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About the Book

This book offers an accessible and thorough introduction to differential equations, focusing on both the theory and applications of
first-order and higher-order differential equations, power series solutions, Laplace transforms, and systems of differential equations.

Through detailed explanations, real-world examples, and interactive elements, students learn how differential equations are used to
model physical systems, population dynamics, electrical circuits, mechanical vibrations, and more. Key analytical techniques—
such as separation of variables, integrating factors, exact equations, undetermined coefficients, variation of parameters, and the
eigenvalue method—are presented alongside numerical methods and qualitative tools like slope fields, phase portraits, and
autonomous systems.

Topics include the classification and solution of first-order differential equations using various methods, applications such as
exponential growth and decay, Newton’s law of cooling, mixing problems, and pursuit curves, as well as the study of second-order
and higher-order linear differential equations with constant coefficients. Students will explore nonhomogeneous equations and their
applications in physical systems like spring-mass-damper models and forced oscillations. The book also introduces power series
methods for solving differential equations near ordinary and singular points, including the Frobenius method, and provides a
comprehensive treatment of the Laplace transform and its use in solving initial value problems. Finally, the text covers systems of
differential equations, matrix methods, and the eigenvalue method for solving linear systems.

This book builds upon the foundation established in Introductory Differential Equations by Jifi Lebl and Elementary Differential
Equations with Boundary Value Problems by William F. Trench. We also acknowledge Lake Tahoe Community College’s
derivative version of Lebl’s textbook, which served as an important starting point for our own work. In creating this resource, we
have aimed to uphold the principles of open education while enhancing accessibility for a diverse range of learners.
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1.1: Introduction to Differential Equations

4b Learning Objectives

e Solve first-order differential equations using analytical techniques and verify solutions against given initial conditions.
o Examine and interpret the role of differential equations in real-world scenarios, identifying the assumptions and
implications of mathematical models.

Differential Equations

The laws of physics are generally written down as differential equations. Therefore, all of the science and engineering use
differential equations to some degree. Understanding differential equations is essential to understanding almost anything you will
study in your science and engineering classes. You can think of mathematics as the language of science, and differential equations
are one of the most important parts of this language as far as science and engineering are concerned.

You saw many differential equations already without perhaps knowing about them. You solved simple differential equations when
you took calculus such as modeling the velocity and distance traveled of a free falling object. Let us see an example you may not
have seen:

@ =2cost 1.1.1
dt+$7 cost. (1.1.1)

Here z is the dependent variable and t is the independent variable. Equation (1.1.1)is a basic example of a differential equation. It
is an example of a first-order differential equation since it involves only the first derivative of the dependent variable. This
equation arises from Newton’s law of cooling where the ambient temperature oscillates with time.

Solutions of Differential Equations

Solving the differential equation means finding « in terms of ¢. That is, we want to find a function of ¢, which we call z, such that
when we plug z, ¢, and ‘;—’t” into Equation (1.1.1), the equation holds; that is, the left-hand side equals the right-hand side. It is the
same idea as it would be for a normal (algebraic) equation of just  and . We claim that

z =z(t) = cost +sint

is a solution. How do we check? We simply plug z into Equation (1.1.1)! First we need to compute Z—”t”. We find that
Z—f = —sint + cost . Now let us compute the left-hand side of Equation (1.1.1).

dz . .
pr +z = (—sint+cost) + (cost+sint) =2 cost.

T

&5

Yay! We got precisely the right-hand side. But there is more! We claim z = cost +sint +e~* is also a solution. Let us try,

dz int+cost —e
- — —Ssin COSst—e .
dt

We plug into the left-hand side of Equation (1.1.1)

dz
EJrac: (—sint +cost —e ") + (cost +sint+e") =2cost.

T

&5

And it works yet again!
So there can be many different solutions. For this equation all solutions can be written in the form
& =cost+sint+Ce *,

for some constant C'. Different constants C' will give different solutions, so there are infinitely many possible solutions. See Figure
1.1.1 for the graph of a few of these solutions. We will see how we find these solutions a few lectures from now.

@ 0 g @ 1.1.1 https://math.libretexts.org/@go/page/171008
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i i i i

Figure 1.1.1: A graph displaying values of t starting from 0 and progressing every 1 to 5 in total on the x-axis and value of the
solution of the function ‘;—”t” +x =2cost range of 1 starting from -1 and progressing every 1 to 3 in total on the y-axis. Solutions

of % +x =2cost isz =cost+sint+Ce? : Red graph line is the value of z when ¢ = —2, Blue graph line is the value of x

when ¢ =0, green graph line is the value of x when ¢=2. (CC BY-SA 4.0; Larry Green via Introduction to Differential
Equations)

Solving differential equations can be quite hard. There is no general method that solves every differential equation. We will
generally focus on how to get exact formulas for solutions of certain differential equations, but we will also spend a little bit of time
on getting approximate solutions. And we will spend some time to understand the equations without solving them.

Most of this book is dedicated to ordinary differential equations or ODEs, that is, equations with only one independent variable,
where derivatives are only with respect to this one variable. If there are several independent variables, we get partial differential
equations or PDEs.

Even for ODEs, which are very well understood, it is not a simple question of turning a crank to get answers. When you can find
exact solutions, they are usually preferable to approximate solutions. It is important to understand how such solutions are found.
Although in real applications you will leave much of the actual calculations to computers, you need to understand what they are
doing. It is often necessary to simplify or transform your equations into something that a computer can understand and solve. You
may even need to make certain assumptions and changes in your model to achieve this.

To be a successful engineer or scientist, you will be required to solve problems in your job that you never saw before. It is
important to learn problem-solving techniques, so that you may apply those techniques to new problems. A common mistake is to
expect to learn some prescription for solving all the problems you will encounter in your later career. This course is no exception.

Differential Equations in Practice
Real-world problem

absh’ac’t/ \ interpret
solve

Mathematical — 5 Mathematical
model solution

Figure 1.1.2: A flowchart illustrating the process of applying differential equations to real-word problems, involving abstraction,
modeling, solving, and interpretation. (CC BY-SA 4.0; Larry Green via Introduction to Differential Equations)
So how do we use differential equations in science and engineering? First, we have some real-world problem we wish to
understand. We make some simplifying assumptions and create a mathematical model. That is, we translate the real-world situation
into a set of differential equations. Then we apply mathematics to get some sort of a mathematical solution. There is still something
left to do. We have to interpret the results. We have to figure out what the mathematical solution says about the real-world problem
we started with.

Learning how to formulate the mathematical model and how to interpret the results is what your physics and engineering classes
do. In this course, we will focus mostly on the mathematical analysis. Sometimes we will work with simple real-world examples so
that we have some intuition and motivation about what we are doing.

(cc)(§ )0$AD) 1.1.2 https:/math.libretexts .org/@go/page/171008
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Let us look at an example of this process. One of the most basic differential equations is the standard exponential growth model.
Let P denote the population of some bacteria on a Petri dish. We assume that there is enough food and enough space. Then the rate
of growth of bacteria is proportional to the population—a large population grows quicker. Let ¢ denote time (say in seconds) and P
the population. Our model is

dP

— —kP
dtk’

for some positive constant k > 0.

v Example 1.1.1

Suppose there are 100 bacteria at time 0 and 200 bacteria 10 seconds later. How many bacteria will there be 1 minute from
time 0 (in 60 seconds)?

Figure 1.1.3: A graph displaying time in seconds with a range of 60 seconds starting from 0 and progressing every 10 to 60 in
total on the x-axis and number of bacteria with a range of 1000 bacteria starting from 0 and progressing every 1000 to 6000 in
total on the y-axis. The curve shows a steady growth of bacteria. (CC BY-SA 4.0; Larry Green via Introduction to Differential
Equations)

Solution

First we need to solve the equation. We claim that a solution is given by

P(t) =Ce™,
where C' is a constant. Let us try:

ar _ Cke = kP.
dt

And it really is a solution.
OK, now what? We do not know C, and we do not know k. But we know something. We know P(0) = 100, and we know
P(10) = 200. Let us plug these conditions in and see what happens.

100 = P(0) =Cef = C,

1.1.2
200 = P(10) = 100 *1°. (1.1.2)

Therefore, 2 = e1% or 1;‘—02 =k~0.069. So
P(t) =100 ™ %/10 ~ 100 6%,
At one minute, ¢ = 60, the population is P(60) = 6400. See Figure 1.1.3.

Let us talk about the interpretation of the results. Does our solution mean that there must be exactly 6400 bacteria on the plate
at 60s? No! We made assumptions that might not be true exactly, just approximately. If our assumptions are reasonable, then
there will be approximately 6400 bacteria. Also, in real life P is a discrete quantity, not a real number. However, our model has
no problem saying that for example at 61 seconds, P(61) =~ 6859.35

@ 0 a @ 1.1.3 https://math.libretexts.org/@go/page/171008
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Normally, the k in P’ = kP is known, and we want to solve the equation for different initial conditions. What does that mean?
Take k =1 for simplicity. Suppose we want to solve the equation CZ—IZ = P subject to P(0) = 1000 (the initial condition). Then the
solution turns out to be

P(t)=1000¢".

We call P(t) = Ce' the general solution, as every solution of the equation can be written in this form for some constant C'. We
need an initial condition to find out what C'is, in order to find the particular solution we are looking for. Generally, when we say
"particular solution," we just mean some solution.

a. Verify that the function y = % + :—2 is a solution to the differential equation
ry +2y =42 (z>0)
b. Find the value of C for which the solution satisfies the initial condition y(5) =8

Solution
e Video Length: 4 minutes 12 seconds
o Context: verify a solution to a particular differential equation, find a particular solution.

Fundamental Equations

A few equations appear often and it is useful to just memorize what their solutions are. Let us call them the four fundamental
equations. Their solutions are reasonably easy to guess by recalling the properties of exponential, sines, and cosines functions.
They are also simple to check, which is something that you should always do. No need to wonder if you remembered the solution
correctly.

First such equation is

dy
— =k
dz Y,
for some constant k£ > 0. Here y is the dependent and x the independent variable. The general solution for this equation is
y(z) = Ce™.

We saw above that this function is a solution, although we used different variable names.

Next,
dy
=2k
dz Y,
for some constant k > 0. The general solution for this equation is
y(z) =Ce ™.
a
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Check that the y given is really a solution to the equation.

Next, take the second order differential equation
d2
_y = _k2ya
dz?
for some constant k£ > 0. The general solution for this equation is
y(z) = C cos(kx) + Cy sin(kz).

Since the equation is a second-order differential equation, we have two constants in our general solution.

Check that the y given is really a solution to the equation.

Finally, consider the second order differential equation

By gy,

da?
for some constant k > 0. The general solution for this equation is

y(z) = Cref™ + Che ™,
or
y(z) = Dy cosh(kz) + D, sinh(kz).

For those that do not know, cosh and sinh are defined by

et 4e* . et —e®
coshsz, sinhg = ———

They are called the hyperbolic cosine and hyperbolic sine. These functions are sometimes easier to work with than exponentials.
They have some nice familiar properties such as cosh0 =1, sinh0 =0, and %cosh:p =sinhz (no that is not a typo) and
d
o

sinhz = coshz.

Check that both forms of the y given are the real solutions to the equation.

2
In equations of higher order, you get more constants you must solve for to get a particular solution. The equation % =0 has the

general solution y = Cyx + C5 ; simply integrate twice and don’t forget about the constant of integration. Consider the initial
conditions y(0) = 2 and y'(0) = 3. We plug in our general solution and solve for the constants:

2=y(0)=C1-0+Cy =0y, 3=y'(0)=C1.
In other words, y = 3z 42 is the particular solution we seek.

An interesting note about cosh: The graph of cosh is the exact shape of a hanging chain. This shape is called a catenary. Contrary
to popular belief this is not a parabola. If you invert the graph of cosh, it is also the ideal arch for supporting its weight. For
example, the gateway arch in Saint Louis is an inverted graph of cosh—if it were just a parabola it might fall. The formula used in
the design is inscribed inside the arch:

xr
y = —127.7 cosh (Tw) FT5T.T
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1.1E: Exercises for Section 1.1

Exercises 1-17

Solve the exercises below by verifying solutions, solving differential equations, or finding constants to match initial
conditions.

Show that z = e is a solution to ="/ — 12z" + 482’ — 64z =0 .

Show that z = €’ is not a solution to ="' — 122" + 48z’ — 64z =0 .

2
Is y =sint a solution to (d—f) =1 —1y? ? Justify.

? Exercise 1.1E.4

Lety” +2y’ —8y =0 . Now try a solution of the form y = €™ for some constant 7. Is this a solution for some r? If so, find

all such r.

Verify that z = Cle 2! is a solution to ' = —2z. Find C to solve for the initial condition z(0) = 100.

? Exercise 1.1E.6

Verify that 2 = Cre* +Cqe? is a solution to 2" —z' —2z =0 . Find C; and Cy to solve for the initial conditions
z(0)=10and z'(0) =0.

Find a solution to (at:’)2 +2? = 4 using your knowledge of derivatives of functions that you know from basic calculus.

? Exercise 1.1E.8

Solve the differential equations with given initial conditions:

dA
22 104, A(0)=
a 3 04, A(0)=5
b.§:3H, H(0)=1
%y _ _ 10 —
C. d.’2172 _4y7 y(O) _Oa Y (0) =1
L% s 2(0)=1, #'(0)=0
dy?
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? Exercise 1.1E.9

Is there a solution to ¥’ =y, such that y(0) = y(1)?

? Exercise 1.1E. 10

The population of city X was 100 thousand 20 years ago, and the population of city X was 120 thousand 10 years ago.
Assuming constant growth, you can use the exponential population model. What do you estimate the population is now?

? Exercise 1.1E.11

Suppose that a football coach gets a salary of one million dollars now, and a raise of 10% every year. Let s be the salary in
millions of dollars, and ¢ is time in years.

a. What is s(0) and s(1)?
b. Approximately how many years will it take for the salary to be 10 million.

c. Approximately how many years will it take for the salary to be 20 million.
d. Approximately how many years will it take for the salary to be 30 million.

? Exercise 1.1E.12

Show that z = e 2t is a solution to "’ + 4z’ + 4z =0 .

Answer
Compute ' = —2e~2* and =" = 4e~2*. Then (4e %) +4(—2e %) +4(e %) =0 .

? Exercise 1.1E.13
Is y = x2 a solution to 22y — 2y = 0 ? Justify.

Answer

Yes.

? Exercise 1.1E. 14
Let zy"” —y' = 0. Try a solution of the form y = " . Is this a solution for some 7? If so, find all such r.

Answer

y =2z is asolution forr =0 and r =2.

? Exercise 1.1E. 15
Verify that = C1e 4+ Cy is a solution to 2" — 2’ = 0 . Find C; and Cy so that z satisfies z(0) = 10 and =’ (0) = 100.

Answer

C; =100, Cy = -90

? Exercise 1.1E. 16

Solve Z—f = 8¢ given initial condition ¢(0) = —9.

Answer
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? Exercise 1.1E. 17

Solve the differential equations with given initial conditions:

dz

a.d—% 4z, z(0)=9
bZZT':——4x, z(0)=1, z'(0)=2
c L_s3p p0)=4

dq

d*T

—— =4T, T(0)=0, T'(0)=
d -5 , T(0)=0, (0)=6
Answer

ax=9e

b. = cos(2t) +sin(2t)
c. p=4e3

d. T = 3sinh(2z)

This page titled 1.1E: Exercises for Section 1.1 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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1.2: Classification of Differential Equations

4b Learning Objectives

o Differentiate between types of differential equations.
e Analyze and categorize properties of differential equations.

There are many types of differential equations, and we classify them into different categories based on their properties. Let us
quickly go over the most basic classification. We already saw the distinction between ordinary and partial differential equations:

e Ordinary differential equations or (ODE) are equations where the derivatives are taken with respect to only one variable. That
is, there is only one independent variable.

o Partial differential equations or (PDE) are equations that depend on partial derivatives of several variables. That is, there are
several independent variables.

Let us see some examples of ordinary differential equations:

d
d_gt/ = ky, (Exponential growth)
d
d_gtj =k(A—y), (Newton’s law of cooling) (1.2.1)
d? d
mﬁ + cd—f +kz = f(¢). (Mechanical vibrations)
And of partial differential equations:
3] 0
Ey + C(‘?—Z =0, (Transport equation)
2
% = %, (Heat equation) (1.2.2)
2 2 2
Ou O + Q (Wave equation in 2 dimensions)

o2 oxr  Oy?
If there are several equations working together, we have a so-called system of differential equations. For example,
! !/
y =z, T =Yy
is a simple system of ordinary differential equations. Maxwell's equations for electromagnetics,

V-D=p, V-B=0,

0B oD (1.2.3)
ot 8
are a system of partial differential equations. The divergence operator V- and the curl operator V x can be written out in partial
derivatives of the functions involved in the x, y, and z variables.

VXE=-—

The next bit of information is the order of the equation (or system). The order is simply the order of the largest derivative that
appears. If the highest derivative that appears is the first derivative, the equation is of first order. If the highest derivative that
appears is the second derivative, then the equation is of second order. For example, Newton’s law of cooling is a first order
equation, while the mechanical vibrations equation is a second order equation. The equation governing transversal vibrations in a
beam,
a4 @ + @ = 0’
ort  Ot?

is a fourth order partial differential equation. It is fourth order as at least one derivative is the fourth derivative. It does not matter
that the derivative in ¢ is only of second order.

. . o . . . . . . d
In the first chapter, we will start attacking first order ordinary differential equations, that is, equations of the form % = f(z,y). In

general, lower order equations are easier to work with and have simpler behavior, which is why we start with them.
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We also distinguish how the dependent variables appear in the equation (or system). In particular, we say an equation is linear if the
dependent variable (or variables) and their derivatives appear linearly, that is only as first powers, they are not multiplied together,
and no other functions of the dependent variables appear. In other words, the equation is a sum of terms, where each term is some
function of the independent variables or some function of the independent variables multiplied by a dependent variable or its
derivative. Otherwise, the equation is called nonlinear. For example, an ordinary differential equation is linear if it can be put into

the form
dn n—1 d
an(@) 7+ ana () T o ()2 an(e)y =b(a). (1.2.4)
The functions ay, a1, ..., a, are called the coefficients. The equation is allowed to depend arbitrarily on the independent variable.
So
d? d 1
ewﬁJrsin(ac)ﬁ + 2ty = = (1.2.5)

is still a linear equation as y and its derivatives only appear linearly.

All the equations and systems above as examples are linear. It may not be immediately obvious for Maxwell’s equations unless you
write out the divergence and curl in terms of partial derivatives. Let us see some nonlinear equations. For example ,

O ., %y _ 0%
ot Yoz oz’

is a nonlinear second order partial differential equation. It is nonlinear because y and a—z are multiplied together. The equation

dx

2
— =z 1.2.6
7 (1.2.6)
is a nonlinear first order differential equation as there is a second power of the dependent variable z.
A linear equation may further be called homogenous if all terms depend on the dependent variable. That is, if no term is a function
of the independent variables alone. Otherwise, the equation is called nonhomogeneous. For example, the exponential growth
equation, the wave equation, or the transport equation above are homogeneous. The mechanical vibrations equation above is
nonhomogeneous as long as f(t) is not the zero function. Similarly, if the ambient temperature A is nonzero, Newton’s law of
cooling is nonhomogeneous. A homogeneous linear ODE can be put into the form

n n—1

d"y
dzn +an-1(2)

Y
dxn—l

Compare to Equation (1.2.4)and notice there is no function b(z).

d
+--- +a1(a:)—y +ao(z)y =0.

an(@) dz

If the coefficients of a linear equation are actually constant functions, then the equation is said to have constant coefficients. The
coefficients are the functions multiplying the dependent variable(s) or one of its derivatives, not the function b(x) standing alone. A
constant coefficient nonhomogeneous ODE is an equation of the form

d” d"ly dy
an% —l—an_lda:? +-- +CL1E +apy = b(iE),
where ag, a1, . . ., a, are all constants, but b may depend on the independent variable . The mechanical vibrations equation above

is a constant coefficient nonhomogeneous second order ODE. The same nomenclature applies to PDEs, so the transport equation,
heat equation and wave equation are all examples of constant coefficient linear PDEs.

Finally, an equation (or system) is called autonomous if the equation does not depend on the independent variable. For autonomous
ordinary differential equations, the independent variable is then thought of as time. Autonomous equation means an equation that
does not change with time. For example, Newton’s law of cooling is autonomous, so is Equation (1.2.6). On the other hand,
mechanical vibrations or Equation (1.2.5) are not autonomous.
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? Example 1.2.1

Classify the following differential equations by their type, order, and linearity:

a -==2r—5
dx y p
d
b. cos(y)d—;z/ —5% =z—2
dy oy y_
C P -3 +e¥="Tx
d d .
d. (57)° +4(3)° =sin(y)

]
e 5'_5 —4zy=0
2y oy
f. ) “1’65 =0
Solution

e Video Length: 7 minutes 4 seconds
o Context: Classify the differential equations by their type, order, and linearity.

This page titled is shared under a license and was authored, remixed, and/or
curated by
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1.2E: Exercises for Section 1.2

Exercises 1-6

Classify and solve the differential equations as specified in each exercise.

? Exercise 1.2E.1

Classify the following equations. Are they ODE or PDE? Is it an equation or a system? What is the order? Is it linear or
nonlinear, and if it is linear, is it homogeneous, constant coefficient? If it is an ODE, is it autonomous?

e.x +tx? =t
d4

22 9
dtt

? Exercise 1.2E. 2

. . 3
If wu=(uj,u2,u3) is a vector, we have the divergence V-u:ﬂ+a—y+g

oz
Ju Ouz  Ou 0 O 0 q q q q q q
Vxu= (o2 -2 == =2 =2 _ =)  Notice that curl of a vector is still a vector. Write out Maxwell’s equations in
Ay 0z 0z oz Oz dy

and curl

terms of partial derivatives and classify the system.

Suppose F is a linear function, that is, F(z,y) = az + by for constants a and b. What is the classification of equations of the
form F(y',y) =0.

? Exercise 1.2E.4

Write down an explicit example of a third order, linear, nonconstant coefficient, nonautonomous, nonhomogeneous system of
two ODE such that every derivative that could appear, does appear.

? Exercise 1.2E.5

Classify the following equations. Are they ODE or PDE? Is it an equation or a system? What is the order? Is it linear or
nonlinear, and if it is linear, is it homogeneous, constant coefficient? If it is an ODE, is it autonomous?
0%v 0%
a. — +3——= =sin(z
Ox? Oy? ()
d
b. d—f +cos(t)z =t +t+1
d'F
dy' +8y =1
ez’ +tyr' =0, y'+tzy=0
ou O*u
f =—+u
Ot  0s?
Answer
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a. PDE, equation, second order, linear, nonhomogeneous, constant coefficient.

b. ODE, equation, first order, linear, nonhomogeneous, not constant coefficient, not autonomous.
c. ODE, equation, seventh order, linear, homogeneous, constant coefficient, autonomous.

d. ODE, equation, second order, linear, nonhomogeneous, constant coefficient, autonomous.

e. ODE, system, second order, nonlinear. PDE, equation, second order, nonlinear.

? Exercise 1.2E.6

Write down the general 0% order linear ordinary differential equation. Write down the general solution.
Answer
Equation: a(z)y = b(x) .

Solution: y = HAz)

a(z) *

? Exercise 1.2E.7

For which k is fli—”t” +zF = t**2 linear?
Hint: there are two answers.

Answer

k=0ork=1

This page titled 1.2E: Exercises for Section 1.2 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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1.3: Integrals as Solutions

4b Learning Objectives

o Understand and solve first-order ODEs using integration.
o Apply differential equations to real-world problems.

A first order ODE is an equation of the form

d

or just

Y = f(z,y)

In general, there is no simple formula or procedure one can follow to find solutions. In the next few lectures we will look at special
cases where solutions are not difficult to obtain. In this section, let us assume that f is a function of x alone, that is, the equation is

y' = f(z) (1.3.1)

We could just integrate (antidifferentiate) both sides with respect to .

/y'(m)dm :/f(m)da:+C

that is

y(z) = / f(z)dz +C

This y(z) is actually the general solution. So to solve Equation (1.3.1), we find some antiderivative of f(x) and then we add an
arbitrary constant to get the general solution.

Now is a good time to discuss a point about calculus notation and terminology. Calculus textbooks muddy the waters by talking
about the integral as primarily the so-called indefinite integral. The indefinite integral is really the antiderivative (in fact the
whole one-parameter family of antiderivatives). There really exists only one integral and that is the definite integral. The only
reason for the indefinite integral notation is that we can always write an antiderivative as a (definite) integral. That is, by the
fundamental theorem of calculus we can always write [ f(z)dz + C as

/x " fydt+C

Hence the terminology to integrate when we may really mean to antidifferentiate. Integration is just one way to compute the
antiderivative (and it is a way that always works, see the following examples). Integration is defined as the area under the graph, it
only happens to also compute antiderivatives. For sake of consistency, we will keep using the indefinite integral notation when we
want an antiderivative, and you should always think of the definite integral.

v/ Example 1.3.1

Find the general solution of 3’ = 322.

Solution

Elementary calculus tells us that the general solution must be y = 2 +C . Let us check: 4’ = 322. We have gotten precisely
our equation back.

Normally, we also have an initial condition such as y(zy) =y for some two numbersz, and yo xo is usually 0, but not
always. We can then write the solution as a definite integral in a nice way. Suppose our problem is y’' = f(z), y(xo) = yo -
Then the solution is
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y(z) = / " f&)datu (1.3.2)

Let us check! We compute y’' = f(x), via the fundamental theorem of calculus, and by Jupiter, y is a solution. Is it the one
satisfying the initial condition? Well, y(zq) = f;zo f(x)dx +yo =yo . Itis!

Do note that the definite integral and the indefinite integral (antidifferentiation) are completely different beasts. The definite
integral always evaluates to a number. Therefore, Equation (1.3.2)is a formula we can plug into the calculator or a computer,
and it will be happy to calculate specific values for us. We will easily be able to plot the solution and work with it just like with
any other function. It is not so crucial to always find a closed form for the antiderivative.

v Example 1.3.2

Solve

y =e ", y(0)=1.

By the preceding discussion, the solution must be
z 2
y(z) :/ e *ds+1.
0

Solution

Here is a good way to make fun of your friends taking second semester calculus. Tell them to find the closed form solution. Ha
ha ha (bad math joke). It is not possible (in closed form). There is absolutely nothing wrong with writing the solution as a
definite integral. This particular integral is in fact very important in statistics.

Using this method, we can also solve equations of the form

¥ =f(y)
Let us write the equation in Leibniz notation.
Z_i{ =f(y)
Now we use the inverse function theorem from calculus to switch the roles of = and y to obtain
dy 1
dz f(y)

What we are doing seems like algebra with dz and dy. It is tempting to just do algebra with dx and dy as if they were
numbers. And in this case it does work. Be careful, however, as this sort of hand-waving calculation can lead to trouble,
especially when more than one independent variable is involved. At this point we can simply integrate,

1
z(y) = /%dy—kC

Finally, we try to solve for y.

v/ Example 1.3.3

Show 3’ = ky (for some k > 0) has the solution y = C'ek®

Solution
Previously, we guessed 3 = ky (for some k > 0) has the solution y = C'¢**. We can now find the solution without guessing.
First we note that y = 0 is a solution. Henceforth, we assume y # 0. We write

dr 1

dy Ry

We integrate to obtain
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1
z(y) =z = Elnlyl +D

where D is an arbitrary constant. Now we solve for y (actually for |y|).

|y| _ eszkD _ ekaekz

If we replace e * with an arbitrary constant C' we can get rid of the absolute value bars (which we can do as D was

arbitrary). In this way, we also incorporate the solution y =0. We get the same general solution as we guessed before,
— kx
y=Ce"®,

v/ Example 1.3.4

Find the general solution of ¢/ = 2.

Solution
First we note that y = 0 is a solution. We can now assume that y # 0. Write
drz 1
dy  y?
We integrate to get
-1
r=—+C
We solve for y = c . So the general solution is
—z
1 0
= = Or =
Y="_=z Y

Note the singularities of the solution. If for example C' =1, then the solution as we approach £ =1 as in Figure 1.3.1.
Generally, it is hard to tell from just looking at the equation itself how the solution is going to behave. The Equation y' = y? is
very nice and defined everywhere, but the solution is only defined on some interval (—oo, C) or (C, 0o). Usually when this
happens we only consider one of these the solution. For example if we impose a condition y(0) =1, then the solution is
y= ﬁ , and we would consider this solution only for  on the interval (—oo, 1). In the figure 1.3.1, it is the left side of the

graph.

3 2 1 ] ]

Figure 1.3.1: This is a general solution of ¢’ = y? by considering the constant of integration C=1. It is the plot of function
Y= ﬁ (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

Classical problems leading to differential equations solvable by integration are problems dealing with velocity, acceleration, and
distance. You have surely seen these problems before in your calculus class.

v/ Example 1.3.5

Suppose a car drives at a speed et/?

How far in 10 seconds?

m/s, where ¢ is time in seconds. How far did the car get in 2 seconds (starting at £ =0)?

Solution
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Let z denote the distance the car traveled. The equation is

We can just integrate this equation to get
z(t) =22 +-C
We still need to figure out C'. We know that when ¢ = 0, then z = 0. That is, (0) = 0. So
0==z(0)=2¢"2+C=2+C
Thus C' = —2 and
z(t) =2€¥%2 -2
Now we just plug in to get where the car is at 2 and at 10 seconds. We obtain

x(2) = 2e?/2 —2 ~ 3.44~meters, z(10) = 2e"/2 -2 ~ 294-meters

v/ Example 1.3.6

Suppose that the car accelerates at a rate of ¢ m/s*. At time ¢ =0 the car is at the 1 meter mark and is traveling at 10 m/s.
Where is the car at time ¢ = 107?

Solution
Well this is actually a second order problem. If z is the distance traveled, then z' is the velocity, and =" is the acceleration. The
equation with initial conditions is

' =t>, z(0)=1, 2'(0)=10

Once we solve for v, we can integrate and find z.

This page titled 1.3: Integrals as Solutions is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 1.1: Integrals as solutions by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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1.3E: Exercises for Section 1.3

Exercises 1-19

Solve each exercise using appropriate methods. Provide clear and concise solutions.

Consider Example 1.3.6 in Section 1.3, solve for v and then solve for z. Next, find z(10).

d
Solve ﬁ =2?+z fory(l) =3.

Solve Z—z =sin(bz) for y(0) =2.

? Exercise 1.3E.4

Solve y' =y* fory(0) = 1.

? Exercise 1.3E.6

Solvey' = (y—1)(y+1) fory(0)=3.

Solve —= =
Ovedw y+1

for y(0) = 0.

? Exercise 1.3E.8

Solve y"" =sinz fory(0) =0, y'(0) = 2.

? Exercise 1.3E.9

A spaceship is traveling at the speed 2t2 +1 ™/ (¢ is time in seconds). It is pointing directly away from earth and at time
t =0 it is 1000 kilometers from earth. How far from earth is it at one minute from time ¢ =07?

? Exercise 1.3E.10

d
Solve d—f =sin(t?) +t, z(0) = 20. It is OK to leave your answer as a definite integral.
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A dropped ball accelerates downwards at a constant rate 9.8 meters per second squared. Set up the differential equation for the
height above ground h in meters. Then supposing & (0) = 100 meters, how long does it take for the ball to hit the ground?

Find the general solution of y' = e”, and then y’ = €Y.

? Exercise 1.3E.13

d
Solve % =¢€” +z and y(0) = 10.

Answer

yze””+z2—2+9

? Exercise 1.3E. 14

HI

Solve z/ = = z(1)=1.
Answer
x = (3t—2)/3

? Exercise 1.3E.15

Solve 2’ = Cosl(m) ,2(0) = 5.

Answer

Az =sin (¢t +1)

? Exercise 1.3E.16

Sid is in a car traveling at speed 10t 4+ 70 miles per hour away from Las Vegas, where ¢ is in hours. At ¢ =0 the Sid is 10
miles away from Vegas. How far from Vegas is Sid 2 hours later?

Answer
170

? Exercise 1.3E.17

Solve y' =y", y(0) = 1, where n is a positive integer. Hint: You have to consider different cases.

Answer

Ifn#1,theny = ((1-n)z+1)"/0" Ifn=1,theny=e.
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The rate of change of the volume of a snowball that is melting is proportional to the surface area of the snowball. Suppose the

snowball is perfectly spherical. The volume (in centimeters cubed) of a ball of radius r centimeters is %ﬂr3. The surface area is

47rr?. Set up the differential equation for how the radius = is changing. Then, suppose that at time ¢ = 0 minutes, the radius is
10 centimeters. After 5 minutes, the radius is 8 centimeters. At what time ¢ will the snowball be completely melted?

Answer

The equation is »’ = —C' for some constant C'. The snowball will be completely melted in 25 minutes from time ¢ = 0.

? Exercise 1.3E.19

Find the general solution to y(4) = 0. How many distinct constants do you need?

Answer

y=Ax3 +Bx? +Cxz+ D ,s0 4 constants.

This page titled 1.3E: Exercises for Section 1.3 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 1.E: First order ODEs (Exercises) has no license indicated.
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1.4: Slope Fields

4b Learning Objectives

o Interpret and construct slope fields for first-order differential equations.
o Evaluate the existence and uniqueness of solutions using Picard’s Theorem.

The general first order equation we are studying looks like

y“:fﬁmy)

In general, we cannot simply solve these kinds of equations explicitly. It would be nice if we could at least figure out the shape and
behavior of the solutions, or if we could find approximate solutions.

Slope Fields

The equation y’ = f(z, y) gives you a slope at each point in the (z, y)-plane. And this is the slope a solution y(z) would have at =
if its value was y. In other words, f(z, y)is the slope of a solution whose graph runs through the point (z, y). At a point (z, y), we
plot a short line with the slope f(z,y) For example, if f(z,y) =2y, then at point (2,1.5) we draw a short line of slope
zy=2x1.5=3.So, if y(x) is a solution and y(2) = 1.5, then the equation mandates that y'(2) = 3 (see Figure 1.4.1).

y 3 1 [ | 3 1
| T T T T T .

A i i L L
] 3 1 [ 1 2 1

.

Figure 1.4.1: The slope of a solution to the differential equation y' = xy at the point (2, 1.5). It is short line with slope 3, indicating

the direction of the solution curve at that point. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).
To get an idea of how solutions behave, we draw such lines at lots of points in the plane, not just the point (2,1.5). We would
ideally want to see the slope at every point, but that is just not possible. Usually we pick a grid of points fine enough so that it
shows the behavior, but not too fine so that we can still recognize the individual lines. We call this picture the of the equation. See
Figure 1.4.2 for the slope field of the equation ' = zy. Usually in practice, one does not do this by hand, but has a computer to do
the drawing.
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Figure 1.4.2: A grid of short line segments curving upward above the line y = 0 and curving downward below the line y =0,
which are the slopes of solutions to the differential equation 4’ = zy at various points. By analyzing the direction of these line
segments, one can visualize the behavior of solutions to the equation. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for
Engineers).
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? Example 1.4.1

Sketch slope field/directional field of the differential equations.

]e;. g =2z
CE
Cdr =@

Solution

e Video Length: 9 minutes 1 second
o Context: Describe the slope field, directional field, and what it represents.

Suppose we are given a specific initial condition y(z¢) = yo . A solution, that is, the graph of the solution, would be a curve that
follows the slopes we drew. For a few sample solutions, see Figure 1.4.3. It is easy to roughly sketch (or at least imagine) possible
solutions in the slope field, just from looking at the slope field itself. You simply sketch a line that roughly fits the little line
segments and goes through your initial condition.
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Figure 1.4.3: Slope field of (y' = xy) with a graph of solutions satisfying (y(0) = 0.2), (y(0) = 0), and (y(0) = -0.2). It shows a slope
field with three solution curves plotted on it. The slope field indicates the direction of the solution curves at various points, and the
solution curves themselves show how the solutions to the differential equation behave.( ; Jiff Lebl via

).
By looking at the slope field we get a lot of information about the behavior of solutions without having to solve the equation. For
example, in Figure 1.4.3 we see what the solutions do when the initial conditions are y(0) >0, y(0) =0 and y(0) < 0. A small
change in the initial condition causes quite different behavior. We see this behavior just from the slope field and imagining what
solutions ought to do.

We see a different behavior for the equation 3y’ = —y. The slope field and a few solutions are in Figure 1.4.4. If we think of
moving from left to right (perhaps « is time and time is usually increasing), then we see that no matter what y(0) is, all solutions
tend to zero as x tends to infinity. Again that behavior is clear from simply looking at the slope field itself. A slope field with all
curves going towards the positive x-axis in the limit is in Figure 1.4.4.
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Figure 1.4.4: The slope field of (y' = -y) with a graph of a few solutions. It displays a grid of short line segments representing the
slope of solutions to the differential equation at various points. The red curves represent specific solutions to the differential
equation, illustrating how their behavior is influenced by the slope field. ( ; Jiff Lebl via

? Example 1.4.2

Determine which of the following differential equations would produce the given direction field:

a. g—% = m2g;
b. = =zy
C g—% = z29?
d - =zy
Solution

e Video Length: 4 minutes 51 seconds

o Context: Identify the differential equation that corresponds to a given direction field by analyzing the behavior and slopes
of the field. This involves comparing how each equation's structure influences the slope values at various points in the zy-
plane.

Existence and uniqueness
We wish to ask two fundamental questions about the problem
y, :f($7y)a y(mO):yO

i. Does a solution exist?
ii. Is the solution unique (if it exists)?

What do you think is the answer? The answer seems to be yes to both does it not? Well, pretty much. But there are cases when the
answer to either question can be no.
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Since generally the equations we encounter in applications come from real life situations, it seems logical that a solution always
exists. It also has to be unique if we believe our universe is deterministic. If the solution does not exist, or if it is not unique, we
have probably not devised the correct model. Hence, it is good to know when things go wrong and why.

v/ Example 1.4.3

Solve

Solution

Integrate to find the general solution y = In|z| 4+ C. Note that the solution does not exist at
x = 0 (see Figure 1.4.5). The equation may have been written as the seemingly harmless
zy' = 1. A slope field with all curves emanating from the negative y-axis. Five are shown
that all eventually depart from the y-axis
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1
Figure 1.4.5: The slope field of ¢’ = . It displays a slope field with vertical lines, indicating that the slopes of solutions to

the differential equation become increasingly steep as x approaches 0. This is a visual representation of the fact that the
solution to the differential equation, y =In|z|+ C , is not defined at x = 0. (CC BY-SA 4.0; Jifi Lebl via Differential
Equations for Engineers).

v/ Example 1.4.4

Solve

y' =24/|yl, »(0)=0.
Solution

Note that y = 0 is a trivial solution. But another solution is the function

{xz ifz>0
2

y(@) = -z ifzx <0

See Figure 1.4.6 for both solutions.
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Figure 1.4.6: The slope field of 4’ = 24/|y| with two solutions satisfying initial condition y(0) = 0. One solution appears to
be a flat line, and another is an increasing curve. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

It is hard to tell by staring at the slope field that the solution is not unique. Is there any hope? Of course there is. We have the
following theorem, known as Picard’s theorem.

& Theorem 1.4.1: Picard's Theorem on Existence and Uniqueness

of
If f(x,y)is continuous (as a function of two variables) and —= exists and is continuous near some (g, o), then a solution to

Oy
¥ =f(z,y), y(@o)=1w

exists (at least for x in some small interval) and is unique.

1
Note that the problems y’ = —, y(0) =0 and ¥’ = 2/|y|, y(0) = 0 do not satisfy the hypothesis of the theorem. Even if we can
z

use the theorem, we ought to be careful about this existence business. It is quite possible that the solution only exists for a short
while.

v/ Example 1.4.5

For some constant A, solve:

y=y" y0)=4

Solution
1
We know how to solve this equation. First assume that A # 0, so y is not equal to zero at least for some x near 0. So =’ = -
Y
Lic L 1fy(0) = A, then C = >
SO =—— ,S0Y = . =A,then C'=— so
Y Y C—=z Y A
1
IS
= =3

For example, when A =1 the solution “blows up” at z = 1. Hence, the solution does not exist for all z even if the equation is nice
everywhere. The equation 3’ = y? certainly looks nice.

For most of this course we will be interested in equations where existence and uniqueness holds, and in fact holds “globally” unlike
for the equation 3’ = y2 .

Footnotes

[1] Named after the French mathematician Charles Emile Picard (1856 — 1941)

This page titled 1.4: Slope Fields is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha Nguyen,
Neelam R. Shukla, and Fatemeh Yarahmadi.
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e 1.2: Slope fields by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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1.4E: Exercises for Section 1.4

Exercises 1-18

Analyze the given equations and questions thoroughly. For slope fields, provide a visual sketch if needed.

? Exercise 1.4E.1

Sketch slope field for y’ = e*~% . How do the solutions behave as z grows? Can you guess a particular solution by looking at
the slope field?

? Exercise 1.4E.2

Sketch slope field for y' = 2.

? Exercise 1.4E.3

Sketch slope field for i’ = 2.

? Exercise 1.4E.4

Is it possible to solve the equation y' = —— for y(0) = 1? Justify.

cos T

? Exercise 1.4E.5

Is it possible to solve the equation y' = y/|z| for y(0) = 0? Is the solution unique? Justify.

? Exercise 1.4E.6

Match equations y' =1 —z,y =z — 2y, y

!

z(1 —y) to slope fields. Justify.
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Figure 1.4F. 1: Slope fields (a) on the left, (b) in the middle , and (c) on the right.

? Exercise 1.4E.7

Take y' = f(z,y), y(0) =0, where f(z,y) > 1 for all z and y. If the solution exists for all z, can you say what happens to
y(x) as z goes to positive infinity? Explain.

? Exercise 1.4E.8

Given the differential equation (y — z)y’ = 0 with initial condition z(0) = 0.

a. Find two distinct solutions.
b. Explain why this does not violate Picard’s theorem.

? Exercise 1.4E.9

Suppose y' = f(z,y). What will the slope field look like, explain and sketch an example, if you know the following about

flz,yP
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a. f does not depend on y.

b. f does not depend on x.

¢ f, (t,t) =0 for any number ¢.

d. f(z,0)=0and f(z,1) =1 forall x.

? Exercise 1.4E.10

Find a solution to y' = |y|, y(0) = 0. Does Picard’s theorem apply?

? Exercise 1.4E. 11

Take an equation y’ = (y —2z)g(z,y) +2 for some function g(z,y). Can you solve the problem for the initial condition
y(0) =0, and if so what is the solution?

? Exercise 1.4E.12

Suppose y' = f(z,y) is such that f(z,1) = 0 for every z, f is continuous and g—i exists and is continuous for every x and y.

a. Guess a solution given the initial condition y(0) = 1.

b. Can graphs of two solutions of the equation for different initial conditions ever intersect?

c. Given y(0) = 0, what can you say about the solution. In particular, can y(z) > 1 for any z? Can y(z) = 1 for any ? Why
or why not?

? Exercise 1.4E.13

Sketch the slope field of 3’ =y . Can you visually find the solution that satisfies y(0) = 0?

Answer

Figure 1.4E.2: Slope field for 3’ = ¢®. Line segments appear to be flat in the middle, increasing and curving upward
above the middle line segments, decreasing and curving downward below the middle line segments.

? Exercise 1.4E.14

Is it possible to solve y' = zy for y(0) = 0? Is the solution unique?

Answer

Yes, a solution exists. The equation is y' = f(z,y) where f(z,y) = zy. The function f(z,y) is continuous and Z—z =z,

which is also continuous near (0, 0). So a solution exists and is unique. In fact, y = 0 is the solution.

? Exercise 1.4E. 15

Is it possible to solve y' = = for y(1) =07?

z2-1
Answer

No, the equation is not defined at (z, y) = (1, 0).
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Match equations y’ =sinz, y' = cosy, y’' =y cos(z) to slope fields. Justify.
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Figure 1.4F. 3: Slope fields (a) on the left, (b) in the middle, and (c) on the right of trigonometric functions.

Answer
a.y' =cosy
b. y' =y cos(z)
c y =sinz

Justification left to the reader.

? Exercise 1.4E.17

Suppose

0 ify>0,
1 ify<0.

O

Does y' = f(y), y(0) = 0 have a continuously differentiable solution? Does Picard's theorem apply? Why, or why not?

Answer

Picard's Theorem does not apply as f is not continuous at y = 0. The equation does not have a continuously differentiable
solution. Suppose it did. Notice that y'(0) =1. By the first derivative test, y(z) > 0 for small positive z. But then for
those  we would have y'(z) = 0, so clearly the derivative cannot be continuous.

? Exercise 1.4E.18

Consider an equation of the form y’ = f(z) for some continuous function f, and an initial condition y(z¢) = yo. Does a
solution exist for all z? Why or why not?

Answer

The solution is y(z) = |, ;; f(s)ds+1yo , and this does indeed exist for every z.

This page titled 1.4E: Exercises for Section 1.4 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 1.E: First order ODEs (Exercises) has no license indicated.
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1.5: Separable Equations

4b Learning Objectives

e Recognize and solve separable differential equations by correctly separating variables.
o Apply separable differential equations to practical problems, such as exponential growth/decay, Newton’s Law of Cooling,
and motion, and interpret the physical meaning of the solutions.

When a differential equation is of the form y’ = f(z), we can just integrate: y = [ f(z)dz + C . Unfortunately this method no
longer works for the general form of the equation y' = f(z, y). Integrating both sides yields

y= /f(w, y)dz +C
Notice the dependence on y in the integral.

Separable equations

Let us suppose that the equation is separable. That is, let us consider

y' = f(z)9(y),

for some functions f(x) and g(y). Let us write the equation in the Leibniz notation

D~ )

Then we rewrite the equation as
dy
9(y)

Now both sides look like something we can integrate. We obtain

[ [ sois v

If we can find closed form expressions for these two integrals, we can, perhaps, solve for y.

v/ Example 1.5.1

Solve

= f(z)dz

<
Il

Ty
Solution

First note that y = 0 is a solution, so assume y # 0 from now on, so that we can divide by y. Write the equation as 3—Z =2y,

then
d
/_y =/wdm—|—C.
Y

2
z
In|y| = - +C

We compute the antiderivatives to get

I2 Iz 12
|y| :eT+C :eTeC = De=

where D > 0 is some constant. Because y = 0 is a solution and because of the absolute value we actually can write:
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for any number D (including zero or negative).

We check:

Yay!

We should be a little bit more careful with this method. You may be worried that we were integrating in two different variables. We
seemingly did a different operation to each side. Let us work through this method more rigorously. Take

D~ faaly)

. . . . . d
We rewrite the equation as follows. Note that y = y(z) is a function of z and so is d—i

@EZf(m)

We integrate both sides with respect to x.

/ﬁ%dwz/f(m)dm—i—(?

We use the change of variables formula (substitution) on the left hand side:

/ﬁdy:/f(m)dm—f-c

And we are done.

Implicit solutions
It is clear that we might sometimes get stuck even if we can do the integration. For example, take the separable equation

r_ Yy

We separate variables,

We integrate to get

2 2
y T
2 4inlyl==—+C

or perhaps the easier looking expression (where D = 2C")
y? +2In|y| =2*+D

It is not easy to find the solution explicitly as it is hard to solve for y. We, therefore, leave the solution in this form and call it an
implicit solution. It is still easy to check that an implicit solution satisfies the differential equation. In this case, we differentiate
with respect to x, and remember that ¥ is a function of z, to get

2
o (20d) <o

Multiply both sides by y and divide by 2(y% + 1) and you will get exactly the differential equation. We leave this computation to
the reader.
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If you have an implicit solution, and you want to compute values for y, you might have to be tricky. You might get multiple
solutions y for each «, so you have to pick one. Sometimes you can graph z as a function of y, and then flip your paper. Sometimes
you have to do more.

Computers are also good at some of these tricks. More advanced mathematical software usually has some way of plotting solutions
to implicit equations. For example, for C = 0 if you plot all the points (z, y) that are solutions to y2 +21n|y| = 2?2, you find the
two curves in Figure 1.5.1. This is not quite a graph of a function. For each z there are two choices of y. To find a function you
would have to pick one of these two curves. You pick the one that satisfies your initial condition if you have one. For example, the
top curve satisfies the condition y(1) = 1. So for each C we really got two solutions. As you can see, computing values from an
implicit solution can be somewhat tricky. But sometimes, an implicit solution is the best we can do.

zy
y?+1 "

Figure 1.5.1: Diagram illustrating the implicit solution y% +21n |y| = 22 to the differential equation y' = The top blue

curve is concave upwards, and the bottom green curve is concave downwards. ( ; Jifi Lebl via

).

The equation above also has the solution y = 0. So the general solution is
vy +2In|y| =22 +C, and y=0.

These outlying solutions such as y = 0 are sometimes called singular solutions.

? Examplel.5.2

Solve the following differential equations by separation of variables:
a.de—e¥dy=0

dy _ y+l

Cdz z

c. (4y +yx?)dy — (2z + zy?)dz =0

Solution

e Video Length: 10 minutes 28 seconds.

o Context: This video demonstrates step-by-step solutions to the equations listed above by separating variables and
integrating each side appropriately.
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Solve 2y’ =1 —z? +y% —z2y? ,y(1) =0.

Solution
First factor the right hand side to obtain

Separate variables, integrate, and solve for y

yl _ 1_x2

1+y2 o2 !

y 1 1

1+2 T2 7
(1.5.1)

1
arctan(y) = -2 Z +C,

y =tan<—l —ac+C>
z

Solve for the initial condition, 0 = tan(—2+ C') to get C =2 (or C =2+, or C =2+ 2, etc.). The particular solution

we seek is, therefore,
-1
y=tan| — —z+2 ).
T

v/ Example 1.5.4

Juan made a cup of coffee, and Juan likes to drink coffee only once reaches 60 degrees Celsius and will not burn him. Initially
at time ¢ = 0 minutes, Juan measured the temperature and the coffee was 89 degrees Celsius. One minute later, Juan measured
the coffee again and it had 85 degrees. The temperature of the room (the ambient temperature) is 22 degrees. When should
Juan start drinking?

Solution

Let T be the temperature of the coffee in degrees Celsius, and let A be the ambient (room) temperature, also in degrees
Celsius. The rate at which the temperature of the coffee is changing is proportional to the difference between the ambient
temperature and the temperature of the coffee. That is,

dT
& kAT
dt ( )’
for some constant k. For our setup A =22, T'(0) = 89, T'(1) = 85. We separate variables and integrate (let C' and D denote

arbitrary constants)

1 dT
T—-Adt
In(T—A) =—kt+C, (notethatT —A>0) (1.5.2)
T—A =De "
T =A+De™

That is, T = 22 + D e ¥ . We plug in the first condition: 89 =7'(0) =22+ D, and hence D =67. So T =22+ 67 e *.
The second condition says 85 = T'(1) = 22 + 67 e * . Solving for k we get k = — ln% ~0.0616 . Now we solve for the
time ¢ that gives us a temperature of 60 degrees. Namely, we solve
60 = 22+ 670010
-2

67
0.0616

togett=— ~9.21 minutes. So Juan can begin to drink the coffee at just over 9 minutes from the time Juan made it.

That is probably about the amount of time it took us to calculate how long it would take. See Figure 1.5.2.
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Figure 1.5.2: Graphs of the coffee temperature function T'(¢). On the left, horizontal lines are drawn at temperatures 60, 85,
and 89. Vertical lines are drawn at t =1 and ¢ = 9.21. Notice that the temperature of the coffee hits 85 att =1, and 60 at

t ~ 9.21. On the right, the graph is over a longer period of time, with a horizontal line at the ambient temperature 22. (CC BY-
SA 4.0; Jiti Lebl via Differential Equations for Engineers).

v/ Example 1.5.5

Find the general solution to ' = %yz (including singular solutions).
Solution
First note that y = 0 is a solution (a singular solution). Now assume that y = 0.
3
__2y =z,
3 z?
v - 10 (1.5.3)
3 6
= %4_0 N z2+2C°
So the general solution is,
6
= d y=0.
y="1 120" and y

This page titled 1.5: Separable Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 1.3: Separable Equations by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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1.5E: Exercises for Section 1.5

Exercises 1-20

Solve the differential equations of first order, and first degree, which can be written in the separable form.

Iz
Solve y =5

Solve y' = z%y.

Solve £ = (22 —1) , for z(0) =0.

? Exercise 1.5E.4

Solve % =z sin(t), for z(0) =1.

Solve% =zy+ax+y+1.

Hint: Factor the right-hand side.

? Exercise 1.5E.6

Solve zy' =y + 2x2y, where y(1) = 1.

d, *+1
Solve 2£ = i2+1 , fory(0) =1.

? Exercise 1.5E.8

. . .. . dy _ z241 _
Find an implicit solution for —* = o for y(0) = 1.

? Exercise 1.5E.9

Find an explicit solution for y' = ze™¥, y(0) = 1.

? Exercise 1.5E.10

Find an explicit solution for zy’ =e ¥, for y(1) = 1.

Find an explicit solution for y' = ye—“”2 ,y(0) = 1. It is alright to leave a definite integral in your answer?
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Suppose a cup of coffee is at 100 degrees Celsius at time £ = 0, it is at 70 degrees at ¢ = 10 minutes, and it is at 50 degrees at
t = 20 minutes. Compute the ambient temperature.

? Exercise 1.5E.13

Solve y' =2zy.

Answer

22

y==Ce

? Exercise 1.5E. 14

Solve 2’ = 3zt* — 3t2, z(0) = 2.

Answer

w:et3—|—1

? Exercise 1.5E.15

. . P . ! 1 _
Find an implicit solution for z’ = —— z(0) =1.
Answer

Btz =t+2

? Exercise 1.5E.16
Find an explicit solution to zy’ = y?, y(1) = 1.
Answer

_ 1
Y= 1 na

? Exercise 1.5E.17

sin(z)
cos()

Find an implicit solution to ¢’ =

Answer

sin(y) = —cos(z) +C

? Exercise 1.5E. 18

Take Example 1.3.3 with the same numbers: 89 degrees at t =0, 85 degrees at £ = 1, and ambient temperature of 22 degrees.
Suppose these temperatures were measured with precision of 0.5 degrees. Given this imprecision, the time it takes the coffee
to cool to (exactly) 60 degrees is also only known in a certain range. Find this range.

Hint: Think about what kind of error makes the cooling time longer and what shorter.

Answer

The range is approximately 7.45to 12.15minutes.
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A population z of rabbits on an island is modeled by 2’ =z — (ﬁ)a@2 , where the independent variable is time in months. At
time £ = 0, there are 40 rabbits on the island.

a. Find the solution to the equation with the initial condition.
b. How many rabbits are on the island in 1 month, 5 months, 10 months, 15 months (round to the nearest integer)?

Answer

a =5
b. 102rabbits after one month, 861 after 5 months, 999 after 10 months, 1000after 15 months.

? Exercise 1.5E.20

Newton’s law of cooling states that % = —k(z — A) where z is the temperature, ¢ is time, A is the ambient temperature, and
k>0 is a constant. Suppose that A = A cos(wt) for some constants Ay and w. That is, the ambient temperature oscillates
(for example night and day temperatures).

a. Find the general solution.
b. In the long term, will the initial conditions make much of a difference? Why or why not?

This page titled 1.5E: Exercises for Section 1.5 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 1.E: First order ODEs (Exercises) has no license indicated.
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1.6: Linear Equations and the Integrating Factor

4b Learning Objectives

o Recognize and solve linear differential equations.
e Apply linear equations to figure out the concentration of chemicals in bodies of water.

One of the most important types of equations we will learn how to solve are the so-called linear equations. In fact, the majority of
the course is about linear equations. In this lecture we focus on the first order linear equation. A first order equation is linear if we
can put it into the form:

Y +p(@)y = f(). (1.6.1)
Here the word “linear” means linear in y and ¥'; no higher powers nor functions of y or y’ appear. The dependence on z can be
more complicated.

Solutions of linear equations have nice properties. For example, the solution exists wherever p(z) and f(z) are defined, and has
the same regularity (read: it is just as nice). But most importantly for us right now, there is a method for solving linear first order
equations. The trick is to rewrite the left hand side of (1.6.1)as a derivative of a product of y with another function. To this end we
find a function r(z) such that

@l +r(@)p@)y = = @]

This is the left hand side of (1.6.1) multiplied by r(z). So if we multiply (1.6.1)by 7(z), we obtain

d
—~[r(@)y] =r(@)f (@)

Now we integrate both sides. The right hand side does not depend on y and the left hand side is written as a derivative of a
function. Afterwards, we solve for y. The function 7(z) is called the integrating factor and the method is called the integrating
factor method.

We are looking for a function (), such that if we differentiate it, we get the same function back multiplied by p(z). That seems
like a job for the exponential function! Let

r(z) = e/P(@)de
We compute:

Y +p(x)y = f(z),
el p@dz 1 | o[p(@)de )y — ofp(@)de f(g),

4 [efp(w)dzy] — eJp@de gy,
dz (1.6.2)

elp(@)dz,y, /efp(z)dzf(x)dm+0,

y =e /P </ef”(“”)dzf(x)dm +C’) .

Of course, to get a closed form formula for y, we need to be able to find a closed form formula for the integrals appearing above.

v/ Example 1.6.1

Solve
Y +2zy=e"", y(0)=-1

Solution

First note that p(z) = 2z and f(z) = e**" . The integrating factor is r(z) = e/P(®)%* — ¢ We multiply both sides of the
equation by r(z) to get
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Zz !/ 12 ﬂ)*iﬂz I2
ety +2zxze® y =e e’
d 1.6.3
& =] == e
We integrate
2z
cy=e+0, (1.6.4)

y=e"" +Ce ™.

Next, we solve for the initial condition —1 =y(0) =1+ C, so C = —2. The solution is

__m2 2
y=e"" —2e".

Note that we do not care which antiderivative we take when computing e/P(®dz you can always add a constant of integration,
but those constants will not matter in the end.

v/ Example 1.6.2

Solve the following first-order linear differential equations.
dy 2.
a. d—md +2y=z-1
b. az% — 4y = 2%°
Solution
e Video Length: 11 minutes 48 seconds.

« Context: Solve the first-order linear differential equations of the type ¥’ + p(z)y = f(z) by calculating the integrating
factors.

? Exercise 1.6.1

Try it! Add a constant of integration to the integral in the integrating factor and show that the solution you get in the end is the
same as what we got above. An advice: Do not try to remember the formula itself, that is way too hard. It is easier to remember
the process and repeat it.

Since we cannot always evaluate the integrals in closed form, it is useful to know how to write the solution in definite integral
form. A definite integral is something that you can plug into a computer or a calculator. Suppose we are given

y' +p(@)y = f(z), y(zo) =wo

. Look at the solution and write the integrals as definite integrals.

y(a) = el P </ el ”<s)dsf(t)dt+yo> (1.6.5)
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You should be careful to properly use dummy variables here. If you now plug such a formula into a computer or a calculator, it
will be happy to give you numerical answers.

? Exercise 1.6.2

Check that y(z) = yo in Formula (1.6.5).

? Exercise 1.6.3

Write the solution to the linear differential equation as a definite integral, but try to simplify as far as you can. You will not be
able to find the solution in closed form.

Y +y=e"%, y(0)=10

Before we move on, we should note some interesting properties of linear equations. First, for the linear initial value problem
v +p(z)y = f(z), y(zo) =0, there is always an explicit formula (1.6.5) for the solution. Second, it follows from the
formula (1.6.5)that if p(x) and f(x) are continuous on some interval (a, b), then the solution y(z) exists and is differentiable
on (a, b). Compare with the simple nonlinear example we have seen previously, y' = y? , and compare to Theorem 1.4.1.

Linear equations are used in figuring out the concentration of chemicals in bodies of water such as rivers and lakes. Let's take a
look at Example 1.6.3.

v/ Example 1.6.3

A 100 liter tank contains 10 kilograms of salt dissolved in 60 liters of water. Solution of water and salt (brine) with
concentration of 0.1 kilograms per liter is flowing in at the rate of 5 liters a minute. The solution in the tank is well stirred and
flows out at a rate of 3 liters a minute. See Figure 1.6.1 for an illustration of the problem. How much salt is in the tank when
the tank is full?

m 5 J-/min., 0.1 kg;/L

AN
()

\_A/\_/
60L

10kg of salt[

3 I-/min

Figure 1.6.1: The inflow and outflow of different concentration fluids inside a cylindirical tank as described in the example.
(CC BY-SA 4.0; Jif{ Lebl via Differential Equations for Engineers).

Solution

Let us come up with the equation. Let x denote the kilograms of salt in the tank, let ¢ denote the time in minutes. For a small
change At in time, the change in x (denoted Az) is approximately

Az = (rate in x concentration in) At — (rate out x concentration out)At.

Dividing through by At and taking the limit At — 0 we see that

z
i (rate in x concentration in) — (rate out x concentration out)
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In our example, we have

ratein =5,
concentrationin =0.1,

rate out = 3, (1.6.6)
x x

volume 60+ (5—3)t "

concentration out =

Our equation is, therefore,

dx T
or 1) —
g —0x01) (360+2t)

Or in the form (1.6.1)

dz 3

@ T orat 00

Let us solve. The integrating factor is

_ 3 - 3 _ 3/2
r(t) = exp (/ 60121 dt> =exp <2ln(60 —|—2t)) = (60 +2t)

We multiply both sides of the equation to get

d
(60+2t)3/2d—f+(60+2t)3/2 z =0.5(60+2t)3/2,

60 +2¢
d
= {(60 n 2t)3/2x] — 0.5(60 +2¢)%/2,
(60 +2t)%/%z = / 0.5(60 +2t)*/2dt + C,
1.6.7)
60 +2t)3/2 (
z = (60 +2t)"%/2 /%dt+0(60+2t)—3/2,
1
z = (60 +2t)-3/21—0(60 +2t)3/2 4-C(60 +2t)~%/2,
60 +2¢
5 = 602 +C(60+2t) /2.
10
We need to find C. We know that at ¢t =0, x = 10. So
60 - _
10 =2(0) = 75 +C(60) 52— 6+C(60) "/
or
C =4(60°/%) ~ 1859.03.
We are interested in  when the tank is full. So we note that the tank is full when 60 + 2¢ = 100, or when ¢ = 20. So
60440 -3/2
20) = 4
z(20) 10 +C (60 +40) (1.6.8)

-3/2

~10+1859.03(100) */* ~ 11.86.

See Figure 1.6.2 for the graph of = over ¢.
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1 4 s

r

Figure 1.6.2: Graph of the solution z kilograms of salt in the tank at time ¢. Notice that at £ = 0, = 10 and tank is full when
t = 20. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

The concentration at the end is approximately 0.1186kg/]iter and we started with % or 0.167kg/mer.

This page titled 1.6: Linear Equations and the Integrating Factor is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi via source content that was edited to the style and standards of the
LibreTexts platform.

e 1.4: Linear equations and the integrating factor by Jiii Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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1.6E: Exercises for the section 1.6

Exercises 1-12

Leave the answer as a definite integral if a closed form of the solution can not be found. If you can find a closed form of the
solution, then you should provide that closed-form solution instead.

? Exercise 1.6E.1

Solvey' +zy==x.

? Exercise 1.6E. 2

Solve 3y’ + 6y =e* .

? Exercise 1.6E.3

Solve y' 4+ 3z%y =sin(z) e with y(0) = 1.

? Exercise 1.6E.4

Solve y' + cos(z) y = cos(z).

? Exercise 1.6E.5

1 :
Solve w2—+1y’ +zy =3 withy(0)=0

? Exercise 1.6E.6

Suppose there are two lakes located on a stream. Clean water flows into the first lake, then the water from the first lake flows
into the second lake, and then water from the second lake flows further downstream. The in and out flow from each lake is 500
liters per hour. The first lake contains 100 thousand liters of water and the second lake contains 200 thousand liters of water. A
truck with 500 kg of toxic substance crashes into the first lake. Assume that the water is being continually mixed perfectly by
the stream.

a. Find the concentration of toxic substance as a function of time in both lakes.

b. When will the concentration in the first lake be below 0.001 kg per liter?
c. When will the concentration in the second lake be maximal?

? Exercise 1.6E.7

Initially 5 grams of salt are dissolved in 20 liters of water. Brine with concentration of salt 2 grams of salt per liter is added at a
rate of 3 liters a minute. The tank is mixed well and is drained at 3 liters a minute. How long does the process have to continue
until there are 20 grams of salt in the tank?

? Exercise 1.6E.8

Initially a tank contains 10 liters of pure water. Brine of unknown (but constant) concentration of salt is flowing in at 1 liter per
minute. The water is mixed well and drained at 1 liter per minute. In 20 minutes there are 15 grams of salt in the tank. What is
the concentration of salt in the incoming brine?

@ 0 a @ 1.6E.1 https://math.libretexts.org/@go/page/176895
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? Exercise 1.6E.9

Solve 3 +3x2y = 22 .
Answer

y =Ce? +§

? Exercise 1.6E. 10
Solve y' +2sin(2z)y = 2 sin(2z) with y(7/2) =3

Answer

y= 2ec0s(2z)+1 4 ]

? Exercise 1.6E.11

Suppose a water tank is being pumped out at 3 ﬁ The water tank starts at 10 L of clean water. Water with toxic substance is
flowing into the tank at 2 #, with concentration 20t % at time ¢. When the tank is half empty, how many grams of toxic
substance are in the tank (assuming perfect mixing)?

Answer

250 grams

? Exercise 1.6E.12

Suppose we have bacteria on a plate and suppose that we are slowly adding a toxic substance such that the rate of growth is
slowing down. That is, suppose that ‘fi—f =(2—-0.1¢)P.1If P(0) =1000, find the population att =5.

Answer

P(5) = 1000e25-0-05%5" — 100057 ~ 6.31 x 10°

? Exercise 1.6E.13

A cylindrical water tank has water flowing in at I cubic meters per second. Let A be the area of the cross section of the tank in
meters. Suppose water is flowing from the bottom of the tank at a rate proportional to the height of the water level. Set up the
differential equation for A, the height of the water, introducing and naming constants that you need. You should also give the
units for your constants.

Answer

2
AR/ =T —kh , where k is a constant with units =-.

This page titled 1.6E: Exercises for the section 1.6 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi via source content that was edited to the style and standards of the LibreTexts
platform.

o 1.E: First order ODEs (Exercises) has no license indicated.
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1.7: Existence and Uniqueness of Solutions of Nonlinear Equations

4b Learning Objectives

e Understand and apply the existence and uniqueness theorems for nonlinear differential equations.
e Analyze scenarios where existence or uniqueness may fail.

Although there are methods for solving some nonlinear equations, it is impossible to find useful formulas for the solutions of most.
Whether we are looking for exact solutions or numerical approximations, it is useful to know conditions that imply the existence
and uniqueness of solutions of initial value problems for nonlinear equations. In this section, we state such a condition and illustrate
it with examples.

- X
a b

Figure 1.7.1 : An open rectangle, which is a set of points (x, y) where x is between two values 'a' and 'b', and y is between two
values 'c' and 'd". There are dots inside the open rectangle. (CC BY-NC-SA 3.0; William F. Trench via Elementary Differential
equation).

Some terminology: an open rectangle R (see Figure 1.7.1) is a set of points (x, y) such that
a<zr<b and c<y<d

We’ll denote this set by R: {a <z <b,c <y <d} . “Open” means that the boundary rectangle (indicated by the dashed lines in
Figure 1.7.1) is not included in R.

The next theorem gives sufficient conditions for existence and uniqueness of solutions of initial value problems for first order
nonlinear differential equations. We omit the proof, which is beyond the scope of this book.

& Theorem 1.7.1 : Existence and Uniqueness

a. If f is continuous on an open rectangle
R:{a<z<bc<y<d}
that contains (g, yo) then the initial value problem

¥ =f(=,9), ylx)=uo (1.7.1)

has at least one solution on some open subinterval of (a, b) that contains .
b. If both f and f, are continuous on R then Equation (1.7.1) has a unique solution on some open subinterval of (a, b) that
contains xg

It’s important to understand exactly what Theorem 1.7.1 says.

¢ (a) is an existence theorem. It guarantees that a solution exists on some open interval that contains g, but provides no
information on how to find the solution, or to determine the open interval on which it exists. Moreover, (a) provides no
information on the number of solutions that Equation (1.7.1) may have. It leaves open the possibility that Equation (1.7.1) may
have two or more solutions that differ for values of x arbitrarily close to x. We will see in Example 1.7.6 that this can happen.

e (b) is a uniqueness theorem. It guarantees that Equation (1.7.1) has a unique solution on some open interval (a,b) that contains
x¢. However, if (a, b) # (—o0, 00) , Equation (1.7.1) may have more than one solution on a larger interval that contains (a, b).

https://math.libretexts.org/@go/page/167361
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For example, it may happen that b < oo and all solutions have the same values on (a, b), but two solutions y; and ys are
defined on some interval (a, by ) with b; > b, and have different values for b < z < b; ; thus, the graphs of the y; and y»
“branch off” in different directions at = b. (See Example 1.7.7 and Figure 1.7.3 ). In this case, continuity implies that
y1(b) = y2(b) (call their common value y), and y; and y» are both solutions of the initial value problem

y=f(z,y), yb)=y (1.7.2)

that differ on every open interval that contains b. Therefore f or f, must have a discontinuity at some point in each open rectangle
that contains (b, y), since if this were not so, Equation (1.7.2) would have a unique solution on some open interval that contains b.
We leave it to you to give a similar analysis of the case where a > —c0.

v/ Example 1.7.1

Consider the initial value problem
2 _ .2
’ =Y
= o) =Yo. 1.7.3
VeTim y(z0) = o (1.7.3)
Show that it has a unique solution on some open interval that contains x.
Solution
Since
2 _ .2 2
z°—y 2y(1+22%)
= d =

are continuous for all (z, y), Theorem 1.7.1 implies that if (xg, yo) is arbitrary, then Equation (1.7.3) has a unique solution on
some open interval that contains .

v/ Example 1.7.2

Consider the initial value problem

y = x2_y2
x2 +y2 Y

y(@o) =yo- (1.7.4)

Show that it has a unique solution on some open interval that contains .
Solution

Here
22 g2

z2 + 42

4x%y

fla,y) = @172

and  f,(2,y) = -

are continuous everywhere except at (0, 0). If (xg, yo) # (0,0), there’s an open rectangle R that contains (g, yo) that does
not contain (0, 0). Since f and f,, are continuous on R, Theorem 1.7.1 implies that if (zo,y0) # (0,0) then Equation (1.7.4)
has a unique solution on some open interval that contains .

v/ Example 1.7.3

Consider the initial value problem

Tty
Yy = )
r—y

(o) = yo- (1.7.5)

Show that it has a unique solution on some open interval that contains z.

Solution

Here
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2x
(z—y)?
are continuous everywhere except on the line y = z. If yy # ¢, there’s an open rectangle R that contains (g, o) that does

not intersect the line y = x. Since f and f, are continuous on R, Theorem 1.7.1 implies that if yo # x, Equation (1.7.5) has a
unique solution on some open interval that contains xg.

fw) =2 and f@y)=

The following differential equation is of the separable form y' = f(x)g(y)
y = 2zy? (1.7.6)

one such solution can be found by inspection ¥y =0 now suppose y is a solution of Equation (1.7.6) that is not identically zero.
since y is continuous there must be an interval on which y is never zero. Since division by 32 is legitimate for x in this interval we
can separate variables in this interval.

=~ =2z
2
Integrate
1
——=a’+ec
Y
which is equivalent to
- 1
Y= " e
Hence the two solutions are
1
= and =—
Y Y 21c’

where c is an arbitrary constant. In particular, this implies that no solution of Equation (1.7.6) other than y =0 can equal zero for
any value of z. Show that Theorem 1.7.1bimplies this.

We’ll obtain a contradiction by assuming that Equation (1.7.6) has a solution y; that equals zero for some value of z, but is not
identically zero. If y; has this property, there’s a point o such that y; (zo) = 0, but y; (z) # 0 for some value of z in every open
interval that contains xo. This means that the initial value problem

Y =2zy®, y(zo)=0 (1.7.7)

has two solutions y =0 and y =v; that differ for some value of = on every open interval that contains x(. This contradicts
Theorem 1.7.1 (b), since in Equation (1.7.6) the functions

f(@,y)=2zy* and fy(z,y)=4zy.

are both continuous for all (z, y), which implies that Equation (1.7.7) has a unique solution on some open interval that contains .

v/ Example 1.7.4

Find the values of t where existence and uniqueness of the solution to the initial value problem is not guaranteed

Yy = 42 _7 y(tO):yO

Solution

e Video Length: 5 minutes 36 seconds.

o Context: Determine the critical values of t where the conditions of the Existence and Uniqueness Theorem fail for the
given initial value problem.
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v/ Example 1.7.5

Consider the initial value problem

1
y = ?Owy”‘r’,

y(o) = Yo- (1.7.8)

a. For what points (g, yo) does Theorem 1.7.1aimply that Equation (1.7.8) has a solution?

b. For what points (g, o) does Theorem 1.7.1bimply that Equation (1.7.8) has a unique solution on some open interval that
contains xy?

Solution a
Since

10
f(wa y) = ?wa/s
is continuous for all (z, y), Theorem 1.7.1 implies that Equation (1.7.8) has a solution for every (z, yo)-
Solution b
Here

4
fy(@,y) =32y 3/5

is continuous for all (z, y) with y # 0. Therefore, if 5 7 0 there’s an open rectangle on which both f and f, are continuous,
and Theorem 1.7.1 implies that Equation (1.7.8) has a unique solution on some open interval that contains .

If y =0 then f,(x,y) is undefined, and therefore discontinuous; hence, Theorem 1.7.1 does not apply to Equation (1.7.8) if
yo =0.

v/ Example 1.7.6

Example 1.7.5 leaves open the possibility that the initial value problem

10
y' =5y y(0)=0 (1.7.9)

has more than one solution on every open interval that contains zy = 0. Show that this is true.

Solution
By inspection, y = 0 is a solution of the differential equation

1
yl _ ?Oxy2/5.

Since y = 0 satisfies the initial condition y(0) = 0, it is a solution of Equation (1.7.9).

(1.7.10)
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Now suppose ¥ is a solution of Equation (1.7.10) that is not identically zero. Separating variables in Equation (1.7.10) yields

10
-2/5 1 __
= =43
Y773
on any open interval where y has no zeros. Integrating this and rewriting the arbitrary constant as 5¢/3 yields

5 5
§y3/5 = §($2 +C)
Therefore

y = (% +¢)*%. (1.7.11)
Since we divided by y to separate variables in Equation (1.7.10), our derivation of Equation (1.7.11) is legitimate only on open
intervals where y has no zeros. However, Equation (1.7.11) actually defines y for all x, and differentiating Equation (1.7.11)
shows that

2/5

10 10
Y = ?m(wz—l—c)w?’ =—zy”’, —co <z <0

3
Therefore Equation (1.7.11) satisfies Equation (1.7.10) on (—o0, 00) even if ¢ <0, so that y(1/|c|]) =y(—+/|c|) =0. In
particular, taking ¢ = 0 in Equation (1.7.11) yields

y = '3

as a second solution of Equation (1.7.9). Both solutions are defined on (—o0, 00), and they differ on every open interval that
contains zo = 0 (see Figure 1.7.2 ). In fact, there are four distinct solutions of Equation (1.7.9) defined on (—o0, 0o) that differ
from each other on every open interval that contains zy = 0. Can you identify the other two?

¥
1

Figure 1.7.2 : Two solutions y = 0 and y = 103 of y/ = l—g?wyw 5 given y(0) = 0 that differ on every interval containing
zg = 0 (CC BY-NC-SA 3.0, William F. Trench via Elementary Differential equation).

v/ Example 1.7.7

From Example 1.7.5, the initial value problem

10
y = ?zy“’, y(0) = —1 (1.7.12)
has a unique solution on some open interval that contains 2y = 0. Find a solution and determine the largest open interval (a, b)

on which it is unique.

Solution
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Let y be any solution of Equation (1.7.12). Because of the initial condition y(0) = —1 and the continuity of y, there’s an open
interval I that contains £y = 0 on which y has no zeros, and is consequently of the form Equation (1.7.11). Setting = 0 and
y = —1 in Equation (1.7.11) yields ¢ = —1, so

y=(a? —1)"3 (1.7.13)

for z in I. Therefore every solution of Equation (1.7.12) differs from zero and is given by Equation (1.7.13) on (—1, 1); that is,
Equation (1.7.13) is the unique solution of Equation (1.7.12) on (—1, 1). This is the largest open interval on which Equation
(1.7.12) has a unique solution. To see this, note that Equation (1.7.13) is a solution of Equation (1.7.12) on (—oo, 00). There
are infinitely many other solutions of Equation (1.7.12) that differ from Equation (1.7.13) on every open interval larger than
(=1, 1). One such solution is

{ (z2-1)53, -1<z<1,
y:

0, |z| > 1.

e

P
[\

Figure 1.7.3 : Two solutions of y' = 1—30:ry2/ %, on (—1,1) that coincide on (—1,1), but on no larger open interval. One

solution is the line y =0, and another one is the curve y = (22 —1)*3. (CC BY-NC-SA 3.0, William F. Trench via
Elementary Differential equation).

v/ Example 1.7.8

From Example 1.7.5, the initial value problem

10,
Yy =—zy*°,
3

has a unique solution on some open interval that contains £y = 0. Find the solution and determine the largest open interval on

which it is unique.

y(0) =1 (1.7.14)

Solution

Let y be any solution of Equation (1.7.14). Because of the initial condition y(0) =1 and the continuity of y, there’s an open
interval I that contains £y = 0 on which y has no zeros, and is consequently of the form Equation (1.7.11). Setting x = 0 and
y =1 in Equation (1.7.11) yields ¢ =1, so

y=(z?+1)°3 (1.7.15)

for z in I. Therefore every solution of Equation (1.7.14) differs from zero and is given by Equation (1.7.15) on (—oo, 00); that
is, Equation (1.7.15) is the unique solution of Equation (1.7.14) on (—oo, 00). Figure 1.7.4 ) shows the graph of this solution.
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a

Figure 1.7.4 : The unique solution of 3’ = %myy ® with initial condition y(0) = 1. The solution is an upward curve with
vertex at the point (0,1). (CC BY-NC-SA 3.0, William F. Trench via Elementary Differential equation).

This page titled 1.7: Existence and Uniqueness of Solutions of Nonlinear Equations is shared under a CC BY-NC-SA 3.0 license and was
authored, remixed, and/or curated by Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

« 2.3: Existence and Uniqueness of Solutions of Nonlinear Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
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1.7E: Exercises for the section 1.7

Exercises 1-13

Find all (zo,yo) for which Theorem 1.7.1 implies that the initial value problem y' = f(x,¥y), y(xo) = yo has (a) a
solution and (b) a unique solution on some open interval that contains x,.

r_ 24y
~ sinz

? Exercise 1.7E.2

ety
z2+y?
Answer

eT+y 1 2y(e"+y)
f(m)y) = m Ell'ld fy(w,y) = z2+y2 - (z2+y2)2

implies that if (2o, o) # (0, 0), then the initial value problem has a unique solution on some open interval containing z.
Theorem 1.7.1 does not apply if (zo, o) = (0,0).

are both continuous at all (z,y) # (0,0). Hence, Theorem 1.7.1

y =tanzy

? Exercise 1.7E. 4

;L 2y
T lnzy

Y =@ +y?)y'?

? Exercise 1.7E. 6

Yy =2zy

Answer

f(z,y) =2zy and f,(z,y) =2z are both continuous at all (z,y). Hence, Theorem 1.7.1 implies that if (zo, o) is
arbitrary, then the initial value problem has a unique solution on some open interval containing .

Yy =In(l+2* +y%)

? Exercise 1.7E. 8

) 2x+3y
T oz—4y
Answer
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_ 2z+3y 3
f(may) T o4y and fy(w,y) T x4y +4 (174”2
1.7.1 implies that if 2 # 4yq, then the initial value problem has a unique solution on some open interval containing .
Theorem 1.7.1 does not apply if zo = 4y .

are both continuous at all (z,y) such that = # 4y. Hence, Theorem

? Exercise 1.7E.9

? Exercise 1.7E.10

y =y —1)"°
Answer

1/3 is continuous at (z,y) if and only if

f(z,y) =z(y*—1)** is continuous at all (z,y), but f,(z,y) = szy(y* —1)
y # +1. Hence, Theorem 1.7.1 implies that if yo # =1, then the initial value problem has a unique solution on some open
interval containing x(, while if yo = +1, then the initial value problem has at least one solution (possibly not unique on

any open interval containing x).

y' = (22 +y?2)?

? Exercise 1.7E.12

Y = (z+y)t/?

Answer

f(z,y) = (z+y)/? and f,(z,y) = z(x+1y)1/2 are both continuous at all (z,y) such that  +y > 0 . Hence, Theorem

1.7.1 implies that if £y +yo > 0 , then the initial value problem has a unique solution on some open interval containing .
Theorem 1.7.1 does not apply if o +yo <0 .

Exercises 14-15

Solve the following exercises with instructions in each question.

? Exercise 1.7E. 14
Apply Theorem 1.7.1 to the initial value problem
y' +p(@)y=a(z), y(zo) =y
for a linear equation.

Answer

To apply Theorem 1.7.1, rewrite the given initial value problem as (A) ¥y’ = f(z,y), y(zo) =yo, where
f(z,y) =—p(x)y+g(z) and f,(z,y) = —p(z) .If p and f are continuous on some open interval (a, b) containing z,
then f and f, are continuous on some open rectangle containing (o, %o), so Theorem 1.7.1 implies that (A) has a unique
solution on some open interval containing xg.
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? Exercise 1.7E.15

a. Verify that the function
(®—1)%3, —1<z<1,
y_{ 0, 21,
is a solution of the initial value problem
y = ?wym, y(0)=-1
on (—00, 00). HINT: You'll need the definition
y'(z) = lim M
=T T —X
to verify that y satisfies the differential equation at z = +1.
b. Verify thatife;, =0 or 1 forz =1, 2 and a, b > 1, then the function
e1(z? —a?)’3, —co<z < —a,
0, —a<x< -1,
y=4 (*-1)%3, —1<z<1,
0, 1<z <b,
e (22 —b*)%3, b<z < oo,
is a solution of the initial value problem of a on (—oco, 00).

Exercises 16-21

Solve the following exercises with instructions in each question.

? Exercise 1.7E. 16

Use the ideas developed in Exercise 1.7E.15 to find infinitely many solutions of the initial value problem

y =y*°, y(0)=1

on (—o0, 00).

? Exercise 1.7E. 17

Consider the initial value problem
y =3z(y—1)"%  y(zo) =w. (4)
a. For what points (g, yo) does Theorem 1.7.1 imply that (A) has a solution?

b. For what points (2, yo) does Theorem 1.7.1 imply that (A) has a unique solution on some open interval that contains z?

? Exercise 1.7E. 18

Find nine solutions of the initial value problem
y =3z(y—1)"% y(0)=1

that are all defined on (—oo, 0o) and differ from each other for values of z in every open interval that contains zg = 0.
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? Exercise 1.7E. 19

From Theorem 1.7.1, the initial value problem
v =3z(y—-1)"°, y(0)=9

has a unique solution on an open interval that contains zy = 0. Find the solution and determine the largest open interval on
which it is unique.

? Exercise 1.7E. 20

a. From Theorem 1.7.1, the initial value problem
y =3z(y—-1)"%, y(38)=-7 (A)

has a unique solution on some open interval that contains 2y = 3. Determine the largest such open interval, and find the
solution on this interval.
b. Find infinitely many solutions of (A), all defined on (—o0, 00).

? Exercise 1.7E. 21
Prove:
a If
f(z,9) =0, a<z<b, (A)
andz is in (a, b), then y = yj is a solution of
y' =f,y), y(zo) =m0

on (a,b).
b. If f and f, are continuous on an open rectangle that contains (zo, o) and (A) holds, no solution of ' = f(x, y) other than
y = yo can equal yp at any point in (a, b).

This page titled 1.7E: Exercises for the section 1.7 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi via source content that was edited to the style and standards of the LibreTexts
platform.

« 2.3E: Existence and Uniqueness of Solutions of Nonlinear Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0.
Original source: https:/digitalcommons.trinity.edu/mono/9.
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1.8: Substitution

4b Learning Objectives

o Apply substitution to simplify and solve non-separable differential equations.
e Solve Bernoulli equations using the substitution

Just as when solving integrals, one method to try is to change variables to end up with a simpler equation to solve.

Substitution
The equation
v =(@-y+1)° (1.8.1)

is neither separable nor linear. What can we do? How about trying to change variables, so that in the new variables the equation is
simpler. We use another variable v, which we treat as a function of . Let us try

v=c—y+1. (1.8.2)

We need to figure out ¢’ in terms of v, v and x. We differentiate (in z) to obtain v’ =1 —y' . Soy’ =1 —v' . We plug this into the
equation to get

1—v =v? (1.8.3)

In other words, v’ = 1 —v? . Such an equation we know how to solve by separating variables:

dv=dx 1.8.4
1—122 ( )
So
1 v+1 v+1 v+1
o~ ‘ =z+C, or 1 ‘ =e¥t20  or 1 = De*®,
for some constant D). Note that v =1 and v = —1 are also solutions.
Now we need to “unsubstitute” to obtain
T — 2
ZTYT2 _ pew (1.8.5)
r—y

and also the two solutionsz —y+1=1 ory=z,andz —y+1=—1 ory =z + 2. We solve the first equation for y.

r—y+2 = (x—y)De*,
z —y+2 = Dze?® —yDe*®,
—y+yDe*® = Dze*® —z —2,
y(—1+ De*) = Dze*® —z —2,
Dze®® —x —2
De?r —1

(1.8.6)

’y:

Note that D =0 gives y = x 4 2, but no value of D gives the solution y = x.

Substitution in differential equations is applied in much the same way that it is applied in calculus. You guess. Several different
substitutions might work. There are some general things to look for. We summarize a few of these in Table 1.8.1.

Table 1.8.1: Substitution in differential equations

When you see Try substituting
vy v=1y?
yz yl V= y3

https://math.libretexts.org/@go/page/167363
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When you see Try substituting
(cosy)y’ v=siny
(siny)y’ v =cosy

y'e! v=e’

Usually you try to substitute in the “most complicated” part of the equation with the hopes of simplifying it. The above table is just
a rule of thumb. You might have to modify your guesses. If a substitution does not work (it does not make the equation any
simpler), try a different one.

Bernoulli Equations

There are some forms of equations where there is a general rule for substitution that always works. One such example is the so-
called Bernoulli equation.’

Y +p(x)y=q(z)y" (1.8.7)

This equation looks a lot like a linear equation except for the y". If n =0 or n = 1, then the equation is linear and we can solve it.
Otherwise, the substitution v = '™ transforms the Bernoulli equation into a linear equation. Note that 7 need not be an integer.

v/ Example 1.8.1:

Solve
zy +y(z+1)+zy® =0, y(1)=1

Solution
+1

53
First, the equation is Bernoulli p(z) = (and g(z) = —1 ). We substitute

v=y' =yt v =4y
-1 5,0 /
In other words, - vV =Y. So

zy +y(z+1)+zy° =0,

b
%”’+y(w+1)+wy5 =0,
s (1.8.8)
<7 +y *(z+1)+z =0,
_Txv’—i—v(m—i—l)—i—:r =0,
and finally
4 1
vl—Mvzél
z

Now the equation is linear. We can use the integrating factor method. In particular, we use Formula (1.6.2). Let us assume that
z > 0 so |z| = . This assumption is OK, as our initial condition is z = 1. Let us compute the integrating factor. Here p(s)

—4(s+1
from Formula (1.6.2) is %
—4z+4
eflzp(s)ds —exp /a: _4(3+1) ds | = 674z74ln(z)+4 T et ,
1 s zt (1.8.9)

T [ p(s)ds _ e4z+4ln(x)—4 _ 6496_4.’134

We now plug in to Formula (1.6.2)
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1

g
=ttt / 4 dt+1
1 t

Note that the integral in this expression is not possible to find in closed form. As we said before, it is perfectly fine to have a
definite integral in our solution. Now “unsubstitute”

T -4t
y =ttt 4/ dt+1> ,
1t

e =t (1.8.11)

, e—dttHd 1/4

o(x) =e i p()ds ( / zefl‘p(s)ds4dt+1> ;
(1.8.10)

y:

Remember Formula (1.6.2) when we solve y' +p(z)y = f(z)

if we let

then

Homogeneous Equations

Another type of equations we can solve by substitution are the so-called homogeneous equations. Suppose that we can write the
differential equation as

y’:F(E) (1.8.12)
x
Here we try the substitutions
v="Y andtherefore 3 =v+azv (1.8.13)
x
We note that the equation is transformed into
tzv =F(v) or zv=F()—v o v ! (1.8.14)
v+zv =F(v r zv =F(v)—v or —/— =— .8.
Flv)—v =
Hence an implicit solution is
1
———dv=1 C 1.8.15
[ Far=to = tnlel + (1.8.15)

v Example 1.8.2

Solve
2.0 _ 2 —
a2’y =y* +zy, y(1)=1
Solution
We put the equation into the form 3y’ = (%)2 + % . We substitute v = L to get the separable equation
T

2

zv =P +v—v=v
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1
v idv=—dz
T
which has a solution
1
—dv =lIn|z|+C,
v
-1
T :ln|x|+C’, (1'8'16)
-1
V=
Inlz|+C
We unsubstitute
y__ bt
z  In|z|+C’ (1.8.17)
B o .8.
Yo |z| +C
We want y(1) =1, so
-1 -1
]_ = 1 = e— T —
v = isc - ©
Thus C' = —1 and the solution we are looking for is
=
T |lz| —1
Footnotes

[1] There are several things called Bernoulli equations, this is just one of them. The Bernoullis were a prominent Swiss family of
mathematicians. These particular equations are named for Jacob Bernoulli (1654—1705).
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1.8E: Exercises for Section 1.8

Exercises 1-10
Solve the differential equations step by step, and provide detailed explanations when necessary. If a closed-form solution is
not possible, represent the solution in integral form.

? Exercise 1.8E.1

Solve y’ +y(z? —1) +zy5 =0 , withy(1) =1.

? Exercise 1.8E. 2

Solve 2yy’' +1 =y? 4+ , with y(0) = 1.

? Exercise 1.8E.3

Solve y' +zy = y*, with y(0) = 1.

? Exercise 1.8E.4

Solve yy' +x = /x2 +192 .

? Exercise 1.8E.5

? Exercise 1.8E.7

Solve zy’ +y+3> =0, y(1) =2.

Answer

2
Y= 32

? Exercise 1.8E.8

Solve zy’' +y+z =0, y(1) =1.
Answer

_ 3—z?
y= 2z

? Exercise 1.8E.9

Solve y2y' =y3 — 3z, y(0) =2.

Answer

y= (7" +3z+1) 1/3
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? Exercise 1.8E.10

Solve 2yy’ = eV 42z,

Answer
y=+/22—1In(C —z)

This page titled 1.8E: Exercises for Section 1.8 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 1.E: First order ODEs (Exercises) has no license indicated.
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1.9: Autonomous Equations

4b Learning Objectives

o Understand and analyze the qualitative behavior of autonomous equations.
o Solve and sketch phase diagram of autonomous equations and their applications.

Let us consider general differential equation problems of the form

dz
- =@

where the derivative of solutions depends only on « (the dependent variable). Such equations are called autonomous equations. If we think of ¢ as time, the naming comes from the fact
that the equation is independent of time.

Let us come back to the cooling coffee problem (Example 1.5.3). Newton’s law of cooling says that

dx
7;; = —»k(z —-14)

where « is the temperature, ¢ is time, k is some constant, and A is the ambient temperature. See Figure 1.9.1 for an example with k =0.3 and A =5.
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Figure 1.9.1: Diagram illustrating the slope field and some solutions of @’ =0.3(5 —z). This image displays a slope field and several solution curves for the given differential

equation. The slope field indicates the direction of the solution curves at various points, while the solution curves themselves illustrate how solutions to the differential equation evolve

over time. (CC BY-SA 4.0; Jiti Lebl via Differential Equations for Engineers).
Note the solution z = A (in the figure = 5). We call these constant solutions the equilibrium solutions. The points on the z-axis where f(z) = 0 are called critical points. The point
z = A is a critical point. In fact, each critical point corresponds to an equilibrium solution. Note also, by looking at the graph, that the solution z = A is “stable” in that small
perturbations in z do not lead to substantially different solutions as ¢ grows. If we change the initial condition a little bit, then as ¢ — oo we get z — A. We call such critical points
stable. In this simple example it turns out that all solutions in fact go to A as t — oo. If a critical point is not stable we would say it is unstable.

Let us consider the logistic equation

dx

— =kz(M -z

pr ( )

for some positive k£ and M. This equation is commonly used to model population if we know the limiting population M, that is the maximum sustainable population. The logistic
equation leads to less catastrophic predictions on world population than 2’ = kz . In the real world there is no such thing as negative population, but we will still consider negative x for

the purposes of the math (see Figure 1.9.2 for an example).

Figure 1.9.2: Diagram illustrating the slope field and some solutions of ' = 0.1z(5 —z) . The slope field indicates the direction of the solution curves at various points, while the
solution curves themselves illustrate how solutions to the differential equation evolve over time. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

Note two critical points, z = 0 and = 5. The critical point at x = 5 is stable. On the other hand the critical point at z = 0 is unstable.
It is not really necessary to find the exact solutions to talk about the long term behavior of the solutions. For example, from the above slope field plot, we can easily see that
5 ifz(0) >0,
limz(t)=< 0 ifz(0) =0,
t—00 .
DNEor—oo ifz(0) <0.
Where DNE means “does not exist.” From just looking at the slope field we cannot quite decide what happens if z(0) < 0. It could be that the solution does not exist for ¢ all the way to

co. Think of the equation &' = z2 , we have seen that it only exists for some finite period of time. Same can happen here. In our example equation above it will actually turn out that the
solution does not exist for all time, but to see that we would have to solve the equation. In any case, the solution does go to —oo, but it may get there rather quickly.

If we are interested only in the long term behavior of the solution, we would be doing unnecessary work if we solved the equation exactly. We could draw the slope field, but it is easier
to just look at the or , which is a simple way to visualize the behavior of autonomous equations. In this case there is one dependent variable z. We draw the z-axis, we mark all the
critical points, and then we draw arrows in between. Since z is the dependent variable we draw the axis vertically, as it appears in the slope field diagrams above. If f(z) > 0, we draw
an up arrow. If f(z) < 0, we draw a down arrow. To figure this out, we could just plug in some x between the critical points, f(z) will have the same sign at all z between two critical
points as long f(z) is continuous. For example, f(6) = —0.6 < 0, so f(z) <0 for z > 5, and the arrow above z =5 is a down arrow. Next, f(1) =0.4 > 0, so f(z) > 0 whenever
0 <z <5, and the arrow points up. Finally, f(—1) = —0.6 < 0 so f(z) < 0 when < 0, and the arrow points down.
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Figure 1.9.3: Diagram illustrating the phase line for the differential equation (x' = f(x)). This image shows a vertical line with labeled critical points and arrows indicating the direction
of change for the dependent variable (x). The phase line is a useful tool for analyzing the long-term behavior of solutions to autonomous differential equations. ( ; Jifi Lebl
via
Armed with the phase diagram, it is easy to sketch the solutions approximately. As time ¢ moves from left to right, the graph of a solution goes up if the arrow is up, and it goes down if

the arrow is down.

Below is a video on solving an autonomous differential equation that describes logistic growth.

v Example 1.9.1
3

A population P obeys the logistic model. It satisfies the equation: Cfi—f = mP(ll —P), for P > 0 where

P, = initial population, K = carrying capacity, r = intrinsic growth rate
a. Find the time when the population is increasing.

b. Find the time when the population is decreasing.

c. Assume that P(0) = 4, find P(64).

Solution

o Video Length: 12 minutes 30 seconds

o Context: Analyze the behavior of a population following a logistic growth model and solve for specific conditions where the population increases, decreases, and its value at a
given time.

Try sketching a few solutions simply from looking at the phase diagram. Check with the preceding graphs if you are getting the type of curves.

Once we draw the phase diagram, we can easily classify critical points as stable or unstable.

| ¢ ¢

unstable *\‘ stable

R t

Figure 1.9.4: Diagram illustrating the phase line for the logistic equation with harvesting. This image shows a vertical line with labeled critical points and arrows indicating the direction
of change for the population . The phase line helps analyze the long-term behavior of the population under different harvesting scenarios. ( ; Jifi Lebl via

Since any mathematical model we cook up will only be an approximation to the real world, unstable points are generally bad news.

Let us think about the logistic equation with harvesting. Suppose an alien race really likes to eat humans. They keep a planet with humans on it and harvest the humans at a rate of h
million humans per year. Suppose  is the number of humans in millions on the planet and ¢ is time in years. Let M be the limiting population when no harvesting is done and k > 0 is
some constant depending on how fast humans multiply. Our equation becomes

d
d—j —ke(M—z)—h
We expand the right hand side and solve for critical points
d
d—j = —ka® +kMz —h

Solving for the critical points A and B from the quadratic equations:

g KMo /RMEdRE M /(RM) 4Rk

2k 2k
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Sketch a phase diagram for different possibilities. Note that these possibilities are A > B, or A = B, or A and B both complex (i.e. no real solutions).
Hint: Fix some simple k and M and then vary h.

Solution

For example, let M =8 and k =0.1. When h =1, then A and B are distinct and positive. The slope field we get is in Figure 1.9.5. As long as the population starts above B,
which is approximately 1.55 million, then the population will not die out. It will in fact tend towards A ~ 6.45 million. If ever some catastrophe happens and the population drops
below B, humans will die out, and the fast food restaurant serving them will go out of business.
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Figure 1.9.5: Diagram illustrating the slope field and some solutions of ' = 0.1z(8 — ) — 1 . The slope field indicates the direction of the solution curves at various points, while
the solution curves themselves illustrate how solutions to the differential equation evolve over time. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).
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When h = 1.6, then A =B =4 and there is only one critical point and it is unstable. When the population starts above 4 million it will tend towards 4 million. If it ever drops
below 4 million, humans will die out on the planet. This scenario is not one that we (as the human fast food proprietor) want to be in. A small perturbation of the equilibrium state
and we are out of business; there is no room for error (see Figure 1.9.6).
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Figure 1.9.6: Diagram illustrating the slope field and some solutions of 2’ = 0.1z(8 — z) — 1.6 . The slope field indicates the direction of the solution curves at various points,
while the solution curves themselves illustrate how solutions to the differential equation evolve over time. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

Finally if we are harvesting at 2 million humans per year, there are no critical points. The population will always plummet towards zero, no matter how well stocked the planet starts
(see Figure 1.9.7).
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Figure 1.9.7: Diagram illustrating the slope field and some solutions of #’ = 0.1z(8 — ) — 2 . The slope field indicates the direction of the solution curves at various points, while
the solution curves themselves illustrate how solutions to the differential equation evolve over time. (CC BY-SA 4.0, Jifi Lebl via Differential Equations for Engineers).

Footnotes

[ 1] Unstable points with one of the arrows pointing towards the critical point are sometimes called semistable.
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1.9E: Exercises for Section 1.9

Exercises 1-9
Analyze the differential equations by constructing phase diagrams, finding critical points, classifying their stability, and

sketching solutions.

? Exercise 1.9E.1

Consider =’ = z2.
a. Draw the phase diagram, find the critical points and mark them stable or unstable.

b. Sketch typical solutions of the equation.
c. Find tlim z(t) for the solution with the initial condition z(0) = —1.
—00

? Exercise 1.9E.2

Let 2’ =sinzx.
a. Draw the phase diagram for —47 < z < 4. On this interval mark the critical points stable or unstable.

b. Sketch typical solutions of the equation.
c. Find tlim z(t) for the solution with the initial condition z(0) = 1.
—00

? Exercise 1.9E.3

Suppose f(z) is positive for 0 < z < 1, it is zero when £ = 0 and z = 1, and it is negative for all other z.

a. Draw the phase diagram for 2’ = f(z), find the critical points and mark them stable or unstable.

b. Sketch typical solutions of the equation.

c. Find lim z(t) for the solution with the initial condition z(0) = 0.5.
t—00

? Exercise 1.9E.4

Start with the logistic equation % = ka (M —z) . Suppose that we modify our harvesting. That is we will only harvest an
amount proportional to current population. In other words we harvest hz per unit of time for some A > 0 (Similar to earlier
example with h replaced with hz).

a. Construct the differential equation.

b. Show that if kM > h , then the equation is still logistic.

c. What happens when kM < h?

? Exercise 1.9E.5

A disease is spreading through the country. Let  be the number of people infected. Let the constant S be the number of people
susceptible to infection. The infection rate % is proportional to the product of already infected people, z, and the number of

susceptible but uninfected people, S — .

a. Write down the differential equation.
b. Supposing z(0) > 0, that is, some people are infected at time ¢ = 0, what is lim z(¢).

t—o0

c. Does the solution to part b) agree with your intuition? Why or why not?
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Letz' = (z—1)(z —2)z? .

a. Sketch the phase diagram and find critical points.
b. Classify the critical points.
c. If (0) = 0.5 then find tlim z(t).

—00

Answer
a. 0, 1, 2are critical points.
b. £ =0 is unstable (semistable), =1 is stable, and = 2 is unstable.
cl

? Exercise 1.9E.7

Letz' =e™®.

a. Find and classify all critical points.
b. Find tlim z(t) given any initial condition.
—00

Answer

a. There are no critical points.
b. oo

? Exercise 1.9E.8
dz

Assume that a population of fish in a lake satisfies - = kx(M —z). Now suppose that fish are continually added at A fish

per unit of time.

a. Find the differential equation for x.
b. What is the new limiting population?

Answer
a. ‘fl—f =ke(M—z)+A
kM+\/ (kM)*+4Ak

2k

? Exercise 1.9E.9

Suppose ‘fl—”t” = (z —a)(xz —B) for two numbers a < 3. For (b), (c), and (d), find tlim z(t) based on the phase diagram.
—00

a. Find the critical points, and classify them.
b. z(0) < a,

ca<z(0)<p,

d. 8 < z(0).

Answer
a. « is a stable critical point, 8 is an unstable one.
b. o
ca
d. oo or DNE.
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1.10: Numerical Methods - Euler’s Method

@b Learning Objectives

o Understand and implement Euler’s method for numerical approximation.
o Analyze the accuracy and limitations of Euler’s method.

As we said before, unless f(z,y)is of a special form, it is generally very hard if not impossible to get a nice formula for the solution of the problem

v =F(z9), y@)=w
If the equation can be solved in closed form, we should do that. But what if we have an equation that cannot be solved in closed form? What if we want to find the value of the solution at
some particular z? Or perhaps we want to produce a graph of the solution to inspect the behavior. In this section we will learn about the basics of numerical approximation of solutions.
The simplest method for approximating a solution is Euler's Method.! It works as follows: Take o and compute the slope k = f(zo, yo). The slope is the change in y per unit change in
. Follow the line for an interval of length A on the z-axis. Hence if y = yo at x¢, then we say that y; (the approximate value of y at 1 = xo +h ) is y; = yo + hk . Rinse, repeat! Let

2
k= f(z1,y1), and then compute z; = z1 + h , and y» = 1 +hk . Now compute z3 and y3 using z» and y», etc. Consider the equation y’ = y? ,y(0)=1,and h = 1. Then zy =0 and
Yo = 1. We compute

1 4
1 =z0+h=0+1=1, y1:y0+hf(zo,yg):1+l-§:§ ~1.333,
412 (1.10.1)
4 (3)° 52
To=x1+h=14+1=2, y2=y1+hf(ac1,y1)=§+1' 3 =2—7z1.926.

We then draw an approximate graph of the solution by connecting the points (o, ¥0), (Z1,%1), (Z2,y2),.... The first two steps of the method (see Figure 1.10.1) have two slope fields.
The first has the line segment from (0, 1) to (1,4/3) and the second has this and the next one from (1,4/3)to (2,1.926)
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Figure 1.10.1: The first two steps of Euler's method with h =1 for the equation ' = % with initial conditions y(0) = 1. The left diagram shows the first step, which is a line segment
from (0,1) to (1,4/3). The right digram shows the second step which has the line segment in the first step and the next line segment from (1,4/3)to (2,1.926). (CC BY-SA 4.0; Jifi Lebl
via Differential Equations for Engineers).

More abstractly, for any ¢ =0, 1,2, 3, .., we compute
T =zith, Y =yi+hf(ziu)

The line segments we get are an approximate graph of the solution. Generally it is not exactly the solution. See Figure 1.10.2for the plot of the real solution and the approximation.
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Figure 1.10.2: Diagram illustrating the two steps of Euler’s method (step size 1) in two connected green line segments and the exact solution for the equation ' = % with initial

conditions y(0) = 1. Th exact solution is the red curve (above th green line segments) increasing and concaving up(CC BY-SA 4.0; Jif{ Lebl via Differential Equations for Engineers).

We continue with the equation y’ = % ,4(0) =1. Let us try to approximate y(2) using Euler’s method. In Figures 1.10.1and 1.10.2 we have graphically approximated y(2) with step
size 1. With step size 1, we have y(2) ~ 1.926. The real answer is 3. We are approximately 1.074 off. Let us halve the step size. Computing y4 with k = 0.5, we find that y(2) ~ 2.209,
so an error of about 0.791. Table 1.10.1gives the values computed for various parameters.

? Example 1.10.1

Solvey’ = y—; given y(0) = 1 and show that y(2) = 3.
Solution

The difference between the actual solution and the approximate solution we will call the error. We will usually talk about just the size of the error and we do not care much about its
sign. The main point is, that we usually do not know the real solution, so we only have a vague understanding of the error. If we knew the error exactly ...what is the point of doing the

approximation?
Table 1.10.1: The Euler’s method approximation of y(2) where of y’ = % ,y(0) =1
h Approximate y(2) Error Prein:(:::rerror
1 1.92593 1.07407
0.5 2.20861 0.79139 0.73681
0.25 2.47250 0.52751 0.66656
0.125 2.68034 0.31966 0.60599
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h Approximate y(2) Error m
0.0625 2.82040 0.17960 0.56184
0.03125 2.90412 0.09588 0.53385
0.015625 2.95035 0.04965 0.51779
0.0078125 2.97472 0.02528 0.50913

We notice that except for the first few times, every time we halved the interval the error approximately halved. This halving of the error is a general feature of Euler’s method as it is a

first order method. A second order method reduces the error to approximately one quarter every time we halve the interval (second order as % = % . % ).

To get the error to be within 0.1 of the answer we had to already do 64 steps. To get it to within 0.01 we would have to halve another three or four times, meaning doing 512 to 1024
steps. That is quite a bit to do by hand. The improved Euler method should quarter the error every time we halve the interval, so we would have to approximately do half as many
“halvings” to get the same error. This reduction can be a big deal. With 10 halvings (starting at h = 1) we have 1024 steps, whereas with 5 halvings we only have to do 32 steps,
assuming that the error was comparable to start with. A computer may not care about this difference for a problem this simple, but suppose each step would take a second to compute

2
(the function may be substantially more difficult to compute than %). Then the difference is 32 seconds versus about 17 minutes.

Note: We are not being altogether fair, a second order method would probably double the time to do each step. Even so, it is 1 minute versus 17 minutes. Next, suppose that we have to
repeat such a calculation for different parameters a thousand times. You get the idea.

v Example 1.10.2

Approximate the solution to a differential equation using Euler's method:

d
ﬁ = flz,y) =2+5z+2y, y(0)=4, (zo,%)=(0,4).

Solution
o Video Length: 9 minutes 19 seconds

o Context: Use Euler's method to approximate the solution to a first-order differential equation, starting from an initial condition, and iteratively compute values based on the slope
function f(z,y).

Note that in practice we do not know how large the error is! How do we know what is the right step size? Well, essentially we keep halving the interval, and if we are lucky, we can
estimate the error from a few of these calculations and the assumption that the error goes down by a factor of one half each time (if we are using standard Euler).

? Example 1.10.3

In Table 1.10.1 suppose you do not know the error. Take the approximate values of the function in the last two lines, assume that the error goes down by a factor of 2. Can you
estimate the error in the last time from this? Does it (approximately) agree with the table? Now do it for the first two rows. Does this agree with the table?

Solution

Let us talk a little bit more about the example y' = g3—2 ,9(0) = 1. Suppose that instead of the value y(2) we wish to find y(3). The results of this effort are listed in Table 1.10.2 for

successive halvings of h. What is going on here? Well, you should solve the equation exactly and you will notice that the solution does not exist at z = 3. In fact, the solution goes to
infinity when you approach z = 3.

Table 1.10.2: Euler’s method to approximate y(3) where of y' = y—z ,y(0) =1

h Approximate y(3)
1 3.16232

0.5 4.54329

0.25 6.86079

0.125 10.80321

0.0625 17.59893
0.03125 29.46004
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h Approximate y(3)
0.015625 50.40121
0.0078125 87.75769

Another case when things can go bad is if the solution oscillates wildly near some point. The solution may exist at all points, but even a much better numerical method than Euler would
need an insanely small step size to approximate the solution with reasonable precision. And computers might not be able to easily handle such a small step size.

In real applications we would not use a simple method such as Euler’s. The simplest method that would probably be used in a real application is the standard Runge-Kutta method (see
Exercise 1.10E.4). That is a fourth order method, meaning that if we halve the interval, the error generally goes down by a factor of 16 (it is fourth order as %6 =1.1.1.1

Choosing the right method to use and the right step size can be very tricky. There are several competing factors to consider.

Computational time: Each step takes computer time. Even if the function f is simple to compute, we do it many times over. Large step size means faster computation, but perhaps not
the right precision.

Roundoff errors: Computers only compute with a certain number of significant digits. Errors introduced by rounding numbers off during our computations become noticeable when
the step size becomes too small relative to the quantities we are working with. So reducing step size may in fact make errors worse.

Stability: Certain equations may be numerically unstable. What may happen is that the numbers never seem to stabilize no matter how many times we halve the interval. We may need
aridiculously small interval size, which may not be practical due to roundoff errors or computational time considerations. Such problems are sometimes called stiff. In the worst case,

the numerical computations might be giving us bogus numbers that look like a correct answer. Just because the numbers have stabilized after successive halving, does not mean that we
must have the right answer.

v Example 1.10.4

Approximate the solution to the differential equation ¢’ = 42 +y? with the initial condition y(0) = 0 using Euler's method with a step size of h = 0.4.
Solution

o Video Length: 7 minutes 41 seconds

o Context: Apply Euler's method with a step size of 0.4 to approximate the solution of a first-order differential equation with a given initial condition, using iterative calculations
based on the slope function f(z,y).

We have seen just the beginnings of the challenges that appear in real applications. Numerical approximation of solutions to differential equations is an active research area for engineers

and mathematicians. For example, the general purpose method used for the ODE solver in Matlab and Octave (as of this writing) is a method that appeared in the literature only in the
1980s.

Footnotes
Named after the Swiss mathematician Leonhard Paul Euler (1707-1783). The correct pronunciation of the name sounds more like “oiler.”
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1.10E: Exercises for Section 1.10

Exercises 1-9

Use numerical methods, including Euler’s method, Improved Euler’s method, or Runge-Kutta method, to approximate or
solve the given differential equations.

? Exercise 1.10.1

Consider % = (2t —z)?, (0) = 2. Use Euler’s method with step size h = 0.5 to approximate z(1).

? Exercise 1.10.2

Consider % =t—z,z(0)=1.

a. Use Euler’s method with step sizes h =1, 7, 1, ¢ to approximate z(1).

b. Solve the equation exactly.
c. Describe what happens to the errors for each A you used. That is, find the factor by which the error changed each time you

halved the interval.

? Exercise 1.10.3

Approximate the value of e by looking at the initial value problem y’ =y with y(0) = 1 and approximating y(1) using Euler’s
method with a step size of 0.2.

? Exercise 1.10.4

Example of numerical instability: Take y' = —5y, y(0) = 1. We know that the solution should decay to zero as = grows.
Using Euler’s method, start with h =1 and compute y;, y2, Y3, Y4 to try to approximate y(4). What happened? Now halve the
interval. Keep halving the interval and approximating y(4) until the numbers you are getting start to stabilize (that is, until they
start going towards zero). Note: You might want to use a calculator.

. . L . d, .
The simplest method used in practice is the Runge-Kutta method. Consider % = f(z,y), y(zo) =yo and a step size h.
Everything is the same as in Euler’s method, except the computation of y;+1 and ;.1 .

k1 :f(wi’yi)’

h h
ks :f(wi+_7yi+kl_) i1 =x; +h,

}274 }21 k1 +2ks +2ks + ky (1101)
ks = fleit 5,y tk ) Yir1 =yi + 5 h,

ky = f(x; +h,y; +ksh).

? Exercise 1.10.5

o d
Consider £ = ya?, y(0) = 1.

a. Use Runge-Kutta (see Exercise 1.10E.4) with step sizesh =1 and h = % to approximate y(1).
b. Use Euler’s method with h =1 and h = % .
c. Solve exactly, find the exact value of y(1), and compare.

? Exercise 1.10.6

Let 2/ =sin(zt), and z(0) = 1. Approximate z(1) using Euler’s method with step sizes 1, 0.5, 0.25. Use a calculator and
compute up to 4 decimal digits.
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Answer
Approximately: 1.0000, 1.2397, 1.382

? Exercise 1.10.7

Letz' =2t, and z(0) = 0.

a. Approximate z(4) using Euler’s method with step sizes 4, 2, and 1.
b. Solve exactly, and compute the errors.
c. Compute the factor by which the errors changed.

Answer
a.0, 8,12
b. z(4) = 16, so errors are: 16, 8, 4
c. Factors are 0.5, 0.5, 0.5

? Exercise 1.10.8

Let 2’ = ze**™  and z(0) = 0.

a. Approximate z(4) using Euler’s method with step sizes 4, 2, and 1.
b. Guess an exact solution based on part (a) and compute the errors.

Answer
a.0,0,0
b. = 0 is a solution so errors are: 0, 0, 0.

X Note: The Improved Euler's Method

There is a simple way to improve Euler’s method to make it a second order method by doing just one extra step. Consider
Z—z = f(z,v), y(zo) = yo, and a step size h. What we do is to pretend we compute the next step as in Euler, that is, we start
with (z;,y;), we compute a slope k1 = f(x;,y;), and then look at the point (z; +h,y; +k1h) . Instead of letting our new
point be (z; +h,y; +k1h) , we compute the slope at that point, call it kg, and then take the average of k; and ks, hoping that
the average is going to be closer to the actual slope on the interval from z; to z; + k. And we are correct, if we halve the step,
the error should go down by a factor of 22 =4. To summarize, the setup is the same as for regular Euler, except the

computation of y; 1 and z;1 .

ky = f(zi, ui), Ti1 =x; +h,

ki +k 1.10.2
ky = f(z; +h,y; +F1h), Yir1 =Y + ! 7 2 h. ( )

? Exercise 1.10.9

dy
Consider — = ,y(0)=1.
onsider —= z+y,y(0)

a. Use the improved Euler’s method with step sizes h = % and h = % to approximate y(1).
b. Use Euler’s method with h = % and h = %.

c. Solve exactly, find the exact value of y(1).

d. Compute the errors, and the factors by which the errors changed.

Answer

a. Improved Euler: y(1) ~ 3.3897for h = 1/4, y(1) =~ 3.4237for h = 1/8,
b. Standard Euler: y(1) ~ 2.8828for h =1/4, y(1) ~ 3.1316for h = 1/8,
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cy=2e"—xz—1,s0y(2)isapproximately 3.4366
d. Approximate errors for improved Euler: 0.04685%or h = 1/4, and 0.012881for h = 1/8. For standard Euler: 0.55375
for h = 1/4, and 0.30499%or h = 1/8. Factor is approximately 0.27for improved Euler, and 0.55for standard Euler.

This page titled 1.10E: Exercises for Section 1.10 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 1.E: First order ODEs (Exercises) has no license indicated.
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1.11: Exact Equations

4b Learning Objectives

o Identify and solve exact differential equations.
o Utilize integrating factors to solve non-exact equations.

Another type of equation that comes up quite often in physics and engineering is an exact equation. Suppose F'(z,y) is a function
of two variables, which we call the potential function. The naming should suggest potential energy, or electric potential. Exact
equations and potential functions appear when there is a conservation law at play, such as conservation of energy. Let us make up a
simple example. Let

F(z,y) = 2> +y>.

We are interested in the lines of constant energy, that is lines where the energy is conserved; we want curves where F(z,y) = C,
for some constant C. In our example, the curves x2 +y2 = C are circles. See Figure 1.11.1

©

i
] 5 ] 0

Figure 1.11.1: Diagram illustrating the solutions to F(z,y) =2 +9y? =C. Four circles with center at (0,0) and radius
approximately 0.5, 3.5, 6,and 8.(CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

We take the total derivative of F':

OF OF

For convenience, we will make use of the notation of F, = g—i and Fy = % . In our example,

dF =2z dz+2ydy.

We apply the total derivative to F'(z,y) = C, to find the differential equation dF = 0. The differential equation we obtain in such
a way has the form

d
Mdz+Ndy=0, or M+N d—y —0.
x
An equation of this form is called exact if it was obtained as dF' = 0 for some potential function F'. In our simple example, we
obtain the equation

d
2z dx +2ydy =0, or 2x+2yﬁ:0.

Since we obtained this equation by differentiating 2> +y> = C , the equation is exact. We often wish to solve for y in terms of z.
In our example,

y==+vC —2°.

An interpretation of the setup is that at each point v = (M, N) is a vector in the plane, that is, a direction and a magnitude. As M
and N are functions of (z, y), we have a vector field. The particular vector field v that comes from an exact equation is a so-called
conservative vector field, that is, a vector field that comes with a potential function F'(z, y), such that
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oF OF
v=|——,—4—].
ox’ Oy
Let «y be a path in the plane starting at (z1,y;) and ending at (xg, y2). If we think of v as force, then the work required to move
along 7 is

/V(r)‘dr:/de+Ndy:F($2»y2)*F($17y1)-
v ¥

That is, the work done only depends on endpoints, that is where we start and where we end. For example, suppose F' is
gravitational potential. The derivative of F' given by v is the gravitational force. What we are saying is that the work required to
move a heavy box from the ground floor to the roof, only depends on the change in potential energy. That is, the work done is the
same no matter what path we took; if we took the stairs or the elevator. Although if we took the elevator, the elevator is doing the
work for us. The curves F(z,y) =C are those where no work need be done, such as the heavy box sliding along without
accelerating or breaking on a perfectly flat roof, on a cart with incredibly well oiled wheels.

An exact equation is a conservative vector field, and the implicit solution of this equation is the potential function.

Solving exact equations
Now you, the reader, should ask: Where did we solve a differential equation? Well, in applications we generally know M and N,

but we do not know F'. That is, we may have just started with 2z + 2y3—z =0, or perhaps even

dy
z+y— =0.
ydw

It is up to us to find some potential F' that works. Many different F' will work; adding a constant to F' does not change the
equation. Once we have a potential function F', the equation F' (m, y(a;)) = (C gives an implicit solution of the ODE.

v/ Example 1.11.1

Let us find the general solution to 2z + 2y% = 0. Forget we knew what F’ was.

Solution
If we know that this is an exact equation, we start looking for a potential function F'. We have M =2z and N =2y. If F’
exists, it must be such that F;,(z, y) = 2z. Integrate with respect to the x variable to find

F(z,y) =* + A(y), (1.11.1)

for some function A(y); though it is only constant as far as z is concerned, and it may still depend on y. Now differentiate
Equation (1.11.1) in y and set it equal to IV, which is what F, is supposed to be:

2y =Fy(z,y) = A'(y).

Integrating, we find A(y) =y>. We could add a constant of integration if we wanted to, but there is no need. We found
F(z,y) = 2%+ . Next for a constant C, we solve

F(z, y(:c)) =C.
for y in terms of . In this case, we obtain y = ++/C — 22 as we did before.

The procedure, once we know that the equation is exact, is:

i. Integrate F,, = M in z resulting in F'(z,y) = something + A(y).
ii. Differentiate this F in y, and set that equal to N, so that we may find A(y) by integration.

The procedure can also be done by first integrating in ¢ and then differentiating in z. Pretty easy huh? Let’s try this again.
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Solve 2z +y—|—$y% =0.
Solution
M =2z +y and N = zy. We try to proceed as before. Suppose F' exists. Then F;(z,y) = 2z +y. We integrate:
F(z,y) =2’ +2y+Ay)
for some function A(y). Differentiate in y and set equal to INV:
N=zy="Fy(z,y) =z +A'(y)

But there is no way to satisfy this requirement! The function xy cannot be written as  plus a function of y. The equation is not
exact; no potential function F’ exists.

Is there an easier way to check for the existence of F', other than failing in trying to find it? Turns out there is. Suppose M = F,
and N = F,,. Then as long as the second derivatives are continuous,

oM _ 9*F _ O’F 0N
0y Oydxr 0Oxdy Oz

Let us state it as a theorem. Usually this is called the Poincaré Lemma.

& Theorem 1.11.1; Poincare Lemma

If M and N are continuously differentiable functions of (z, y), and % = % , then near any point there is a function F(z,y)

such that M = ‘3—F and N = %&£
27 Oy

The theorem doesn’t give us a global F' defined everywhere. In general, we can only find the potential locally, near some initial
point. By this time, we have come to expect this from differential equations.

Let us return to Example 1.11.2where M =2z +y and N = zy. Notice M, =1 and N, =y, which are clearly not equal. The
equation is not exact.

v/ Example 1.11.3

Solve
dy —2x—y
== g 0)=1
dx z—1 ¥(0)
Solution
We write the equation as
d
2z +y)+(xz— 1)_y =0,
dz
soM =2z +y and N =z —1. Then
M,=1=N,

The equation is exact. Integrating M in z, we find
F(z,y) =2 +zy+ A(y).
Differentiating in y and setting to IV, we find
z—1=z+A'(y).

So A'(y) = —1, and A(y) = —y will work. Take F(z,y) = 2> +zy —y . We wish to solve 2 +zy —y = C . First let us
find C. As y(0) =1 then F(0,1) = C. Therefore 024+0x1—1=C , so C = —1. Now we solve 2> +zy —y = —1 fory
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to get

v/ Example 1.11.4

Solve

y z
— dx +
z? +y? z? +y

-dy=0,  y(1)=2.

Solution
We leave to the reader to check that M, = N, .

This vector field (M, N) is not conservative if considered as a vector field of the entire plane minus the origin. The problem is
that if the curve vy is a circle around the origin, say starting at (1,0) and ending at (1, 0) going counterclockwise, then if F’
existed we would expect

—y T
0=F(1,0)— F(1,0)= | F,dz+F,d =/ de + =2

That is nonsense! We leave the computation of the path integral to the interested reader, or you can consult your multivariable
calculus textbook. So there is no potential function F' defined everywhere outside the origin (0, 0).

If we think back to the theorem, it does not guarantee such a function anyway. It only guarantees a potential function locally,
that is only in some region near the initial point. As y(1) = 2 we start at the point (1, 2). Considering > 0 and integrating M
in z or N in y, we find

F(z,y)= arctan(%).

The implicit solution is arctan(%) = C. Solving, y = tan(C)z. That is, the solution is a straight line. Solving y(1) = 2 gives
us that tan(C') = 2, and so y = 2z is the desired solution. See Figure 1.11.1, and note that the solution only exists for z > 0.

Figure 1.11.1: Diagram illustrating the solution to —wi—yzdx + wgi—yzdy =0, y(1) =2, with initial point marked. It is a line

segment from the origin to the point (5,10). (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

v/ Example 1.11.5

Solve
d
z? +y? +2y(z + 1)—y =0.
dx
Solution
The reader should check that this equation is exact. Let M = z? +y? and N = 2y(x +1). We follow the procedure for exact
equations

1
F(z,y) = §x3 +zy® + Aly),
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and
2y(z +1) = 2zy + A'(v).

Therefore A'(y) =2y or A(y) =y? and F(z,y) = $2° + zy* +y? . We try to solve F(z,y) = C. We easily solve for y?
and then just take the square root:

1\ 3 1y..3
y2 _ C—(g)% s Y= C—(g)m
z+1 z+1
. d . . -
When x = —1, the term in front of ﬁ vanishes. You can also see that our solution is not valid in that case. However, one

could in that case try to solve for  in terms of y starting from the implicit solution %m3 +zy? +y2 =C . The solution is

somewhat messy and we leave it as implicit.

Integrating factors

Sometimes an equation M dz + N dy =0 is not exact, but it can be made exact by multiplying with a function u(z, y). That is,
perhaps for some nonzero function u(z, y),

u(z,y)M(z,y)dz +u(z,y)N(z,y) dy =0
is exact. Any solution to this new equation is also a solution to M dx + N dy =0 .

In fact, a linear equation

Z—i’ +p(z)y = f(z), or (p(z)y — f(2)) dz +dy =0

is always such an equation. Let r(z) = e/?(*) 9 be the integrating factor for a linear equation. Multiply the equation by r(z) and
write it in the form of M—l—Nj—i =0.
dy
r(2)p(z)y —r(@)f(z) +r(z)——~ =0.

Then M =r(z)p(z)y —r(z) f(x), so My =r(z)p(z), while N =r(z), so N, =r'(z) = r(z)p(z). In other words, we have an
exact equation. Integrating factors for linear functions are just a special case of integrating factors for exact equations.

But how do we find the integrating factor u? Well, given an equation
Mdz+ Ndy=0,

u should be a function such that

0 0
a_y [uM] =u, M +uM, = %[uN] =u; N +uN,.

Therefore,
(My —Ng)u =u;N —uy,M.
At first it may seem we replaced one differential equation by another. True, but all hope is not lost.

A strategy that often works is to look for a u that is a function of x alone, or a function of y alone. If u is a function of = alone, that
is u(z), then we write u'(z) instead of u,, and u, is just zero. Then

My — N, w=1u
——u=u.
In particular, My;,Nz ought to be a function of x alone (not depend on y). If so, then we have a linear equation
M, — N,
! Y T
_ Y Tt =0.
“ N ¢
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Letting P(z) = My]:sz , we solve using the standard integrating factor method, to find u(z) = Ce/P(#) 4z The constant in the

solution is not relevant, we need any nonzero solution, so we take C' = 1. Then u(z) = e/ P@ dz ig the integrating factor.

Similarly we could try a function of the form «(y). Then

My — Ny -
M
. My—N; . . .
In particular, —5— ought to be a function of y alone. If so, then we have a linear equation
M, — N,
! Y T _
u + i u

Letting Q(y) = M”A_JN’ , we find u(y) = Ce~JQW @ We take C = 1. So u(y) = e~/ Q¥ @ is the integrating factor.

v/ Example 1.11.6

Solve
2 2
-ty dy
— +2y— =0.
z+1 + yda:
Solution
_ 2w _
Let M = —=- and N = 2y. Compute
2y 2y
M,—N,=——-0=—"—.
Y rz+1 z+1

As this is not zero, the equation is not exact. We notice

N z+12y z+1

P(z)
is a function of 2 alone. We compute the integrating factor
efP(z) der _ eln(z+1) —z41.
We multiply our given equation by (z + 1) to obtain
dy
2N
2 1)— =0
2* +y° +2y(z +1)-= =0,
which is an exact equation that we solved in Example 1.11.5 The solution was

c—()e
z+1

v/ Example 1.11.7

Solve
d
y? +(my+1)—y =0.
dzx

Solution
First compute

M,—-N,=2y—y=y.

As this is not zero, the equation is not exact. We observe
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is a function of y alone. We compute the integrating factor

e JRW dy _ ~Iny _ l
Y
Therefore we look at the exact equation
zy+1d
Lay+ldy
y dx

0.

The reader should double check that this equation is exact. We follow the procedure for exact equations
F(:L', y) = $y+A(y)a
and
zy+1 1

=z+-=zx+ A (y).
Yy Yy

Consequently A’ (y) = % or A(y) =Iny. Thus F(z,y) = zy +1ny. It is not possible to solve F(z,y) = C for y in terms of

elementary functions, so let us be content with the implicit solution:
zy+Ilny=C.

We are looking for the general solution and we divided by y above. We should check what happens when y =0, as the
equation itself makes perfect sense in that case. We plug in y = 0 to find the equation is satisfied. So y = 0 is also a solution.

Footnotes
[1] Named for the French polymath Jules Henri Poincaré (1854-1912).

This page titled 1.11: Exact Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 1.8: Exact Equations by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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1.11E: Exercises for Section 1.11

Exercises 1-9

Solve or analyze the given exact differential equations and related problems.
? Exercise 1.11E.1

Solve the following exact equations, implicit general solutions will suffice:
a (2zy+2?)dz+ (2 +y> +1)dy=0
5459
b.x° +y = 0 ,
c et 4yl +3my2d—z =0
d. (z +y)cos(z) +sin(z) +sin(z)y’ =0

? Exercise 1.11E.2

Find the integrating factor for the following equations making them into exact equations:
aeWdr+Lewdy=0

b. ez;ys de+3zdy=0

c 4(y? —l—uv:)d.’z:—i—2””+—y2y2 dy=0
d. 2sin(y) dz +z cos(y)dy =0

? Exercise 1.11E.3

dy

Suppose you have an equation of the form: f(z)+g(y)z; =0.

a. Show it is exact.

b. Find the form of the potential function in terms of f and g.

? Exercise 1.11E.4

Suppose that we have the equation f(z)dz —dy =0.

a. Is this equation exact?
b. Find the general solution using a definite integral.

? Exercise 1.11E.5

Find the potential function F'(z, y) of the exact equation H% dx + (% + :L') dy =0 in two different ways.

a. Integrate M in terms of = and then differentiate in y and set to V.
b. Integrate NV in terms of y and then differentiate in « and set to M.

? Exercise 1.11E.6

A function u(z,y) is said to be harmonic if u, +uyy =0 . Show if v is harmonic, then —u, dz +-u, dy =0 is an exact
equation. So there exists (at least locally) the so-called harmenic conjugate function v(z,y) such that v, = —u, and
Vy = Uy .
Verify that the following v are harmonic and find the corresponding harmonic conjugates v:

au=2zy

b. u =€* cosy

c u=z®—3zy?

https://math.libretexts.org/@go/page/169480
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Solve the following exact equations, implicit general solutions will suffice:

a. cos(z) +ye”¥ +ze®y' =0
b. (2z +y)dz + (z —4y)dy =0
c e? +ey% =0

d. (32% +3y) dz + (3y* +3z) dy =0
Answer
a. €™ +sin(z) =C
b. 2’ +zy—2y°>=C
cet+e?¥=C
d2z®+3zy+y>=C

? Exercise 1.11E.8

Find the integrating factor for the following equations making them into exact equations:

a. %dx—i—?;ydy:O
b.de—e*Ydy=0

C (%ﬁz)—ki)dm—kﬁdyzo

2
d 2y+L)dz+(2y+z)dy=0

Answer

a. Integrating factor is y, equation becomes dx + 3y?dy =0 .

b. Integrating factor is e, equation becomes e*dz —e ¥Ydy =0 .

c. Integrating factor is 2, equation becomes (cos(z) +y)dz +zdy =0 .

d. Integrating factor is z, equation becomes (2zy +y?)dz + (2% +2zy)dy =0 .

? Exercise 1.11E.9

a. Show that every separable equation y’ = f(z)g(y) can be written as an exact equation, and verify that it is indeed exact.
b. Using this rewrite 3’ = xy as an exact equation, solve it.

Answer
a. The equation is —f(z)dz + g(l—y)dy , and this is exact because M = —f(z), N = ﬁy) ,s0 My =0=N, .

b. —zdz + idy =0, leads to potential function F(z,y) = —z—; +In|y|.

This page titled 1.11E: Exercises for Section 1.11 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

https://math.libretexts.org/@go/page/169480



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/169480?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://creativecommons.org/licenses/by-nc-sa/3.0
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11?no-cache

LibreTexts*
1.12: Transformation of Nonlinear Equations into Separable Equations

4b Learning Objectives

e Understand the method of solving Bernoulli equations by transforming them into separable equations through substitution.

e Apply substitution techniques to solve homogeneous nonlinear differential equations by reducing them to separable
equations.

o Identify and solve specific forms of nonlinear differential equations that can be transformed using known solutions or
variable substitutions.

The solutions of a linear nonhomogeneous equation
y' +p(z)y = f(z)
are of the form y = uy;, where y; is a nontrivial solution of the complementary equation
Yy +p(z)y=0 (1.12.1)

and wu is a solution of

!/
wy (z) = f(z).
Note that this last equation is separable, since it can be rewritten as
,_ f(=)
u =
yi(z)
In this section we’ll consider nonlinear differential equations that are not separable to begin with, but can be solved in a similar

fashion by writing their solutions in the form y = uy;, where ¥, is a suitably chosen known function and u satisfies a separable
equation. We’ll say in this case that we transformed the given equation into a separable equation.

Bernoulli Equations

A Bernoulli equation is an equation of the form

Y +p(@)y = f(=z)y', (1.12.2)

where r can be any real number other than 0 or 1. (Note that Equation (1.12.2) is linear if and only if » =0 or r =1.) We can
transform Equation (1.12.2) into a separable equation by variation of parameters: if y; is a nontrivial solution of Equation (1.12.1),
substituting y = uy; into Equation (1.12.2) yields

u'yr +u(y) +p(@)yn) = f(2)(um)",

which is equivalent to the separable equation

uyi(@) = f@)@mE) W or —=f@)(),
since ¢} +p(x)y; =0.
Solve the Bernoulli equation
Y —y =y’ (1.12.3)

Solution
Since y; = e” is a solution of ¥y’ —y = 0, we look for solutions of Equation (1.12.3) in the form y = ue®, where

! x 2 2z

. ! 2
ue =zu'e or equivalently ' =zu®e”®.

Separating variables yields

@ 0 a @ 1.12.1 https://math.libretexts.org/@go/page/169516
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;;; =zxe ,
and integrating yields
——=(z-1)"+c
Hence,
1
v= (z—1)e*+c
and
B 1
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Figure 1.12.1shows direction field and some integral curves of Equation (1.12.3).

T

N

&

SSNNAY

R P
SSNN

R
sy
ey y
ey
ey
ferveveverysy
sy )
sy y)

SN
SRR

|

PoSNsL

PeSNNANY

L !
2 5 1 15

DIFFERENTIAL EQUATIONS).

Figure 1.12.1: A direction field and integral curves for 3’ —y = zy? . The set of directional vector arrows moves down toward
the line y = 0 then curves upwards. Below the line y = 0, the set of arrows moves down then curves upwards. Matching
integral curves are drawn in the direction of the arrows. ( CC BY-NC-SA 3.0; William F. Trench via ELEMENTARY

Other Nonlinear Equations That Can be Transformed Into Separable Equations

We’ve seen that the nonlinear Bernoulli equation can be transformed into a separable equation by the substitution y = uwy; if y; is
suitably chosen. Now let’s discover a sufficient condition for a nonlinear first order differential equation

y = f(z,y)

(1.12.4)

to be transformable into a separable equation in the same way. Substituting y = uy; into Equation (1.12.4) yields

u'yi (z) +uy) (z) = f(z,uy (2)),
which is equivalent to
u'yi(z) = f(z,uy(z)) —uy; (2).
If
fz,uy () = q(u)y; (z)
for some function g, then Equation (1.12.5) becomes

w'yi(2) = (q(u) —w)y; (2),

(1.12.5)

(1.12.6)

which is separable. After checking for constant solutions u = wg such that g(ug) = ug , we can separate variables to obtain

o yi(=)
qu)—u (@)

https://math.libretexts.org/@go/page/169516
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Homogeneous Nonlinear Equations

In the text we will consider only the most widely studied class of equations for which the method of the preceding paragraph
works.

The differential equation Equation (1.12.4) is said to be homogeneous if z and y occur in f in such a way that f(z,y) depends
only on the ratio y/; that is, Equation (1.12.4) can be written as

y =q(y/z), (1.12.7)

where ¢ = g(u) is a function of a single variable. For example,

;L y+ze ¥/

:£+e*y/1
X xr

Y

and

are of the form Equation (1.12.7), with
qiu)=u+e* and q(u)=u?+u-—1,
respectively. The general method discussed above can be applied to Equation (1.12.7) with y; =z (and therefore y{ =1). Thus,
substituting y = ux in Equation (1.12.7) yields
u'z+u=q(u),
and separation of variables (after checking for constant solutions u = ug such that g(ug) = ) yields

u' 1

qglu)—u T

Before turning to examples, we point out something that you may’ve have already noticed: the definition of homogeneous
equation given here is not the same as the definition given in Section 2.1, where we said that a linear equation of the form

y +p(x)y=0

is homogeneous. We make no apology for this inconsistency, since we didn’t create it historically, homogeneous has been used in
these two inconsistent ways. The one having to do with linear equations is the most important. This is the only section of the book
where the meaning defined here will apply.

Since y/z is in general undefined if z = 0, we’ll consider solutions of nonhomogeneous equations only on open intervals that do
not contain the point £ = 0.

v/ Example 1.12.2

Solve

—y/z

of = T (1.12.8)
a9
Solution
Substituting y = ua into Equation (1.12.8) yields
; ux +ze —u
Ur+u=——=u+t+e .
x
Simplifying and separating variables yields
e'u' = l

T

Integrating yields e* = In|z| + ¢ . Therefore u =In(ln|z| +¢) andy = uz =z In(ln|z| +¢).
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Figure 1.12.2shows a direction field and integral curves for Equation (1.12.8).
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Figure 1.12.2: A direction field and some integral curves for 3’

T

the North East direction. ( CC BY-NC-SA 3.0; William F. Trench via ELEMENTARY DIFFERENTIAL EQUATIONS).

v/ Example 1.12.3

a. Solve

(1.12.9)

2y =y? +zy—z*.

b. Solve the initial value problem

(1.12.10)

2.

y(1) =

22y =42 + oy — a2,

Solution a

= 0. We can rewrite Equation (1.12.9) as

We first find solutions of Equation (1.12.9) on open intervals that don’t contain z

—|—:z:y—$2

Y

Y=

for z in any such interval. Substituting y = ux yields

)

2
—x
=ultu—1

)

2

ux)

T+u=

u

+z(uz
2

SO

(1.12.11)

z=u?-1.

u

—1. Therefore y =2 and y = —x are solutions of

Equation (1.12.9). If u is a solution of Equation (1.12.11) that does not assume the values 1 on some interval, separating

variables yields

=1 and u

By inspection this equation has the constant solutions u

or, after a partial fraction expansion,

https://math.libretexts.org/@go/page/169516
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Multiplying by 2 and integrating yields

-1
ln‘u ‘=2In|m|—|—k,
+1
or
-1
o
u+1
which holds if
u—1 9
= 1.12.12
R ( )
where c is an arbitrary constant. Solving for u yields
1+ cx?
U= .
1—cx?
Therefore
z(1 +cx?
y:ung (1.12.13)
1—cx?

is a solution of Equation (1.12.10) for any choice of the constant c. Setting ¢ = 0 in Equation (1.12.13) yields the solution
y = x. However, the solution y = —x can’t be obtained from Equation (1.12.13). Thus, the solutions of Equation (1.12.9) on
intervals that don’t contain = 0 are y = —z and functions of the form Equation (1.12.13).

The situation is more complicated if £ =0 is the open interval. First, note that y = —x satisfies Equation (1.12.9) on
(—00,00).If ¢; and ¢, are arbitrary constants, the function

z(1+ci2%)

o a<z<0
y= 1+1 . (1.12.14)
””ﬁ_cfif , 0<z<b

is a solution of Equation (1.12.9) on (a, b), where

=l ife; >0, L ifex >0,
a:{ ver and b:{‘/c2

—oo ife; <0, oo ifey <0.

We leave it to you to verify this. To do so, note that if y is any function of the form Equation (1.12.13) then y(0) =0 and
y'(0)=1.
Figure 1.12.3shows a direction field and some integral curves for Equation (1.12.9).
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Figure 1.12.3: A direction field and integral curves for 2%y =y? +zy—a® . A set of arrows points in the diagonal direction
from the point (-2,2) to (2,0) forming a diagonal line. Another set of arrows points straight up forming a vertical line. Other
arrows curve around these two lines. ( CC BY-NC-SA 3.0; William F. Trench via ELEMENTARY DIFFERENTIAL
EQUATIONS).
Solution b
We could obtain ¢ by imposing the initial condition y(1) =2 in Equation (1.12.13), and then solving for c. However, it is
easier to use Equation (1.12.12). Since u = y/, the initial condition y(1) =2 implies that u(1) = 2. Substituting this into
Equation (1.12.12) yields ¢ = 1/3. Hence, the solution of Equation (1.12.10) is

_a(42Y3)
 1-z2/3

The interval of validity of this solution is (—\/5, \/5) However, the largest interval on which Equation (1.12.10) has a unique
solution is (0, v/3). To see this, note from Equation (1.12.14) that any function of the form

1 2
%, a<z<0
—CIT
y= (1.12.15)
z(1+2?/3)
1oz 0Se<VE

is a solution of Equation (1.12.10) on (a, v/3), where a = —1/4/c if ¢ > 0 or a = —oo if ¢ < 0. Why does this not contradict
Theorem 2.3.1?

Figure 1.12.4 shows several solutions of the initial value problem Equation (1.12.10). Note that these solutions coincide on

(0,v/3).
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Y
>

Figure 1.12.4: Solutions of z*y’ = y? 4+ zy — 22, y(1) =2 . One curve on the right intersects the point (1,2) and the origin.
Three curves on the left are decreasing and concaves up. Another three curves on the left below them are increasing and
concave down.( CC BY-NC-SA 3.0; William F. Trench via ELEMENTARY DIFFERENTIAL EQUATIONS).

In the last two examples we were able to solve the given equations explicitly. However, this is not always possible, as you’ll see in
the exercises.

This page titled 1.12: Transformation of Nonlinear Equations into Separable Equations is shared under a CC BY-NC-SA 3.0 license and was
authored, remixed, and/or curated by Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi via source content that was edited to the
style and standards of the LibreTexts platform.

o 2.4: Transformation of Nonlinear Equations into Separable Equations by William F. Trench is licensed CC BY-NC-SA 3.0. Original
source: https://digitalcommons.trinity.edu/mono/9.
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1.12E: Exercises for Section 1.12

Exercises 1-4

Solve the given Bernoulli equation.

¥ +y=y°

? Exercise 1.12E.2

Tzy —2y = —Z—:

Answer

y=2?"(C —Inz|)""

22y’ + 2y = 2el/7yl/2

? Exercise 1.12E.4

(1+a?)y +22y =

(1+a?)y

Answer

+,/2z+C

v= 1422

Exercises 5-6

Find all solutions. Also, plot a direction field and some integral curves on the indicated rectangular region.

? Exercise 1.12E.6

y’—lgtfy=y4; {—2<2<2,-2<y<2}

Answer

v= i)

Exercises 7-11

Solve the initial value problem.
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y —zy=zy>?, y(1)=4

Answer

? Exercise 1.12E.9

zy +y=a'y?, y(1)=1/2

? Exercise 1.12E.10

y —2y=2y"2 y(0)=1

Answer
y=(2¢" —1)?

v —4y="F y(0)=1

Exercises 12-13

Solve the initial value problem and graph the solution.

? Exercise 1.12E.12

a2y +2zy=9°, y(1)=1/v2

Answer

Y —y==zy"? y(0)=4

Exercise 14

? Exercise 1.12E.14

You may have noticed that the logistic equation
P'=qaP(1—aP)
from Verhulst’s model for population growth can be written in Bernoulli form as
P'—aP = —aaP?.

This isn’t particularly interesting, since the logistic equation is separable, and therefore solvable by the method studied in
Section 2.2. So let’s consider a more complicated model, where a is a positive constant and « is a positive continuous function
of t on [0, o). The equation for this model is
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a non-separable Bernoulli equation.
a. Assuming that P(0) = P, >0, find P for¢t > 0.
b. Verify that your result reduces to the known results for the Malthusian model where oo = 0, and the Verhulst model where

a is a nonzero constant.
c. Assuming that

P' —aP = —aa(t)P?,

t—o0

t
lim e~ / a(r)edr=1L
0

exists (finite or infinite), find limy o, P(%).

Answer
oo, ifL=0,
lim; .o, P(t) =4 0, if L = o0,
L if0<L <o

Exercises 15-18

Solve the equation explicitly.

? Exercise 1.12E. 16

) yiH2ay
- 2

T

Answer

ey =yt + 2

? Exercise 1.12E.18

y

! &
T

Yy = %—i—sec

Answer

y =z arcsin(ln|z| +¢)

Exercises 19-21

Solve the equation explicitly. Also, plot a direction field and some integral curves on the indicated rectangular region.

? Exercise 1.12E.19

2’y =zy+2i+y% {-8<z<8,-8<y<8}
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? Exercise 1.12E.20

zyy =2 +2y% {-4<z<4,-4<y<4}

Answer
y= :I:alr:\/(cm2 -1)

;) 2y hale W)
2xy

; {-8<z<8,-8<y<8}

Exercises 22-27

Solve the initial value problem.

? Exercise 1.12E. 22

2
y =L, y(-1)=2

22

_ 2x
y= 21n|z[+1

3443
Y ==z, y1)=3

ry

? Exercise 1.12E. 24

zyy' +2° +y* =0, y(1)=2

Answer

y = y’-3ay-5a2° y(1)=-1

2 2

? Exercise 1.12E. 26

xly' =222+ +4zy, y(1)=1

Answer

zyy =3z +4y%, y(1)=+3
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Exercises 28-34

Solve the given homogeneous equation implicitly.

? Exercise 1.12E. 28

;_ zty
=
Answer

_ v _ 1 5 L P
y=arctan_ — > In(z’ +y°) =c

? Exercise 1.12E. 29

(y'z —y)(ln|y| —Injz|) =z

? Exercise 1.12E.30

/I y3+2zy2+z2y+z3
a(y+a)’

Answer

(y+3)% =3z3(In|z| +c¢)

) 2y
T 2z+y

! Yy

¥y = y—2x

Answer

yi(y—3z)=c

' zy’+2y°

vy = 3 +xly+ay?

? Exercise 1.12E. 34

;_ 24aly+3y°
T 2343ay?

Answer

3
%4—% =In|z|+c

? Exercise 1.12E. 35

a. Find a solution of the initial value problem
¥y =y* +zy—4z?, y(-1)=0 (A)

on the interval (—oo, 0). Verify that this solution is actually valid on (—oo, 00).
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b. Use Theorem 2.3.1 to show that (A) has a unique solution on (—0c0, 0).
c. Plot a direction field for the differential equation in (A) on a square

{—r<z<r,—r<y<r},

where 7 is any positive number. Graph the solution you obtained in (a) on this field.
d. Graph other solutions of (A) that are defined on (—o0, 00).
e. Graph other solutions of (A) that are defined only on intervals of the form (—o0, a), where is a finite positive number.

? Exercise 1.12E. 36

a. Solve the equation
zyy' =2’ —zy+y° (A)

implicitly.
b. Plot a direction field for (A) on a square

{0<z<r,0<y<r}

where 7 is any positive number.
c. Let K be a positive integer. (You may have to try several choices for K.) Graph solutions of the initial value problems

kr
zyy =2® —zy+y?, y(r/2)= N

fork=1, 2, ..., K. Based on your observations, find conditions on the positive numbers x, and yq such that the initial
value problem

zyy =2° —zy+y°,  y(zo) = wo, (B)

has a unique solution (i) on (0, co) or (ii) only on an interval (a, 00), where a > 07
d. What can you say about the graph of the solution of (B) as z — oo? (Again, assume that g > 0 and yg > 0.)

Answer

e (y—x)=c

? Exercise 1.12E. 37

a. Solve the equation

2 2 _ 2 2
y = Yy —xy+2z ( A)
zy + 22
implicitly.
b. Plot a direction field for (A) on a square
{-r<z<r,—r<y<r}

where 7 is any positive number. By graphing solutions of (A), determine necessary and sufficient conditions on (z, yo)
such that (A) has a solution on (i) (—oo, 0) or (ii) (0, 0o) such that y(zg) = yo -

? Exercise 1.12E. 38

Follow the instructions of Exercise 1.12E.37 for the equation

- 2y + 2 +y?
_—my .

Answer
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l y—zlnly—z|=cy

? Exercise 1.12E. 39

Pick any nonlinear homogeneous equation y' =gq(y/z) you like, and plot direction fields on the square
{-r<z<r, —r<y<r} ,wherer>0.What happens to the direction field as you vary r? Why?

? Exercise 1.12E. 40

Prove the statement:
If ad —be # 0, then the equation
, _axt+by+a
cx+dy+p8
can be transformed into the homogeneous nonlinear equation

dY aX+bY

dX = eX+dYy

by the substitution x = X — X, y =Y — Y}, , where X and Yj are suitably chosen constants.

Exercises 41-43
Use a method suggested by Exercise 1.12E.40 to solve the given equation implicitly.

? Exercise 1.12E. 41

—6z+y—3
[ —
vy = 2z—y—1

? Exercise 1.12E. 42

) 2zty+l
T zt2y—4
Answer

(y+z-1)(y-z-5)°=c

? Exercise 1.12E. 43

) —x+3y—14

Exercises 44-51

Find a function y; such that the substitution y = uy; transforms the given equation into a separable equation of the form
Equation 1.12.6. Then solve the given equation explicitly.

? Exercise 1.12E. 44

3zy’y' =yd+z
Answer

y:wi{‘/(ln|m| +c)
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? Exercise 1.12E. 45

zyy' = 326 + 692

? Exercise 1.12E. 46

m3yl _ 2(y2 +w2y—:c4)

Answer

- 2? (1+cat)
- 4

1—cz

? Exercise 1.12F. 47

y/ :y2e—m +4y+2ex

? Exercise 1.12E. 48

I y2+y tan z-+tan’
Yy ="

sin” x
Answer

y = tan(z)tan(In|z| +c)

? Exercise 1.12E. 49

z(lnz)?y = —4(lnz)? +ylnz +y2

? Exercise 1.12E. 50

22(y +2v2)y = (y+2)*

Answer

y za:%(—2:|:\/(1n|a:| +c)

(y+e )y =2a(y* +ye* +e*

Exercises 52-55

Solve each problem as directed.
? Exercise 1.12E.52

Solve the initial value problem

0. 2 3z%y? + 6y +2
f—y=—"— 2) =2.
Y YT T @t 3) y(2)

Answer

—3+\/Z1+60z)
y= 2z
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Solve the initial value problem

3 3z'y?+102%y+6

"+—y= , y(l)=1.
vrzY z3(222y +5) y(1)
? Exercise 1.12E. 54
A generalized Riccati equation is of the form
y' = P(z) +Q(z)y + R(z)y>. (A)

If R=—1 (R is equivalent to 1), (A) is a Riccati equation. Let y; be a known solution and y an arbitrary solution of (A). Let
z=1y—1y; . Show that z is a solution of a Bernoulli equation with n = 2.

Exercises 55-58

Given that y; is a solution of the given equation, use the method suggested by Exercise 1.12E.55 to find other solutions.

y=14+z—(1+2z)y+zy? ;y1=1

Answer

1
z+14-ce”

y=1+

? Exercise 1.12E. 56

Y =e+(1-2e")y+y’ sy =e

2y =2—z+ 2z —-2)y—zy? ;y1 =1

Answer

1
z(1—cz)

y=1-

? Exercise 1.12E. 58

zy =x3+(1-222)y+zy? ;=2

This page titled 1.12E: Exercises for Section 1.12 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi via source content that was edited to the style and standards of the LibreTexts platform.

¢ 2.4E: Transformation of Nonlinear Equations into Separable Equations (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0.
Original source: https://digitalcommons.trinity.edu/mono/9.
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CHAPTER OVERVIEW

2: Applications of First Order Equations
In this chapter, we consider applications of first order differential equations.
2.1: Growth and Decay
2.1E: Exercises for Section 2.1
2.2: Cooling Problems
2.2E: Exercises for Section 2.2
2.3: Elementary Mechanics
2.3E: Exercises for Section 2.3
2.4: Mixing Problems
2.4E: Exercises for Section 2.4
2.5: Orthogonal Trajectories of Curves
2.5E: Exercises for Section 2.5
2.6: Pursuit Curves

2.6E: Exercises for Section 2.6

This page titled 2: Applications of First Order Equations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by Vinh Kha Nguyen & Neelam R. Shukla.
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2.1: Growth and Decay

4b Learning Objectives

e Model and solve problems involving exponential growth and decay.
o Apply differential equations to mixed growth and decay scenarios.

This section begins with a discussion of exponential growth and decay, which you have probably already seen in calculus. We
consider applications to radioactive decay, carbon dating, and compound interest. We also consider more complicated problems
where the rate of change of a quantity is in part proportional to the magnitude of the quantity, but is also influenced by other other
factors for example, a radioactive substance is manufactured at a certain rate, but decays at a rate proportional to its mass, or a
saver makes regular deposits in a savings account that draws compound interest.

Since the applications in this section deal with functions of time, we’ll denote the independent variable by ¢. If @ is a function of ¢,
Q' will denote the derivative of @) with respect to ¢; thus,

_ 4R
=
Exponential Growth and Decay

One of the most common mathematical models for a physical process is the exponential model, where it is assumed that the rate of
change of a quantity @ is proportional to @; thus

Q' =aQ, (2.1.1)
where a is the constant of proportionality.
The general solution of Equation (2.1.1) is

Q = cett
and the solution of the initial value problem

Q' =aQ, Qt)=0Qo
is
Q = Qoe (1), (2.1.2)

Since the solutions of Q' = a@ are exponential functions, we say that a quantity () that satisfies this equation grows exponentially
if a > 0, or decays exponentially if a < 0 (Figure 2.1.1).

o
[

Figure 2.1.1 : Graphs of 8 exponential curves. Four graphs with a > 0 are increasing curve above the dotted line at Qy. The other
four graphs with a < 0 are increasing curve below the dotted line at Qg. (CC BY-NC-SA 3.0; William F. Trench via Elementary
Differential equation).
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Consider a bacteria population of weight 20 g. If the population doubles every 20 minutes, then what is the population after 30
minutes?

Note: It is easier to weigh this population than to count it.

Solution

One looks at the given information before trying to answer the question. First, we have the initial condition Py = 20 g. Since
the population doubles every 20 minutes, then P(20) = 2P, = 40. Here we have take the time units as minutes. We are then
asked to find P(30).

We do not need to solve the differential equation. We will assume a simple growth model. Using the general solution,
P(t) = 20€*, we have

P(20) =20e*** = 40
or

20k:2

We can solve this for k,

In2
20k =1n2 k=——=0.
0 n2, = 50 0.035

This gives an approximate solution, P(t) ~ 20e:935. Now we can answer the original question. Namely, P(30) ~ 57.

Of course, we could get an exact solution. With some simple manipulations, we have

P(t) = 20e"
(mz )
— |t
=20e\ 20

=20 (ean) %

— 20 (2%)

This answer takes the general form for population doubling, P(t) = P02%, where 7 is the doubling rate.

Radioactive Decay

Experimental evidence shows that radioactive material decays at a rate proportional to the mass of the material present. According
to this model the mass @ (¢) of a radioactive material present at time ¢ satisfies Equation (2.1.1), where a is a negative constant
whose value for any given material must be determined by experimental observation. For simplicity, we’ll replace the negative
constant a by —k, where k is a positive number that we’ll call the decay constant of the material. Thus, Equation (2.1.1) becomes

Q = —kQ.

If the mass of the material present at ¢ = ¢y is @, the mass present at time ¢ is the solution of

Q' =-kQ, Q(t) =Qo.

From Equation (2.1.2) with @ = —k, the solution of this initial value problem is
Q = Qe Mt (2.1.3)
The half-life T of a radioactive material is defined to be the time required for half of its mass to decay; that is, if Q(to) = Qo, then
Q(T"‘to):%. (2.1.4)

From Equation (2.1.3) with ¢ = 7+, , Equation (2.1.4) is equivalent to
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SO

Taking logarithms yields
1
—kT = 1115 =—In2,
so the half-life is
1
T:EIHZ (2.1.5)

(see Figure 2.1.2). The half-life is independent of ¢y and @y, since it is determined by the properties of material, not by the amount
of the material present at any particular time.

5Q, |-----

T
Figure 2.1.2: Graph illustrating the half-life decay of a radioactive substance over time, showing the exponential decrease in
quantity (Q) relative to its initial quantity (Qo). The half-life 7 is marked at the point where the substance has decayed to half of its
initial amount. (CC BY-NC-SA 3.0; William F. Trench via Elementary Differential equation).

v/ Example 2.1.2

A radioactive substance has a half-life of 1620 years.
a. If its mass is now 4 g (grams), how much will be left 810 years from now?

b. Find the time ¢; when 1.5 g of the substance remain.

Solution a
From Equation (2.1.3) with t) =0 and Qo =4,

Q=4e™, (2.1.6)
where we determine k from Equation (2.1.5), with 7= 1620 years:
2 _ 2
T 1620
Substituting this in Equation (2.1.6) yields
Q = 4e(t1n2)/1620, (2.1.7)

Therefore the mass left after 810 years will be

https://math.libretexts.org/@go/page/167370
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Q(SlO) —_ 46—(8101n2)/1620: 467(1112)/2
=22g.

Solution b
Setting t =t; in Equation (2.1.7) and requiring that Q(¢;) = 1.5 yields

E _ 46(7t1 ln2)/1620_

2
Dividing by 4 and taking logarithms yields
n é _ t1 In2
8 1620 °
Since In(3/8) = —In(8/3),
In(8/3)
t] =1620———— ~2292.4 years.
In2

Interest Compounded Continuously

Suppose we deposit an amount of money g in an interest-bearing account and make no further deposits or withdrawals for ¢
years, during which the account bears interest at a constant annual rate . To calculate the value of the account at the end of ¢ years,
we need one more piece of information: how the interest is added to the account, or—as the bankers say—how it is compounded. If
the interest is compounded annually, the value of the account is multiplied by 1 +r at the end of each year. This means that after ¢
years the value of the account is

Q(t)=Qo(1+r).

If interest is compounded semiannually, the value of the account is multiplied by (1 +7/2) every 6 months. Since this occurs twice
annually, the value of the account after ¢ years is

Q) = (1+3)"

In general, if interest is compounded n times per year, the value of the account is multiplied n times per year by (1 +7/n);
therefore, the value of the account after ¢ years is

0(t) = Qo (1+%)m. (2.1.8)

Thus, increasing the frequency of compounding increases the value of the account after a fixed period of time. Table 2.1.1 shows
the effect of increasing the number of compoundings over ¢t =5 years on an initial deposit of Qo = 100 (dollars), at an annual
interest rate of 6%.

Table 2.1.1 : The effect of compound interest

n (number of compoundings per year) $100 (1 + %) m (value in dollars after 5 years)
1 $133.82
2 $134.39
4 $134.68
8 $134.83
364 $134.98

You can see from Table 2.1.1 that the value of the account after 5 years is an increasing function of . Now suppose the maximum
allowable rate of interest on savings accounts is restricted by law, but the time intervals between successive compoundings isn’t;
then competing banks can attract savers by compounding often. The ultimate step in this direction is to compound continuously, by
which we mean that n — oo in Equation (2.1.8). Since we know from calculus that
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T n
lim (1+—) —¢,
n—oo n

this yields

Q) =1limy o0 Qo (1+2)™ = Qo [limy, oo (1+2)"]"

= QO e” .
Observe that Q@ = Qqe" is the solution of the initial value problem
Q' =rQ, Q(0)=Qu;

that is, with continuous compounding the value of the account grows exponentially.

v/ Example 2.1.3

We wish to accumulate $10,000 in 10 years by making a single deposit in a savings account bearing 5%% annual interest
compounded continuously. How much must we deposit in the account?

Solution
The value of the account at time ¢ is

Q(t) = Qoe ™. (2.1.9)
Since we want @ (10) to be $10,000, the initial deposit Qo must satisfy the equation
10000 = Qpe®?, (2.1.10)
obtained by setting t = 10 and Q(10) = 10000in Equation (2.1.9). Solving Equation (2.1.10) for Qg yields
Qo = 10000e %° ~ $5769.50.

If $150 is deposited in a bank that pays 5 %% annual interest compounded continuously, the value of the account after ¢ years is
Q(t) = 150e 05

dollars. (Note that it is necessary to write the interest rate as a decimal; thus, » = .055.) Therefore, after t = 10 years the value
of the account is

Q(10) = 150e*5 ~ $259.99.

Mixed Growth and Decay

v/ Example 2.1.4

A radioactive substance with decay constant k is produced at a constant rate of a units of mass per unit time.

a. Assuming that @ (0) = @, find the mass @ (¢) of the substance present at time ¢.
b. Find limy o0 Q ().

Solution a
Here

Q@' = rate of increase of Q — rate of decrease of Q.

The rate of increase is the constant a. Since @ is radioactive with decay constant &, the rate of decrease is kQ. Therefore

Q' =a—kQ.
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This is a linear first order differential equation. Rewriting it and imposing the initial condition shows that @ is the solution of
the initial value problem

Q +kQ=a, Q(0)=Qo. (2.1.11)

Since e** is a solution of the complementary equation, the solutions of Equation (2.1.11) are of the form Q = ue ™, where
we ™ =qa,s0u =ae*. Hence,

a kit

u=—€e"+c

A +

and
Q = ue ™t = %—l—ce’kt

Since Q(0) = @, setting t = 0 here yields

a a
Qo=~+c or CZQO_E'

k

Therefore

a a\ -kt

== - = . 2.1.12
Q=7+(Q-7)e (2.1.12)
b. Since k > 0, limy_,, e * =0, so from Equation (2.1.12)
. a
e Q)= k

This limit depends only on a and k, and not on Qo. We say that a/k is the steady state value of Q. From Equation 2.1.12 we
also see that ) approaches its steady state value from above if Q¢ > a/k, or from below if Qy < a/k. If Qo =a/k, then Q
remains constant (see Figure 2.1.3 ).

=
Figure 2.1.3 : Several graphs of Q(t) approaches the steady state value from above if Q¢ > a/k, or from below if Qy < a/k.
The steady state value is % ast — oo (CC BY-NC-SA 3.0; William F. Trench via Elementary Differential equation).

Carbon Dating

The fact that () approaches a steady state value in the situation discussed in Example 4 underlies the method of carbon dating,
devised by the American chemist and Nobel Prize Winner W.S. Libby.

Carbon 12 is stable, but carbon-14, which is produced by cosmic bombardment of nitrogen in the upper atmosphere, is radioactive
with a half-life of about 5570 years. Libby assumed that the quantity of carbon-12 in the atmosphere has been constant throughout
time, and that the quantity of radioactive carbon-14 achieved its steady state value long ago as a result of its creation and
decomposition over millions of years. These assumptions led Libby to conclude that the ratio of carbon-14 to carbon-12 has been

nearly constant for a long time. This constant, which we denote by R, has been determined experimentally.
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Living cells absorb both carbon-12 and carbon-14 in the proportion in which they are present in the environment. Therefore the
ratio of carbon-14 to carbon-12 in a living cell is always R. However, when the cell dies it ceases to absorb carbon, and the ratio of
carbon-14 to carbon-12 decreases exponentially as the radioactive carbon-14 decays. This is the basis for the method of carbon
dating, as illustrated in the next example.

v/ Example 2.1.5

An archaeologist investigating the site of an ancient village finds a burial ground where the amount of carbon-14 present in
individual remains is between 42 and 44% of the amount present in live individuals. Estimate the age of the village and the
length of time for which it survived.

Solution
Let @ = Q(¢) be the quantity of carbon-14 in an individual set of remains ¢ years after death, and let Qg be the quantity that
would be present in live individuals. Since carbon-14 decays exponentially with half-life 5570 years, its decay constant is

B In2

5570

Therefore
Q _ Qoeft(ln 2)/5570

if we choose our time scale so that ¢y = 0 is the time of death. If we know the present value of ) we can solve this equation
for ¢, the number of years since death occurred. This yields

_ In(Q/Qo)
t= —5570T.

It is given that Q = .42Q) in the remains of individuals who died first. Therefore these deaths occurred about

In.42
In

t; =—5570 ~ 6971

years ago. For the most recent deaths, @ = .44Q); hence, these deaths occurred about

o 55701n.44
27 In2

~ 6597

years ago. Therefore it is reasonable to conclude that the village was founded about 7000 years ago, and lasted for about 400
years.

A Savings Program

v/ Example 2.1.6

A person opens a savings account with an initial deposit of $1000 and subsequently deposits $50 per week. Find the value
Q(t) of the account at time ¢ > 0, assuming that the bank pays 6% interest compounded continuously.

Solution

Observe that @) isn’t continuous, since there are 52 discrete deposits per year of $50 each. To construct a mathematical model
for this problem in the form of a differential equation, we make the simplifying assumption that the deposits are made
continuously at a rate of $2600 per year. This is essential, since solutions of differential equations are continuous functions.
With this assumption, ) increases continuously at the rate

Q' =2600+0.06Q
and therefore @) satisfies the differential equation

Q' —.06Q = 2600. (2.1.13)

(Of course, we must recognize that the solution of this equation is an approximation to the true value of @ at any given time.
is a solution of the complementary equation, the solutions of Equation (2.1.13) are

We’ll discuss this further below.) Since e%6*
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of the form Q = ue "%, where u'e:%%* = 2600. Hence, v’ = 2600e %,
2
wm B0 o
and
2600
Q =ue = —— 4 e, (2.1.14)
.06
Setting t =0 and @ = 1000 here yields
2600
=1000+ ——=
¢ " 0.06’
and substituting this into Equation (2.1.14) yields
2600
Q :1000e-°6t+w(e-°6f—1) (2.1.15)
where the first term is the value due to the initial deposit and the second is due to the subsequent weekly deposits.

Mathematical models must be tested for validity by comparing predictions based on them with the actual outcome of experiments.
Example 2.1.6 is unusual in that we can compute the exact value of the account at any specified time and compare it with the
approximate value predicted by Equation (2.1.15). Table 2.1.2 gives a comparison for a ten year period. Each exact answer
corresponds to the time of the year-end deposit, and each year is assumed to have exactly 52 weeks.

Table 2.1.2 : Comparision for a ten year period

Approximate Value of

Percentage Error
Year Exact Value of P Error Q — P g

Q (Example 2.1.6) (Q-—P)/P
1 $3741.42 $3739.87 $1.55 .0413
2 6652.36 6649.17 3.19 .0479
3 9743.30 9738.37 4.93 .0506
4 13, 025.38 13, 018.60 6.78 .0521
5 16, 510.41 16, 501.66 8.75 .0530
6 20, 210.94 20, 200.11 10.83 .0536
7 24, 140.30 24,127.25 13.05 .0541
8 28, 312.63 28, 297.23 15.40 .0544
9 32,742.97 32,725.07 17.90 .0547
10 37,447.27 37,426.72 20.55 .0549

This page titled 2.1: Growth and Decay is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 4.1: Growth and Decay by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https:/digitalcommons.trinity.edu/mono/9.
o 1.3: Applications by Russell Herman is licensed CC BY-NC-SA 3.0. Original source:
http://people.uncw.edu/hermanr/mat361/ODEBook/index.htm.
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2.1E: Exercises for Section 2.1

Exercises 1-27

Solve the following exercises involving growth, decay, financial, and production models using differential equations. Include
the required solutions, whether exact, approximate, or qualitative analyses, as stated in the exercise.

The half-life of a radioactive substance is 3200 years. Find the quantity Q (¢) of the substance left at time ¢ > 0 if Q(0) =20
g.

? Exercise 2.1E.2

The half-life of a radioactive substance is 2 days. Find the time required for a given amount of the material to decay to 1/10 of
its original mass.

Answer

kT=1n2 and T:2:>k:% ; Q) =Qoe tn2/2; if Q(T) = % then &:Qoe—m‘ﬂ/?; 1n10:T12“2;

_ 21010
T ==~ days.

10° 10

A radioactive material loses 25% of its mass in 10 minutes. What is its half-life?

? Exercise 2.1E.4

A tree contains a known percentage pg of a radioactive substance with half-life 7. When the tree dies the substance decays and
isn’t replaced. If the percentage of the substance in the fossilized remains of such a tree is found to be p;, how long has the tree
been dead?

Answer

Let t; be the elapsed time since the tree died. Since p(t) = (t02)/7 it follows that p; = poe (1122)/7 5o

ln(z—;) = —t%ln2 and £, ZTM.

In2

If t, and ¢, are the times required for a radioactive material to decay to 1/pand 1/qtimes its original mass (respectively), how
are t, and ¢, related?

? Exercise 2.1E.6

Find the decay constant k for a radioactive substance, given that the mass of the substance is Q)7 at time ¢; and Q) at time %5.

A process creates a radioactive substance at the rate of 2 g/hr and the substance decays at a rate proportional to its mass, with
constant of proportionality k¥ = 0.1. If Q(¢) is the mass of the substance at time ¢, find lim;_,, Q (%)
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A bank pays interest continuously at the rate of 6%. How long does it take for a deposit of @ to grow in value to 2Q(?

Answer

'=0.06Q, Q(0)=Qo; Q=Qoe"%: We must find 7 such that Q(7) =2Qy; that is, Qoe’%" =2Qy, so

0.067 =In2and 7 = % = _50:15112 yr.

? Exercise 2.1E.9

At what rate of interest, compounded continuously, will a bank deposit double in value in 8 years?

? Exercise 2.1E. 10

A savings account pays 5% per annum interest compounded continuously. The initial deposit is Qg dollars. Assume that there
are no subsequent withdrawals or deposits.

a. How long will it take for the value of the account to triple?
b. What is @ if the value of the account after 10 years is $100,000 dollars?

Answer

a. If T is the time to triple the value, then Q(T') = Qe 9T = 3Qy, so 95T = 3. Therefore,
0.057=In3 and 7T =20In3.
b. If @(10) = 100000 then Qpe®> =100000,s0 Qo = 100000e0-5.

A candymaker makes 500 pounds of candy per week, while his large family eats the candy at a rate equal to Q(¢)/10 pounds
per week, where Q(t) is the amount of candy present at time ¢.

a. Find Q(¢) for ¢ > 0 if the candymaker has 250 pounds of candy at ¢ = 0.
b. Find limy o0 Q ().

? Exercise 2.1E.12

Suppose a substance decays at a yearly rate equal to half the square of the mass of the substance present. If we start with 50 g
of the substance, how long will it be until only 25 g remains?

Answer

2 /
Q=-F, Q=50 G=-% ~F=-f+5 QO)=0=c=—g;

Q(T)=25=1+25T =2= 25T =1=T = - years.

A super bread dough increases in volume at a rate proportional to the volume V' present. If V' increases by a factor of 10 in 2
hours and V'(0) = Vjp, find V" at any time ¢. How long will it take for V' to increase to 100V}?

? Exercise 2.1E. 14

A radioactive substance decays at a rate proportional to the amount present, and half the original quantity @ is left after 1500
years. In how many years would the original amount be reduced to 3@ /4? How much will be left after 2000 years?

Answer
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Since 7=1500, k= %; hence Q = Qpe (t12/1500  1f  Q(t;) = %, then e (t11n2)/1500 %;
n _4
~ab? _n(3) = —In(2); ¢ =1500222 Finally, Q(2000) = Qpe 32 = 274/3Q,.

A wizard creates gold continuously at the rate of 1 ounce per hour, but an assistant steals it continuously at the rate of 5% of
however much is there per hour. Let W (¢) be the number of ounces that the wizard has at time ¢. Find W(¢) and
limy 0 W (t) if W(0) =1.

? Exercise 2.1FE. 16

A process creates a radioactive substance at the rate of 1 g/hr, and the substance decays at an hourly rate equal to 1/10 of the
mass present (expressed in grams). Assuming that there are initially 20 g, find the mass S(¢) of the substance present at time %,
and find limy_,, S(¢).

A tank is empty at ¢ = 0. Water is added to the tank at the rate of 10 gal/min, but it leaks out at a rate (in gallons per minute)
equal to the number of gallons in the tank. What is the smallest capacity the tank can have if this process is to continue
forever?

? Exercise 2.1F. 18

A person deposits $25,000 in a bank that pays 5% per year interest, compounded continuously. The person continuously
withdraws from the account at the rate of $750 per year. Find V (¢), the value of the account at time ¢ after the initial deposit.

Answer

(A) V'=-T750+c,
Vi =€ is a solution of the complementary equation, the solutions of (B) are given by V =wue where
u'e!/?" = —750. Therefore, u' = —750e /?°; u = 15000e %" +¢; V = 15000 + ce?/?°; V(0) = 25000 = ¢ = 10000.

Therefore, V = 15000 + 10000e"/20.

V(0) =25000. Rewrite the differential equation in (A) as (B) V' —2—‘; = —750. Since
£/20

? Exercise 2.1E.19

A person has a fortune that grows at the rate directly proportional to the square root of its worth. Find the worth W of the
fortune as a function of ¢ if it was $1 million 6 months ago and is $4 million today.

? Exercise 2.1E. 20

Let p = p(¢) be the quantity of a product present at time ¢. The product is manufactured continuously at a rate proportional to
p with the proportionality constant 1/2, and it is consumed continuously at a rate proportional to p?, with proportionality
constant 1/8. Find p(¢) if p(0) = 100.

? Exercise 2.1E.21

a. In the situation of Example 2.1.6 find the exact value P(t) of the person’s account after t years, where t is an integer. Assume
that each year has exactly 52 weeks, and include the year-end deposit in the computation.

HINT: At time t the initial $1000 has been on deposit for ¢ years. There have been 52¢ deposits of $50 each. The first $50 has
been on deposit for t —1/52 years, the second for t —2/52 years ... in general, the j%» $50 has been on deposit for ¢t — j/52
years (1 < j <52t ). Find the present value of each $50 deposit assuming 6% interest compounded continuously, and use the
formula
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to find their total value.

b. Let

be the relative error after ¢ years. Find

? Exercise 2.1E. 22

A homebuyer borrows P, dollars at an annual interest rate r, agreeing to repay the loan with equal monthly payments of M
dollars per month over N years.

a. Derive a differential equation for the loan principal (amount that the homebuyer owes) P(t) at time ¢ > 0, making the
simplifying assumption that the homebuyer repays the loan continuously rather than in discrete steps. (See Example 2.1.6.)

b. Solve the equation derived in (a).

c. Use the result of (b) to determine an approximate value for M assuming that each year has exactly 12 months of equal
length.

d. It can be shown that the exact value of M is given by

- ’I'PO
12

Compare the value of M obtained from the answer in (c) to the exact value if (i) Py = $50,000, » =7.5%, N =20 (ii)
Py, =$150,000, 7 =9.0%, N = 30.

(1—(1+r/12)712M) 7,

? Exercise 2.1E.23

Assume that the homebuyer of Exercise 2.1E.22 elects to repay the loan continuously at the rate of oM dollars per month,
where « is a constant greater than 1. (This is called accelerated payment.)

a. Determine the time T'(c) when the loan will be paid off and the amount S(c) that the homebuyer will save.
b. Suppose Py = $50, 000, r = 8%, and N = 15. Compute the savings realized by accelerated payments with
a =1.05,1.10,and 1.15.

? Exercise 2.1FE. 24

A benefactor wishes to establish a trust fund to pay a researcher’s salary for T' years. The salary is to start at Sy dollars per
year and increase at a fractional rate of a per year. Find the amount of money P, that the benefactor must deposit in a trust
fund paying interest at a rate r per year. Assume that the researcher’s salary is paid continuously, the interest is compounded
continuously, and the salary increases are granted continuously.

? Exercise 2.1E.25

A radioactive substance with decay constant k is produced at the rate of
at

1+btQ(2)

units of mass per unit time, where a and b are positive constants and @ (¢) is the mass of the substance present at time ¢; thus,
the rate of production is small at the start and tends to slow when @ is large.
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a. Set up a differential equation for Q.
b. Choose your own positive values for a, b, k, and Qo = Q(0). Use a numerical method to discover what happens to Q(t) as
t — oo. (Be precise, expressing your conclusions in terms of a, b, k. However, no proof is required.)

? Exercise 2.1E. 26

Follow the instructions of Exercise 2.1E.25, assuming that the substance is produced at the rate of at/(1 +bt(Q(¢))?) units of
mass per unit of time.

Answer

)1/3

Q= s —kQ; lime Q) =

T 14beQ?

gle

Follow the instructions of Exercise 2.1E.25, assuming that the substance is produced at the rate of at/(1 +bt) units of mass
per unit of time.

This page titled 2.1E: Exercises for Section 2.1 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 4.1E: Growth and Decay (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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2.2: Cooling Problems

4b Learning Objectives

o Apply Newton's Law of Cooling to model temperature changes in various contexts.
o Solve differential equations to find temperature as a function of time and predict key values, such as time or temperature at
specific points.

In this section we apply Newton's Law of Cooling to model temperature changes in various contexts.

& Theorem 2.2.1: Newton's Law of Cooling

Newton’s law of cooling states that if an object with temperature 7'(¢) at time ¢ is in a medium with temperature T, (¢), the
rate of change of T at time ¢ is proportional to T'(t) — T, (¢) ; thus, T satisfies a differential equation of the form

T! = k(T —T,). (2.2.1)

Here k > 0, since the temperature of the object must decrease if T' > T, , or increase if T' < T,, . We’ll call k the temperature
decay constant of the medium.

For simplicity, in this section we’ll assume that the medium is maintained at a constant temperature 7,,. This is another example of
building a simple mathematical model for a physical phenomenon. Like most mathematical models it has its limitations. For
example, it is reasonable to assume that the temperature of a room remains approximately constant if the cooling object is a cup of
coffee, but perhaps not if it is a huge cauldron of molten metal.

To solve Equation (2.2.1), we rewrite it as

T' + kT =kT,,.
Since e * is a solution of the complementary equation, the solutions of this equation are of the form T =wue ¥, where
we ™ =kT,,, sou =kT,e" . Hence,
u = Tmekt +c,
so

T =ue ™™ =T, +ce ™.
If T(0) =Ty, setting ¢ = 0 here yields ¢ =Ty — T}y, , so
T =T+ Ty —Tp)e ™. (2.2.2)

Note that T'—T;,, decays exponentially, with decay constant k.

v/ Example 2.2.1

A cup of coffee at 190°F is left in a room of 70°F. At time t=0, the coffee is cooling at 15°F per minute.
a) Find the function that models the cooling of the coffee.

b) How long will it take for the temperature to reach 143°F?

Solution

e Video length: 8 minutes 24 seconds.

e Context: This video demonstrates how to use Newton's Law of Cooling to model how the coffee's temperature decreases
over time, relative to the room's temperature.

https://math.libretexts.org/@go/page/167372



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/167372?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems

LibreTexts-

v/ Example 2.2.2

A ceramic insulator is baked at 400°C and cooled in a room in which the temperature is 25°C. After 4 minutes the temperature
of the insulator is 200°C. What is its temperature after 8 minutes?

Solution
Here Ty =400 and T, = 25, so Equation (2.2.2) becomes

T = 25 +375¢ "™, (2.2.3)
We determine k from the stated condition that 7'(4) = 200; that is,

200 = 25 4 375e 4,

hence,
175 T
375 15
Taking logarithms and solving for k yields
1 7 1. 15

Substituting this into Equation (2.2.3) yields
=& I &,
T=25+437be 77
(see Figure 2.2.1). Therefore the temperature of the insulator after 8 minutes is

T(8) =25+375¢ 27

—25+375(L)" ~ 107°C.
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Figure 2.2.1: This graph illustrates the temperature of an object cooling over time, modeled by the equation
T = 254 375e~#/9m15/T (CC BY-NC-SA 3.0; William F. Trench via Elementary Differential equation).

v/ Example 2.2.3

An object with temperature 72°F is placed outside, where the temperature is —20°F. At 11:05 the temperature of the object is
60°F and at 11:07 its temperature is 50°F. At what time was the object placed outside?

Solution

Let T'(¢) be the temperature of the object at time ¢. For convenience, we choose the origin o = 0 of the time scale to be 11:05
so that Tp = 60. We must determine the time 7 when T'(7) = 72. Substituting Tp = 60 and T,, = —20 into Equation (2.2.2)
yields

T =-20+ (60— (—20))e*
or
T = —20+80e . (2.2.4)

We obtain k from the stated condition that the temperature of the object is 50°F at 11:07. Since 11:07 is t =2 on our time
scale, we can determine k by substituting 7' = 50 and ¢t = 2 into Equation (2.2.2) to obtain

50 = —20 +80e 2k

Hence,

Taking logarithms and solving for k yields

Substituting this into Equation (2.2.4) yields
_tnd
T=-20+80e >"7,
(see Figure 2.2.2 ) and the condition 7'(7) = 72 implies that

72 = 20+ 80e T ¥,

hence,
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Taking logarithms and solving for 7 yields
21In % .
rT== 5~ —2.09 min.
In =

;

'
100 -

80
— 1 Ter2
|
| &0
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i
14 b
|
|
i
I 20
|
|
|
-5 5 10 15 20 h""*-ﬁ___\_ 30 35 40 =
—20 F -
t 8
Figure 2.2.2 : This graph illustrates the temperature of an object cooling over time, modeled by the equation —20 + 80e rd
(CC BY-NC-SA 3.0; William F. Trench via Elementary Differential equation)
Therefore the object was placed outside about 2 minutes and 5 seconds before 11:05; that is, at 11:02:55.

This page titled 2.2: Cooling Problems is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 4.2: Cooling and Mixing by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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2.2E: Exercises for Section 2.2

Exercises 1-9

Solve the following problems related to Newton's law of cooling.

A thermometer is moved from a room where the temperature is 70°F to a freezer where the temperature is 12°F. After 30
seconds the thermometer reads 40°F. What does it read after 2 minutes?

? Exercise 2.2E. 2

A fluid initially at 100°C is placed outside on a day when the temperature is —10°C, and the temperature of the fluid drops
20°C in one minute. Find the temperature 7'(¢) of the fluid for ¢ > 0.

Answer

T=-10+110e"™" . (2.2E.1)

At 12:00 pm a thermometer reading 10°F is placed in a room where the temperature is 70°F. It reads 56° when it is placed
outside, where the temperature is 5°F, at 12:03. What does it read at 12:05 pm

? Exercise 2.2E. 4

A thermometer initially reading 212°F is placed in a room where the temperature is 70°F. After 2 minutes the thermometer
reads 125°F.

a. What does the thermometer read after 4 minutes?
b. When will the thermometer read 72°F?
c. When will the thermometer read 69°F?

Answer

142

t
T =70+142¢ 2% .

2
a. T(4) =704 142¢ 2 55 =70+ 142 (&) ~91.30F.

b. Let 7 be the time when T(7) = 72. 7 =2 11“17412 ~ 8.99 min.
n

55

c. The thermometer will never read 69°F.

? Exercise 2.2E.5

An object with initial temperature 150°C is placed outside, where the temperature is 35°C. Its temperatures at 12:15 and 12:20
are 120°C and 90°C, respectively.

a. At what time was the object placed outside?
b. When will its temperature be 40°C?

? Exercise 2.2E.6

An object is placed in a room where the temperature is 20°C. The temperature of the object drops by 5°C in 4 minutes and by
7°C in 8 minutes. What was the temperature of the object when it was initially placed in the room?
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Answer

T, = (%)C

A cup of boiling water is placed outside at 1:00 pm. One minute later the temperature of the water is 152°F. After another
minute its temperature is 112°F. What is the outside temperature?

? Exercise 2.2E.8

Suppose an object with initial temperature Tg is placed in a sealed container, which is in turn placed in a medium with
temperature 7T},. Let the initial temperature of the container be Sy. Assume that the temperature of the object does not affect
the temperature of the container, which in turn does not affect the temperature of the medium. (These assumptions are
reasonable, for example, if the object is a cup of coffee, the container is a house, and the medium is the atmosphere.)

a. Assuming that the container and the medium have distinct temperature decay constants k and k,, respectively, use
Newton’s law of cooling to find the temperatures S(t) and T'(t) of the container and object at time ¢.

b. Assuming that the container and the medium have the same temperature decay constant k, use Newton’s law of cooling to
find the temperatures S(¢) and T'(¢) of the container and object at time ¢.

c. Find lim.s o, S(¢) and limy o, T'(2).

? Exercise 2.2E.9

In our previous examples and exercises concerning Newton’s law of cooling we assumed that the temperature of the medium
remains constant. This model is adequate if the heat lost or gained by the object is insignificant compared to the heat required
to cause an appreciable change in the temperature of the medium. If this isn’t so, we must use a model that accounts for the
heat exchanged between the object and the medium. Let T' = T'(¢) and T,,, = T, (¢) be the temperatures of the object and the
medium, respectively, and let Ty and T7,,o be their initial values. Again, we assume that 7" and 7},, are related by Newton’s law
of cooling,

T! = —k(T —T,). (A)

We also assume that the change in heat of the object as its temperature changes from Ty to T is a(T' — Tp) and that the change
in heat of the medium as its temperature changes from T}, t0 T}y, iS @ (T — Timo ) , Where a and a,,, are positive constants
depending upon the masses and thermal properties of the object and medium, respectively. If we assume that the total heat of
the system consisting of the object and the medium remains constant (that is, energy is conserved), then

(T —Tp) + am(Ty — Trug) = 0. (B)

a. Equation (A) involves two unknown functions 7" and 7},,. Use (A) and (B) to derive a differential equation involving only
T.

b. Find T'(¢) and T}, (¢) for ¢ > 0.

c. Find limy_,oo T'(¢) and limy_, Ty (2).

This page titled 2.2E: Exercises for Section 2.2 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
o 4.2E: Cooling and Mixing (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.

https://math.libretexts.org/@go/page/167373


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/167373?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems/2.2E%3A_Exercises_for_Section_2.2
https://creativecommons.org/licenses/by-nc-sa/3.0
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems/2.2E%3A_Exercises_for_Section_2.2?no-cache
https://math.libretexts.org/@go/page/18274
http://ramanujan.math.trinity.edu/wtrench/index.shtml
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://digitalcommons.trinity.edu/mono/9

LibreTexts"

2.3: Elementary Mechanics

4b Learning Objectives

e Understand Newton's Second Law of Motion and its application to modeling forces and motion.
e Analyze motion through a resisting medium, including terminal velocity and escape velocity scenarios.

Newton's Second Law of Motion

In this section we consider an object with constant mass m moving along a line under a force F. Let y = y(¢) be the displacement
of the object from a reference point on the line at time ¢, and let v=v(t) and a = a(t) be the velocity and acceleration of the
object at time ¢. Thus, v=1%' and a =v' =" , where the prime denotes differentiation with respect to t. Newton’s second law of
motion asserts that the force F' and the acceleration a are related by the equation

F =ma. (2.3.1)
X Note: Units

In applications there are three main sets of units in use for length, mass, force, and time: the cgs, mks, and British systems. All
three use the second as the unit of time. Table 2.3.1 shows the other units. Consistent with Equation (2.3.1), the unit of force in
each system is defined to be the force required to impart an acceleration of (one unit of length)/s? to one unit of mass.

Table 2.3.1 Unit of lenth, force, and mass. (CC BY-NC-SA 3.0; William F. Trench via Elementary Differential equation).

Set Length Force Mass

cgs centimeter (cm) dyne (d) gram (g)

mks meter (m) newton (N) kilogram (kg)
British foot (ft) pound (Ib) slug (sl)

If we assume that Earth is a perfect sphere with constant mass density, Newton’s law of gravitation (discussed later in this
section) asserts that the force exerted on an object by Earth’s gravitational field is proportional to the mass of the object and
inversely proportional to the square of its distance from the center of Earth. However, if the object remains sufficiently close to
Earth’s surface, we may assume that the gravitational force is constant and equal to its value at the surface. The magnitude of
this force is mg, where g is called the acceleration due to gravity. (To be completely accurate, g should be called the
magnitude of the acceleration due to gravity at Earth’s surface.) This quantity has been determined experimentally.
Approximate values of g are

g =980cm/s’ (cgs)
g =9.8m/s’ (mks)
g =32ft/s’ (British).

In general, the force F' in Equation (2.3.1) may depend upon ¢, y, and y’. Since a =y, Equation (2.3.1) can be written in the form
my" =F(t,y,y), (2.3.2)

which is a second order equation. We’ll consider this equation with restrictions on F' later; however, since Chapter 2 dealt only
with first order equations, we consider here only problems in which Equation (2.3.2) can be recast as a first order equation. This is
possible if F' does not depend on y, so Equation (2.3.2) is of the form

my" =F(t,y').

Letting v =19’ and v' = gy" yields a first order equation for v:

mv = F(t,v). (2.3.3)
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Solving this equation yields v as a function of ¢. If we know y(¢o) for some time #j, we can integrate v to obtain y as a function of
t.

Equations of the form Equation (2.3.3) occur in problems involving motion through a resisting medium.

Motion Through a Resisting Medium and Terminal Velocity

Now we consider an object moving vertically in some medium. We assume that the only forces acting on the object are gravity and
resistance from the medium. We also assume that the motion takes place close to Earth’s surface and take the upward direction to
be positive, so the gravitational force can be assumed to have the constant value —mg. We’ll see that, under reasonable
assumptions on the resisting force, the velocity approaches a limit as ¢ — oo. We call this limit the terminal velocity.

v/ Example 2.3.1

An object with mass m moves under constant gravitational force through a medium that exerts a resistance with magnitude
proportional to the speed of the object. (Recall that the speed of an object is |v|, the absolute value of its velocity v.) Find the
velocity of the object as a function of ¢, and find the terminal velocity. Assume that the initial velocity is vg.

Solution
The total force acting on the object is

F=—-mg+ Fy, (2.3.4)

where —myg is the force due to gravity and F} is the resisting force of the medium, which has magnitude k|v|, where k is a
positive constant. If the object is moving downward (v < 0), the resisting force is upward (see Figure 2.3.1a ), so

F, = k|v| = k(—v) = —kv.
On the other hand, if the object is moving upward (v > 0), the resisting force is downward (see Figure 2.3.1b ), so
Fy, = —kjv| = —kv.
Thus, Equation (2.3.4) can be written as
F = —mg— kv, (2.3.5)

regardless of the sign of the velocity.

(a)

Figure 2.3.1 : This diagram illustrates the forces acting on an object falling through a fluid with resistance. Part (a) on left,
down arrow for V and up arrow for F; = —kv. Part (b) on right, up arrow for V and down arrow for F; = —kv. (CC BY-NC-
SA 3.0; William F. Trench via Elementary Differential equation)n).
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From Newton’s second law of motion,
/
F=ma=mv,

so Equation (2.3.5) yields

mv = —mg— kv,
or
k
vV —v=—g. (2.3.6)
m
Since e~*/m is a solution of the complementary equation, the solutions of Equation (2.3.6) are of the form v = ue*/m
where u'e /™ = —g so u' = —ge*/™ . Hence,
u= —%ekt/m +e,
o
m
v=mue F/m :_Tg +ceRt/m, (2.3.7)
Since v(0) = vy,
mg
vy = —T +c,
o
_ mg
c=19+ A

and Equation (2.3.7) becomes

Letting £ — 0o here shows that the terminal velocity is
m
lim v(t) = )

t—o0 k ’

which is independent of the initial velocity vy (see Figure 2.3.2 ).

Figure 2.3.2 : Graph showing solutions to the differential equation mv' = -mg - kv. The y-axis represents velocity, and the t-axis
represents time. Several curves illustrate different solution paths converging towards the terminal velocity -mg/k. (CC BY-NC-
SA 3.0; William F. Trench via Elementary Differential equation)
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v/ Example 2.3.2

A 960-Ib object is given an initial upward velocity of 60 ft/s near the surface of Earth. The atmosphere resists the motion with a
force of 3 1b for each ft/s of speed. Assuming that the only other force acting on the object is constant gravity, find its velocity
v as a function of ¢, and find its terminal velocity.

Solution
Since mg =960 and g =32, m =960,/32 = 30. The atmospheric resistance is —3v Ib if v is expressed in feet per second.
Therefore

300 = —960 — 3v,

which we rewrite as

v+ 11—0v =-32.
Since e~*/10 is a solution of the complementary equation, the solutions of this equation are of the form v = ue~*/10, where
we 10 = 32 sou’ = —32¢"10, Hence,
u = —320e/10 + c,
SO

v=ue 10 = _320 4 ce /10, (2.3.8)

The initial velocity is 60 ft/s in the upward (positive) direction; hence, vo = 60. Substituting t =0 and v= 60 in Equation
(2.3.8) yields

60 = —320 +c,
so ¢ = 380, and Equation (2.3.8) becomes
v=—320+380e /10 ft /s
The terminal velocity is

lim v(t) = —320 ft/s.

t—o0

v/ Example 2.3.3

A 10 kg mass is given an initial velocity vy < 0 near Earth’s surface. The only forces acting on it are gravity and atmospheric
resistance proportional to the square of the speed. Assuming that the resistance is 8 N if the speed is 2 m/s, find the velocity of
the object as a function of ¢, and find the terminal velocity.

Solution
Since the object is falling, the resistance is in the upward (positive) direction. Hence,

mv = —mg+kv?, (2.3.9)

where k is a constant. Since the magnitude of the resistance is 8 N when v = 2 m/s,

k(22) =8,
sok=2 N-s2/m2 . Since m = 10 and g = 9.8, Equation (2.3.9) becomes
100 = —98 +2v* = 2(v? — 49). (2.3.10)
If vg = —7,thenv=—7 forallt > 0. If vy # —7, we separate variables to obtain
1 , 1
=— 2.3.11
249 5’ (2:3.11)
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which is convenient for the required partial fraction expansion

1 1 1 1 1
249 (v=T)(v+7) “14 [ B ] (2.3.12)

Substituting Equation (2.3.12) into Equation (2.3.11) yields

1 1 1], 1
14 |o=7 wv+r7|° 5’

SO

Integrating this yields
Injv—7|—In|v+7| =14t/5 +k.
Therefore

v—7 ‘ — okeldt/5
v+7

If solution of a non-linear differential equation exists, then it is unique. This fact (from the Existence and Uniqueness
Theorem) implies (v—7)/(v+7) cannot change sign (why?), we can rewrite the last equation as

::—Z = e/’ (2.3.13)
which is an implicit solution of Equation (2.3.10). Solving this for v yields
—14¢
P ﬁffﬁfz (2.3.14)
Since v(0) = vy, Equation (2.3.13) implies that
_ -7
vo+7°

Substituting this into Equation (2.3.14) and simplifying yields

U()(]. +e—14t/5) _ 7(1 _ 6—14t/5)
vo(1 —e-14/5) — 7(1 4 e-14t/5)

Since vy <0, v is defined and negative for all ¢ > 0. The terminal velocity is

lim v(t) = —7m/s,
t—00

independent of vy. More generally, it can be shown that if v is any solution of Equation (2.3.9) such that vy <0 then

‘ - /g
tligv(t)— k-

This is demonstrated in Figure 2.3.3 .
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=<

V= (mgk)"2

Figure 2.3.3 : This graph illustrates the solutions of the differential equation mv' = —mg+ kv? for various vy < 0. Several
curves are plotted, showing different trajectories that converge towards a horizontal dashed line which indicates the terminal
velocity. (CC BY-NC-SA 3.0; William F. Trench via Elementary Differential equation)

v/ Example 2.3.4

A 10-kg mass is launched vertically upward from Earth’s surface with an initial velocity of vy m/s. The only forces acting on
the mass are gravity and atmospheric resistance proportional to the square of the speed. Assuming that the atmospheric
resistance is 8 N if the speed is 2 m/s, find the time 1" required for the mass to reach maximum altitude.

Solution
The mass will climb while v > 0 and reach its maximum altitude when v = 0. Therefore v >0 for 0 <¢ < T and v(T) =0;
therefore, we replace Equation (2.3.10) by

100 = —98 — 2¢°. (2.3.15)
Separating variables yields

5

_— = 9
v2 +49
and integrating this yields

Etan‘1 Yo tte
7 7T ’

(Recall that tan™" w is the number 6 such that —/2 < @ < 7/2 and tan = u.) Since v(0) = vy,

5
c= 7 tan %0,
so v is defined implicitly by
gtan_l ; =—t+ g tan ™! ”—70 0<t<T. (2.3.16)
Solving this for v yields
7t
v:7tan<—— +tan~! ”—0). (2.3.17)
5 7
Using the identity
tan A —tan B
tan(A—B)= — X
an( ) l1+tanAtanB

https://math.libretexts.org/@go/page/167374


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/167374?pdf
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Bookshelves/Differential_Equations/Elementary_Differential_Equations_with_Boundary_Value_Problems_(Trench)/04%3A_Applications_of_First_Order_Equations/4.03%3A_Elementary_Mechanics

LibreTexts"

with A =tan™! (v/7) and B = 7t/5, and noting that tan(tan' §) = 6, we can simplify Equation (2.3.17) to

v — 7 tan(7¢/5)
7 +vgtan(7t/5)

Since v(T') =0 and tan~* (0) = 0, Equation (2.3.16) implies that

74+ 2 tan? ”—70 —0.

7
Therefore
5 Vo
T=—tan ' —.
7T
Since tan~! (vg/7) < /2 for all vy, the time required for the mass to reach its maximum altitude is less than
o5
— ~1.122
14 ®

regardless of the initial velocity. Figure 2.3.4 shows graphs of v over [0, T'] for various values of vj.

v

k
50

40
30

20

t

0.2 0.4 06 0.8 1

Figure 2.3.4 : This graph illustrates the solutions of 10v' = —98 —2v? for various vy > 0. The bottom solution curve is a
straight line, and other solution curves follows an exponential-like decay pattern. (CC BY-NC-SA 3.0; William F. Trench via
Elementary Differential equation)

Motion Through a Resisting Medium and Escape Velocity

Suppose a space vehicle is launched vertically and its fuel is exhausted when the vehicle reaches an altitude h above Earth, where
h is sufficiently large so that resistance due to Earth’s atmosphere can be neglected. Let ¢ =0 be the time when burnout occurs.
Assuming that the gravitational forces of all other celestial bodies can be neglected, the motion of the vehicle for ¢ > 0 is that of an
object with constant mass m under the influence of Earth’s gravitational force, which we now assume to vary inversely with the
square of the distance from Earth’s center; thus, if we take the upward direction to be positive then gravitational force on the
vehicle at an altitude y above Earth is

K
Fe—o—2 (2.3.18)

~(y+R)?’

where R is Earth’s radius (see Figure 2.3.5).
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y

A
—————————————— y=h
/ T X‘V:O

Figure 2.3.5 : This diagram illustrates the concept of escape velocity. Escape velocity showing circle centered at y = -R and top at y
= 0. Horizontal line at y = h also shown. (CC BY-NC-SA 3.0; William F. Trench via Elementary Differential equation)

Since F' = —mg when y = 0, setting y = 0 in Equation (2.3.18) yields
K .
R’

therefore K = mgR? and Equation (2.3.18) can be written more specifically as

—mg=—

F:—%. (2.3.19)
From Newton’s second law of motion,
_ &y
a2’
so Equation (2.3.19) implies that
d2y gR?

PR iy (2.3.20)

We’ll show that there’s a number v,, called the escape velocity, with these properties:
1. If vg > v, then v(t) >0 forall ¢ > 0, and the vehicle continues to climb for all ¢ > 0; that is, it “escapes” Earth. (Is it really so
obvious that limy ., y(¢) = oo in this case?)

2. If vy < v, then v(t) decreases to zero and becomes negative. Therefore the vehicle attains a maximum altitude y,, and falls
back to Earth.

Since Equation (2.3.20) is second order, we cannot solve it by methods discussed so far. However, we are concerned with v rather
than y, and v is easier to find. Since v =g’ the chain rule implies that

d’y dv dvdy dv

—_—— = ———— = V.

dt? dt dydt dy
Substituting this into Equation (2.3.20) yields the first order separable equation

dv gR?
V—_— = 2.3.21
dy (y+ R)? ( )

When ¢t =0, the velocity is vy and the altitude is h. Therefore we can obtain v as a function of y by solving the initial value
problem
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dv gR?
v— =————, v(h)=1y.
dy (y + R)2 ’ ( ) 0
Integrating Equation (2.3.21) with respect to y yields
o2 gR?
— = . 2.3.22
2 y+R e ( )
Since v(h) =g,
= ﬁ —_ gR2
2 h+R’
so Equation (2.3.22) becomes
V2 gR2 U% ng
Z _ U . 2.3.23
2 " y+R \2 h+R (2.3.23)

If

UOZ )
(#5%)

the parenthetical expression in Equation (2.3.23) is nonnegative, so v(y) > 0 for y > h. This proves that there’s an escape velocity

ve. We’ll now prove that
20R2 \ /2
= (#5)
h+R

2\ 1/2
v < ( 29R ) . (2.3.24)

by showing that the vehicle falls back to Earth if

h+R

If Equation (2.3.24) holds then the parenthetical expression in Equation (2.3.23) is negative and the vehicle will attain a maximum
altitude y,,, > h that satisfies the equation
o9 (B o
~ ym+R 2 h+R)’

The velocity will be zero at the maximum altitude, and the object will then fall to Earth under the influence of gravity.

Motion Through Air Resistance and Limiting Velocity

v/ Example 2.3.5

A steel ball weighing 1 Ib is dropped from 2500 ft with no velocity. As it falls, the air resistance is equal to v/8 in pounds
where v is the velocity of the ball in feet per second. Find the limiting velocity and the time it takes for the ball to hit the
ground.

Solution
e Video length: 11 minutes 51 seconds.
e Context: This video explores the motion of a falling object under the influence of gravity and air resistance.
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2.3E: Exercises for Section 2.3

Exercises 1-16

For the following exercises, except where directed otherwise, assume that the magnitude of the gravitational force on an
object with mass m is constant and equal to mg. In exercises involving vertical motion take the upward direction to be
positive.

A firefighter who weighs 192 1b slides down an infinitely long fire pole that exerts a frictional resistive force with magnitude
proportional to his speed, with k = 2.5 1lb-s/ft. Assuming that he starts from rest, find his velocity as a function of time and
find his terminal velocity.

? Exercise 2.3E.2

A firefighter who weighs 192 1b slides down an infinitely long fire pole that exerts a frictional resistive force with magnitude
proportional to her speed, with constant of proportionality k. Find &, given that her terminal velocity is —16 ft/s, and then find
her velocity v as a function of ¢. Assume that she starts from rest.

Answer

v=—16(1—e%).

A boat weighs 64,000 Ib. Its propellor produces a constant thrust of 50,000 1b and the water exerts a resistive force with
magnitude proportional to the speed, with £ = 2000 lb-s/ft. Assuming that the boat starts from rest, find its velocity as a
function of time, and find its terminal velocity.

? Exercise 2.3E.4

A constant horizontal force of 10 N pushes a 20 kg-mass through a medium that resists its motion with .5 N for every m/s of
speed. The initial velocity of the mass is 7 m/s in the direction opposite to the direction of the applied force. Find the velocity
of the mass for ¢ > 0.

Answer

v=20—27e"t/40,

A stone weighing 1/2 Ib is thrown upward from an initial height of 5 ft with an initial speed of 32 ft/s. Air resistance is
proportional to speed, with k = 1/128 Ib-s/ft. Find the maximum height attained by the stone.

? Exercise 2.3E.6

A 3200-1b car is moving at 64 ft/s down a 30-degree grade when it runs out of fuel. Find its velocity after that if friction exerts
a resistive force with magnitude proportional to the square of the speed, with k =1 1b-s? / £t . Also find its terminal velocity.

A 96 1b weight is dropped from rest in a medium that exerts a resistive force with magnitude proportional to the speed. Find its
velocity as a function of time if its terminal velocity is —128 ft/s.

https://math.libretexts.org/@go/page/167375



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/167375?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics/2.3E%3A_Exercises_for_Section_2.3

LibreTexts"

? Exercise 2.3E.8

An object with mass m moves vertically through a medium that exerts a resistive force with magnitude proportional to the
speed. Let y = y(t) be the altitude of the object at time ¢, with y(0) = yo. Use the results of Example 4.3.1 to show that

m

y(t) =yo + (v —v—gt).

? Exercise 2.3E.9

An object with mass m is launched vertically upward with initial velocity vy from Earth’s surface (yp = 0) in a medium that
exerts a resistive force with magnitude proportional to the speed. Find the time 7" when the object attains its maximum altitude
Ym - Then use the result of Exercise 2.3.8 to find .

? Exercise 2.3E.10

An object weighing 256 Ib is dropped from rest in a medium that exerts a resistive force with magnitude proportional to the
square of the speed. The magnitude of the resisting force is 1 Ib when |v| =4 ft/s. Find v for ¢ > 0, and find its terminal
velocity.

Answer

ot ot
V= 64(1—e ), orv=— 641(;: ). Therefore, limy_,o, v(t) = —64.

An object with mass m is given an initial velocity v9 < 0 in a medium that exerts a resistive force with magnitude proportional
to the square of the speed. Find the velocity of the object for £ > 0, and find its terminal velocity.

I

2 Exercise 2.3E.12

An object with mass m is launched vertically upward with initial velocity vy in a medium that exerts a resistive force with
magnitude proportional to the square of the speed.

a. Find the time 7" when the object reaches its maximum altitude.
b. Use the result of Exercise 2.3.11 to find the velocity of the object for¢t > T'.

? Exercise 2.3E.13

An object with mass m is given an initial velocity vo < 0 in a medium that exerts a resistive force of the form a|v|/(1 +|v|),
where a is positive constant.

a. Set up a differential equation for the speed of the object.

b. Use your favorite numerical method to solve the equation you found in (a), to convince yourself that there’s a unique
number ag such that lim; ,, s(t) =00 if a < ag and limy ,, s(t) exists (finite) if a > ag . (We say that ay is the
bifurcation value of a. Try to find ag and limy_,, s(¢) in the case where a > qay .

? Exercise 2.3E.14

An object of mass m falls in a medium that exerts a resistive force f = f(s), where s = |v| is the speed of the object. Assume
that £(0) =0 and f is strictly increasing and differentiable on (0, 00).

a. Write a differential equation for the speed s = s(t) of the object. Take it as given that all solutions of this equation with
5(0) > 0 are defined for all £ > 0 (which makes good sense on physical grounds).

b. Show that if lim, o, f(s) < mg then lim; o, s(t) =0 .

c. Show that if lim, o, f(8) > mg then limy; ., s(t) = sy (terminal speed), where f(sr) =mg.
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Answer
a. mv' =—mg+ f(|v]) ; (A) ms' =mg— f(s).
b. Since f is increasing and lim,_,, f(s) < mg, we have mg— f(s) >0 forall s. This and (A) imply that s is an
increasing function of ¢, so either (B)  limy o () =00, or (C) limy o $(t) =8 < co. However, (A) and (C)

imply that §'(¢) > K = IIE)  forall ¢ >0. Consequently, s(¢t) > so+ Kt forall ¢ >0, which contradicts

m
(C) because K > 0.

c. There is a unique positive number st such that f(s7) =mg, and s = st is a constant solution of (A). Now suppose
that s(0) < s7 . Then Theorem 1.7.1 implies that (D) s(t) <sr forall ¢ >0, so (A)implies that s is strictly
increasing. This and (D) imply that limy ., s(t) =8 < sp. If § < s7, then (A) implies that s'(t) > K = %(s).
Consequently, s(t) > s(0) + Kt, which contradicts (D) because K > 0. Therefore, $(0) < sp = lim;_, s(t) = s7.
A similar proof with inequalities reversed shows that $(0) > sp = limy_, s(t) = sr.

? Exercise 2.3E.15

A 100-g mass with initial velocity vyg < 0 falls in a medium that exerts a resistive force proportional to the fourth power of the
speed. The resistance is .1 N if the speed is 3 m/s.

a. Set up the initial value problem for the velocity v of the mass for¢ > 0.
b. Use Exercise 2.3E.14 part (c) to determine the terminal velocity of the object.

? Exercise 2.3E.16

A 64-1b object with initial velocity vg <0 falls through a dense fluid that exerts a resistive force proportional to the square
root of the speed. The resistance is 64 1b if the speed is 16 ft/s.

a. Set up the initial value problem for the velocity v of the mass for¢ > 0.

b. Use Exercise 2.3E.14 part (c) to determine the terminal velocity of the object.

Answer

a v =-32+8,/|v.

b. From Exercise 2.3E.14 part (c), vr is the negative number such that —32 4 8,/|vr| = 0; thus, vr = —16 ft/s.

Exercises 17-20

Assume that the force due to gravity is given by Newton's law of gravitation. Take the upward direction to be positive.

A space probe is to be launched from a space station 200 miles above Earth. Determine its escape velocity in miles/s. Take
Earth’s radius to be 3960 miles.

? Exercise 2.3E.18

A space vehicle is to be launched from the moon, which has a radius of about 1080 miles. The acceleration due to gravity at
the surface of the moon is about 5.31 ft/s?. Find the escape velocity in miles/s.

Answer

_ /25311080 .
Ve = 4/ 550 ~ 1.47 miles/s.

https://math.libretexts.org/@go/page/167375



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/167375?pdf

LibreTexts*

a. Show that Equation (2.3.27) can be rewritten as

2 _ h—y
y+R

vg—i-v(z).

b. Show that if vg = pv. with 0 < p < 1, then the maximum altitude y,, attained by the space vehicle is
_ h+Rp?

m 1 _ p2 .

c. By requiring that v(y,,,) = 0, use Equation (2.3.26) to deduce that if vy < v, then

1—p)(m—y) 1"

y+R

|U| = Ve ’
where y,,, and p are as defined in (b) and y > h.

d. Deduce from (c) that if v < v, , the vehicle takes equal times to climb from y = h to y = y,,, and to fall back from y = y,,,
toy=h.

? Exercise 2.3E.20

In the situation considered in the discussion of escape velocity, show that limy ., y(¢) = co if v(¢) >0 forallt > 0.

This page titled 2.3E: Exercises for Section 2.3 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 4.3E: Elementary Mechanics (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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2.4: Mixing Problems

4b Learning Objectives

e Model and solve first-order differential equations in real-world applications involving mixture.
e Analyze and solve mixture problems to determine the concentration and quantity of substances over time.

In this section we will look at some simple applications which are modeled with first order differential equations. We will begin
with simple rational model of mixture problem in a single tank.

Mixture problems often occur in a first course on differential equations as examples of first order differential equations. In such
problems we consider a tank of brine, water containing a specific amount of salt with pure water entering and the mixture leaving,
or the flow of a pollutant into, or out of, a lake. The goal is to predict the amount of salt, or pollutant, at some later time.

In general one has a rate of flow of some concentration of mixture entering a region and a mixture leaving the region. The goal is to
determine how much stuff is in the region at a given time. This is governed by the equation

& Theorem 2.4.1

Rate of change of substance = Rate In — Rate Out.

The rates are not often given. One is generally given information about the concentration and flow rates in and out of the system. If
one pays attention to the dimension and sketches the situation, then one can write out this rate equation as a first order differential
equation. We consider a simple example.

v/ Example 2.4.1

A 50 gallon tank of pure water has a brine mixture with concentration of 2 pounds per gallon entering at the rate of 5 gallons
per minute. At the same time the well-mixed contents drain out at the rate of 5 gallons per minute. Find the amount of salt in
the tank at time ¢. In all such problems one assumes that the solution is well mixed at each instant of time. See Figure 2.4.1 for
an illustration of the problem.

Figure 2.4.1: A diagram illustrates a single tank mixing problem. Water is poured into the tank through one pipe at the top of
the tank. Simultaneously, another pipe drains the well-mixed solution from the tank. (CC BY-NC-SA 3.0; Russell Herman via
A First Course in Differential equations).

Solution
Let z(t) be the amount of salt at time ¢. Then the rate at which the salt in the tank increases is due to the amount of salt
entering the tank less that leaving the tank. To figure out these rates, one notes that dz /dt has units of pounds per minute. The
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amount of salt entering per minute is given by the product of the entering concentration times the rate at which the brine enters.

(2 pounds > (5 gz.ﬂ ) _ pouTlds ‘
gal min min

This gives the correct units:

Similarly, one can determine the rate out as

z pounds 5 gal \ T pounds
50 gal min / 10 min

Thus, we have

dzx x

= —10-——

dt 10
This equation is solved using the methods for linear first order equations. The integrating factor is p = G leading to the
general solution

z(t) =100 + Ae /10
Using the initial condition, one finds the particular solution
2(t) = 100 (1 - e_t/lo)

Often one is interested in the long time behavior of a system. In this case we have that lim; ,o, (¢) =100 lb. This makes
sense because 2 pounds per galloon enter during this time to eventually leave the entire 50 gallons with this concentration.
Thus,

50 gal x 2£ =1001b
gal

v/ Example 2.4.2

A tank initially contains 40 pounds of salt dissolved in 600 gallons of water. Starting at ¢ty = 0, water that contains 1/2 pound
of salt per gallon is poured into the tank at the rate of 4 gal/min and the mixture is drained from the tank at the same rate (see
Figure 2.4.2).

a. Find a differential equation for the quantity Q(t) of salt in the tank at time ¢ > 0, and solve the equation to determine Q ().
b. Find limy 00 Q ().
4 gal/min; .5 Ib/gal

600 gal

:

4 gal/min
Figure 2.4.2 : A water tank with 600 gallon of water. Water is poured into the tank at 4 gal/min and it has 0.5lb of salt per
gallon of water representing by the down arrow above the tank. Water is drained at a rate of 4 gal/min representing by the

down arrow below the tank. (CC BY-NC-SA 3.0; Russell Herman via A First Course in Differential equations).

Solution a

To find a differential equation for @), we must use the given information to derive an expression for ¢)'. But @)’ is the rate of
change of the quantity of salt in the tank changes with respect to time; thus, if rate in denotes the rate at which salt enters the
tank and rate out denotes the rate by which it leaves, then
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The rate in is

Q' =rate in — rate out. (2.4.1)

(% lb/gal> X (4 gal/min) = 2 1b/min.

Determining the rate out requires a little more thought. We’re removing 4 gallons of the mixture per minute, and there are
always 600 gallons in the tank; that is, we are removing 1/150 of the mixture per minute. Since the salt is evenly distributed in
the mixture, we are also removing 1/150 of the salt per minute. Therefore, if there are @ (¢) pounds of salt in the tank at time
t, the rate out at any time ¢ is Q(¢)/150. Alternatively, we can arrive at this conclusion by arguing that

rate out = (concentration) x (rate of flow out)

= (Ib/gal) x (gal/min)

t
_ew ,
600
Q)
150
We can now write Equation (2.4.1) as
Q
'=2-—=.
@ 150
This first order equation can be rewritten as
Q
/
— =2.
@+ 150
Since e /150 s a solution of the complementary equation, the solutions of this equation are of the form Q) = ue /150 where
u'e 150 =2 50 u' = 2¢"/150 Hence,
u = 30010 + c,
o)
Q = ue /150 = 300 4 ce /1% (2.4.2)

Since Q(0) = 40, ¢ = —260; therefore,
Q =300 —260e /150,
See Figure 2.4.3 for a graph of the solution.

Q

4
300 - I —

200 -
150

100

o

1 1 1 1 1 1 1 1 L

100 200 300 400 500 600 700 800 900

Figure 2.4.3 : The graph of Q = 300 — 260e %1% illustrates how the amount of salt in the tank gradually increases towards a
steady-state value of 300 pounds (CC BY-SA 4.0, Russell Herman via A First Course in Differential equations).

Solution b
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From Equation (2.4.2), we see that that limy ,», Q(¢) =300 for any value of @Q(0). This is intuitively reasonable, since the
incoming solution contains 1/2 pound of salt per gallon and there are always 600 gallons of water in the tank.

v/ Example 2.4.3

A 500-liter tank initially contains 10 g of salt dissolved in 200 liters of water. Starting at ¢, = 0, water that contains 1/4 g of
salt per liter is poured into the tank at the rate of 4 liters/min and the mixture is drained from the tank at the rate of 2 liters/min
('see Figure 2.4.4 ). Find a differential equation for the quantity Q(t) of salt in the tank at time ¢ prior to the time when the
tank overflows and find the concentration K (t) (g/liter) of salt in the tank at any such time.

4 liters/min; .25 g/liter

2t+200 liters

:

Figure 2.4.4 : A water tank with 2¢ 4200 litters of water. Water is poured into the tank at 4 litters/min and it has 0.25 gram of
salt per litter of water representing by the down arrow above the tank. Another down arrow below the tank representing water

is drained out of the tank. (CC BY-NC-SA 3.0; Russell Herman via A First Course in Differential equations).

Solution

We first determine the amount W (¢) of solution in the tank at any time ¢ prior to overflow. Since W (0) =200 and we are
adding 4 liters/min while removing only 2 liters/min, there’s a net gain of 2 liters/min in the tank; therefore,

W (t) = 2t +200.
Since W (150) = 500 liters (capacity of the tank), this formula is valid for 0 < ¢ < 150.
Now let Q(t) be the number of grams of salt in the tank at time ¢, where 0 < ¢ < 150. As in Example 2.4.2
Q' =rate in —rate out. (2.4.3)

The rate in is

(% g/liter) x (4 liters/min ) = 1 g/min. (2.4.4)

To determine the rate out, we observe that since the mixture is being removed from the tank at the constant rate of 2 liters/min
and there are 2¢ 4200 liters in the tank at time ¢, the fraction of the mixture being removed per minute at time ¢ is

2 1
2t4+200 t+100°

We’re removing this same fraction of the salt per minute. Therefore, since there are @ (¢) grams of salt in the tank at time ¢,

Q(t)
te out = . 2.4.5
rateout = 1100 (2:4.5)
Alternatively, we can arrive at this conclusion by arguing that
rateout = (concentration) X (rate of flow out) = (g/liter) x (liters/min)
_ Q1 _ QM
= 2200 X2 = Th00-

Substituting Equation (2.4.4) and Equation (2.4.5) into Equation (2.4.3) yields
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Q
f=1-— '+ ——Q =1. 2.4.6
@ tr00° © 9T 1009 (2.4.6)
By separation of variables, 1/(¢ + 100) is a solution of the complementary equation, so the solutions of Equation (2.4.6) are of
the form
0 v h : 1 ' =t+100
= — where —_— = SO u = .
t+100° t+4100 ’
Hence,
t-+100)2
U= %—FC. (2.4.7)
Since @(0) =10 and v = (t +100)Q, Equation (2.4.7) implies that
100)2
(100)(10) = % +c,
o)
(100)2
¢=100(10) — 5 = —4000
and therefore
t+100)?
U= ( ) —4000.
2
Hence,
Q- u  t+100 4000
S t4+100 2 t+100°
Now let K(t) be the concentration of salt at time ¢. Then
1 2000
Kit)y=-——
4 (t+100)2
This is shown in Figure 2.4.5 .
K
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Figure 2.4.5: The graph of K(t) = % = (tjol(:]%)z illustrates the concentration of salt in a tank over time. It is reaching toward a
stead-value of 0.25 as ¢ approaches infinity. (CC BY-NC-SA 3.0; Russell Herman via A First Course in Differential equations).

This page titled 2.4: Mixing Problems is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi via source content that was edited to the style and standards of the LibreTexts platform.

o 1.3: Applications by Russell Herman is licensed CC BY-NC-SA 3.0. Original source:
http://people.uncw.edu/hermanr/mat361/ODEBook/index.htm.
¢ 4.2: Cooling and Mixing by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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2.4E: Exercises for Section 2.4

Exercises 1-17

Solve the following mixture Problems.

? Exercise 2.4E.1

A tank initially contains a solution of 10 pounds of salt in 60 gallons of water. Water with 1 /2 pound of salt per gallon is added
to the tank at 6 gal/min, and the resulting solution leaves at the same rate. Find the quantity @ (¢) of salt in the tank at time
t>0

? Exercise 2.4E.2

A tank initially contains 40 gallons of pure water. A solution with 1 gram of salt per gallon of water is added to the tank at 3
gal/min, and the resulting solution drains out at the same rate. Find the quantity Q(¢) of salt in the tank at time ¢ > 0.

Answer

The quantity of salt in the tank at time ¢ > 0 is:

Q(t) =40(1 —e3/40),

? Exercise 2.4E.3

A 150-gallon tank is initially filled with pure water. At time £ = 0, a salt solution with a concentration of 2 pounds of salt per
gallon is added to the tank at a rate of 5 gallons per minute. The well-stirred mixture is drained from the tank at the same rate
of 5 gallons per minute.

a. Find the number of pounds of salt in the container as a function of time, S(¢).

b. How many minutes does it take for the salt concentration to reach 1.5 pounds per gallon?

c. What does the concentration in the container approach as ¢ — 0o ? Does this agree with your intuition?

d. Suppose the tank is much larger than 150 gallons, and everything remains the same except that the mixture is drained at 4
gallons per minute instead of 5. Find the new function S(¢). Determine how long it takes for the salt concentration to reach
1.5 pounds per gallon.

? Exercise 2.4E.4

A tank initially contains 100 liters of a salt solution with a concentration of .1 g/liter. A solution with a salt concentration of .3
g/liter is added to the tank at 5 liters/min, and the resulting mixture is drained out at the same rate. Find the concentration K (¢)
of salt in the tank as a function of ¢

Answer

The concentration of salt in the tank at time ¢ > 0 is: K(t) = 0.3 —0.2e 72,

? Exercise 2.4E.5

A 200 gallon tank initially contains 100 gallons of water with 20 pounds of salt. A salt solution with 1/4 pound of salt per
gallon is added to the tank at 4 gal/min, and the resulting mixture is drained out at 2 gal/min. Find the quantity of salt in the
tank as it is about to overflow.

@ 0 a @ 2.4E.1 https://math.libretexts.org/@go/page/179353
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? Exercise 2.4E. 6

Suppose water is added to a tank at 10 gal/min, but leaks out at the rate of 1/5 gal/min for each gallon in the tank. What is the
smallest capacity the tank can have if the process is to continue indefinitely?

Answer

The smallest tank capacity that allows the process to continue indefinitely is: Vi,;, = 50 gallons.

? Exercise 2.4E.7

A chemical reaction in a laboratory with volume V' (in ft*) produces ¢; ft3/min of a noxious gas as a byproduct. The gas is
dangerous at concentrations greater than ¢, but harmless at concentrations < c. Intake fans at one end of the laboratory pull in
fresh air at the rate of g, ft®/min and exhaust fans at the other end exhaust the mixture of gas and air from the laboratory at the
same rate. Assuming that the gas is always uniformly distributed in the room and its initial concentration ¢y is at a safe level,
find the smallest value of g, required to maintain safe conditions in the laboratory for all time

? Exercise 2.4E.8

A 1200-gallon tank initially contains 40 pounds of salt dissolved in 600 gallons of water. Starting at ty =0, water that
contains 1/2 pound of salt per gallon is added to the tank at the rate of 6 gal/min and the resulting mixture is drained from the
tank at 4 gal/min. Find the quantity @ (¢) of salt in the tank at any time ¢ > 0 prior to overflow.

Answer

_ 60042t 93600000

The quantity of salt in the tank at any time ¢ > 0 prior to overflow is: Q(t) 5 (600420 "

? Exercise 2.4E.9

Tank 77 initially contain 50 gallons of pure water. Starting at ¢ty = 0, water that contains 1 pound of salt per gallon is poured
into 77 at the rate of 2 gal/min. The mixture is drained from 77 at the same rate into a second tank 75, which initially contains
50 gallons of pure water. Also starting at ¢ty = 0, a mixture from another source that contains 2 pounds of salt per gallon is
poured into 75 at the rate of 2 gal/min. The mixture is drained from 75 at the rate of 4 gal/min.

a. Find a differential equation for the quantity @ (¢) of salt in tank 7% at time ¢ > 0.
b. Solve the equation derived in (a) to determine Q (t).
c. Find limy o Q(2).

? Exercise 2.4E.10

Identical tanks 77 and 75 initially contain W gallons each of pure water. Starting at 5 =0, a salt solution with constant
concentration ¢ is pumped into 77 at 7 gal/min and drained from 73 into 75 at the same rate. The resulting mixture in 75 is
also drained at the same rate. Find the concentrations ¢; () and ¢z (¢) in tanks 73 and 75 for ¢t > 0.

Answer

Coigaiison in Tank Ty: er(t) =c(1 —e /W), Concentration in Tank Ty:
ea(t) =c ((1 —e /Mty — (r/W)te (/W)E)

? Exercise 2.4E. 11

Tanks 7; and 75 have capacities W; and W, liters, respectively. Initially they are both full of dye solutions with
concentrations ¢; and cp grams per liter. Starting at ¢ty = 0, the solution from 77 is pumped into 75 at a rate of r liters per
minute, and the solution from 75 is pumped into 77 at the same rate.
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a. Find the concentrations ¢; (¢) and ¢y (t) of the dye in Ty and T3 for ¢ > 0.
b. Find limy ;. ¢; (t) and limy o, o ().

? Exercise 2.4E.12

An infinite sequence of identical tanks 77, T, ..., T}, ..., initially contain W gallons each of pure water. They are hooked
together so that fluid drains from T}, into Tp,41 (n =1,2, - --). A salt solution is circulated through the tanks so that it enters
and leaves each tank at the constant rate of r gal/min. The solution has a concentration of ¢ pounds of salt per gallon when it
enters 77 .

a. Find the concentration ¢, (t) in tank T}, for ¢t > 0.
b. Find limy_, ¢, (¢) for each n.

Answer

k
Concentration in tank 7T},: ¢, (t) = ¢ (1 — e (/W) Z;é (/W) tk) . Long-term behavior: limy_,, ¢, (t) =c.

%
? Exercise 2.4E.13

Consider the mixing problem of Example 2.4.2, but without the assumption that the mixture is stirred instantly so that the salt
is always uniformly distributed throughout the mixture. Assume instead that the distribution approaches uniformity as ¢ — co.
In this case the differential equation for @ is of the form

a(t)

!/
=2
@ 150Q

where limy ;o a(t) =1.

a. Assuming that @ (0) = Qo, can you guess the value of lim; ,, Q(¢)?.
b. Use numerical methods to confirm your guess in the these cases:

()a(t)=t/(1+t) (i)a(t)=1—e (iii)a(t)=1—sin(e™?).

? Exercise 2.4E.14

Consider the mixing problem of Example 2.4.3 in a tank with infinite capacity, but without the assumption that the mixture is
stirred instantly so that the salt is always uniformly distributed throughout the mixture. Assume instead that the distribution
approaches uniformity as ¢ — 0o. In this case the differential equation for @ is of the form

a(t)
t+100

Q'+ Q=1

where limy o, a(t) =1.

a. Let K(t) be the concentration of salt at time ¢. Assuming that Q(0) = Qp, can you guess the value of limy ., K(¢)?
b. Use numerical methods to confirm your guess in the these cases:

()a(t)=t/(1+t) (i)at)=1—e" (ii)a(t)=1+sin(e™).
Answer

a. The given differential equation is: Q' + ti%o Q =1, where limy ,, a(t) = 1. The concentration of salt is defined as:

Q(t)
K() =700

By analyzing the long-term behavior of the equation, we predict: limy ,, K (¢) = 1. We solved the differential equation
numerically for the following cases:

(2.4E.1)
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1. a(t) = ﬁt
2.a(t)=1 —e
3.a(t) =1+sin(e?) .
b. The numerical solutions confirm that: limy ., K(¢) = 1. Thus, regardless of the specific function a(¢), as long as
limy o a(t) =1, the final steady-state concentration is: limy_,o, K(t) = 1.

? Exercise 2.4E. 15

A 250-gallon tank is initially filled with pure water. At time ¢ = 0, a salt solution with a concentration of 4 pounds of salt per
gallon is added to the tank at a rate of 3 gallons per minute. The well-stirred mixture is drained from the tank at the same rate
of 3 gallons per minute.

a. Find the number of pounds of salt in the container as a function of time, S(¢).

b. How many minutes does it take for the salt concentration to reach 2.5 pounds per gallon?

c. What does the concentration in the container approach as ¢ — oo ? \item Does this agree with your intuition?

d. Suppose the tank is much larger than 250 gallons, and everything remains the same except that the mixture is drained at 2
gallons per minute instead of 3. Find the new function S(¢). Determine how long it takes for the salt concentration to reach
2.5 pounds per gallon. \end{enumerate}

? Exercise 2.4E.16

A 200-gallon tank is initially filled with pure water. At time ¢ = 0, a salt solution with a concentration of 3 pounds of salt per
gallon is added to the tank at a rate of 4 gallons per minute. The well-stirred mixture is drained from the tank at the same rate
of 4 gallons per minute.

a. Find the number of pounds of salt in the container as a function of time, S(¢).

b. How many minutes does it take for the salt concentration to reach 2 pounds per gallon?

c. What does the concentration in the container approach as ¢ — oo ? Does this agree with your intuition?

d. Suppose the tank is much larger than 200 gallons, and everything remains the same except that the mixture is drained at 3
gallons per minute instead of 4. Find the new function S(¢). Determine how long it takes for the salt concentration to reach
2 pounds per gallon.

Answer
a. Function for the amount of salt in the tank: S(¢) = 600(1 —e~*/50).
b. Time for the concentration to reach 2 pounds per gallon: £ ~ 55 minutes.
c. Long-term concentration as ¢ — co: 3 pounds per gallon.
d. If the outflow rate is 3 gallons per minute: New equation: S(¢) = 400(1 —
gallon: The concentration never reaches exactly 2 pounds per gallon in finite time.

e 3t/ 200). Time to reach 2 pounds per

? Exercise 2.4E. 17

You make two gallons of chili for a party. The recipe calls for two teaspoons of hot sauce per gallon, but you accidentally put
in two tablespoons per gallon. You decide to serve the chili anyway. Assume that: Guests consume 1 cup per minute. You
replace what was taken with beans and tomatoes without any hot sauce. Unit conversions: 1 gallon = 16 cups, and 1
tablespoon = 3 teaspoons. Answer the following:

a. Write down the differential equation and initial condition for the amount of hot sauce as a function of time in this mixture-
type problem.

b. Solve the initial value problem.

c. Determine how long it will take to reduce the concentration to the recipe’s suggested level.

Answer
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a. Differential equation: ‘fi—f = —3—52, S(0) =12.
b. Solution to the initial value problem:} S(t) = 12e~%32.

c. Time to reach the recipe’s concentration: ¢ ~ 35.2 minutes.

This page titled 2.4E: Exercises for Section 2.4 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 4.2E: Cooling and Mixing (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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2.5: Orthogonal Trajectories of Curves

4b Learning Objectives

e Understand and solve differential equations to find orthogonal trajectories of a given family of curves.

There are many problems from geometry which have lead to the study of differential equations. One such problem is the
construction of orthogonal trajectories. Give a a family of curves, y; (z; a), we seek another family of curves ys(z; ¢) such that the
second family of curves are perpendicular the to given family. This means that the tangents of two intersecting curves at the point
of intersection are perpendicular to each other. The slopes of the tangent lines are given by the derivatives y/(x) and y}(x). We
recall from elementary geometry that the slopes of two perpendicular lines are related by

v/ Example 2.5.1
2

Find a family of orthogonal trajectories to the family of parabolas y; (z;a) = az*.

Solution
We note that the new collection of curves has to satisfy the equation
1 1
Nx) = — —

Before solving for y, (), we need to eliminate the parameter a. From the given function, we have that a = % . Inserting this
73

into the equation, we have
1

T

1
/
y'(z) = =

2azx 9 (%) z 2y

T

Thus, to find y2(x), we have to solve the differential equation
2yy' +z =0
q 2\/ / 1 2 ' q g q

Noting that (y ) =2yy and Eac = z, this (exact) equation can be written as

d (2 1,5)_
dx(y+2$)_

Integrating, we find the family of solutions,

1
y2+§w2:k

In Figure 2.5.1 we plot both families of orthogonal curves.
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2

Yy = ax
1

Figure 2.5.1: The family of blue parabolas y = az? are orthogonal trajectories of the family of black ellipses y? + §m2 =k.

Multiple parabolas and ellipses are drawn on the xy-plane where —5 <z <5 and —5 <y <5 (CC BY-NC-SA 3.0, Russell
Herman via A First Course in Differential equations).

This page titled 2.5: Orthogonal Trajectories of Curves is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by
Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 1.3: Applications by Russell Herman is licensed CC BY-NC-SA 3.0. Original source:
http://people.uncw.edu/hermanr/mat361/ODEBook/index.htm.
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2.5E: Exercises for Section 2.5

Exercises 1-10

Solve the following orthogonal trajectory curves.

Find the family of orthogonal curves to the given family of curves: y2 = ax®.

Find the family of orthogonal curves to the given family of curves: y = ae® .

Answer

¥ +2x=C

Find the family of orthogonal curves to the given family of curves: > = az*.

? Exercise 2.5E.4

Find the family of orthogonal curves to the given family of curves: y = ae?®.

Answer

y¥+z=C

Find the family of orthogonal curves to the given family of curves: y = az? .

? Exercise 2.5E.6

Find the family of orthogonal curves to the given family of curves: 2 +y% = ay .

Find the family of orthogonal curves to the given family of curves: 22 +4zy +vy% =c

Answer

(y—z)’(y+z)=k

? Exercise 2.5E.8

Find the family of orthogonal curves to the given family of curves: y = cex

? Exercise 2.5E.9

Find the family of orthogonal curves to the given family of curves: ar:ye262 =c

Answer
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? Exercise 2.5E.10

Find the family of orthogonal curves to the given family of curves: y = c—f

This page titled 2.5E: Exercises for Section 2.5 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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2.6: Pursuit Curves

4b Learning Objectives

e Understand and derive the pursuit curve equations for a moving body following a target, and determine conditions for
interception.

Another application that is interesting is to find the path that a body traces out as it moves towards a fixed point or another moving
body. Such curves are know as pursuit curves. These could model aircraft or submarines following targets, or predators following

prey. We demonstrate this with an example.

v/ Example 2.6.1

A hawk at point (z, y) sees a sparrow traveling at speed v along a straight line. The hawk flies towards the sparrow at constant
speed w but always in a direction along line of sight between their positions. If the hawk starts out at the point (a,0) at t =0
when the sparrow is at (0, 0), then what is the path the hawk needs to follow? Will the hawk catch the sparrow? The situation
is shown in Figure 2.6.1. We pick the path of the sparrow to be along the y-axis. Therefore, the sparrow is at position (0, vt).

Y

(O,Uf)l

Figure 2.6.1: A hawk at point (z,y) sees a sparrow at point (0,vt) and always follows the straight line between these points.
(CC BY-NC-SA 3.0; Russell Herman via A First Course in Differential equations).

Solution
First we need the equation of the line of sight between the points (z, y) and (0, vt). Considering that the slope of the line is the
same as the slope of the tangent to the path, y = y(z), we have

The hawk is moving at a constant speed, w. Since the speed is related to the time through the distance the hawk travels. We
need to find the arclength of the path between (a, 0) and (z, y). This is given by

L:/ds:/: V14 ()] de.

—ut
The distance is related to the speed, w, and the time, ¢, by L = wt . Eliminating the time using 3’ = d= , we have
x

[ e - 2e-a)

Furthermore, we can differentiate this result with respect to « to get rid of the integral,

VI @ = —ay”
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Even though this is a second order differential equation for y(z), it is a first order separable equation in the speed function
2(z) = y'(x). Namely,

Separating variables, we find
w dz  [dx
2l=—==/=
The integrals can be computed using standard methods from calculus. We can easily integrate the right hand side,

dx
— =lIn|z|+¢.
z

The left hand side takes a little extra work using trigonometric substitution method. Let z = tan6. Then dz = sec? 6d6 . The
methods proceeds as follows:

/ dL _ sec® 0 "
V1422 V1+tan?6
= /sec 0do
= In(tanf+sec6) +co
= ln(z—i— 1 +z2) +co
Putting these together, we have for > 0,
ln(z—|— 1 +z2) = %ln:c +C

Using the initial condition z=%' =0 andz =a att =0,

= llna—l—C’
w
orC:—ilna.
w
Using this value for ¢, we find
1n(z—|— 1—|—z2) :Elnx—glna
w w
ln(z—l— 1+z2) = s
w a
v
ln(z+ 1+z2) =1n(£)w
a

v
z4+/1+42° = (%) @

We can solve for z =19/, to find

Integrating,
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v v
x\1+— rz\1-—
I
a a a
y(z) = 3 T o +k
1+— 1——
w w
The integration constant, k, can be found knowing y(a) = 0. This gives
1 1
0= |—5——|+*
14— 1——
L w w |
1 1
k= % - —
1-—— 1+—
_ aw
T ow? —o?
The full solution for the path is given by
e P
> B
- g a _ a avw
y(m)—z 1+£ 1_£ +w2—v2
w w
Can the hawk catch the sparrow? This would happen if there is a time when y(0) = v¢. Inserting z = 0 into the solution, we
have y(0) = % = vt . This is possible if w > v.
w* —v

This page titled 2.6: Pursuit Curves is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha Nguyen,
Neelam R. Shukla, and Fatemeh Yarahmadi.

o 1.3: Applications by Russell Herman is licensed CC BY-NC-SA 3.0. Original source:
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2.6E: Exercises for Section 2.6

? Exercise 2.6E. 1

A cat sitting in a field suddenly sees a standing dog. To save its life, the cat runs away in a straight line with speed u. Without
any delay, the dog starts running with constant speed v > w to catch the cat. Initially, v is perpendicular to w and L is the initial
separation between the two. If the dog always changes its direction so that it is always heading directly at the cat, find the time
the dog takes to catch the cat in terms of v, u, and L. Assume that:

o the dog starts at the point S = (L, 0) and the cat at the origin O = (0, 0).

o the cat moves in the positive direction along the y-axis, and the dog's path describes a curve of pursuit.

Answer

r-1—"_
P —af

This page titled 2.6E: Exercises for Section 2.6 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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CHAPTER OVERVIEW

3: Higher order linear ODEs

We have already studied the basics of differential equations, including separable first-order equations. In this chapter, we go a little
further and look at second-order equations, which are equations containing second derivatives of the dependent variable. The
solution methods we examine are different from those discussed earlier, and the solutions tend to involve trigonometric functions as
well as exponential functions. Here we concentrate primarily on second-order equations with constant coefficients.

3.1: Second order linear ODEs
3.1E: Exercises for Section 3.1

3.2: The Method of Undetermined Coefficients I
3.2E: Exercises for Section 3.2

3.3: The Method of Undetermined Coefficients II
3.3E: Exercises for Section 3.3

3.4: Constant coefficient second order linear ODEs
3.4E: Exercises for Section 3.4

3.5: Higher order linear ODEs
3.5E: Exercises for Section 3.5

3.6: Reduction of Order
3.6E: Exercises for Section 3.6

3.7: Variation of Parameters
3.7E: Exercises for Section 3.7

3.8: Mechanical Vibrations
3.8E: Exercises for Section 3.8

3.9: Nonhomogeneous Equations
3.9E: Exercises for Section 3.9

3.10: Forced Oscillations and Resonance

3.10E: Exercises for Section 3.10

This page titled 3: Higher order linear ODEs is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen & Neelam R. Shukla.
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3.1: Second order linear ODEs

4b Learning Objectives

e Understand and solve second-order linear differential equations, both homogeneous and nonhomogeneous.
e Learn techniques such as superposition and reduction of order to construct general solutions.

Let us consider the general second order linear differential equation
A(z)y" +B(z)y' +C(z)y = F(z).
We usually divide through by A(z) to get

Y +p(@)y +q(@)y = f(z),

where p(z) = igz; ,q(z) = %, and f(z) = Zig . The word linear means that the equation contains no powers nor functions of
Y, y',and y".
In the special case when f(z) = 0 we have a so-called homogeneous equation

Y +p(2)y +4q(z)y =0, (3.1.1)
We have already seen some second order linear homogeneous equations:

y"+k*y =0 Two solutionsare: y; =cos(kz), y» =sin(kz).
y" —k’y=0 Twosolutionsare: y; =€, yp=e7",

If we know two solutions of a linear homogeneous equation, we know a lot more of them.

& Theorem 3.1.1 Superposition

Suppose y; and y, are two solutions of the homogeneous Equation (3.1.1). Then

y(z) = C1y1(z) + Cay2(2),
for arbitrary constants C; and Cs.

That is, we can add solutions together and multiply them by constants to obtain new and different solutions. We call the
expression C1y; + Cays a linear combination of y; and ys. Let us prove this theorem; the proof is very enlightening and
illustrates how linear equations work.

Proof

Lety = C1y; +Cyy, . Then

Y +py' +qy = (Ciy1 +Coy)" +p(Ciy1 + Cayp)' +a(Crys + Coya)
= C1y{ + Cayy + C1py] + Capyy + Crqyr + Caqye
=C1(yy +py; +ay1) +Ca(yy +pys +qy2)
=C1.0+C5.0=0

The proof becomes even simpler to state if we use the operator notation. An operator is an object that eats functions and spits out
functions (kind of like what a function is, which eats numbers and spits out numbers). Define the operator L by

Ly=y"+py +qy.

The differential equation now becomes Ly =0. The operator (and the equation) L being linear means that
L(C1y1 + Cay2) = C1 Ly; + C2 Ly, . The proof in Theorem 3.1.1 becomes

Ly = L(Clyl +02y2) =C1Ly; +CyLys =C1.0+C5.0=0

https://math.libretexts.org/@go/page/167377
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Two different solutions to the second equation y" — k*y =0 are y; = cosh(kz) and y, = sinh(kz) . Let us remind ourselves of

the definition, cosha = # and sinhz = 617;71. Therefore, these are solutions by superposition as they are linear

combinations of the two exponential solutions.

The functions sinh and cosh are sometimes more convenient to use than the exponential. Let us review some of their properties.

cosh0 =1 sinh0 =0,
% (coshz) =sinhz, %(sinhac) =coshz,

cosh? z —sinh® z = 1.

v/ Example 3.1.1

Find a particular solution to a differential equation. The solution of a certain differential equation is of the form
y = ae*® +6b% where a and b are constants

The solution has initial conditions y(0) =2 and y'(0) = 3. Find the solution by using the initial conditions to get linear
equations for a and b.

Solution

+ Video Length: 4 minutes 42 seconds.

e Context: The video demonstrates how to solve a linear differential equation with exponential terms by applying given
initial conditions.

& Theorem 3.1.2

Suppose p(z), g(z), and f(x) are continuous functions on some interval I containing a with a, by and b; constants. The
equation

y' +p@)y +a(@)y = f(z).
has exactly one solution y(x) defined on the same interval I satisfying the initial conditions

y(a) =by, y'(a)=0b.

For example, the equation ¢ + k*y = 0 with y(0) = by and 3’ (0) = b; has the solution
b
y(x) = by cos(kz) + %sin(k:c)

The equation ¥ — k?y = 0 with y(0) = by and y'(0) = b; has the solution

y(x) = by cosh(kz) + %sinh(kw)

https://math.libretexts.org/@go/page/167377
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Using cosh and sinh in this solution allows us to solve for the initial conditions in a cleaner way than if we have used the
exponentials.

The initial conditions for a second order ODE consist of two equations. Common sense tells us that if we have two arbitrary
constants and two equations, then we should be able to solve for the constants and find a solution to the differential equation
satisfying the initial conditions.

& Theorem 3.1.3

Let p(z) and g(z) be continuous functions and let y; and y, be two linearly independent solutions to the homogeneous
Equation (3.1.1). Then every other solution is of the form

y = Ciy1 +Cayp.

That is, y = C1y; + Cays is the general solution.

For example, we found the solutions y; =sinz and y = cosz for the equation ¢’ +y = 0. It is not hard to see that sine and
cosine are not constant multiples of each other. If sinz = A cosz for some constant A, we let z = 0 and this would imply A =0.
But then sinz = 0 for all &, which is preposterous. So y; and y, are linearly independent. Hence,

y=Cicosz+Cysinz
is the general solutionto ¢/ +y =0 .

For two functions, checking linear independence is rather simple. Let us see another example. Consider 3" — 2z 2y = 0. Then
y1 =22 and yp = % are solutions. To see that they are linearly independent, suppose one is a multiple of the other: y; = Ay, , we

just have to find out that A cannot be a constant. In this case we have A = % =2? , this most decidedly not a constant. So
y=Craz?+ Cg% is the general solution.

If you have one solution to a second order linear homogeneous equation, then you can find another one. This is the reduction of
order method. The idea is that if we somehow found y; as a solution of ¥ 4+ p(z)y’ +¢(z)y =0 we try a second solution of the
form yo (z) = y1 (x)v(z). We just need to find v. We plug y, into the equation:

0=y +p(x)ys +q(@)ys = yiv+2yv +y10" +p(e)(yiv+yv') +g(2)yv (.12
0 3.1.2
=y1v" + 2y +p(x)y)v + (v +p(2)y| + v.

In other words, wy1v"+(2y]+p(z)y1)’ =0. Using w=v" we have the first order linear equation
y1w' + (2y] +p(z)y1)w =0 . After solving this equation for w (integrating factor), we find v by antidifferentiating w. We then
form 7, by computing %;v. For example, suppose we somehow know y; =z is a solution to 3" +z 1y’ —z 2y =0 . The
equation for w is then zw' +3w =0. We find a solution, w = Cz™3, and we find an antiderivative v= ;—zc; . Hence
Y2 =110 = 5= . Any C works and so C' = —2 makes y, = . Thus, the general solution is y = Cyz + C5 L .

Since we have a formula for the solution to the first order linear equation, we can write a formula for ys:

e~ [p(z) dz
y2($)—y1(9ﬂ)/W dz

However, it is much easier to remember that we just need to try y2(z) = y1(z)v(z) and find v(z) as we did above. Also, the
technique works for higher order equations too: you get to reduce the order for each solution you find. So it is better to remember
how to do it rather than a specific formula.

We will study the solution of nonhomogeneous equations in Section 3.9. We will first focus on finding general solutions to

homogeneous equations.

This page titled 3.1: Second order linear ODEs is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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3.1E: Exercises for Section 3.1

Exercises 1-4

Solve the following exercises by demonstrating key principles of differential equations, such as verifying solutions, proving
linear independence, and applying reduction of order.

Show that y = e and y = 2% are linearly independent

Take y" + 5y = 10z + 5 . Find (guess!) a solution.

Prove the superposition principle for nonhomogeneous equations. Suppose that y; is a solution to Ly; = f(z) and y2 is a
solution to Lys = g(z) (same linear operator L). Show that y = y; +yo solves Ly = f(z) + g(x)

? Exercise 3.1E.4

For the equation 2y — 2y’ =0, find two solutions, show that they are linearly independent and find the general solution.
Hint: Try y =z’

Exercises 5-14

Equations of the form ax?y" + bzy' + cy = 0 are called Euler’s equations or Cauchy-Euler equations. They are solved by
trying y = =" and solving for 7 (we can assume that > 0 for simplicity).

? Exercise 3.1E.5

Suppose that (b—a) > —4ac > 0.

a. Find a formula for the general solution of az?y" 4 bzy’ +cy =0 . Hint: Try y = =" and find a formula for 7.
b. What happens when (b — a) ? _4ac=0 or(b—a)’ —4ac<0?

We will revisit the case when (b —a)? —4ac < 0 later.

? Exercise 3.1E.6

Suppose that (b—a)?—4ac>0 and suppose (b—a)?—4ac=0. Find a formula for the general solution of
az?y" +bzy' +cy =0 .Hint: Try y = 2" Inz for the second solution.

? Exercise 3.1E.7

Suppose y; is a solution to ¥’ + p(z)y’ 4+ g(z)y = 0 . Show that

va2(z) =31 () Mdﬂc (3.1E.1)
/ (31(2))”

is also a solution.

Note: If you wish to come up with the formula for reduction of order yourself, start by trying y»(z) = y1 (x)v(z). Then plug
1 into the equation, use the fact that y; is a solution, substitute w = v, and you have a first order linear equation in w. Solve
for w and then for v. When solving for w, make sure to include a constant of integration. Let us solve some famous equations
using the method.

@ 0 a @ 3.1E.1 https://math.libretexts.org/@go/page/171356
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? Exercise 3.1E.8

Take (1 —z?)y” —zy' +y =0 .

a. Show that y = z is a solution.
b. Use reduction of order to find a second linearly independent solution.
c. Write down the general solution.

? Exercise3.1E.9

Take y’ —2zy’ +4y=0.

a. Show that y = 1 — 222 is a solution.
b. Use reduction of order to find a second linearly independent solution.
c. Write down the general solution.

? Exercise 3.1E.10

Are sin(z) and e” linearly independent? Justify.

Answer

Yes. To justify try to find a constant A such that sin(z) = Ae”® for all z.

? Exercise 3.1E.11

T+2

Are €” and e linearly independent? Justify.

Answer

No ea:+2_ 2

|
@
®

? Exercise 3.1E. 12
Guess a solution to y"' +3y' +y =5 .

Answer

y=>5

? Exercise 3.1E.13

Find the general solution to zy" + ' = 0 . Hint: Notice that it is a first order ODE in y'.

Answer

y=C1ln(z)+C,

? Exercise 3.1E. 14

Write down an equation (guess) for which we have the solutions e® and e?*. Hint: Try an equation of the form
y" +Ay' + By =0 for constants A and B, plug in both e® and e?* and solve for A and B.

Answer

y' =3y +2y=0
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3.2: The Method of Undetermined Coefficients |

4b Learning Objectives

o Understand the method of undetermined coefficients to find particular solutions of nonhomogeneous second-order linear
differential equations with constant coefficients.
o Apply the principle of superposition to combine particular solutions for equations with multiple nonhomogeneous terms.

In this section we consider the constant coefficient equation
ay” +by’ +cy =e**G(z), (3.2.1)

where « is a constant and G is a polynomial.

The general solution of Equation (3.2.1) is y =y, +c1y1 +cay2 , where y, is a particular solution of Equation (3.2.1) and
{v1, y2} is a fundamental set of solutions of the complementary equation

ay” +by' +cy=0.

We showed how to find {y1,y2}. In this section we’ll show how to find y,. The procedure that we’ll use is called the method of
undetermined coefficients.

v/ Example 3.2.1

Find a particular solution of
Yy =Ty +12y = 4€*®. (3.2.2)
Then find the general solution.

Solution

Substituting y, = Ae*® for y in Equation (3.2.2) will produce a constant multiple of Ae?* on the left side of Equation (3.2.2),
so it may be possible to choose A so that y,, is a solution of Equation (3.2.2). Let’s try it; if y, = Ae®® then

yy —Typ+ 12y, = 4Ae** — 14 Ae** +12A4e** = 24 = 4e**

if A=2. Therefore y, =2€* is a particular solution of Equation (3.2.2). To find the general solution, we note that the
characteristic polynomial of the complementary equation

y' =Ty +12y=0 (3.2.3)

isp(r)=r2—Tr+12=(r—3)(r—4) , so {€3%, €%} is a fundamental set of solutions of Equation (3.2.3). Therefore the
general solution of Equation (3.2.2) is

y = 2" + 1% + crel?.

v/ Example 3.2.2

Find a particular solution of
Y — Ty +12y = 5e'”. (3.2.4)
Then find the general solution.

Solution

Fresh from our success in finding a particular solution of Equation (3.2.2), where we chose y, = Ae?® because the right side
of Equation (3.2.2) is a constant multiple of €22, it may seem reasonable to try Yp = Ae*® as a particular solution of Equation
(3.2.4). However, this will not work, since we saw in Example 3.2.1 that €*” is a solution of the complementary Equation
(3.2.3), so substituting y, = Ae*® into the left side of Equation (3.2.4) produces zero on the left, no matter how we chooseA.
To discover a suitable form for ¥,,, we use the same approach that we used in Section 3.1 to find a second solution of
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in the case where the characteristic equation has a repeated real root: we look for solutions of Equation (3.2.4) in the form

y = ue*® , where u is a function to be determined. Substituting

ay’ +by +cy=0

y=ue', y =ue"+4ue’, and y” =u"e'® +8u e’ +16ue’” (3.2.5)
into Equation (3.2.4) and canceling the common factor e*? yields
(v’ +8u +16u) — 7(u' +4u) +12u =5,
or
u' +u =5.

By inspection we see that u, = 5z is a particular solution of this equation, so y, = 5ze*? is a particular solution of Equation
(3.2.4). Therefore

Y= 5ze?® + c1e%% + cpet®

is the general solution.

v/ Example 3.2.3

Find a particular solution of
y" —8y +16y = 2. (3.2.6)
Solution
Since the characteristic polynomial of the complementary equation
y" —8y +16y =0 (3.2.7)

is p(r) =72 —8r+16 = (r—4)% , both y; =e?® and ys = ze?® are solutions of Equation (3.2.7). Therefore Equation
(3.2.6) does not have a solution of the form y, = Ae*® or Yp = Aze*® . As in Example 3.2.2 , we look for solutions of
Equation (3.2.6) in the form y = ue*®, where u is a function to be determined. Substituting from Equation (3.2.5) into
Equation (3.2.6) and canceling the common factor e** yields

(u" +8u' +16u) —8(u +4u) +16u =2,
or
u// :2

Integrating twice and taking the constants of integration to be zero shows that u, = z?

SO Yp = x%e? is a particular solution of Equation (3.2.4). Therefore

is a particular solution of this equation,

y=e(z* +e1z+c)

is the general solution.

The preceding examples illustrate the following facts concerning the form of a particular solution g, of a constant coefficient
equation

ayll _|_byl +Cy — kea$7
where k is a nonzero constant:
a. If e** isn’t a solution of the complementary equation

ay”" +by +cy=0, (3.2.8)

then y, = Ae®” , where A is a constant. (See Example 3.2.1).
b. If e is a solution of Equation (3.2.8) but ze*” is not, then y, = Aze®®, where A is a constant. (See Example 3.2.2 ).
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c. If both e** and ze*” are solutions of Equation (3.2.8), then y, = Ax?e™® where A is a constant. (See Example 3.2.3 ).
In all three cases you can just substitute the appropriate form for ¥, and its derivatives directly into
ayy + by, +cyp = ke,
and solve for the constant A, as we did in Example 3.2.1 . However, if the equation is
ay” +by' + cy = ke** G(z),

where G is a polynomial of degree greater than zero, we recommend that you use the substitution y = ue“® as we did in Examples
3.2.2 and 3.2.3 . The equation for u will turn out to be

av +p' (@)u +p(a)u = G(z), (3.2.9)
where p(r) = ar? +br +c is the characteristic polynomial of the complementary equation and p'(r) = 2ar +b . However, you
shouldn’t memorize this since it is easy to derive the equation for v in any particular case. Note, however, that if €*® is a solution
of the complementary equation then p(a) = 0, so Equation (3.2.9) reduces to

au" +p'(e)u’ = G(),

while if both e and xze®® are solutions of the complementary equation then p(r) =a(r —a)? and p'(r) = 2a(r —a), so
p(a) =p' () =0 and Equation (3.2.9) reduces to

au” = G(z)
Find a particular solution of
y" —3y' +2y =e3%(-1+2z +22). (3.2.10)
Solution
Substituting

3:5, y/ _ u/e3z + 3ue3z, andy" _ ul/e3z + 6u/e3z + gueBz

Yy =ue
into Equation (3.2.10) and canceling €37 yields
(u" +6u' +9u) —3(u' +3u) +2u = -1 +2z + 22,
or

u' +3u +2u=—1+2z 42> (3.2.11)

As in Example 5.3.2, in order to guess a form for a particular solution of Equation (3.2.11), we note that substituting a second
degree polynomial u, = A+ Bz + Cz® for w in the left side of Equation (3.2.11) produces another second degree
polynomial with coefficients that depend upon A, B, and C; thus,

if wu,=A+Bz +Cz® then up =B+2Cz and wuy=2C.
If u,, is to satisfy Equation (3.2.11), we must have

ull +3u, +2u, =2C+3(B+2Cz)+2(A+ Bz +C0z?)
=(2C+3B+2A4)+(6C +2B)z +2Cz? = —1 + 2z + 2.

Equating coefficients of like powers of & on the two sides of the last equality yields

2C =1
2B+6C =2
2A+4+3B+2C =-1.
Solving these equations for C', B, and A (in that order) yields C =1/2, B=—1/2, A = —1/4. Therefore
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1
Up :_Z(l —|—2x—2a:2)

is a particular solution of Equation (3.2.11), and

is a particular solution of Equation (3.2.10)

v/ Example 3.2.5

Find a particular solution of

Y — 4y +3y = (6 + 8z 4 1227). (3.2.12)
Solution
Substituting

y=ue®, y =u'e3®+3ue’®, andy’ =u"e® +6u'e” +9Jued®
into Equation (3.2.12) and canceling €37 yields
(u” +6u +9u) —4(u' +3u) + 3u =6 4 8z + 1227,
or
v’ +2u =6+ 8z + 1222 (3.2.13)

There’s no u term in this equation, since €>® is a solution of the complementary equation for Equation (3.2.12). Therefore

Equation (3.2.13) does not have a particular solution of the form u, = A+ Bx + Cz? that we used successfully in Example
3.2.4, since with this choice of u,,

up +2up =2C +(B+2Cx)

can’t contain the last term (1222) on the right side of Equation (3.2.13). Instead, let’s try u, = Az + Bz’ +Cz® onthe
grounds that

up,=A+2Bz+3Cz> and uj=2B+6Cz

together contain all the powers of x that appear on the right side of Equation (3.2.13).

Substituting these expressions in place of ' and " in Equation (3.2.13) yields
(2B+6Cx)+2(A+2Bz +3Cx*) = (2B+24) + (6C +4B)z +6Cz* = 6 + 8z +122°.

Comparing coefficients of like powers of = on the two sides of the last equality shows that u,, satisfies Equation (3.2.13) if

6C =12
4B+6C =8
2A+2B =6.

Solving these equations successively yields C =2, B= —1, and A = 4. Therefore
u, = (4 —x +2z°)
is a particular solution of Equation (3.2.13), and

Yp = upe®® = ze3?(4 —z +227%)

is a particular solution of Equation (3.2.12).
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Find a particular solution of

4y" + 4y +y=e ¥ (—8+ 48z +1442?). (3.2.14)
Solution
Substituting
1 1
y= uefz/2, y/ _ u/efz/Z _ 5’[!6727/2, el y/l _ u/lefz/Z _ulefw/Z + ZU871/2
into Equation (3.2.14) and canceling e~*/? yields

u

4 (u”—u’+£) +4 (u'— 5

- )+u:4u":—8~|—48m+1449c2,

or
u' = —2+12z 4 3627, (3.2.15)

which does not contain u or u’ because e */2 and ze*/? are both solutions of the complementary equation. To obtain a
particular solution of Equation (3.2.15) we integrate twice, taking the constants of integration to be zero; thus,

u) =—2z+622+122° and w, = —z%+223 +3z* = 2?(~1 + 2z + 32?).
Therefore
Yp = upe /% = z2e7%/2(—1 + 22 + 3z?)

is a particular solution of Equation (3.2.14).

This page titled 3.2: The Method of Undetermined Coefficients I is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or
curated by Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 5.4: The Method of Undetermined Coefficients I by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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3.2E: Exercises for Section 3.2

Exercises 1-14

Find a particular solution.

y' =3y +2y=€3*(1+zx)

y" — 6y’ +5y =e32(35 - 8x)

Answer

p=e(1-%).

y' =2y —3y=¢€"(—8+3x)

2 Exercise 3.2E.4

y" +2y' +y=e2*(~7— 15z +9x?)

Answer

yp =€ (1 -3z +a?).

y" +4y = e (7 — 4z +5z%)

Y —y' — 2y =e%(9+ 2z — 4x?)

Answer
yp = €"(—2+z +22%).

T

y' —4y' — 5y = —6zxe”

? Exercise 3.2E.8

y"' =3y +2y =e*(3—4z)
Answer

yp =ze” (1+2z).
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? Exercise 3.2E.9

y'+y —12y =e3*(—6+ Tx)

? Exercise 3.2E.10

2y" — 3y’ — 2y = ¥*(—6 4 10z)

y'+2y +y=e7"(2+3z)

y' -2y +y=e"(1-62)

Answer

y" —4y' +4y = e?*(1 — 3z +62?)

? Exercise 3.2E.14

9y" + 6y +y=e 32 -4z +4x?)

Exercises 15-19

Find the general solution.

y"—3y’+2y263’”(1+w)

? Exercise 3.2E. 16

y"'—6y +8y=e*(11—6z)

Answer

y=e®(1—2z) +c1e® +cpe?

y" +6y' +9y =e?*(3 —5z)

? Exercise 3.2E.18

y" 42y — 3y = —16zxe*

Answer

y=xze®(1—22) +cre” +coe .
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? Exercise 3.2E.19

y' =2y +y=e*(2—12z)

Exercises 20-23

Solve the initial value problem and plot the solution.

? Exercise 3.2E.20

y" —4y' —5y=9e**(1+z), y(0)=0, %'(0)=-10

y'+3y' —4y =€ (7+6z), y(0)=2, ¢'(0)=8

y'+4y' +3y=—e"(2+8z), y(0)=1, y'(0)=2

Answer

y=e*(2+z—2z2)—e3=.

y"' =3y —10y=7e %, y(0)=1, %'(0)=-17

Exercises 24-30

Use the principle of superposition to find a particular solution.

? Exercise 3.2E. 24

y'+y +y=ze®+e*(1+2x)

y" Ty +12y = —e*(17 —42z) — €3®

? Exercise 3.2E. 26

y" — 8y +16y = 6ze*® +2+ 16z + 162>

y" -3y +2y = —€e?*(3 +4z) —€°

? Exercise 3.2E. 28

y"' -2y +2y=e*(1+z)+e%(2 -8z +5z?%)

Answer

Yp = Yp, +Yp, =€ (1 +2) +2%e".
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? Exercise 3.2E.29

Y +y=e*(2—4z +2z?) +€3*(8 — 12z — 10z?)

? Exercise 3.2E. 30

a. Prove that y is a solution of the constant coefficient equation
ay” +by +cy =e**G(z) (A)

if and only if y = ue®®, where u satisfies

au’ +p/ (@)’ +pla)u = G(=) (B)
and p(r) = ar? +br+c is the characteristic polynomial of the complementary equation

ay’ +by' +cy=0.

For the rest of this exercise, let G be a polynomial. Give the requested proofs for the case where

G(z) = go+ g1z + goz® + gsz®.

b. Prove that if €** isn’t a solution of the complementary equation then (B) has a particular solution of the form u, = A(z),
where A is a polynomial of the same degree as G, as in Example 3.2.4. Conclude that (A) has a particular solution of the
form y, = e** A(x).

c. Show that if e** is a solution of the complementary equation and ze** isn’t , then (B) has a particular solution of the form
u, =z A(zx), where A is a polynomial of the same degree as G, as in Example 3.2.5. Conclude that (A) has a particular
solution of the form y,, = ze®* A(x).

d. Show that if e** and ze“* are both solutions of the complementary equation then (B) has a particular solution of the form
u, = x> A(z), where A is a polynomial of the same degree as G, and z> A(z) can be obtained by integrating G/a twice,
taking the constants of integration to be zero, as in Example 3.2.6. Conclude that (A) has a particular solution of the form
yp =2 A(z).

Exercises 31-40

Treat the equations considered in Section 3.2 Examples 3.2.1-3.2.6. Substitute the suggested form of y,, into the equation
and equate the resulting coefficients of like functions on the two sides of the resulting equation to derive a set of
simultaneous equations for the coefficients in y;,. Then solve for the coefficients to obtain y,. Compare the work you’ve
done with the work required to obtain the same results in Section 3.2 Examples 3.2.1-3.2.6.

Compare with Example 3.2.1:
y”—7y’+12y=4e2w; Yp = Ae?®

Compare with Example 3.2.2:

y' =Ty +12y =5e'*;  y, = Aze’®

Compare with Example 3.2.3:

y// o Syl + 16y _ 2641‘; Yp = Am2e4z
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Compare with Example 3.2.4:
Y =3y +2y =€ (-1 42z +2?), Yp = e**(A+ Bz +Cxz?)
Answer

ypz—%z(l—i—2w—2:c2).

Compare with Example 3.2.5:

y" —4y' +3y =€3*(6 + 8z +122%), y, =e>*(Az + Bz® +Cz?)

? Exercise 3.2F. 36

Compare with Example 3.2.6:

4y" +4y' +y=e "2 (—8 + 48z +144z?), y, =e % (Az® + Bz’ +Cz?)

? Exercise 3.2E. 37

Write y = ue®® to find the general solution.

a. y1/+2yl+y:e\/;;
b.y"+6y +9y=e3Inzx
cy' -4y +4y=1=

d 4y" + 4y’ +y =4e*/? (% +x)

? Exercise 3.2FE. 38

Suppose a # 0 and k is a positive integer. In most calculus books integrals like [ zFe®® dzx are evaluated by integrating by
parts k times. This exercise presents another method. Let

yz/e"”’P(m)dz
with
P(z)=py+p1z+--+ppz’
(where py, # 0).

a. Show that y = e**u, where
v +au = P(z). (A)
b. Show that (A) has a particular solution of the form
up = Ag+ Az + - + Apa”,

where Ay, Aj_1, ..., Ag can be computed successively by equating coefficients of z¥, 1, ... 1 on both sides of the
equation

up +au, = P(z).

c. Conclude that
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./e'mP(w) dz = (AO + A+ —l—Akwk) e’ +c,

where c is a constant of integration.

? Exercise 3.2E.39

Use the method suggested in Exercise 3.2E.38 to evaluate the integrals.

a [e"(4+z)dz

b. [e " (—1+2?)dz

c [zPe*dz

d [e*(1+z)%dz

e. [€¥(—14+30z +272%)dz

£ [e7"(1 +62® —142® + 3z*)dz

? Exercise 3.2E. 40

Use the method suggested in Exercise 3.2E.38 to evaluate f x*e®® dx, where k is an arbitrary positive integer and o #0.

This page titled 3.2E: Exercises for Section 3.2 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 5.4E: The Method of Undetermined Coefficients I (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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3.3: The Method of Undetermined Coefficients Il

Learning Objectives

o Understand how to use the method of undetermined coefficients to find particular solutions for differential equations with sinusoidal forcing
functions.

o Apply strategies to identify the correct form of a particular solution based on the complementary equation and the degree of polynomials in
the forcing function.

In this section we consider the constant coefficient equation

ay’ +by +cy =& (P(z) coswz + Q(z) sinwe) (3.3.1)

where A and w are real numbers, w # 0, and P and @ are polynomials. We want to find a particular solution of Equation (3.3.1). The procedure that
we will use is called the method of undetermined coefficients.

Forcing Functions Without Exponential Factors

We begin with the case where A = 0 in Equation (3.3.1) ; thus, we we want to find a particular solution of

ay" +by' +cy = P(z) coswz + Q(z) sinwz, (3.3.2)
where P and @ are polynomials.
Differentiating " coswz and " sinwz yields
d—mr coswzr = —wz" sinwz +rz" " coswz
T
and
d . I
d—:ﬂ sinwr = wz’ coswz +rz" " sinwz.
T

This implies that if
yp = A(z) coswz + B(z) sinwz
where A and B are polynomials, then
ayy +byp +cy, = F(z) coswz + G(z) sinwz,

where F' and G are polynomials with coefficients that can be expressed in terms of the coefficients of A and B. This suggests that we try to choose
A and B so that F' = P and G = @, respectively. Then y, will be a particular solution of Equation (3.3.2). The next theorem tells us how to choose
the proper form for y,,. (See section 3.3E Exercise 3.3E.37 for an outline of the proof).

& Theorem 3.3.1

Suppose w is a positive number and P and @ are polynomials. Let k be the larger of the degrees of P and @. Then the equation
ay’ +by' +cy = P(zx) coswz + Q(z) sinwz
has a particular solution
yp = A(z) coswz + B(z) sinwz, (3.3.3)
where
Alz)=Ag+ A1z +--- +Apz* and B(z)=By+ Bz +---+ Brz¥,
provided that cos wz and sinwz are not solutions of the complementary equation. The solutions of
a(y" +wy) = P(z) coswz + Q(z) sinwz
for which cos wz and sinwz are solutions of the complementary equation are of the form of Equation (3.3.2), where

A(z) = Az +A12? 4+ Agz™ and B(z) = Byz +Biz? +-- -+ Bpz"tL.
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Find a particular solution of

y" =2y +y =5cos2zx 4 10sin2z. (3.3.4)

Solution

In Equation (3.3.4) the coefficients of cos2z and sin 2z are both zero degree polynomials (constants). Therefore Theorem 3.3.1 implies that
Equation (3.3.4) has a particular solution

yp = Acos2z + Bsin2z.
Since
yp = —2Asin2z +2Bcos2z and y, = —4(Acos2z + Bsin2z),
replacing y by y, in Equation (3.3.4) yields

yl —2yp+y, =—4(Acos2z+ Bsin2z)—4(—Asin2z + Bcos2z) + (A cos2z + Bsin2z)
=(—3A—4B)cos2z + (4A —3B)sin2z.

Equating the coefficients of cos 2z and sin 2z here with the corresponding coefficients on the right side of Equation (3.3.4) shows that y, is a
solution of Equation (3.3.4) if

—34—-4B =5
4A—-3B =10.

Solving these equations yields A =1, B = —2. Therefore
Yp =C0s2z —2sin2zx

is a particular solution of Equation (3.3.4).

v/ Example 3.3.2

Find a particular solution of
y" +4y =8 cos2x +12sin2z. (3.3.5)

Solution
The procedure used in Example 3.3.1 doesn’t work here; substituting v, = A cos 2z + Bsin 2z for y in Equation (3.3.5) yields

ypy +4y, = —4(Acos2z + Bsin2z) +4(Acos2z + Bsin2z) =0

for any choice of A and B, since cos 2z and sin 2z are both solutions of the complementary equation for Equation (3.3.5). We’re dealing with
the second case mentioned in Theorem 3.3.1, and should therefore try a particular solution of the form

yp = z(Acos2z + Bsin2z). (3.3.6)
Then
yp = Acos2z + Bsin2z + 2z (—Asin2x + Bcos 2x)
yp = —4Asin2z +4Bcos2z —4z(Acos2z + Bsin2z)
= —4Asin2z +4Bcos 2z —4y,,
so

yp +4y, = —4Asin2z +4Bcos2z.
Therefore y, is a solution of Equation (3.3.5) if
—4Asin2z +4Bcos2z =8cos2z + 12sin 2z,
which holds if A = —3 and B = 2. Therefore
yp = —z(3 cos 2z —2sin 2x)

is a particular solution of Equation (3.3.5).
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Find a particular solution of

y" +3y' +2y = (16 +20z) cosz + 10sinz. (3.3.7)

Solution
The coefficients of cos and sinz in Equation (3.3.7) are polynomials of degree one and zero, respectively. Therefore Theorem 3.3.1 tells us to
look for a particular solution of Equation (3.3.7) of the form

yp = (Ao + A1) cosz + (By + By z) sinz. (3.3.8)
Then
yh = (A1 + By + Byz)cosz + (By — Ay — Ajz) sinz (3.3.9)
and
yy = (2B1 — Ay — Aiz) cosz — (241 + By + Biz) sinz, (3.3.10)
so
yy +3yp +2yp =[Ag+3A4;+3By+2B; + (A1 +3Bi)z] cosz +[By +3B; —349 —24; + (By —3A;)z]sinz.  (3.3.11)

Comparing the coefficients of x cosz, z sinz, cosz, and sinz here with the corresponding coefficients in Equation (3.3.7) shows that y,, is a
solution of Equation (3.3.7) if

A1 +3B; =20

-341+ B =
Ag+3By+34:+2B; =16
—3Ap+ By—2A,+3B; =10.

Solving the first two equations yields A; =2, By = 6. Substituting these into the last two equations yields

Ag+3By =16—-3A4; —2B; =-2
—34p+ By =10+2A4; —3B; = —4.

Solving these equations yields A9 =1, By = —1 . Substituting Ag =1, A; =2, By = —1, B; =6 into Equation (3.3.8) shows that
yp = (1+2z)cosz — (1 —6z)sinz

is a particular solution of Equation (3.3.7).

A Useful Observation

In Equations (3.3.9), (3.3.10), and (3.3.11) the polynomials multiplying sin z can be obtained by replacing Ay, A1, By, and By by By, By, —Ao,
and — A, respectively, in the polynomials mutiplying cos z. An analogous result applies in general, as follows.

& Theorem 3.3.2

If
yp = A(z) coswz + B(z) sinwz,
where A(z) and B(x) are polynomials with coefficients Ay ..., A and By, ..., By, then the polynomials multiplying sinwz in
Yby Y, ayl +byp+cy, and yf +wly,
can be obtained by replacing Ay, ..., Ay by By, ..., By and By, ..., By by —Ay, ..., —Aj in the corresponding polynomials multiplying
COSWZT.

We will not use this theorem in our examples, but we recommend that you use it to check your manipulations when you work the exercises.

v Example 3.3.4

Find a particular solution of

y" +y=(8—4z)cosz — (8 +8x)sinz. (3.3.12)

Solution
According to Theorem 3.3.1, we should look for a particular solution of the form
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since cosz and sinz are solutions of the complementary equation. However, let’s try

yp = (Ao +A1z) cosz + (By + Biz)sinz (3.3.14)

Yp = (Aoz + A12*) cosz + (Byz + B1z?) sinz, (3.3.13)

first, so you can see why it doesn’t work. From Equation (3.3.10),
yy =(2B1 — Ay — Aiz)cosz — (241 + By + By z)sinz,
which together with Equation (3.3.14) implies that
Yy +yp =2Bjcosz —2A; sinz.

Since the right side of this equation does not contain « cos z or  sinx, Equation (3.3.14) can’t satisfy Equation (3.3.12) no matter how we
choose Ay, A1, By, and B;.

Now let y,, be as in Equation (3.3.13). Then
yp = [Ao+ (241 + By)z + B12*] cosz
+ [BO +(2By —Ag)z — A1m2] sinx
and
vy = [241+2By — (Ao —4Bi)z — Ar12?] cosz
i [2B1 — 2A0 — (Bg +4A1):L‘ —Blmz] sinw,
so
yy +yp = (241 + 2By +4Byz) cosz + (2B; —2A4) —4 A z)sinz.

Comparing the coefficients of cosz and sin here with the corresponding coefficients in Equation (3.3.12) shows that y,, is a solution of
Equation (3.3.12) if

4B, =-4

—44, =-8

2By +24; =8
—240+2B; =-8.

The solution of this system is Ay =2, By = —1, Ay =3, By = 2. Therefore
yp = [(3+2z)cosz + (2 —x)sinz]

is a particular solution of Equation (3.3.12).

Forcing Functions with Exponential Factors
To find a particular solution of
ay” +by' +cy = e (P(z) coswz +Q(z) sinwa) (3.3.15)

when X # 0, we recall from Section 3.2 that substituting y = ue** into Equation (3.3.15) will produce a constant coefficient equation for u with the
forcing function P(z) coswz + Q () sinwz. We can find a particular solution u, of this equation by the procedure that we used in Examples 3.3.1
-3.3.4. Then y, = u,e™ is a particular solution of Equation (3.3.15).

v Example 3.3.5

Find a particular solution of
Y — 3y +2y =e > [2cos3z — (34 — 150z) sin 3] . (3.3.16)
Solution
Let y = ue 2%. Then
y" =3y +2y =e 22 [(u —4u' +4u) - 3(u —2u) +2u]
—e 2w —Tu +12u)
= e 2" [2cos 3z — (34 — 1502) sin 3z
if
u’ —7u +12u =2 cos 3z — (34 — 150z) sin 3z. (3.3.17)

Since cos 3z and sin 3« aren’t solutions of the complementary equation
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Theorem 3.3.1 tells us to look for a particular solution of Equation (3.3.17) of the form

u' —T7u +12u =0,

up = (Ao +Aiz) cos 3z + (By + Biz)sin3z. (3.3.18)
Then
up =(A;+3By+3Biz)cos3z +(B; —34p —3A;z)sin3z
and uy =(—9A49+6B; —9A z)cos3z — (9By +6A4; +9Bz)sin3z,
so

upy —Tup+12u, =[349—21By—T7A;+6B;+(34; —21B;)z|cos3z
I [21A0 +3By—6A; —7B; + (21A1 +331)£L‘] sin3zx.

Comparing the coefficients of = cos 3z, x sin3z, cos 3z, and sin 3z here with the corresponding coefficients on the right side of Equation
(3.3.17) shows that w,, is a solution of Equation (3.3.17) if

34, -21B; =0
214;+ 3B; =150
3.3.19
340—21By—TA;+ 6B, = 2 ( )
2140+ 3By—6A4;— 7B, =-34.

Solving the first two equations yields A1 =7, By = 1. Substituting these values into the last two equations of Equation (3.3.19) yields

3A0—21By = 2+7A; —6B; =45
21A0+ 3By =—-34+6A,; +7B; =15.

Solving this system yields Ag =1, By = —2 . Substituting A9 =1, A; =7, By = —2, and B; =1 into Equation (3.3.18) shows that
up = (1+7z)cos3z — (2 —z)sin3z
is a particular solution of Equation (3.3.17). Therefore
yp =€ 2" [(1+7z)cos3z — (2 —z)sin3z]

is a particular solution of Equation (3.3.16).

v Example 3.3.6

Find a particular solution of
y" +2y +5y =€ * [(6 — 16x) cos 2z — (8 +8x) sin2z] . (3.3.20)

Solution
Lety =wue ®. Then

y' +2y +5y =e " [(u —2u +u)+2(uw —u)+5uy]
=e " (u" +4u)
=e " [(6 —16z)cos2z — (8 + 8z) sin 2z]
if
v’ +4u = (6 —16z) cos2z — (8 + 8z) sin 2. (3.3.21)
Since cos 2z and sin 22 are solutions of the complementary equation
' +4u =0,
Theorem 3.3.1 tells us to look for a particular solution of Equation (3.3.21) of the form
u, = (Aoz + A12?) cos 2z + (Boz + By z?) sin2z.
Then
up = [Ag+ (241 +2By)z +2B;2°] cos2z
+ [B(] +(2B; —24¢)z — 2A1;1:2] sin2x
and
uy = [2A1 +4By— (44) —8By)z — 4A1x2] cos2z
+[2B1 —4A) — (4By + 84 )z — 4B, 2*| sin2z,
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so
up +4u, = (241 +4By +8B1z) cos 2z + (2B —4A4y) —8A;z)sin2z.

Equating the coefficients of x cos 2z, « sin2z, cos 2z, and sin 2z here with the corresponding coefficients on the right side of Equation
(3.3.21) shows that w,, is a solution of Equation (3.3.21) if

8B, =-16
-84, =-8
3.3.22
4By +24; =6 ( )
—4A0+2B, =-8.

The solution of this system is Ay =1, By = —2, By =1, Ay = 1. Therefore
up =z[(1+2)cos2z + (1 — 2z) sin 2z]
is a particular solution of Equation (3.3.21), and
yp =ze " [(1+z)cos2z + (1 — 2z) sin 2z]
is a particular solution of Equation (3.3.20).
You can also find a particular solution of Equation (3.3.20) by substituting
yp =ze " [(Ag+ Aiz) cos 2z + (By + By z) sin 2]
for y in Equation (3.3.20) and equating the coefficients of ze™ cos2x, xe * sin2z, e * cos 2z, and e~* sin 2z in the resulting expression for
Y +2yp +5yp

with the corresponding coefficients on the right side of Equation (3.3.20). This leads to the same system Equation (3.3.22) of equations for A,
Ay, By, and B; that we obtained in Example 3.3.6 . However, if you try this approach you’ll see that deriving Equation (3.3.22) this way is
much more tedious than the way we did it in Example 3.3.6 .

This page titled 3.3: The Method of Undetermined Coefficients I is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh

Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 5.5: The Method of Undetermined Coefficients II by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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3.3E: Exercises for Section 3.3

Exercises 1-17

Find a particular solution.

y"+3y' +2y="Tcosz —sinz

y'+3y +y=(2—6x)cosz —9sinz

Answer

yp =cosz + (2 —2x)sinz.

y'+2y +y=e"(6cosx +1Tsinz)

? Exercise 3.3E.4

y"+3y' — 2y = —e?*(5cos 2z +9sin2z)

Answer

Yp = ﬁ(cos2ac —sin2z).

y'—y' +y=e*(2+z)sinz

? Exercise 3.3E.6

y"+3y —2y =e 2 [(4+20z) cos 3z + (26 — 32x) sin 3]

Answer

Yp = e 2%(1 —2z)(cos 3z —sin3z).

y"+4y = —12cos2zx —4sin 2z

? Exercise 3.3E.8

y"+y=(—4+8z)cosz + (8 —4z)sinz

Answer

yp =—[(2—z)cosz + (3 —2z)sinz].
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? Exercise 3.3E.9

4y" +y=—4cosz/2 —8zsinz /2.

? Exercise 3.3E.10

y'+2y +2y =e*(8cosz —6sinz)

y" —2y' +5y =e” [(6 +8z) cos 2z + (6 — 8z) sin 2]

Yy +2y' +y=8z%cosxz —4zsinz

Answer

yp = —(14 —10z) cosz — (2 + 8z — 4z?)sinz.

y" +3y' +2y = (12 + 20z +102%) cos z + 8z sinx

? Exercise 3.3E.14

y" +3y' +2y = (1 -z —42?) cos 2z — (1 + 7z +2z?) sin 2z
Answer

_zz

Yp = 5 (cos2z —sin2z).

y' —5y +6y=—€" [(4+6x — %) cosz — (2 — 4z +32?) sinz]

? Exercise 3.3E.16

y' —2y' +y=—e*[(3+4z —a?)cosz + (3 — 4z —z?)sinz]

yp = €(1 —z%)(cosz +sinz).

y' -2y +2y=e"[(2—2x —62%)cosz + (2 — 10z + 62°)sinz]

Exercises 18-21

Find a particular solution and graph it.
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? Exercise 3.3E.18

y'+2y +y=e*[(5—2z)cosz — (3+3z)sinz]

? Exercise 3.3E.19

y" +9y = —6cos3z —12sin3z

? Exercise 3.3E.20

y" +3y' +2y = (1 -z —42%) cos2z — (1 + 7z +2z?) sin 2z

Answer

yp = —z*cosz + (z +2z%) sinz.

y'+4y' +3y=e" [(2+z +2%) cosz + (5 +4z +22?)sinz]

Exercises 22-26

Solve the initial value problem.

y"'—Ty +6y=—e*(17cosz —Tsinz), y(0)=4, y'(0)=2

Answer

y=e"(2cosz +3sinz) +3e” — 7.

Answer

731(

y=e"(cosz —2sinz)+e °*(cosz +sinz).

y" —6y' +10y = —e3*(6cosz +4sinz), y(0)=2, ¢'(0)=7

? Exercise 3.3E. 26

Exercises 27-32

Use the principle of superposition to find a particular solution. Where indicated, solve the initial value problem.
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y" —2y' — 3y =4e3* + e®(cosz — 2sinzx)

? Exercise 3.3E. 28

—T

y'+y=4cosz —2sinz +ze” +e
Answer

Yp = Yp, T Yp, +Yp, = x(cosz +2sinz) — %(1 —z)+ %

? Exercise 3.3E.29

y" —3y' +2y = ze® +2e** +sinx

? Exercise 3.3E.30

y" -2y +2y =4ze® cosz +ze® +1+2?

y" —4y' +4y =e?*(1 +z) +e**(cosz —sinz) +3e>* + 1+ =z

y" — 4y’ +4y = 6e?>* +25sinz, y(0) =5, y'(0)=3

Answer

y=(1—-2z+322%)e** +4cosz +3sinz.

Exercises 33-35

Solve the initial value problem and graph the solution.

y'+4y =—e 2 [(4—Tx)cosz + (2 —4z)sinz], y(0) =3, ¢'(0)=1

? Exercise 3.3E. 34

y'+4y' +4y =2cos2z +3sin2z +e ¥, y(0)=-1, y'(0)=2

y"'+4y =e"(11+15z) +8cos2z —12sin2z, y(0)=3, y'(0)=5

? Exercise 3.3E. 36

a. Verify that if
yp = A(x) coswz + B(z) sinwz

where A and B are twice differentiable, then
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yp =(A'+wB)coswz + (B —wA)sinwz and
yy = (A" +2wB' —w?A)coswz + (B" —2wA' —w?B) sinwz.
b. Use the results of (a) to verify that
ayy +byp+cyp = [(c —aw?)A+bwB+2awB’ +bA' +aA"] coswa+
[—bwA + (c — aw?)B—2awA’ +bB' +aB'] sinwz.
c. Use the results of (a) to verify that
Y 4wy, = (A" +2wB') coswz + (B” — 2wA’) sinwe.

d. Prove Theorem 3.3.2.

? Exercise 3.3E.37

Leta, b, ¢, and w be constants, with a # 0 and w > 0, and let
P(-’E)Zpo—i-plm—l—---—i—pkmk and Q(fﬂ'):%-l-qw-i----—l—qkzk,

where at least one of the coefficients pg, g, is nonzero, so k is the larger of the degrees of P and Q.

a. Show that if coswz and sin w2z are not solutions of the complementary equation
ay" +by' +cy=0,
then there are polynomials
Alz)=Ag+ A1z +--- +Agz®  and B(z)=By+Bijz+--- + Byz* (A)
such that
(c—aw?)A+bwB+2awB' +bA +aA” =P
—bwA+ (c —aw?)B—2awA’' +bB +aB’ =Q,
where (A, Bi), (Ak-1, Bk-1), ---,(Ao, By) can be computed successively by solving the systems
(c—aw?)Ar +bwB;,  =py
—bwAp+(c—aw®)By = q,
and, if 1 <r<k,
(c—aw?)Aj_, +bwBy_, =pgr+---
—bwArr+(c—aw?)Bry =qpr+---,

where the terms indicated by “- - -” depend upon the previously computed coefficients with subscripts greater than k — .
Conclude from this and Exercise 3.3E.36b that

yp = A(x) coswz + B(z) sinwz (B)
is a particular solution of
ay” +by' +cy = P(z) coswz + Q(z) sinwz.
b. Conclude that the equation
a(y’ +wy) = P(z) coswz + Q(z) sinwz (©)
does not have a solution of the form (B) with A and B as in (A). Then show that there are polynomials
A(z) = Aoz + Azt 4+ Apz®t and B(z) = Byzx +Biz® +- -+ Bpz*?

such that
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a(A"+2wB) =P
a(B"-2wA") =Q,

where the pairs (A, Bt), (Ak—1, Bk-1), ---» (Ao, By) can be computed successively as follows:

A= Tt D)
By, = %J)T’:—l)’
and,if k >1,
s =35 | gy ~ (48]
By = % [a(kljc—J:Ll) —(k—j+2)Akj+1]

for 1 < 7 <k . Conclude that (B) with this choice of the polynomials A and B is a particular solution of (C).

? Exercise 3.3E. 38

Show that Theorem 3.3.1 implies Theorem 3.3E.1.

& Theorem 3.3E.1

Suppose w is a positive number and P and ) are polynomials. Let k& be the larger of the degrees of P and Q. Then the
equation

ay" +by +cy =e™ (P(z) coswz + Q(z) sinws)
has a particular solution
yp = e (A(z) coswz + B(z) sinwz) , (A)
where
A(z)= Ay + Az +---+Apz® and B(z) =By +Biz+---+ Byz*,
provided that e** coswz and e sinwz are not solutions of the complementary equation. The equation
aly” =22y + (N +w’)y| =€ (P(z) coswz + Q(z) sinwz)

(for which e’ coswz and e** sinwz are solutions of the complementary equation) has a particular solution of the form (A),
where

A(z) = Agz + Ayz® +--- + Ayt and B(z) = Byz + Bz +- - -+ Brattl,

? Exercise 3.3E. 39

This exercise presents a method for evaluating the integral
y= /e’\z (P(z) coswz +Q(z) sinwz) dz
where w # 0 and
P(z)=po+pz+---+ppz*, Qz)=q +qz+---+qzt.

a. Show that y = e’ u, where

v +Au = P(z) coswz + Q(z) sinwz. (A)
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b. Show that (A) has a particular solution of the form
up = A(z) coswz + B(z) sinwe,
where
A(z)=Ap+ A1z +--- + Agz®, B(z)=By+Biz+--- + Byz",

and the pairs of coefficients (A, By,), (Ag—1, Bk-1), --.,(Ao, Bo) can be computed successively as the solutions of pairs
of equations obtained by equating the coefficients of " coswz and " sinwz forr=k,k—1, ..., 0.
c. Conclude that

/e’\’” (P(z) coswz + Q(z)sinwz) dz = e (A(z) coswz + B(z) sinwz) +c,

where c is a constant of integration.

? Exercise 3.3E.40

Evaluate the integrals using information in Exercise 3.3E.39.

a. [z? coszdz

b. [z%e® coszdz

¢ [ze ®sin2zdx

d. [z?e " sinzdz

e. [z3e” sinzdz

f. [e*[zcosz — (1 +3z)sinz]dz

g [e*[(1+z?)cosz + (12)sinz]dz

This page titled 3.3E: Exercises for Section 3.3 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 5.5E: The Method of Undetermined Coefficients II (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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3.4: Constant coefficient second order linear ODEs

Learning Objectives

e Understand and apply the method of solving second-order linear homogeneous differential equations with constant
coefficients using the characteristic equation.

e Analyze and solve differential equations with distinct, repeated, or complex roots, and interpret the resulting solutions in
terms of exponential and trigonometric functions.

Solving Constant Coefficient Equations
Suppose we have the problem
y" —6y +8y=0,y(0) =-2,y'(0) =6
This is a second order linear homogeneous equation with constant coefficients. Constant coefficients means that the functions in
front of ", ', and y are constants and do not depend on z.

To guess a solution, think of a function that you know stays essentially the same when we differentiate it, so that we can take the
function and its derivatives, add some multiples of these together, and end up with zero.

Let us try a solution of the form y = €. Then y’ = re™ and y” = %" . Plug in to get

y' —6y +8y =0,
@—Gr\eﬁ+8£ =0,
e v v (3.4.1)
” —6r4+8 =0 (divide through by €™),
(r—2)(r—4) =0.

Hence, if r =2 or r =4, then €™ is a solution. So let y; = e** and Yo = e,

v/ Example 3.4.1

Check that y; and y, are solutions.

Solution
The functions €2* and e*® are linearly independent. If they were not linearly independent we could write e** = C'e2* for some
constant C, implying that e2* = C for all , which is clearly not possible. Hence, we can write the general solution as

Yy= Cl 62$ + 0264w

We need to solve for C; and Cy. To apply the initial conditions we first find ' = 2C} e** +4Ce*® . We plug in z =0 and
solve.

-2 =y(0)=C1+Co

6 —y'(0) = 2C; +4C) (3.4.2)

Either apply some matrix algebra, or just solve these by high school math. For example, divide the second equation by 2 to
obtain 3 = Cy +2C5 , and subtract the two equations to get 5 = C5. Then C; = —7 as —2 = C; + 5 . Hence, the solution we
are looking for is

Y= _762z +5e4z
Let us generalize this example into a method. Suppose that we have an equation
ay' +by' +cy=0, (3.4.3)

where a, b, ¢ are constants. Try the solution y = €’* to obtain

ar’e’™ +bre™ +ce™ =0

https://math.libretexts.org/@go/page/167382
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Divide by €" to obtain the so-called characteristic equation of the ODE:
ar’+br+c¢=0

Solve for the 7 by using the quadratic formula.

—b++vb%2 —4ac
2a

Therefore, we have €™? and e™? as solutions. There is still a difficulty if r; = ro, but it is not hard to overcome.

& Theorem 3.4.1

Suppose that 7y and 75 are the roots of the characteristic equation.

r1,T2 =

If 71 and 75 are distinct and real (when b? —4ac > 0 ), then Equation (3.4.3)has the general solution
y=C1e""? + Coe™”®

If r; =y (happens when b? —4ac = 0 ), then Equation (3.4.3)has the general solution
y=(C1 + Caz)e™”

For another example of the first case, take the equation 3" — k*y = 0. Here the characteristic equation is > —k?> =0 or
(r—k)(r+k) =0 . Consequently, e ** and ** are the two linearly independent solutions.

v/ Example 3.4.2

Solve
y// _ k2y —0.
Solution

The characteristic equation is 7> —k> =0 or (r—k)(r+k)=0 . Consequently, e ** and e** are the two linearly
independent solutions, and the general solution is

y=C1e" +Cre™.

Since coshs = £ 4'267 and sinh s = £ _;7 , we can also write the general solution as

y = D cosh(kz) + D, sinh(kz).

v/ Example 3.4.3

Find the general solution of
y' —8y' +16y=0
Solution

The characteristic equation is 7° —8r+16 = (r —4) 2=0 . The equation has a double root 7y =7y =4 . The general
solution is, therefore,

y = (C1 + Caz)e!® = Cre'® + Cyze’®

v/ Example 3.4.4

Check that *® and ze*? are linearly independent.

Solution

https://math.libretexts.org/@go/page/167382


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/167382?pdf

LibreTexts"

That e** solves the equation is clear. If ze*® solves the equation, then we know we are done. Let us compute
y' =e*® +4ze*® andy" = 8e** + 16z’ . Plug in

y" —8y +16y = 8e'* +16ze'™ —8(e'® +4ze'”) + 16z’ =0

We should note that in practice, doubled root rarely happens. If coefficients are picked truly randomly we are very unlikely
to get a doubled root.

Let us give a short proof for why the solution ze™ works when the root is doubled. This case is really a limiting case of when the

L ()7 _efry)®
two roots are distinct and very close. Note that “———

goes to ry, we are really taking the derivative of e”® using r as the variable. Therefore, the limit is €™, and hence this is a solution
in the doubled root case.

is a solution when the roots are distinct. When we take the limit as r¢

Complex numbers and Euler’s formula

It may happen that a polynomial has some complex roots. For example, the equation 72 +1 = 0 has no real roots, but it does have
two complex roots. Here we review some properties of complex numbers.

Complex numbers may seem a strange concept, especially because of the terminology. There is nothing imaginary or really
complicated about complex numbers. A complex number is simply a pair of real numbers, (a,b). We can think of a complex
number as a point in the plane. We add complex numbers in the straightforward way, (a,b) + (¢,d) = (a +¢,b+d) . We define
multiplication by

(a,b) x (c,d) e (ac —bd, ad +bc).

It turns out that with this multiplication rule, all the standard properties of arithmetic hold. Further, and most importantly
(Oa 1) X (07 1) = (_17 0)

Generally we just write (a, b) as (a+b), and we treat % as if it were an unknown. We do arithmetic with complex numbers just as
we would with polynomials. The property we just mentioned becomes i> = —1. So whenever we see i, we replace it by —1. The
numbers i and —i are the two roots of 72 +1 =0

Note that engineers often use the letter j instead of ¢ for the square root of —1. We will use the mathematicians’ convention and use
i.

We can also define the exponential e2*® of a complex number. We do this by writing down the Taylor series and plugging in the
complex number. Because most properties of the exponential can be proved by looking at the Taylor series, these properties still
hold for the complex exponential. For example the property e*™¥ = e%e? implies that e = e%e® . Hence if we can compute e?,
we can compute e*™® . For e® we use the so-called Euler’s formula.

& Theorem 3.4.2: Euler's Formula

e? =cosO+isind and e =cosf—isind

In other words, "™ = e?(cos(b) + i sin(b)) = e® cos(b) +ie®sin(b) .

v/ Example 3.4.5

Start with €/(%) = (¢%)” . Use Euler's Formula to deduce:
c0s(20) = cos’ —sin’f and sin(26) = 2sinfcosf
Answer

Video Length: 3 minutes and 56 seconds

Context: Use Euler's Formula to deduce the double angle formulas.
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Complex roots

Suppose that the equation ay” 4+ by’ +cy =0 has the characteristic equation ar? 4+br+c =0 that has complex roots. By the

—b+Vb% —4ac

5 . These roots are complex if b> —4ac < 0 . In this case the roots are
a

—b vV 4ac—b?

7"1,7“2:%:&7: 2%

quadratic formula, the roots are

As you can see, we always get a pair of roots of the form o +¢. In this case we can still write the solution as
y= Cle(aJriﬁ)z + CZe(afiﬂ)z

However, the exponential is now complex valued. We would need to allow C; and C5 to be complex numbers to obtain a real-
valued solution (which is what we are after). While there is nothing particularly wrong with this approach, it can make calculations
harder and it is generally preferred to find two real-valued solutions.

Here we can use Euler’s Formula. Let

(a+iB)z (a—if)z

y1=e and y» =e
Then note that

y1 = e" cos(Bz) +ie”” sin(fBz)

3.44
y2 = e"” cos(Bz) —ie”” sin(Bz) ( )
Linear combinations of solutions are also solutions. Hence,
Y3 = Y1 ;_yZ _ eaz COS(,B.’L’)
- (3.4.5)
ys = Y1 5 ‘yZ _ eaz SIH(BCIZ)
1

are also solutions. Furthermore, they are real-valued. It is not hard to see that they are linearly independent (not multiples of each
other).

& Theorem 3.4.3

For the homegneous second order ODE

ay” +by +cy=0

If the characteristic equation has the roots o 433 (when b? — 4ac < 0 ), then the general solution is

y = C1e* cos(Bz) + Care™ sin(Bz)

https://math.libretexts.org/@go/page/167382
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Find the general solution of " + k?y =0, for a constant k > 0.

Solution
The characteristic equation is 72 + k> =0 . Therefore, the roots are 7 = ik and by Theorem 3.4.3 we have the general
solution

y = Cj cos(kzx) + Cy sin(kz)

v/ Example 3.4.7

Find the solution of y"" — 6y’ + 13y = 0,y(0) =0,¢'(0) = 10.

Solution
The characteristic equation is 72 — 67+ 13 = 0 . By completing the square we get (r — 3) 24922 =0 and hence the roots are
r =3 £ 2¢. By Theorem 3.4.3 we have the general solution

y = C1€% cos(2x) + Cre3% sin(2x)
To find the solution satisfying the initial conditions, we first plug in zero to get
0=y(0)= C1€° cos0+ Cre’sin0 = C;
Hence C; =0 and y = C»e3? sin(2z). We differentiate
y' = 3C1e3%sin(2z) +2C»€37 cos(2z)
We again plug in the initial condition and obtain 10 = y'(0) = 2C5, or C5 = 5. Hence the solution we are seeking is

y = 5€* sin(2)

Footnotes

[1] Making an educated guess with some parameters to solve for is such a central technique in differential equations, that people
sometimes use a fancy name for such a guess: ansatz, German for “initial placement of a tool at a work piece.” Yes, the Germans
have a word for that.

This page titled 3.4: Constant coefficient second order linear ODEs is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 2.2: Constant coefficient second order linear ODE:s by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffygs.
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3.4E: Exercises for Section 3.4

Exercises 1-18

Solve the following second-order differential equations for their general or particular solutions.

? Exercise 3.4E.1

Find the general solution of 2y" + 2y’ —4y =0 .

? Exercise 3.4E.2

Find the general solution of "' +9y' — 10y =0 .

? Exercise 3.4E.3

Solve ¢y —8y' +16y =0 for y(0) =2,%'(0) =0.

? Exercise 3.4E.4

Solve y"" +9y' =0 fory(0)=1,3'(0) =1.

? Exercise 3.4E.5

Find the general solution of 23" +50y =0.

? Exercise 3.4F. 6

Find the general solution of "' + 6y’ +13y =0 .

? Exercise 3.4E.7

Find the general solution of y"” = 0 using the methods of this section.

? Exercise 3.4E.8

The method of this section applies to equations of other orders than two. We will see higher orders later. Try to solve the first
order equation 2y’ + 3y = 0 using the methods of this section.

? Exercise 3.4E.9

Suppose that (b —a) *> —4ac < 0 . Find a formula for the general solution of az?y" +bzy' +cy =0 .

Hint: Note that " = " 2% |

? Exercise 3.4E.10

Find the solution to y” — (2a)y’ + o’y =0, y(0) = a, ¥’ (0) = b, where o, a, and b are real numbers.

? Exercise 3.4E.11

Construct an equation such that y = C1e 2% cos(3z) + Cae 2% sin(3z) is the general solution.
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? Exercise 3.4E.12

Find the general solution to y" +4y’ +2y =0 .

Answer

y= 016(_2'“/5)9” o 026(_2_‘/5)“”

? Exercise 3.4E.13
Find the general solution to 3" — 6y’ +9y =0 .

Answer

y=C1% + Chze®®

? Exercise 3.4E. 14
Find the solution to 2y” +y' +y =0,y(0) =1,y'(0) = -2 .

Answer

y=e /4 cos((T)x) —/Te2/4 sin((g)m)

S

? Exercise 3.4E. 15
Find the solution to 2y” +y' —3y =0, y(0) =a,y'(0) =b .

Answer

2(a—b) _ 3a+2b
y="1r—e 3z/2_|_ - ev

? Exercise 3.4E.16
Find the solution to 2" () = —22'(t) — 22(t), 2(0) =2, 2/ (0) = -2 .

Answer

2(t) = 2e " cos(t)

? Exercise 3.4E.17

Find the solution to y"" — (a + B8)y' +aBy =0 , y(0) = a, y'(0) = b, where «, §, a, and b are real numbers, and a # 3.
Answer

_aB-b oz b—aa fr
y= B—a e+ B—a €

? Exercise 3.4E.18

Construct an equation such that y = C} e’ + Che 2 is the general solution.

Answer

y' -y —6y=0
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3.5: Higher order linear ODEs

Learning Objectives

e Solve higher-order linear differential equations, including those with constant coefficients, using characteristic equations to
find general and particular solutions.

e Understand and apply the concepts of linear independence and superposition to construct solutions for systems of
differential equations.

Equations that appear in applications tend to be second order, although higher order equations do appear from time to time. Hence,
it is a generally assumed that the world is “second order” from a modern physics perspective. The basic results about linear ODEs
of higher order are essentially the same as for second order equations, with 2 replaced by n. The important concept of linear
independence is somewhat more complicated when more than two functions are involved.

For higher order constant coefficient ODEs, the methods are also somewhat harder to apply, but we will not dwell on these
complications. We can always use the methods for systems of linear equations to solve higher order constant coefficient equations.
So let us start with a general homogeneous linear equation:

(n)
& Theorem 3.5.1

Superposition
Suppose y1, Ya, - - . , Yn are solutions of the homogeneous Equation (2.3.1). Then

(n-1)

Yy 4o (2)y" T+ i)y +po()y = f(z) (3.5.1)

y(z) = Cry1(x) + Coya(z)+. . . +Cryn(x)

also solves Equation (2.3.1) for arbitrary constants C1, . . .. Cj,.

In other words, a linear combination of solutions to Equation (2.3.1) is also a solution to Equation (2.3.1). We also have the
existence and uniqueness theorem for nonhomogeneous linear equations.

& Theorem 3.5.2

Existence and Uniqueness
Suppose p, through p,_1, and f are continuous functions on some interval I, a is a number in I, and by, by, ..., b,_; are
constants. The equation

Dt (@)Y +po(2)y = f(z)

has exactly one solution y(z) defined on the same interval I satisfying the initial conditions

y(a) =by, y'(a)=by, ..., y("_l)(a) =b,1

y™ 4+ p, 1 (2)y

Linear Independence

When we had two functions y; and y2 we said they were linearly independent if one was not the multiple of the other. Same idea
holds for n functions. In this case it is easier to state as follows. The functions y;, ¥2, . . . , y, are linearly independent if

cayr+cys+--+cpy, =0

has only the trivial solution ¢y =cy =+ = ¢, =0 , where the equation must hold for all z. If we can solve equation with some
constants where for example ¢; # 0, then we can solve for y; as a linear combination of the others. If the functions are not linearly

independent, they are linearly dependent.
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Show that e*, €2%, and €37 are linearly independent functions.

Solution
Let us give several ways to show this fact. Many textbooks introduce Wronskians, but that is really not necessary to solve this
example.

Method 1:

Let us write down
T 2z 3z __
cie’ +coe“* +c3e’® =0
We use rules of exponentials and write z = e* . Then we have
2
c1z+coz +03z3 =0

The left hand side is a third degree polynomial in z. It can either be identically zero, or it can have at most 3 zeros. Therefore,
it is identically zero, ¢; = c2 = c3 =0 , and the functions are linearly independent.

Method 2:
As before we write
3 2z 3 __
c1e” +coe*” +c3e’® =0
This equation has to hold for all z. What we could do is divide through by e>* to get
e +ege®+e3=0
As the equation is true for all z, let z — oo. After taking the limit we see that c3 = 0. Hence our equation becomes
c1€® +cpe’® =0
Rinse, repeat!
Method 3:
We again write
T 2z 3 _
cie® +coe® +c3e’* =0

We can evaluate the equation and its derivatives at different values of = to obtain equations for c¢;, ¢z, and c3. Let us first
divide by e* for simplicity.

c1 +coe® +e3e?® =0
We set x = 0 to get the equation ¢; +cz +c3 = 0 . Now differentiate both sides
o€ +2¢3€** =0

We set x =0 to get co +2¢c3 = 0. We divide by e” again and differentiate to get 2c3e® = 0. It is clear that c3 is zero. Then ¢y
must be zero as co = —2c¢3, and ¢; must be zero because ¢; +¢3 +c¢c3 =0 .

There is no one best way to do it. All of these methods are perfectly valid. The important thing is to understand why the
functions are linearly independent.

v/ Example 3.5.2

Show that e?, e~® and cosh z are linearly independent functions.

Solution
Simply apply definition of the hyperbolic cosine:
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i —T
e’ +e -~
coshm:T or 2coshz—e®—e* =0

The sum of the three functions yields:
Z —T C3 T —T
ci1e’ +coe +—2 (e"+e*)=0

If we set ¢y =—1, co =—1, and c3 =2, we have a non-trivial solution, which tells us the three functions are linearly
independent.

Constant Coefficient Higher Order ODEs

When we have a higher order constant coefficient homogeneous linear equation, the song and dance is exactly the same as it was
for second order. We just need to find more solutions. If the equation is n* order we need to find n linearly independent solutions.
It is best seen by example.

v/ Example 3.5.3: Third order ODE with Constant Coefficients

Find the general solution to
y" 3" —y' +3y=0 (3.5.2)

Solution
Try: y = e™ . We plug in and get

r3e™ —3r2e™ —pe™ 43¢ =(.
~— ~~

" "

y y Y y

We divide through by €™ . Then
P —3r —r+3=0

The trick now is to find the roots. There is a formula for the roots of degree 3 and 4 polynomials, but it is very complicated.
There is no formula for higher degree polynomials. That does not mean that the roots do not exist. There are always n roots for
an n™ degree polynomial. They may be repeated and they may be complex. Computers are pretty good at finding roots
approximately for reasonable size polynomials.

A good place to start is to plot the polynomial and check where it is zero. We can also simply try plugging in. We just start
plugging in numbers r = —2, —1, 0,1, 2, ... and see if we get a hit (we can also try complex numbers). Even if we do not get
a hit, we may get an indication of where the root is. For example, we plug 7 = —2 into our polynomial and get -15; we plug in
r =0 and get 3. That means there is a root between » = —2 and r = 0, because the sign changed. If we find one root, say 71,
then we know (r — 1) is a factor of our polynomial. Polynomial long division can then be used.

A good strategy is to begin with » = —1, 1, or 0. These are easy to compute. Our polynomial happens to have two such roots,
r1 = —1 and 9 = 1 and. There should be three roots and the last root is reasonably easy to find. The constant term in a monic
polynomial such as this is the multiple of the negations of all the roots because 73 —3r2 —r+3 = (r —r1)(r —7r2)(r —7r3)
So

3= (=r1)(=r2)(=r3) = (1)(=1)(-73) =73

You should check that 73 = 3 really is a root. Hence we know that e=2, %, and e3% are solutions to Equation 3.5.2. They are
linearly independent as can easily be checked, and there are three of them, which happens to be exactly the number we need.
Hence the general solution is

Y= Cleiz +02€z _’_0363:5

Suppose we were given some initial conditions y(0) =1, y'(0) =2, and y”(0) = 3. Then

1 :y(O) =C14+Cy+0C;s
2 = yl(O) =-C1+C5+3Cs (353)
g = y”(O) =C1+Cy+9Cs
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It is possible to find the solution by high school algebra, but it would be a pain. The sensible way to solve a system of
equations such as this is to use matrix algebra. For now we note that the solution is C; = —% ,Cy=1, and C3 = i . The
specific solution to the ODE is

_ 1 —z T 1 3z
y=-3¢ +e +4e

Next, suppose that we have real roots, but they are repeated. Let us say we have a root r repeated k times. In the spirit of the
second order solution, and for the same reasons, we have the solutions

era:,wem:,w2em’ . .’wk—lem

We take a linear combination of these solutions to find the general solution.

v/ Example 3.5.4

Solve
y(4) o 3y/// + 3y// _ y/ -0

Solution
We note that the characteristic equation is

r—3rt4+3r2—r=0

By inspection we note that 74 —373 + 372 —r =r(r — 1) 3 . Hence the roots given with multiplicity are » =0, 1,1, 1. Thus
the general solution is

Y= (Cl +Cs —|—C3:L'2)ex + C4
~

terms coming fromr =1 fromr =0

The case of complex roots is similar to second order equations. Complex roots always come in pairs 7 = « £ ¢/ . Suppose we
have two such complex roots, each repeated k times. The corresponding solution is

(Co+Crz +- - +Cr_12F1)e® cos(Bz) + (Do + D1z +- - - + Dy,_12¥1)e sin(Bx)

where Cy, ..., Ck_1, Dy, ..., Dy_; are arbitrary constants.

v/ Example 3.5.5

Find the solution of the given initial value problem:

4y" -8y +3y=0, y(0)=2, '(0)=1/2

Solution

e Video Length: 8 minutes 3 seconds.

o Context: This video demonstrates how to solve a second-order linear differential equation using characteristic roots and
initial conditions.

https://math.libretexts.org/@go/page/167383



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/167383?pdf

LibreTexts*

v/ Example 3.5.6

Solve

y(4) —4y’”+8y” _ 8y’ +4y=0

Solution
The characteristic equation is

r—ar® 48 —8r+4 =0
(r* —2r+2)* =0 (3.5.4)
(r—1)+1)" =0
Hence the roots are 1 + 7, both with multiplicity 2. Hence the general solution to the ODE is
y = (C1 + Caz)e” cosz + (C3 + Cyx )e” sinz

The way we solved the characteristic equation above is really by guessing or by inspection. It is not so easy in general. We
could also have asked a computer or an advanced calculator for the roots.

Footnotes

d

The word monic means that the coefficient of the top degree ¢, in our case 7%, is 1.

This page titled is shared under a license and was authored, remixed, and/or curated by

. by is licensed . Original source:
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3.5E: Exercises for Section 3.5

Exercises 1-17

Solve the given differential equations or answer the questions regarding linear independence or constructing differential

equations based on the provided solutions.

Find the general solution for y""’ —y" +y' —y =0 .

Find the general solution for y® —5y" +6y" =0 .

Find the general solution for "'+ 2y" + 2y’ =0 .

? Exercise 3.5E.4

Suppose the characteristic equation for a differential equation is (r —1)*(r —2)*> = 0.

a. Find such a differential equation.
b. Find its general solution.

Suppose that a fourth order equation has a solution y = 2e%*z cos z.

a. Find such an equation.
b. Find the initial conditions that the given solution satisfies.

? Exercise 3.5E.6

Find the general solution for the equation of Exercise 3.5E.5.

Let f(z) =e” —cosz, g(z) =€e® +cosz and h(z) =cosz. Are f(z), g(z),and h(z) and linearly independent? If so, show

it, if not, find a linear combination that works.

? Exercise 3.5E.8

Let f(z) =0, g(z) = cosz, and h(z) =sinz. Are f(z), g(z), and h(z) and linearly independent? If so, show it, if not, find

a linear combination that works.

? Exercise 3.5E.9

Are z,z%, and z* linearly independent? If so, show it, if not, find a linear combination that works.

0020
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? Exercise 3.5E.10

Are €%, ze®, and z2e® linearly independent? If so, show it, if not, find a linear combination that works.

Find an equation such that y = ze 2% sin(3z) is a solution.

Find the general solution of y(5) —y(4) =0 .

Answer

y=Cre” +C'2£L'3 +03£E2 + Cyz +Cj

? Exercise 3.5E.13

Suppose that the characteristic equation of a third order differential equation has roots 3 +-23.

a. What is the characteristic equation?
b. Find the corresponding differential equation.
c. Find the general solution.

Answer
ar’—3r2+4r—12=0
b.y" =3y’ +4y —12y =0
c. y = 013 + Cysin(2z) + Cs cos(2z)

? Exercise 3.5E.14
Solve 1001y +3.2y" 4+ 7y’ — /4y = 0,y(0) =0,4'(0) = 0,"(0) =0 .

Answer

y=0

? Exercise 3.5E. 15

+1 2z

Are €%, e, e* sin(z) linearly independent? If so, show it, if not find a linear combination that works.

Answer

No.ele* —e*tl =0,

? Exercise 3.5E. 16
Are sin(z), z, z sin(z) linearly independent? If so, show it, if not find a linear combination that works.

Answer

Yes. (Hint: First note that sin(z) is bounded. Then note that  and z sin(z) cannot be multiples of each other.)
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Find an equation such that y = cos(z), y = sin(z), y = e® are solutions.

Answer

y///_y//+y/_y:0

This page titled 3.5E: Exercises for Section 3.5 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 2.E: Higher order linear ODEs (Exercises) has no license indicated.

https://math.libretexts.org/@go/page/171359


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/171359?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://creativecommons.org/licenses/by-nc-sa/3.0
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5?no-cache
https://math.libretexts.org/@go/page/3385

LibreTexts"

3.6: Reduction of Order

4b Learning Objectives

e Understand and apply the reduction of order method to solve second-order linear differential equations when one solution is
already known.
e Derive and solve the resulting first-order equation to find the general solution of the given differential equation.

In this section we give a method for finding the general solution of
Py(z)y" + Pi(z)y + Pa(z)y = F(z) (3.6.1)

if we know a nontrivial solution y; of the complementary equation
Py(z)y" + Pi(z)y' + Py(z)y =0. (3.6.2)

The method is called reduction of order because it reduces the task of solving Equation (3.6.1) to solving a first order equation.
Unlike the method of undetermined coefficients, it does not require Py, P;, and P, to be constants, or F' to be of any special form.

By now you shouldn’t be surprised that we look for solutions of Equation (3.6.1) in the form
y=uy (3.6.3)
where u is to be determined so that y satisfies Equation (3.6.1). Substituting Equation (3.6.3) and
y =u'y+uy
y" =u"y +2u'y; +uy)
into Equation (3.6.1) yields
Py(z)(u"y1 +2u'y] +uyl’) + Pi(z)(v'yr +uy]) + P (z)uy: = F(x).
Collecting the coefficients of u, u’, and u" yields
(Poy1)u" + (2Poy; + Poyi )u' + (Poyl! + Pryj + PayrJu = F. (3.6.4)
However, the coefficient of u is zero, since y; satisfies Equation (3.6.2). Therefore Equation (3.6.4) reduces to
Qo(z)u" +Q1(z)u' =F, (3.6.5)
with
Qo=PFPoyr and Q1 =2FRy;+Py:.

(It isn’t worthwhile to memorize the formulas for Qg and Q;!) Since Equation (3.6.5) is a linear first order equation in z = u’, we
can solve it for ' by using integrating factor as in Section 1.6, integrate the solution to obtain u, and then obtain y from Equation
(3.6.3).

v Example 3.6.1

a. Find the general solution of
zy’ — 2z +1)y + (z + 1)y = 2%, (3.6.6)
given that y; = €® is a solution of the complementary equation
zy" —(2z+1)y +(z+1)y =0. (3.6.7)
b. As a byproduct of (a), find a fundamental set of solutions of Equation (3.6.7).

Solution

a. Ify =ue®, theny' =u'e* +ue® and y’' =u'e® +2u'e” +ue® , so
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2y — 2z 4+1)y +(z+1)y ==z(u"e* +2u'e” +ue®)— (2z +1)(v'e* +ue®) + (z +1)ue®
= (zu" —u)e”.
Therefore y = ue” is a solution of Equation (3.6.6) if and only if

(zu —u')e® =2,

which is a first order equation in u’. We rewrite it as

u”—u? =ze ”. (3.6.8)
Let z=1u/', so that Equation (3.6.8) becomes
J—Z = ge. (3.6.9)
x

We leave it to you to show (by separation of variables) that z; = z is a solution of the complementary equation
4 -2 =0
T
for Equation (3.6.9). By Equation (3.6.3), every solution of Equation (3.6.9) is of the form

z=vr where vz==ze®, so v=e* and v=-e*+Cj.

Since u' = z = vz , u is a solution of Equation (3.6.8) if and only if

u =vr=—xe?+Ciz.

Integrating this yields
C
u=(z+1)e ™+ ?lﬁ +Cs.
Therefore the general solution of Equation (3.6.6) is
_ r _ Cl 2z i)
Yy =ue —w—i—l—i—?m e” + Cse”. (3.6.10)

b. By letting C; = C> =0 in Equation (3.6.10), we see that y,, =2 +1 is a solution of Equation (3.6.6). By letting C; = 2
and Cy =0, we see that y,, = +1 +2z%e® is also a solution of Equation (3.6.6). Since the difference of two solutions of
Equation (3.6.6) is a solution of Equation (3.6.7), Y2 = ¥p, — Yp, = z%e® is a solution of Equation (3.6.7). Since y/y; is
nonconstant and we already know that y; = e is a solution of Equation (3.6.6), Theorem 3.1.1 implies that {e%, z%e”} is a
fundamental set of solutions of Equation (3.6.7).

Although Equation (3.6.10) is a correct form for the general solution of Equation (3.6.6), it is silly to leave the arbitrary
coefficient of z%e® as C1/2 where C; is an arbitrary constant. Moreover, it is sensible to make the subscripts of the
coefficients of y; =e® and ys = z%e” consistent with the subscripts of the functions themselves. Therefore we rewrite
Equation (3.6.10) as

y=x+1+cie® +crz’e®

by simply renaming the arbitrary constants. We’ll also do this in the next two examples, and in the answers to the exercises.

v/ Example 3.6.2

a. Find the general solution of

:r2y"—|—1:yl —y :m2 +1,

given that y; = x is a solution of the complementary equation

22y +zy —y =0. (3.6.11)

As a byproduct of this result, find a fundamental set of solutions of Equation (3.6.11).
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b. Solve the initial value problem
22y txy —y=22+1, y(1)=2, y'(1)=-3. (3.6.12)

Solution
a.lfy=ux, theny =v'z+u andy” =u"z+2u', so0

22y +zy —y =2 (u'z+2u)+x(vz+u) —uzx
=z3u" + 322’

Therefore y = uz is a solution of Equation (3.6.12) if and only if
z3u’ 4 322U = 2% 41,

which is a first order equation in u’. We rewrite it as

1 1
u"+%u'= e (3.6.13)
Let write z = u’, so that Equation (3.6.13) becomes
3 1 1
z'+—z:—+—3. (3.6.14)
T T =z

We leave it to you to show (by separation of variables) that z; =1/ z3 is a solution of the complementary equation
3
24+ —=2=0
x
for Equation (3.6.14). By Equation (3.6.3) , every solution of Equation (3.6.14) is of the form

v v 1 1 z®
z=— where —=—+—, so v =2z+1 and v=—+z+0C;.
3 3 T oz 3

Since ' = z=wv/x3 , u is a solution of Equation (3.6.14) if and only if
Integrating this yields

Therefore the general solution of Equation (3.6.12) is

T Cl
=ur=——1——+Chz. 3.6.15
yeEE =T 2z B ( )
Reasoning as in the solution of Example 3.6.1a, we conclude that y; = z and y = 1/z form a fundamental set of solutions
for Equation (3.6.11).
As we explained above, we rename the constants in Equation (3.6.15) and rewrite it as

2

y:%—1+clz+%. (3.6.16)
b. Differentiating Equation (3.6.16) yields
2
Y= -2 (3.6.17)
3 z?

Setting = 1 in Equation (3.6.16) and Equation (3.6.17) and imposing the initial conditions y(1) = 2 and y'(1) = —3 yields
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. 8

C C = =

1 2 3
11

C1 —C2 :—?.

Solving these equations yields ¢; = —1/2, cg = 19/6. Therefore the solution of Equation (3.6.12) is

Using reduction of order to find the general solution of a homogeneous linear second order equation leads to a homogeneous linear
first order equation in % that can be solved by separation of variables. The next example illustrates this.

v/ Example 3.6.3

Find the general solution and a fundamental set of solutions of
z?y" —3zy' +3y =0, (3.6.18)
given that y; = z is a solution.

Solution
Ify=uztheny =v'z+u andy” ="z +2v, so
zy" — 32y +3y =z*(u'z+2u)—3z(v'z +u)+3uz
— $3un _$2u/.
Therefore y = ux is a solution of Equation (3.6.18) if and only if

" !
2" — 2% =0.

Separating the variables u' and z yields

w1
oz’
s0
In|v'|=In|z| +k, orequivalently u =C;z.
Therefore
U= %xz +Cy,

so the general solution of Equation (3.6.18) is
Yy=ur = ?lw?’ + Chz,
which we rewrite as

Y= clm—l—czwg.

Therefore {x, 3} is a fundamental set of solutions of Equation (3.6.18).

This page titled 3.6: Reduction of Order is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 5.6: Reduction of Order by William F. Trench is licensed CC BY-NC-SA 3.0. Original source: https://digitalcommons.trinity.edu/mono/9.
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3.6E: Exercises for Section 3.6

Exercises 1-17

Find the general solution, given that y; satisfies the complementary equation. As a byproduct, find a fundamental set of
solutions of the complementary equation.

? Exercise 3.6E. 1

(2z+1)y" -2y — 2z +3)y=(2z +1)%; y1=e®

? Exercise 3.6E. 2

2y tey —y=2; m==2
Answer
y:uw:i‘%—g—;—kCﬂ, or y= ;?+c1m+c_j,
As a byproduct, {z, 1/z}is a fundamental set of solutions of the complementary equation.

? Exercise 3.6E.3

2y —zy ty=z; p==2

? Exercise 3.6E.4

y' -3y +2y =15 yi=e¥

Answer
y=(e2®+e%)In(l +e %)+ c1e2® + cae®.

As a byproduct, {€%*, e} is a fundamental set of solutions of the complementary equation.

? Exercise 3.6E.5

y' =2y +y= 72%/%e"; Y =¢€”

? Exercise 3.6E.6

4:332y/l + (433 - 8m2)y/ + (4:1:2 _ 4$ _ 1)y — 4$1/26z(1 +4$); Y = $1/261
Answer
y=¢e® (2:83/2+.731/2 lnz +clm1/2 +c2$_1/2) )

As a byproduct, {z!/2e*, z~1/2e~*} is a fundamental set of solutions of the complementary equation.

? Exercise 3.6E.7

y' =2y +2y=e"secz; 1y =e€®cosz
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Y +4zy + (422 +2)y =8e (@), 4 —e@

2

Answer

y=e (2% +¢; +coz).

22

25 . g g
As a byproduct, {e~*", ze~ " } is a fundamental set of solutions of the complementary equation.

? Exercise 3.6E.9

22y +ay —dy=—6x—4; y ==z

? Exercise 3.6E.10

22y +2z(x — 1)y + (22 — 2z +2)y = 23?2, y =ze®

2

Answer

y= “”‘i:w +ze " (c1 +caz).

T

As a byproduct, {ze ™, z2e~*} is a fundamental set of solutions of the complementary equation.

? Exercise 3.6E.11

2y’ —z(2z — 1)y + (2 —z — 1)y =a’e”; y1 =ze” .

? Exercise 3.6E.12

(1—-22)y" +2y' + (22 —3)y = (1 —4z +4z%)e”; y; =€°

? Exercise 3.6E.13

z?y" —3zy +4y =4zt y =2z

? Exercise 3.6E. 14

22y +(4z+1)y' + 2z +1)y =322, gy =e®
Answer

y=e " (a:3/2 +c +02z1/2) .

-z

As a byproduct, {77, zt/ 277} is a fundamental set of solutions of the complementary equation.

? Exercise 3.6E.15

2y — 2z + 1)y +(z+1)y=—€" i =e

2 Exercise 3.6F.16

4’y —da(z +1)y + 2z 4 3)y = 42°/2e?*;  y, = 2'/?
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? Exercise 3.6E.17

xz2y" — by’ +8y =4x%; y; =2

Exercises 18-30

Find a fundamental set of solutions, given that ¥, is a solution.
? Exercise 3.6E.18

zy"+(2-22)y +(z—2)y=0; y =¢€"

Answer

y=e® (— % + 02) is the general solution, and {e”, e* /z} is a fundamental set of solutions.

? Exercise 3.6E.19

22y —4dzy' +6y=0; 1y ==x2

? Exercise 3.6E.20

z?(In|z|)%y” — (2zIn|z|)y’ + (2 +1n|z|)y =0; y; =In|z|

? Exercise 3.6E.21

dzy" +2y' +y=0; y; =sin/z

? Exercise 3.6E. 22

zy" — 2z +2)y +(x+2)y=0; y =€

Answer

3
y= (013“c + C’z) e” is the general solution, and {e®, z%€*} is a fundamental set of solutions.

? Exercise 3.6E. 23

22y — (2a—1)zy' +a’y=0; y, =z°

? Exercise 3.6E. 24

2y —2zy + (22 +2)y=0; 1y =zsinz

? Exercise 3.6E.25

xy’ — (4 +1)y + 4z +2)y=0; y =€*

? Exercise 3.6E. 26

4z’ (sinz)y” —4x(z cosz +sinz)y’' + (2z cosz 4 3sinz)y =0; y; = z'/?
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? Exercise 3.6E.27

4’y —day' + (3 —1622)y =0; 1y, =z'/2e*

? Exercise 3.6E. 28

(2z+1)zy” —2(22° — 1)y —4(z+1)y=0; y1=1/z

? Exercise 3.6E.29

(2 —22)y"+(2—-22)y' + (22 —2)y=0; y =¢€°

? Exercise 3.6E. 30
zy’ —(dz+1)y + 4z +2)y=0; 1y =€*

Answer

2
y=e>* ( 012”” + Cz) is the general solution, and {e??, z%€?*} is a fundamental set of solutions.

Exercises 31-33

Solve the initial value problem, given that y; satisfies the complementary equation.

? Exercise 3.6E. 31

2y’ —3zy +4y=4a!, y(-1)=7, Y (-1)=-8 y =2’

? Exercise 3.6E.32

(Bz—1)y" — Bz +2)y' — (6 —8)y =0, y(0)=2,y'(0)=3; 1 =e*

Answer

y=2e** —ze®.

? Exercise 3.6E. 33

(z+1)2y"—2(xz+1)y — (22 +2z —1)y=(z+1)3e*, y(0)=1, y'(0)= —1; y1=(z+1)e”

Exercises 34-40
Solve the initial value problem and graph the solution, given that y; satisfies the complementary equation.
? Exercise 3.6E. 34

ay'+2ey ~2y =0, y(1)=1,y()=% wn=¢2

Answer

y:T—i—a:.
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? Exercise 3.6E.35

(z? —4)y" +4zy' +2y =2 +2, y(0)=—3, J(0)=-1; y==15

? Exercise 3.6E. 36

Suppose p; and p are continuous on (a, b). Let y; be a solution of
y' +p1(2)y +p2(z)y =0 (4)

that has no zeros on (a, b), and let z( be in (a, b). Use reduction of order to show that y; and

w@) =@ [ o (- [ :p1(5) ds)

form a fundamental set of solutions of (A) on (a, b).

? Exercise 3.6E. 37

The nonlinear first order equation

¥ +y° +p(@)y+49(z) =0 (A)
is a Riccati equation. Assume that p and ¢ are continuous.

a. Show that y is a solution of (A) if and only if y = 2’/ z, where
2" +p(z)2' +q(z)z=0. (B)
b. Show that the general solution of (A) is

c12] +c2h
y=—""" (©)
C121 +C229
where {21, 25} is a fundamental set of solutions of (B) and ¢; and c; are arbitrary constants.
c. Does the formula (C) imply that the first order equation (A) has a two—parameter family of solutions? Explain your answer.

? Exercise 3.6E. 38

Use a method suggested by Exercise 3.6E.37 to find all solutions of the equation.

ay +y*+k2=0

b.y +y?—3y+2=0

cy +y*+5y—6=0

dy +y*+8y+7=0

ey +y>+14y+50=0

f.6y +6y>—y—1=0

g 36y’ +36y% —12y+1=0

? Exercise 3.6E. 39

Use the method of reduction of order to find all solutions of the equation, given that y; is a solution.

az’(y +y?)—z(z+2)y+z+2=0; y =1/z
b.y +y’ +4zy+45’+2=0; y =—2z

¢ z+1)(y +9%) -2y —(2z+3)=0; y=-1
d@Bz-1)(y +y*)—(Bz+2)y—6z+8=0; y; =2
e.a:2(y’+y2)+a:y+m2—%:0; y1:—tanw—2—1w
f.2?(y +y*)—Tey+7=0; y1=1/z
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The nonlinear first order equation

y +r(z)y’ +p(@)y+e(z) =0 (A)
is the generalized Riccati equation. Assume that p and g are continuous and r is differentiable.

a. Show that y is a solution of (A) if and only if y = 2’ /rz, where

<+t

] 2 +r(z)g(z)z=0. (B)

b. Show that the general solution of (A) is

c12) +ca2h

N r(c121 +c222) ’

where {z1, 23} is a fundamental set of solutions of (B) and ¢; and ¢ are arbitrary constants.

This page titled 3.6E: Exercises for Section 3.6 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 5.6E: Reduction of Order (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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3.7: Variation of Parameters

Learning Objectives

e Understand the method of variation of parameters to find a particular solution of second-order linear nonhomogeneous
differential equations.

e Apply variation of parameters to equations with known solutions of the complementary equation to derive the general
solution.

In this section we give a method called variation of parameters for finding a particular solution of
Py(z)y" + Pi(z)y + Px(z)y = F(z) (3.7.1)
if we know a fundamental set {y;, y2 } of solutions of the complementary equation
Py(z)y" + Pi(z)y + Py(z)y =0. (3.7.2)
Having found a particular solution y,, by this method, we can write the general solution of Equation (3.7.1) as

Yy =1yYpt+ciyr +cayo.

Since we need only one nontrivial solution of Equation (3.7.2) to find the general solution of Equation (3.7.1) by reduction of
order, it is natural to ask why we are interested in variation of parameters, which requires two linearly independent solutions of
Equation (3.7.2) to achieve the same goal. Here’s the answer:

o If we already know two linearly independent solutions of Equation (3.7.2) then variation of parameters will probably be simpler
than reduction of order.

o Variation of parameters generalizes naturally to a method for finding particular solutions of higher order linear equations
(Section 3.5) and linear systems of equations (Section 6.2), while reduction of order doesn’t.

o Variation of parameters is a powerful theoretical tool used by researchers in differential equations.

& Theorem 3.7.1

Suppose p and q are continuous on an open interval (a, b) and let y; and y, be solutions of

y" ' +p(z)y ' +q(z)y =0
on (a, b). Then the following statements are equivalent; that is, they are either all true or all false.
1. The general solution on (a, b) is y = c1y1 + c2ys -
2. {y1,y2} is a fundamental set of solutions on (a, b).
3. {y1,y2} is linearly independent on (a, b).
4. The Wronskian of {y1,y2}, which is defined to be y1y5 — ¥] 2 , is nonzero at some point in (a, b).
5. The Wronskian of {y1,y2 }, which is defined to be y1y5 — ¥} 2 , is nonzero at all points in (a, b).

We’ll now derive the method. As usual, we consider solutions of Equation (3.7.1) and Equation (3.7.2) on an interval (a, b) where
Py, P, P,, and F are continuous and Py has no zeros. Suppose that {y;,y»} is a fundamental set of solutions of the
complementary equation Equation (3.7.2). We look for a particular solution of Equation (3.7.1) in the form

Yp = U1Y1 + U2y (3.7.3)

where u; and us are functions to be determined so that y, satisfies Equation (3.7.1). You may not think this is a good idea, since
there are now two unknown functions to be determined, rather than one. However, since u; and uy have to satisfy only one
condition that yj, is a solution of Equation (3.7.1), we can impose a second condition that produces a convenient simplification, as
follows.

Differentiating Equation (3.7.3) yields

Yp = ury} +uyh +ufyr +ubhya. (3.7.4)

As our second condition on u; and uy we require that
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Then Equation (3.7.4) becomes

iy +ubys =0. (3.7.5)

Yp = Ury) +u2ys; (3.7.6)
that is, Equation (3.7.5) permits us to differentiate gy, (once!) as if u; and uy are constants. Differentiating Equation (3.7.4) yields
vl = wg + gy +uhy +uy). (3.7.7)

There are no terms involving «{ and uf here, as there would be if we hadn’t required Equation (3.7.5). Substituting Equation
(3.7.3), Equation (3.7.6), and Equation (3.7.7) into Equation (3.7.1) and collecting the coefficients of u; and u» yields

u1 (Poyy + Piy; + Poyr) +ua (Poyy + Pryh + Poye) + Po(uwy) +ubyl) = F.

As in the derivation of the method of reduction of order, the coefficients of u; and us here are both zero because y; and y, satisfy
the complementary equation. Hence, we can rewrite the last equation as

Py(uhy; +ubyl)=F. (3.7.8)
Therefore y, in Equation (3.7.3) satisfies Equation (3.7.1) if
ujyr +uhye =0
/1 ’ /2 ' F (3.7.9)
Uy Ty =g

where the first equation is the same as Equation (3.7.5) and the second is from Equation (3.7.8).

We’ll now show that you can always solve Equation (3.7.9) for u} and ). (The method that we use here will always work, but
simpler methods usually work when you’re dealing with specific equations.) To obtain w{, multiply the first equation in Equation
(3.7.9) by y4, and the second equation by y5. This yields

U Y1y +upYayy =0

F
u Y Y2 FubYhy = 9
y 50
Subtracting the second equation from the first yields
Fy,
uy (195 — Y1 92) = R (3.7.10)

Since {y1,¥2} is a fundamental set of solutions of Equation (3.7.2) on (a,b), Theorem 3.7.1 implies that the Wronskian
y1Y5 — Y} y2 has no zeros on (a, b). Therefore we can solve Equation (3.7.10) for u}, to obtain

Fy,

U =———. (3.7.11)
! Py(y1y5 —y192)
We leave it to you to start from Equation (3.7.9) and show by a similar argument that
F
’ L2 (3.7.12)

2 Po(niy,—vy2)

We can now obtain u; and uy by integrating w) and u},. The constants of integration can be taken to be zero, since any choice of u;
and up in Equation (3.7.3) will suffice.

You should not memorize Equation (3.7.11) and Equation (3.7.12). On the other hand, you don’t want to rederive the whole
procedure for every specific problem. We recommend:

a. Write

Yp = Ury1 +u2y2 (3.7.13)

to remind yourself of what you’re doing.
b. Write the system
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! A —
e 714
wY tUYy =g
for the specific problem you’re trying to solve.
c. Solve Equation (3.7.14) for v and u{, by any convenient method.
d. Obtain u; and uy by integrating v} and uj, taking the constants of integration to be zero.
e. Substitute u; and uy into Equation (3.7.13) to obtain y,,.

v/ Example 3.7.1

Find a particular solution ¥, of
22y — 2zy +2y = 2"/, (3.7.15)
given that y; = = and y» = 22 are solutions of the complementary equation
mzy" —2zy' +2y =0.

Then find the general solution of Equation (3.7.15).

Solution
We set
_ 2
Yp =1 +usx )
where
! I 2
ujz+ uyz® =0
9/2
x
u) +2uhr = — =z/2,
0
From the first equation, u} = —u/,x . Substituting this into the second equation yields uya = %2, so u, = /> and therefore
u) = —uhr = —25/2 _ Integrating and taking the constants of integration to be zero yields
2 7 2 52
U =—==x and wus = —=z°/".
7 5
Therefore

2 2 4
STy 2522 202

yp=u1m+u2x2=—7 5 35

and the general solution of Equation (3.7.15) is

4
Y= ﬁzgm—}—clw —1—02:132.

v/ Example 3.7.2

Find a particular solution y,, of
(x—1)y" —zy +y=(z—1), (3.7.16)
given that y; =« and y, = €” are solutions of the complementary equation
(z—1)y"—zy +y=0.

Then find the general solution of Equation (3.7.16).

Solution
We set
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Yp = UIT +uge”,

where

ujx +use” =0

uh Fube” ——($_1)2 =z—1

1 2 r—1 .
Subtracting the first equation from the second yields —uj(z —1) =2 —1, so w} = —1. From this and the first equation,
uy = —ze “uj = xe . Integrating and taking the constants of integration to be zero yields
up=-—r and us=—(z+1)e ".

Therefore

Yp=wT +uze” = (—z)z + (—(z+1)e®)e® = -z —z -1,
so the general solution of Equation (3.7.16) is
y=yptaz+ce’ = 2’z —1l+cz e =—2>—1+ (c1 — 1)z +co€”. (3.7.17)

However, since c; is an arbitrary constant, so is ¢; — 1 ; therefore, we improve the appearance of this result by renaming the
constant and writing the general solution as

y=—a" —1+c1z +cae”. (3.7.18)

There’s nothing wrong with leaving the general solution of Equation (3.7.16) in the form Equation (3.7.17); however, we think
you’ll agree that Equation (3.7.18) is preferable. We can also view the transition from Equation (3.7.17) to Equation (3.7.18)
differently. In this example the particular solution y, = —z? —z —1 contained the term —z, which satisfies the complementary
2_1, since —z2 —x —1 is a solution of Equation (3.7.16) and z is a
solution of the complementary equation; hence, —z2 —1 = (—z2 —x — 1) +=z is also a solution of Equation (3.7.16). In general,
it is always legitimate to drop linear combinations of {y;,y2} from particular solutions obtained by variation of parameters. We’ll
do this in the following examples and in the answers to exercises that ask for a particular solution. Therefore, don’t be concerned if

equation. We can drop this term and redefine y, = —z

your answer to such an exercise differs from ours only by a solution of the complementary equation.

v/ Example 3.7.3

Find a particular solution of

y"+3y +2y = o (3.7.19)
Then find the general solution.
Solution
The characteristic polynomial of the complementary equation
y'+3y +2y=0 (3.7.20)

is p(r)=r>+3r+2=(r+1)(r+2) , so yy =e® and y» =e >* form a fundamental set of solutions of Equation
(3.7.20). We look for a particular solution of Equation (3.7.19) in the form

Yp =ure " +uge 2%,
where

uje " + u’2cf2z =0

_ - 1
—ule ™ —2ule® = .
i 2 1+4e®

Adding these two equations yields
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1 621

| 2T ’

—uhe = —, SO Up=-— —.
1+4+e 1+e
From the first equation,
ez
u) = —uhe = .
1+e®

Integrating by means of the substitution v = e* and taking the constants of integration to be zero yields

u1=/ ° dwz/ dv =1In(1+v) =1n(1+¢€")

1+e® 1+v
and

e v 1

e /l—i—ez v /l—l—v Y /[I—I—v ] Y
=In(14+v)—v=1In(1+¢€")—€".
Therefore
Yp =ure "’ +use

= [In(1 +€%)]e"® +[In(1 +€%) — e*] e 22,

)

yp= (e +e ) In(l+e")—e ™.
Since the last term on the right satisfies the complementary equation, we drop it and redefine
yp = (7" +efzz) In(1+e").
The general solution of Equation (3.7.19) is

y=yptce” +cee ¥ = (e +e ) In(l+€") +cre ™’ +cpe .

v/ Example 3.7.4

Solve the initial value problem

2
(> —1)y" +4zy +2y = T y(0)=-1, ¢'(0)=-5, (3.7.21)
given that
1
et M vt

are solutions of the complementary equation
(2 —1)y" +4zy’ +2y =0.
Solution

We first use variation of parameters to find a particular solution of

2 " !
-1 4 Ny = ———
(x )y +4zy +2y P~

on (—1,1)in the form

Yp m—1+m—|—1

where
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= 2 g 3.7.22
z—1 2+l (8.7.22)
B Uy B uw, 2
(x—-1)2 (z+1)2 (z+1)(x2-1)
Multiplying the first equation by 1/(z — 1) and adding the result to the second equation yields
1 1 2
— uh = . 3.7.23
[ﬁ—l @+n4 2T @ +1)(22 1) (8.7.23)
Since
1 1 _ (z+1)—(z—-1) B 2
22—-1 (z+1)2] (z+1)(z2-1)  (z+1)(z2-1)"’
Equation (3.7.23) implies that u4, = 1. From Equation (3.7.22),
o __s:—lu, __:r—l
Vo1 ozl
Integrating and taking the constants of integration to be zero yields
z—1 z+1-2
b / z+1 v / z+1 v
2
= —1{ dx=2In(x+1)—=z
/ { z+1 ] ( )
and
U = / dr ==x.
Therefore
_w uz 1 1
L z—1 + z+1 = [2Infe+1) 2] z—1 +w:c+1
2In(z +1) 1 1 2In(z +1) 2z
= €T — = - .
z—1 z+1 =z-1 z—1 (z+1)(z—1)
However, since
2z _ 1 " 1
(z+1)(z—-1) |z+1 =z-1
is a solution of the complementary equation, we redefine
_ 2In(z+1)
Yp = r—1 .
Therefore the general solution of Equation (3.7.24) is
2 ln(m + 1) C1 Co
= . 3.7.24
z—1 z—1 z+1 ( )
Differentiating this yields
2 2In(z +1) c1 &)
S 22-1 (z—1)%  (z—-1)2 (z+1)%°
Setting ¢ = 0 in the last two equations and imposing the initial conditions y(0) = —1 and y’(0) = —5 yields the system
—c1+c =—1
—2—61 —Cy = —5.
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The solution of this system is ¢; = 2, co = 1 . Substituting these into Equation (5.7.24) yields

_2ln(:£+1) 2 1
y= rz—1 rz—1 z+1
2In(z+1) 3z+1
= +
z—1 z2—1

as the solution of Equation (3.7.21). See Figure 3.7.1 for a graph of the solution.

y
1

- 50

2In(z+1
=
vertical asymptotes, and it is decreasing. ( CC BY-NC-SA 3.0, William F. Trench via Elementary Differential equation)

Figure 3.7.1 : The solution curve y = to a nonhomogeneous linear differential equation. The curve has two

We’ve now considered three methods for solving nonhomogeneous linear equations: undetermined coefficients, reduction of order,
and variation of parameters. It’s natural to ask which method is best for a given problem. The method of undetermined coefficients
should be used for constant coefficient equations with forcing functions that are linear combinations of polynomials multiplied by
functions of the form e®®, e coswz, or e sinwz. Although the other two methods can be used to solve such problems, they will
be more difficult except in the most trivial cases, because of the integrations involved.

If the equation isn’t a constant coefficient equation or the forcing function isn’t of the form just specified, the method of
undetermined coefficients does not apply and the choice is necessarily between the other two methods. The case could be made that
reduction of order is better because it requires only one solution of the complementary equation while variation of parameters
requires two. However, variation of parameters will probably be easier if you already know a fundamental set of solutions of the
complementary equation.

This page titled 3.7: Variation of Parameters is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 5.7: Variation of Parameters by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:

https://digitalcommons.trinity.edu/mono/9.
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3.7E: Exercises for Section 3.7

Exercises 1-6

Use variation of parameters to find a particular solution.

y"" 4+ 9y =tan3x

y" + 4y = sin 2z sec? 2z

Answer

sin 2z In | cos 2z| z cos 2z
Y == 1 T

" __ ! _ 4
Y =3y +2y =1~

? Exercise 3.7E.4

y'" —2y' 4+ 2y =3e%secx

Answer

yp = 3e”(coszIn|cosz| +zsinz).

y// o 2yl +y= 14w3/2e:c

? Exercise 3.7E.6

1 4e”*

y _y = 1_6—2:

Answer

yp=e"In(l —e 2?) —e " In(e?* —1).

Exercises 7-29

Use variation of parameters to find a particular solution, given the solutions y; , y> of the complementary equation.

2y tay —y=20+2% yi=z, yp=;

? Exercise 3.7E.8

e

ey’ +(2-2z)y +(x -2)y=€*; p=e", p=%

Answer
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? Exercise 3.7E.9

4y" + (4z — 822)y' + (4a® — 4z — 1)y =42'/%e*, >0 ;y ="/, yy = 1/2¢*

? Exercise 3.7E. 10

2

Y Fdzy + (42 +2)y =4e @),y = g =ze®

2

—z(z+2) .

Yp =€

z2y" —dzy +6y=2°2, 2 >0; y =z%, yp=21°

z?y" —3zy’ 4+ 3y =2z*sinz; y ==z, yp =23

Answer

= —22%sinz — 2z cosz.
p

2 +1)y" —2¢y' — 2z +3)y= 2z +1)%e™®*; y =€ %, ys==ze"
Y Y

? Exercise 3.7E. 14

dry” +2y' +y=sin/z; Y1 =cosy/z, y»=sin\/z

Answer

VT cos /T

Yp = — 2 .

zy’ — (2 +2)y + (z +2)y =6z%€e%; y =€, yo =z

? Exercise 3.7E. 16

22y — (2a—1)zy +ay =zt y =29, y=2%lnz
Answer
Yp = 2ot

2y" —2zy + (2® +2)y =z%cosz; y, =zcosz, y»=zsinz
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? Exercise 3.7E. 18

z2

zy’ —y —da’y=82" yi=¢", p=e

Answer

Yp = —2z2.

(sinz)y” + (2sinz —cosz)y’ + (sinz —cosz)y=e*; y1 =€ ®, ys=€ “cosz

? Exercise 3.7E. 20

4z?y" —dzy' + (3 —162%)y =825/%;  y1 = /xe®, yp = \[xe 2

Answer

vz
—~

Yp = —

4a?y" —dzy' + (42® +3)y =2"/%; y, = /Tsinz, yo = /Tcosz

z2y" —2zy’ — (22 —2)y =3x*; y1 =ze®, Yo =T "

iy —2z(x + 1)y +(2® +2z +2)y =23€%; y; =xze®, 1y, =x€”

? Exercise 3.7E. 24

2,

2y’ —ay —3y=2*% y=1/z, yp=d

oy’ —z(z+4)y +2(x+3)y =a'e”; y =2 =g’

? Exercise 3.7E. 26

22y —2z(z +2)y +(z® +4z +6)y =2ze%; y; =x2e%, yy =z €”

wzy”—4xy’+(w2+6)y=$4§ ylzwzcosx, y2:w2sinw

? Exercise 3.7E. 28

(-1 —zy +y=2(x—1)%"; yp==z, yr=¢€"
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? Exercise 3.7E. 29

42’y —dz(z+1)y' + Qe +3)y =2°%"  y1 =T, 3= ze’

Exercises 30-32

Use variation of parameters to solve the initial value problem, given y;, y» are solutions of the complementary equation.

? Exercise 3.7E. 30

(Bz—1)y" —(Bz+2)y' — (6z —8)y = (3z —1)’e*, y(0)=1, y'(0)=2 ;

Y1 =€, yp=ze”

Answer

(z-1)%y" —2(x-1)y' +2y=(z—1)?, y(0)=3, y'(0)=-6 ;
ylzm—l,y2:$2—1

(-1 —(2* -1y +(@+1)y=(z—1)%", y(0)=4, 3 (0)=-6 ;
yp=(z—-1)e*, p=z-1

Exercises 33-39

Use variation of parameters to solve the initial value problem and graph the solution, given that y;, y> are solutions of the
complementary equation.

(22 —1)y" +4day’ +2y =2z, y(0)=0,y(0)=-2 wn=75, 1="5

? Exercise 3.7E. 34

oty +2zy —2y=—-22°, y(1)=1,y(1)=-1; y==z, ="

Answer

? Exercise 3.7E. 36
Suppose

Yp =Y+ a1y +a2ye
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is a particular solution of
Py(z)y" + Pi(z)y’ + P (z)y = F(2), (4)
where y; and y» are solutions of the complementary equation
Py(z)y" + Pi(x)y + Pa(z)y =0.

Show that y is also a solution of (A).

? Exercise 3.7E. 37

Suppose p, g, and f are continuous on (a, b) and let z; be in (a, b). Let y; and ys be the solutions of
y" +p()y +a(z)y =0
such that
vi(zo) =1, wyi(z0) =0, wa(m0) =0, ws(w)=1.
Use variation of parameters to show that the solution of the initial value problem

Y +p(@)y +a(@)y = f(z), y(zo)=ko, y'(z0) = ku,

y(z) = koy1 () +k1y2(z)
+J2 (@ (Ove(@) ~ 1 @) (8)) £ exp( [}, p(s) ds) dt.

Hint: Use Abel's formula for the Wronskian of {y1,¥y-}, and integrate | and u., from @, to x.

Show also that
y'(z) =koy; (z) + k1ys(z)

+[2 (1) (@) ~ v (@) (6) £t exp( [1 p(s) ds) dt.

? Exercise 3.7E. 38

Suppose f is continuous on an open interval that contains ¢y = 0. Use variation of parameters to find a formula for the
solution of the initial value problem

y' —y=f(z), y(0)=ky, ¢(0)=ki.

? Exercise 3.7E. 39
Suppose f is continuous on (a, 00), where a < 0, so g = 0 is in (a, 00).
a. Use variation of parameters to find a formula for the solution of the initial value problem
y'+y=f(z), y(0)=ko, y'(0)=ks.
Hint: You will need the addition formulas for the sine and cosine.
sin(A + B) =sin A cos B+ cos Asin B
cos(A+ B) =cosAcos B—sin Asin B

For the rest of this exercise assume that the improper integral f0°° f(t) dt is absolutely convergent.
b. Show that if y is a solution of

y'+y=f(z) (A)

https://math.libretexts.org/@go/page/167387
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on (a, ), then

lim (y(z) —Agcosz — A;sinz) =0 (B)
T—00
and
lim (y'(z)+ Ag sinz — Ay cosz) =0, (©)
T—00
where

Ay =ko—/ f()sintdt and A; =k +/ f(t)costdt.
0 0

Hint: Recall from calculus that if [° f(t)dt converges absolutely, then lim,_,, [>° | f(t)|dt = 0.
c. Show that if Ay and A; are arbitrary constants, then there’s a unique solution of y" +y = f(z) on (a, o) that satisfies
(B) and (C).

This page titled 3.7E: Exercises for Section 3.7 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 5.7E: Variation of Parameters (Exercises) by William F. Trench is licensed CC BY-NC-SA 3.0. Original source:
https://digitalcommons.trinity.edu/mono/9.
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3.8: Mechanical Vibrations

Learning Objectives

e Understand the mathematical modeling of physical systems such as mass-spring systems, RLC circuits, and pendulums
using linear second-order differential equations.

e Analyze the behavior of solutions for damped and undamped systems, including the concepts of natural frequency,
amplitude, and different damping scenarios.

Let us look at some applications of linear second-order constant coefficient equations.

Examples in Mass-Spring System, RLC Circuit, and Pendulum

Our first example is a mass on a spring Figure 3.8.1. Suppose we have a mass m > 0 (in kilograms) connected by a spring with
spring constant k£ > 0 (in newtons per meter) to a fixed wall. There may be some external force F'(¢) (in newtons) acting on the
mass. Finally, there is some friction measured by ¢ > 0 (in newton-seconds per meter) as the mass slides along the floor (or
perhaps there is a damper connected).

k E(t)

m

damping ¢

Figure 3.8.1: A mass-spring system (a common example used to study mechanical vibrations) with a mass m attached to a spring

with spring constant k. A force vector F(t) pulls the mass to the right. Below the A mass-spring system is a damping constant c.

(CC BY-SA 4.0; Jif Lebl via Differential Equations for Engineers).
Let = be the displacement of the mass ( = 0 is the rest position), with  growing to the right (away from the wall). The force
exerted by the spring is proportional to the compression of the spring by Hooke’s law. Therefore, it is kz in the negative direction.
Similarly the amount of force exerted by friction is proportional to the velocity of the mass. By Newton’s second law we know that
force equals mass times acceleration and hence mz' = F'(t) —cz’ —kz or

mz' +cx' +kx = F(t)
This is a linear second order constant coefficient ODE. We set up some terminology about this equation. We say the motion is

i. Forced, if F' # 0 (if F is not identically zero),

ii. Unforced or free, if F' =0 (if F' is identically zero),
iii. Damped, if ¢ > 0, and
iv. Undamped, if ¢ = 0.

This system appears in lots of applications even if it does not at first seem like it. Many real-world scenarios can be simplified to a
mass on a spring. For example, a bungee jump setup is essentially a mass and spring system (you are the mass). It would be good if
someone did the math before you jump off the bridge, right? Let us give two other examples.

Here is an example for electrical engineers. Consider the RLC circuit as in Figure 3.8.2. There is a resistor with a resistance of R
ohms, an inductor with an inductance of L henries, and a capacitor with a capacitance of C' farads. There is also an electric source
(such as a battery) giving a voltage of E(¢) volts at time ¢ (measured in seconds). Let Q(t) be the charge in coulombs on the
capacitor and I(t) be the current in the circuit. The relation between the two is @' =I. By elementary principles we find

LI' + RI+ % = E . We differentiate to get

LI"(t)+RI'(t)+ %I(t) =E'(t).

c
R

Figure 3.8.2: A circuit labeled with resister R (bottom) , capacitor C (top), battery E (left), and inductor L (right). (CC BY-SA 4.0;
Jifi Lebl via Differential Equations for Engineers).
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This is a nonhomogeneous second order constant coefficient linear equation. As L, R, and C' are all positive, this system behaves
just like the mass and spring system. Position of the mass is replaced by current. Mass is replaced by inductance, damping is
replaced by resistance, and the spring constant is replaced by one over the capacitance. The change in voltage becomes the forcing
function—for constant voltage this is an unforced motion.

Our next example is a motion of mass swinging on a pendulum (see Figure 3.8.3). Suppose a mass m hangs on a pendulum of
length L. We seek an equation for the angle 6(¢) (in radians). Let g be the force of gravity. Elementary physics mandates that the
equation is

0"+ %sin@z 0.

mgsin@  |mg

Figure 3.8.3: A simple pendulum consisting of a mass mmm attached to a string of length L. The forces acting on the pendulum
include: The gravitational force mg acting downward, the tangential component of gravity mgsinf which acts as the restoring
force, and the acceleration term m L6 " representing angular acceleration. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for
Engineers).
Let us derive this equation using Newton's second law: force equals mass times acceleration. The acceleration is L#" and mass is
m. So mL#" has to be equal to the tangential component of the force given by the gravity, which is mgsin@ in the opposite
direction. So mL§"' = —mgsin@. The m curiously cancels from the equation.

Now we make our approximation. For small # we have that approximately sin# = 6 . This can be seen by looking at the graph. In
Figure 3.8.4 we can see that for approximately —0.5 < 8 < 0.5 (in radians) the graphs of sinf and # are almost the same.

Figure 3.8.4: The graphs of sin # and 6 (in radians) on the interval in which —1 <2z <1 and —1 <y <1.(CC BY-SA 4.0; Jifi
Lebl via Differential Equations for Engineers).

Therefore, when the swings are small, € is small and we can model the behavior by the simpler linear equation
9
'+ =6=0.
+ L

The errors from this approximation build up. So after a long time, the state of the real-world system might be substantially different
from our solution. Also we will see that in a mass-spring system, the amplitude is independent of the period. This is not true for a
pendulum. Nevertheless, for reasonably short periods of time and small swings (that is, only small angles 6), the approximation is
reasonably good.

In real-world problems it is often necessary to make these types of simplifications. We must understand both the mathematics and
the physics of the situation to see if the simplification is valid in the context of the questions we are trying to answer.

Free Undamped Motion

In this section we will only consider free or unforced motion, as we cannot yet solve nonhomogeneous equations. Let us start with
undamped motion where ¢ = 0. We have the equation
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mz' +kr=0
If we divide by m and let wy = 4/ —, then we can write the equation as
m

"+ w%a: =0
The general solution to this equation is
z(t) = Acos(wyt) + Bsin(wyt)

By a trigonometric identity cos(a — 3) = cos(a) cos(8) + sin(a) sin(8) , we have that for two different constants C' and =, we
have

A cos(wyt) + Bsin(wgt) = C cos(wot —7)

R B
It is not hard to compute that C' = /A2 + B? and tany = I Therefore, we let C' and -y be our arbitrary constants and write
z(t) = C cos(wot —7) .

While it is generally easier to use the first form with A and B to solve for the initial conditions, the second form is much more
natural. The constants C' and y have very nice interpretation. We look at the form of the solution

z(t) = C cos(wpt —7)
We can see that the amplitude is C, wy is the (angular) frequency, and =y is the so-called phase shift. The phase shift just shifts the
graph left or right. We call w the natural (angular) frequency. This entire setup is usually called simple harmonic motion.

Let us pause to explain the word angular before the word frequency. The units of wy are radians per unit time, not cycles per unit

. . . . - Wo .
time as is the usual measure of frequency. Because we know one cycle is 27 radians, the usual frequency is given by o It is
™

simply a matter of where we put the constant 27, and that is a matter of taste.

2
The period of the motion is one over the frequency (in cycles per unit time) and hence —. That is the amount of time it takes to
Wo

complete one full oscillation.

v/ Example 3.8.1

N
Suppose that m = 2kg and k = 8 — . The whole mass and spring setup is sitting on a truck that was traveling at 1 ﬁ. The
m s
truck crashes and hence stops. The mass was held in place 0.5 meters forward from the rest position. During the crash the mass
gets loose. That is, the mass is now moving forward at lﬂ, while the other end of the spring is held in place. The mass

s
therefore starts oscillating in mks units (meters-kilograms-seconds). What is the frequency of the resulting oscillation and what
is the amplitude?

Solution
The setup means that the mass was at half a meter in the positive direction during the crash and relative to the wall the spring is

mounted to, the mass was moving forward (in the positive direction) at 1 E. This gives us the initial conditions.
s
So the equation with initial conditions is
2z +8z =0, z(0)=0.5, z'(0)=1
We can directly compute wy =4/ — = v/4 =2 . Hence the angular frequency is 2. The usual frequency in Hertz (cycles per
m

2 1
second) is — = — ~0.318.

2T 7

The general solution is

z(t) = Acos(2t) + Bsin(2t)
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Letting #(0) =0.5 means A=0.5. Then z'(t) =—2(0.5)sin(2t) +2Bcos(2t). Letting z'(0)=1 we get B=0.5.

Therefore, the amplitude is C' = VA2 + B2 = 1/0.25+0.25 =4/0.5~0.707 . The solution is
z(t) = 0.5 cos(2t) + 0.5 sin(2¢)

A plot of z(t) is shown in Figure 3.8.5.

Figure 3.8.5: A simple undamped oscillation showing a graph of a sine function which is shifted both vertically and
horizontally. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

In general, for free undamped motion, a solution of the form
z(t) = A cos(wot) + Bsin(wgt)

corresponds to the initial conditions z(0) = A and z’(0) = woB. Therefore, it is easy to figure out A and B from the initial
conditions. The amplitude and the phase shift can then be computed from A and B. In the example, we have already found the

B
amplitude C. Let us compute the phase shift. We know that tany = 1 =1. We take the arctangent of 1 and get

approximately 0.785. We still need to check if this - is in the correct quadrant (and add 7 to +y if it is not). Since both A and B
are positive, then -y should be in the first quadrant, and 0.785 radians really is in the first quadrant.

Many calculators and computer software do not only have the atan function for arctangent, but also what is sometimes called
atan2 . This function takes two arguments, B and A, and returns a -y in the correct quadrant for you.

Free Damped Motion

Let us now focus on damped motion. Let us rewrite the equation

mz" +cx' +kxr =0

as
2" +2px’ +wiz =0
where
k c
m 2m

The characteristic equation is
r? +2pr+w? =0

Using the quadratic formula we get that the roots are

r:—p:t\/pz—wg

The form of the solution depends on whether we get complex or real roots. We get real roots if and only if the following number is
nonnegative:
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2 2 _( c 2 k ct —4km

Cw? = (— £ —Err

P 0 2m m 4m?

The sign of p? —w? is the same as the sign of ¢ —4km. Thus we get real roots if and only if ¢? —4km is nonnegative, or in
other words if ¢ > 4km.

Overdamping

When ¢ —4km >0, we say the system is overdamped. In this case, there are two distinct real roots r; and 7. Notice that both

roots are negative. As /p? — w% is always less than P, then —P +4/ P2 — wg is negative.

The solution is
z(t) = Cre™t + Coe™

Since rq, 79 are negative, £(t) — 0 as t — oco. Thus the mass will tend towards the rest position as time goes to infinity. See
Figure 3.8.6 for a few sample plots given different initial conditions.

%
T

] ™ 00

Figure 3.8.6: An overdamped motion for several different initial conditions. The top blue curve goes up and down, then flats out to
the x-axis. The middle green curve goes down and flats out to the x-axis. The bottom red curve goes down and up, then flats out to
the x-axis. (CC BY-SA 4.0; Jiff Lebl via Differential Equations for Engineers).

No oscillation happens! In fact, the graph will cross the z axis at most once. To see why, we try to solve 0 = C} et + Che™t .

Therefore, C; e = —Cye™! and using laws of exponents we obtain
—-C _ o(rm)t
Cy

This equation has at most one solution ¢ > 0. For some initial conditions the graph will never cross the x axis, as is evident from
the sample graphs in Figure 3.8.6.
Suppose the mass is released from rest. That is #(0) = ¢ and '(0) = 0. Then
Lo rot Tt
z(t) = —(rie? —rqe't
(t) — (ry 2e’")
satisfies the initial conditions.

Critical damping
When c? —4km = 0, we say the system is critically damped. In this case, there is one root of multiplicity 2 and this root is —P.
Therefore, our solution is

z(t) = Cre P 4 Cyte ™™

The behavior of a critically damped system is very similar to an overdamped system. After all a critically damped system is in
some sense a limit of overdamped systems. Since these equations are really only an approximation to the real world, in reality we
are never critically damped, it is a place we can only reach in theory. We are always a little bit underdamped or a little bit
overdamped. It is better not to dwell on critical damping.

Underdamping

When ¢? —4km < 0, we say the system is underdamped. In this case, the roots are complex.
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r=-pt,/p® —w?
= —p+y—I/wd—p? (3.8.1)

=—ptiw

where w; = 4 /wg —p? . Our solution is

z(t) = e P"(A cos(w; t) + Bsin(w t)
or
z(t) = Ce ™ cos(wit —7)

An example plot is given in Figure 3.8.7. Note that we still have that z(¢) — 0 as t — co.

5 0 15 2 = 5
n T T T T T il

L
1w 5 w
[ O 0 [r] = = =

Figure 3.8.7: An underdamped motion with the envelope curves. A blue curve oscillates up and down between the top decreasing

green curve and the bottom increasing red curve. The blue curve flats out towards the x-axis as x-values get bigger. (CC BY-SA

4.0; Jifi Lebl via Differential Equations for Engineers).
Figure 3.8.7 also shows the envelope curves Ce™P® and —CeP!. The solution is the oscillating line between the two envelope
curves. The envelope curves give the maximum amplitude of the oscillation at any given point in time. For example if you are
bungee jumping, you are really interested in computing the envelope curve so that you do not hit the concrete with your head.

The phase shift y just shifts the graph left or right but within the envelope curves (the envelope curves do not change if v changes).

Finally note that the angular pseudo-frequency (we do not call it a frequency since the solution is not really a periodic function) w;
becomes smaller when the damping ¢ (and hence P) becomes larger. This makes sense. When we change the damping just a little
bit, we do not expect the behavior of the solution to change dramatically. If we keep making c larger, then at some point the
solution should start looking like the solution for critical damping or overdamping, where no oscillation happens. So if c2
approaches 4km, we want w; to approach 0.

On the other hand when ¢ becomes smaller, w; approaches wy (w; is always smaller than wy ), and the solution looks more and
more like the steady periodic motion of the undamped case. The envelope curves become flatter and flatter as ¢ (and hence P )
goes to 0.

Footnotes

[1] We do not call w; a frequency since the solution is not really a periodic function.

This page titled 3.8: Mechanical Vibrations is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 2.4: Mechanical Vibrations by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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3.8E: Exercises for Section 3.8

Exercises 1-9

Solve each exercise by applying the principles of mechanics, circuits, or oscillatory systems as specified.

? Exercise 3.8E.1
Consider a mass and spring system with a mass m = 2, spring constant £ = 3, and damping constant ¢ =1.

a. Set up and find the general solution of the system.
b. Is the system underdamped, overdamped or critically damped?
c. If the system is not critically damped, find a ¢ that makes the system critically damped.

? Exercise 3.8E.2

Consider a mass and spring system with a mass m = 3, spring constant ¥ = 12, and damping constant ¢ = 12.

a. Set up and find the general solution of the system.
b. Is the system underdamped, overdamped or critically damped?
c. If the system is not critically damped, find a ¢ that makes the system critically damped.

? Exercise 3.8E.3

N
Using the mks units (meters-kilograms-seconds), suppose you have a spring with spring constant 4 —. You want to use it to
m

weight items. Assume no friction. You place the mass on the spring and put it in motion.

a. You count and find that the frequency is 0.8 Hz (cycles per second). What is the mass?
b. Find a formula for the mass m given the frequency w in Hz.

? Exercise 3.8E.4

Suppose we add possible friction to Exercise 3.8E.3. Further, suppose you do not know the spring constant, but you have two
reference weights 1 kg and 2 kg to calibrate your setup. You put each in motion on your spring and measure the frequency. For
the 1 kg weight you measured 1.1 Hz, for the 2 kg weight you measured 0.8 Hz.

a. Find k (spring constant) and ¢ (damping constant).

b. Find a formula for the mass in terms of the frequency in Hz. Note that there may be more than one possible mass for a
given frequency.

c. For an unknown object you measured 0.2 Hz, what is the mass of the object? Suppose that you know that the mass of the
unknown object is more than a kilogram.

? Exercise 3.8E.5
Suppose you wish to measure the friction a mass of 0.1 kg experiences as it slides along a floor (you wish to find ¢). You have

N
a spring with spring constant £ = 5— . You take the spring, you attach it to the mass and fix it to a wall. Then you pull on the
m

spring and let the mass go. You find that the mass oscillates with frequency 1 Hz. What is the friction?

? Exercise 3.8E.6

A mass of 2 kilograms is on a spring with spring constant k£ newtons per meter with no damping. Suppose the system is at rest
and at time ¢t =0 the mass is kicked and starts traveling at 2 meters per second. How large does & have to be to so that the
mass does not go further than 3 meters from the rest position?
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Answer

8
= (and larger)

? Exercise 3.8E.7

Suppose we have an RLC circuit with a resistor of 100 miliohms (0.1 ohms), inductor of inductance of 50 millihenries (0.05
henries), and a capacitor of 5 farads, with constant voltage.

a. Set up the ODE equation for the current .
b. Find the general solution.
c. Solve for I(0) =10 and I'(0) =0.

Answer
2.0.051" +0.11'+ (1) 1=0
b. I =Cetcos(v/3t—7)
c. I =10e™* cos(v/3t) + %e’t sin(+/3t)

? Exercise 3.8E.8
A 5000 kg railcar hits a bumper (a spring) at lﬂ, and the spring compresses by 0.1 m. Assume no damping.
s

a. Find k.
b. Find out how far does the spring compress when a 10000 kg railcar hits the spring at the same speed.

m
c. If the spring would break if it compresses further than 0.3 m, what is the maximum mass of a railcar that can hit it at 1 —?
s

m
d. What is the maximum mass of a railcar that can hit the spring without breaking at 2 —?
s

Answer
a. k=500000

A~
b. 55 ~0.141

c. 45000 kg
d. 11250 kg

? Exercise 3.8E.9

A mass of m kg is on a spring with k£ = 3% andc =2 % . Find the mass my for which there is critical damping. If m < my,
does the system oscillate or not, that is, is it underdamped or overdamped?

Answer

my = % . If m < my, then the system is overdamped and will not oscillate.

This page titled 3.8E: Exercises for Section 3.8 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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3.9: Nonhomogeneous Equations

Learning Objectives

e Learn to solve nonhomogeneous second-order linear differential equations using methods such as undetermined coefficients
and variation of parameters.

e Understand the decomposition of the general solution into complementary and particular solutions and apply initial
conditions to determine specific solutions.

Solving Nonhomogeneous Equations

We have solved linear constant coefficient homogeneous equations. What about nonhomogeneous linear ODEs? That is, suppose
we have an equation such as

y"' 45y +6y=2x+1 (3.9.1)

We will write Ly = 2z +1 when the exact form of the operator is not important. We solve Equation (3.9.1) in the following
manner. First, we find the general solution y. to the associated homogeneous equation

y"' +5y +6y=0 (3.9.2)
We call y, the complementary solution. Next, we find a single particular solution y,, to Equation (3.9.1)in some way. Then
Y=Yc+Yp

is the general solution to Equation (3.9.1). We have Ly, =0 and Ly, =2z +1. As L is a linear operator we verify that y is a
solution, Ly = L(y. +yp) = Ly, + Ly, =0+ (22 +1) . Let us see why we obtain the general solution.

Let y, and y,, be two different particular solutions to Equation (3.9.1). Write the difference as w =y, — Yp - Then plug w into the
left hand side of the equation to get

w” +5w' +6w = (yy +5yp +6y,) — (7 + 59, +67,) =2z +1) — (22 +1) =0
Using the operator notation the calculation becomes simpler. As L is a linear operator we write
Lw :L(ypfg}p) =Ly, Ly, = (2z+1)—(2z+1)=0

Sow =y, —§, isasolution to Equation (3.9.2), that is Lw = 0. Any two solutions of Equation (3.9.1) differ by a solution to the
homogeneous Equation (3.9.2). The solution y =y, +y, includes all solutions to Equation (3.9.1), since y. is the general
solution to the associated homogeneous equation.

& Theorem 3.9.1

Let Ly = f(z) be a linear ODE (not necessarily constant coefficient). Let y. be the complementary solution (the general
solution to the associated homogeneous equation Ly = 0) and let y,, be any particular solution to Ly = f(z). Then the general
solution to Ly = f(z) is

Y=y + Yp-
The moral of the story is that we can find the particular solution in any old way. If we find a different particular solution (by a

different method, or simply by guessing), then we still get the same general solution. The formula may look different, and the
constants we will have to choose to satisfy the initial conditions may be different, but it is the same solution.

Undetermined Coefficients

The trick is to somehow, in a smart way, guess one particular solution to Equation (3.9.1). Note that 2z + 1 is a polynomial, and
the left hand side of the equation will be a polynomial if we let y be a polynomial of the same degree. Let us try

yp=Az+B

We plug in to obtain
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vy +5yp+6y, =(Az+B)"+5(Az +B)' +6(Az + B)

(3.9.3)
=0+5A+6Az+6B=6Az+ (5A+6B)

3z —1
9

1 1 1 1
So 6Az+ (5A+6B) =2z +1 . Therefore, A= 3 and B= o That means y, =—x— 9= . Solving the

3
complementary problem we get
Yo = 01672z + 0267390
Hence the general solution to Equation (3.9.1)is

3z —1
y=Cre 2 +Che > + mT

1
Now suppose we are further given some initial conditions. For example, y(0)=0 and %'(0)= 3 First find

1
Yy =—2Ce % —3Ce7 3 + 3 Then

11
O—y(O)—Cl—I—CQ—g,E

1 2
We solve to get C; = 3 and Cy = 9 The particular solution we want is

1 *29”—2(3””—# 3z —1 _ 3e 2z —2e3% 1 3¢ —1
9 9

A common mistake is to solve for constants using the initial conditions with y. and only add the particular solution ¥, after
that. That will not work. You need to first compute y =y, +y, and only then solve for the constants using the initial
conditions.

A nonhomogeneous equation in which the right hand side consisting of exponentials, sines, and cosines can be handled similarly.
If the right hand side contains sine or cosine, we try sine and/or cosine. For example,
y" + 2y’ +2y = cos(2x)

Let us find some y,,. We start by guessing the solution includes some multiple of cos(2z). We may have to also add a multiple of
sin(2x) to our guess since derivatives of cosines are sines. We try

yp = Acos(2z) + Bsin(2z)
We plug y, into the equation and we get

—4Acos(2z) —4Bsin(2z) 42 (—2Asin(2z) +2Bcos(2z))

w Y
+2 (Acos(2z) +2Bsin(2z)) = cos(2z),

Yp
The left hand side must equal to right hand side. We group terms and we get that —4A+4B+2A=1 and
-1 1
—4B—4A+2B=0.S0-2A+4B=1 and2A+ B =0 and hence A = T and B = 5 So
—cos(2z) 4 2 sin(2z)
10

Similarly, if the right hand side contains exponentials, we try exponentials. For example, for

yp = Acos(2z) + Bsin(2z) =

Ly=¢é*®

we will try y = Ae®? as our guess and try to solve for A.
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When the right hand side is a multiple of sines, cosines, exponentials, and polynomials, we can use the product rule for
differentiation to come up with a guess. We need to guess a form for y, such that Ly, is of the same form, and has all the terms
needed to for the right hand side. For example,

Ly = (1+3x?)e ® cos(rzx)
For this equation, we will guess
yp = (A+ Bz +Cz*)e " cos(rz) + (D + Ex + Fa*)e * sin(rz)

We will plug in and then hopefully get equations that we can solve for A, B,C, D, E and F'. As you can see this can make for a
very long and tedious calculation very quickly.

There is one hiccup in all this. It could be that our guess actually solves the associated homogeneous equation. That is, suppose we
have

y// _ 9y _ e3z
We would love to guess y = Ae®?, but if we plug this into the left hand side of the equation we get
Yy —9y =9A4e3" —9Ae3® =0 £

There is no way we can choose A to make the left hand side be e32. The trick in this case is to multiply our guess by z to get rid of
duplication with the complementary solution. That is first we compute y. (solution to Ly = 0)

Yo = Cre3" + Che™

and we note that the e3? term is a duplicate with our desired guess. We modify our guess to y = Aze3* and notice there is no
duplication anymore. Let us try. Note that ' = Ae3% +3Aze3® and y" = 6Ae3* +9Axe®? . So

Y — 9y = 6A4e” + 9Aze®® —9Aze®” = 64"

1
Thus 6 Ae®” is supposed to equal €**. Hence, 64 =1 and so A = 5 We can now write the general solution as

1
Y=Y +yYp= Cie 3 +Coe’® + Eme“

It is possible that multiplying by « does not get rid of all duplication. For example,
y// _ 6y’ T gy — 632

The complementary solution is 3. = C;e3% 4+ Cyze®® . Guessing y = Aze3® would not get us anywhere. In this case we want
to guess y, = Ax?e3® . Basically, we want to multiply our guess by 2 until all duplication is gone. But no more! Multiplying
too many times will not work.

Finally, what if the right hand side has several terms, such as
Ly =e* 4 cosz

In this case we find u that solves Lu = e?® and v that solves Lv = cosz (that is, do each term separately). Then note that if
y =u+wv, then Ly = e +cosx. This is because L is linear; we have Ly = L(u +v) = Lu + Lv = €?* 4+-cosz .

Variation of Parameters

The method of undetermined coefficients will work for many basic problems that crop up. But it does not work all the time. It only
works when the right hand side of the equation Ly = f(z) has only finitely many linearly independent derivatives, so that we can
write a guess that consists of them all. Some equations are a bit tougher. Consider

y"+y =tanz
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Note that each new derivative of tanz looks completely different and cannot be written as a linear combination of the previous
derivatives. If we start differentiating tan z, we get

2 2 2 2 4
sec’x, 2sec”’x tanx, 4sec’x tan”z+2sec z,
8sec’x tan®z +16sect z tanz, 16sec®z tan* z +88sec? z tan® z + 16 sec® z,

This equation calls for a different method. We present the method of variation of parameters, which will handle any equation of the
form Ly = f(z), provided we can solve certain integrals. For simplicity, we restrict ourselves to second order constant coefficient
equations, but the method works for higher order equations just as well (the computations become more tedious). The method also
works for equations with nonconstant coefficients, provided we can solve the associated homogeneous equation.

Perhaps it is best to explain this method by example. Let us try to solve the equation
Ly=1v"+y=tanz

First we find the complementary solution (solution to Ly, = 0). We get y. = C1y1 + Cays , where y; = cosz and ys = sinx. To
find a particular solution to the nonhomogeneous equation we try

Yp =Y =U1Y1 + U2Y2

where u; and usy are functions and not constants. We are trying to satisfy Ly = tan z. That gives us one condition on the functions
u; and uy. Compute y' using the Product Rule, we get

Y = Wy +ubys) + (u1y) +uoyh)

We can still impose one more condition at our discretion to simplify computations (we have two unknown functions, so we should
be allowed two conditions). We require that (w}y; +uhy2) = 0 . This makes computing the second derivative easier.

Y =wy, +uyh

V' = (g +uges) + g+ uag) (394
Since y; and y» are solutions to y"”+y =0, we know that y’ = —y; and yy = —y. (Note: If the equation was instead
y"+p(x)y’ +q(x)y =0 we would have ' = —p(x)y! —q(z)y; .) So

y" = Uiy +upyh) — (ways +uzys)
We have (u1y1 +u2y2) =y and so
y' = (uy +upys) —y
and hence
¥' +y =Ly =uy; +uhy,
For y to satisfy Ly = f(x) we must have f(z) = u}y] +uby} .
So what we need to solve are the two equations (conditions) we imposed on u; and us
Uiy + iy =0 (3.9.5)

ui Yy +uhys = f(x)

We can now solve for «) and u) in terms of f(x),y: and y,. We will always get these formulas for any Ly = f(x), where
Ly=y"+p(z)y" +q(z)y . There is a general formula for the solution we can just plug into, but it is better to just repeat what we

do below. In our case the two equations become

u} cos(z) +ub sin(z) =0

—u] sin(z) +u), cos(z) = tan(z) (3.9.6)
Hence
) cos(z) sin(z) 4 ulsin® (z) =0 (3.9.7)
— sin(z) cos(x) +uhcos®(z) = tan(z) cos(z) = sin(x)
And thus
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u), (sin?(z) + cos?(z)) = sin(z)

2
uh = sin('a;l (3.9.8)
,  —sin*(z) tan(z) sin(z)
uy = —cos(:z) = —tan(z) sin(z
Now we need to integrate u} and u}, to get u; and us.
1 i -1
u = /u’lda: = /—tan(z)sin(a:)dw = Ecos(z)ln %' +sin(x)
(3.9.9)
Us :/ugdw :/sin(w)da: = —cos(z)
So our particular solution is
1 sin(z) —1
Yp =wY +Huye = §cos(w)1n smgwﬁ’ + cos(z) sin(x) — cos(z) sin(z)
1 (@)1 sin(z) —1 (3.9.10)
T oo sin(z) +1

The general solution to ¥ +y = tanz is, therefore,

1
y = Ci cos(z) + Cysin(z) + Ecos(m) In

sin(z) — 1 ‘

sin(z) +1
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3.9E: Exercises for Section 3.9

Exercises 1-16

Solve each differential equation or system using the specified method, such as undetermined coefficients, variation of
parameters, or other techniques.

? Exercise 3.9E.1

Find a particular solution of y/' —y’ — 6y = €2 .

? Exercise 3.9E.2

Find a particular solution of ¢/ — 4y’ 4+ 4y = e** .

? Exercise 3.9E.3

Solve the initial value problem y" +9y = cos(3z) +sin(3z) fory(0) =2,y'(0) =1.

? Exercise 3.9E.4

Set up the form of the particular solution but do not solve for the coefficients for y(4) — 2y +y" = e* .

? Exercise 3.9E.5

Set up the form of the particular solution but do not solve for the coefficients for y(*) —2y"’ +y" = e®* +z +sinz .

? Exercise 3.9E.6

a. Using variation of parameters find a particular solution of 3" — 2y +y =€® .
b. Find a particular solution using undetermined coefficients.
c. Are the two solutions you found the same? What is going on?

? Exercise 3.9E.7

Find a particular solution of " — 2y’ 4+ = sin(z?) . It is OK to leave the answer as a definite integral.

? Exercise 3.9E.8

For an arbitrary constant ¢ find a particular solution to " —y = €® . Hint: Make sure to handle every possible real c.

? Exercise 3.9E.9

a. Using variation of parameters find a particular solution of 3"/ —y = €

b. Find a particular solution using undetermined coefficients.
c. Are the two solutions you found the same? What is going on?

? Exercise 3.9E.10

Find a polynomial P(z), so that y = 22? +3z +4 solves y" + 5y’ +y = P(x) .
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? Exercise 3.9E.11

Find a particular solution to y" —y' +y = 2sin(3z)

Answer

—16 sin(3x)+6 cos(3z)
- 73

? Exercise 3.9E.12

a. Find a particular solution to 3" +2y = e® +2° .
b. Find the general solution.

Answer

2e*+32% -9z
ay="%

b. y = C; cos(v/2z) + Cy sin(v/2x) + w

? Exercise 3.9E.13

Solve y"" +2y' +y =22,y(0) = 1,4/ (0) =2 .
Answer

y(z) =2 —4z+6+e%(z —5)

? Exercise 3.9E. 14

Use variation of parameters to find a particular solution of y” —y = pranperal
e’ +e
Answer

2ze”—(e®+e %) log(e?*+1)
y = 4

? Exercise 3.9E.15

For an arbitrary constant ¢ find the general solution to y” — 2y =sin(z +¢) .
Answer

— sin(z+c)

y=—>3+0C ev2e + C’ge_‘/§z

? Exercise 3.9E.16

Undetermined coefficients can sometimes be used to guess a particular solution to other equations than constant coefficients.
Find a polynomial y(z) that solves 3’ +zy = 2°® +222 + 5z +2 .

Note: Not every right hand side will allow a polynomial solution, for example, ¥’ +zy = 1 does not, but a technique based on
undetermined coefficients does work.
Answer

y=x2+2z+3
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3.10: Forced Oscillations and Resonance

Learning Objectives

e Analyze and solve forced oscillation problems using second-order differential equations, with a focus on undamped,
damped, and resonance scenarios.

o Explore the concepts of pure and practical resonance and their implications in real-world systems, including the effects of
damping on oscillatory behavior.

Let us consider to the example of a mass on a spring (see Figure 3.10.1). We now examine the case of forced oscillations, which
we did not yet handle. That is, we consider the equation
ma' +cx' +kx = F(t)

for some nonzero F'(t). The setup is again: m is mass, c is friction, k is the spring constant, and F'(¢) is an external force acting on
the mass.

k F(t)
m —P

damping ¢

Figure 3.10.1: A spring with spring constant connected to a wall and a box with mass m that has damping C and outward force
F(t). (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

What we are interested in is periodic forcing, such as noncentered rotating parts, or perhaps loud sounds, or other sources of
periodic force. Once we learn about Fourier series, we will see that we cover all periodic functions by simply considering
F(t) = Fy cos(wt) (or sine instead of cosine, the calculations are essentially the same).

Undamped Forced Motion and Resonance

First let us consider undamped ¢ = 0 motion for simplicity. We have the equation
"
mz’ + kx = Fy cos(wt)
This equation has the complementary solution (solution to the associated homogeneous equation)
z. = C1 cos(wot) + Cy sin(wypt)
where wp = 4/ % is the natural frequency (angular), which is the frequency at which the system “wants to oscillate” without
external interference.

Let us suppose that wy # w. We try the solution x, = A cos(wt) and solve for A. Note that we need not have sine in our trial
solution as on the left hand side we will only get cosines anyway. If you include a sine, it is fine; you will find that its coefficient
will be zero.

We solve using the method of undetermined coefficients. We find that

Fy

R cos(wt)

.’L'p:

We leave it as an exercise to do the algebra required.
The general solution is

Fy

2

z = C cos(wpt) + Cy sin(wot) +
m(wy — w?

cos(wt)

or written another way
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Fy

z = C cos(wpt —y) +
(wot =y) m(w3 —w?)

cos(wt)

Hence it is a superposition of two cosine waves at different frequencies.

v/ Example 3.10.1

Find a solution to
0.5z" +8z =10cos(rt), z(0)=0, z'(0)=0
Solution

First we read off the parameters: w =7, wp = 4/ 087 =4,Fy =10,m = 0.5 . The general solution is

20
x = C cos(4t) + Cy sin(4t) + —— cos(nt
1 cos(48) + Ca sin(dt) + T=— cos(t)
Solve for C; and C5 using the initial conditions. It is easy to see that C; = 16‘—322 and C5 = 0. Hence
20
r = ———(cos(wt) — cos(4t
= (cos(t) —cos(d))
The graph of the solution is in Figure 3.10.2
0 5 10 15 20
10— —— e ——r1 10
5 | 5
o f 4o
s | 1
i ——— —— bbbl el 1 g
0 5 10 15 20
Figure 3.10.2: Graph of z(t) = 162—07r2 (cos(mt) —cos(4t)) (CC BY-SA 4.0; Jifi Lebl via Differential Equations for

Engineers).
Notice the “beating” behavior in Figure 3.10.2 First use the trigonometric identity

ZSin(A;B)sin(A;_B):cosB—cosA

to get that

20 L 4—7 . 44T
—16_7r2(251n( 5 t) sin( 3 t))

Z

Notice that  is a high frequency wave modulated by a low frequency wave.

Now suppose that wy = w. Obviously, we cannot try the solution A cos(wt) and then use the method of undetermined coefficients.
We notice that cos(wt) solves the associated homogeneous equation. Therefore, we need to try x, = At cos(wt) + Bt sin(wt) .
This time we do need the sine term since the second derivative of ¢ cos(wt) does contain sines. We write the equation
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F
2" +wrz = —Lcos(wt)
m
Plugging x,, into the left hand side we get

F
2Bw cos(wt) — 2Awsin(wt) = —~cos(wt)

m
Hence A =0 and B= 2F° . Our particular solution is Loy sin(wt) and our general solution is
mw 2mw

. F
z = C cos(wt) + Cy sin(wt) + 217;,)0.)

t sin(wt)

The important term is the last one (the particular solution we found). We can see that this term grows without bound as ¢t — co. In

Bt and % The first two terms only oscillate between £,/ 012 +C2 , which becomes smaller and

2mw
smaller in proportion to the oscillations of the last term as ¢ gets larger. In Figure 3.10.3 we see the graph with
Cl :C2:0,F0:2,m:1,w:7r.

fact it oscillates between

Figure 3.10.3: Graph of z(t) = %t sin(7t). (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

By forcing the system in just the right frequency we produce very wild oscillations. This kind of behavior is called resonance or
perhaps pure resonance. Sometimes resonance is desired. For example, remember when as a kid you could start swinging by just
moving back and forth on the swing seat in the “correct frequency”? You were trying to achieve resonance. The force of each one
of your moves was small, but after a while it produced large swings.

On the other hand resonance can be destructive. In an earthquake some buildings collapse while others may be relatively
undamaged. This is due to different buildings having different resonance frequencies. So figuring out the resonance frequency can
be very important.

A common (but wrong) example of destructive force of resonance is the Tacoma Narrows bridge failure. It turns out there was a
different phenomenon at play. '

Damped Forced Motion and Practical Resonance

In real life things are not as simple as they were above. There is, of course, some damping. Our equation becomes
mx' +cx’ + kx = Fy cos(wt), (3.10.1)

for some ¢ > 0. We have solved the homogeneous problem before. We let
c k
—— wpn = —
b 2m 0 m

F
z" +2p2’ +wiz = =2 cos(uwt)
m

We replace Equation (3.10.1) with

The roots of the characteristic equation of the associated homogeneous problem are 71,7y = —p = 4/p? —w? . The form of the

general solution of the associated homogeneous equation depends on the sign of p? — w% , or equivalently on the sign of ¢2 —4km,
as we have seen before. That is,
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Cie™t + Che™t, if? > 4km,
z.=1{ CrePt 4+ Cyte P, if & =4km,
e P (Cy cos(wit) + Casin(wyt)), ifc < 4km,

where w; = , /wg —p? . In any case, we can see that z.(t) — 0 as ¢ — oo. Furthermore, there can be no conflicts when trying to

solve for the undetermined coefficients by trying , = A cos(wt) + Bssin(wt) . Let us plug in and solve for A and B. We get (the
tedious details are left to reader)

(w2 —w*)B—2wpA) sin(wt) + (w2 — w®)A +2wpB) cos(wt) = %cos(wt)

Solving for A and B yield

A= (wf — W) Fo
o 2 2
m(2wp)” +m (w2 —w?)
2wp F
B= 2 = 2
m(2wp)” +m (w2 —w?)
We also compute C' = v/ A2+ B? to be
F
C= s
2 2
m\/(2wp) + (wp —w?)
Thus our particular solution is
2 _ 2
wq —w*) F 2wpF
T, = (o By s-cos(wt) + il > sin(wt)
m(2wp)® +m (w? —w?) m(2wp)® +m (wi —w?)

Or in the alternative notation we have amplitude C' and phase shift v where (if w # wy)

¢ B 2wp
any=— = ———
T4 wh — w?
Hence we have
F
zp = 0 cos(wt —)

m\/(2wp)2 + (w3 —w?)?
If w=wy weseethat A=0,B=C = 2%1), andy=73 .

The exact formula is not as important as the idea. Do not memorize the above formula, you should instead remember the ideas
involved. For different forcing function F, you will get a different formula for z,,. So there is no point in memorizing this specific
formula. You can always recompute it later or look it up if you really need it.

For reasons we will explain in a moment, we call z.the transient solution and denote it by x. We call the x,, we found above the
steady periodic solution and denote it by x,. The general solution to our problem is

T=x.+Tp =Ty +Tgp

We note that . = x4 goes to zero as t — 00, as all the terms involve an exponential with a negative exponent. Hence for large ¢,
the effect of x;, is negligible and we will essentially only see x,. Hence the name transient. Notice that z,, involves no arbitrary
constants, and the initial conditions will only affect ;.. This means that the effect of the initial conditions will be negligible after
some period of time. Because of this behavior, we might as well focus on the steady periodic solution and ignore the transient
solution. A graph of different initial conditions is given in Figure 3.10.4
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L
L L 1

0 5 10 15 20
Figure 3.10.4: Several graphs that start all over the place on the y-axis. Solutions with different initial conditions for parameters
k=1,m=1,Fy=1,¢=0.7, andw=1.1. (CC BY-SA 4.0; Jifi Lebl via Differential Equations for Engineers).

Notice that the speed at which z;, goes to zero depends on P (and hence c). The bigger P is (the bigger c is), the “faster” z;,
becomes negligible. So the smaller the damping, the longer the “transient region.” This agrees with the observation that when
¢ =0, the initial conditions affect the behavior for all time (i.e. an infinite “transient region”).

Let us describe what we mean by resonance when damping is present. Since there were no conflicts when solving with
undetermined coefficient, there is no term that goes to infinity. What we will look at however is the maximum value of the
amplitude of the steady periodic solution. Let C' be the amplitude of x,. If we plot C' as a function of w (with all other parameters
fixed) we can find its maximum. We call the w that achieves this maximum the practical resonance frequency. We call the
maximal amplitude C'(w) the practical resonance amplitude. Thus when damping is present we talk of practical resonance rather
than pure resonance. A sample plot for three different values of c is given in Figure 3.10.5 As you can see the practical resonance
amplitude grows as damping gets smaller, and any practical resonance can disappear when damping is large.

uu U5 1.0 1.4 2.0 Y 4.0
_ L] 1 1 T !

25 [ J a:

20 | 2

0s [

00 B T S T I T T e rerm rermrsrersrererers 1S
0.0 0.5 1.0 1.5 20 25 a0

Figure 3.10.5: Graph of C(w) showing practical resonance with parameters k = 1,m = 1, Fy =1 . The top line is with ¢ =04,
the middle line with ¢ = 0.8, and the bottom line with ¢ = 1.6. (CC BY-SA 4.0; Jif{ Lebl via Differential Equations for Engineers).

To find the maximum we need to find the derivative C’(w). Computation shows

—4w(2p® +w? — W) Fy

() —
C'(w)= 37

m ((2wp)” + (wf — w?))

This is zero either when w = 0 or when 2p* + w? — w? =0 . In other words, C’ (w) = 0 when

w=,/wi —2p? orw=10
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It can be shown that if w3 — 2p? is positive, then \/w3 —2p? is the practical resonance frequency (that is the point where C'(w) is

maximal, note that in this case C'(w) > 0 for small w). If w =0 is the maximum, then essentially there is no practical resonance
since we assume that w > 0 in our system. In this case the amplitude gets larger as the forcing frequency gets smaller.

If practical resonance occurs, the frequency is smaller than wy. As the damping ¢ (and hence p) becomes smaller, the practical
resonance frequency goes to wy. So when damping is very small, wy is a good estimate of the resonance frequency. This behavior
agrees with the observation that when ¢ = 0, then wy is the resonance frequency.

Another interesting observation to make is that if w — oo, then C'— 0. This means that if the forcing frequency gets too high it
does not manage to get the mass moving in the mass-spring system. This is quite reasonable intuitively. If we wiggle back and forth
really fast while sitting on a swing, we will not get it moving at all, no matter how forceful. Fast vibrations just cancel each other
out before the mass has any chance of responding by moving one way or the other.

The behavior is more complicated if the forcing function is not an exact cosine wave, but for example a square wave. A general
periodic function will be the sum (superposition) of many cosine waves of different frequencies. The reader is encouraged to come
back to this section once we have learned about the Fourier series.

Footnotes

'K. Billah and R. Scanlan, Resonance, Tacoma Narrows Bridge Failure, and Undergraduate Physics Textbooks, American Journal
of Physics, 59(2), 1991, 118-124, textbook.

This page titled 3.10: Forced Oscillations and Resonance is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 2.6: Forced Oscillations and Resonance by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffygs.
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3.10E: Exercises for Section 3.10

Exercises 1-8

Solve the given problems using concepts of damped and forced oscillations in mass-spring systems, resonance phenomena,
and differential equations.

? Exercise 3.10.1

Derive a formula for z, if the equation is ma" + ca’ + kx = Fj sin(wt) . Assume ¢ > 0.

? Exercise 3.10.2

Derive a formula for ), if the equation is mz" + ca’ + kx = Fj cos(wt) + F} cos(3wt) . Assume ¢ > 0.

? Exercise 3.10.3

Take mz" +cx’ + kx = Fy cos(wt) . Fix m >0 and k > 0. Now think of the function C(w). For what values of ¢ (solve in
terms of m, k, and Fy ) will there be no practical resonance (that is, for what values of ¢ is there no maximum of C(w) for
w>0)?

? Exercise 3.10.4

Take mz” + cz’ + kx = Fj cos(wt) . Fix ¢ > 0 and k > 0. Now think of the function C'(w). For what values of m (solve in
terms of ¢, k, and Fp) will there be no practical resonance (that is, for what values of m is there no maximum of C(w) for
w>0)?

? Exercise 3.10.5

Suppose a water tower in an earthquake acts as a mass-spring system. Assume that the container on top is full and the water
does not move around. The container then acts as a mass and the support acts as the spring, where the induced vibrations are
horizontal. Suppose that the container with water has a mass of m =10, 000kg. It takes a force of 1000 newtons to displace
the container 1 meter. For simplicity assume no friction. When the earthquake hits the water tower is at rest (it is not moving).

Suppose that an earthquake induces an external force F'(t) = mAw? cos(wt).

a. What is the natural frequency of the water tower?

b. If w is not the natural frequency, find a formula for the maximal amplitude of the resulting oscillations of the water
container (the maximal deviation from the rest position). The motion will be a high frequency wave modulated by a low
frequency wave, so simply find the constant in front of the sines.

c. Suppose A =1 and an earthquake with frequency 0.5 cycles per second comes. What is the amplitude of the oscillations?
Suppose that if the water tower moves more than 1.5 meter, the tower collapses. Will the tower collapse?

? Exercise 3.10.6

A mass of 4 kg on a spring with k=4 and a damping constant ¢ = 1. Suppose that Fy = 2. Using forcing of Fy cos(wt).
Find the w that causes practical resonance and find the amplitude.

Answer
VIS _ 16
W=7 ~0.984 C(w)= W ~2.016
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Derive a formula for x4, for ma' + ca’ + kx = Fy cos(wt) + A where A is some constant. Assume ¢ > 0.

Answer

(wo—")Fo 2upFy

5 2sin(wt)+% , Where p = 5= and wy = 4/ =

m(2wp)®+m(wf —w?)

—— cos(wt) +

m(2wp)*+m(wd—w?)

? Exercise 3.10.8

Suppose there is no damping in a mass and spring system with m =5,k =20, and Fy = 5. Suppose that w is chosen to be
precisely the resonance frequency.

msp:

a. Find w.
b. Find the amplitude of the oscillations at time ¢ = 100.

Answer

aw=2
b. 25

This page titled 3.10E: Exercises for Section 3.10 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 2.E: Higher order linear ODEs (Exercises) has no license indicated.
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4.1: Power Series

4b Learning Objectives

o Define power series, understand its general form and to differentiate between finite and infinite series.

o Identify the components of a power series (e.g., coefficient, center, variable).

e Learn the concept of convergence of power series, to find the radius, and interval of convergence using appropriate tests
(e.g. ratio test, root test).

o Express elementary functions (e.g., exponential, trigonometric, logarithmic functions) as power series. Taylor
approximation and its connection with analytic functions.

o Perform algebraic operations with power series and to differentiate/ integrate power series term by term within the radius of
convergence.

Many functions can be written in terms of a power series

[o.¢]

Zak(iﬂ — )"

k=0

If we assume that a solution of a differential equation is written as a power series, then perhaps we can use a method reminiscent of
undetermined coefficients. That is, we will try to solve for the numbers aj,. Before we can carry out this process, let us review some
results and concepts about power series.

Power Series

As we said, a power series is an expression such as

o0
Zak(ac —$())k =ag+ay(z—z0)+ay(@—x0)’ +as(z—z0)*+---, (4.1.1)
k=0

where ag, a1, as,...,ag,...and xy are constants. Let

n
S () :Zak(:v—aso)k =ag+ay(z —x9) +ag(x—z0)° +az(x—x0)* +--- +a,(z—20)",
k=0

denote the so-called partial sum. If for some z, the limit

lim S, (z) = lim Zak (z —mo)k
k=0

n—0o0 n—o0

exists, then we say that the series

o0
Z ar(z — .’Eg)k
k=0

converges at z. Note that for = x, the series always converges to ag. When

oo

k
E ar(z —xo)
k=0
converges at any other point ¢ # xo, we say that
o0
k
E ap(x — )
k=0
is a convergent power series. In this case we write
o0 n
E ar (z —z)" 27}1_%10 E ag (z —zo)*
k=0 k=0
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If the series does not converge for any point  # x, we say that the series is divergent.

v/ Example 4.1.1

The series

wk—1+x+x—2+£+
o 2 ' 6

??‘l;—l

>
k=0
is convergent for any z. Explain.

Solution
Recall that k! =1-2-3---k is the factorial. By convention we define 0! =1. In fact, you may recall that this series
converges to e”.

We say that

converges absolutely at  whenever the limit

n
lim Z|ak| |z — x|
n—0o0
k=0

exists. That is, the series > 27 o |ag| |z — 2o ¥is convergent. If

o0

Z ap(z —xo)*

k=0

converges absolutely at x, then it converges at . However, the opposite implication is not true.

v/ Example 4.1.2

Check the convergence of the power series

NgE
-
8??‘

k=1
Solution
It converges absolutely for all  in the interval (—1, 1).
It converges at x = —1, as
o (1) . . :
Do —— converges (conditionally) by the alternating series test.
But the power series does not converge absolutely at # = —1, because > - ; % does not converge. The series diverges at
z=1.

Radius of Convergence

If a power series converges absolutely at some 1, then for all z such that | — zg| < |z1 — | (that is, z is closer than z; to zg)
we have |ak(w —z0) k| < 'ak (z1 —z0) k] for all k. As the numbers 'ak(asl —z0) k‘ sum to some finite limit, summing smaller

positive numbers |ak (z —x0) | must also have a finite limit. Hence, the series must converge absolutely at z.

https://math.libretexts.org/@go/page/167411
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For a power series

o0

Z ar(z — mg)k

k=0

there exists a number p (we allow p = 00) called the radius of convergence such that the series converges absolutely on the
interval (zg — p, To +p) and diverges for x < zy —p and z > zy + p . We write p = oo if the series converges for all z.

diverges converges absolutely diverges
AN T NN N
| ! 1
Xo=p X0 Xo+p

Figure 4.1.1: The diagram illustrates the radius of convergence of a power series centered at . It consists of a horizontal number
line representing real values of . The central point x; is the center of the power series. Two boundary points, g — p (to the left)
and zy + p (to the right). This interval is visually represented by a shaded region between these points. Outside this interval, for
x<xzo—p and z >z +p, the series diverges, as indicated by arrows labeled "diverges." (CC BY-SA 4.0; Jifi Lebl via
Differential Equation for Engineers)
In Example 4.1.1 the radius of convergence is p = o0 as the series converges everywhere. In Example 4.1.2 the radius of
convergence is p = 1. We note that p = 0 is another way of saying that the series is divergent. A useful test for convergence of a

series is the ratio test. Suppose that

is a series such that the limit

Ck+1

Ck

L= lim

n—00

exists. Then the series converges absolutely if L < 1 and diverges if L > 1.

Let us apply this test to the series

o0
Z ar(z — .’Eg)k
k=0

. That is we let ¢ = a(z — z¢) * in the test. Compute

E+1
. |Gkl .| aks (@ — o) .| Q41
L=lim |—|=lim |———— =1 |z — x|
Define A by
Af+1
A=1 AR
n—oo ak
Thenif 1 > L = A|xz — x| the series
[o.¢]
Z ar(z — )
k=0

converges absolutely. If A =0, then the series always converges. If A > 0, then the series converges absolutely if |z — zo| < % ,
and diverges if | —zo| > % . That is, the radius of convergence is %.

A similar test is the root test. Suppose

L= lim /|ck]

k—o0

https://math.libretexts.org/@go/page/167411
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exists. Then ) 7% ¢ converges absolutely if L < 1 and diverges if L > 1. We can use the same calculation as above to find A.
Let us summarize.

& Theorem 4.1.2: Ratio and Root Tests for Power Series

Let
o0
k
E ar (z — )
k=0
be a power series such that
A+1
A= lim | = ‘
n—oo ak

Or
— 15 k
A= lim yay|

exists. If A = 0, then the radius of convergence of the series is co. Otherwise the radius of convergence is L

Z.
v/ Example 4.1.3

Find the radius of convergence of the series centered at x=1

Y 2k (@-1)F

k

o0
—0

Solution

First we compute,

Af11
ag

A= lim

k—o0

= lim
k—00

1
:271 = —,
2

2—k

27k71 ‘

Therefore the radius of convergence is 2, and the series converges absolutely on the interval (—1, 3). And we could just as well
have used the root test:

1
A= lim /|ay| = lim (/|27%| = lim 27! = =.
k—00 k—o00 k—o0 2

v/ Example 4.1.4

Find the radius of convergence of the series

Solution
Compute the limit for the root test,

So the radius of convergence is oo it means that the series converges everywhere. The ratio test would also work here.

The root or the ratio test does not always apply. That is the limit of |a:—:1| or \/|ay| might not exist. There exist more sophisticated

ways of finding the radius of convergence, but those would be beyond the scope of this chapter. The two methods above cover

https://math.libretexts.org/@go/page/167411
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many of the series that arise in practice. Often if the root test applies, so does the ratio test, and vice versa, though the limit might
be easier to compute in one way than the other.
Analytic Functions

Functions represented by power series are called analytic functions. Not every function is analytic, although the majority of the
functions you have seen in calculus are. An analytic function f(z) is equal to its Taylor series near a point zg. That is, for z near
xo we have

o ¢(k) (g
f(w)=zf—(0)(w—wo)k, (4.1.2)

18 £
T

Figure 4.1.2: The image presents the Taylor series representation of analytic function, a graph comparing sin () with its 5th and
9th-degree approximations. (CC BY-SA 4.0; Jifi Lebl via Differential Equation for Engineers)

o0
sin(z) =

n=0

(_1)" w2n+1
(2n+1)! '

In Figure 4.1.2 we plot sin(z) and the truncations of the series up to degree 5 and 9. You can see that the approximation is very
good for x near 0, but gets worse for z further away from 0. This is what happens in general. To get a good approximation far away
from o you need to take more and more terms of the Taylor series.

Manipulating Power Series

One of the main properties of power series that we will use is that we can differentiate them term by term. That is, suppose that
S ax(z —x0) ¥ is a convergent power series. Then for z in the radius of convergence we have

% liak (z —wo)k] = ikak(w —zo) "L
k=0 k=1

Notice that the term corresponding to k = 0 disappeared as it was constant. The radius of convergence of the differentiated series is
the same as that of the original.

v/ Example 4.1.5

Show that the exponential function y = e® solves the first order differential equation y’ = y.
Solution

First write

Now differentiate

https://math.libretexts.org/@go/page/167411
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We reindex the series by simply replacing k with k+ 1. The series does not change, what changes is simply how we write it.
After reindexing the series starts at kK = 0 again.

S 1 21— S 1 p(F+1)— S l
A D e P

That was precisely the power series for e” that we started with, so we showed that % [e] =e*.

Convergent power series can be added and multiplied together, and multiplied by constants using the following rules. First, we can
add series by adding term by term,

(iak(w—xg)k> + (ibk(.’l)—l‘o)k) :i(ak +be) (z — o).
k=0 k=0 k=0

We can multiply by constants,

We can also multiply series together,

<§: ar(z —a:o)k) (i by, (z —xg)k) = ick (z —x0)F,
k=0 k=0 k=0

where ¢, = agbg +a1bg_1 +- - - +agby . The radius of convergence of the sum or the product is at least the minimum of the radii
of convergence of the two series involved.

Power Series for Rational Functions

Polynomials are simply finite power series. That is, a polynomial is a power series where the ay, are zero for all k large enough. We
can always expand a polynomial as a power series about any point o by writing the polynomial as a polynomial in (z — zg). For
example, let us write 222 —3z+4 asa power series around g = 1:

22 — 3z +4=3+(x—1)+2(z—1)%

In other words ag = 3, a; =1, ag = 2, and all other a;, = 0. To do this, we know that ay =0 for all k£ > 3 as the polynomial is of
degree 2.

We write ag +a1(z —1) +az(z — 1) 2 we expand, and we solve for ag, a;, and as.

Let us look at rational functions, that is, ratios of polynomials. An important fact is that a series for a function only defines the
function on an interval even if the function is defined elsewhere. For example, for —1 < z < 1 we have

=Y d=14z+a’+ -
k=0

This series is called the geometric series. The ratio test tells us that the radius of convergence is 1. The series diverges for x < —1
and z > 1, even though ﬁ is defined for all = # 1.

We can use the geometric series together with rules for addition and multiplication of power series to expand rational functions
around a point, as long as the denominator is not zero at x.

v/ Example 4.1.6

Expand as a power series around the origin (9 =0) and find the radius of convergence. First, write

T
1+2z+x? 5
1+2z+22=(1+4z)2= (1—(—=)) " . Now we compute

https://math.libretexts.org/@go/page/167411
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T - 1 2
142 +22 — (=)
o 2
k k
(S
0 (4.1.3)
=Iz Z ckmk
k=0
— chmk-s-l,
k=0
where using the formula for the product of series we obtain,cp =1,¢; =—-1—-1=-2,co=1+1+1=3 ,....
Therefore
_r i (=1)"ka? = 2 — 222 4 3a2® — 42t +- -
1+2x 422

k=1
The radius of convergence is at least 1. We use the ratio test

(1" (k+1)
(_1)k+1k

k+1
= lim L:1.
k—o0

Ag+1
ag

lim

k—o0

= lim

k—oo

So the radius of convergence is actually equal to 1.

When the rational function is more complicated, it is also possible to use method of partial fractions. For example, to find the

Taylor series for f;f“l” , we write
3 00 00 o)
"tz 1 1 ko k k k
_ _ —2+Y (1= ot = —a+ Y (—2)at.
z?2—1 x+1+:v 1-z x+k:0( J'e k:ow v :3( e
kodd

Footnotes
[1] Named after the English mathematician Sir Brook Taylor (1685-1731).

This page titled 4.1: Power Series is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha Nguyen,
Neelam R. Shukla, and Fatemeh Yarahmadi.

e 7.1: Power Series by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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4.1E: Exercises for Section 4.1

Exercises 1 - 16

Solve the following exercises related to power series and their convergence, expansion, and properties.

? Exercise 4.1E.1

Is the power series Y2 ekz* convergent? If so, what is the radius of convergence?

? Exercise 4.1E. 2

Is the power series > e kaz* convergent? If so, what is the radius of convergence?

? Exercise 4.1E.3

Is the power series » 7~ Eklz* convergent? If so, what is the radius of convergence?

? Exercise 4.1E.4

Is the power series Y, (%k), (z —10) * convergent? If so, what is the radius of convergence?

? Exercise 4.1E.5

Determine the Taylor series for sin around the point g = 7.

? Exercise 4.1E.6

Determine the Taylor series for In z around the point zy = 1, and find the radius of convergence.

? Exercise 4.1E.7

1
Determine the Taylor series and its radius of convergence of g around zop =0.
)

? Exercise 4.1E.8

x
Determine the Taylor series and its radius of convergence of 1 around g = 0. Hint: You will not be able to use the ratio

— 2
test.

? Exercise 4.1E.9

Expand z° + 5z + 1 as a power series around zg = 5.

? Exercise 4.1E. 10

Suppose that the ratio test applies to a series Z,;“;O apx®. Show, using the ratio test, that the radius of convergence of the
differentiated series is the same as that of the original series.

https://math.libretexts.org/@go/page/167847
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? Exercise 4.1E. 11

Suppose that f is an analytic function such that £ (0) = n.. Find f(1).

? Exercise 4.1E.12

Is the power series » > | (0.1)"2™ convergent? If so, what is the radius of convergence?

Answer

Yes. Radius of convergence is 10.

? Exercise 4.1E.13
g ! g g
Is the power series %w" convergent? If so, what is the radius of convergence?

Answer

Yes. Radius of convergence is e.

? Exercise 4.1E.14

. . . 1 .
Using the geometric series, expand 7— around zo = 2. For what  does the series converge?

Answer

a1 1NN (1)t (g 9)n i
= so 7— = > (—1)**'(z —2)" , which converges for1 <z <3.

? Exercise 4.1E. 15

Find the Taylor series for 2" e® around zq = 0.

Answer

? Exercise 4.1E.16

Imagine f and g are analytic functions such that f(*)(0) = g(*)(0) for all large enough k. What can you say about

f(z)—g(z)?
Answer

f(z) —g(z) is a polynomial. Hint: Use Taylor series.

This page titled 4.1E: Exercises for Section 4.1 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 7.E: Power series methods (Exercises) has no license indicated.
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4.2: Series Solutions of Linear Second Order ODEs

4b Learning Objectives

o Understand the general form of second-order differential equation.

o Distinguish between linear and nonlinear differential equations.

e Recognize and classify second-order differential equations as homogenous or non-homogenous.
o Find solutions to Airy's equation and Hermite’s equation.

Suppose we have a linear second order homogeneous ODE of the form
p()y" +q(x)y’ +r(z)y =0 (4.2.1)

Suppose that p(z), g(z), and r(z) are polynomials. We will try a solution of the form
y= Zak(w — )k
k=0

and solve for the ay, to try to obtain a solution defined in some interval around .

# Definition: Ordinary and Singular Points

The point zo is called an ordinary point if p(zp)#0 in linear second order homogeneous ODE of the form
p(z)y" +q(@)y’ +r(z)y =0.

That is, the functions

are defined for x near x.

If p(zg) = 0, then we say x is a singular point.

Handling singular points is harder than ordinary points and so we now focus only on ordinary points.

v/ Example 4.2.1: Expansion around an Ordinary Point

Let us start with a very simple example
y'—y=0
Find the power series solution near zy = 0, which is an ordinary point.

Solution
Every point is an ordinary point in fact, as the equation has constant coefficients. We already know we should obtain
exponentials or the hyperbolic sine and cosine, but let us pretend we do not know this.

We try

o0
y=> aw
k=0

If we differentiate, the k = 0 term is a constant and hence disappears. We therefore get

)
y/ _ Z kak wk—l
=

—

We differentiate yet again to obtain (now the £ =1 term disappears)

https://math.libretexts.org/@go/page/167412
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ikk 1akz -2

k=2

We reindex the series (replace k with k42 ) to obtain

Z (k+2) (k+1) ap z*
k=0

Now we plug y and 3"’ into the differential equation.

Ozy”—y :<

gk

(k+2)(k+1)ar2z ) (iakx )

k=0

x~
Il

0

((k+2)(k+1)ak+2:ck —apz* (4.2.2)

Me I

((k+2)(k+1)ak —ax)zk

E
Il
o

As y" —y is supposed to be equal to 0, we know that the coefficients of the resulting series must be equal to 0. Therefore,
ag
(k+2)(k+1)
The above equation is called a recurrence relation for the coefficients of the power series. It did not matter what ag or a; was.
They can be arbitrary. But once we pick ag and aq, then all other coefficients are determined by the recurrence relation.

(k+2)(k+1)agia —ar =0, or Apyo =

Let us see what the coefficients must be. First, ag and a; are arbitrary

_ap ! . ay ag a3y a
T TTee Yo 0er) Y0 6@eR)
So we note that for even k, that is k = 2n we get
a,
% =00 = oo
and for odd k that is k =2n+1 we have
a
A = A2p+1 = (2n+1)

Let us write down the series

Zakm _i ! x2n+a’—1x2n+1 Zaoi 1 x2n+ali;w2n+l‘
(2n)! (2n+1)! (2n)! 2n+1)!

We recognize the two series as the hyperbolic sine and cosine. Therefore,

y =a,coshz +a; sinhz

Of course, in general we will not be able to recognize the series that appears, since usually there will not be any elementary
function that matches it. In that case we will be content with the series.

v/ Example 4.2.2

Let us do a more complex example. Suppose we wish to solve Airy's equation, that is
y” —zy=0

near the point xq = 0, which is an ordinary point.

Solution
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We differentiate twice (as above) to obtain

We plug y into the equation

0=y"—zy = (i k(k—1) akxk_2> —z <§: akxk>
e +0 (4.2.3)
(Sewne)

We reindex to make things easier to sum

0=y -2y = <2a2 +Z(k—|—2) (k+1)ak+2wk> = (Zak_lwk>.
k=1

k=1 (4.2.4)
o0
=20+ 3 ((k+2) (k+1) ar2 — 41 ) 2

k=1

Again y'' — zy is supposed to be 0, so first we notice that az = 0 and also
(k+2) (k+1) ap+2 —ag—1 =0, or a2 = L
(k+2)(k+1)
Now we jump in steps of three. First we notice that since as =0 we must have that, a5 =0, ag =0, a;; =0, etc .... In
general as,+2 = 0. The constants ag and a; are arbitrary and we obtain
ag ay as agp Qa4 a1

= - = = 0/7: =

a3 = T, ay 5 Qg )
(3)(2) (4)(3) (6)(5)  (6)(5)(3)(2)
For aj, where k is a multiple of 3, that is kK = 3n we notice that

“r = @)B3)(5)(6) - 3n—1)(3n)

For a;, where k = 3n +1 , we notice

3)(4)(6)(7) - (3n)(3n+1)

In other words, if we write down the series for y we notice that it has two parts

2 |} oy
EEL

a3n+1 = (

a3

an
L

Figure 4.2.1: There are two solutions y; and y, to Airy's equation. y; is a concave up curve, starting below the x-axis, crossing

the x-axis near x = —1 and increasing rapidly as xincreases. y, is a concave down curve, starting above the x-axis and
decreasing until around = = 0, where it begins to increase slowly. (CC BY-SA 4.0; Jifi Lebl via Differential Equation for
Engineers)

https://math.libretexts.org/@go/page/167412


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/167412?pdf
https://creativecommons.org/licenses/by-sa/4.0/
https://math.libretexts.org/Bookshelves/Differential_Equations/Differential_Equations_for_Engineers_(Lebl)/7%3A_Power_series_methods/7.2%3A_Series_Solutions_of_Linear_Second_Order_ODEs

LibreTexts"

The functions y; and y» cannot be written in terms of the elementary functions that you know. See Figure 4.2.1 for the plot of
the solutions y; and y,. These functions have many interesting properties. For example, they are oscillatory for negative x
(like solutions to " +y = 0 ) and for positive  they grow without bound (like solutions to y" —y =0).

The general form of the Hermite equation is: ' — 22y’ +2ny = 0 where "n" represents the order of the equation.

Sometimes a solution may turn out to be a polynomial.

v/ Example 4.2.3

Find a solution to the so-called Hermite equation of order n is the equation
y" —2zy' +2ny =0.

Find a solution around the point 2y = 0.

Solution
We try
o0
y=> we
k=0
We differentiate (as above) to obtain
o0
y/ — Z kak:ck 1,
= (4.2.5)
= Z k(k—1) ak:c =z
k=2

Now we plug into the equation

0 =y" —2zy' +2ny

= (i kE(k—1) akxk_z) —2z (i kaka:k_1> +2n (i aka:k)
k=2 k=1 k=0

= 3 —1)apz"?) - N ayz” N nayz”
— <;k(k 1) ay ) (;219 x )+<;2 " ) 26)
= (2(12 —|—§:(k+2) (k+1)agioz ) (i 2kaix ) (Qnag +i2nakzk>

k=1 k=1

o0
=2as +2nay + Z((k +2)(k+1)agi2 —2kar + 2nak)wk
k=1

y' —2zy' +2ny =0 we have

(k+2) (k+1) ags2 + (—2k +2n)a; = 0 2k~ 2n)

a — n)ar =0, or Q1o = ————————Qag.

k+2 k k+2 (k+2)(k+1) k

This recurrence relation actually includes ay = —nag (which comes about from 2a3 +2nay =0). Again ap and a; are
arbitrary.
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w2 b 20-n)
T “TTee ™

_20@-n)  2@-n)(n)
“TTe) T @0 (4.2.7)
o — 2(3—n)a _ 22(3 —n)(1—n) .

TTe@ U eeeE

Let us separate the even and odd coefficients. We find that

_ 2"(-n)(2-n)---(2m—-2—n)

e (2m)! ’ (4.2.8)
. _ 2"1-n)(83-n)---(2m—1—n) o
2t 2m+1)! ‘
Let us write down the two series, one with the even powers and one with the odd.
2(—n 2%(—n)(2—n 2(—n)(2—-n)4—n
ne) =14 200, EN0=m)  Femonion)
) : : (4.2.9)
2(1-n 22(1-n)(3—n 22(1-n)3-n)(5-n
o) —as 2 PO 5 POE 6

We then write
y(z) = apy1(z) + aryz(z).
We also notice that if n is a positive even integer, then y; (z) is a polynomial as all the coefficients in the series beyond a
certain degree are zero. If n is a positive odd integer, then y, () is a polynomial. For example, if n = 4, then
2(-4) , 22(—4)(2-4)
T
2! 4!

4
yi(z) =1+ m4:1—4m2+§w4.

Footnotes
[1] Named after the English mathematician Sir George Biddell Airy (1801 — 1892).
[2] Named after the French mathematician Charles Hermite (1822—-1901).

This page titled 4.2: Series Solutions of Linear Second Order ODEs is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 7.2: Series Solutions of Linear Second Order ODEs by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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4.2E: Exercises for Section 4.2

Exercises 1-11

In the following exercises, when asked to solve an equation using power series methods, you should find the first few terms
of the series, and if possible find a general formula for the k" coefficient.

? Exercise 4.2E. 1

Use power series methods to solve y" +y =0 at the point g =1.

? Exercise 4.2E. 2

Use power series methods to solve " +4xzy = 0 at the point o = 0.

? Exercise 4.2E.3

Use power series methods to solve y” —zy = 0 at the point g = 1.

? Exercise 4.2E.4

Use power series methods to solve y” 4+ z2y = 0 at the point 2y = 0.

? Exercise 4.2E.5

The methods work for other orders than second order. Try the methods of this section to solve the first order system
y' —zy =0 at the point g = 0.

? Exercise 4.2E.6

Chebyshev’s equation of order p:

a. Solve (1 —z?)y"” —zy' +p?y =0 using power series methods at zy = 0.
b. For what p is there a polynomial solution?

? Exercise 4.2E.7

Find a polynomial solution to (2 +1)y” —2zy’ + 2y =0 using power series methods.

? Exercise 4.2E. 8

a. Use power series methods to solve (1 —z)y"” +y =0 at the point o = 0.
b. Use the solution to part a) to find a solution for xy"” +y = 0 around the point zy = 1.

? Exercise 4.2E.9

Use power series methods to solve 4 + 223y = 0 at the point g = 0.

Answer

—2ay_5

as =0, a3 =0, as =0, recurrence relation (for k>5): ap = WD)’ SO

_ a5 a6, @ 10, a1 11 _a 15 _a__16 ,
y(@) =aotmz — e’ — T+ 52 + g7 17250 % 9000% T
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? Exercise 4.2E. 10

We can also use power series methods in nonhomogeneous equations

a. Use power series methods to solve /'

'—zy= ﬁ he point 2y = 0. Hint: Recall the geometric series
b. Now solve for the initial condition y(0) =0, y'(0) = 0.
Answer
a.

3+l
= % and for £ > 1 we have a; = k’zks Tk
)
)=

a0+1 a1+1
ag +a1w—|— xz—i— 3—|— z*

ag+2 6 a1+2 7 8 ag+3 9 al+3 10

+4_0 °+ 30 + +m + +5 T

:v3+ 5! + 5+ 2®+ ooz’ + 35 8+—m +—z10+
12 40 15 21 112 24 30

y(z
-y(z

? Exercise 4.2E.11
Attempt to solve z2y" —

y =0 at zyp =0 using the power series method of this section (z( is a singular point). Can you find
at least one solution? Can you find more than one solution?
Answer

Applying the method of this section directly we obtain a; =

0 for all k and so y(z) = 0 is the only solution we find.

This page titled 4.2F: Exercises for Section 4.2 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi

7.E: Power series methods (Exercises) has no license indicated
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4.3: Singular Points and the Method of Frobenius

4b Learning Objectives

¢ Behavior of ODEs at singular points.
o Use power series to solve differential equations. (e.g. method of Frobenius).
¢ Approximate solutions to problems in physics, engineering, and numerical methods. (e.g., Bessel functions).

While the behavior of ODEs at singular points is more complicated, certain singular points are not especially difficult to solve. Let us look
at some examples before giving a general method. We may be lucky and obtain a power series solution using the method of the previous
section, but in general, we may have to try other things.

v/ Example 4.3.1

Solve the first order equation
2zy’ —y=0. (4.3.1)

Solution
Note that = 0 is a singular point. If we only try to plug in

o0
y:Zakaxk, (4.3.2)
k=0

we obtain

0=2zy —y =2z <Z kakwkl) - (Z akmk)
k=1 k=0 (4.3.3)

o0
=ay+ Z(2kak —ay) z*.
k=1

First, ag = 0. Next, the only way to solve 0 = 2kay, —ay, = (2k—1)a; for k=1,2,3,... is for a =0 for all k. Therefore we
only get the trivial solution y = 0. We need a nonzero solution to get the general solution.

Let us try y = " for some real number r. Consequently our solution may only make sense for positive z. Then y' = r2"! . So
0=2zy —y=2zrz" ! —z" = (2r—1)z".

1
Therefore r = 3 or in other words y = zl/?. Multiplying by a constant, the general solution for positive  is

Y =Cz'/%

If C # 0 then the derivative of the solution "blows up" at = 0 (the singular point). There is only one solution that is differentiable at
2 = 0 and that's the trivial solution y = 0.

Not every problem with a singular point has a solution of the form y = ", of course. But perhaps we can combine the methods. What we
will do is to try a solution of the form

y=2"f(x)
where f(z) is an analytic function.
v/ Example 4.3.2
Find the general solution of the differential equation
4x?y" — 42’y +(1—22)y =0, (4.3.4)

As we did in the above example note that z = 0 is a singular point. Let us try

o] o0
y:xTZak:ck :Zakxlﬁ'", (4.3.5)
k=0 k=0
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where r is a real number, not necessarily an integer. Again if such a solution exists, it may only exist for positive x. First let us find the
derivatives

(k+7) apzht1,

"
NgE

~
Il
o

"

s

(k+7) (k+7—1) apa™ 2. (4.3.6)

=~
I

0
Plugging Equations (4.3.5) - (4.3.6) into our original differential equation we obtain
0 =42%y" —42%y' + (1 -22)y

=4z° <i(k+r) (k+r—1)akmk+r_2> —44? (i(k—}—r)akka_l) +(1—2z) (iakx )

k=0 k=0

= (24 kE+r)(k+r—1 )akmk‘”) = <Z4(k+7") akx’”’”’l) i (ZGWHT) _ (Z 2akmk+r+1>
k=0 k=0 k=0

k=0
(iél k+7) (k+7r—1)apz®" ) <Z4(k+rl)ak 12k ) + (iakka) _ <i2ak1xk+r>
k=0 k=0 k=1

o0
:4r(r—1)a0mT+a0wT+Z (4(k+7) (k+r—1)ay —4(k+r—1) a1 +ar —2a_1) ="
k=1

(4.3.7)

o0
=(4r(r—1)+1) aow’+Z( 4(k+7) (k+7—1)+1) ar — (4(k+7—1)+2) ap_1) =
To have a solution we must first have (4r(r —1)+1) ag = 0 . Supposing that ag # 0 we obtain
4r(r—1)+1=0.
This equation is called the indicial equation. This particular indicial equation has a double root at r = —

OK, so we know what r has to be. That knowledge we obtained simply by looking at the coefficient of z”. All other coefficients of
z**7 also have to be zero so

A(k+r)(k+r—1)+1) ar— (4(k+7—1)+2) a1 =0.
1
If we plug inr=§ and solve for a; we get
k 1
4( +——1)+2 1

ap = ag—1 = % Q1.
4(k+—= )(k+— —-1)+1

Letus set ag = 1. Then

Clait aple 1 1, 1 1.1
a1—1ao— ) a2—2a1—2, az = a2 = 9’ a4 = a3—4'3.25
Extrapolating, we notice that
1 1
ap = ==,

P k(k—1)(k—2)---3-2 K

In other words,
- 1 1
y= kz_;akaT kl /2 1/2; Hmk — pl/2e7.

That was lucky! In general, we will not be able to write the series in terms of elementary functions. We have one solution, let us call it
Y = z'/%e” . But what about a second solution? If we want a general solution, we need two linearly independent solutions. Picking ag
to be a different constant only gets us a constant multiple of y;, and we do not have any other r to try; we only have one solution to
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the indicial equation. Well, there are powers of z floating around and we are taking derivatives, perhaps the logarithm (the
antiderivative of 2~!) is around as well. It turns out we want to try for another solution of the form

0
Yo = Z bk:L'IH—T + (lnm)yl,
k=0

which in our case is

Yo = Z bzt % 4 (Inz)z!/e”.
k=0

We now differentiate this equation, substitute into the differential equation and solve for by. A long computation ensues and we obtain
some recursion relation for bg. The reader can (and should) try this to obtain for example the first three terms

-1, 6b-l
- 4 ) 3 — 18 )

We then fix by and obtain a solution y». Then we write the general solution as y = Ay; + Bys .

by =by—1, by

Method of Frobenius
Before giving the general method, let us clarify when the method applies. Let
p)y" +q(@)y +r(z)y =0

be an ODE. As before, if p(zg) = 0, then z is a singular point. If, furthermore, the limits

z r(x
lim (z —mg)& and lim (z —z)* ()
o p(@) i p(@)
both exist and are finite, then we say that x is a regular singular point.
v/ Example 4.3.3
Determine if z = 0 is a regular singular point of the second-degree ODE
2y +x(1+2)y + (7 +2)y =0.
Solution
Write
43 z(l+=x
lim x& =lim xQ =lim (1+z)=1,
z—0 p(x) z—0 2 z—0
() (r+2?) (4.3.8).
lim 22 =% =lim 2’~———= =lim (n4+2%) =7
=0 p(z) z—0 2 z—0

So z =0 is a regular singular point.

v/ Example 4.3.4

Determine if £ = 0 is a regular singular point of the second-degree ODE

2y + (1 +z)y +(r+2°)y =0,
Solution
tim 23 i 052 142
20 p(;c) 20 2 20 T

Here DNE stands for does not exist. The point 0 is a singular point, but not a regular singular point.

Let us now discuss the general Method of Frobenius. Let us only consider the method at the point £ = 0 for simplicity. The main idea is
the following theorem.
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Method of Frobenius
Suppose that

p()y" +q(z)y +r(z)y =0 (4.3.9)

has a regular singular point at = 0, then there exists at least one solution of the form

A solution of this form is called a Frobenius-type solution.

The method usually breaks down like this.

i. We seek a Frobenius-type solution of the form

]
y= 2 :akxlﬁ—r.
k=0

We plug this y into equation p(z)y" 4+ g(z)y’ +r(z)y = 0. We collect terms and write everything as a single series.
ii. The obtained series must be zero. Setting the first coefficient (usually the coefficient of ") in the series to zero we obtain the indicial
equation, which is a quadratic polynomial in 7.
iii. If the indicial equation has two real roots 1 and ry such that r; — 79 is not an integer, then we have two linearly independent
Frobenius-type solutions. Using the first root, we plug in

)
ylzl‘rl § akxk7
k=0

and we solve for all a;, to obtain the first solution. Then using the second root, we plug in

o0
g =2 bz"
Y s
k=0

and solve for all by, to obtain the second solution.
iv. If the indicial equation has a doubled root r, then there we find one solution

00
r k

y=x E apT ,
k=0

and then we obtain a new solution by plugging

o0
Yo =" Z bpzk + (Inz)y,
k=0

into equation p(z)y" + g(z)y’' +r(z)y = 0 and solving for the constants by,.
v. If the indicial equation has two real roots such that 7; — 72 is an integer, then one solution is

o0
r k
yp=c! E arx”,
k=0

and the second linearly independent solution is of the form

yp =" Zbkzk +C(lnz)y,
k=0

where we plug y into equation p(z)y” +¢q(z)y’ +r(z)y =0 and solve for the constants by, and C.
vi. Finally, if the indicial equation has complex roots, then solving for ay, in the solution

(o]
y=z" E arz”
k=0
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results in a complex-valued function with all the a;, as complex numbers. We obtain our two linearly independent solutions by taking
the real and imaginary parts of y.

The main idea is to find at least one Frobenius-type solution. If we are lucky and find two, we are done. If we only get one, we either use
the ideas above or even a different method such as reduction of order to obtain a second solution.
Bessel Functions

An important class of functions that arises commonly in physics are the Bessel functions. For example, these functions appear when

solving the wave equation in two and three dimensions. First we have Bessel's equation of order p:
2?y" +ay + (2 —p*)y=0.

1
We allow p to be any number, not just an integer, although integers and multiples of 3 are most important in applications. When we plug

e8]
y= § akwkﬂ‘
k=0

into Bessel's equation of order p we obtain the indicial equation

r(r—1)+r—p* = (r—p)(r+p) =0

Therefore we obtain two roots r; = p and ro = —p. If p is not an integer following the method of Frobenius and setting ag = 1, we obtain
linearly independent solutions of the form

, s (_1)k$2k
Y=z ; 2N (k+p)(k—1+p)--- 2+p)(1+p)
L (4.3.10)

7 kz; PRE—p)—1-p) @)1

? Exercise 4.3.1

a. Verify that the indicial equation of Bessel's equation of order p is (r —p)(r+p) =0 .
b. Suppose that p is not an integer. Carry out the computation to obtain the solutions y; and y2 above.

Bessel functions will be convenient constant multiples of y; and ys. First we must define the gamma function

T'(z) :/ t* et dt.
0

Notice that I'(1) = 1. The gamma function also has a wonderful property
[(z+1) =2T(z).

From this property, one can show that I'(n) = (n —1)! when n is an integer, so the gamma function is a continuous version of the
factorial. We compute:

D(k+p+1)=(k+p)(k—1+p)---(2+p)(1 +p)T(1+p),

4.3.11
Dk —p+1) = (k—p)(k—1-p)-+- (2 ~p)(1~p)T(1 - ) (4311
? Exercise 4.3.2
Verify the above identities using I'(z + 1) = zI'(z).
We define the Bessel functions of the first kind of order p and —p as
00 k
T\ 2k+p
J, )
ble) = 2pr(1+p Z k'F(k+p+1)( )
1 N (4.3.12)
J () =——my .
o(@) 2—1’1“1 NS kz; KT (k—p+1) (2)
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As these are constant multiples of the solutions we found above, these are both solutions to Bessel's equation of order p. The constants are
picked for convenience.

When p is not an integer, J,, and J_, are linearly independent. When 7 is an integer we obtain
(=1)% 2
D) =3 L (zy
n() k; Ki(k+n)l \ 2
In this case it turns out that
Tu(z) = (-1)"T_n(2),

and so we do not obtain a second linearly independent solution. The other solution is the so-called Bessel function of second kind. These
make sense only for integer orders n and are defined as limits of linear combinations of J,(z) and J_,(z) as p approaches n in the
following way:

i SO ()~ Ty (@)
Ya(@) = len sin(pm) ’

As each linear combination of Jp(z) and J_,(z) is a solution to Bessel's equation of order p, then as we take the limit as p goes to n,
Y,,(z) is a solution to Bessel's equation of order n. It also turns out that ¥;,(z) and J, (z) are linearly independent. Therefore when n is an
integer, we have the general solution to Bessel's equation of order n

y=AJ,(z)+ BY,(z),

for arbitrary constants A and B. Note that Y;,(z) goes to negative infinity at z = 0. Many mathematical software packages have these
functions J,, (z) and Y, (z) defined, so they can be used just like say sin(z) and cos(z). In fact, they have some similar properties. For
example, —J; () is a derivative of Jy(x), and in general the derivative of J,,(x) can be written as a linear combination of J,,_;(z) and
Jn11(z). Furthermore, these functions oscillate, although they are not periodic. See Figure 4.3.1 for graphs of Bessel functions.

Figure 4.3.1: The image illustrates the plot of the Bessel functions Jy(z) and J; () in the first graph and Yp(z) and Y7 () in the second
graph. (CC BY-SA 4.0; Jifi Lebl via Differential Equation for Engineers)

v Example 4.3.5: Using Bessel Functions to Solve a ODE

Other equations can sometimes be solved in terms of the Bessel functions. For example, given a positive constant A,
zy’ +y + Ny =0,
can be changed to 2?y" 4+ zy’ + A?22y = 0 . Then changing variables ¢t = Az we obtain via chain rule the equation in y and ¢:
t2y" +ty' +t2y =0,
which can be recognized as Bessel's equation of order 0. Therefore the general solution is y(t) = AJy(t) + BYy(t) , or in terms of z:

y = AJy(Az) + BYy(Ax).

This equation comes up for example when finding fundamental modes of vibration of a circular drum, but we digress.

Footnotes

[1] Named after the German mathematician Ferdinand Georg Frobenius (1849 — 1917).

[2] See Joseph L. Neuringera, The Frobenius method for complex roots of the indicial equation, International Journal of Mathematical
Education in Science and Technology, Volume 9, Issue 1, 1978, 71-77.
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[3] Named after the German astronomer and mathematician Friedrich Wilhelm Bessel (1784 — 1846).

This page titled 4.3: Singular Points and the Method of Frobenius is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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4.3E: Exercises for Section 4.3

Exercises 1-10

Solve the following exercises by finding the general solution or a specific Frobenius-type solution as required. Classify
singular points where necessary, and use appropriate series expansions or solution methods.

? Exercise 4.3E.1

Find a particular (Frobenius-type) solution of z2y" +zy' + (1 +z)y =0 .

? Exercise 4.3E.2

Find a particular (Frobenius-type) solution of zy"" —y =0.

? Exercise 4.3E.3

Find a particular (Frobenius-type) solution of " + L3/ —zy =0 .

? Exercise 4.3E.4

Find the general solution of 2zy" +y' —z?y =0 .

? Exercise 4.3E.5

"

Find the general solution of z?y" —zy' —y =0 .

? Exercise 4.3E.6

In the following equations classify the point z = 0 as ordinary, regular singular, or singular but not regular singular.

az?(1+z%)y" +zy=0
b. 2%y +y +y =0
cxy’'+x3y +y=0

dzy’ +zy —e*y=0
e. 2y’ +x%y + 2%y =0

? Exercise 4.3E.7

In the following equations classify the point = 0 as ordinary, regular singular, or singular but not regular singular.

ay'+y=0

b. 2%y +(1+z)y=0

c zy’'+x°y +y=0
d.sin(z)y”" —y=0

e. cos(z)y" —sin(z)y =0

Answer
a. ordinary,
b. singular but not regular singular,
c. regular singular,
d. regular singular,
e. ordinary.
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? Exercise 4.3E.8

Find the general solution of z2y" —y =0.

Answer

? Exercise 4.3E.9

Find a particular solution of J:zy' "+ (ac = %)y =0.

Answer
=g/ i (D" (Note that for convenience we did not pick ag = 1.)
Y=5 4 he) pickao = L.

? Exercise 4.3E.10

Find the general solution of 2%y" —zy’' +y =0 .

Answer

y = Az + Bz In(z)

This page titled 4.3E: Exercises for Section 4.3 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 7.E: Power series methods (Exercises) has no license indicated.
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CHAPTER OVERVIEW

5: The Laplace Transform

The Laplace transform can also be used to solve differential equations and reduces a linear differential equation to an algebraic
equation, which can then be solved by the formal rules of algebra.

5.1: The Laplace Transform
5.1E: Exercises for Section 5.1

5.2: Transforms of Derivatives and ODEs
5.2E: Exercises for Section 5.2

5.3: Convolution

5.3E: Exercises for Section 5.3

Contributors and Attributions
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5.1: The Laplace Transform

Learning Objectives

o Understand the basics of Laplace transforms and their existence and uniqueness.
o Identify common functions and their Laplace transforms.

e Understand properties and theorems of Laplace transform.

o Find inverse Laplace transform.

Transform

In this chapter, we will discuss the Laplace transform. The Laplace transform turns out to be a very efficient method to solve
certain ODE problems. In particular, the transform can take a differential equation and turn it into an algebraic equation. If the
algebraic equation can be solved, applying the inverse transform gives us our desired solution. The Laplace transform also has
applications in the analysis of electrical circuits, NMR spectroscopy, signal processing, and elsewhere. Finally, understanding the
Laplace transform will also help with understanding the related Fourier transform, which, however, requires more understanding of
complex numbers.

The Laplace transform also gives a lot of insight into the nature of the equations we are dealing with. It can be seen as converting
between the time and the frequency domain. For example, take the standard equation

ma’ (t) = cz' (t) + kz(t) = f(t).
We can think of ¢ as time and f(t) as incoming signal. The Laplace transform will convert the equation from a differential equation
in time to an algebraic (no derivatives) equation, where the new independent variable s is the frequency.

We can think of the Laplace transform as a black box that eats functions and spits out functions in a new variable. We write
L{f(t)} = F(s) for the Laplace transform of f(¢). It is common to write lower case letters for functions in the time domain and
upper case letters for functions in the frequency domain. We use the same letter to denote that one function is the Laplace transform
of the other. For example F'(s) is the Laplace transform of f(¢). Let us define the transform.

o0
LUOY=F6) = [T et
0
We note that we are only considering ¢ > 0 in the transform. Of course, if we think of ¢ as time there is no problem, we are

generally interested in finding out what will happen in the future (Laplace transform is one place where it is safe to ignore the past)

Let us compute some simple transforms. Example 5.1.2 and Example 5.1.3 shows how to find the Laplace Transform of a constant
function.

v/ Example 5.1.1

Evaluate the Laplace transform of f(t) =e .

Solution

o) o) —(st+a)t 1 1
L{e "} = / e e Mdt = / e (Haltg — [ f( ] = :
0 0 s+a) |,, s+a

The limit only exists if s+a > 0 . So L{e"*} is only defined for s +a >0 .

v/ Example 5.1.2

Evaluate the Laplace transformation of f(t) =t

Solution
Using integration by parts
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L{t} = / e *ttdt
0

—te ] 1 [
:[ c ] += / e dt
S = S 0

Again, the limit only exists if s > 0.

v/ Example 5.1.3

A common function is the unit step function, which is sometimes called the Heaviside function’. This function is generally

given as

u(t):{o Tft<0,
1 ift>0.

Evaluate the Laplace transform of « (¢ —a), where a > 0 is some constant. That is, the function that is 0 for t < a and 1 for
t>a.

Solution

— o0 —
est:| e a8

L{u(t—a)} :/Oooe—“u(t—a)dtz/aooe‘“dt = [ —

where of course s >0 (and @ > 0 as we said before).

t=a

By applying similar procedures we can compute the transforms of many elementary functions. Many basic transforms are listed in

Table 5.1.1.
Table 5.1.1: Common Laplace Transforms of Basic Functions (C,w, and a are constants).
f(t) {r@®)}
C <
s
t i
52
t2 2
53
t* Ll
!
m n!
gn+l
e—at 1
s+a
. t w
sin(wt) $2 +w?
s
cos(wt) Er
. w
sinh(wt) R
4 s
t
cosh(wt) P& — P
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f(®) {r@)}

—as

e

u(t —a) .

Since the transform is defined by an integral. We can use the linearity properties of the integral. For example, suppose C' is a
constant, then

CLF(t)} = / T et Cfydt = C /0 T et f(t)dt = CLLF(1)}.

So we can “pull out” a constant out of the transform. Similarly we have linearity. Since linearity is very important we state it as a
theorem.

& Theorem 5.1.1

Linearity of the Laplace Transform
Suppose that A, B, and C are constants, then

L{Af(#)+Bg(t)} = AL{f(¢)} + BL{g(t)}

and in particular

L{Cf(®)} = CL{f()}-

These rules together with Table 5.1.1 make it easy to find the Laplace transform of a whole lot of functions already. But be careful.
It is a common mistake to think that the Laplace transform of a product is the product of the transforms. In general

L{f(t)g(t)} # L{f ()} L{g(t)}-
It must also be noted that not all functions have a Laplace transform. For example, the function 1/¢ does not have a Laplace
transform as the integral diverges for all s. Similarly, tan ¢ or et’ do not have Laplace transforms.

Existence and Uniqueness

Let us consider when does the Laplace transform exist in more detail. First let us consider functions of exponential order. The
function f(t) is of exponential order as t goes to infinity if

|F(t)] < Me*,

for some constants M and c, for sufficiently large ¢ (say for all £ > ¢, for some ¢,). The simplest way to check this condition is to
try and compute

@)
tlig ect

If the limit exists and is finite (usually zero), then f(t) is of exponential order.

For an exponential order function, we have the existence and uniqueness of the Laplace transform.

& Theorem 5.1.2

Existence
Let f(¢) be continuous and of exponential order for a certain constant c. Then F'(s) = L{f(¢)} is defined for all s > c.

The existence is not difficult to see. Let f(¢) be of exponential order, that is | f(t)| < Me® for all ¢ > 0 (for simplicity to = 0).
Let s > ¢, or in other words (¢ — s) < 0 . By the comparison theorem from calculus, the improper integral defining £{f(¢)} exists
if the following integral exists
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0o 00 (e—s)t 7° M
/ et (Met)dt = M / ele=9)tds — M [ c ]
0 0 =0

c—s c—s

The transform also exists for some other functions that are not of exponential order, but that will not be relevant to us. Before
dealing with uniqueness, let us note that for exponential order functions we obtain that their Laplace transform decays at infinity:

lim F(s)=0

§—00

& Theorem 5.1.3

Uniqueness

Let f(t) and g(¢) be continuous and of exponential order. Suppose that there exists a constant C, such that F(s) = G(s) for
all s > C. Then f(t) = g(t) forallt > 0.

Both theorems hold for piecewise continuous functions as well. Recall that piecewise continuous means that the function is
continuous except perhaps at a discrete set of points where it has jump discontinuities like the Heaviside function. Uniqueness
however does not “see” values at the discontinuities. So we can only conclude that F'(s) = G(s) outside of discontinuities. For
example, the unit step function is sometimes defined using u(0) =1/2. This new step function, however, has the exact same
Laplace transform as the one we defined earlier where u(0) = 1.

Inverse Transform

As we said, the Laplace transform will allow us to convert a differential equation into an algebraic equation. Once we solve the
algebraic equation in the frequency domain we will want to get back to the time domain, as that is what we are interested in. If we
have a function F'(s), to be able to find f(¢) such that L{f(¢)} = F(s), we need to first know if such a function is unique. It turns
out we are in luck by Theorem 5.1.3. So we can without fear make the following definition.

If F(s) = L{f(t)} for some function f(¢). We define the inverse Laplace transform as

def

LTHF(s)} = f(2)

There is an integral formula for the inverse, but it is not as simple as the transform itself—it requires complex numbers and path
integrals. For us it will suffice to compute the inverse using Table 5.1.1.

v/ Example 5.1.4

1
Find the inverse Laplace transform of F'(s) =

s+1

Solution
We look at the table to find

S 1
L {5+1 =e

As the Laplace transform is linear, the inverse Laplace transform is also linear. That is,
LH{AF(s)+BG(s)} = AL {F(s)} + BL{G(s)}

Of course, we also have L { AF(s) = AL ' {F(s)}. Let us demonstrate how linearity can be used.

v/ Example 5.1.5

Find the inverse Laplace transform of

_32+s+1
B4

Solution
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First we use the method of partial fractions to write F' in a form where we can use Table 5.1.1. We factor the denominator as
s(s? +1) and write
s24+s+1 A Bs+C
— = = 4+ —
s> +s S se+1
Putting the right hand side over a common denominator and equating the numerators we get

A(s2+1)+s(Bs+C)=s*+s+1 .Expanding and equating coefficients we obtain A+ B=1,C =1, A=1 and thus
B =0. In other words,

2
s“+s+1 1 1
e A
s’ +s S s*+1

By linearity of the inverse Laplace transform we get
s24s5+1 1 1
Lri——b == £ =1+sint.
{ s3+s } {s}+ s2+1 e

Shifting Property of Laplace Transforms

Another useful property is the so-called shifting property or the first shifting property
L{e " f(t)} = F(s+a)
where F'(s) is the Laplace transform of f(¢) and a is a constant.

The shifting property can be used, for example, when the denominator is a more complicated quadratic that may come up in the
method of partial fractions. We complete the square and write such quadratics as (s+ a)2 + b and then use the shifting property.

v/ Example 5.1.6

Find
cf 1t 1
s2+4s+8

First we complete the square to make the denominator (s +2)% 44 . Next we find

c{ Y = Zsineat
2 a —2sm( ).

Putting it all together with the shifting property, we find

1 1 1 _on .
l: — :l: ————— = - 2t.
{ s2+4s48 } { (s+2)%+4 } 2° sin(2¢)

In general, we want to be able to apply the Laplace transform to rational functions, that is functions of the form
F(s)
G(s)

Solution

where F(s) and G(s) are polynomials. Since normally, for the functions that we are considering, the Laplace transform goes to
Zero as 8 — 00, it is not hard to see that the degree of F'(s) must be smaller than that of G(s). Such rational functions are called
proper rational functions and we can always apply the method of partial fractions. Of course this means we need to be able to
factor the denominator into linear and quadratic terms, which involves finding the roots of the denominator,

Footnotes

[1] Just like the Laplace equation and the Laplacian, the Laplace transform is also named after Pierre-Simon, Marquis De Laplace
(1749 — 1827).
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[2] The function is named after the English mathematician, engineer, and physicist Oliver Heaviside (1850-1925). Only by

coincidence is the function “heavy” on “one side.”

This page titled 5.1: The Laplace Transform is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha

Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
e 6.1: The Laplace Transform by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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5.1E: Exercises for Section 5.1

Exercises 1-15

Find the Laplace Transform or inverse Laplace Transform of the functions as instructed

Find the Laplace transform of 3 +¢° + sin(nt) .

Find the Laplace transform of a + bt + ct? for some constants a, b, and c.

Answer

a b 2c
L

Find the Laplace transform of A cos(wt) + Bsin(wt) .

? Exercise 5.1E.4

Find the Laplace transform of cos?(wt).

Answer
1 s
2s + 2(s?+4w?)

Find the inverse Laplace transform of

s2—9°
? Exercise 5.1E.6
. . 2s

Find the inverse Laplace transform of

s —
Answer

2cosh(t)
1

Find the inverse Laplace transform of ———M .
. (s—1)2(s+1)

? Exercise 5.1E.8

t ift>1,

Find the Laplace transform of f(¢) = { 0 el
i .

Answer
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| e’ (% + st)

? Exercise 5.1F.9

(2 +s+2)(s+4)

Find the inverse Laplace transform of

? Exercise 5.1E. 10

Find the Laplace transform of sin(w(t —a)) .

Answer

—as __w
s2+w?

Find the Laplace transform of ¢ sin(wt). Hint: Several integrations by parts.

Find the Laplace transform of 4(¢ +1)2.

Answer

8,8 .4
s3+sz+3

? Exercise 5.1F.13

Find the inverse Laplace transform of ——— .
s3(s+2)

Answer

W — A=A —

? Exercise 5.1E. 14
Find the Laplace transform of te~* (Hint: integrate by parts).

Answer

1
(s+1)2

? Exercise 5.1E. 15

Find the Laplace transform of sin(¢)e ™" (Hint: integrate by parts).

Answer

1
5242542

This page titled 5.1E: Exercises for Section 5.1 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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5.2: Transforms of Derivatives and ODEs

4b Learning Objectives

e Derive and understand the standard formulas for transforms of first, second, and higher-order derivatives.
e Understand how linearity properties of transforms simplify the handling of derivatives and complex differential equations.

Transforms of Derivatives

Let us see how the Laplace transform is used for differential equations. First let us try to find the Laplace transform of a function
that is a derivative. Suppose g(t) is a differentiable function of exponential order, that is, |g(t)] < Me® for some M and c. So
L{g(t)} exists, and what is more, lim; ., e * g(¢t) =0 when s > c. Then

Ll O} = [ g =[]y~ [ (o) ale)de = ~f0)+ 5L {a(0).

We repeat this procedure for higher derivatives. The results are listed in Table 5.2.1. The procedure also works for piecewise
smooth functions, that is functions that are piecewise continuous with a piecewise continuous derivative. The fact that the function
is of exponential order is used to show that the limits appearing above exist. We will not worry much about this fact.

Table 5.2.1: Laplace Transforms of Derivatives

f(®) L{f()} = F(s)

g'(t) sG(s) — 9(0)

g'(t) s°G(s) — 59(0) — ¢'(0)

9" (¢) s°G(s) — s79(0) — s4'(0) — " (0)

Solving ODEs with the Laplace Transform

Notice that the Laplace transform turns differentiation into multiplication by s. Let us see how to apply this fact to differential
equations.

v Example 5.2.1

Solve the differential equation
z'(t)+z(t) =cos(2t), z(0)=0, '(0)=1.
Solution
We will take the Laplace transform of both sides. By X (s) we will, as usual, denote the Laplace transform of z(t).
L{z"(t)+z(t)} = L{cos(2t)},
s> X(s) —sz(0)+z'(0) + X(s) =

(5.2.1)

s
s244°

We plug in the initial conditions now—this makes the computations more streamlined—to obtain

$2X(s)—1+X(s -
() =1+ X(5) = =
We solve for X(s),
] 1
X(s)= + .
(s) (s2+1)(s2+4) s2+1
We use partial fractions (exercise) to write
1 s 1 s 1
X(s)== - = + .
(s) 35241 3244 s2+41
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Now take the inverse Laplace transform to obtain

z(t) = %cos(t) - écos(Zt) -+ sin(t).

The procedure for linear constant coefficient equations is as follows. We take an ordinary differential equation in the time variable
t. We apply the Laplace transform to transform the equation into an algebraic (non differential) equation in the frequency domain.
All the z(t), z'(t), ' (t), and so on, will be converted to X(s), sX(s) —z(0), s>X(s) — sz (0) —z'(0) , and so on. We solve the
equation for X(s). Then taking the inverse transform, if possible, we find z(t).

It should be noted that since not every function has a Laplace transform, not every equation can be solved in this manner. Also if
the equation is not a linear constant coefficient ODE, then by applying the Laplace transform we may not obtain an algebraic
equation.

Using the Heaviside Function

Before we move on to more general equations than those we could solve before, we want to consider the Heaviside function. See
Figure 5.2.1 for the graph.

{0 ift <0,
u(t) = .
1 ift>0.

05 00 s

o 08 o0 [ 1}

Figure 5.2.1: Plot of the Heaviside (unit step) function u(¢). x-axis to the left of the origin and the horizontal line y = 1 to the right.
(CC BY-SA 4.0; Jifi Lebl via Differential equations for engineers

This function is useful for putting together functions, or cutting functions off. Most commonly it is used as u(¢ —a) for some
constant a. This just shifts the graph to the right by a. That is, it is a function that is 0 when £ < a and 1 when ¢ > a. Suppose for
example that f(¢) is a “signal” and you started receiving the signal sint at time ¢ = 7. The function f(t) should then be defined as

1) = { siflt ii ;:
Using the Heaviside function, f(¢) can be written as
f(t) =u(t —7)sint
Similarly the step function that is 1 on the interval [1, 2) and zero everywhere else can be written as
u(t—1)—u(t—2).

The Heaviside function is useful to define functions defined piecewise. If you want to define f(¢) such that f(¢) =t when ¢ is in
[0,1], f(t) = —t+2 whentisin[1,2)and f(¢) = 0 otherwise, you can use the expression

Ft) =t (u(t) —u(t —1)) +(—t +2) (u(t —1) —u(t —2)).
Hence it is useful to know how the Heaviside function interacts with the Laplace transform. We have already seen that

—as

e

L{u(t—a)} =

https://math.libretexts.org/@go/page/167405
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Shifting Property

This can be generalized into a shifting property or second shifting property.

LLF(t—a)u(t—a)} = e L{F(t)}. (5.2.2)

Suppose that the forcing function is not periodic. For example, suppose that we had a mass-spring system
2(t)+z(t) = f(t), =(0)=0, 2'(0)=0,

where f(¢£) =1 if 1 <t <5 and zero otherwise. We could imagine a mass-spring system, where a rocket is fired for 4 seconds
starting at ¢ = 1. Or perhaps an RLC circuit, where the voltage is raised at a constant rate for 4 seconds starting at t = 1, and
then held steady again starting at ¢t = 5. Solve the differential equation.

Solution

We can write f(t) =u(t —1) —u(t —5) . We transform the equation and we plug in the initial conditions as before to obtain

e s 6755

S X(s)+X(s) = P

We solve for X(s) to obtain

We leave it as an exercise to the reader to show that

L1 {;} =1—cost.
s(s?2+1)

In other words £{1 —cost} = ( . So using Equation (5.2.2) we find

1
s(s24+1)

. {m} = £ {e*£{1 —cost}} = (1 — cos(t — L))u(t—1).

Similarly

o {ﬁ} = £ {e 5 L{1~cost}} = (1 —cos(t —5))u(t —5).

Hence, the solution is
z(t)=(1—cos(t—1))u(t—1)— (1 —cos(t —5)) u(t —5).

The plot of this solution is given in Figure 5.2.2.

2E

: lla Ilh e 5
Figure 5.2.2: Plot of z(t) as the solution of the mass-spring system. (CC BY-SA 4.0; Jifi Lebl via Differential equations for
engineers)
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Transfer Functions

Laplace transform leads to the following useful concept for studying the steady state behavior of a linear system. Suppose we have
an equation of the form

Lz = f(t)a

where L is a linear constant coefficient differential operator. Then f(¢) is usually thought of as input of the system and z(t) is
thought of as the output of the system. For example, for a mass-spring system the input is the forcing function and output is the
behavior of the mass. We would like to have an convenient way to study the behavior of the system for different inputs.

Let us suppose that all the initial conditions are zero and take the Laplace transform of the equation, we obtain the equation

A(s)X(s) =F(s).

Solving for the ratio % we obtain the so-called transfer function H(s) = Aés) .
X(s)
H —
(S) F(S)

In other words, X(s) = H(s)F(s) . We obtain an algebraic dependence of the output of the system based on the input. We can
now easily study the steady state behavior of the system given different inputs by simply multiplying by the transfer function.

v/ Example 5.2.3

Given =" + wgw = f(t), find the transfer function (assuming the initial conditions are zero).
Solution
First, we take the Laplace transform of the equation.

s X(s) +wiX(s) = F(s).

. X
Now we solve for the transfer function %

F(s) o 52+w3'

Let us see how to use the transfer function. Suppose we have the constant input f(¢) = 1. Hence F'(s) = % , and

1 1
X(s)=H(s)F(s) = —-.
() =HOF6) =5,
Taking the inverse Laplace transform of X(s) we obtain
1 — cos(wpt)

z(t) = o

Transforms of Integrals

A feature of Laplace transforms is that it is also able to easily deal with integral equations. That is, equations in which integrals
rather than derivatives of functions appear. The basic property, which can be proved by applying the definition and doing
integration by parts, is

c {/Ot () dT} - %F(s).

It is sometimes useful (e.g. for computing the inverse transform) to write this as

/Ot f(r)dr =L {%F(s)} .
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1
Evaluate £71 { —_— }

s(s?2+1)
1 1 ¢ 1 t
L= =/ L1 =/ sinTdr =1 —cost.
852~|—1 0 82+1 0

This page titled 5.2: Transforms of Derivatives and ODEs is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated
by Vinh Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

Solution

o 6.2: Transforms of derivatives and ODEs by Jiii Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffygs.
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5.2E: Exercises for Section 5.2

Exercises 1-13

Solve the following exercises using Laplace transforms and related techniques for differential equations.

Verify the Laplace transforms given in Table 5.2.1 by deriving them using the definition of the Laplace transform.

? Exercise 5.2E.2

Using the Heaviside function

u(t):{o ?ft<0,
1 ift>0.

write down the piecewise function that is 0 for ¢ < 0,¢* for ¢ in [0,1]and ¢ fort >1.

Answer

ft) =t2ut) +t(l —t)u(t—1)

? Exercise 5.2E.3
Using the Laplace transform solve
mz" +cz' +kz =0, =z(0)=a, z'(0)=0.

where m >0,¢ >0,k >0, and c® —4km > 0 (system is overdamped).

? Exercise 5.2E.4
Using the Laplace transform solve
mz" +cx’ +kr =0, z(0)=a, z'(0)=b.
where m >0,¢ >0,k >0, and > —4km < 0 (system is underdamped).

Answer

I (4bm-2 (Whm—c*
w(t):e_zmt (CLCOS<\/ 2;" c ) I 2mb+ca oin<\/ 2:: c >t> .
\/Z4k'm—cz)

? Exercise 5.2E.5

Using the Laplace transform solve
mz” +cz' +kx =0, z(0)=a, '(0)=0b.

where m > 0,¢ >0,k >0, and ¢ = 4km (system is critically damped).

? Exercise 5.2E. 6
Solve 2’ +2 =u(t —1) for initial conditions z(0) = 0 and z'(0) =0.

Answer
2(t) = u(t —1)(1 —cos(t — 1))

? Exercise 5.2E.7
Suppose L{ f(t)} = F(s), then show
L{-tf(t)} =F'(s).

Hint: Differentiate under the integral sign.

https://math.libretexts.org/@go/page/167883
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Solve 2" +z = t3u(t —1) for initial conditions z(0) =1 and z'(0) =0, z''(0) = 0.
Answer

z(t) = §e§t cos(‘/Tgt) +iet+4(t-1)[-5+3(t-1)+3(¢ -1 2 +(t 1P+ 2D + 12—3e%<f—1> cos(@ —3\/Be3 ) sin(@]

Show the second shifting property: £{f(t —a)u(t —a)} =e *L{f(t)} .

? Exercise 5.2E. 10

Define

(t-1)? if1<t<2,
f)={ 3-t if2<t<3,
0 otherwise.
a. Sketch the graph of f(t).
b. Write down f(t) using the Heaviside function.
c Solve "’ +z = f(t),z(0) =0,z'(0) =0 using Laplace transform.

Answer

a1 Frzp atht

" Figure 5.2E.1: Graph of f(t) = (t—1)2:1<t<2,=3-¢:2<t<3 and =0 otherwise.
b f(t) =t —1)*[u(t—1) —u(t—2)] + (3 —t)[u(t —2) —u(t —3)]
czt)=u (t)[-2+ (t—1)2+2cos(t —1)] +uy(t)[2 —3(t —2) — 9t — 2)2 — 2 cos(t — 2) + 3sin(t — 2)] +uz(t)[t —3 —sin(t — 3)]

Find the transfer function for ma’ + cz’ + kz = f(t) (assuming the initial conditions are zero).

? Exercise 5.2E.12

Solve 2/ —z = (t* —1)u(t —1) for initial conditions z(0) = 1, z'(0) = 2 using the Laplace transform.
Answer

z(t) = (2¢!! 2 —1)u(t—1) - et + %et

? Exercise 5.2E.13

Find the transfer function for ' +z = f(¢) (assuming the initial conditions are zero).

Answer

H(s) = sil

This page titled 5.2E: Exercises for Section 5.2 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha Nguyen, Neelam R.
Shukla, and Fatemeh Yarahmadi.

o 6.E: The Laplace Transform (Exercises) has no license indicated.
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5.3: Convolution

Learning Objectives

o Understand the key idea of convolution as a process of combining two functions to produce a third function.
e Learn and verify key properties of convolution.

e Use the Convolution Theorem to find the Laplace Transform of the integral.

e Use the inverse form of the Convolution Theorem to find the inverse Laplace Transform.

Convolution

We said that the Laplace transformation of a product is not the product of the transforms. All hope is not lost however. We simply
have to use a different type of a “product.” Take two functions f(¢) and g(¢) defined for ¢ > 0, and define the convolution of f(t)
and g(t) as

(o) | ' Fmglt — 7)dr. (5.3.1)

As you can see, the convolution of two functions of ¢ is another function of ¢.

v/ Example 5.3.1

Calculate (f * g)(t) when f(t) =€’ and g(t) =t fort >0.

Solution

(f*g)(t):/Otef(t—f)dfzet_t_l.

To solve the integral we did one integration by parts.

v/ Example 5.3.2

Calculate (f * g)(t) when f(¢) = sin(wt) and g(t) = cos(wt) fort >0.

Solution
(r+9)®) = [ h(u) con(ole=r)dr.
We apply the identity
cos(6) sin(1p) = 3 (sin(6-+ ) —sin(6— )
Hence,
(7+9)t) = [ 5 (sinlot) —sinfat —2um))dr
= [%Tsin(wt) + icos@wr —ut) ;0 (5.3.2)
- %tsin(wt).

The formula holds only for ¢ > 0. We assumed that f and g are zero (or simply not defined) for negative ¢.

The convolution has many properties that make it behave like a product. Let ¢ be a constant and f, g, and h be functions then

https://math.libretexts.org/@go/page/167406
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fxg=gxf
(cf)xg =fx(cg)=c(f*g) (5.3.3)
(f*xg)xh =fx*(gxh)

The most interesting property for us, and the main result of this section is the following theorem.

& Theorem 5.3.1

Let f(t) and g(¢) be of exponential type, then

L{(fxg)(t)} =L {/Ot F(r)g(t —T)dT} = L{F ()} L{g(t)}-

In other words, the Laplace transform of a convolution is the product of the Laplace transforms. The simplest way to use this result
is in reverse.

v/ Example 5.3.3

Find
1
-1
= {z5)
Solution
1 11
(s+1)s2  s+1 g2’
Then
1 1
£ —e’ and L7'{=1=t
s+1 s2
Therefore,
¢
£t 1 11 re dr=et+t—1.
s+ 1 82 0
The calculation of the integral involved an integration by parts.

Solving ODEs

The next example demonstrates the full power of the convolution and the Laplace transform. We can give the solution to the forced
oscillation problem for any forcing function as a definite integral.

v/ Example 5.3.4

Find the solution to

for an arbitrary function f(t).

Solution

We first apply the Laplace transform to the equation. Denote the transform of z(¢) by X(s) and the transform of f(¢) by F'(s)
as usual.

s X(s) +wiX(s) = F(s),

or in other words

https://math.libretexts.org/@go/page/167406
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1
X(s)=F(s .
0 =F6) 7
We know
o1 1 _ sin(wot)
s2+uwp wo
Therefore,

t . _
z(t) = / f('r)wdr,
0 wo
or if we reverse the order
t .
2(t) = / Sin(@oT) ¢t _ ryar.
0 wo

Let us notice one more feature of this example. We can now see how Laplace transform handles resonance. Suppose that
f(t) = cos(wpt). Then
t

z(t) = /0 Wcos(wo(t —T1))dT = wio | sin(wo) cos(wo (t —7))dT.

We have computed the convolution of sine and cosine in Example 6.3.2. Hence
1 1 1
t)y=(— —tsi t) | = —si t).
z(t) (UJO ) ( 3 sin(wp )) oo, sin(wot)
Note the ¢ in front of the sine. The solution, therefore, grows without bound as ¢ gets large, meaning we get resonance.

Similarly, we can solve any constant coefficient equation with an arbitrary forcing function f(¢) as a definite integral using
convolution. A definite integral, rather than a closed form solution, is usually enough for most practical purposes. It is not hard
to numerically evaluate a definite integral.

Volterra Integral Equation

A common integral equation is the Volterra integral equation?

z(t) zf(t)—i-A gt —7)z(r)dr

where f(t) and g(t) are known functions and x(¢) is an unknown we wish to solve for. To find x(t), we apply the Laplace
transform to the equation to obtain

X(s) = F(s) + G(s)X(s),
where X(s), F'(s), and G(s) are the Laplace transforms of z(t), f(t), and g(t), respectively. We find

F(s)

X(s)= m

To find z(¢) we now need to find the inverse Laplace transform of X (s).

v/ Example 5.3.5

Apply Laplace transform to solve

z(t)=e? —I—/O sinh(t — 7)z(7) d7

Solution

https://math.libretexts.org/@go/page/167406
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We apply Laplace transform to obtain

= X

(8) S+1 + 82_1 (S),

or

1

1 s—1 s 1
X(s) = G = = —
(s) 1 s2—-2 s§2-2 s2-2
1—
s2—1

It is not hard to find

z(t) = cosh(v/2t) — %sinh(\/f t).

Footnotes

[1] For those that have seen convolution defined before, you may have seen it defined as (f  g)(¢) = [ f(7)g(t —7)dr . This
definition agrees with (5.3.1) if you define f(¢) and g(t) to be zero for ¢ < 0. When discussing the Laplace transform the
definition we gave is sufficient. Convolution does occur in many other applications, however, where you may have to use the more
general definition with infinities.

[2] Named for the Italian mathematician Vito Volterra (1860—1940).

This page titled 5.3: Convolution is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha Nguyen,

Neelam R. Shukla, and Fatemeh Yarahmadi.

e 6.3: Convolution by Jiii Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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5.3E: Exercises for Section 5.3

Exercises 1-13

The following exercises are related to the convolution computation.

Let f(t) =¢2 fort >0, and g(t) =u(t —1) . Compute f *g.

? Exercise 5.3E.2
Let f(t) =t fort >0, and g(t) =sint for¢ > 0. Compute f*g.

Answer

(fxg)(t)=sint—t fort >0

? Exercise 5.3E.3
Find the solution to
mz' +cz' +kz = f(t), x(0)=0, '(0)=0,

for an arbitrary function f(t), where m > 0,c¢ >0,k >0, and ¢> —4km > 0 (system is overdamped). Write the solution as a
definite integral.

? Exercise 5.3E.4

Find the solution to
mz' +cz' +kz = f(t), x(0)=0, '(0)=0,
for an arbitrary function f(¢), where m > 0,¢ >0,k >0, and ¢ —4km < 0 (system is underdamped). Write the solution as

a definite integral.

Answer

o E4km—c2)
z(t) = _;2) fot e zm! sin(\/Tt)f(t —T1)dT

? Exercise 5.3E.5

Find the solution to
ma" +cx' +kz = f(t), x(0)=0, 2'(0)=0,

for an arbitrary function f(t), where m > 0,c¢ >0,k >0, and ¢ = 4km (system is critically damped). Write the solution as
a definite integral.

? Exercise 5.3E.6
Solve
z(t) =e + [ cos(t —7)z(r) dr.

Answer

z(t) =e ' +sint+cost —1

https://math.libretexts.org/@go/page/167884
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? Exercise 5.3E.7

Solve
z(t) = cost+ fot cos(t — 1)z (1) dr.

Answer

z(t) =sint +2cost —1

? Exercise 5.3E.8

Compute £ { i 2i4)2 } using convolution.
S

Answer

£t {m} = itsin(Zt).

? Exercise 5.3E.9

Write down the solution to # —2z =e ", £(0) =0,2/(0) =0 as a definite integral. Hint: Do not try to compute the
Laplace transform of et

? Exercise 5.3E.10

Let f(t) =cost fort >0, and g(t) =e ' . Compute f * g.

Answer

1

5 (cost +sint —e™)

? Exercise 5.3E.11

Compute £ { 34_5;32 } using convolution.

Answer

5t —b5sint

? Exercise 5.3E.12

Solve 2" +z =sin¢, z(0) =0,2'(0) =0 using convolution.
Answer

%(sint —tcost)

? Exercise 5.3E.13
Solve 2"+’ = f(t),z(0) =0,2'(0) =0,2"(0) =0 using convolution. Write the result as a definite integral.

Answer

[ £(r)(1 —cos(t —7))dr
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Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 6.E: The Laplace Transform (Exercises) has no license indicated.
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6.1: Introduction to Systems of ODEs

Learning Objectives

o Solving the first-order system of differential equations for two variables.

e Changing the higher-order ordinary differential equations and system of ordinary differential equations to first-order
systems.

e Solve the equilibrium solutions of Autonomous differential equations and check the stability of the equilibrium solutions.

Introduction:

Often we do not have just one dependent variable and just one differential equation, we may end up with systems of several
equations and several dependent variables even if we start with a single equation.

If we have several dependent variables, suppose y1, y2, ..., Y, then we can have a differential equation involving all of them and
their derivatives. For example, y;' = f(y;, ¥, Y1, Y2, ). Usually, when we have two dependent variables we have two equations
such as

yi/ = fl(yivyévyhy?am)

(6.1.1)
vy = f2(y1, Y5, Y1, Y2, )

for some functions f; and fo. We call the above a system of differential equations. More precisely, the above is a second order
system of ODE:s as second order derivatives appear. The system

mll :gl(mlaz2ax37t)7
Ty = g2(21, T2, T3, 1), (6.1.2)
333 :g3($17$2a$37t)7

is a first order system, where x1, x5, €3 are the dependent variables, and ¢ is the independent variable.

The terminology for systems is essentially the same as for single equations. For the system above, a solution is a set of three
functions z; (t), z2(t), z3(t), such that

'TIQ(t) =92 (xl(t)’$2(t)7w3(t)at)7 (6.1.3)

We usually also have an initial condition. Just like for single equations we specify x1, z2, and z3 for some fixed ¢. For example,
z1(0) = a1, 22(0) = ag, 23(0) = a3 . For some constants a3, ag, and as. For the second order system we would also specify the
first derivatives at a point. And if we find a solution with constants in it, where by solving for the constants we find a solution for
any initial condition, we call this solution the general solution. Best to look at a simple example.

v Example 6.1.1

Sometimes a system is easy to solve by solving for one variable and then for the second variable. Take the first order system

! =
b =0, (6.1.4)
Yo = Y1 — Y2,

with initial conditions of the form y; (0) =1 and y»(0) = 2.

Solution
We note that y; = C1€” is the general solution of the first equation. We then plug this y; into the second equation and get the
equation y} = C1e® —y» , which is a linear first order equation that is easily solved for y,. By the method of integrating factor
we obtain

C
e’y = 71623” +C>

https://math.libretexts.org/@go/page/167393
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or

Yo = —e” +Che™".

The general solution to the system is, therefore,
C _
yp =C1e®, and yp = 71(31 +Cohe™”.
We now solve for C; and Cy given the initial conditions. We substitute £ = 0 and find that C; =1 and C; = % . Thus the

1
solution is: y; = €%, and Yy, = Eeﬂ” + Ee’z .

Generally, we will not be so lucky to be able to solve for each variable separately as in the example above, and we will have to
solve for all variables at once. While we won’t generally be able to solve for one variable and then the next, we will try to salvage
as much as possible from this technique. It will turn out that in a certain sense we will still (try to) solve a bunch of single equations
and put their solutions together. Let’s not worry right now about how to solve systems yet.

We will mostly consider the linear systems. The example above is a so-called linear first order system. It is linear as none of the
dependent variables or their derivatives appear in nonlinear functions or with powers higher than one (z, y, ' and ¥, constants,
and functions of ¢ can appear, but not zy or (y’ )2 or 3). Another, more complicated, example of a linear system is

y! = e'y| +t2y; +5ys +sin(t), (6.1.5)
Yy =ty —yh+2y1 +cos(t).

Applications

Let us consider some simple applications of systems and how to set up the equations.

v/ Example 6.1.2

Consider a system of two salt brine tanks connected by bidirectional water flow. The tanks are evenly mixed, meaning the salt
concentration in each tank is uniform at any given time. Suppose we have two tanks, each containing volume V liters of salt
brine. The amount of salt in the first tank is z; grams, and the amount of salt in the second tank is x5 grams. The liquid is
perfectly mixed and flows at the rate r liters per second out of each tank into the other. See Figure 6.1.1. Find a differential
equation describing the rate of change of salt in each tank.

Figure 6.1.1: The image shows two cylindrical tanks each with a volume V. Water flows between them at a rate , with arrows
indicating bidirectional flow. (CC BY-SA 4.0; Jifi Lebl via Differential equations for engineers)

Solution

The rate of change of z1, that is z}, is the rate of salt coming in minus the rate going out. The rate coming in is the density of
the salt in tank 2, that is w—‘ﬁ, times the rate r. The rate coming out is the density of the salt in tank 1, that is w—Vl , times the rate r.
In other words it is

T 1 7 r r

R U A Sl A GtV

Similarly we find the rate z,, where the roles of z; and x, are reversed. All in all, the system of ODEs for this problem is

https://math.libretexts.org/@go/page/167393
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=
2, = — (22 —21),

v (6.1.6)

G = V(wl — ).

In this system we cannot solve for z; or zs separately. We must solve for both ; and x5 at once, which is intuitively clear
since the amount of salt in one tank affects the amount in the other. We can’t know x; before we know x5, and vice versa.

We don’t yet know how to find all the solutions, but intuitively we can at least find some solutions. Suppose we know that
initially the tanks have the same amount of salt. That is, we have an initial condition such as z; (0) = z3(0) = C'. Then clearly
the amount of salt coming and out of each tank is the same, so the amounts are not changing. In other words, z; = C and

x5 = C (the constant functions) is a solution: .’L"l = ac’2 =0,and g —x1 =21 —x2 =0 , so the equations are satisfied.

Let us think about the setup a little bit more without solving it. Suppose the initial conditions are #1(0) = A and z3(0) = B,
for two different constants A and B. Since no salt is coming in or out of this closed system, the total amount of salt is constant.
That is, 1 + 2 is constant, and so it equals A + B. Intuitively if A is bigger than B, then more salt will flow out of tank one
than into it. Eventually, after a long time we would then expect the amount of salt in each tank to equalize. In other words, the
solutions of both z; and x5 should tend towards A—;B. Once you know how to solve systems you will find out that this really
is so.

v/ Example 6.1.3

Consider a system consisting of two masses, m; and mgy, connected by a single spring with a spring constant k. If z; and x2
represent the displacements of the masses from their equilibrium positions, respectively, what are the equations of motion for
the system (i.e., what are the differential equations describing the motion of the masses)?

k

m my
I% I%
X1 X2

Figure 6.1.2 The image illustrates a mass-spring system, demonstrating the interaction of two rolling masses connected by a
spring. The displacements of the masses are denoted as z; and x5, with arrows indicating the direction of motion. (CC BY-SA
4.0; Jif{ Lebl via Differential equations for engineers)

Solution

We can think of the masses as carts, and we will suppose that they ride along a straight track with no friction. Let z; be the
displacement of the first cart and x5 be the displacement of the second cart. That is, we put the two carts somewhere with no
tension on the spring, and we mark the position of the first and second cart and call those the zero positions. Then z; measures
how far the first cart is from its zero position, and 2 measures how far the second cart is from its zero position. The force
exerted by the spring on the first cart is k(z3 — z1) , since zo — 1 is how far the string is stretched (or compressed) from the
rest position. The force exerted on the second cart is the opposite, thus the same thing with a negative sign.

Newton’s second law states that force equals mass times acceleration. So the system of equations governing the setup is

myix! = k(zy — 21
,1, ( ) (6.1.7)
mozy = —k(za — 1)
In this system we cannot solve for the z; or z» variable separately. That we must solve for both x; and 2 at once is intuitively
clear, since where the first cart goes depends exactly on where the second cart goes and vice-versa.

Changing to First Order

Before we talk about how to handle systems, let us note that in some sense we need only consider first order systems. Let us take
an n'* order differential equation

https://math.libretexts.org/@go/page/167393
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We define new variables uq, . . ., u, and write the system
u) =uy
ul, = ug
(6.1.8)
u . =u
n—1 n
up = F(una Un—1y.-.,U2,UL, IL‘)
We solve this system for uj, u2, ..., u,. Once we have solved for the u’s, we can discard uy through w,, and let y =wu; . We note

that this y solves the original equation.

v/ Example 6.1.4

Take ' = 2z" +8z' +x +t . Letting u; =z, us = z’, u3 = 2", we find the system:
U} = u, uy = ug, uy = 2ug +8ug +uy +t.

A similar process can be followed for a system of higher order differential equations. For example, a system of k differential
equations in k& unknowns, all of order 7, can be transformed into a first order system of n x k equations and n X k unknowns.

v/ Example 6.1.5

Consider the system from the carts example,
" "
myz) = k(zy —x1), moxy = —k(z2 —1).
Letu; =x1, us = w’l , U3 = To, Uy = w’2 . The second order system becomes the first order system

u) = uy, myul, = k(uz —uy), uly = uy, mau) = —k(uz —uy).

v/ Example 6.1.6

Sometimes we can use this idea in reverse as well. Let us take the system
r=2y—z, Y ==,
where the independent variable is ¢. We wish to solve for the initial conditions (0) =1 and y(0) = 0.
If we differentiate the second equation we get " = 2’ . We know what ' is in terms of z and y, and we know that z = 3/’.
y'=z' =2y —z=2y—19.
We now have the equation "’ +y’ —2y = 0 . We know how to solve this equation and we find that y = Cje~2t + Cset . Once
we have y we use the equation y' = x to get x.
r=y = —20C e 2 + Cyet
We solve for the initial conditions 1 = z(0) = —2C; +C> and 0 =y(0) = C; +C5 . Hence, C; = —C> and 1 =3C5. So

Ci = —% and Cy = % . Our solution is

272 4 ¢t —e 2 ¢t
rTEs 00— = —
7 Y 3

It is useful to go back and forth between systems and higher order equations for other reasons. For example, software for solving
ODE numerically (approximation) is generally for first order systems. To use it, you take whatever ODE you want to solve and
convert it to a first order system. It is not very hard to adapt computer code for the Euler or Runge—Kutta method for first order
equations to handle first order systems. We simply treat the dependent variable not as a number but as a vector. In many
mathematical computer languages there is almost no distinction in syntax.
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Autonomous Systems and Vector Fields

A system where the equations do not depend on the independent variable is called an autonomous system. For example the system
z' =2y —x,y =« is autonomous as ¢ is the independent variable but does not appear in the equations.

For autonomous systems we can draw the so-called direction field or vector field, a plot similar to a slope field, but instead of
giving a slope at each point, we give a direction (and a magnitude). The previous example, ' =2y —z , ¥’ = z, says that at the
point (z, y) the direction in which we should travel to satisfy the equations should be the direction of the vector (2y — x, ) with
the speed equal to the magnitude of this vector. So we draw the vector (2y —x, z) at the point (x,y) and we do this for many
points on the zy-plane. For example, at the point (1,2) we draw the vector (2(2) —1,1) = (3, 1), a vector pointing to the right
and a little bit up, while at the point (2,1) we draw the vector (2(1) —2,2) = (0,2) a vector that points straight up. When
drawing the vectors, we will scale down their size to fit many of them on the same direction field. If we drew the arrows at the
actual size, the diagram would be a jumbled mess once you would draw more than a couple of arrows. So we scale them all so that
not even the longest one interferes with the others. We are mostly interested in their direction and relative size. See Figure 6.1.3.

We can draw a path of the solution in the plane. Suppose the solution is given by z = f(t), y = g(t) . We pick an interval of ¢ (say
0 <t <2 for our example) and plot all the points ( (@), g(t)) for ¢ in the selected range. The resulting picture is called the phase
portrait (or phase plane portrait). The particular curve obtained is called the trajectory or solution curve. See an example plot in
Figure 6.1.4. In the figure the solution starts at (1, 0) and travels along the vector field for a distance of 2 units of ¢. We solved this
system precisely, so we compute z(2) and y(2) to find z(2) ~ 2.475 and y(2) ~ 2.457. This point corresponds to the top right end
of the plotted solution curve in the figure.

Notice the similarity to the diagrams we drew for autonomous systems in one dimension. But note how much more complicated
things become when we allow just one extra dimension.

We can draw phase portraits and trajectories in the zy-plane even if the system is not autonomous. In this case, however, we cannot
draw the direction field, since the field changes as ¢ changes. For each ¢ we would get a different direction field.
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Figure 6.1.3: This image is a direction field, also known as a slope field, visually representing the solutions to a system of
differential equations ' = 2y — 2 and y' = . A grid is laid out, with = and y axes ranging from -1 to 3. At each point on this
grid, there's an arrow representing the slope of the solution curve passing through that point. (CC BY-SA 4.0; Jifi Lebl via
Differential equations for engineers)
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Figure 6.1.4: This is a direction field, showing slopes of solutions to a system of differential equations on a grid from -1 to 3 on
both the $x$ and $y$ axes. Small arrows at each grid point indicate the slope at that location. A red line shows a particular solution
curve, starting at the point (1,0) and curving upwards and to the right. (CC BY-SA 4.0; Jifi Lebl via Differential equations for
engineers)
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6.1E: Exercises for Section 6.1

Exercises 1-10

The following exercises are related to the system of Differential Equations.

? Exercise 6.1E.1

Find the general solution of x| = z3 —x; +¢, 2, = z2 .

? Exercise 6.1E. 2

Find the general solution of =, = 321 —z2 +€',z), =z; .

? Exercise 6.1E.3

Write ay” 4+ by’ +cy = f(z) as a first order system of ODEs.

? Exercise 6.1E.4

Write 2 4+ y2y' — 23 =sin(t),y” + (2 +y') 2 —x =0 as a first order system of ODEs.

? Exercise 6.1E.5

Find the general solution to ¥} = 3y1, ¥, =y1 +¥2,¥5 =1 +¥3 -

Answer

o ©
y1 =01, yp =y(z) = Cae” + 5 ¥, ys =y(z) = Cse” + -

? Exercise 6.1E.6
Solvey’ =2z,2' =z +y,z(0)=1,y(0)=3.

Answer

_ 5 2t _ 5 2t , 4 _-t
r=%e 3€ ,Yy=73e —|—3e

? Exercise 6.1E.7

Write 2" =z +t as a first order system.

Answer

x| =X, Th =23, Th =T +1

? Exercise 6.1E.8

Write y/ +y1 +y2 =, y) +y1 —y2 = t?  as a first order system.

Answer

Yty =t Yty —p=t> Yy =y, yy=u
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6.2: Linear systems of ODEs

4b Learning Objectives

o Understand the differentiation rules for matrix and vector-valued functions, and apply them to linear systems of ordinary
differential equations (ODEs).
e Solve first-order linear systems of ODEs using the fundamental matrix and the principle of superposition.

First let us talk about matrix or vector valued functions. Such a function is just a matrix whose entries depend on some variable. If ¢
is the independent variable, we write a vector valued function Z(t) as

z1(t)

i = | =W

zn(t)

Similarly a matrix valued function A(%) is
all(t) 012(t) cee aln(t)
a1 (t) a22(t) “ee QAon (t)
At) =

anl.(t) an;(t) e am;(t)

We can talk about the derivative A’(t) or %. This is just the matrix valued function whose ijy, entry is aj; (t).

Rules of differentiation of matrix valued functions are similar to rules for normal functions. Let A(¢) and B(t) be matrix valued
functions. Let ¢ be a scalar and let C' be a constant matrix. Then

)
(A()B(t))" = A'(t)B(t) + A(t)B'(t)
(cA(t)) =cA'(¢) (6.2.1)
(CA@)) =CA'(t)
(A()C) = A'(H)C

Note the order of the multiplication in the last two expressions.

A first order linear system of ODEs is a system that can be written as the vector equation

- .
' (t) = P(t)Z(t) + £ (1)

where P(t) is a matrix valued function, and Z(t) and f (¢) are vector valued functions. We will often suppress the dependence on ¢
and only write 2’ = PZ + f . A solution of the system is a vector valued function Z satisfying the vector equation.

For example, the equations

T =2tz; +elzy + 12
(6.2.2)

can be written as

- 2t et ] N #2
= T
1 et
We will mostly concentrate on equations that are not just linear, but are in fact constant coefficient equations. That is, the matrix P
will be constant; it will not depend on ¢.
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When f =0 (the zero vector), then we say the system is homogeneous. For homogeneous linear systems we have the principle of
superposition, just like for single homogeneous equations.

& Theorem 6.2.1

Superposition
— — 9 — — . .
Let ' = P2 be a linear homogeneous system of ODEs. Suppose that Z1, . . . , Z,, are n solutions of the equation, then
= Cli:l +C2?132 Spo00 —I-Cni:n

is also a solution.

Linear independence for vector valued functions is the same idea as for normal functions. The vector valued functions
Z1,Z3,. .., T, are linearly independent when

0151 —I—Cz:i:z ++Cn5n:6 (623)

has only the solution ¢; =cy =--- =¢, =0 , where the equation must hold for all ¢.

v/ Example 6.2.1

Show that z; = t = = 2 linearly dependent
ow that z , X , X are linearly dependent.
1 " 2 4 3

Solution

Since #; + %3 = Z5 , and this holds for all ¢. So ¢; =1,¢c; = —1 and c3 = 1 above will work.

v/ Example 6.2.2

. 2] . 0
Showthatwlz[t],wgz[

- —t?
J , L3 = [ 1 ] are linearly independent.

Solution
First write ¢1Z7 + ca@2 +¢3%3 =0 and note that it has to hold for all ¢. We get that
= + = n = Clt2 — 03t3 0
C1T1 +CoTo + 3Ty = =
1B CTHCGE=] e 0

In other words ¢;t2 —c3t® =0 and ¢t +cat +c5 =0 . If we set £ = 0, then the second equation becomes c3 = 0. However,
the first equation becomes c¢; t2 =0 for all ¢ and so ¢; = 0. Thus the second equation is just cot = 0, which means c; = 0. So
c1 =cg =c3 =0 is the only solution and Z;, Z5 and Z3 are linearly independent.

The linear combination ¢y Z1 +c2Zs +- - - + ¢, %, could always be written as
X(t)c

where X (t) is the matrix with columns Z1, .. ., Z,, and ¢ is the column vector with entries ¢, . . ., ¢,. The matrix valued function
X (t) is called the fundamental matrix, or the fundamental matrix solution.

To solve nonhomogeneous first order linear systems, we use the same technique as we applied to solve single linear
nonhomogeneous equations.

& Theorem 6.2.2

LetZ = P+ f be alinear system of ODEs. Suppose Z, is one particular solution. Then every solution can be written as

S o
T=T.+Tp

where Z is a solution to the associated homogeneous equation (Z = PZ).
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So the procedure will be the same as for single equations. We find a particular solution to the nonhomogeneous equation, then we
find the general solution to the associated homogeneous equation, and finally we add the two together.

Alright, suppose you have found the general solution i =P+ f . Now you are given an initial condition of the form

Zto = b
for some constant vector b. Suppose that X (¢) is the fundamental matrix solution of the associated homogeneous equation (i.e.
columns of X(¢) are solutions). The general solution can be written as

Z(t) = X(t)c +zp(t)
We are seeking a vector ¢ such that
b=(to) = X(to)e + 2, (to)

In other words, we are solving for ¢ the nonhomogeneous system of linear equations

X(to)E = b—Z,(to)

v/ Example 6.2.3

Solve the system

[
.’131—:1,'1

2.4
Th =3 — T2 243

with initial conditions #1(0) =1, z2(0) =2.

Solution

This is a homogeneous system, so f () = 0 . We write the system and the initial conditions as

e[} 4] [}

t

We found the general solution was z; = Cie! and =5 = %‘et +coe™" . Letting C; =1 and Cy =0, we obtain the solution

setting ¢ = 0, and noting that the resulting constant vectors are linearly independent. In matrix notation, the fundamental

matrix solution is, therefore,

el
[ ] Letting C; =0 and C3 =1, we obtain [ 0 t] . These two solutions are linearly independent, as can be seen by
o

or in other words,

This page titled 6.2: Linear systems of ODEs is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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6.2E: Exercises for Section 6.2

Exercises 1-9

Verify solutions, establish linear independence, rewrite systems in matrix form, and solve systems to express solutions in
component and matrix notation.

? Exercise 6.2E. 1

a. Verify that the system Z' = [:1)) i’] Z has the two solutions [1] e* and [ 11] e 2,

b. Write down the general solution.

c. Write down the general solution in the form x; =?,z5 =7 (i.e. write down a formula for each element of the solution).

? Exercise 6.2E. 2

1 1
Verify that [ 1] el and [ ] et are linearly independent. Hint: Just plug int = 0.

? Exercise 6.2E.3

1 1 1
Verify that | 1 | ¢! and | —1 | e® and | —1 | €* are linearly independent. Hint: You must be a bit more tricky than in the
0 1 1

previous exercise.

? Exercise 6.2F. 4

t ¢
Verify that [t2 ] and [t ) ] are linearly independent.

? Exercise 6.2E.5

Take the system )} +z}, =z , 2] — ) = .
a. Write it in the form AZ' = BZ for matrices A and B.

b. Compute A" and use that to write the system in the form 7 = PZ.
? Exercise 6.2E.6
e2t et
Are [ . ] and [ 2t] linearly independent? Justify.
€ e

Answer

Yes.

? Exercise 6.2E.7

+ —t
. [cos?(t)]’ [el ] and [31 ]hneaﬂy independent? Justify.

Answer
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No. 2 [cosh(t)1] — [et] - [et] =0

? Exercise 6.2F. 8

Write 2’ =3z —y+e! and ' =tz in matrix notation.

Answer
HE NN
Y t 0 Y 0
? Exercise 6.2E.9

a. Write &} = 2t x5 and z), = 2t 2, in matrix notation.

b. Solve and write the solution in matrix notation.

Answer
1 |:0 2t:| o
d. X = x
0 2t
2
e Che +201
C26t

This page titled 6.2E: Exercises for Section 6.2 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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6.3: Eigenvalue Method

4b Learning Objectives

e Writing system of linear differential equations in the matrix form.
e Solve for eigenvalues and eigenvectors of a given matrix.
e Apply eigenvalue method to solve system of Linear Differential Equations to find general solutions.

In this section we will learn how to solve linear homogeneous constant coefficient systems of ODEs by the eigenvalue method.
Suppose we have such a system
7 = PZ,

where P is a constant square matrix. We wish to adapt the method for the single constant coefficient equation by trying the
function e . However, Z is a vector. So we try & = ve™ , where o is an arbitrary constant vector. We plug this Z into the equation
to get

\veM = Puet.
N——
7 PZ
We divide by e* and notice that we are looking for a scalar A and a vector Z that satisfy the equation
Av = Po.
To solve this equation we need a little bit more linear algebra, which we now review.
Eigenvalues and Eigenvectors of a Matrix

Let A be a constant square matrix. Suppose there is a scalar A and a nonzero vector ¥ such that
Av = A\v.

We then call \ an eigenvalue of A and Z is said to be a corresponding eigenvector.

v/ Example 6.3.1

2 1 1
Show the matrix [ J has an eigenvalue of A = 2 with a corresponding eigenvector [0]

o 1JLo]=[e]=2La]

Let us see how to compute the eigenvalues for any matrix. We rewrite the equation for an eigenvalue as

Solution

(A= )3 =0.

We notice that this equation has a nonzero solution ¥ only if A—AI is not invertible. Were it invertible, we could write
(A—AI)"Y(A—AI)% = (A—AI)"'0, which implies ¥ =0. Therefore, A has the eigenvalue X if and only if A solves the
equation

det(A—MAI)=0.

Consequently, we will be able to find an eigenvalue of A without finding a corresponding eigenvector. An eigenvector will have to
be found later, once A is known.
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2 11
Find all eigenvaluesof [1 2 0
0 0 2
Solution
We write
2 11 1 00 2—A 1 1
det 1 2 0f—-Xx|0 1 O =det 1 2—)
¢ ¢ (6.3.1)
0 0 2 0 0 1 0 0 2—-A

=2-N(2-2)*-1)=-A-1)(A-2)(A-3).
So the eigenvalues are A =1, A\ =2, and A = 3.

Note that for an n X n matrix, the polynomial we get by computing det(A — AI) will be of degree n, and hence we will in
general have n eigenvalues. Some may be repeated, some may be complex.

To find an eigenvector corresponding to an eigenvalue A\, we write
(A—AIv=0,

and solve for a nontrivial (nonzero) vector v. If X is an eigenvalue, there will be at least one free variable, and so for each
distinct eigenvalue A, we can always find an eigenvector

v/ Example 6.3.3

2 11
Find an eigenvectorof [ 1 2 0| corresponding to the eigenvalue A = 3.
0 0 2
Solution
We write
2 11 1 00 V1 -1 0 0 vy
(A=XI)v=||1 2 0|—-3]|0 1 0 vo|=|1 -1 0 vy | =0.
0 0 2 0 0 1 U3 0 0 -1 U3

It is easy to solve this system of linear equations. We write down the augmented matrix

-1 0 010
1 -1 010 |,
0 0 -1]0

and perform row operations (exercise: which ones?) until we get:

1 -1 0{0
0 0 1{0
0 0 00
The entries of ¥ have to satisfy the equations v; — vy = 0,v3 =0 and v, is a free variable. We can pick v to be arbitrary (but
1
nonzero), let v; = v, and of course vs3 = 0. For example, if we pick v =1, thenv = | 1 | . Let us verify that ¥ really is an
0

eigenvector corresponding to A = 3:
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Eigenvalue Method with Distinct Real Eigenvalues

We have the system of equations

-/ -

r = Pz.
We find the eigenvalues A1, A, ..., A\, of the matrix P, and corresponding eigenvectors Z1, Zs, . . . , Z,,. Now we notice that the
functions v1eM?, ToeMt, ... Vet are solutions of the system of equations and hence Z = ¢; V1€ + cavge™t +- - - + ¢, et

is a solution.

& Theorem 6.3.1

Take = PZ.1If P is an n X n constant matrix that has n distinct real eigenvalues A1, Ao, . .., Ay, then there exist n linearly
independent corresponding eigenvectors vy, s, . . . , U, and the general solution to # = PZ can be written as

7 =c101eM +cotoe™ 4+ -+, TpeMt.

The corresponding fundamental matrix solution is

X(t) = [treMt Byt . e,

That is, X (t) is the matrix whose 5! column is ¥;e*?.

v/ Example 6.3.4

Consider the system
2 11
=012 0|z
0 2
Find the general solution.
Solution
1
Earlier, we found the eigenvalues are 1,2, 3. We found the eigenvector | 1 | for the eigenvalue 3. Similarly we find the
0
1 0
eigenvector | —1 | for the eigenvalue 1,and | 1 | for the eigenvalue 2. Hence our general solution is
0 -1
1 1 crel +cze’t
T=c |-1|el+ca| 1 |e¥4e3|1]|e¥=]| —cret +cye?t +csedt
0 -1 0 —cpe?t
In terms of a fundamental matrix solution
et 0 31 e
T=Xt)0E=|_—e e 3¢ cs
0 - 0] Lle

This page titled 6.3: Eigenvalue Method is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh Kha
Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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6.3E: Exercises for Section 6.3

Exercises 1 - 11

Follow the instructions to solve each exercise. To find the general solution use eigenvalue method.

? Exercise 6.3E.1

1

Let A be a 3 x 3 matrix with an eigenvalue of 3 and a corresponding eigenvector v = | —1 | . Find Av.
3

? Exercise 6.3E.2

a. Find the general solution of =} = 2z, 2, = 3> using the eigenvalue method (first write the system in the form ¥ =AZ).

b. Solve the system by solving each equation separately and verify you get the same general solution.

? Exercise 6.3E.3

Find the general solution of z} = 3z + 2, ), = 2z, +4x, using the eigenvalue method.

? Exercise 6.3E.4

Find the general solution of ) = z1 — 23, ), = 2x; +-z» using the eigenvalue method. Do not use complex exponentials in
your solution.

? Exercise 6.3E.5

9 -2 —6
a. Compute eigenvalues and eigenvectorsof A= | -8 3 6
10 -2 —6
b. Find the general solution of ' = A% .
? Exercise 6.3E.6
-2 -1 -1
Compute eigenvalues and eigenvectors of | 3 2 1
-3 -1 0
? Exercise 6.3E.7
a b ¢
Let a, b, c,d, e, f be numbers. Find the eigenvaluesof [0 d e
0 0 f
? Exercise 6.3E.8
1 0
a. Compute eigenvalues and eigenvectorsof A= | -1 0 1
2 0 2

b. Solve the system Z = AZ .
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Answer
1 3
a. Eigenvalues: 4, 0, —1Eigenvectors: | 0 |, 1 5
1 —2
1 3
b.:i::C1 0 e4t+02 1 +C3| 5
1 0

? Exercise 6.3E.9

1 1
a. Compute eigenvalues and eigenvectors of A = [ 1 0] .

b. Solve the system Z = AZ .

Answer

. 1+3 13 . —2 -2
a. Eigenvalues: s , Eigenvectors: R
e 2 > T2 8 [1—\/31'] [1+\/§i}

R -2 cos( \/;’t) i -9 sm( \/3t)
| cos(5) +vasn () n() - vaeon()

? Exercise 6.3E.10

Solve x| = xy, o}, = =1 using the eigenvalue method.

1 1
C1 |:1:| et-i-Cg |:_1:| et

Exercise 6.3E.11

Answer

7

I

Solve x| = x5,z = —x; using the eigenvalue method.
Answer
-0, co.s(t) Lo sin(t)
—sin(t) cos(t)

This page titled 6.3E: Exercises for Section 6.3 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.
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6.4: Matrices and linear systems

4b Learning Objectives

o Understand the fundamental operations of matrix arithmetic, including addition, multiplication, and the computation of
transposes and inverses.
e Solve systems of linear equations using matrix methods such as row reduction, determinants, and matrix inverses.

Introduction:
A vector is an array of 1 row x n columns (row vector) or 1 column x n rows (column vector), while a matrix is an array of m rows
x n columns. While ordinary variables hold a single value, arrays hold many values. Functions that expect a vector argument
generally require a column vector.
Matrices and vectors
Before we can start talking about linear systems of ODEs, we will need to talk about matrices, so let us review these briefly. A
matrix is an m X n array of numbers (m rows and n columns). For example, we denote a 3 X 5 matrix as follows

a1 a2 a3 a4 Qs

A=lan ax ap3 axu ays

asy az2 azz az4 Aass

The numbers a;; are called elements or entries.

By a vector we will usually mean a column vector, that is an m x 1 matrix. If we mean a row vector we will explicitly say so (a
row vector is a 1 X n matrix). We will usually denote matrices by upper case letters and vectors by lower case letters with an arrow

such as X or b. By 0 we will mean the vector of all zeros.

It is easy to define some operations on matrices. Note that we will want 1 X 1 matrices to really act like numbers, so our operations
will have to be compatible with this viewpoint.

First, we can multiply by a scalar (a number). This means just multiplying each entry by the same number. For example,
9 1 2 3] |2 4 6
4 5 6] [8 10 12
Matrix addition is also easy. We add matrices element by element. For example,
123+11—1_232
4 5 6 02 4] [4 7 10
If the sizes do not match, then addition is not defined.

If we denote by 0 the matrix of with all zero entries, by ¢, d scalars, and by A, B, C matrices, we have the following familiar rules.

A+0 =A=0+4
A+B=B+A
(A+B)+C =A+(B+0) (6.4.1)
¢(A+B) =cA+cB
(c+d)A =cA+dA

Another useful operation for matrices is the transpose. This operation just swaps rows and columns of a matrix. The transpose of A
is denoted by AT. Example:

4 5 6

12 377 |14
=12 5
3 6
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Matrix Multiplication
Let us now define matrix multiplication. First we define the dot product (or inner product) of two vectors. Usually this will be a
row vector multiplied with a column vector of the same size. For the dot product we multiply each pair of entries from the first and
the second vector and we sum these products. The result is a single number. For example,

by

[a1 as ag}- by :[a1b1 + asbs +asbs }

b3
And similarly for larger (or smaller) vectors.
Armed with the dot product we can define the product of matrices. First let us denote by row;(A) the i’ row of A and by

column;(A) the j% column of A. For an m x n matrix A and an n x p matrix B we can define the product AB. We let AB be
an m X p matrix whose 5" entry is

row; (A) - column;(B)
Do note how the sizes match up. Example:
12 3]t 0
11 1|=
[4 5 6]
1 0 0
| 1-1+42-1+43-1 1-0+2-1+3-0 1-(1)+2-1+3-0]_[6 2 1]
S l4145-146-1 4-04+5-14+6-0 4-(-1)+5-14+6-0 L1551

For multiplication we want an analog of a 1. This analog is the identity matrix. The identity matrix is a square matrix with 1s on the
main diagonal and zeros everywhere else. It is usually denoted by I. For each size we have a different identity matrix and so
sometimes we may denote the size as a subscript. For example, the I3 would be the 3 x 3 identity matrix

1 00
I=I3=10 1 0
0 0 1

We have the following rules for matrix multiplication. Suppose that A, B, C' are matrices of the correct sizes so that the following
make sense. Let a denote a scalar (number).

A(BC) = (AB)C
A(B+C) = AB+ AC

(B+C)A =BA+CA (6.4.2)
a(AB) =(aA)B= A(aB)
TA=A=AI

A few warnings are in order.

i. AB # BA in general (it may be true by fluke sometimes). That is, matrices do not commute. For example take A = E 1]

1
andB:[1 0].
0 2

ii. AB = AC does not necessarily imply B = C, even if A is not 0.

iii. AB =0 does not necessarily mean that A =0 or B = 0. For example take A = B = [g 3] .

For the last two items to hold we would need to “divide” by a matrix. This is where the matrix inverse comes in. Suppose that A
and B are n X n matrices such that

AB=I1=BA

Then we call B the inverse of A and we denote B by A~!. If the inverse of A exists, then we call A invertible. If A is not
invertible we sometimes say A is singular.
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If A is invertible, then AB = AC' does imply that B = C' (in particular the inverse of A is unique). We just multiply both sides by
A1 toget AVAB=A"1AC or IB=IC or B=C.1tis also not hard to see that (A1) ' = A.

Determinant

We can now talk about determinants of square matrices. We define the determinant of a 1 X 1 matrix as the value of its only entry.

For a 2 x 2 matrix we define
det([a b])d:efad—bc
c d

Before trying to compute the determinant for larger matrices, let us first note the meaning of the determinant. Consider an n X n
matrix as a mapping of the n dimensional euclidean space R" to R". In particular, a 2 x 2 matrix A is a mapping of the plane to
itself, where Z gets sent to AZ. Then the determinant of A is the factor by which the area of objects gets changed. If we take the
unit square (square of side 1) in the plane, then A takes the square to a parallelogram of area |det(A)|. The sign of det(A) denotes
changing of orientation (negative if the axes got flipped). For example, let

A:[—ll i]

Then det(A) =1+1 =2 . Let us see where the square with vertices (0, 0), (1,0), (0,1)and (1, 1) gets sent. Clearly (0, 0) gets

sentto (0, 0) [_11 i] [;]:[_11] [_11 ”m:m [_11 1] [1H§]

So the image of the square is another square. The image square has a side of length /2 and is therefore of area 2.

If you think back to high school geometry, you may have seen a formula for computing the area of a parallelogram with vertices
(0,0), (a,c), (b,d) and (a+b,c+d) . And it is precisely

([0 2])

a
The vertical lines above mean absolute value. The matrix [
c

b
d] carries the unit square to the given parallelogram.

Now we can define the determinant for larger matrices. We define A;; as the matrix A with the i" row and the j** column deleted.
To compute the determinant of a matrix, pick one row, say the i row and compute.

n

det(4) = Z(—l)”j a;jdet(A;;)

j=1
For the first row we get

+ay,det(A;, ifnisodd

det(A) = alldet(AU) — alzdet(Alg) —|—a13det(A13) —... { —a det(A1 ifneven

We alternately add and subtract the determinants of the submatrices A;; for a fixed ¢ and all j. For a 3 x 3 matrix, picking the first
row, we would get det(A) = ay1det(A11) —aradet(As2) +arsdet(Ay3) . For example,

(o5 of) oD wen([t Do) s

—1(5-9-6-8)—2(4-9—6-7)+3(4-8—5-7) =0

The numbers (—1)"*/det(A;;) are called cofactors of the matrix and this way of computing the determinant is called the cofactor
expansion. It is also possible to compute the determinant by expanding along columns (picking a column instead of a row above).

Note that a common notation for the determinant is a pair of vertical lines:
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One of the most important properties of determinants (in the context of this course) is the following theorem.

Think of the determinants telling you the scaling of a mapping. If B doubles the sizes of geometric objects and A triples them, then
AB (which applies B to an object and then A) should make size go up by a factor of 6. This is true in general:

det(AB) = det(A) det(B).

This property is one of the most useful, and it is employed often to actually compute determinants. A particularly interesting
consequence is to note what it means for existence of inverses. Take A and B to be inverses of each other, that is AB = I . Then

det(A) det(B) = det(AB) =det(I) =1.

Neither det(A) nor det(B) can be zero. Let us state this as a theorem as it will be very important in the context of this course.

& Theorem 6.4.1

An n x n matrix A is invertible if and only if det(A) #0.
In fact, there is a formula for the inverse of a 2 x 2 matrix
a b1 1 [d b
c d ad—bc|—c a

Notice the determinant of the matrix in the denominator of the fraction. The formula only works if the determinant is nonzero,
otherwise we are dividing by zero.

Solving Linear Systems

One application of matrices we will need is to solve systems of linear equations. This is best shown by example. Suppose that we
have the following system of linear equations

2x1 +2x9 +223 =2
T1+x2+3x3 =5 (644)
T +4xzs +23 =10

Without changing the solution, we could swap equations in this system, we could multiply any of the equations by a nonzero
number, and we could add a multiple of one equation to another equation. It turns out these operations always suffice to find a
solution.

It is easier to write the system as a matrix equation. Note that the system can be written as

2 2 2 1 2
1 1 3 o = 5
1 41 T3 10

To solve the system we put the coefficient matrix (the matrix on the left hand side of the equation) together with the vector on the
right and side and get the augmented matrix

2 2 2|2
1 1 3(5
1 4 1|10

We apply the following three elementary operations.

i. Swap two rows.
ii. Add a multiple of one row to another row.
iii. Multiply a row by a nonzero number.
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We will keep doing these operations until we get into a state where it is easy to read off the answer, or until we get into a
contradiction indicating no solution, for example if we come up with an equation suchas 0 = 1.

Let us work through the example. First multiply the first row by % to obtain

11 1|1
11 3(5
1 4 1(10

Now subtract the first row from the second and third row.

(11 1)1 ]
2
| 0 3 0]9 |
Multiply the last row by % and the second row by %
[1 1 1)1 ]
0 1
| 01 03 |
Swap rows 2 and 3.
11 1|1
01 013
0 0 1]2

Subtract the last row from the first, then subtract the second row from the first.

1 0 04
01 0] 3
0 0 1] 2
If we think about what equations this augmented matrix represents, we see that ;1 = —4, z2 =3 and x3 = 2. We try this solution
in the original system and, voila, it works!
We write this equation in matrix notation as
AZ =0,

. 222 7. 2 . . .
where A is the matrix {1 1 3} and b is the vector [ 5 ] . The solution can also be computed via the inverse,
141 10

ZT=AT1AZ=A"b.

It is possible that the solution is not unique, or that no solution exists. It is easy to tell if a solution does not exist. If during the row
reduction you come up with a row where all the entries except the last one are zero (the last entry in a row corresponds to the right-
hand side of the equation), then the system is inconsistent and has no solution. For example, for a system of 3 equations and 3
unknowns, if you find a row such as [0 0 0 | 1] in the augmented matrix, you know the system is inconsistent. That row
corresponds to 0 = 1.

You generally try to use row operations until the following conditions are satisfied. The first (from the left) nonzero entry in each
row is called the leading entry.

i. The leading entry in any row is strictly to the right of the leading entry of the row above.
ii. Any zero rows are below all the nonzero rows.
iii. All leading entries are 1.
iv. All the entries above and below a leading entry are zero.
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Such a matrix is said to be in reduced row echelon form. The variables corresponding to columns with no leading entries are said to
be free variables. Free variables mean that we can pick those variables to be anything we want and then solve for the rest of the
unknowns.

v/ Example 6.4.1

Determine if he following augmented matrix is in reduced row echelon form, then solve it.

S O N
oS = O
(=l

1
0
0

Solution
The augmented matrix is in reduced row echelon form.
Suppose the variables are z1, zo and x3. Then x5 is the free variable, z; =3 — 2z ,and 3 = 1.

Note that if during the row reduction process you come up with the matrix

[uy

1 3
0
0

S O N
w = W

1
0
there is no need to go further. The last row corresponds to the equation 0x; +0xz2 +0x3 = 3 , which is preposterous. Hence,
no solution exists.

Computing the Inverse

If the coefficient matrix is square and there exists a unique solution Z to AZ =b for any b, then A is invertible. In fact by
multiplying both sides by A~ you can see that Z = A~1b. So it is useful to compute the inverse if you want to solve the equation
for many different right hand sides b.

The 2 x 2 inverse can be given by a formula, but it is also not hard to compute inverses of larger matrices. While we will not have
too much occasion to compute inverses for larger matrices than 2 x 2 by hand, let us touch on how to do it. Finding the inverse of
A is actually just solving a bunch of linear equations. If we can solve AZj = €, where €}, is the vector with all zeros except a 1 at
the k" position, then the inverse is the matrix with the columns Zj for k=1,...,n (exercise: why?). Therefore, to find the
inverse we can write a larger n X 2n augmented matrix [A | I], where I is the identity. We then perform row reduction. The
reduced row echelon form of [A | I] will be of the form [I | A!] if and only if A is invertible. We can then just read off the
inverse A1,

This page titled 6.4: Matrices and linear systems is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

e 3.2: Matrices and linear systems by Jifi Lebl is licensed CC BY-SA 4.0. Original source: https://www.jirka.org/diffyqs.
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6.4E: Exercises for Section 6.4

Exercises 1 - 14

Follow the instructions to solve each exercise using appropriate matrix operations.

? Exercise 6.4E.1

1 2, 5 . o
Solve [ ] z= [ ] by using matrix inverse.
3 4 6

? Exercise 6.4E. 2

9 -2 —6
Compute determinant of | —8 3 6
10 -2 -6
Answer
det(A) =6.
? Exercise 6.4E.3
1 2 3 1
. 4 0 5 0 . . .
Compute determinant of 60 7 ol Hint: Expand along the proper row or column to make the calculations simpler.
8§ 0 10 1
? Exercise 6.4E. 4
1 2 3
Compute inverseof [1 1 1
01 0
Answer
1 1
-3 0 3
-1 _ | 3 1
B = 0} 0 -3
1 1
-2 1 =3
? Exercise 6.4E.5
1 2 3
For whichhis [4 5 6 | notinvertible? Is there only one such h? Are there several? Infinitely many?
7 8 h
? Exercise 6.4E.6
h 1 1
Forwhichhis | 0 A 0 | notinvertible? Find all such h.
1 1 h
Answer
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0 o o -
Thematrix C= |1 h 1| isnotinvertible for: h =0, h:%—%, h:%—i—%.
0 h h
? Exercise 6.4E.7
9 -2 —6 1
Solve | -8 3 6 |Z=|2
10 -2 —6 3
? Exercise 6.4E.8
5 3 7 2
Solve [8 4 4|Z=]0
6 3 3 0
Answer
5 8 6 2
The given system of equations Ax=b where A=|3 4 3|, b=]|0 is inconsistent because:
7 4 3 0
rank(A) =2, rank([A[b])=3, and det(A)=0. Sincerank(A) # rank([A|d]), the system has no solution.

? Exercise 6.4E.9
3 2 30

81
Il

Solve

oS W
= ok O N

3
2
3

? Exercise 6.4E.10

Find 3 nonzero 2 x 2 matrices A, B, and C such that AB = AC but B# C.

[\
= s W
w N W

Answer
. e 1 0 2 3 2 3 .
The matrices satisfying AB= AC but B#C are: A= [ ] , B= [ ] , C= [ ] . Verifying:
0 0 4 5 6 7
AB=AC = [3 3] . but B£C.

? Exercise 6.4E.11

1 1 1
Compute determinantof |2 3 —5
1 -1 0
Answer
—15
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? Exercise 6.4E.12

Find ¢ such that [ 2 ;] is not invertible.

Answer

? Exercise 6.4E.13

1 11. 1
Solve 7= 0 .
1 -1 20

Answer

|
I |

? Exercise 6.4F. 14

0
Suppose a, b, ¢ are nonzero numbers. Let M = [g b] ,N=

oS O
o o O
o O© o

a. Compute M 1.

b. Compute N 1.

Answer
% 0
a. |
10 5
—% 0 O
1
b. |0 > 0
1
[0 0 ¢

This page titled 6.4E: Exercises for Section 6.4 is shared under a CC BY-NC-SA 3.0 license and was authored, remixed, and/or curated by Vinh
Kha Nguyen, Neelam R. Shukla, and Fatemeh Yarahmadi.

o 3.E: Systems of ODEs (Exercises) has no license indicated.

https://math.libretexts.org/@go/page/167841


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/167841?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://creativecommons.org/licenses/by-nc-sa/3.0
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4?no-cache
https://math.libretexts.org/@go/page/3377

Index
A

acceleration

1.3E: Exercises for Section 1.3
2.3: Elementary Mechanics

Airy's equation
4.2: Series Solutions of Linear Second Order ODEs
algebra

1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations

1.8: Substitution

3.2E: Exercises for Section 3.2

3.6: Reduction of Order

algebraic equation

5: The Laplace Transform
algebraic equations

5.1: The Laplace Transform
algebraic operations

4.1: Power Series
analysis

1.4E: Exercises for Section 1.4
3.8: Mechanical Vibrations

analytic functions

4.1: Power Series
analytic_functions

4.1E: Exercises for Section 4.1
analytical techniques

1.1: Introduction to Differential Equations
analyticalmethods

3.3: The Method of Undetermined Coefficients II
antiderivatives

1.3: Integrals as Solutions
applications

1.3: Integrals as Solutions
1.9: Autonomous Equations

approximation

1.10: Numerical Methods - Euler’s Method
approximations

1.10E: Exercises for Section 1.10
arithmetic

6.4: Matrices and linear systems
asymptotic series

4.3: Singular Points and the Method of Frobenius
autonomous systems

6.1: Introduction to Systems of ODEs

B

behavior
3.8: Mechanical Vibrations
Bernoulli equations
1.8: Substitution
1.12: Transformation of Nonlinear Equations into
Separable Equations
boundary conditions
3.9: Nonhomogeneous Equations
brine
1.6E: Exercises for the section 1.6

C

calculus

1.1E: Exercises for Section 1.1

1.2: Classification of Differential Equations

1.3: Integrals as Solutions

1.3E: Exercises for Section 1.3

1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations

1.11E: Exercises for Section 1.11

2.5E: Exercises for Section 2.5

3.2E: Exercises for Section 3.2

3.3E: Exercises for Section 3.3

3.4E: Exercises for Section 3.4

3.6E: Exercises for Section 3.6

3.7E: Exercises for Section 3.7

5.1E: Exercises for Section 5.1

5.3: Convolution

carbon dating

2: Applications of First Order Equations

2.1: Growth and Decay
Cauchy_Euler

3.1E: Exercises for Section 3.1
characteristic equation

3.4: Constant coefficient second order linear ODEs
3.5: Higher order linear ODEs

characteristic_equation

3.5E: Exercises for Section 3.5
chemical concentration

1.6E: Exercises for the section 1.6
circuits

3.8E: Exercises for Section 3.8
classification

1: First Order ODEs
4.3E: Exercises for Section 4.3

classification settings

6: Systems of ODEs
closedform

1.8E: Exercises for Section 1.8
coefficients

3.2: The Method of Undetermined Coefficients I
3.6: Reduction of Order
4: Power series methods

complementary equation

3.3E: Exercises for Section 3.3
complementary equations

3.6E: Exercises for Section 3.6
complementaryequation

3.7: Variation of Parameters
complementaryequations

3.3: The Method of Undetermined Coefficients II
complex

3.5: Higher order linear ODEs
compound interest

2: Applications of First Order Equations

2.1: Growth and Decay
concentration

2.4: Mixing Problems
2.4E: Exercises for Section 2.4

concentration of chemicals
1.6: Linear Equations and the Integrating Factor
conservation law
1.11: Exact Equations
conservative vector field
1.11: Exact Equations
constant coefficient
1.2E: Exercises for Section 1.2
constant coefficient equations
5: The Laplace Transform

constant coefficients
3: Higher order linear ODEs
constant speed
2.6: Pursuit Curves
constantcoefficients
3.3: The Method of Undetermined Coefficients IT
constants
5.1E: Exercises for Section 5.1
continuity

1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations
1.7E: Exercises for the section 1.7

continuous compounding
2.1E: Exercises for Section 2.1
continuous functions

1.4: Slope Fields
1.4E: Exercises for Section 1.4

contributors
6: Systems of ODEs
convergence

4.1: Power Series
4.1E: Exercises for Section 4.1

convolution

5: The Laplace Transform
5.3: Convolution
5.3E: Exercises for Section 5.3

cooling law
1.5: Separable Equations
cooling object
2.2: Cooling Problems
cooling problems
2: Applications of First Order Equations
coolinglaw
1.5E: Exercises for Section 1.5
cosine

3.7E: Exercises for Section 3.7
5.1E: Exercises for Section 5.1

critical_points

1.9: Autonomous Equations
CriticallyDampedSystem

5.2E: Exercises for Section 5.2
criticalpoints

1.9E: Exercises for Section 1.9
curves

2.5: Orthogonal Trajectories of Curves
2.5E: Exercises for Section 2.5

cylindrical water tank
1.6E: Exercises for the section 1.6

D

damped motion

3.10: Forced Oscillations and Resonance
damping

3.8E: Exercises for Section 3.8

5.3E: Exercises for Section 5.3
decay

2: Applications of First Order Equations
2.1E: Exercises for Section 2.1

definite integrals

1.6E: Exercises for the section 1.6
degree

3.5: Higher order linear ODEs
derivative

3.2E: Exercises for Section 3.2


https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/10%3A_Index
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2

Derivatives

2.5: Orthogonal Trajectories of Curves
5.2: Transforms of Derivatives and ODEs

determinant

6.4E: Exercises for Section 6.4
determinants

6.4: Matrices and linear systems
differential

3.8: Mechanical Vibrations
differential equation

2.4E: Exercises for Section 2.4

4.3: Singular Points and the Method of Frobenius
differential equations

1: First Order ODEs

1.1: Introduction to Differential Equations

1.2: Classification of Differential Equations

1.2E: Exercises for Section 1.2

1.3: Integrals as Solutions

1.3E: Exercises for Section 1.3

1.4: Slope Fields

1.4E: Exercises for Section 1.4

1.5: Separable Equations

1.6E: Exercises for the section 1.6

1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations

1.8: Substitution

1.10: Numerical Methods - Euler’s Method

1.11: Exact Equations

1.12: Transformation of Nonlinear Equations into
Separable Equations

2: Applications of First Order Equations

2.1: Growth and Decay

2.1E: Exercises for Section 2.1

2.2: Cooling Problems

2.5: Orthogonal Trajectories of Curves

2.6: Pursuit Curves

3: Higher order linear ODEs

3.1: Second order linear ODEs

3.2: The Method of Undetermined Coefficients I

3.2E: Exercises for Section 3.2

3.3E: Exercises for Section 3.3

3.4: Constant coefficient second order linear ODEs

3.5: Higher order linear ODEs

3.6: Reduction of Order

3.7E: Exercises for Section 3.7

3.10: Forced Oscillations and Resonance

4: Power series methods

4.1: Power Series

4.2: Series Solutions of Linear Second Order ODEs

4.3E: Exercises for Section 4.3

5: The Laplace Transform

5.1: The Laplace Transform

5.2: Transforms of Derivatives and ODEs

6: Systems of ODEs

6.1: Introduction to Systems of ODEs

6.2E: Exercises for Section 6.2

6.3: Eigenvalue Method

6.3E: Exercises for Section 6.3
differential_equation

1.7E: Exercises for the section 1.7
differential_equations

1.1E: Exercises for Section 1.1

1.9: Autonomous Equations

1.11E: Exercises for Section 1.11

2.4: Mixing Problems

3.1E: Exercises for Section 3.1

3.5E: Exercises for Section 3.5

6.1E: Exercises for Section 6.1

differentialequations

1.5E: Exercises for Section 1.5

1.8E: Exercises for Section 1.8

1.9E: Exercises for Section 1.9

1.10E: Exercises for Section 1.10

3.3: The Method of Undetermined Coefficients IT
3.4E: Exercises for Section 3.4

3.9: Nonhomogeneous Equations

3.9E: Exercises for Section 3.9

5.2E: Exercises for Section 5.2

differentialequationtheory
3.7: Variation of Parameters
differentiation

5.3E: Exercises for Section 5.3
6.2: Linear systems of ODEs

diseasepropagation

1.9E: Exercises for Section 1.9
distinct eigenvalues

6.3: Eigenvalue Method

E

eigenvalue

6.3: Eigenvalue Method
6.3E: Exercises for Section 6.3

eigenvalue method

6: Systems of ODEs
eigenvalues

6.3E: Exercises for Section 6.3
eigenvector

6.3: Eigenvalue Method
eigenvectors

6.3E: Exercises for Section 6.3
electrical circuits

5.1: The Laplace Transform
ellipses

2.5: Orthogonal Trajectories of Curves
engineering

1.1: Introduction to Differential Equations

1.6: Linear Equations and the Integrating Factor
1.10: Numerical Methods - Euler’s Method

equation
5.3: Convolution

equations
2.5E: Exercises for Section 2.5
2.6: Pursuit Curves

3.8: Mechanical Vibrations
3.8E: Exercises for Section 3.8

equilibrium

1.9: Autonomous Equations
error estimation

1.10: Numerical Methods - Euler’s Method
errors

1.10E: Exercises for Section 1.10
Euler's method

1.10: Numerical Methods - Euler’s Method
Euler_equations

3.1E: Exercises for Section 3.1
eulersmethod

1.10E: Exercises for Section 1.10
exact equations

1.11: Exact Equations
exact_equations

1.11E: Exercises for Section 1.11
examples

3.2: The Method of Undetermined Coefficients I
exercise

1.7E: Exercises for the section 1.7
2.4E: Exercises for Section 2.4
3.5E: Exercises for Section 3.5
3.7E: Exercises for Section 3.7
6.2E: Exercises for Section 6.2

exercises

1.3E: Exercises for Section 1.3
1.6E: Exercises for the section 1.6
1.8E: Exercises for Section 1.8
2.5E: Exercises for Section 2.5
3.2E: Exercises for Section 3.2
3.4E: Exercises for Section 3.4
3.9E: Exercises for Section 3.9
4: Power series methods

4.1E: Exercises for Section 4.1
4.3E: Exercises for Section 4.3
5.1E: Exercises for Section 5.1
5.3E: Exercises for Section 5.3
6.1E: Exercises for Section 6.1
6.3E: Exercises for Section 6.3
6.4E: Exercises for Section 6.4

existence

1: First Order ODEs

1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations

existence and uniqueness
1.4: Slope Fields

existence of solutions
1.4E: Exercises for Section 1.4

expansion

4: Power series methods
4.1E: Exercises for Section 4.1

explanations

1.8E: Exercises for Section 1.8
exponential

3.3E: Exercises for Section 3.3
exponential decay

2.1: Growth and Decay
2.1E: Exercises for Section 2.1
2.2: Cooling Problems

exponential function
1.6: Linear Equations and the Integrating Factor
exponential functions

3.2E: Exercises for Section 3.2
3.4: Constant coefficient second order linear ODEs

exponential growth

1.5: Separable Equations
2.1: Growth and Decay
2.1E: Exercises for Section 2.1

exponential models

2: Applications of First Order Equations
exponential_function

1.1E: Exercises for Section 1.1
exponentials

3.9: Nonhomogeneous Equations

F

factors

3.5: Higher order linear ODEs
family

2.5E: Exercises for Section 2.5
financial mathematics

2.1: Growth and Decay
financial models

2.1E: Exercises for Section 2.1
first order equations

1: First Order ODEs
1.2: Classification of Differential Equations

first order linear equations

1.6: Linear Equations and the Integrating Factor
first_order

2.4: Mixing Problems
first_order ODE

3.1E: Exercises for Section 3.1
first_order_system

6.1E: Exercises for Section 6.1


https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1

firstdegree

1.5E: Exercises for Section 1.5
firstorder

1.5E: Exercises for Section 1.5
flat line

1.4: Slope Fields
flow_rates

2.4: Mixing Problems
fluid_dynamics

2.4: Mixing Problems
forced oscillations

3: Higher order linear ODEs
3.10: Forced Oscillations and Resonance

forces

2.3: Elementary Mechanics
forcingfunctions

3.3: The Method of Undetermined Coefficients IT
Fourier transform

5.1: The Laplace Transform
fourth order

3.5E: Exercises for Section 3.5
frequency

3.8E: Exercises for Section 3.8
frequency domain

5: The Laplace Transform

5.1: The Laplace Transform
friction

3.8E: Exercises for Section 3.8
frobenius

4.3E: Exercises for Section 4.3
functions

5.1E: Exercises for Section 5.1

5.3: Convolution
fundamental matrix

6.2: Linear systems of ODEs
6.3: Eigenvalue Method

G

general solution

1.3: Integrals as Solutions

1.5: Separable Equations

3.6: Reduction of Order

4.3E: Exercises for Section 4.3

6.1: Introduction to Systems of ODEs

general solutions

3.1: Second order linear ODEs
3.6E: Exercises for Section 3.6

general_solution

3.1E: Exercises for Section 3.1
3.5E: Exercises for Section 3.5
6.1E: Exercises for Section 6.1

generallsolutions

3.4E: Exercises for Section 3.4
generalsolution

3.7: Variation of Parameters
geometric_series

4.1E: Exercises for Section 4.1
geometry

2.5: Orthogonal Trajectories of Curves
2.5E: Exercises for Section 2.5

graphical solutions
3.6E: Exercises for Section 3.6
gravity
2.3: Elementary Mechanics
growth
2: Applications of First Order Equations
2.1E: Exercises for Section 2.1
growth_rate

1.1E: Exercises for Section 1.1

H

harmonic motion

3.10: Forced Oscillations and Resonance
harmonic_functions

1.11E: Exercises for Section 1.11
harvesting

1.9E: Exercises for Section 1.9
heattransfer

1.5E: Exercises for Section 1.5
Heaviside function

5.2: Transforms of Derivatives and ODEs
HeavisideFunction

5.2E: Exercises for Section 5.2
Hermite’s equation

4.2: Series Solutions of Linear Second Order ODEs
homogeneous

1.2E: Exercises for Section 1.2
3.4: Constant coefficient second order linear ODEs

homogeneous equations

1.2: Classification of Differential Equations

1.12: Transformation of Nonlinear Equations into
Separable Equations

3.1: Second order linear ODEs

homogeneous systems
6: Systems of ODEs
hot sauce
2.4E: Exercises for Section 2.4

I
identitymatrix

6.4: Matrices and linear systems
implicit solutions

1.5: Separable Equations
implicit_solutions

1.11E: Exercises for Section 1.11
improvedeuler

1.10E: Exercises for Section 1.10
inconsistent

6.4E: Exercises for Section 6.4
increasing curve

1.4: Slope Fields
indicial equation

4.3: Singular Points and the Method of Frobenius
infinite series

4.1: Power Series
initial condition

1.4: Slope Fields

2.4E: Exercises for Section 2.4
initial conditions

1.3: Integrals as Solutions

1.3E: Exercises for Section 1.3

1.4E: Exercises for Section 1.4

3.1: Second order linear ODEs

3.4: Constant coefficient second order linear ODEs
6.1: Introduction to Systems of ODEs
initial value problem
1.6: Linear Equations and the Integrating Factor
1.12: Transformation of Nonlinear Equations into
Separable Equations
3.6: Reduction of Order
3.6E: Exercises for Section 3.6
initial value problems
1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations
initial _condition
2.4: Mixing Problems
initial_conditions
1.1E: Exercises for Section 1.1
3.5E: Exercises for Section 3.5

initial_value_problem

1.7E: Exercises for the section 1.7
initialconditions

1.5E: Exercises for Section 1.5

1.8E: Exercises for Section 1.8

3.9: Nonhomogeneous Equations

5.2E: Exercises for Section 5.2
initialvalueproblems

1.10E: Exercises for Section 1.10

3.9E: Exercises for Section 3.9
integral

5.3: Convolution

5.3E: Exercises for Section 5.3
integrals

1: First Order ODEs

1.8E: Exercises for Section 1.8

3.3E: Exercises for Section 3.3

3.9E: Exercises for Section 3.9
integrating factor method

1.6: Linear Equations and the Integrating Factor
integrating factors

1.11: Exact Equations
integrating_factors

1.11E: Exercises for Section 1.11
integration

1.3: Integrals as Solutions

1.3E: Exercises for Section 1.3

1.5: Separable Equations

1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations

1.8: Substitution

2.5: Orthogonal Trajectories of Curves

2.6: Pursuit Curves

3.2: The Method of Undetermined Coefficients I

3.2E: Exercises for Section 3.2

3.7E: Exercises for Section 3.7

5.1E: Exercises for Section 5.1
interception

2.6: Pursuit Curves
interest rate

2.1E: Exercises for Section 2.1
intervals

1.7E: Exercises for the section 1.7
inverse

6.4: Matrices and linear systems

6.4E: Exercises for Section 6.4
inverse transform

5: The Laplace Transform

5.1: The Laplace Transform
inverseLaplaceTransform

5.1E: Exercises for Section 5.1

L

laplace
5.3E: Exercises for Section 5.3
Laplace transform
5: The Laplace Transform
5.1: The Laplace Transform
5.2: Transforms of Derivatives and ODEs
LaplaceTransform
5.1E: Exercises for Section 5.1
Laplacetransforms
5.2E: Exercises for Section 5.2
learning
1.8: Substitution
1.9: Autonomous Equations
1.11: Exact Equations
3.2: The Method of Undetermined Coefficients I
3.4: Constant coefficient second order linear ODEs
3.6: Reduction of Order
3.8: Mechanical Vibrations
4.2: Series Solutions of Linear Second Order ODEs
5.3: Convolution


https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution

learning objectives
1.12: Transformation of Nonlinear Equations into
Separable Equations

learning path

6: Systems of ODEs
learningobjectives

3.9: Nonhomogeneous Equations
line of sight

2.6: Pursuit Curves
linear

3.4: Constant coefficient second order linear ODEs
3.6: Reduction of Order
linear algebra
3.5: Higher order linear ODEs
6.2E: Exercises for Section 6.2
6.3: Eigenvalue Method

linear combinations
3.1: Second order linear ODEs
linear differential equations
1.6: Linear Equations and the Integrating Factor
3.1: Second order linear ODEs
3.6E: Exercises for Section 3.6
linear equations
1: First Order ODEs
1.2: Classification of Differential Equations
1.2E: Exercises for Section 1.2
3.2E: Exercises for Section 3.2
4.2: Series Solutions of Linear Second Order ODEs
linear independence
3: Higher order linear ODESs
6.2: Linear systems of ODEs
6.2E: Exercises for Section 6.2
6.3: Eigenvalue Method

linear second order ODEs
4: Power series methods
linear systems
6: Systems of ODEs
6.1: Introduction to Systems of ODEs

6.2: Linear systems of ODEs
6.3E: Exercises for Section 6.3

linear_combination
3.5E: Exercises for Section 3.5
linear_independence

3.1E: Exercises for Section 3.1
3.5E: Exercises for Section 3.5

linearalgebra
3.3: The Method of Undetermined Coefficients II
6.4: Matrices and linear systems
LinearDifferential Equations

3.7: Variation of Parameters
3.9: Nonhomogeneous Equations

linearindependence

3.7: Variation of Parameters
linearity properties

5.2: Transforms of Derivatives and ODEs
logarithmic solution

4.3: Singular Points and the Method of Frobenius
logisticgrowth

1.9E: Exercises for Section 1.9

M

mass

2.3: Elementary Mechanics
mass on a spring

3.10: Forced Oscillations and Resonance
mass spring system

5.2: Transforms of Derivatives and ODEs
math

2.5E: Exercises for Section 2.5

math_problems

1.11E: Exercises for Section 1.11
mathematical

3.8: Mechanical Vibrations
mathematical examples

1.3: Integrals as Solutions
mathematical exercises

3.6E: Exercises for Section 3.6
mathematical methods

3.2E: Exercises for Section 3.2
mathematical modeling

1.5: Separable Equations

1.6: Linear Equations and the Integrating Factor
1.10: Numerical Methods - Euler’s Method

2.2: Cooling Problems

2.6: Pursuit Curves

6.1: Introduction to Systems of ODEs

mathematical_biology

1.9: Autonomous Equations
mathematical_modeling

2.4: Mixing Problems
mathematical_proof

1.7E: Exercises for the section 1.7
mathematician

1.4: Slope Fields
mathematics

1.1: Introduction to Differential Equations
1.5E: Exercises for Section 1.5

1.8E: Exercises for Section 1.8

2.1: Growth and Decay

3.4E: Exercises for Section 3.4

5.1E: Exercises for Section 5.1

5.3E: Exercises for Section 5.3

6.1E: Exercises for Section 6.1

matrices

6: Systems of ODEs

6.2E: Exercises for Section 6.2

6.4: Matrices and linear systems

6.4E: Exercises for Section 6.4
matrix

6.2: Linear systems of ODEs
6.3: Eigenvalue Method

6.3E: Exercises for Section 6.3
6.4E: Exercises for Section 6.4

matrix notation

6.2E: Exercises for Section 6.2
matrixoperations

6.4: Matrices and linear systems
mechanical vibrations

3: Higher order linear ODEs
mechanics

3.8E: Exercises for Section 3.8
method

3.2: The Method of Undetermined Coefficients I
method of Frobenius

4: Power series methods

4.3: Singular Points and the Method of Frobenius
method of undetermined coefficients

3: Higher order linear ODEs
methodofundeterminedcoefficients

3.3: The Method of Undetermined Coefficients II
methods

1.8: Substitution
mixing

1.6E: Exercises for the section 1.6
mixing problems

2: Applications of First Order Equations
mixture_problems

2.4: Mixing Problems

modeling

1.1: Introduction to Differential Equations
3.8: Mechanical Vibrations

models

1.9: Autonomous Equations
motion

2.3: Elementary Mechanics
motion problems

1.3E: Exercises for Section 1.3
moving body

2.6: Pursuit Curves

N

natural frequency

3.10: Forced Oscillations and Resonance
Newton's law

1.5: Separable Equations
Newton's Law of Cooling

2: Applications of First Order Equations

2.2: Cooling Problems
newtons

2.3: Elementary Mechanics
nonhomogeneous

1.2E: Exercises for Section 1.2

3.7: Variation of Parameters

3.9: Nonhomogeneous Equations
nonhomogeneous equations

3: Higher order linear ODEs

3.1: Second order linear ODEs
nonhomogeneous_equations

3.1E: Exercises for Section 3.1
noninvertible

6.4E: Exercises for Section 6.4
nonlinear differential equations

1.12: Transformation of Nonlinear Equations into
Separable Equations
nonlinear equations

1: First Order ODEs

1.2: Classification of Differential Equations

1.2E: Exercises for Section 1.2

3.6E: Exercises for Section 3.6

4.2: Series Solutions of Linear Second Order ODEs
numerical methods

1.10: Numerical Methods - Euler’s Method

2.4E: Exercises for Section 2.4

3.7E: Exercises for Section 3.7
numerical solutions

1.6: Linear Equations and the Integrating Factor
numericalinstability

1.10E: Exercises for Section 1.10
numericalmethods

1.10E: Exercises for Section 1.10

O

objectives
1.8: Substitution
1.9: Autonomous Equations
1.11: Exact Equations
3.2: The Method of Undetermined Coefficients I
3.6: Reduction of Order
3.8: Mechanical Vibrations
5.3: Convolution

ODE

1.2E: Exercises for Section 1.2
3.1: Second order linear ODEs
3.8E: Exercises for Section 3.8

ODE problems

5: The Laplace Transform


https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform

ODEs

3: Higher order linear ODEs

5.2: Transforms of Derivatives and ODEs
5.2E: Exercises for Section 5.2

5.3: Convolution

6: Systems of ODEs

6.1E: Exercises for Section 6.1

6.2: Linear systems of ODEs

open_interval

1.7E: Exercises for the section 1.7
operations

6.4E: Exercises for Section 6.4
ordinary differential equation

5: The Laplace Transform
ordinary differential equations

1.1: Introduction to Differential Equations

1.2: Classification of Differential Equations

3.6E: Exercises for Section 3.6

3.7E: Exercises for Section 3.7

4.2: Series Solutions of Linear Second Order ODEs
6.1: Introduction to Systems of ODEs

6.2: Linear systems of ODEs

ordinary points

4: Power series methods
4.3E: Exercises for Section 4.3

orthogonal

2.5E: Exercises for Section 2.5
orthogonal trajectories

2.5: Orthogonal Trajectories of Curves
oscillatory systems

3.8E: Exercises for Section 3.8
OverdampedSystem

5.2E: Exercises for Section 5.2

P

parabolas

2.5: Orthogonal Trajectories of Curves
partial differential equations

1.2: Classification of Differential Equations
particular solution

3.3E: Exercises for Section 3.3
particular solutions

3.1: Second order linear ODEs
4.3E: Exercises for Section 4.3

particularsolutions

3.3: The Method of Undetermined Coefficients IT

3.4E: Exercises for Section 3.4

3.9E: Exercises for Section 3.9
PDE

1.2E: Exercises for Section 1.2
periodic forcing

3.10: Forced Oscillations and Resonance
phase portrait

6.1: Introduction to Systems of ODEs
phasediagrams

1.9E: Exercises for Section 1.9
physical

3.8: Mechanical Vibrations
physics

1.1: Introduction to Differential Equations

2.3: Elementary Mechanics
Picard’s theorem

1.4E: Exercises for Section 1.4
Picard's theorem

1.4: Slope Fields
piecewise functions

5.2: Transforms of Derivatives and ODEs
PiecewiseFunction

5.2E: Exercises for Section 5.2

polynomial
3.2: The Method of Undetermined Coefficients I
polynomial division
3.5: Higher order linear ODEs
polynomial functions
3.2E: Exercises for Section 3.2
polynomials
3.3: The Method of Undetermined Coefficients II
3.3E: Exercises for Section 3.3
3.5: Higher order linear ODEs
3.9: Nonhomogeneous Equations
polynomialsolutions
3.9E: Exercises for Section 3.9
population growth

1.1: Introduction to Differential Equations
1.6E: Exercises for the section 1.6
2.1: Growth and Decay

population_growth
1.9: Autonomous Equations
population_model
1.1E: Exercises for Section 1.1
populationdynamics
1.5E: Exercises for Section 1.5
1.9E: Exercises for Section 1.9
potential function
1.11: Exact Equations
potential_functions
1.11E: Exercises for Section 1.11
power series
4: Power series methods
4.2: Series Solutions of Linear Second Order ODEs
4.3: Singular Points and the Method of Frobenius

power_series

4.1E: Exercises for Section 4.1
powerseries

4.1: Power Series
predator prey dynamics

2.6: Pursuit Curves
problem_solving

2.4: Mixing Problems
production models

2.1E: Exercises for Section 2.1
properties

4.1E: Exercises for Section 4.1
5.1: The Laplace Transform

pursuit curves
2.6: Pursuit Curves

R

radioactive decay
2: Applications of First Order Equations
2.1: Growth and Decay
radioactive substance
2.1E: Exercises for Section 2.1
radius_of_convergence
4.1E: Exercises for Section 4.1
radiusofconvergence
4.1: Power Series
rank
6.4E: Exercises for Section 6.4
rate of change
1.3E: Exercises for Section 1.3
1.5: Separable Equations
ratio test
4.1: Power Series
recipe
2.4E: Exercises for Section 2.4
recurrence relation
4.2: Series Solutions of Linear Second Order ODEs

recursion relation
4.3: Singular Points and the Method of Frobenius
reduction_of order
3.1E: Exercises for Section 3.1
regular singular
4.3E: Exercises for Section 4.3
resonance

3: Higher order linear ODEs
3.10: Forced Oscillations and Resonance
5.3: Convolution

Riccati equation

1.12E: Exercises for Section 1.12
RLC circuit

3.8E: Exercises for Section 3.8
root test

4.1: Power Series
roots

3.5: Higher order linear ODEs
rowreduction

6.4: Matrices and linear systems
rungekutta

1.10E: Exercises for Section 1.10

S

salt solution

2.4E: Exercises for Section 2.4
second order

3.4: Constant coefficient second order linear ODEs
second order equations

1.2: Classification of Differential Equations
secondorder

3.4E: Exercises for Section 3.4
3.7: Variation of Parameters

separable equations

1.5: Separable Equations

1.12: Transformation of Nonlinear Equations into
Separable Equations

separable_equations

1.11E: Exercises for Section 1.11
separableform

1.5E: Exercises for Section 1.5
series

4.3: Singular Points and the Method of Frobenius
series expansions

4.3E: Exercises for Section 4.3
signal processing

5.1: The Laplace Transform
sine

3.7E: Exercises for Section 3.7

5.1E: Exercises for Section 5.1
5.3E: Exercises for Section 5.3

singular points

4: Power series methods

4.3E: Exercises for Section 4.3
sinusoidalforcingfunctions

3.3: The Method of Undetermined Coefficients II
sketching

1.4E: Exercises for Section 1.4
slope field

1.4: Slope Fields
slope fields

1: First Order ODEs

1.4E: Exercises for Section 1.4
slopes

2.5: Orthogonal Trajectories of Curves
solution

4.3: Singular Points and the Method of Frobenius
5.3E: Exercises for Section 5.3
6.4E: Exercises for Section 6.4


https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations/1.12E%3A_Exercises_for_Section_1.12
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4

solutionmethods
3.7: Variation of Parameters
solutions

1: First Order ODEs

1.1: Introduction to Differential Equations

1.1E: Exercises for Section 1.1

1.2: Classification of Differential Equations

1.3E: Exercises for Section 1.3

1.5E: Exercises for Section 1.5

1.6E: Exercises for the section 1.6

1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations

1.7E: Exercises for the section 1.7

1.8: Substitution

1.8E: Exercises for Section 1.8

1.9E: Exercises for Section 1.9

1.11E: Exercises for Section 1.11

2.5E: Exercises for Section 2.5

3.2: The Method of Undetermined Coefficients I

3.3E: Exercises for Section 3.3

3.4: Constant coefficient second order linear ODEs

3.4E: Exercises for Section 3.4
3.5E: Exercises for Section 3.5
3.6E: Exercises for Section 3.6
3.7E: Exercises for Section 3.7
3.8E: Exercises for Section 3.8
3.9E: Exercises for Section 3.9
6.1E: Exercises for Section 6.1
6.2: Linear systems of ODEs

6.2E: Exercises for Section 6.2
6.3E: Exercises for Section 6.3

solutions behavior

1.4E: Exercises for Section 1.4
solve

1.1E: Exercises for Section 1.1
solving

6.2E: Exercises for Section 6.2
solving equations

1.3: Integrals as Solutions
1.12: Transformation of Nonlinear Equations into
Separable Equations

specificmethods

3.9E: Exercises for Section 3.9
stability

1.9E: Exercises for Section 1.9

1.10: Numerical Methods - Euler’s Method
6.1: Introduction to Systems of ODEs

stability_analysis

1.9: Autonomous Equations
stabilityanalysis

1.9E: Exercises for Section 1.9
steady_state

2.4: Mixing Problems
step size

1.10: Numerical Methods - Euler’s Method
step sizes

1.10E: Exercises for Section 1.10
stepbystep

1.8E: Exercises for Section 1.8
substitution techniques

1.12: Transformation of Nonlinear Equations into
Separable Equations

superposition

3.2: The Method of Undetermined Coefficients I

6.2: Linear systems of ODEs
superposition_principle

3.1E: Exercises for Section 3.1
system_of_equations

6.1E: Exercises for Section 6.1

systems

3.8: Mechanical Vibrations
6: Systems of ODEs
6.2E: Exercises for Section 6.2

systems of equations

1.2E: Exercises for Section 1.2
3.3E: Exercises for Section 3.3
6.3: Eigenvalue Method

systemsoflinearequations
6.4: Matrices and linear systems

T

tangents

2.5: Orthogonal Trajectories of Curves
taylor approximation

4.1: Power Series
Taylor_series

4.1E: Exercises for Section 4.1
techniques

1.8: Substitution
temperature change

2.2: Cooling Problems
temperature decay constant

2.2: Cooling Problems
temperature function

2.2: Cooling Problems
terminal velocity

2.3: Elementary Mechanics
theorem

1.7E: Exercises for the section 1.7
theorems

1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations

thermal physics

2.2: Cooling Problems
third_order

3.5E: Exercises for Section 3.5
time

2.3: Elementary Mechanics

2.4E: Exercises for Section 2.4
time domain

5.1: The Laplace Transform
toxic substance

1.6E: Exercises for the section 1.6
trajectory

2.5E: Exercises for Section 2.5
transfer function

5.2: Transforms of Derivatives and ODEs
TransferFunction

5.2E: Exercises for Section 5.2
transform

5.2: Transforms of Derivatives and ODEs
5.3: Convolution

transformation

1.12: Transformation of Nonlinear Equations into
Separable Equations

5.3E: Exercises for Section 5.3
transforms of derivatives

5: The Laplace Transform
trigonometric

3.3E: Exercises for Section 3.3
trigonometric functions

3.4: Constant coefficient second order linear ODEs

trigonometric_function
1.1E: Exercises for Section 1.1

u

undamped motion

3.10: Forced Oscillations and Resonance
UnderdampedSystem

5.2E: Exercises for Section 5.2
undeterminedcoefficients

3.9: Nonhomogeneous Equations
3.9E: Exercises for Section 3.9

unique_solution
1.7E: Exercises for the section 1.7
uniqueness

1: First Order ODEs

1.4E: Exercises for Section 1.4

1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations

uniqueness theorem
1.4: Slope Fields

\Y

variables
1.8: Substitution
variation of parameters
3: Higher order linear ODEs
variationofparameters

3.7: Variation of Parameters
3.9: Nonhomogeneous Equations
3.9E: Exercises for Section 3.9

vector calculus

1.2E: Exercises for Section 1.2
vector field

1.11: Exact Equations
vectors

6.4: Matrices and linear systems
velocity

1.3E: Exercises for Section 1.3
2.3: Elementary Mechanics

verification

6.2E: Exercises for Section 6.2
verification_of_solutions

3.1E: Exercises for Section 3.1
verify

1.1E: Exercises for Section 1.1
vibrations

3.10: Forced Oscillations and Resonance

w

water quality

1.6: Linear Equations and the Integrating Factor
work

1.11: Exact Equations

Wronskian

3.7: Variation of Parameters
3.7E: Exercises for Section 3.7

X_prime
6.1E: Exercises for Section 6.1

Y
y_prime

6.1E: Exercises for Section 6.1
yprime

1.8E: Exercises for Section 1.8


https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8

G |Ossary Sample Word 1 | Sample Definition 1


https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/20%3A_Glossary

LibreTextS"

Detailed Licensing

Overview

Title: Introductory Differential Equations

Webpages: 96

Applicable Restrictions: Noncommercial

All licenses found:

CC BY-NC-SA 3.0: 97.9% (94 pages)

e Undeclared: 2.1% (2 pages)

By Page

Introductory Differential Equations - CC BY-NC-SA 3.0
o Front Matter - CC BY-NC-SA 3.0

= TitlePage - CC BY-NC-SA 3.0

= InfoPage - CC BY-NC-SA 3.0

= Program Page - CC BY-NC-SA 3.0

= Table of Contents - Undeclared

= Licensing - CC BY-NC-SA 3.0

= About the Book - CC BY-NC-SA 3.0

= About the Authors - CC BY-NC-SA 3.0

o 1: First Order ODEs - CC BY-NC-SA 3.0

1.1: Introduction to Differential Equations - CC BY-
NC-SA 3.0

= 1.1E: Exercises for Section 1.1 - CC BY-NC-SA
3.0

= 1.2: Classification of Differential Equations - CC BY-
NC-SA 3.0
= 1.2E: Exercises for Section 1.2 - CC BY-NC-SA
3.0
= 1.3: Integrals as Solutions - CC BY-NC-SA 3.0
= 1.3E: Exercises for Section 1.3 - CC BY-NC-SA
3.0
= 1.4: Slope Fields - CC BY-NC-SA 3.0
= 1.4E: Exercises for Section 1.4 - CC BY-NC-SA
3.0
= 1.5: Separable Equations - CC BY-NC-SA 3.0
= 1.5E: Exercises for Section 1.5 - CC BY-NC-SA
3.0
= 1.6: Linear Equations and the Integrating Factor - CC
BY-NC-SA 3.0
= 1.6E: Exercises for the section 1.6 - CC BY-NC-
SA 3.0
= 1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations - CC BY-NC-SA 3.0
= 1.7E: Exercises for the section 1.7 - CC BY-NC-
SA 3.0

» 1.8: Substitution - CC BY-NC-SA 3.0

= 1.8E: Exercises for Section 1.8 - CC BY-NC-SA
3.0

= 1.9: Autonomous Equations - CC BY-NC-SA 3.0
= 1.9E: Exercises for Section 1.9 - CC BY-NC-SA
3.0

s 1.10: Numerical Methods - Euler’s Method - CC BY-
NC-SA 3.0

s 1.10E: Exercises for Section 1.10 - CC BY-NC-SA
3.0

s 1.11: Exact Equations - CC BY-NC-SA 3.0

= 1.11E: Exercises for Section 1.11 - CC BY-NC-SA
3.0
= 1.12: Transformation of Nonlinear Equations into
Separable Equations - CC BY-NC-SA 3.0
= 1.12E: Exercises for Section 1.12 - CC BY-NC-SA
3.0

2: Applications of First Order Equations - CC BY-NC-SA
3.0

s 2.1: Growth and Decay - CC BY-NC-SA 3.0

» 2.1E: Exercises for Section 2.1 - CC BY-NC-SA
3.0

= 2.2: Cooling Problems - CC BY-NC-SA 3.0
= 2.2E: Exercises for Section 2.2 - CC BY-NC-SA
3.0
= 2.3: Elementary Mechanics - CC BY-NC-SA 3.0

s 2.3E: Exercises for Section 2.3 - CC BY-NC-SA
3.0

= 2.4: Mixing Problems - CC BY-NC-SA 3.0

» 2.4E: Exercises for Section 2.4 - CC BY-NC-SA
3.0

= 2.5: Orthogonal Trajectories of Curves - CC BY-NC-
SA 3.0

= 2.5E: Exercises for Section 2.5 - CC BY-NC-SA
3.0

https://math.libretexts.org/@go/page/160957



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/160957?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/21%3A_Detailed_Licensing
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/01%3A_TitlePage
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/02%3A_InfoPage
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/03%3A_Program_Page
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/03%3A_Table_of_Contents
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/04%3A_Licensing
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/05%3A_About_the_Book
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/06%3A_About_the_Authors
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations/1.12E%3A_Exercises_for_Section_1.12
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems/2.2E%3A_Exercises_for_Section_2.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics/2.3E%3A_Exercises_for_Section_2.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://creativecommons.org/licenses/by-nc-sa/3.0/

LibreTextS'"

= 2.6: Pursuit Curves - CC BY-NC-SA 3.0

» 2.6E: Exercises for Section 2.6 - CC BY-NC-SA
3.0

o 3: Higher order linear ODEs - CC BY-NC-SA 3.0
= 3.1: Second order linear ODEs - CC BY-NC-SA 3.0

= 3.1E: Exercises for Section 3.1 - CC BY-NC-SA
3.0

s 3.2: The Method of Undetermined Coefficients I - CC
BY-NC-SA 3.0

» 3.2E: Exercises for Section 3.2 - CC BY-NC-SA
3.0

= 3.3: The Method of Undetermined Coefficients II -
CC BY-NC-SA 3.0

s 3.3E: Exercises for Section 3.3 - CC BY-NC-SA
3.0

» 3.4: Constant coefficient second order linear ODEs -
CC BY-NC-SA 3.0

= 3.4E: Exercises for Section 3.4 - CC BY-NC-SA
3.0

= 3.5: Higher order linear ODEs - CC BY-NC-SA 3.0

= 3.5E: Exercises for Section 3.5 - CC BY-NC-SA
3.0

= 3.6: Reduction of Order - CC BY-NC-SA 3.0

» 3.6E: Exercises for Section 3.6 - CC BY-NC-SA
3.0

= 3.7: Variation of Parameters - CC BY-NC-SA 3.0

s 3.7E: Exercises for Section 3.7 - CC BY-NC-SA
3.0

= 3.8: Mechanical Vibrations - CC BY-NC-SA 3.0

s 3.8E: Exercises for Section 3.8 - CC BY-NC-SA
3.0

= 3.9: Nonhomogeneous Equations - CC BY-NC-SA 3.0

= 3.9E: Exercises for Section 3.9 - CC BY-NC-SA
3.0

= 3.10: Forced Oscillations and Resonance - CC BY-
NC-SA 3.0

= 3.10E: Exercises for Section 3.10 - CC BY-NC-SA
3.0

o 4: Power series methods - CC BY-NC-SA 3.0
s 4.1: Power Series - CC BY-NC-SA 3.0

= 4.1E: Exercises for Section 4.1 - CC BY-NC-SA
3.0

» 4.2: Series Solutions of Linear Second Order ODEs -
CC BY-NC-SA 3.0
s 4.2E: Exercises for Section 4.2 - CC BY-NC-SA
3.0
= 4.3: Singular Points and the Method of Frobenius -
CC BY-NC-SA 3.0

» 4.3E: Exercises for Section 4.3 - CC BY-NC-SA
3.0

o 5: The Laplace Transform - CC BY-NC-SA 3.0
= 5.1: The Laplace Transform - CC BY-NC-SA 3.0
= 5.1E: Exercises for Section 5.1 - CC BY-NC-SA
3.0
= 5.2: Transforms of Derivatives and ODEs - CC BY-
NC-SA 3.0

s 5.2E: Exercises for Section 5.2 - CC BY-NC-SA
3.0

= 5.3: Convolution - CC BY-NC-SA 3.0

s 5.3E: Exercises for Section 5.3 - CC BY-NC-SA
3.0

o 6: Systems of ODEs - CC BY-NC-SA 3.0

= 6.1: Introduction to Systems of ODEs - CC BY-NC-
SA 3.0

= 6.1E: Exercises for Section 6.1 - CC BY-NC-SA
3.0
= 6.2: Linear systems of ODEs - CC BY-NC-SA 3.0

= 6.2E: Exercises for Section 6.2 - CC BY-NC-SA
3.0

= 6.3: Eigenvalue Method - CC BY-NC-SA 3.0
= 6.3E: Exercises for Section 6.3 - CC BY-NC-SA
3.0
= 6.4: Matrices and linear systems - CC BY-NC-SA 3.0

= 6.4E: Exercises for Section 6.4 - CC BY-NC-SA
3.0

o Back Matter - CC BY-NC-SA 3.0

= Index - CC BY-NC-SA 3.0

= Glossary - CC BY-NC-SA 3.0

= Detailed Licensing - CC BY-NC-5A 3.0
= Detailed Licensing - Undeclared

https://math.libretexts.org/@go/page/160957


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/@go/page/160957?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves/2.6E%3A_Exercises_for_Section_2.6
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance/3.10E%3A_Exercises_for_Section_3.10
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs/4.2E%3A_Exercises_for_Section_4.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/10%3A_Index
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/20%3A_Glossary
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/21%3A_Detailed_Licensing
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/30%3A_Detailed_Licensing

LibreTextS"

Detailed Licensing

Overview

Title: Introductory Differential Equations

Webpages: 96

Applicable Restrictions: Noncommercial

All licenses found:

CC BY-NC-SA 3.0: 97.9% (94 pages)

e Undeclared: 2.1% (2 pages)

By Page

Introductory Differential Equations - CC BY-NC-SA 3.0
o Front Matter - CC BY-NC-SA 3.0

= TitlePage - CC BY-NC-SA 3.0

= InfoPage - CC BY-NC-SA 3.0

= Program Page - CC BY-NC-SA 3.0

= Table of Contents - Undeclared

= Licensing - CC BY-NC-SA 3.0

= About the Book - CC BY-NC-SA 3.0

= About the Authors - CC BY-NC-SA 3.0

o 1: First Order ODEs - CC BY-NC-SA 3.0

1.1: Introduction to Differential Equations - CC BY-
NC-SA 3.0

= 1.1E: Exercises for Section 1.1 - CC BY-NC-SA
3.0

= 1.2: Classification of Differential Equations - CC BY-
NC-SA 3.0
= 1.2E: Exercises for Section 1.2 - CC BY-NC-SA
3.0
= 1.3: Integrals as Solutions - CC BY-NC-SA 3.0
= 1.3E: Exercises for Section 1.3 - CC BY-NC-SA
3.0
= 1.4: Slope Fields - CC BY-NC-SA 3.0
= 1.4E: Exercises for Section 1.4 - CC BY-NC-SA
3.0
= 1.5: Separable Equations - CC BY-NC-SA 3.0
= 1.5E: Exercises for Section 1.5 - CC BY-NC-SA
3.0
= 1.6: Linear Equations and the Integrating Factor - CC
BY-NC-SA 3.0
= 1.6E: Exercises for the section 1.6 - CC BY-NC-
SA 3.0
= 1.7: Existence and Uniqueness of Solutions of
Nonlinear Equations - CC BY-NC-SA 3.0
= 1.7E: Exercises for the section 1.7 - CC BY-NC-
SA 3.0

» 1.8: Substitution - CC BY-NC-SA 3.0

= 1.8E: Exercises for Section 1.8 - CC BY-NC-SA
3.0

= 1.9: Autonomous Equations - CC BY-NC-SA 3.0
= 1.9E: Exercises for Section 1.9 - CC BY-NC-SA
3.0

s 1.10: Numerical Methods - Euler’s Method - CC BY-
NC-SA 3.0

s 1.10E: Exercises for Section 1.10 - CC BY-NC-SA
3.0

s 1.11: Exact Equations - CC BY-NC-SA 3.0

= 1.11E: Exercises for Section 1.11 - CC BY-NC-SA
3.0
= 1.12: Transformation of Nonlinear Equations into
Separable Equations - CC BY-NC-SA 3.0
= 1.12E: Exercises for Section 1.12 - CC BY-NC-SA
3.0

2: Applications of First Order Equations - CC BY-NC-SA
3.0

s 2.1: Growth and Decay - CC BY-NC-SA 3.0

» 2.1E: Exercises for Section 2.1 - CC BY-NC-SA
3.0

= 2.2: Cooling Problems - CC BY-NC-SA 3.0
= 2.2E: Exercises for Section 2.2 - CC BY-NC-SA
3.0
= 2.3: Elementary Mechanics - CC BY-NC-SA 3.0

= 2.3E: Exercises for Section 2.3 - CC BY-NC-SA
3.0
= 2.4: Mixing Problems - CC BY-NC-SA 3.0
= 2.4E: Exercises for Section 2.4 - CC BY-NC-SA
3.0
= 2.5: Orthogonal Trajectories of Curves - CC BY-NC-
SA 3.0

= 2.5E: Exercises for Section 2.5 - CC BY-NC-SA
3.0

https://math.libretexts.org/@go/page/185208


https://libretexts.org/
https://math.libretexts.org/@go/page/185208?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/30%3A_Detailed_Licensing
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/01%3A_TitlePage
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/02%3A_InfoPage
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/03%3A_Program_Page
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/03%3A_Table_of_Contents
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/04%3A_Licensing
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/05%3A_About_the_Book
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/00%3A_Front_Matter/06%3A_About_the_Authors
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.01%3A_Introduction_to_Differential_Equations/1.1E%3A_Exercises_for_Section_1.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.02%3A_Classification_of_Differential_Equations/1.2E%3A_Exercises_for_Section_1.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.03%3A_Integrals_as_Solutions/1.3E%3A_Exercises_for_Section_1.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.04%3A_Slope_Fields/1.4E%3A_Exercises_for_Section_1.4
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.05%3A_Separable_Equations/1.5E%3A_Exercises_for_Section_1.5
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.06%3A_Linear_Equations_and_the_Integrating_Factor/1.6E%3A_Exercises_for_the_section_1.6
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.07%3A_Existence_and_Uniqueness_of_Solutions_of_Nonlinear_Equations/1.7E%3A_Exercises_for_the_section_1.7
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.08%3A_Substitution/1.8E%3A_Exercises_for_Section_1.8
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.09%3A_Autonomous_Equations/1.9E%3A_Exercises_for_Section_1.9
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.10%3A_Numerical_Methods_-_Eulers_Method/1.10E%3A_Exercises_for_Section_1.10
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.11%3A_Exact_Equations/1.11E%3A_Exercises_for_Section_1.11
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/01%3A_First_Order_ODEs/1.12%3A_Transformation_of_Nonlinear_Equations_into_Separable_Equations/1.12E%3A_Exercises_for_Section_1.12
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.01%3A_Growth_and_Decay/2.1E%3A_Exercises_for_Section_2.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.02%3A_Cooling_Problems/2.2E%3A_Exercises_for_Section_2.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.03%3A_Elementary_Mechanics/2.3E%3A_Exercises_for_Section_2.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.04%3A_Mixing_Problems/2.4E%3A_Exercises_for_Section_2.4
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.05%3A_Orthogonal_Trajectories_of_Curves/2.5E%3A_Exercises_for_Section_2.5
https://creativecommons.org/licenses/by-nc-sa/3.0/

LibreTextS'"

= 2.6: Pursuit Curves - CC BY-NC-SA 3.0

» 2.6E: Exercises for Section 2.6 - CC BY-NC-SA
3.0

o 3: Higher order linear ODEs - CC BY-NC-SA 3.0
= 3.1: Second order linear ODEs - CC BY-NC-SA 3.0

= 3.1E: Exercises for Section 3.1 - CC BY-NC-SA
3.0

s 3.2: The Method of Undetermined Coefficients I - CC
BY-NC-SA 3.0

» 3.2E: Exercises for Section 3.2 - CC BY-NC-SA
3.0

= 3.3: The Method of Undetermined Coefficients II -
CC BY-NC-SA 3.0

s 3.3E: Exercises for Section 3.3 - CC BY-NC-SA
3.0

» 3.4: Constant coefficient second order linear ODEs -
CC BY-NC-SA 3.0

= 3.4E: Exercises for Section 3.4 - CC BY-NC-SA
3.0

= 3.5: Higher order linear ODEs - CC BY-NC-SA 3.0

= 3.5E: Exercises for Section 3.5 - CC BY-NC-SA
3.0

= 3.6: Reduction of Order - CC BY-NC-SA 3.0

» 3.6E: Exercises for Section 3.6 - CC BY-NC-SA
3.0

= 3.7: Variation of Parameters - CC BY-NC-SA 3.0

s 3.7E: Exercises for Section 3.7 - CC BY-NC-SA
3.0

= 3.8: Mechanical Vibrations - CC BY-NC-SA 3.0

s 3.8E: Exercises for Section 3.8 - CC BY-NC-SA
3.0

= 3.9: Nonhomogeneous Equations - CC BY-NC-SA 3.0

= 3.9E: Exercises for Section 3.9 - CC BY-NC-SA
3.0

= 3.10: Forced Oscillations and Resonance - CC BY-
NC-SA 3.0

= 3.10E: Exercises for Section 3.10 - CC BY-NC-SA
3.0

o 4: Power series methods - CC BY-NC-SA 3.0
n 4.1: Power Series - CC BY-NC-SA 3.0

a https://math.libretexts.org/@go/page/185208

= 4.1E: Exercises for Section 4.1 - CC BY-NC-SA
3.0

» 4.2: Series Solutions of Linear Second Order ODEs -
CC BY-NC-SA 3.0
s 4.2E: Exercises for Section 4.2 - CC BY-NC-SA
3.0
= 4.3: Singular Points and the Method of Frobenius -
CC BY-NC-SA 3.0

» 4.3E: Exercises for Section 4.3 - CC BY-NC-SA
3.0

o 5: The Laplace Transform - CC BY-NC-SA 3.0
= 5.1: The Laplace Transform - CC BY-NC-SA 3.0
= 5.1E: Exercises for Section 5.1 - CC BY-NC-SA
3.0
= 5.2: Transforms of Derivatives and ODEs - CC BY-
NC-SA 3.0

s 5.2E: Exercises for Section 5.2 - CC BY-NC-SA
3.0

= 5.3: Convolution - CC BY-NC-SA 3.0

s 5.3E: Exercises for Section 5.3 - CC BY-NC-SA
3.0

o 6: Systems of ODEs - CC BY-NC-SA 3.0

= 6.1: Introduction to Systems of ODEs - CC BY-NC-
SA 3.0

= 6.1E: Exercises for Section 6.1 - CC BY-NC-SA
3.0
= 6.2: Linear systems of ODEs - CC BY-NC-SA 3.0

= 6.2E: Exercises for Section 6.2 - CC BY-NC-SA
3.0

= 6.3: Eigenvalue Method - CC BY-NC-SA 3.0
= 6.3E: Exercises for Section 6.3 - CC BY-NC-SA
3.0
= 6.4: Matrices and linear systems - CC BY-NC-SA 3.0
= 6.4E: Exercises for Section 6.4 - CC BY-NC-SA
3.0
o Back Matter - CC BY-NC-SA 3.0
= Index - CC BY-NC-SA 3.0
= Glossary - CC BY-NC-SA 3.0
= Detailed Licensing - CC BY-NC-5A 3.0
= Detailed Licensing - Undeclared


https://libretexts.org/
https://math.libretexts.org/@go/page/185208?pdf
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/02%3A_Applications_of_First_Order_Equations/2.06%3A_Pursuit_Curves/2.6E%3A_Exercises_for_Section_2.6
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.01%3A_Second_order_linear_ODEs/3.1E%3A_Exercises_for_Section_3.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.02%3A_The_Method_of_Undetermined_Coefficients_I/3.2E%3A_Exercises_for_Section_3.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.03%3A_The_Method_of_Undetermined_Coefficients_II/3.3E%3A_Exercises_for_Section_3.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.04%3A_Constant_coefficient_second_order_linear_ODEs/3.4E%3A_Exercises_for_Section_3.4
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.05%3A_Higher_order_linear_ODEs/3.5E%3A_Exercises_for_Section_3.5
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.06%3A_Reduction_of_Order/3.6E%3A_Exercises_for_Section_3.6
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.07%3A_Variation_of_Parameters/3.7E%3A_Exercises_for_Section_3.7
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.08%3A_Mechanical_Vibrations/3.8E%3A_Exercises_for_Section_3.8
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.09%3A_Nonhomogeneous_Equations/3.9E%3A_Exercises_for_Section_3.9
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/03%3A_Higher_order_linear_ODEs/3.10%3A_Forced_Oscillations_and_Resonance/3.10E%3A_Exercises_for_Section_3.10
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.01%3A_Power_Series/4.1E%3A_Exercises_for_Section_4.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.02%3A_Series_Solutions_of_Linear_Second_Order_ODEs/4.2E%3A_Exercises_for_Section_4.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/04%3A_Power_series_methods/4.03%3A_Singular_Points_and_the_Method_of_Frobenius/4.3E%3A_Exercises_for_Section_4.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.01%3A_The_Laplace_Transform/5.1E%3A_Exercises_for_Section_5.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.02%3A_Transforms_of_Derivatives_and_ODEs/5.2E%3A_Exercises_for_Section_5.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/05%3A_The_Laplace_Transform/5.03%3A_Convolution/5.3E%3A_Exercises_for_Section_5.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.01%3A_Introduction_to_Systems_of_ODEs/6.1E%3A_Exercises_for_Section_6.1
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.02%3A_Linear_systems_of_ODEs/6.2E%3A_Exercises_for_Section_6.2
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.03%3A_Eigenvalue_Method/6.3E%3A_Exercises_for_Section_6.3
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/06%3A_Systems_of_ODEs/6.04%3A_Matrices_and_linear_systems/6.4E%3A_Exercises_for_Section_6.4
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/10%3A_Index
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/20%3A_Glossary
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/21%3A_Detailed_Licensing
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://math.libretexts.org/Courses/De_Anza_College/Introductory_Differential_Equations/zz%3A_Back_Matter/30%3A_Detailed_Licensing

