will contribute an inductive impedance:

L= ILO,’;—:
The top conductor will have a resistance:
_ 1
Rb - O“KDghg
w2

R

hs ¢

| w17-

Figure 6: Double Slot

Now, in the equivalent circuit, current flowing in the lower conductor will produce a magnetic field across this section, yielding a

series inductance of

h
Ly = poz
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By analogy with the bottom conductor, current in the top conductor flows through only one third of the inductance of the top
section, leading to the equivalent circuit of Figure 7, once the inductance of the slot depression is added on:

ha
L — e——
t = Mo wq

L. =k 2L L, L,

Rb Ra

Figure 7: Equivalent Circuit: Double Bar

Now, this rotor bar circuit fits right into the framework of the induction motor equivalent circuit, shown for the double cage case in
Figure 8, with
12IN2k},
2a = TR a
12IN 2k

_ 5% p

Ng
12IN2K /2

X2q =w—NR (ELb'i'L.g +La)

Xoq =W712l;vvfk§ (Lt+ %Lb)
I, R, X1 Xop Iy Xog
TEANATTTL (TTTIE

2b b

Rop Raq
Xm s s

Figure 8: Equivalent Circuit: Double Cage Rotor

Rotor End Ring Effects

It is necessary to correct for “end ring” resistance in the rotor. To do this, we note that the magnitude of surface current density in
the rotor is related to the magnitude of individual bar current by:

— J¢ 2tR
I, = K, 28
Current in the end ring is:
_K R
Ir=K, »

Then it is straightforward to calculate the ratio between power dissipated in the end rings to power dissipated in the conductor bars
themselves, considering the ratio of current densities and volumes. Assuming that the bars and end rings have the same radial
extent, the ratio of current densities is:

Jr _ Nep w
J: — 2mp I,

where w, is the average width of a conductor bar and I, is the axial end ring length.

Now, the ratio of losses (and hence the ratio of resistances) is found by multiplying the square of current density ratio by the ratio
of volumes. This is approximately:

2
Rend _ (NR w,) 2rR I, _ NpRw, (10.3.21)

Rslot %T NRl ’U)_r - 1rllrp2
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Windage

Bearing friction, windage loss and fan input power are often regarded as elements of a “black art”. We approach them with some
level of trepidation, for motor manufacturers seem to take a highly empirical view of these elements. What follows is an attempt to
build reasonable but simple models for two effects: loss in the air gap due to windage and input power to the fan for cooling. Some
caution is required here, for these elements of calculation have not been properly tested, although they seem to give reasonable
numbers

The first element is gap windage loss. This is produced by shearing of the air in the relative rotation gap. It is likely to be a
signifigant element only in machines with very narrow air gaps or very high surface speeds. But these include, of course, the high
performance machines with which we are most interested. We approach this with a simple “couette flow” model. Air-gap shear loss
is approximately:

P, =2rR*Q%p, f (10.3.22)

where p, is the density of the air-gap medium (possibly air) and f is the friction factor, estimated by:

f= '00?6 (10.3.23)
R
and the Reynold’s Number R, is
R, = @ (10.3.24)

and vy, is the kinematic viscosity of the air-gap medium.

The second element is fan input power. We base an estimate of this on two hypotheses. The first of these is that the mass flow of air
circulated by the fan can be calculated by the loss in the motor and an average temperature rise in the cooling air. The second
hypothesis is the the pressure rise of the fan is established by the centrifugal pressure rise associated with the surface speed at the
outside of the rotor. Taking these one at a time: If there is to be a temperature rise AT in the cooling air, then the mass flow volume
is:

P,
M= TAT
and then volume flow is just
o=
Pair

Pressure rise is estimated by centrifugal force:
2
AP = poyr (%Tfan)

then power is given by:

Pon = APy
For reference, the properties of air are:
Density Pair 1.18 kg/m?
Kinematic Viscosity \nu_{\text {air } } 1.56 x 107° m?/sec
Heat Capacity Cp 1005.7 J/kg

Magnetic Circuit Loss and Excitation

There will be some loss in the stator magnetic circuit due to eddy current and hysteresis effects in the core iron. In addition,
particularly if the rotor and stator teeth are saturated there will be MMF expended to push flux through those regions. These effects
are very difficult to estimate from first principles, so we resort to a simple model.

Assume that the loss in saturated steel follows a law such as:
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B We €f B \®
P;=Pg (wB ) ( o ) (10.3.25)

This is not too bad an estimate for the behavior of core iron. Typically, ey is a bit less than two (between about 1.3 and 1.6) and e;
is a bit more than two (between about 2.1 and 2.4). Of course this model is good only for a fairly restricted range of flux density.

Base dissipation is usually expressed in “watts per kilogram”, so we first compute flux density and then mass of the two principal
components of the stator iron, the teeth and the back iron.

In a similar way we can model the exciting volt-amperes consumed by core iron by something like:
B \*t B \*?\ w

This, too, is a form that appears to be valid for some steels. Quite obviously it may be necessary to develop different forms of curve
’fits’ for different materials.

Flux density (RMS) in the air-gap is:
Ve

Br=————— 10.3.2
= 2RIN kyw, (103.27)
Then flux density in the stator teeth is:
B, =B Ytt¥L (10.3.28)
we
where w;, is tooth width and w; is slot top width. Flux in the back-iron of the core is
R
Bo=B, - (10.3.29)

where d, is the radial depth of the core.

One way of handling this loss is to assume that the core handles flux corresponding to terminal voltage, add up the losses and then
compute an equivalent resistance and reactance:

_ 3w
Te= P
A
Te = Qoo

then put this equivalent resistance in parallel with the air-gap reactance element in the equivalent circuit.

This page titled 10.3: Squirrel Cage Machine Model is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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10.4: Solid Iron Rotor Bodies

Solid steel rotor electric machines (SSRM) can be made to operate with very high surface speeds and are thus suitable for use in
high RPM situations. They resemble, in form and function, hysteresis machines. However, asynchronous operation will produce
higher power output because it takes advantage of higher flux density. We consider here the interactions to be expected from solid
iron rotor bodies. The equivalent circuits can be placed in parallel (harmonic-by-harmonic) with the equivalent circuits for the
squirrel cage, if there is also a cage in the machine.

To estimate the rotor parameters Ry, and X»,, we assume that important field quantities in the machine are sinusoidally distributed
in time and space, so that radial flux density is:

B, =Re (B,e/“ ) (10.4.1)
and, similarly, axially directed rotor surface current is:
K, =TRe (K e/ )) (10.4.2)
Now, since by Faraday’s law:
_ 0B
VxB=——" (10.4.3)
we have, in this machine geometry:
19 OB,
Bl (10.4.4)

The transformation between rotor and stator coordinates is:

¢ =¢—wnt (10.4.5)
where wy, is rotor speed. Then:
Py =w—w, =w(l —8) (10.4.6)
and
Now, axial electric field is, in the frame of the rotor, just:
E, =Re (B, e/« ) (10.4.7)
— Re (B ¢i079)) (10.4.8)
and
E,= w;R B, (10.4.9)

Of course electric field in the rotor frame is related to rotor surface current by:
E =ZK, (10.4.10)

Now these quantities can be related to the stator by noting that air-gap voltage is related to radial flux density by:

_ p
B, = gk oo (10.4.11)
The stator-equivalent rotor current is:
™ R
L=3yi kK (10.4.12)

Then we can find stator referred, rotor equivalent impedance to be:
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Vi 341 w E:
Z,="2 = _ N2 — 10.4.1
=2 1'2 27 R akawr Kz ( 0 3)
Now, if rotor surface impedance can be expressed as:
Z,= R, + jw,Ls (10.4.14)
then
Z,= % + i X, (10.4.15)
where
4
Ro= g;%ka%Rs (10.4.16)
X, = %%%kafxs (10.4.17)

Now, to find the rotor surface impedance, we make use of a nonlinear eddy-current model proposed by Agarwal. First we define an
equivalent penetration depth (similar to a skin depth):

2H,,
5=\ ooBs (10.4.18)

where ¢ is rotor surface material volume conductivity, By, saturation flux density” is taken to be 75 % of actual saturation flux
density and

3
Then rotor surface resistivity and surface reactance are:
16 1
e=3 25 (10.4.20)
X, = 5R, (10.4.21)

Note that the rotor elements X3 and R depend on rotor current Iy, so the problem is nonlinear. We find, however, that a simple
iterative solution can be used. First we make a guess for R, and find currents. Then we use those currents to calculate R, and
solve again for current. This procedure is repeated until convergence, and the problem seems to converge within just a few steps.

Aside from the necessity to iterate to find rotor elements, standard network techniques can be used to find currents, power input to
the motor and power output from the motor, torque, etc.
Solution

Not all of the equivalent circuit elements are known as we start the solution. To start, we assume a value for Rj, possibly some
fraction of X,,, but the value chosen doesn not seem to matter much. The rotor reactance X is just a fraction of Rs. Then, we
proceed to compute an “air-gap” impedance, just the impedance looking into the parallel combination of magnetizing and rotor

branches:
R
Zy=jXp| (jX2 + 72) (10.4.22)
(Note that, for a generator, slip s is negative).
A total impedance is then
Z=jX1+Ri+ 2, (10.4.23)

and terminal current is
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I =— 10.4.24
=7 (10.4.24)
Rotor current is just:
i X,
I=I,—2"m (10.4.25)
JXo+ <

8

Now it is necessary to iteratively correct rotor impedance. This is done by estimating flux density at the surface of the rotor using
(145), then getting a rotor surface impedance using (146) and using that and (143 to estimate a new value for Rj,. Then we start
again with (148). The process “drops through” this point when the new and old estimates for R agree to some criterion.

Harmonic Losses in Solid Steel

If the rotor of the machine is constructed of solid steel, there will be eddy currents induced on the rotor surface by the higher-order
space harmonics of stator current. These will produce magnetic fields and losses. This calculation assumes the rotor surface is
linear and smooth and can be characterized by a conductivity and relative permeability. In this discussion we include two space
harmonics (positive and negative going). In practice it may be necessary to carry four (or even more) harmonics, including both
‘belt’ and ‘zigzag’ order harmonics.

Terminal current produces magnetic field in the air-gap for each of the space harmonic orders, and each of these magnetic fields
induces rotor currents of the same harmonic order.

The “magnetizing” reactances for the two harmonic orders, really the two components of the zigzag leakage, are:

kz
Xop=Xp—2s (10.4.26)
NZkZ
kg
Xon = Xin—no (10.4.27)
N2k?

where N, and N, are the positive and negative going harmonic orders: For ‘belt’ harmonics these orders are 7 and 5. For ‘zigzag’

they are:
N, = N:+p (10.4.28)
2
N, = "p_p (10.4.29)

Now, there will be a current on the surface of the rotor at each harmonic order, and following 67, the equivalent rotor element

current is:
T R
Ly=73 Ny K, (10.4.30)
T R
= — K 10.4.31
L= 5 5K (10431)

These currents flow in response to the magnetic field in the air-gap which in turn produces an axial electric field. Viewed from the
rotor this electric field is:

E, = s,wRB, (10.4.32)
E,=s,wRB, (10.4.33)
where the slip for each of the harmonic orders is:
sp=1—Ny(1l—3s) (10.4.34)
8n =14 Np(1—s) (10.4.35)

and then the surface currents that flow in the surface of the rotor are:
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K,= 5 (10.4.36)
Kk - Zn (10.4.37)
- an

where Z,, and Z,, are the surface impedances at positive and negative harmonic slip frequencies, respectively. Assuming a linear
surface, these are, approximately:

1+
Z, = 10.4.
= (10.4.38)
where ¢ is material restivity and the skin depth is
5=, 2 (10.4.39)
Wspo

and w, is the frequency of the given harmonic from the rotor surface. We can postulate that the appropriate value of u to use is the
same as that estimated in the nonlinear calculation of the space fundamental, but this requires empirical confirmation.

The voltage induced in the stator by each of these space harmonic magnetic fluxes is:

2N, k,lRw
2Ny knlRw
V= %Qn (10.4.41)
Then the equivalent circuit impedance of the rotor is just:
Zyy— 22 _34 Neksl 2y (10.4.42)
77, 27 N,R s -
V., 34 N2k Z,,
Zo = 0 = 2= ""an’ “sn 10.4.4
=T 727 N.R sn (10.4.43)
The equivalent rotor circuit elements are now:
34 N2EJl 1
= —— —_— 10.4.44
R =5 N,R 03, (10.4.44)
34 N2K2L 1
=—— —_— 10.4.4
B =57 N.R oo, (10-4.45)
1
Xy = 5 Ry (10.4.46)
1
Xon = 5 B (10.4.47)

Stray Losses

So far in this document, we have outlined the major elements of torque production and consequently of machine performance. We
have also discussed, in some cases, briefly, the major sources of loss in induction machines. Using what has been outlined in this
document will give a reasonable impression of how an induction machine works. We have also discussed some of the stray load
losses: those which can be (relatively) easily accounted for in an equivalent circuit description of the machine. But there are other
losses which will occur and which are harder to estimate. We do not claim to do a particularly accurate job of estimating these
losses, and fortunately they do not normally turn out to be very large. To be accounted for here are:

1. No-load losses in rotor teeth because of stator slot opening modulation of fundamental flux density,
2. Load losses in the rotor teeth because of stator zigzag mmf, and
3. No-load losses in the solid rotor body (if it exists) due to stator slot opening modulation of fundamental flux density.
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Note that these losses have a somewhat different character from the other miscellaneous losses we compute. They show up as drag
on the rotor, so we subtract their power from the mechanical output of the machine. The first and third of these are, of course, very
closely related so we take them first.

The stator slot openings ‘modulate’ the space fundamental magnetic flux density. We may estimate a slot opening angle (relative to
the slot pitch):

— 2mweN, __ wal,
0D = 2 T r

Then the amplitude of the magnetic field disturbance is:

By =B, %sin 0TD
In fact, this flux disturbance is really in the form of two traveling waves, one going forward and one backward with respect to the
stator at a velocity of w/N,. Since operating slip is relatively small, the two variations will have just about the same frequency as

viewed from the rotor, so it seems reasonable to lump them together. The frequency is:
wWH = w%

Now, for laminated rotors this magnetic field modulation will affect the tips of rotor teeth. We assume (perhaps arbitrarily) that the
loss due to this magnetic field modulation can be estimated from ordinary steel data (as we estimated core loss above) and that only
the rotor teeth, not any of the rotor body, are affected. The method to be used is straightforward and follows almost exactly what
was done for core loss, with modification only of the frequency and field amplitude.

For solid steel rotors the story is only a little different. The magnetic field will produce an axial electric field:
E,=R%By

and that, in turn, will drive a surface current

(&

[

—Zz

N

Now, what is important is the magnitude of the surface current, and since |Z, | = v'1+ .5’R, ~ 1.118R,, we can simply use rotor
resistance. The nonlinear surface penetration depth is:

— 2By
8=/ ol

A brief iterative substitution, re-calculating ¢ and then |K_| quickly yields consistent values for 6 and R,. Then the full-voltage
dissipation is:

K 2
P, = 2RSS
and an equivalent resistance is:
A
Rrs =P,

Finally, the zigzag order current harmonics in the stator will produce magnetic fields in the air gap which will drive magnetic losses
in the teeth of the rotor. Note that this is a bit different from the modulation of the space fundamental produced by the stator slot
openings (although the harmonic order will be the same, the spatial orientation will be different and will vary with load current).
The magnetic flux in the air-gap is most easily related to the equivalent circuit voltage on the n# harmonic:

p— NPUn
B 7 ™ 2lRNyk,omega

This magnetic field variation will be substantial only for the zigzag order harmonics: the belt harmonics will be essentially shorted
out by the rotor cage and those losses calculated within the equivalent circuit. The frequency seen by the rotor is that of the space
harmonics, already calculated, and the loss can be estimated in the same way as core loss, although as we have pointed out it
appears as a ‘drag’ on the rotor.

This page titled 10.4: Solid Iron Rotor Bodies is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James
Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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10.5: Induction Motor Speed Control

Introduction

The inherent attributes of induction machines make them very attractive for drive applications. They are rugged, economical to
build and have no sliding contacts to wear. The difficulty with using induction machines in servomechanisms and variable speed
drives is that they are “hard to control”, since their torque-speed relationship is complex and nonlinear. With, however, modern
power electronics to serve as frequency changers and digital electronics to do the required arithmetic, induction machines are
seeing increasing use in drive applications.

In this chapter we develop models for control of induction motors. The derivation is quite brief for it relies on what we have
already done for synchronous machines. In this chapter, however, we will stay in “ordinary” variables, skipping the per-unit
normalization.

Volts/Hz Control

Remembering that induction machines generally tend to operate at relatively low per unit slip, we might conclude that one way of
building an adjustable speed drive would be to supply an induction motor with adjustable stator frequency. And this is, indeed,
possible. One thing to remember is that flux is inversely proportional to frequency, so that to maintain constant flux one must make
stator voltage proportional to frequency (hence the name “constant volts/Hz”). However, voltage supplies are always limited, so
that at some frequency it is necessary to switch to constant voltage control. The analogy to DC machines is fairly direct here: below
some “base” speed, the machine is controlled in constant flux (“volts/Hz”) mode, while above the base speed, flux is inversely
proportional to speed. It is easy to see that the maximum torque is then inversely to the square of flux, or therefore to the square of
frequency.

To get a first-order picture of how an induction machine works at adjustable speed, start with the simplified equivalent network that
describes the machine, as shown in Figure 9

Earlier in this chapter, it was shown that torque can be calculated by finding the power dissipated in the virtual resistance R,/s and
dividing by electrical speed. For a three phase machine, and assuming we are dealing with RMS magnitudes:

T, =32 |5 &

where w is the electrical frequency and p is the number of pole pairs. It is straightforward to find I» using network techniques. As
an example, Figure 10 shows a series of torque/speed curves for

Iy R, X1 X9 I

Figure 9: Equivalent Circuit
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an induction machine operated with a wide range of input frequencies, both below and above its “base” frequency. The parameters
of this machine are:

Number of Phases 3
Number of Pole Pairs 3
RMS Terminal Voltage (line-line) 230
Frequency (Hz) 60
Stator Resistance Ry .06 Q
Rotor Resistance R, .055Q
Stator Leakage X; 34 Q
Rotor Leakage X, 33Q
Magnetizing Reactance X, 10.6 Q

Strategy for operating the machine is to make terminal voltage magnitude proportional to frequency for input frequencies less than
the “Base Frequency”, in this case 60 Hz, and to hold voltage constant for frequencies above the “Base Frequency”.

For high frequencies the torque production falls fairly rapidly with frequency (as it turns out, it is roughly proportional to the
inverse of the square of frequency). It also falls with very low frequency because of the effects of terminal resistance. We will look
at this next.

Idealized Model: No Stator Resistance

Ignore, for the moment, R;. An equivalent circuit is shown in Figure 11. It is fairly easy to show that, from the rotor, the
combination of source, armature leakage and magnetizing branch can be replaced by its equivalent circuit, as shown in in Figure
12.

In the circuit of Figure 12, the parameters are:

X,
Vi=v_—m
-Xm +X1

X' =Xp|X1

If the machine is operated at variable frequency w, but the reactance is established at frequency wp, current is:

= —Vv
T XX+
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Induction Motor Torque
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Figure 10: Induction Machine Torque-Speed Curves

ARSI

Figure 11: Idealized Circuit: Ignore Armature Resistance
and then torque is

712 Ry
T =3|LP2 R =3 VI3
e =3ILP S =5 Xt (%)
Now, if we note that what counts is the absolute slip of the rotor, we might define a slip with respect to base frequency:

Then, if we assume that voltage is applied proportional to frequency:

VI — %’:_B
and with a little manipulation, we get:
o WPE

8 e+ ()’

Figure 12: Idealized Equivalent
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This would imply that torque is, if voltage is proportional to frequency, meaning constant applied flux, dependent only on absolute
slip. The torque-speed curve is a constant, dependent only on the difference between synchronous and actual rotor speed.

This is fine, but eventually, the notion of “volts per Hz” runs out because at some number of Hz, there are no more volts to be had.
This is generally taken to be the “base” speed for the drive. Above that speed, voltage is held constant, and torque is given by:

3 v %

o s (3)

The peak of this torque has a square-inverse dependence on frequency, as can be seen from Figure 13.

e =

Induction Motor Torgque
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Figure 13: Idealized Torque-Speed Curves: Zero Stator Resistance

Peak Torque Capability
Assuming we have a smart controller, we are interested in the actual capability of the machine. At some voltage and frequency,
torque is given by:

T, = 3|L)* & = SRR
e | 2 ((X{+X2)(%))z+(Ri+%)2

Now, we are interested in finding the peak value of that, which is given by the value of Rys which maximizes power transfer to the
virtual resistance. This is given by the matching condition:

8

%= VRE+ (X X0 ()
Then maximum (breakdown) torque is given by:
_— 2Ry RE (g3 ()’
(o) (e (x5

This is plotted in Figure 14. Just as a check, this was calculated assuming R; = 0, and the results are plotted in figure 15. This plot
shows, as one would expect, a constant torque limit region to zero speed.
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Field Oriented Control
One of the more useful impacts of modern power electronics and control technology has enabled us to turn induction machines into

high performance servomotors. In this note we will develop a
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Figure 15: Idealized Torque Capability Curve: Zero Stator Resistance

picture of how this is done. Quite obviously there are many details which we will not touch here. The objective is to emulate the
performance of a DC machine, in which (as you will recall), torque is a simple function of applied current. For a machine with one

field winding, this is simply:
T = GI{I,

This makes control of such a machine quite easy, for once the desired torque is known it is easy to translate that torque command

into a current and the motor does the rest.

Of course DC (commutator) machines are, at least in large sizes, expensive, not particularly efficient, have relatively high
maintenance requirements because of the sliding brush/commutator interface, provide environmental problems because of sparking
and carbon dust and are environmentally sensitive. The induction motor is simpler and more rugged. Until fairly recently the
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induction motor has not been widely used in servo applications because it was thought to be hard to control”. As we will show, it
does take a little effort and even some computation to do the controls right, but this is becoming increasingly affordable.

Elementary Model

We return to the elementary model of the induction motor. In ordinary variables, referred to the stator, the machine is described by
flux-current relationships (in the d-q reference frame):

=l L]
AdR M Lg ]| i
Ags _ [ Ls M ] g5
AR M Lg || i
Note the machine is symmetric (there is no saliency), and since we are referred to the stator, the stator and rotor self-inductances

include leakage terms:

Ls=M+ Lg
Lr=M+Lg

The voltage equations are:

dAas ,
Vgs = 7 — w)\qs + rstgs
dAgs 3
Vgs = at + wAgs + TS%q8
d\ .
0= d—:R — w_g)\qR + TRidR
d\r .
0= d: + wsAdr + TRigR

Note that both rotor and stator have “speed” voltage terms since they are both rotating with respect to the rotating coordinate
system. The speed of the rotating coordinate system is w with respect to the stator. With respect to the rotor that speed is , where
wm is the rotor mechanical speed. Note that this analysis does not require that the reference frame coordinate system speed w be
constant.

Torque is given by:
T = 3p(Aasiqs — Agsias)

Simulation Model

As a first step in developing a simulation model, see that the inversion of the flux-current relationship is (we use the d- axis since
the g- axis is identical):

fas = B dgg— — )
4= T Tn— M2 T ToLp— 32 E
. M Ls

i4gr = AdR

LsLp— M? Aas — LsLp— M?

Now, if we make the following definitions (the motivation for this should by now be obvious):

Xg=woLg
Xri =woLp
Xad = woM
M2
X)=wy|Lg— —
d WO( S LR)
the currents become:
. wo X, d Wo
igg = EAdS - X:d x; Adr
Xad wo X4 wo

g = —— —— —
dR X1 Xé ds X,; Xra dR

The g- axis is the same.

Torque may be, with these calculations for current, written as:
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Note that the usual problems with ordinary variables hold here: the foregoing expression was written assuming the variables are

T. = 3p (Aagiqs — Agsias) = —3p ;f;’éj (AasAqr — AgsAdR)

expressed as peak quantities. If
RMS is used we must replace 3/2 by 3!
With these, the simulation model is quite straightforward. The state equations are:

A ,
=8 = Vis +wgs — Rgigs

P — Vo — whag — Rsigs
P = w,Aer — Rridr

P — _eAir — Rsigr
G =7 (Te+Tn)

where the rotor frequency (slip frequency) is:
ws =w —pllp,
For simple simulations and constant excitaion frequency, the choice of coordinate systems is arbitrary, so we can choose something

convenient. For example, we might choose to fix the coordinate system to a synchronously rotating frame, so that stator frequency
w = wy. In this case, we could pick the stator voltage to lie on one axis or another. A common choiceis Vy=0and V,=V.

Control Model

If we are going to turn the machine into a servomotor, we will want to be a bit more sophisticated about our coordinate system. In
general, the principle of field-oriented control is much like emulating the function of a DC (commutator) machine. We figure out
where the flux is, then inject current to interact most directly with the flux.

As a first step, note that because the two stator flux linkages are the sum of air-gap and leakage flux,

Ads = Aagd + Lspigs
>\qS = Aagq + LSﬂ'qS’

This means that we can re-write torque as:
T = %p ()\agdiqs - )\a_qqidS)
Next, note that the rotor flux is, similarly, related to air-gap flux:

Aagd = Adr — Lpeiar
)\agq = )\qR - LRéiqR

Torque now becomes:
T = 3p(Namiqs — Arias) — 3PLRe (1ariqs — tqrias)

Now, since the rotor currents could be written as:

i A M.
tar = T2 — £ -%ds
gR M

igR = Te — Lgtes
That second term can be written as:
idRiqs — iqridas = T (AdRigs — Aqrids)
So that torque is now:

T = 3p(1— %2) (Aanigs — Aqmias) = 3p2L (Aanies — Aqrias)

Field-Oriented Strategy

What is done in field-oriented control is to establish a rotor flux in a known position (usually this position is the d- axis of the
transformation) and then put a current on the orthogonal axis (where it will be most effective in producing torque). That is, we will
attempt to set
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Aar = Ao
Agr =0

Then torque is produced by applying quadrature-axis current:
T = $p L Aoigs

The process is almost that simple. There are a few details involved in figuring out where the quadrature axis is and how hard to
drive the direct axis (magnetizing) current.

Now, suppose we can succeed in putting flux on the right axis, so that A,z = 0, then the two rotor voltage equations are:

X
0= ZAdR ws)\qR + rrlan
dt
dA\sr
0= +wsAdr + TRIGR
dt
Now, since the rotor currents are:
. A M
1gR=—— — -1
dR Iz  Ln
Ag M
‘R = Iz Lz ®

The voltage expressions become, accounting for the fact that there is no rotor quadrature axis flux:

0= A (Aﬂ_ﬂi )
T Tat E\Ir Iz'™
M .
0=wsAar — TR %45
R

Noting that the rotor time constant is

TR

we find:

d\
Tr d:R + Air = Migs

_ M s
~ Tr \ir

The first of these two expressions describes the behavior of the direct-axis flux: as one would think, it has a simple first-order

Wg

relationship with direct-axis stator current. The second expression, which describes slip as a function of quadrature axis current and
direct axis flux, actually describes how fast to turn the rotating coordinate system to hold flux on the direct axis.

Now, a real machine application involves phase currents i,, i, and 4,, and these must be derived from the model currents iz and
igs. This is done with, of course, a mathematical operation which uses a transformation angle 6. And that angle is derived from the
rotor mechanical speed and computed slip:

0= [ (pwm +w,) dt

A generally good strategy to make this sort of system work is to measure the three phase currents and derive the direct- and
quadrature-axis currents from them. A good estimate of direct-axis flux is made by running direct-axis flux through a first-order
filter. The tricky operation involves dividing quadrature axis current by direct axis flux to get slip, but this is now easily done
numerically (as are the trigonometric operations required for the rotating coordinate system transformation). An elmentary block
diagram of a (possbly) plausible scheme for this is shown in Figure 16.

In this picture we start with commanded values of direct- and quadrature- axis currents, corresponding to flux and torque,
respectively. These are translated by a rotating coordinate transformation into commanded phase currents. That transformation
(simply the inverse Park’s transform) uses the angle q derived as part of the scheme. In some (cheap) implementations of this
scheme the commanded currents are used rather than the measured currents to establish the flux and slip.

We have shown the commanded currents :*

a’

etc. as inputs to an “Amplifier”. This might be implemented as a PWM current-
source, for example, and a tight loop here results in a rather high performance servo system.
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Figure 16: Field Oriented Controller
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11.1: Introduction

Virtually all electric machines, and all practical electric machines employ some form of rotating or alternating field/current system
to produce torque. While it is possible to produce a “true DC” machine (e.g. the “Faraday Disk”), for practical reasons such
machines have not reached application and are not likely to. In the machines we have examined so far the machine is operated from
an alternating voltage source. Indeed, this is one of the principal reasons for employing AC in power systems.

The first electric machines employed a mechanical switch, in the form of a carbon brush/commutator system, to produce this
rotating field. While the widespread use of power electronics is making “brushless” motors (which are really just synchronous
machines) more popular and common, commutator machines are still economically very important. They are relatively cheap,
particularly in small sizes, they tend to be rugged and simple.

You will find commutator machines in a very wide range of applications. The starting motor on all automobiles is a series-
connected commutator machine. Many of the other electric motors in automobiles, from the little motors that drive the outside rear-
view mirrors to the motors that drive the windshield wipers are permanent magnet commutator machines. The large traction motors
that drive subway trains and diesel/electric locomotives are DC commutator machines (although induction machines are making
some inroads here). And many common appliances use “universal” motors: series connected commutator motors adapted to AC.

Geometry

A schematic picture (“cartoon”) of a commutator type machine is shown in 1. The armature of this machine is on the rotor (this is
the part that handles the electric power), and current is fed to the armature through the brush/commutator system. The interaction
magnetic field is provided

Stator Yoke
Field Poles -

/> Armature Winding
Field Winding~<

Figure 1: Wound-Field DC Machine Geometry
(in this picture) by a field winding. A permanent magnet field is applicable here, and we will have quite a lot more to say about

such arrangements below.

Now, if we assume that the interaction magnetic flux density averages B, and if there are C, conductors underneath the poles at
any one time, and if there are m parallel paths, then we may estimate torque produced by the machine by:
T.= % RB,I,

where R and £ are rotor radius and length, respectively and I, is terminal current. Note that C, is not necessarily the total number
of conductors, but rather the total number of active conductors (that is, conductors underneath the pole and therefore subject to the
interaction field). Now, if we note Ny as the number of field turns per pole, the interaction field is just:

NIy

B, =1

leading to a simple expression for torque in terms of the two currents:
T, = Gl,I

where G is now the motor coefficient (units of N-m/ampere squared):
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Now, let’s go back and look at this from the point of view of voltage. Start with Faraday’s Law:

G=uo%%R€

m_ _ 8B
VxE_—W

Integrating both sides and noting that the area integral of a curl is the edge integral of the quantity, we find:

$E di=—[1 %
Now, that is a bit awkward to use, particularly in the case we have here in which the edge of the contour is moving (note we will be
using this expression to find voltage). We can make this a bit more convenient to use if we note:

4 [[B-ida= [f 28 .7ida+§¥ x B-df
where % is the velocity of the contour. This gives us a convenient way of noting the apparent electric field within a moving object
(as in the conductors in a DC machine):

E'=E+3xB

Figure 2: Motion of a contour through a magnetic field produces flux change and electric field in the moving contour

Now, note that the armature conductors are moving through the magnetic field produced by the stator (field) poles, and we can
ascribe to them an axially directed electric field:

E,=—RQB,

If the armature conductors are arranged as described above, with C, conductors in m parallel paths underneath the poles and with a
mean active radial magnetic field of B,, we can compute a voltage induced in the stator conductors:

E,=<%ROB,

Note that this is only the voltage induced by motion of the armature conductors through the field and does not include brush or
conductor resistance. If we include the expression for effective magnetic field, we find that the back voltage is:

By = GQI;

which leads us to the conclusion that newton-meters per ampere squared equals volt seconds per ampere. This stands to reason if
we examine electric power into the interaction and mechanical power out:

Pey, = EpI, =T.Q

Now, a more complete model of this machine would include the effects of armature, brush and lead resistance, so that in steady
state operation:

Va = RuI, + GQI;

Now, consider this machine with its armatucre connected to a voltage source and its field operating at steady current, so that:
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Va GQJ

Figure 3: DC Machine Equivalent Circuit

Then torque, electric power in and mechanical power out are:

Vo —GQI;
T, =G> — "1
L=
Vo — GQI;
Pe= e 5
Vo g
Vo — GQI
Pm=GQIfo

Now, note that these expressions define three regimes defined by rotational speed. The two “break points” are at zero speed and at
the “zero torque” speed:

W
Qo = 5t

For 0< Q < Qg, the machine is a motor: electric power in and mechanical power out are both positive. For higher speeds: € <,
the machine is a generator, with electrical power in and mechanical power out being both negative. For speeds less than zero,
electrical power in is positive and mechanical power out is negative. There are few needs to operate machines in this regime, short
of some types of ”plugging” or emergency braking in tractions systems.

Hookups

We have just described a mode of operation of a commutator machine usually called “separately excited”, in which field and
armature circuits are controlled separately. This mode of operation is used in some types of traction applications in which the
flexibility it affords is useful. For example,
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Figure 4: DC Machine Operating Regimes
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Figure 5: Two-Chopper, separately excited machine hookup
some traction applications apply voltage control in the form of “choppers” to separately excited machines.

Note that the “zero torque speed” is dependend on armature voltage and on field current. For high torque at low speed one would
operate the machine with high field current and enough armature voltage to produce the requisite current. As speed increases so
does back voltage, and field current may need to be reduced. At any steady operating speed there will be some optimum mix of
field and armature currents to produced the required torque. For braking one could (and this is often done) re-connect the armature
of the machine to a braking resistor and turn the machine into a generator. Braking torque is controlled by field current.

A subset of the separately excited machine is the shunt connection in which armature and field are supplied by the same source, in
parallel. This connection is not widely used any more: it does not yield any meaningful ability to control speed and the simple
applications to which is used to be used are mostly being handled by induction machines.
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Figure 6: Series Connection

Another connection which is still widely used in the series connection, in which the field winding is sized so that its normal
operating current level is the same as normal armature current and the two windings are connected in series. Then:

N v
Ih=1Is= R.AR+GQ

And then torque is:

_ av?
€7 (R.+Ri+GQ)*
It is important to note that this machine has no “zero-torque” speed, leading to the possibility that an unloaded machine might
accelerate to dangerous speeds. This is particularly true because the commutator, made of pieces of relatively heavy material tied

together with non- conductors, is not very strong.

Speed control of series connected machines can be achieved with voltage control and many appliances using this type of machine
use choppers or phase control. An older form of control used in traction applications was the series dropping resistor: obviously not
a very efficient way of controlling the machine and not widely used (except in old equipment, of course).

A variation on this class of machine is the very widely used “universal motor”, in which the stator and rotor (field and armature) of
the machine are both constructed to operate with alternating current. This means that both the field and armature are made of
laminated steel. Note that such a machine will operate just as it would have with direct current, with the only addition being the
reactive impedance of the two windings. Working with RMS quantities:

\4
R, + Rs+ GQ + jw(Ls + Ly)
_ V2

" (Ra+Rj+GQ)? + (wLo +wLj)?

where w is the electrical supply frequency. Note that, unlike other AC machines, the universal motor is not limited in speed to the
supply frequency. Appliance motors typically turn substantially faster than the 3,600 RPM limit of AC motors, and this is one
reason why they are so widely used: with the high rotational speeds it is possible to produce more power per unit mass (and more
power per dollar).

I=

Commutator

The commutator is what makes this machine work. The brush and commutator system of this class of motor involves quite a lot of
“black art”, and there are still aspects of how they work which are poorly understood. However, we can make some attempt to
show a bit of what the brush/commutator system does.

To start, take a look at the picture shown in Figure 7. Represented are a pair of poles (shaded) and a pair of brushes. Conductors
make a group of closed paths. Current from one of the brushes takes two parallel paths. You can follow one of those paths around a
closed loop, under each of the two poles (remember that the poles are of opposite polarity) to the opposite brush. Open commutator
segments (most of them) do not carry current into or out of the machine.

https://eng.libretexts.org/@go/page/57477


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/57477?pdf

LibreTexts"

Figure 7: Commutator and Current Paths

A commutation interval occurs when the current in one coil must be reversed. (See Figure 8 In the simplest form this involves a
brush bridging between two commutator segments, shorting out that coil. The resistance of the brush causes the current to decay.
When the brush leaves the leading segment the current in the leading coil must reverse.

Figure 8: Commutator at Commutation

We will not attempt to fully understand the commutation process in this type of machine, but we can note a few things. Resistive
commutation is the process relied upon in small machines.

When the current in one coil must be reversed (because it has left one pole and is approaching the other), that coil is shorted by one
of the brushes. The brush resistance causes the current in the coil to decay. Then the leading commutator segment leaves the brush
the current MUST reverse (the trailing coil has current in it), and there is often sparking.

Commutation

Stator Yoke
Field Poles — ‘

Rotor —
— Armature Winding
Field Winding-
Commutation
Interpoles

Figure 9: Commutation Interpoles
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In larger machines the commutation process would involve too much sparking, which causes brush wear, noxious gases (ozone)
that promote corrosion, etc. In these cases it is common to use separate commutation interpoles. These are separate, usually narrow
or seemingly vestigal pole pieces which carry armature current. They are arranged in such a way that the flux from the interpole
drives current in the commutated coil in the proper direction. Remember that the coil being commutated is located physically
between the active poles and the interpole is therefore in the right spot to influence commutation. The interpole is wound with
armature current (it is in series with the main brushes). It is easy to see that the interpole must have a flux density proportional to
the current to be commutated. Since the speed with which the coil must be commutated is proportional to rotational velocity and so
is the voltage induced by the interpole, if the right number of turns are put around the interpole, commutation can be made to be
quite accurate.

Compensation

The analysis of commutator machines often ignores armature reaction flux. Obviously these machines DO produce armature
reaction flux, in quadrature with the main field. Normally, commutator machines are highly salient and the quadrature inductance is
lower than direct-axis inductance, but there is still flux produced. This adds to the flux density on one side of the main poles
(possibly leading to saturation). To make the flux distribution more uniform and therefore to avoid this saturation effect of
quadrature axis flux, it is common in very highly rated machines to wind compensation coils: essentially mirror-images of the
armature coils, but this time wound in slots in the surface of the field poles. Such coils will have the same number of ampere-turns
as the

Pole-Face N
Compensation 3
Winding

“— Armature Winding

Commutation
Interpoles
Figure 10: Pole Face Compensation Winding

armature. Normally they have the same number of turns and are connected directly in series with the armature brushes. What they
do is to almost exactly cancel the flux produced by the armature coils, leaving only the main flux produced by the field winding.
One might think of these coils as providing a reaction torque, produced in exactly the same way as main torque is produced by the
armature. A cartoon view of this is shown in Figure 10.

This page titled 11.1: Introduction is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley (MIT
OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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11.2: Permanent Magnets in Electric Machines

Of all changes in materials technology over the last several years, advances in permanent magnets have had the largest impact on
electric machines. Permanent magnets are often suitable as replacements for the field windings in machines: that is they can
produce the fundamental interaction field. This does three things. First, since the permanent magnet is lossless it eliminates the
energy required for excitation, usually improving the efficiency of the machine. Second, since eliminating the excitation loss
reduces the heat load it is often possible to make PM machines more compact. Finally, and less appreciated, is the fact that modern
permanent magnets have very large coercive force densities which permit vastly larger air gaps than conventional field windings,
and this in turn permits design flexibility which can result in even better electric machines.

These advantages come not without cost. Permanent magnet materials have special characteristics which must be taken into
account in machine design. The highest performance permanent magnets are brittle ceramics, some have chemical sensitivities, all
are sensitive to high temperatures, most have sensitivity to demagnetizing fields, and proper machine design requires understanding
the materials well. These notes will not make you into seasoned permanent magnet machine designers. They are, however, an
attempt to get started, to develop some of the mathematical skills required and to point to some of the important issues involved.

Hysteresis Loop: Permanent Magnet

Tesla

-400 -300 [-200 -100g50Q 100 300 400
-0
-0.6 +
-0.8

=1L

Kilc Amperes/Meter

Figure 11: Hysteresis Loop Of Ceramic Permanent Magnet

Permanent magnet materials are, at core, just materials with very wide hysteresis loops. Figure 11 is an example of something close
to one of the more popular ceramic magnet materials.Note that this hysteresis loop is so wide that you can see the effect of the
permeability of free space.

Demagnetization Curve

Energy Product Loci

B, Tesla

-250 -200 =150 =100 -50 0
H, kA/im

Figure 12: Demagnetization Curve
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It is usual to display only part of the magnetic characteristic of permanent magnet materials (see Figure 12), the third quadrant of
this picture, because that is where the material is normally operated. Note a few important characteristics of what is called the
“demagnetization curve”. The remanent flux density B,, is the value of flux density in the material with zero magnetic field H.
The coercive field H, is the magnetic field at which the flux density falls to zero. Shown also on the curve are loci of constant
energy product. This quantity is unfortunately named, for although it has the same units as energy it represents real energy in only a
fairly general sense. It is the product of flux density and field intensity. As you already know, there are three commonly used
systems of units for magnetic field quantities, and these systems are often mixed up to form very confusing units. We will try to
stay away from the English system of units in which field intensity H is measured in amperes per inch and flux density B in lines
(actually, usually kilolines) per square inch. In CGS units flux density is measured in Gauss (or kilogauss) and magnetic field
intensity in Oersteds. And in SI the unit of flux density is the Tesla, which is one Weber per square meter, and the unit of field
intensity is the Ampere per meter. Of these, only the last one, A/m is obvious. A Weber is a vo }\) Tesla. And, finally, an Oersted is
that field intensity required to produce one Gauss in the permeability of free space. Since the permeability of free space py =4
x 1077 Hy/m, this means that one Oe is about 79.58 A/m. Commonly, the energy product is cited in MgOe (Mega-Gauss-Oersted)s.
One MgOe is equal to 7.958k J/m3. A commonly used measure for the performance of a permanent magnet material is the
maximum energy product, the largest value of this product along the demagnetization curve.

To start to understand how these materials might be useful, consider the situation shown in Figure 13: A piece of permanent magnet
material is wrapped in a magnetic circuit with effectively infinite permeability. Assume the thing has some (finite) depth in the
direction you can’t see. Now, if we take Ampere’s law around the path described by the dotted line,

§H-df =0

since there is no current anywhere in the problem. If magnetization is upwards, as indicated by the arrow, this would indicate that
the flux density in the permanent magnet material is equal to the remanent flux density (also upward).

Permanent Magnet

T |

Magnetic Circuit, jL—oo A
Figure 13: Permanent Magnet in Magnetic Circuit
A second problem is illustrated in Figure 14, in which the same magnet is embedded in a magnetic circuit with an air gap. Assume
that the gap has width g and area Ag. The magnet has height hm and area Am. For convenience, we will take the positive reference
direction to be up (as we see it here) in the magnet and down in the air-gap.
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Figure 14: Permanent Magnet Driving an Air-Gap

Thus we are following the same reference direction as we go around the Ampere’s Law loop. That becomes:
§ﬁ'd2 = Hphy+ Hyg

Now, Gauss’ law could be written for either the upper or lower piece of the magnetic circuit. Assuming that the only substantive
flux leaving or entering the magnetic circuit is either in the magnet or the gap:

§f B-dA = BnAny — poHyA,
Solving this pair we have:

B, = _FO%:hTMHm = uO?uHm

This defines the unit permeance, essentially the ratio of the permeance facing the permanent magnet to the internal permeance of
the magnet. The problem can be, if necessary, solved graphically, since the relationship between B, and H,, is inherently
nonlinear, as shown in Figure 15 “load line” analysis of a nonlinear electronic circuit.

Now, one more ‘cut’ at this problem. Note that, at least for fairly large unit permeances the slope of the magnet characteristic is
fairly constant. In fact, for most of the permanent magnets used in machines (the one important exception is the now rarely used
ALNICO alloy magnet), it is generally acceptable to approximate the demagnitization curve with:

-

B, = Hm (ﬁm + MO)
Here, the magnetization Mj is fixed. Further, for almost all of the practical magnet materials the magnet permeability is nearly the
same as that of free space (um, =~ po). With that in mind,

_uop

! T T T
Figure 15: Load Line, Unit Permeance Analysis

consider the problem shown in Figure 16, in which the magnet fills only part of a gap in a magnetic circuit. But here the magnet
and gap areas are essentially the same. We could regard the magnet as simply a magnetization.
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Permanent Magnet

Magnetic Circuit, pL—yoo A
Figure 16: Surface Magnet Primitive Problem

In the region of the magnet and the air-gap, Ampere’s Law and Gauss’ law can be written:

VxH=0
Vﬂo(ﬁm+M0)=0
V'uoﬂg=0

Now, if in the magnet the magnetization is constant, the divergence of H in the magnet is zero. Because there is no current here, H
is curl free, so that everywhere:

H=-Vy
Vi =0
That is, magnetic field can be expressed as the gradient of a scalar potential which satisfies Laplace’s equation. It is also pretty
clear that, if we can assign the scalar potential to have a value of zero anywhere on the surface of the magnetic circuit it will be
zero over all of the magnetic circuit (i.e. at both the top of the gap and the bottom of the magnet). Finally, note that we can’t
actually assume that the scalar potential satisfies Laplace’s equation everywhere in the problem. In fact the divergence of M is zero
everywhere except at the top surface of the magnet where it is singular! In fact, we can note that there is a (some would say
fictitious) magnetic charge density:

pm=—V": M
At the top of the magnet there is a discontinuous change in M and so the equivalent of a magnetic surface charge. Using H, to note
the magnetic field above the magnet and H,, to note the magnetic field in the magnet,

poHy = po (Hm + Mp)
Om=My=H,— H,

and then to satisfy the potential condition, if hm is the height of the magnet and g is the gap:

9H, = hpnHon
Solving,
hm
Hy= Moy 2

Now, one more observation could be made. We would produce the same air-gap flux density if we regard the permanent magnet as
having a surface current around the periphery equal to the magnetization intensity. That is, if the surface current runs around the
magnet:

Ky=Mp
This would produce an MMF in the gap of:

F = Kghn,
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and then since the magnetic field is just the MMF divided by the total gap:

—_F _ hm
Hy= g5 = Moy %5

The real utility of permanent magnets comes about from the relatively large magnetizations: numbers of a few to several thousand
amperes per meter are common, and these would translate into enormous current densities in magnets of ordinary size.

This page titled 11.2: Permanent Magnets in Electric Machines is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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11.3: Simple Permanent Magnet Machine Structures- Commutator Machines

Figure 17 is a cartoon picture of a cross section of the geometry of a two-pole commutator machine using permanent magnets. This
is actually the most common geometry that is used. The rotor (armature) of the machine is a conventional, windings-in-slots type,
just as we have already seen

Stator Yoke

— Armature Winding

Rotor
Figure 17: PM Commutator Machine

for commutator machines. The field magnets are fastened (often just bonded) to the inside of a steel tube that serves as the
magnetic flux return path.

Assume for the purpose of first-order analysis of this thing that the magnet is describable by its remanent flux density B, and had
permeability of . First, we will estimate the useful magnetic flux density and then will deal with voltage generated in the
armature. Interaction Flux Density Using the basics of the analysis presented above, we may estimate the radial magnetic flux
density at the air-gap as being:

_ _B
By = 1+7;
where the effective unit permeance is:
= fihn 4
?c - fr 9 Am

A book on this topic by James Ireland suggests values for the two “fudge factors”:

1. The “leakage factor” f; is cited as being about 1.1.
2. The “reluctance factor” f; is cites as being about 1.2.

We may further estimate the ratio of areas of the gap and magnet by:

A, _  R+§

Am T Rtgtip

Now, there are a bunch of approximations and hand wavings in this expression, but it seems to work, at least for the kind of
machines contemplated.

A second correction is required to correct the effective length for electrical interaction. The reason for this is that the magnets
produce fringing fields, as if they were longer than the actual ”stack length” of the rotor (sometimes they actually are). This is
purely empirical, and Ireland gives a value for effective length for voltage generation of:

*

eeff:T

[3

where ¢* = ¢+ 2NR, and the empirical coefficient

where
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Voltage

It is, in this case, simplest to consider voltage generated in a single wire first. If the machine is running at angular velocity Q, speed
voltage is, while the wire is under a magnet,

v, = QR(B,

Now, if the magnets have angular extent 6, the voltage induced in a wire will have a waveform as shown in Figure 18: It is pulse-
like and has the same shape as the magnetic field of the magnets.

Vs
T

6, Qt

Figure 18: Voltage Induced in One Conductor

The voltage produced by a coil is actually made up of two waveforms of exactly this form, but separated in time by the ”coil
throw” angle. Then the total voltage waveform produced will be the sum of the two waveforms. If the coil thrown angle is larger
than the magnet angle, the two voltage waveforms add to look like this: There are actually two coil-side waveforms that add with a
slight phase shift.

If, on the other hand, the coil thrown is smaller than the magnet angle, the picture is the same, only the width of the pulses is that of
the coil rather than the magnet. In either case the average voltage generated by a coil is:

v=QRIN,Z B,
Ve

L
o4 T

O -

Figure 19: Voltage Induced in a Coil

where @* is the lesser of the coil throw or magnet angles and N, is the number of series turns in the coil. This gives us the
opportunity to develop the number of “active” turns:

G _ N8 — G 8
m_Ns'lr_ m

Here, C, is the number of active conductors, Ci, is the total number of conductors and m is the number of parallel paths. The
motor coefficient is then:

K= ReeiCiotBa 6"

m ™

Armature Resistance

The last element we need for first-order prediction of performance of the motor is the value of armature resistance. The armature
resistance is simply determined by the length and area of the wire and by the number of parallel paths (generally equal to 2 for
small commutator motors). If we note N, as the number of coils and N, as the number of turns per coil,
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Total armature resistance is given by:

R, = 2pwet%
where p,, is the resistivity (per unit length) of the wire:

1
2oy

Pw =

B[

( dw is wire diameter, o, is wire conductivity and #: is length of one half-turn). This length depends on how the machine is wound,
but a good first-order guess might be something like this:

bi~L+ TR
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CHAPTER OVERVIEW

12: Permanent magnet "Brushless DC" motors

This chapter is a brief introduction to the design evaluation of permanent magnet motors, with an eye toward servo and drive
applications. It is organized in the following manner: First, we describe three different geometrical arrangements for permanent
magnet motors:

1. Surface Mounted Magnets, Conventional Stator,
2. Surface Mounted Magnets, Air-Gap Stator Winding, and
3. Internal Magnets (Flux Concentrating).

After a qualitative discussion of these geometries, we will discuss the elementary rating parameters of the machine and show how
to arrive at a rating and how to estimate the torque and power vs. speed capability of the motor. Then we will discuss how the
machine geometry can be used to estimate both the elementary rating parameters and the parameters used to make more detailed
estimates of the machine performance.

Some of the more involved mathematical derivations are contained in appendices to this note.

12.1: Motor Morphologies

12.2: Zeroth Order Rating

12.3: Parameter Estimation

12.4: Current Rating and Resistance

12.5: Appendix 1- Air-Gap Winding Inductance
12.6: Appendix 2- Permanent Magnet Field Analysis
12.7: Layout

This page titled 12: Permanent magnet "Brushless DC" motors is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by James Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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12.1: Motor Morphologies

There are, of course, many ways of building permanent magnet motors, but we will consider only a few in this note. Actually, once
these are understood, rating evaluations of most other geometrical arrangements should be fairly straightforward. It should be
understood that the “rotor inside” vs. “rotor outside” distinction is in fact trivial, with very few exceptions, which we will note.

Surface Magnet Machines

Figure 1 shows the basic magnetic morphology of the motor with magnets mounted on the surface of the rotor and an otherwise
conventional stator winding. This sketch does not show some of the important mechanical aspects of the machine, such as the
means for fastening the permanent magnets to the rotor, so one should look at it with a bit of caution. In addition, this sketch and
the other sketches to follow are not necessarily to a scale that would result in workable machines.

Stator Core __ Rotor Core

Stator Winding
in Slots ————_¢

Figure 1: Axial View of a Surface Mount Motor

This figure shows an axial section of a four-pole (p =2) machine. The four magnets are mounted on a cylindrical rotor “core”, or
shaft, made of ferromagnetic material. Typically this would simply be a steel shaft. In some applications the magnets may be
simply bonded to the steel. For applications in which a glue joint is not satisfactory (e.g. for high speed machines) some sort of
rotor banding or retaining ring structure is required.

The stator winding of this machine is “conventional”, very much like that of an induction motor, consisting of wires located in slots
in the surface of the stator core. The stator core itself is made of laminated ferromagnetic material (probably silicon iron sheets),
the character and thickness of the sheets determined by operating frequency and efficiency requirements. They are required to carry
alternating magnetic fields, so must be laminated to reduce eddy current losses.

This sort of machine is simple in construction. Note that the operating magnetic flux density in the air-gap is nearly the same as in
the magnets, so that this sort of machine cannot have air-gap flux densities higher than that of the remanent flux density of the
magnets. If low cost ferrite magnets are used, this means relatively low induction and consequently relatively low efficiency and
power density. (Note the qualifier “relatively” here!). Note, however, that with modern, high performance permanent magnet
materials in which remanent flux densities can be on the order of 1.2 T, air-gap working flux densities can be on the order of 1 T.
With the requirement for slots to carry the armature current, this may be a practical limit for air-gap flux density anyway.

It is also important to note that the magnets in this design are really in the “air gap” of the machine, and therefore are exposed to all
of the time- and space- harmonics of the stator winding MMF. Because some permanent magnets have electrical conductivity
(particularly the higher performance magnets), any asynchronous fields will tend to produce eddy currents and consequent losses in
the magnets.
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Interior Magnet or Flux Concentrating Machines

Interior magnet designs have been developed to counter several apparent or real shortcomings of surface mount motors:

o Flux concentrating designs allow the flux density in the air-gap to be higher than the flux density in the magnets themselves.

o In interior magnet designs there is some degree of shielding of the magnets from high order space harmonic fields by the pole
pieces.

e There are control advantages to some types of interior magnet motors, as we will show anon. Essentially, they have relatively
large negative saliency which enhances “flux weakening” for high speed operation, in rather direct analogy the what is done in
DC machines.

o Some types of internal magnet designs have (or claim) structural advantages over surface mount magnet designs.

Stator Core——__ " - Armature Winding

Non-Magnetic
Rotor Core -

+... Rotor Pole
Pieces

\"““'m—____‘____ﬂ-f""/.
Figure 2: Axial View of a Flux Concentrating Motor

The geometry of one type of internal magnet motor is shown (crudely) in Figure 2. The permanent magnets are oriented so that
their magnetization is azimuthal. They are located between wedges of magnetic material (the pole pieces) in the rotor. Flux passes
through these wedges, going radially at the air- gap, then azimuthally through the magnets. The central core of the rotor must be
non-magnetic, to prevent “shorting out” the magnets. No structure is shown at all in this drawing, but quite obviously this sort of
rotor is a structural challenge. Shown is a six-pole machine. Typically, one does not expect flux concentrating machines to have
small pole numbers, because it is difficult to get more area inside the rotor than around the periphery. On the other hand, a machine
built in this way but without substantial flux concentration will still have saliency and magnet shielding properties.

Stator Core

Stator Slots
T .Y .
| e ™ g e *:T—':\"“'_"f Air Gap
|' = e = e — |

f o
Rotor

Saliency Slots

Figure 3: Axial View of Internal Magnet Motor
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A second morphology for an internal magneti motor is shown in Figure 3. This geometry has been proposed for highly salient
synchronous machines without permanent magnets: such machines would run on the saliency torque and are called synchronous
reluctance motors. however, the saliency slots may be filled with permanent magnet material, giving them some internally
generated flux as well. The rotor iron tends to short out the magnets, so that the *bridges’ around the ends of the permanent magnets
must be relatively thin. They are normally saturated.

At first sight, these machines appear to be quite complicated to analyze, and that judgement seems to hold up.

Air Gap Armature Windings

Shown in Figure 4 is a surface-mounted magnet machine with an air-gap, or surface armature winding. Such machines take
advantage of the fact that modern permanent magnet materials have very low permeabilities and that, therefore, the magnetic field
produced is relatively insensitive to the size of the air-gap of the machine. It is possible to eliminate the stator teeth and use all of
the periphery of the air-gap for windings.

Not shown in this figure is the structure of the armature winding. This is not an issue in “conventional” stators, since the armature
is contained in slots in the iron stator core. The use of an air-gap winding gives opportunities for economy of construction, new
armature winding forms such as helical windings, elimination of “cogging” torques, and (possibly) higher power densities.

Stator Back Irol
Rotor Core

Armature
Winding

Magnetic
Gap

Rotor Magnets

Figure 4: Axial View of a PM Motor With an Air-Gap Winding

This page titled 12.1: Motor Morphologies is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James
Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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12.2: Zeroth Order Rating

In determining the rating of a machine, we may consider two separate sets of parameters. The first set, the elementary rating
parameters, consist of the machine inductances, internal flux linkage and stator resistance. From these and a few assumptions about
base and maximum speed it is possible to get a first estimate of the rating and performance of the motor. More detailed
performance estimates, including efficiency in sustained operation, require estimation of other parameters. We will pay more
attention to that first set of parameters, but will attempt to show how at least some of the more complete operating parameters can
be estimated.

Voltage and Current: Round Rotor

To get started, consider the equivalent circuit shown in Figure 5. This is actually the equivalent circuit which describes all round
rotor synchronous machines. It is directly equivalent only to some of the machines we are dealing with here, but it will serve to
illustrate one or two important points.

What is shown here is the equivalent circuit of a single phase of the machine. Most motors are three-phase, but it is not difficult to
carry out most of the analysis for an arbitrary number of phases. The circuit shows an internal voltage FE, and a reactance X which
together with the terminal current I determine the terminal voltage V. In this picture armature resistance is ignored. If the machine
is running in the sinusoidal steady state, the major quantities are of the form:

Eq = wAq cos(wt 4 0)

V; = Vcoswt

I, = I cos(wt —¢)

The machine is in synchronous operation if the internal and external voltages are at the same

X I,

E, Vi

Figure 5: Synchronous Machine Equivalent Circuit

I
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Figure 6: Phasor Diagram For A Synchronous Machine
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frequency and have a constant (or slowly changing) phase relationship (§). The relationship between the major variables may be
visualized by the phasor diagram shown in Figure 3.1. The internal voltage is just the time derivative of the internal flux from the
permanent magnets, and the voltage drop in the machine reactance is also the time derivative of flux produced by armature current
in the air-gap and in the “leakage” inductances of the machine. By convention, the angle 4 is positive when current I lags voltage
V and the angle § is positive then internal voltage E, leads terminal voltage V. So both of these angles have negative sign in the
situation shown in Figure 3.1.

If there are ¢ phases, the time average power produced by this machine is simply:
P=1VIcosy

For most polyphase machines operating in what is called “balanced” operation (all phases doing the same thing with uniform phase
differences between phases), torque (and consequently power) are approximately constant. Since we have ignored power dissipated
in the machine armature, it must be true that power absorbed by the internal voltage source is the same as terminal power, or:

P =1E,Icos(¢) —9)
Since in the steady state:

P=%T

where T is torque and w/p is mechanical rotational speed, torque can be derived from the terminal quantities by simply:
T =pi eI cos(sp —0)

In principal, then, to determine the torque and hence power rating of a machine it is only necessary to determine the internal flux,
the terminal current capability, and the speed capability of the rotor. In fact it is almost that simple. Unfortunately, the model shown
in Figure 5 is not quite complete for some of the motors we will be dealing with, and we must go one more level into machine
theory.

A Little Two-Reaction Theory

The material in this subsection is framed in terms of three-phase (¢ = 3) machine theory, but it is actually generalizable to an
arbitrary number of phases. Suppose we have a machine whose three-phase armature can be characterized by internal fluxes and
inductance which may, in general, not be constant but is a function of rotor position. Note that the simple model we presented in the
previous subsection does not conform to this picture, because it assumes a constant terminal inductance. In that case, we have:

Ay = éph%’h +Ar (12.2.1)

where g is the set of internally produced fluxes (from the permanent magnets) and the stator winding may have both self- and

mutual- inductances.

Now, we find it useful to do a transformation on these stator fluxes in the following way: each armature quantity, including flux,
current and voltage, is projected into a coordinate system that is fixed to the rotor. This is often called the Park’s Transformation.
For a three phase machine it is:

uq Uq
Ug | =ug=Tu = T w (12.2.2)
uo Ue

Where the transformation and its inverse are:

cosf cos(6—Z) cos(6+ %)

z:% —sinf —sin(6— %) —sin(9+ %) (12.2.3)
1 1 1
2 2 2
cos @ —siné 1
T'=|cos(0—%) —sin(6—%) 1 (12.2.4)

cos (0+ %’r) —sin (0+ %”) 1
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It is easy to show that balanced polyphase quantities in the stationary, or phase variable frame, translate into constant quantities in
the so-called “d-q” frame. For example:

I, =Icoswt
Iy = Icos (wt— 23—”)

I, = Icos (wt+ 23—”)

0 =wt+ 6
maps to:
I;=Icosf
I, =—Isin6,

Now, if 6 =wt + 6y, the transformation coordinate system is chosen correctly and the “d-” axis will correspond with the axis on
which the rotor magnets are making positive flux. That happens if, when 6 = 0, phase A is linking maximum positive flux from the
permanent magnets. If this is the case, the internal fluxes are:

Aaa = Agcosf

Aab = AfcOS (0 - %”)

Age = Agcos (0 + ZT”)
Now, if we compute the fluxes in the d-q frame, we have:

Mg =L, Luy+Ap=TL T7L, +Xp (12.25)

Now: two things should be noted here. The first is that, if the coordinate system has been chosen as described above, the flux
induced by the rotor is, in the d-q frame, simply:

Af
Ag=1|0 (12.2.6)
0

That is, the magnets produce flux only on the d- axis.

The second thing to note is that, under certain assumptions, the inductances in the d-q frame are independent of rotor position and
have no mutual terms. That is:

Ly 0 0
£@=£ph£_l= 0 L, 0 (12:2.7)
0 0 L

The assertion that inductances in the d-q frame are constant is actually questionable, but it is close enough to being true and
analyses that use it have proven to be close enough to being correct that it (the assertion) has held up to the test of time. In fact the
deviations from independence on rotor position are small. Independence of axes (that is, absence of mutual inductances in the d-q
frame) is correct because the two axes are physically orthogonal. We tend to ignore the third, or “zero” axis in this analysis. It
doesn’t couple to anything else and has neither flux nor current anyway. Note that the direct- and quadrature- axis inductances are
in principle straightforward to compute. They are

direct axis the inductance of one of the armature phases (corrected for the fact of multiple phases) with the rotor aligned with the
axis of the phase, and

quadrature axis the inductance of one of the phases with the rotor aligned 90 electrical degrees away from the axis of that phase.
Next, armature voltage is, ignoring resistance, given by:

d d

Vo= 2= 7L 24 (12.2.8)

and that the transformed armature voltage must be:
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qu = gp}.

d /.
=I5 (T72) (12:2.9)

d d,_
= Eédq + (EE:Z:-‘ )Adq

The second term in this expresses “speed voltage”. A good deal of straightforward but tedious manipulation yields:

p 0 —% o
1| do
TZT'=|2 o o0 (12.2.10)
0 0 o
The direct- and quadrature- axis voltage expressions are then:
dXg
‘/d = ? —qu (12.2.11)
dA,
Vq = ? + w)\d (12.2.12)
where
w=4%
Instantaneous power is given by:
P=VolIs+Volp + Vel (12.2.13)
Using the transformations given above, this can be shown to be:
3 3
P=_Vala+ 5 Valg +3Volo (12.2.14)
which, in turn, is:
3 3 (d\g d), dho
P=wg (Aalg—Agla) + 5 (71,1 +— L) +3—-h (12.2.15)

Then, noting that w = pQ and that (15) describes electrical terminal power as the sum of shaft power and rate of change of stored
energy, we may deduce that torque is given by:

T= %P (>\qu - )‘qu) (12.2.16)

Note that we have stated a generalization to a g- phase machine even though the derivation given here was carried out for the ¢ =3
case. Of course three phase machines are by far the most common case. Machines with higher numbers of phases behave in the
same way (and this generalization is valid for all purposes to which we put it), but there are more rotor variables analogous to “zero
axis”.

Now, noting that, in general, Lg and L, are not necessarily equal,

Ay = LI, (12.2.18)
then torque is given by:
T= pg OAf+ (La—Ly) 1) I, (12.2.19)

Finding Torque Capability

For high performance drives, we will generally assume that the power supply, generally an inverter, can supply currents in the
correct spatial relationship to the rotor to produce torque in some reasonably effective fashion. We will show in this section how to
determine, given a required torque (or if the torque is limited by either voltage or current which we will discuss anon), what the
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values of I;and I, must be. Then the power supply, given some means of determining where the rotor is (the instantaneous value
of ), will use the inverse Park’s transformation to determine the instantaneous valued required for phase currents. This is the
essence of what is known as “field oriented control”, or putting stator currents in the correct location in space to produce the
required torque.

Our objective in this section is, given the elementary parameters of the motor, find the capability of the motor to produce torque.
There are three things to consider here:

e Armature current is limited, generally by heating,

¢ A second limit is the voltage capability of the supply, particularly at high speed, and

o If the machine is operating within these two limits, we should consider the optimal placement of currents (that is, how to get the
most torque per unit of current to minimize losses).

Often the discussion of current placement is carried out using, as a tool to visualize what is going on, the I,, I, plane. Operation in
the steady state implies a single point on this plane. A simple illustration is shown in Figure 7. The thermally limited armature
current capability is represented as a circle around the origin, since the magnitude of armature current is just the length of a vector
from the origin in this space. Note that since in general, for permanent magnet machines with

iq - ;
Optimal Torque Current Limit Locus
Locus
Voltage Limit
Locus \
} id

Short Circuit
Point

Figure 7: Limits to Operation

buried magnets, Ly < Ly, so the optimal operation of the machine will be with negative 1;. We will show how to determine this
optimum operation anon, but it will in general follow a curve in the I, I, plane as shown.

Finally, an ellipse describes the voltage limit. To start, consider what would happen if the terminals of the machine were to be
short-circuited so that V =0. If the machine is operating at sufficiently high speed so that armature resistance is negligible,
armature current would be simply:

I,=0
Now, loci of constant flux turn out to be ellipses around this point on the plane. Since terminal flux is proportional to voltage and
inversely proportional to frequency, if the machine is operating with a given terminal voltage, the ability of that voltage to
command current in the Iy, I, plane is an ellipse whose size “shrinks™ as speed increases.

To simplify the mathematics involved in this estimation, we normalize reactances, fluxes, currents and torques. First, let us define
the base flux to be simply M, = A and the base current I to be the armature capability. Then we define two per-unit reactances:

Tg= L/\df” (12.2.20)
LI,
T, = ;b” (12.2.21)

Next, define the base torque to be:
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and then, given per-unit currents 34 and i, the per-unit torque is simply:

Ty = pgely

te=(1-— (:I}q —z4)iq) iq (12.2.22)

It is fairly straightforward (but a bit tedious) to show that the locus of current-optimal operation (that is, the largest torque for a
given current magnitude or the smallest current magnitude for a given torque) is along the curve:

T A (4<qu—xd> )2 B Tern \/(4(mql—md) )2 3 (12:2.29)

A 4o (4(mql—md))2 1 Tern \/(4(mq1—xd) )2 +3 (12224

The “rating point” will be the point along this curve when 4, =1, or where this curve crosses the armature capability circle in the
i4, 14 plane. It should be noted that this set of expressions only works for salient machines. For non-salient machines, of course,
torque-optimal current is on the g-axis. In general, for machines with saliency, the “per-unit” torque will not be unity at the rating,
so that the rated, or “Base Speed” torque is not the “Base” torque, but:

T, =Ty xt, (12.2.25)
where ¢, is calculated at the rating point (that is, i, =1 and 44 and 34, as per (23) and (24)).

For sufficiently low speeds, the power electronic drive can command the optimal current to produce torque up to rated. However,
for speeds higher than the “Base Speed”, this is no longer true. Define a per-unit terminal flux:

-V
v=1u%
Operation at a given flux magnitude implies:
Y2 = (1 +@aia)” + (€gig)
which is an ellipse in the 4, i, plane. The Base Speed is that speed at which this ellipse crosses the point where the optimal
current curve crosses the armature capability. Operation at the highest attainable torque (for a given speed) generally implies d-axis
currents that are higher than those on the optimal current locus. What is happening here is the (negative) d-axis current serves to

reduce effective machine flux and hence voltage which is limiting g-axis current. Thus operation above the base speed is often
referred to as “flux weakening”.

The strategy for picking the correct trajectory for current in the 4, 4, plane depends on the value of the per-unit reactance z4. For
values of x4 > 1, it is possible to produce some torque at any speed. For values of z4 < 1, there is a speed for which no point in the
armature current capability is within the voltage limiting ellipse, so that useful torque has gone to zero. Generally, the maximum
torque operating point is the intersection of the armature current limit and the voltage limiting ellipse:

2
22 -2 +1
= —8 _ _ ( d )+ Y (12.2.26)

2 _ p2 2 _ p2 2 _ p2
:L'q z; :L'q zy :z:q Ty

fg=14/1—1i2 (12.2.27)

Table 1: Example Machine

D- Axis Inductance 2.53 mHy
Q- Axis Inductance 6.38 mHy
Internal Flux 58.1 mWb
Armature Current 30A
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Table 2: Operating Characteristics of Example Machine

Per-Unit D-Axis Current At Rating Point iq -.5924
Per-Unit Q-Axis Current At Rating Point iq .8056
Per-Unit D-Axis Reactance zq 1.306
Per-Unit Q-Axis Reactance T4 3.294
Rated Torque (Nm) T, 9.17
Terminal Voltage at Base Point (V) 97

It may be that there is no intersection between the armature capability and the voltage limiting ellipse. If this is the case and if z4
< 1, torque capability at the given speed is zero.

If, on the other hand, z, > 1, it may be that the intersection between the voltage limiting ellipse and the armature current limit is
not the maximum torque point. To find out, we calculate the maximum torque point on the voltage limiting ellipse. This is done in
the usual way by differentiating torque with respect to i; while holding the relationship between i; and 4, to be on the ellipse. The
algebra is a bit messy, and results in:

iq (12.2.28)

=_3:cd(a:q—:vd)—:vﬁ B (3:1:,1(:54—:54)—:1:3)2 (xq—za) (W2 —1) + 24

4z (x4 — za) 4z (zq — 2a) 2(zq —za) 73

ig = wi\/ ¥ — (1 + 2aia)” (12.2.29)

q

Ordinarily, it is probably easiest to compute (28) and (29) first, then test to see if the currents are outside the armature capability,
and if they are, use (26) and (27).

These expressions give us the capability to estimate the torque-speed curve for a machine. As an example, the machine described
by the parameters cited in Table 1 is a (nominal) 3 HP, 4-pole, 3000 RPM machine.

The rated operating point turns out to have the following attributes:

The loci of operation in the Iy, I, plane is shown in Figure 8. The armature current limit is shown only in the second and third
quadrants, so shows up as a semicircle. The two ellipses correspond with the rated point (the larger ellipse) and with a speed that is
three times rated (9000 RPM). The torque-optimal current locus can be seen running from the origin to the rating point, and the
higher speed operating locus follows the armature current limit. Figure 9 shows the torque/speed and power/speed curves. Note that
this sort of machine only approximates “constant power” operation at speeds above the “base” or rating point speed.
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Figure 8: Operating Current Loci of Example Machine
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12.3: Parameter Estimation

We are now at the point of estimating the major parameters of the motors. Because we have a number of different motor geometries
to consider, but because they share parameters in not too orderly a fashion, this section will have a number of sub-parts. First, we
calculate flux linkage, then reactance.

Flux Linkage
Given a machine which may be considered to be uniform in the axial direction, flux linked by a single, full-pitched coil which
spans an angle from zero to =/p, is:
é=/ 0; B, Rld¢
where B, is the radial flux through the coil. And, if Br is sinusoidally distributed this will have a peak value of

2RIB,
¢p = TT

Now, if the actual winding has N, turns, and using the pitch and breadth factors derived in Appendix 1, the total flux linked is

simply:
Ap= 2RIB1Nokw (12.3.1)
p
where
kw = kpksy
. a
kp = sin 0}
sinmJ
ky = ——
m sin 7
The angle a is the pitch angle,
a= 2@%‘:

where N, is the coil span (in slots) and N, is the total number of slots in the stator. The angle « is the slot electrical angle:
2;
=7
Now, what remains to be found is the space fundamental magnetic flux density Bj. In the third appendix it is shown that, for
magnets in a surface-mount geometry, the magnetic field at the surface of the magnetic gap is:

Bl = poMlky (12.3.2)

where the space-fundamental magnetization is:
M, = % %sin %
where B, is remanent flux density of the permanent magnets and 6,, is the magnet angle.

and where the factor that describes the geometry of the magnetic gap depends on the case. For magnets inside and p # 1,

b= g (s (8" = ™) 4 20 (B~ 7))

For magnets inside and p=1,
kg = g (3 (R — R} + Rilog 1)
For the case of magnets outside and p # 1:

ko= i (e (B = B+ oY (B - 157))

and for magnets outside and p=1,

k= gzt (5 (R3—R}) + Rilog )

https://eng.libretexts.org/@go/page/57689



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/57689?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.03%3A_Parameter_Estimation

LibreTexts"

Where R, and R; are the outer and inner magnetic boundaries, respectively, and Ry and R; are the outer and inner boundaries of
the magnets.

Note that for the case of a small gap, in which both the physical gap g and the magnet thickness h,, are both much less than rotor
radius, it is straightforward to show that all of the above expressions approach what one would calculate using a simple, one-
dimensional model for the permanent magnet:

hm
kg - g+hm

This is the whole story for the winding-in-slot, narrow air-gap, surface magnet machine. For airgap armature windings, it is
necessary to take into account the radial dependence of the magnetic field.

Air-Gap Armature Windings

With no windings in slots, the conventional definition of winding factor becomes difficult to apply. If, however, each of the phase
belts of the winding occupies an angular extent ,,, then the equivalent to (31) is:
. Oy
sinp-2
kw = TT’”Q
Next, assume that the “density” of conductors within each of the phase belts of the armature winding is uniform, so that the density
of turns as a function of radius is:

2N,
N =2 &,

This just expresses the fact that there is more azimuthal room at larger radii, so with uniform density the number of turns as a
function of radius is linearly dependent on radius. Here, R,, and R,; are the outer and inner radii, respectively, of the winding.

Now it is possible to compute the flux linked due to a magnetic field distribution:

Ruo 2AN,ky
A= ey T Rﬁ,f—TRﬁ”- poH,(r)dr

Note the form of the magnetic field as a function of radius expressed in 80 and 81 of the second appendix. For the “winding
outside” case it is:

H, = A(rr™t 4 RPr771)

Then a winding with all its turns concentrated at the outer radius r = Ry, would link flux:

A = Zhuke 0 H, (Ryp) = Bake o 4 (RE' + RIPRGE™)
Carrying out (32), it is possible, then, to express the flux linked by a thick winding to the flux that would have been linked by a

radially concentrated winding at its outer surface by:

As
kt=/\—c

where, for the winding outside, p # 2 case:

_ 2 (1—z*P)¢? 1 _g2p
e = (1—22)(14+¢&%>) ( 2+p + 2—p ) (12.3.3)

where we have used the definitions ¢ = R,,/R; and & = R,;/Ry,. In the case of winding outside, p =2,

ke 2 ( (-ahet log:z:) (12.3.4)

T 1)1+ 1

In a very similar way, we can define a winding factor for a thick winding in which the reference radius is at the inner surface.
(Note: this is done because the inner surface of the inside winding is likely to be coincident with the inner ferromagnetic surface, as
the outer surface of the outer winding Is likely to be coincident with the outer ferromagnetic surface). For p # 2:

ky

227P ( 1— z2tr

p 1 — %
= (1 —z2) (1 +7%) 2+p + (n2)? 7) (12.3.5)

2—-p

and for p=2:
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2z2

_ x4
M= A (1 1 ‘("’”)41°g$) (12:3.6)

where 5= R;/Ry;
So, in summary, the flux linked by an air-gap armature is given by:

_ 2RIBNokuk;

A
d P

(12.3.7)

where B is the flux density at the outer radius of the physical winding (for outside winding machines) or at the inner radius of the
physical winding (for inside winding machines). Note that the additional factor &, is a bit more than one (it approaches unity for
thin windings), so that, for small pole numbers and windings that are not too thick, it is almost correct and in any case
“conservative” to take it to be one.

Interior Magnet Motors
For the flux concentrating machine, it is possible to estimate air-gap flux density using a simple reluctance model.
The air- gap permeance of one pole piece is:
RY,
$ag = ”OlT
where 6, is the angular width of the pole piece.

And the incremental permeance of a magnet is:

hml
Pm=u0ﬁ

The magnet sees a unit permeance consisting of its own permeance in series with one half of each of two pole pieces (in series):

RY
i
Magnetic flux density in the magnet is:
Bn = Bozy;

And then flux density in the air gap is:
2hm _ 2hmWm
BQ = R_ome =By Aghp+ROpw,
The space fundamental of that can be written as:

4 . Db,
By = Zsin T"Bg"é—;'ym

where we have introduced the shorthand:

gle

The flux linkage is then computed as before:

_ 2RIB1 N,k (12.3.9)

Winding Inductances

The next important set of parameters to compute are the d- and g- axis inductances of the machine. We will consider three separate
cases, the winding-in-slot, surface magnet case, which is magnetically “round”, or non-salient, the air-gap winding case, and the
flux concentrating case which is salient, or has different direct- and quadrature- axis inductances.

Surface Magnets, Windings in Slots

In this configuration there is no saliency, so that L, = L,. There are two principal parts to inductance, the air-gap inductance and
slot leakage inductance. Other components, including end turn leakage, may be important in some configurations, and they would
be computed in the same way as for an induction machine. As is shown in the first Appendix, the fundamental part of air-gap
inductance is:
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_ g 4 mNZKLIR,

Ly === a%wi?s
AT 27 pP(g+ ha)

(12.3.9)

Here, g is the magnetic gap, including the physical rotational gap and any magnet retaining means that might be used. k. is the
magnet thickness.

Since the magnet thickness is included in the air-gap, the air-gap permeance may not be very large, so that slot leakage inductance
may be important. To estimate this, assume that the slot shape is rectangular, characterized by the following dimensions:

hs height of the main portion of the slot

w, width of the top of the main portion of the slot
ha height of the slot depression

wy slot depression opening

Of course not all slots are rectangular: in fact in most machines the slots are trapezoidal in shape to maintain teeth cross-sections
that are radially uniform. However, only a very small error (a few percent) is incurred in calculating slot permeance if the slot is
assumed to be rectangular and the top width is used (that is the width closest to the air-gap). Then the slot permeance is, per unit

length:

7o (3 4)

3 w,

Assume for the rest of this discussion a standard winding, with m slots in each phase belt (this assumes, then, that the total number
of slots is N, = 2pgm), and each slot holds two halfcoils. (A half-coil is one side of a coil which, of course, is wound in two slots).
If each coil has N, turns (meaning N, = 2pmN,), then the contribution to phase self-inductance of one slot is, if both half-coils are
from the same phase, 4iPN2. If the half-coils are from different phases, then the contribution to self inductance is ?N2 and the
magnitude of the contribution to mutual inductance is I2N2. (Some caution is required here. For three phase windings the mutual
inductance is negative, so are the senses of the currents in the two other phases, so the impact of “mutual leakage” is to increase the
reactance. This will be true for other numbers of phases as well, even if the algebraic sign of the mutual leakage inductance is
positive, in which case so will be the sense of the other- phase current.)

We will make two other assumptions here. The standard one is that the winding “coil throw”, or span between sides of a coil, is 1;’—;

— Ngp. Ny is the coil “short pitch”. The other is that each phase belt will overlap with, at most two other phases: the ones on either
side in sequence. This last assumption is immediately true for three- phase windings (because there are only two other phases. It is
also likely to be true for any reasonable number of phases.

Noting that each phase occupies 2p(m — N,,) slots with both coil halves in the same slot and 4pN,, slots in which one coil half
shares a slot with a different phase, we can write down the two components of slot leakage inductance, self- and mutual:

Lqs = 2pl [(m — Nyp) (2N,)* + 2N, N?]
Lom = 2pIN,,N?
For a three- phase machine, then, the total slot leakage inductance is:
Lo = Las + Lam = 2plPN (4m — N
For a uniform, symmetric winding with an odd number of phases, it is possible to show that the effective slot leakage inductance is:
Lq = Las — 2Lgm cos 2
Total synchronous inductance is the sum of air-gap and leakage components: so far this is:

Ly=Lg+ L,

Air-Gap Armature Windings

It is shown in Appendix 2 that the inductance of a single-phase of an air-gap winding is:

L= En an

where the harmonic components are:
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1, 8 polkin NG | (1— g?Fy %) (1 — a?th)
T E(1—22)? (4 — k%) (1 — %)
§2k (1 _ :L.k+2)2 £—2k (1 _ m2—k)2
C+EP(A—7"%) T Gk (-1
(1 _ ’)’_ka2+k) (1 _ x2—k) k 1— $2
(A—Kk2) (v 2k—1)  4—k® 2

+

where we have used the following shorthand coefficients:

_Rwo
- B
’)’—Rs

Rwo
§= R,

This fits into the conventional inductance framework:

if we assign the “thick armature” coefficient to be:

_ 2gk 1 (1 — z27Fy2¥) (1 — z2+F)
* " Ruo (1—12)? (4—Fk2) (1—7%)
g% (1— $k+2)2 % (1— x2—k)2
2+E2(1—2%) * (2—k)2(y%*-1)
Q=7 (1-2*%)  k 1-2? ]
A—k) (72— 1) iR 2

—+

+

and k =np and g= R, — R; is the conventionally defined “air gap”. If the aspect ratio Ri/R, is not too far from unity, neither is
k.. In the case of p =2, the fundamental component of &, is:

4 9y pt(1—nt 4 4(1—gt 2
ka = 29k L [1 SI -2 :Ef_(,74)7—) IOg-’L' + §4(¥_74)' (].Og .’5)2 + 616((1_:4)) ]

For a g-phase winding, a good approximation to the inductance is given by just the first space harmonic term, or:

_ .4 mNIRLE,
Ls= 2 n2plg kq

Internal Magnet Motor

The permanent magnets will have an effect on reactance because the magnets are in the main flux path of the armature. Further,
they affect direct and quadrature reactances differently, so that the machine will be salient. Actually, the effect on the direct axis
will likely be greater, so that this type of machine will exhibit “negative” saliency: the quadrature axis reactance will be larger than
the direct- axis reactance.

A full- pitch coil aligned with the direct axis of the machine would produce flux density:

poNel
29(1+%P "’m"‘)

Note that only the pole area is carrying useful flux, so that the space fundamental of radial flux density is:
By — Nl 4 _sinZP

29 Rop
g i

Then, since the flux linked by the winding is:

>\a — 2R1N;k,,,B1

The d- axis inductance, including mutual phase coupling, is (for a g- phase machine):

HoNZRIKS,
g

4 o P
La= 3% Ym SID 5"

The quadrature axis is quite different. On that axis, the armature does not tend to push flux through the magnets, so they have only
a minor effect. What effect they do have is due to the fact that the magnets produce a space in the active air- gap. Thus, while a full-
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pitch coil aligned with the quadrature axis will produce an air- gap flux density:

the space fundamental of that will be:

where 6; is the angular width taken out of the pole by the magnets.

So that the expression for quadrature axis inductance is:

_gguoN,?le?;( . P_ot)
Ly=45+ o 1—sin &

This page titled 12.3: Parameter Estimation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James
Kirtley (MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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12.4: Current Rating and Resistance

The last part of machine rating is its current capability. This is heavily influenced by cooling methods, for the principal limit on
current is the heating produced by resistive dissipation. Generally, it is possible to do first-order design estimates by assuming a
current density that can be handled by a particular cooling scheme. Then, in an air-gap winding:

No, = (B2, — B,) % J,
and note that, usually, the armature fills the azimuthal space in the machine:
2¢Oy =2
For a winding in slots, nearly the same thing is true: if the rectangular slot model holds true:
2gN,I, = N hsw,J,

where we are using J, to note slot current density. Now, suppose we can characterize the total slot area by a “space factor” A,
which is the ratio between total slot area and the annulus occupied by the slots: for the rectangular slot model:

A = Nshsw,
s = w(R,-RL)

where Ryi = R+ hgand Ru, = Rui + hs in a normal, stator outside winding. In this case, J, = JsA,; and the two types of machines
can be evaluated in the same way.

It would seem apparent that one would want to make )\, as large as possible, to permit high currents. The limit on this is that the
magnetic teeth between the conductors must be able to carry the air-gap flux, and making them too narrow would cause them to
saturate. The peak of the time fundamental magnetic field in the teeth is, for example,

By =B
where w; is the width of a stator tooth:
wy = TR
so that
B; ~ I_B;}u
Resistance

Winding resistance may be estimated as the length of the stator conductor divided by its area and its conductivity. The length of the
stator conductor is:

Ie= 2lNafe

where the “end winding factor” f. is used to take into account the extra length of the end turns (which is usually not negligible).
The area of each turn of wire is, for an air-gap winding:

where ), the “packing factor” relates the area of conductor to the total area of the winding. The resistance is then just:

AIN?

R, = Oue(BZ,— ) Auo

and, of course, o is the conductivity of the conductor.

For windings in slots the expression is almost the same, simply substituting the total slot area:

— _2iNg
Ro = Nhuee

The end turn allowance depends strongly on how the machine is made. One way of estimating what it might be is to assume that
the end turns follow a roughly circular path from one side of the machine to the other. The radius of this circle would be, very
roughly, R, /p, where is the average radius of the winding: Ry = (Ry, + Rui) /2

Then the end-turn allowance would be:
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12.5: Appendix 1- Air-Gap Winding Inductance

In this appendix we use a simple two-dimensional model to estimate the magnetic fields and then inductances of an air-gap
winding. The principal limiting assumption here is that the winding is uniform in the z~ direction, which means it is long in
comparison with its radii. This is generally not true, nevertheless the answers we will get are not too far from being correct. The
style of analysis used here can be carried into a three-dimensional, or quasi-three dimensional domain to get much more precise
answers, at the expense of a very substantial increase in complexity.

The coordinate system to be used is shown in Figure 10. To maintain generality we have four radii: R; and R, are ferromagnetic
boundaries, and would of course correspond with the machine shaft and the stator core. The winding itself is carried between radii
R, and R,, which correspond with radii R,; and R,, in the body of the text. It is assumed that the armature is carrying a current
in the z- direction, and that this current is uniform in the radial dimension of the armature. If a single phase of the armature is
carrying current, that current will be:

= Nala
0= ww

over the annular wedge occupied by the phase. The resulting distribution can be fourier analyzed, and the n-th harmonic component
of this will be (assuming the coordinate system has been chosen appropriately):

_ 4 s 0 4 Nl
Im = prdosinn=ge = 2 o Kun

where the n-th harmonic winding factor is:

and note that 8, is the electrical winding angle:
Owe = pow

Now, it is easiest to approach this problem using a vector potential. Since the divergence of flux density is zero, it is possible to let
the magnetic flux density be represented by the curl of a vector potential:

B=VxA
Taking the curl of that:
Vx(VxA)=pJ=VV-A-V2A4
and using the coulomb gage
V-A=0
we have a reasonable tractable partial differential equation in the vector potential:
V2A = —pyd

Now, since in our assumption there is only a z- directed component of J, we can use that one component, and in circular

Cylindrical coordinates that is:
19,04, 8% A 7
ror! or ,.12 9z Az = —HoJz

For this problem, all variables will be varying sinusoidally with angle, so we will assume that angular dependence e, Thus:
. A r—Az = —poJ, (12.5.1)

This is a three-region problem. Note the regions as:

i R, <r< Ry
w Ri<r< Ry
0o Ry<r<R;

For i and o, the current density is zero and an appropriate solution to (40) is:

A, =Ark+ A rF
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In the region of the winding, w, a particular solution must be used in addition to the homogeneous solution, and
A, =ArbF + A rF 4 A,
where, for k+# 2,

J,r?
Ap=— ‘ff—k';
or, if k=2,
2
Ap = — 2 (jogr — 1)
And, of course, the two pertinent components of the magnetic flux density are:
1 0A,
B, =—
" r 08
0A,
By=—
T e

Next, it is necessary to match boundary conditions. There are six free variables and correspondingly there must be six of these
boundary conditions. They are the following:

e At the inner and outer magnetic boundaries, r = R; and r = R,, the azimuthal magnetic field must vanish.
o At the inner and outer radii of the winding itself, » = R; and r = Ry, both radial and azimuthal magnetic field must be
continuous.

These conditions may be summarized by:

kA RF! kA  R7F =0
kAS R —kA°RF 1 =0

AYRE + AYR; ‘101’:;2 = ARy + A2 Ry*
kAka—l kAwR_k_l 2u0J2R2 = _kA° Rk—l kA° R—k—l
TRALR T RAR, T e T AL T A RALL,
AYRE 4+ AR — ‘1"1’:;1 = AL R{™ + AL RH
kAka—l kAwR—k—l 2”’0JZR1 _ kAz Rk—l kAl R—k—l
TRALRD T A RAZG T+ e = kAR HRALR,

Note that we are carrying this out here only for the case of k # 2. The k =2 case may be obtained by substituting its particular
solution in at the beginning or by using L’Hopital’s rule on the final solution. This set may be solved (it is a bit tedious but quite
straightforward) to yield, for the winding region:

A bl [(RE’“R%"“ —RFRCT | R R ) o
©% \C-R(RF-RE) @+ (RF-RP)
( Rg—k _ R%—k Rs—zk R§+k _ R'_—2k R%+k ) g &% r2:|
(2 _ k) (R'—2k _ Rs_%) (2 + k) (Rz_% _ Rs—2k) 4 k2

Now, the inductance linked by any single, full-pitched loop of wire located with one side at azimuthal position @ and radius r is:
i = 21A,(r,0)

To extend this to the whole winding, we integrate over the area of the winding the incremental flux linked by each element times
the turns density. This is, for the n-th harmonic of flux linked:

4kunN, [ R2
Ap = w7, A, (r)rdr

Making the appropriate substitutions for current into the expression for vector potential, this becomes:

o _8 molk, N2, [(RERYC—RMECE RR_RM: | REC_REM
T k(R2—R2)? [\ (2—k) (R*—R¥)  (2+k) (R — R¥) k+2
Ry — RI* R*RIYF —R7™RY™\ RI*—RI™* 2k Rj— R}
(2 _ k) (erk _ Rs—2k) (2 + k) (Ri_2k _ R;2k) 2—k 4 — k2 4
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12.6: Appendix 2- Permanent Magnet Field Analysis

This section is a a field analysis of the kind of radially magnetized, permanent magnet structures commonly used in electric
machinery. It is a fairly general analysis, which will be suitable for use with either surface or in-slot windings, and for the magnet

inside or the magnet outside case.

This is a two-dimensional layout suitable for situations in which field variation along the length of the structure is negligible.
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12.7: Layout

The assumed geometry is shown in Figure 11. Assumed iron (highly permeable) boundaries are at radii R; and R,. The permanent
magnets, assumed to be polarized radially and alternately (i.e. North-South ...), are located between radii R; and R;. We assume
there are p pole pairs ( 2p magnets) and that each magnet subsumes an electrical angle of 6,,.. The electrical angle is just p times
the physical angle, so that if the magnet angle were @,,. = «, the magnets would be touching.

If the magnets are arranged so that the radially polarized magnets are located around the azimuthal origin (@ = 0), the space
fundamental of magnetization is:

M = i,Mycospb (41)
where the fundamental magnitude is:
4 ome Brem
My = —sin 42
° 2 o (42)

and B, isthe remanent magnetization of the permanent magnet.

Since there is no current anywhere in this problem, it is convenient to treat magnetic field as the gradient of a scalar potential:

A=-Vy (43)
The divergence of this is:
Vip=-V-H (44)
Since magnetic flux density is divergence-free,
V-B=0 (45)
we have:
Figure 11: Axial View of Magnetic Field Problem
V-H=-V-M (46)
or:
V=V .M= %Mg cos pf (47)

Now, if we let the magnetic scalar potential be the sum of particular and homogeneous parts:
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where V23, = 0, then:

Y="1bp+9n (48)

1
Vi, = ?Mo cos pf (49)

We can find a suitable solution to the particular part of this in the region of magnetization by trying:

Pp = Cr7cospl (50)
Carrying out the Laplacian on this:
V3, = Cr’2 (72 —p2) cospd = %Mo cos pd (51)
which works if v = 1, in which case:
Mo’l"
Pp = - cos pf (52)

Of course this solution holds only for the region of the magnets: R; < r < Ry, and is zero for the regions outside of the magnets.
A suitable homogeneous solution satisfies Laplace’s equation, V24, = 0, and is in general of the form:

¥y, = ArP cos pb + Br~P cos pl (53)
Then we may write a trial total solution for the flux density as:

R, <r< Ry 1= (A1r?+ B17 P)cospb (54)

Ri<r<Ry o= (Azrp + Bor? 4 1M0T2 ) cos pf (55)

Ry <r< R, t = (A3r?+ B3rP)cospl (56)

The boundary conditions at the inner and outer (assumed infinitely permeable) boundaries at r = R; and r = R, require that the
azimuthal field vanish, or % =0, leading to:

B; = —R¥4, (87)
B; = —R¥4, (58)

At the magnet inner and outer radii, Hy and B, must be continuous. These are:

10y
These become, at r = R;:
_ o o M,
—pA; (Ry — RPR;"™) = —p (AR + BoR;P ) —p ; _‘;Z (61)
_ _ _ e M,
—pAy (RY + RPR7Y) = —p (AR — BoRP™) — - _‘;2 + M, (62)
and at r = Ry:
_ o o M,
—pAs (RS — R¥R,") = —p (A2RS ™ + BoR;™ ™) —p ] _‘;2 (63)
_ _ _ Ly M,
—pAs (RS + RPR;"') = —p (A:RS ' — BoRyP ™) — - _‘;2 + M, (64)

Some small-time manipulation of these yields:
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M,

Ay (R} — RFPR]?) = AsRY + ByR, P + Ry g (65)
P 2p p—p D —p Mo
Ay (R + RIR;?) = A;RE — ByR;” + pR, g (66)
A D 2p p—P P —p Mo
3 (RS — R¥R,”) = AsRS + ByR;” + Ry - (67)
D 2p p—P D —p Mo
As (B + RPR,") = AyR) — BaRy” +pRa — (68)
Taking sums and differences of the first and second and then third and fourth of these we obtain:
1
2A,R = 2A,RP + RIMOI_L:; (69)
A R¥PR-P —p p—1
2 lRi Rl = —2B2R1 + RIMOW (70)
1
9AsR? = 2A,R2 + RzMol_L:; (71)
243R¥R;” = —2ByR;” + RzMo% (72)
and then multiplying through by appropriate factors (R2 p and R1 p and then taking sums and differences of these,
My p+1
(A1 — As) YR = (R\Rj — Ry RY) —° f_ 5 (73)
—9) y— — — MO p— 1
(AR} — A3sR¥) R\*R;” = (R1R;” — RaR;”) 2 15 (74)
Dividing through by the appropriate groups:
RiR) —R:RY My 1+p
A;— Az = =0
iy = S (75)
RiR,® — RyR[? —
ARF - AgRY = T2 2 T P (76)
R*R;? 2 1-p
and then, by multiplying the top equation by R and subtracting:
A (Rgp B R2p) _ (Rle — RzR‘; % 1+p ) gp _ Rle—p _ Rle_P % p—1 (77)
) RIIDRI; 2 1 _p2 Rl_pRZ_p 2 1 _p2
This is readily solved for the field coefficients A; and Aj:
_ My p+1 /1, 1\ p2p , P~ 1 /o14p 1+p
== ey (o (R = m7) e S (i) 7%
_ M, 1 1-p 1-p\ p2p 1 14p _ plip
A3——2(R§p_R?,,) (l_p(Rl — R - (BT - Ry )) (79)

Now, noting that the scalar potential is, in region 1 (radii less than the magnet),
v=A; (r” - R?pr_p) cospd r<R;
¥ = A3 (P — R¥r?) cospd 7> Ry
and noting that p(p+1)/ (p2 —1) =p/(p—1) and p(p—1)/ (p? — 1) = p/(p + 1), magnetic field is
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r<R;
M, - .
st Y EP_OR?P) (pp T (B —RByT) B + ppﬁ (R;ﬂ—Riﬂ)) (r~ + BiPr ) cospo
r> Ry
r< R
T 5 ) (525 (B - By7) B + 2 (B~ B) ) (7 + EPr ) conpt (30)
r> Ra
M, o
R EP—OR?") (27 @ - B R 4 o (B - 7)) (®1)

(r" + R®r~71) cos ph
The case of p = 1 appears to be a bit troublesome here, but is easily handled by noting that:
lim,,; -2 P (RI_P R;_P ) = log %
Now: there are a number of special cases to consider.
For the iron-free case, R; — 0and R; — oo, this becomes, simply, for r < R;

M() p — —
=g (R1 ? _R, p) 7 cos p@ (82)
Note that for the case of p = 1, the limit of this is
H, = M" log zocosd
and for r > Ry:
H,.= 1\;0 pf_l (R;21+1 - Rﬁ'ﬂ) 7~ cos pd
For the case of a machine with iron boundaries and windings in slots, we are interested in the fields at the boundaries. In such a
case, usually, either R; = R; or R, = R,. The fields are:

at the outer boundary: r = R,:

H, = M, (2 (RE™ — RE™') + 21 R (R — Ry”)) cospd

R’P R”"

or at the inner boundary: r = R;:

p+1 +1 2 1— 1—
Hy = Moz " (52 (RS — RP*) + 2 R¥ (R — R}™)) cosph
This page titled 12.7: Layout is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by James Kirtley (MIT

OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.

https://eng.libretexts.org/@go/page/57694



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/57694?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.07%3A_Layout
https://creativecommons.org/licenses/by-nc-sa/4.0
http://web.mit.edu/kirtley/www/
https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-050j-information-and-entropy-spring-2008/
https://ocw.mit.edu/courses/6-061-introduction-to-electric-power-systems-spring-2011

@é@LHﬂ%ﬂkﬁdS“

Index
A

Ampere’s Law
6.2: Magnetic Circuits

D

direct axis
12.2: Zeroth Order Rating

F
Faraday’s Law

6.3: Faraday’s Law and Inductance

G
Gauss—Seidel iterative technique

5.3: Gauss—Seidel Iterative Technique

|

impedance
2.4: Tmpedance

inductance

6.3: Faraday’s Law and Inductance

L
linearity

1.6: Linearity and Superposition

P
polyphase lines

3.6: Polyphase Lines and Single-Phase Equivalents

Q

quadrature axis
12.2: Zeroth Order Rating

S
surface armature winding
12.1: Motor Morphologies
symmetrical component transformation

4.1: The Symmetrical Component Transformation

T

three phase systems
3.2: Three Phase Systems

transformers

3.4: Transformers

4

zeroth order rating
12.2: Zeroth Order Rating

https://eng.libretexts.org/@go/page/55720


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55720?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/zz%3A_Back_Matter/10%3A_Index
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/06%3A_Magnetic_circuit_analog_to_electric_circuits/6.02%3A_Magnetic_Circuits
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.02%3A_Zeroth_Order_Rating
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/06%3A_Magnetic_circuit_analog_to_electric_circuits/6.03%3A_Faradays_Law_and_Inductance
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/05%3A_Introduction_to_load_flow/5.03%3A_GaussSeidel_Iterative_Technique
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.04%3A_Impedance
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/06%3A_Magnetic_circuit_analog_to_electric_circuits/6.03%3A_Faradays_Law_and_Inductance
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.06%3A_Linearity_and_Superposition
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.06%3A_Polyphase_Lines_and_Single-Phase_Equivalents
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.02%3A_Zeroth_Order_Rating
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.01%3A_Motor_Morphologies
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/04%3A_Introduction_to_symmetrical_components/4.01%3A_The_Symmetrical_Component_Transformation
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.02%3A_Three_Phase_Systems
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.04%3A_Transformers
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.02%3A_Zeroth_Order_Rating

Li breTexts*

Glossary

Sample Word 1 | Sample Definition 1

https://eng.libretexts.org/@go/page/55721


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/@go/page/55721?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/zz%3A_Back_Matter/20%3A_Glossary

LibreTextS'"

Detailed Licensing

Overview

Title: Introduction to Electric Power Systems (Kirtley)

Webpages: 93

Applicable Restrictions: Noncommercial

All licenses found:

e CCBY-NC-SA 4.0: 96.8% (90 pages)
e Undeclared: 3.2% (3 pages)

By Page

¢ Introduction to Electric Power Systems (Kirtley) - CC BY-
NC-SA 4.0

o Front Matter - CC BY-NC-SA 4.0

TitlePage - CC BY-NC-SA 4.0
InfoPage - CC BY-NC-SA 4.0
Table of Contents - Undeclared
Licensing - Undeclared

o 1: Review of network theory - CC BY-NC-SA 4.0

1.1: Network Primitives - CC BY-NC-SA 4.0

1.2: Examples- Voltage and Current Dividers - CC
BY-NC-SA 4.0

1.3: Node Voltages and Reference - CC BY-NC-SA
4.0

1.4: Serial and Parallel Combinations - CC BY-NC-SA
4.0

1.5: Loop and Node Equations - CC BY-NC-SA 4.0
1.6: Linearity and Superposition - CC BY-NC-SA 4.0
1.7: Thevenin and Norton Equivalent Circuits - CC
BY-NC-SA 4.0

1.8: Two Port Networks - CC BY-NC-SA 4.0

1.9: Inductive and Capacitive Circuit Elements - CC
BY-NC-SA 4.0

o 2: AC power flow in linear networks - CC BY-NC-SA 4.0

2.1: Transmission Lines - CC BY-NC-SA 4.0

2.2: Complex Exponential Notation - CC BY-NC-SA
4.0

2.3: Sinusoidal Time Functions - CC BY-NC-SA 4.0
2.4: Tmpedance - CC BY-NC-SA 4.0

2.5: System Functions and Frequency Response - CC
BY-NC-SA 4.0

2.6: Phasors - CC BY-NC-SA 4.0

2.7: Energy and Power - CC BY-NC-SA 4.0

2.8: A Conservation Law - CC BY-NC-5A 4.0

2.9: Power Flow Through An Impedance - CC BY-
NC-SA 4.0

2.10: Compensated Line - CC BY-NC-SA 4.0

o 3: Polyphase Networks - CC BY-NC-SA 4.0

o 4

3.1: Two Phases - CC BY-NC-SA 4.0

3.2: Three Phase Systems - CC BY-NC-SA 4.0

3.3: Line-Line Voltages - CC BY-NC-SA 4.0

3.4: Transformers - CC BY-NC-SA 4.0

3.5: Three-Phase Transformers - CC BY-NC-SA 4.0
3.6: Polyphase Lines and Single-Phase Equivalents -
CC BY-NC-SA 4.0

3.7: Introduction To Per-Unit Systems - CC BY-NC-
SA 4.0

: Introduction to symmetrical components - CC BY-NC-

SA 4.0

= 4.1: The Symmetrical Component Transformation -

CC BY-NC-SA 4.0

= 4.2: Sequence Impedances - CC BY-NC-SA 4.0
= 4.3: Unbalanced Sources - CC BY-NC-SA 4.0

= 4.4: Rotating Machines - CC BY-NC-SA 4.0

= 4.5: Transformers - CC BY-NC-SA 4.0

= 4.6: Unbalanced Faults - CC BY-NC-SA 4.0

: Introduction to Load Flow - CC BY-NC-SA 4.0

= 5.1: Power Flow - CC BY-NC-SA 4.0
= 5.2: Bus Admittance - CC BY-NC-SA 4.0
= 5.3: Gauss—Seidel Iterative Technique - CC BY-NC-

SA 4.0

= 5.4: Example- Simple-Minded Program - CC BY-NC-

SA 4.0

= 5.5: Example - CC BY-NC-SA 4.0

o 6

: Magnetic circuit analog to electric circuits - CC BY-

NC-SA 4.0
» 6.1: Electric Circuits and Kirchoff’s Laws - CC BY-

NC-SA 4.0

= 6.2: Magnetic Circuits - CC BY-NC-SA 4.0
= 6.3: Faraday’s Law and Inductance - CC BY-NC-SA

4.0

https://eng.libretexts.org/@go/page/91188


https://libretexts.org/
https://eng.libretexts.org/@go/page/91188?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/zz%3A_Back_Matter/30%3A_Detailed_Licensing
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/00%3A_Front_Matter
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/00%3A_Front_Matter/01%3A_TitlePage
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/00%3A_Front_Matter/02%3A_InfoPage
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/00%3A_Front_Matter/03%3A_Table_of_Contents
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/00%3A_Front_Matter/04%3A_Licensing
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.01%3A_Network_Primitives
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.02%3A_Examples-_Voltage_and_Current_Dividers
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.03%3A_Node_Voltages_and_Reference
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.04%3A_Serial_and_Parallel_Combinations
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.05%3A_Loop_and_Node_Equations
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.06%3A_Linearity_and_Superposition
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.07%3A_Thevenin_and_Norton_Equivalent_Circuits
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.08%3A_Two_Port_Networks
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/01%3A_Review_of_network_theory/1.09%3A_Inductive_and_Capacitive_Circuit_Elements
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.01%3A_Transmission_Lines
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.02%3A_Complex_Exponential_Notation
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.03%3A_Sinusoidal_Time_Functions
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.04%3A_Impedance
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.05%3A_System_Functions_and_Frequency_Response
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.06%3A_Phasors
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.07%3A_Energy_and_Power
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.08%3A_A_Conservation_Law
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.09%3A_Power_Flow_Through_An_Impedance
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/02%3A_AC_power_flow_in_linear_networks/2.10%3A_Compensated_Line
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.01%3A_Two_Phases
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.02%3A_Three_Phase_Systems
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.03%3A_Line-Line_Voltages
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.04%3A_Transformers
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.05%3A_Three-Phase_Transformers
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.06%3A_Polyphase_Lines_and_Single-Phase_Equivalents
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/03%3A_Polyphase_Networks/3.07%3A_Introduction_To_Per-Unit_Systems
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/04%3A_Introduction_to_symmetrical_components
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/04%3A_Introduction_to_symmetrical_components/4.01%3A_The_Symmetrical_Component_Transformation
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/04%3A_Introduction_to_symmetrical_components/4.02%3A_Sequence_Impedances
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/04%3A_Introduction_to_symmetrical_components/4.03%3A_Unbalanced_Sources
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/04%3A_Introduction_to_symmetrical_components/4.04%3A_Rotating_Machines
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/04%3A_Introduction_to_symmetrical_components/4.05%3A_Transformers
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/04%3A_Introduction_to_symmetrical_components/4.06%3A_Unbalanced_Faults
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/05%3A_Introduction_to_load_flow
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/05%3A_Introduction_to_load_flow/5.01%3A_Power_Flow
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/05%3A_Introduction_to_load_flow/5.02%3A_Bus_Admittance
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/05%3A_Introduction_to_load_flow/5.03%3A_GaussSeidel_Iterative_Technique
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/05%3A_Introduction_to_load_flow/5.04%3A_Example-_SimpleMinded_Program
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/05%3A_Introduction_to_load_flow/5.05%3A_Example
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/06%3A_Magnetic_circuit_analog_to_electric_circuits
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/06%3A_Magnetic_circuit_analog_to_electric_circuits/6.01%3A_Electric_Circuits_and_Kirchoffs_Laws
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/06%3A_Magnetic_circuit_analog_to_electric_circuits/6.02%3A_Magnetic_Circuits
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/06%3A_Magnetic_circuit_analog_to_electric_circuits/6.03%3A_Faradays_Law_and_Inductance
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTextS'"

o 7:Power electric motor drives - CC BY-NC-SA 4.0 = 10.1: Induction Motor Transformer Model - CC BY-

o 8: Electromagnetic forces and loss mechanisms - CC BY- NC-S5A 4.0

NC-SA 4.0

= 8.1: Energy Conversion Process- - CC BY-NC-SA 4.0

= 8.2: Tying the MST and Poynting Approaches
Together - CC BY-NC-SA 4.0

= 8.3: Simple Description of a Linear Induction Motor -
CC BY-NC-S5A 4.0

= 8.4: Surface Impedance of Uniform Conductors - CC
BY-NC-SA 4.0

= 8.5: Iron - CC BY-NC-SA 4.0

= 8.6: Semi-Empirical Method of Handling Iron Loss -
CC BY-NC-S5A 4.0

o 9: Synchronous machine and winding models - CC BY-

NC-SA 4.0

= 9.1: Relating Rating to Size - CC BY-NC-SA 4.0

= 9.2: Winding Inductance Calculation - CC BY-NC-SA
4.0

= 9.3: Physical Picture- Current Sheet Description - CC
BY-NC-SA 4.0

= 9.4: Continuous Approximation to Winding Patterns -
CC BY-NC-SA 4.0

= 9.5: Classical, Lumped-Parameter Synchronous
Machine - CC BY-NC-SA 4.0

= 9.6: Balanced Operation - CC BY-NC-SA 4.0

= 9.7: Reconciliation of Models - CC BY-NC-SA 4.0

= 9.8: Per-Unit Systems - CC BY-NC-SA 4.0

= 9.9: Normal Operation - CC BY-NC-SA 4.0

= 9.10: Salient Pole Machines- Two-Reaction Theory -
CC BY-NC-SA 4.0

10: Analytic design evaluation of induction machines -
CC BY-NC-SA 4.0

= 10.2: Operation- Energy Balance - CC BY-NC-SA 4.0

= 10.3: Squirrel Cage Machine Model - CC BY-NC-SA
4.0

= 10.4: Solid Iron Rotor Bodies - CC BY-NC-SA 4.0

= 10.5: Induction Motor Speed Control - CC BY-NC-SA
4.0

11: DC (commutator) and permanent magnet machines -

CC BY-NC-SA 4.0

= 11.1: Introduction - CC BY-NC-SA 4.0

= 11.2: Permanent Magnets in Electric Machines - CC
BY-NC-SA 4.0

= 11.3: Simple Permanent Magnet Machine Structures-
Commutator Machines - CC BY-NC-SA 4.0

12: Permanent magnet "Brushless DC" motors - CC BY-
NC-5A 4.0

= 12.1: Motor Morphologies - CC BY-NC-SA 4.0

= 12.2: Zeroth Order Rating - CC BY-NC-SA 4.0

s 12.3: Parameter Estimation - CC BY-NC-SA 4.0

= 12.4: Current Rating and Resistance - CC BY-NC-SA
4.0

= 12.5: Appendix 1- Air-Gap Winding Inductance - CC
BY-NC-SA 4.0

= 12.6: Appendix 2- Permanent Magnet Field Analysis -
CC BY-NC-SA 4.0

= 12.7: Layout - CC BY-NC-SA 4.0

o Back Matter - CC BY-NC-SA 4.0

s Index - CC BY-NC-SA 4.0
= Glossary - CC BY-NC-SA 4.0
= Detailed Licensing - Undeclared

a https://eng.libretexts.org/@go/page/91188


https://libretexts.org/
https://eng.libretexts.org/@go/page/91188?pdf
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/07%3A_Power_electric_motor_drives
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms/8.01%3A_Energy_Conversion_Process-
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms/8.02%3A_Tying_the_MST_and_Poynting_Approaches_Together
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms/8.03%3A_Simple_Description_of_a_Linear_Induction_Motor
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms/8.04%3A_Surface_Impedance_of_Uniform_Conductors
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms/8.05%3A_Iron
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/08%3A_Electromagnetic_forces_and_loss_mechanisms/8.06%3A_Semi-Empirical_Method_of_Handling_Iron_Loss
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.01%3A_Relating_Rating_to_Size
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.02%3A_Winding_Inductance_Calculation
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.03%3A_Physical_Picture-_Current_Sheet_Description
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.04%3A_Continuous_Approximation_to_Winding_Patterns
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.05%3A_Classical_Lumped-Parameter_Synchronous_Machine
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.06%3A_Balanced_Operation
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.07%3A_Reconciliation_of_Models
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.08%3A_Per-Unit_Systems
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.09%3A_Normal_Operation
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/09%3A_Synchronous_machine_and_winding_models/9.10%3A_Salient_Pole_Machines-_Two-Reaction_Theory
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/10%3A_Analytic_design_evaluation_of_induction_machines
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/10%3A_Analytic_design_evaluation_of_induction_machines/10.01%3A_Induction_Motor_Transformer_Model
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/10%3A_Analytic_design_evaluation_of_induction_machines/10.02%3A_Operation-_Energy_Balance
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/10%3A_Analytic_design_evaluation_of_induction_machines/10.03%3A_Squirrel_Cage_Machine_Model
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/10%3A_Analytic_design_evaluation_of_induction_machines/10.04%3A_Solid_Iron_Rotor_Bodies
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/10%3A_Analytic_design_evaluation_of_induction_machines/10.05%3A_Induction_Motor_Speed_Control
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/11%3A_DC_(commutator)_and_permanent_magnet_machines
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/11%3A_DC_(commutator)_and_permanent_magnet_machines/11.01%3A_Introduction
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/11%3A_DC_(commutator)_and_permanent_magnet_machines/11.02%3A_Permanent_Magnets_in_Electric_Machines
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/11%3A_DC_(commutator)_and_permanent_magnet_machines/11.03%3A_Simple_Permanent_Magnet_Machine_Structures-_Commutator_Machines
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.01%3A_Motor_Morphologies
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.02%3A_Zeroth_Order_Rating
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.03%3A_Parameter_Estimation
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.04%3A_Current_Rating_and_Resistance
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.05%3A_Appendix_1-_Air-Gap_Winding_Inductance
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.06%3A_Appendix_2-_Permanent_Magnet_Field_Analysis
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/12%3A_Permanent_magnet_Brushless_DC_motors/12.07%3A_Layout
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/zz%3A_Back_Matter
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/zz%3A_Back_Matter/10%3A_Index
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/zz%3A_Back_Matter/20%3A_Glossary
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://eng.libretexts.org/Bookshelves/Electrical_Engineering/Electro-Optics/Introduction_to_Electric_Power_Systems_(Kirtley)/zz%3A_Back_Matter/30%3A_Detailed_Licensing

