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About this Book

Video lectures explaining problem solving strategies are available

Our goal in this set of lecture notes is to provide students with a strong foundation in mathematical analysis. Such a foundation is
crucial for future study of deeper topics of analysis. Students should be familiar with most of the concepts presented here after
completing the calculus sequence. However, these concepts will be reinforced through rigorous proofs.

The lecture notes contain topics of real analysis usually covered in a 10-week course: the completeness axiom, sequences and
convergence, continuity, and differentiation. The lecture notes also contain many well-selected exercises of various levels.
Although these topics are written in a more abstract way compared with those available in some textbooks, teachers can choose to
simplify them depending on the background of the students. For instance, rather than introducing the topology of the real line to
students, related topological concepts can be replaced by more familiar concepts such as open and closed intervals. Some other
topics such as lower and upper semicontinuity, differentiation of convex functions, and generalized differentiation of non-
differentiable convex functions can be used as optional mathematical projects. In this way, the lecture notes are suitable for
teaching students of different backgrounds.

The second edition includes a number of improvements based on recommendations from students and colleagues and on our own
experience teaching the course over the last several years.

In this edition we streamlined the narrative in several sections, added more proofs, many examples worked out in detail, and
numerous new exercises. In all we added over 50 examples in the main text and 100 exercises (counting parts).
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CHAPTER OVERVIEW

1: Tools for Analysis

This chapter discusses various mathematical concepts and constructions which are central to the study of the many fundamental
results in analysis. Generalities are kept to a minimum in order to move quickly to the heart of analysis: the structure of the real
number system and the notion of limit. The reader should consult the bibliographical references for more details.

1.1: Basic Concepts of Set Theory

1.2: Functions

1.3: The Natural Numbers and Mathematical Induction

1.4: Ordered Field Axioms

1.5: The Completeness Axiom for the Real Numbers

1.6: Applications of the Completeness Axiom

This page titled 1: Tools for Analysis is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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1.1: Basic Concepts of Set Theory

Intuitively, a set is a collection of objects with certain properties. The objects in a set are called the elements or members of the
set. We usually use uppercase letters to denote sets and lowercase letters to denote elements of sets. If @ is an element of set A, we
write @ € A. If a is not an element of a set A, we write a ¢ A. To specify a set, we can list all of its elements, if possible, or we can
use a defining rule. For instance, to specify the fact that a set A contains four elements a, b, ¢, d, we write

A={a,b,cd}. (1.1.1)
To describe the set I containing all even integers, we write
E = {z : £ = 2k for some integer k}. (1.1.2)
We say that a set A is a subset of a set B if every element of A is also an element of B, and write
ACBorBDA. (1.1.3)

Two sets are equal if they contain the same elements. If A and B are equal, we write A = B. The following result is straightforward
and very convenient for proving equality between sets.

& Theorem 1.1.1

Two sets A and B are equal if and only if A c B and B c A.

If A C B and A does not equal B, we say that A is a proper subset of B, and write A ¢ B.

The set @ = {z : z + z} is called the empty set. This set clearly has no elements. Using Theorem 1.1.1, it is easy to show that all
sets with no elements are equal. Thus, we refer to the empty set.

Throughout this book, we will discuss several sets of numbers which should be familiar to the reader:

o N ={1,2,3,...}, the set of natural numbers or positive integers.

o Z=4{0,1,—1,2,-2,...}, the set of integers (that is, the natural numbers together with zero and the negative of each natural
number).

e Q={m/n:m,n € Z,n + 0}, the set of rational numbers.

e R, the set of real numbers.

¢ Intervals, for a,b € R, we have

[a,)] ={reR:a <z <b},

(a,b]={z€R:a<z<b},

[a,00) ={r €eR:a <z},

(a,0) ={xreR:a<z},
and similar definitions for (a,b), [a,b), (—oo,b], and (—oo, b). We will say more about the symbols co and —oo in Section 1.5.
Since the real numbers are central to the study of analysis, we will discuss them in great detain in Sections 1.4, 1.5, and 1.6.
For two sets A and B, the union, intersection, difference, and symmetric difference of A and B are given respectively by

AUB={z:z€Aorz € B}

ANB={z:z€ Aand z € B}

A\B={z:z € Aand z ¢ B}, and

AAB = (A\B) U (B\A4).
If AN B =0, we say that A and B are disjoint.

The difference of A and B is also called the complement of B in A. If X is a universal set, that is, a set containing all the objects
under consideration, then the complement of A in X is denoted simply by A¢

@ 0 g @ @ https://math.libretexts.org/@go/page/49092
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Let A,B, and C be subsets of a universal set X. Then the following hold:

a. AUA° = X;
b. AN A° =0;
c.(A9)°=A

d. (Distributivelaw) AN (BUC) = (ANB) U (ANC);

The proofs of the following properties are similar to those in Theorem 1.1.2. We include the proof of part (a) and leave the rest as
an exercise.

& Theorem 1.1.3

Let {A; : i € I} be an indexed family of subsets of a universal set X and let B be a subset of X. Then the following hold:

a. BU (niel Ai) = nieIB U A;;
b. BU (Mie 4i) =Uier BU As;
C. B\ (Nier Ai) = Uier B\As;
d. B\ (Uier A1) = Nier B\4s;

€ (Mier 4i)° = User A%

f. (User Ai)c = ﬂiez A

Proof

Proof of (a): Let z € BU((,;A;)- Then z e Bor z € (,.; Ai. If z € B, then z € BU A, for all i € I and, thus, z € (,,; B
U A;. If £ € ;.; A, then z € A; for all i € I. Therefore, z € BU A; for all i € I and, hence, z € (,.; BU A;. We have thus
showed B U (N;c; As) C Nicr BYU Ai.

Now let € (;e; BU A;. Then z € BUA; for all ¢ € I. If z € B, then ¢ € BU ([, Ai). If = ¢ B, then we must have that =
€ A; for all i € I. Therefore, & € N,.; 4; and, hence, z € BU ([),¢; A:)- This proves the other inclusion and, so, the equality.
O

iel

We want to consider pairs of objects in which the order matters. Given objects a and b, we will denote by (a,b) the ordered pair
where a is the first element and b is the second element. The main characteristic of ordered pairs is that (a,b) = (c,d) if and only if a
= ¢ and b = d. Thus, the ordered pair (0,1) represents a different object than the pair (1,0) (while the set {0, 1} is the same as the set

{1,0pL.

Given two sets A and B, the Cartesian product of A and B is the set defined by

Ax B:={(a,b):a € Aandbec B}. (1.1.4)

v/ Example 1.1.1

If A={1,2} and B= {—2,0,1}, then
AxB={(1,-2),(1,0),(1,1),(2,-2),(2,0), (2, 1)} (1.1.5)

v/ Example 1.1.2

If A and B are the intervals [—1, 2] and [0, 7] respectively, then A x B is the rectangle

[-1,2] x[0,7={(z,y): -1 <2 <2,0<y <7} (1.1.6)

We will make use of cartesian products in the next section when we discuss functions.

@ 0 g @ @ https://math.libretexts.org/@go/page/49092
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Exercise 1.1.1

Prove the remaining items in Theorem 1.1.2.

Answer

Add texts here. Do not delete this text first.

Exercise 1.1.2

Let Y and Z be subsets of X. Prove that
(X\Y)NZ=2\(YN2). (1.1.7)
Answer

Add texts here. Do not delete this text first.

Exercise 1.1.3

Prove the remaining items in Theorem 1.1.3.

Answer

Add texts here. Do not delete this text first.

Exercise 1.1.4

Let 4, B, C, and D be sets. Prove the following.
a.(ANB)xC=(AxC)Nn (B xC).
b.(AUB)xC=(AxC)U(BxC)

c. AxB)N(CxD)=(ANnC)x (BND).

Answer

Add texts here. Do not delete this text first.

Exercise 1.1.5

Let A C X and B C Y. Determine if the following equalities are true and justify your answer:
a. (X xY)\(4 x B) = (X\4) x (Y\B).

b. (X x Y)\(4 x B) = [(X\A4) x Y]U[X x (Y\B)].
Answer

Add texts here. Do not delete this text first.

1 For a precise definition of ordered pair in terms of sets see [Lay13]

This page titled 1.1: Basic Concepts of Set Theory is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by
Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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1.2: Functions

# Definition 1.2.1: Function

Let X and Y be sets. A function from X into Y is a sub set f C X x Y with the following properties

a. For all z € X there is y € Y such that (z,y) € f.
b. If (z,y) € f and (z,2) € f, theny = 2.

The set X is called the domain of f, the set Y is called the codomain of f, and we write f: X — Y. The range of f is the subset of ¥
defined by {y € Y : there is ¢ € X such that (z,y) € A\})).

It follows from the definition that, for each = € X, there is exactly one element y € Y such that (z,y) € f. We will write y = f(z). If
z € X, the element f(z) is called the value of f at = or the image of = under f.

Note that, in this definition, a function is a collection of ordered pairs and, thus, corresponds to the geometric interpretation of the
graph of a function given in calculus. In fact, we will refer indistinctly to the function f or to the graph of f. Both refer to the set
{(=, f(@)) : z € X}.

Let f: X > Y and ¢ : X — Y be two functions. Then the two functions are equal if they are equal as subsets of X x Y. It is easy to
see that f equals g if and only if f(z) = g(z) for all z € X.

It follows from the definition that two equal functions must have the same domain.

Let f: X — Y be a function and let A be a subset of X. The restriction of f on A, denoted by f4, is a new function from A into Y’
given by fi4(a) = f(a) forall a € A.

# Definition: 1.2.2: Surjective

A function f : X — Y is called surjective (or is said to map X onto Y) if for every element y € Y, there exists an element z € X
such that f(z) = y.

The function f is called injective (or one-to-one) if for each pair of distinct elements of X, their images under f are also distinct.
Thus, 7 is one-to-one if and only if for all £ and z’ in X, the following implication holds:

[f(z) = f(@")] = [z =2"]. (1.2.1)

If fis both surjective and injective, it is called bijective or a one-to-one correspondence. In this case, for any y € Y, there exists a
unique element ¢ € X such that f(z) = y. This element z is then denoted by f~*(y). In this way, we already built a function from ¥
to X called the inverse of f.

& Theorem 1.2.1

Let f : X = Y. If there are two functions g: Y — X and h : Y — X such that g(f(z)) = = for every z € X and f(h(y)) = y for
every y € Y, then f is bijective and g=h = f~1.
Proof

First we prove that f is surjective. Let y € Y and set z = h(y). Then, from the assumption on k, we have f(z) = f(h(y)) = y.
This shows that f is surjective.

Next we prove that f is injective. z,z’ € X be such that f(z) = f(z")).Then\(z = g(f(z)) = g(f(z’)) ==’. Thus, f is
injective.

We have shown that for each y € Y, there is a unique = € X, which we denote f~1(y) such that f(z) = y. Since for such a y,
9(y) = 9(f(x)) = =, we obtain g(y) = f~(y). Since f(h(y)) = y, we also conclude that A(y) =z = f~(y). O
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Consider the function f : (1,2] — [3,4) given by f(z) = 4 — (z — 1)2. we show that f is bijective.
Solution

First let z,y € (1,2] be such that f(z) = f(y). Thatis, 4 — (zx—1)2 =4 — (y — 1)2. Then (z — 1)2 = (y— 1)2. Since both z > 1 and y
> 1, we conclude that z — 1 = y— 1 and, so, =z = y. This proves f is injective.

Next let y € [3,4). We want z € (1,2] be such that f(z) = y. Let us set up 4 — (z — 1)? = y and solve for z. We get, z = /4 —y
+ 1. Note that since y < 4, y —4 has a square root. Also note that since 3 <y < 4, we have 1 >4 —y > 0 and, hence, 2 > {/4—1y
+ 1> 1. Therefore, z € (1,2]. This proves f is surjective.

& Definition 1.2.3

Let f: X — Y be a function and let A be a subset of X. Then the image of A under fis given by
f(A) ={f(a):a € A}

It follows from the definition that
f(A)={beY :b= f(a) for some a € A}. (1.2.2)
Moreover, f is surjective if and only if f(X) =Y.

For a subset B of Y, the preimage of B under f is defined by

(B)={zeX: f(z) € B}. (1.2.3)

Note that, despite the notation, the definition of preimage does not require the function to have an inverse. It does not even
require the function to be injective. the examples below illustrate these concepts.

v/ Example 1.2.2

Let #: R — R be given by f(z) =3z — 1. Let A=[0,2) and B = {1,—4, 5}
Solution

Then f(A) = [-1,5) and f(B) = {%,-1,2}

v/ Example 1.2.3

Let f: R — R be given by f(z) = —z + 7. Let A = [0,2) and B = (—0, 3].
Solution

Then f(A) = (5,7] and f~1(B) = [4, 0).

v/ Example 1.2.4

Let f: R — R be given by f(z) = z%. Let A = (—1,2) and B =[1,4)

Solution

Then f(A4) = [0,4) and f~(B) = (—2,—1] U[L, 2).
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Let f: X — Y be a function, let A be a subset of X, and let B be a subset of Y. The following hold:
a. A c f71(f(4)).
b. f(f7X(B)) € B.
Proof
We prove (a) and leave (b) as an exercise.

(a) Let € A. By the definition of image, f(z) € f(A). Now, by the definition of preimage, z € f~1(f(4)). o

& Theorem 1.2.4

Let f: X — Y be a function, let A, BC X, and let C, D C Y. The following hold:

a.If C c D, then f~1(C) c f~Y(D);
b. f7H(D\C) = D)\ f(C);
c.If A C B, then f(A) C f(B);

d. f(A\B) D f(A)\f(B).

Proof
We prove (b) and leave the other parts as an exercise.

(b) We prove first that f~1(D\C) c f~1(D)\f~1(C). Let z € f~1(D\C). Then, from the definition of inverse image, we get
f(z) € D\C. Thus, f(z) € D and f(z) ¢ C. Hence z € f~(D) and z ¢ f~1(C). We conclude that z € f~=1(D)\f1(0).

Next we prove f~1(D)\f~}(C) c f1(D\C). Let z € f~Y(D)\f~*(C). Thus, z € f~(D) and = ¢ f~*(C). Therefore, f(z) € D
and f(z) ¢ C. This means f(z) € D\C and, so, z € f~1(D\C). O

& Theorem 1.2.5

Let f: X — Y be a function, let {4,}
of Y. The following hold:

a. f (Uaer Aa) = Uaer £ (4a);
b. f(ﬂael Aa) c naelf(Aa);
c f1 (UﬂeJ Bﬂ) = Upes f (Bg);
d. ft (ﬂ,seJ Bﬂ) = Nges 7 (Bp)

e D an indexed family of subsets of X, and let {Bg},; be an indexed family of subsets

Proof

We prove (a) and leave the other parts as an exercise.

(a) Let y € f (Ugper Aa)- From the definition of image of a set, there is z € |J,c; Aa such that y = f(z). From the definition of
union of a family of sets, there is ag € I such that € A,,. Therefore, y = f(z) € f(Aq,) and, so, y € Uner f (Aa). O.

Give functions f: X =Y and g: Y — Z, we define the composition function g o f of f and g as the function go f: X — Z given by

(9o f)(z) = g(f(z)) for all z € X. (1.2.4)

& Theorem 1.2.6

Let f: X+ Y and g : Y — Z be two functions and let B C Z. The following hold:
a. (go f)y™(B)=f(g7'(B));

b. If f and g are injective, then go f is injective;
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c. If f and g are surjective, then g o f is surjective;
d. If g o f is injective, then f is injective;
e. If go f is surjective, then g is surjective.

Proof

We prove (d) and leave the other parts as an exercise.

(d) Suppose g ° f is injective and let z,z’ € X be such that f(z) = f(z’). Then (g° f)(z) = g(f(z)) = g(f (=) = (g ° f) (=).
Since g o f is injective, it follows that z = z’. We conclude that f is injective. O

# Definition 1.2.4

A sequence of elements of a set A is a function with domain N and codomain A. We discuss sequences in detail in Chapter 2.

& Definition 1.2.5

We say that set A is finite if it is empty or if there exists a natural number n and a one-to-one correspondence f : A
— {1,2,...,n}. A set is infinite if it is not finite.

We leave it as an exercise to prove that the union of two finite sets is finite. It is also easy to show, by contradiction, that N is
infinite. The following result will be useful when studying sequences and accumulation points.

& Theorem 1.2.7

Suppose A is an infinite set. Then there exists a one-to-one function f : N — A,

Proof

Let A be an infinite set. We define f as follows. Choose any element a; € A and set f(1) = a;. Now the set 4\ {a;} is again
infinite (otherwise A = {a} U (A\ {a1}) would be the union of two finite sets). So we may choose ay € A with as # a; and
we define f(2) = ay%. Having defined f(1), ..., f(k), we choose a1 € A such that axy; € A\{ay, ..., ax} and define f(k +1)
= ag41 (such an axyy exists because A\ {ay, ...,ax} is infinite and, so, nonempty). The function f so defined clearly has the
desired properties. O

To paraphrase, the previous theorem says that in every infinite set we can find a sequence made up of all distinct points.

Exercise 1.2.1

Let f: X = Y be a function. Prove that:

a. If f is one-to-one, then A = f~1(f(A)) for every subset A of X.
b. If £ is onto, then f (f~1(B)) = B for every subset B of Y.

Answer

Add texts here. Do not delete this text first.

Exercise 1.2.2

Let f: R — R be given by f(z) = 22 — 3 and let A = [-2,1) and B = (—1,6). Find f(A) and f~(B)

Answer

Add texts here. Do not delete this text first.
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Exercise 1.2.3

Prove that each of the following functions is bijective.

a. f: (—o0,3] — [-2,00) given by f(z) = |z — 3| — 2.
b. g:(1,2) - (3,00) given by g(z) = ;.

Answer

Add texts here. Do not delete this text first.

Exercise 1.2.4

Prove that if f: X — Y is injective, then the following hold:

a. f(AN B) = f(A)N f(B) for A, B C X.
b. f(A\B) = f(A)\f(B) for A,B C X.

Answer

Add texts here. Do not delete this text first.

Exercise 1.2.5

Prove part (2) of Theorem 1.2.3.

Answer

Add texts here. Do not delete this text first.

Exercise 1.2.6

Prove parts (1), (3), and (4) of Theorem 1.2.4.

Answer

Add texts here. Do not delete this text first.

Exercise 1.2.7

Prove parts (2), (3), and (4) of Theorem 1.2.5.

Answer

Add texts here. Do not delete this text first.

Exercise 1.2.8

Prove parts (1), (2), (3), and (5) of Theorem 1.2.6.

Answer

Add texts here. Do not delete this text first.

Exercise 1.2.9

Prove that the union of two finite sets is finite. Hint: it is easier to show when the sets are disjoint.

Answer
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| Add texts here. Do not delete this text first.

2 This fact relies on a basic axiom of set theory called the Axiom of Choice. See [Lay13] for more details.

This page titled 1.2: Functions is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere, Lafferriere, and
Nguyen (PDXOpen: Open Educational Resources) .
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1.3: The Natural Numbers and Mathematical Induction

We will assume familiarity with the set N of natural numbers, with the usual arithmetic operations of addition and multiplication on
n, and with the notion of what it means for one natural number to be less than another.

In addition, we will also assume the following property of the natural numbers.

X Well-Ordering Property of the Natural Numbers

If A is a non empty subset of N, then there exists an element £ € A such that ¢ < z for all z € A.

To paraphrase the previous property, every nonempty subset of positive integers has a smallest element.

The principle of mathematical induction is a useful tool for proving facts about sequences.

& Theorem 1.3.1: Principle of Mathematical Induction

For each natural number n € N, suppose that P(n) denotes a proposition which is either true or false. Let A ={n €N
: P(n) is true }. Suppose the following conditions hold:

a.1e A.
b. Foreachk e N, ifk € A, thenk+1 € A.

Then A =N.

Proof

Suppose conditions (a) and (b) hold. Assume, by way of contradiction, that A # N. Set B =N\4, that is B={n €N
: P(n) is false }. Then B is a nonempty subset of N. By the Well-Ordering Property of the natural numbers, there exists a
smallest element £ € B and, hence, we have that P(k) is true. By condition (b), we obtain that P(k + 1) is true. But k +1 = ¢,
and P(¢) is false, since £ € B. This is a contradiction, so the conclusion follows. O

To paraphrase, the principle says that, given a list of propositions P(n), one for each n € N, if P(1) is true and, moreover, P(k+ 1) is
true whenever P(k) is true, then all propositions are true.

We will refer to this principle as mathematical induction or simply induction. Condition (a) above is called the base case and
condition (b) the inductive step. When proving (b), the statement P(k) is called the inductive hypothesis.

v/ Example 1.3.1

Prove using induction that for all n € N

n(n + 1).

5 (1.3.1)

142+ +n=

Solution

The statement P(n) is the equality 1 +2 + -+ n = @ Now the base case says that 1 = @, which is clearly true.

Suppose P(k) is true for some k € N. That is, suppose that 1 +2+-- +n = @ (this is the inductive hypothesis). Now we
have

1424 +k+(k+1)= kk+1) + (k+1) (1.32)
_ kE(k+1)+2(k+1) _ (k+1)(k+2)
2 2 :

This shows that P(k + 1) is true. We have now proved conditions (a) and (b) of Theorem 1.3.1. Therefore, by the principle of
mathematical induction we conclude that
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| 1+24+-+n=

v/ Example 1.3.2

Prove using induction that for all n € N, 7* — 2" is divisible by 5.

1
nrt1) for all n € N. (1.3.3)

Solution
Forn = 1, we have 7 — 2 = 5, which is clearly a multiple of 5.

Suppose that 7% — 2¥ is a multiple of 5 for some k € N. That is, there is an integer j such that 7% — 2% = 54. Let us write 7% — 2%
= 55. Now, substituting this expression below, we have

TR okl —7.7k 9.0k =7(2F +5j) —2.2F=7.2k—2.25+ 7.5; (1.3.4)
=25(7-2)+5-7=5(2" + 7))

It follows that 7%+! — 2%+1 j5 a multiple of 5. This proves the inductive step.

We conclude by induction that 7® — 2" is divisible by 5 for all n € (N).

v/ Example 1.3.3

Prove using induction that for all n € N

nt1<2n (1.3.5)
Solution
Forn =1, we have 1 +1 = 2 = 21, so the base case is true.

Suppose next that k +1 < 2* for some k € N. Then k +1 +1 < 2% + 1. Since 2* is a positive integer, we also have 1 < 2k,
Therefore,

(k+1)+1<2F41<2b 2% =2.9F = kL (1.3.6)
We conclude by the principle of mathematical induction that n 4+ 1 < 2" for all n € N.

The following result is known as the Generalized Principle of Mathematical Induction. It simply states that we can start the
induction process at any integer ng, and then we obtain the truth of all statements P(n) for n > nq.

& Theorem 1.3.2 - Generalized Principle of Mathematical Induction.

Let no € N and for each natural n > ng, suppose that P(n) denotes a proposition which is either true or false. Let A = {n € N
: P(n) is true}. Suppose the following two conditions hold:

a.ng €A,
b. Foreachk €N, k> ng, if k€ A thenk+1 € A.

Proof

Suppose conditions (a) and (b) hold. Assume, by way of contradiction, that A 2{k €N :k>ng}. Set B
={n € N:n > ng, P(n) is false }. Then B is a nonempty subset of N. By the Well-Ordering Property of natural numbers,
there exists a smallest element £ € B. By condition (a), ng ¢ B. Hence, £ > ng + 1. It follows that k= £ — 1 > n,. Since k < £,
k ¢ B and, so, we have that P(k) is true. By condition (b), we obtain that P(k + 1) is true. But ¥ +1 = ¢, and P(¥¢) is false,
since £ € B. This is a contradiction, so the conclusion follows. o
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Prove by induction that 3n < 2’ for all n > 4.
Solution

The statement is true for n = 4 since 12 < 16. Suppose next that 3k < 2* for some k € N, k > 4. Now,
3(k+1) =3k+3 < 2% +3 < 28 + 2F = 2F+L (1.3.7)

where the second inequality follows since k > 4 and, so, 2% > 16 > 3. This shows that P(k + 1) is true. Thus, by the generalized
principle of induction, the inequality holds for all n > 4.

Next we present another variant of the induction principle which makes it easier to prove the inductive step. Despite its name,

this principle is equivalent to the standard one.

& Theorem 1.3.3 - Principle of Strong Induction.

For each natural n € N, suppose that P(n) denotes a proposition which is either true or false. Let A = {n € N : P(n) is true }.
Suppose the following two conditions hold:

a.1leA.
b. Foreachk €N, if 1,2,..., k€ A, thenk+1c A

Then A =N.

Proof

Add proof here and it will automatically be hidden

X Remark 1.34

Note that the inductive step above says that, in order to prove P(k + 1) is true, we may assume not only that P(k) is true, but
also that P(1), P(2),..., P(k— 1) are true.

There is also a generalized version of this theorem where the base case is for some integer ng > 1.

v/ Example 1.3.5

Prove by induction that every positive integer greater than 1 is either a prime number or a product of prime numbers.
Solution

Clearly, the statement is true for n = 2. Suppose the statement holds for any positive integer m € {2,...,k}, where k € N, k > 2.
If k + 1 is prime, the statement holds for & + 1. Otherwise, there are positive integers p,q > 1 such that k& + 1 = pq. Since p,q <k,
by the inductive assumption applied to both p and ¢ we can find prime numbers ry, ...,r; and sy, ..., s, such that p = r; ..., and
q = 81 85, (note that £ and m may both equal 1). But then

k+1=171-74818m (1.3.8)

Thus, the statement holds true for k¥ + 1. The conclusion now follows by the principle of Strong Induction.

Exercise 1.3.1

Prove the following using Mathematical Induction.
a.12+22 4.+ n? = w for all n € N.
b. 13428 4 nd = O for gl n e N.
143+~ +(2n—1)=nforallneN.
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Answer

Add texts here. Do not delete this text first.

Exercise 1.3.2

Prove that for all n € N, 9» — 5" is divisible by 4.

Answer

Add texts here. Do not delete this text first.

Exercise 1.3.3

Prove that for all » € N, 7* — 1 is divisible by 3

Answer

Add texts here. Do not delete this text first.

v/ Example 1.3.4

Prove the following using induction.

a.2n+1<2"forn >3 (n €N).
b. n2 < 3" for all n € N. (Hint: show first that for all n € N, 2n < n? + 1. This does not require induction..)
c.n® < 3" for all n € N. (Hint: Check the cases n = 1 and n = 2 directly and then use induction for n > 3.)

Solution

Add text here.

Exercise 1.3.5

Given a real number a # 1, prove that

1— n+1

1+a+a2+---+a"=ﬁfor allneN. (1.3.9)

Answer
Add texts here. Do not delete this text first.
Exercise 1.3.6

The Fibonacci sequence is defined by

a1 =az=1and a,y2 = a1 +a, forn> 1. (1.3.10)
Prove

PR 1+5) _ (1=v5 : (1.3.11)

V5 2 2

Answer

Add texts here. Do not delete this text first.
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Exercise 1.3.7

Let a > —1. Prove by induction that

(1+a)*>1+naforallneN. (1.3.12)

Answer

Add texts here. Do not delete this text first.

Exercise 1.3.8

Let a,b € R and n € N. Use Mathematical Induction to prove the binomial theorem

(@+b)" = 2": ( : ) a*bnk, (1.3.13)

k=0

n
where ( L ) =Wlk)!'

Answer

Add texts here. Do not delete this text first.

This page titled 1.3: The Natural Numbers and Mathematical Induction is shared under a CC BY-NC-SA license and was authored, remixed,

and/or curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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1.4: Ordered Field Axioms

In this book, we will start from an axiomatic presentation of the real numbers. That is, we will assume that there exists a set,
denoted by R, satisfying the ordered field axioms, stated below, together with the completeness axiom, presented in the next
section. In this way we identify the basic properties that characterize the real numbers. After listing the ordered field axioms we
derive from them additional familiar properties of the real numbers. We conclude the section with the definition of absolute value
of a real number and with several results about it that will be used often later in the text.

We assume the existence of a set R (the set of real numbers) and two operations + and - (addition and multiplication) assigning to
each pair of real numbers z, y, unique real numbers z + y and z - y and satisfying the following properties:

(la)(z+y)+2=z+(@y+2) forall z,y,2 € R.

(Ib)z+y=y+zforal z,y €R.

(1c) There exists a unique element 0 € R such that z + 0 =z for all z € R.

(1d) For each z € R, there exists a unique element —z € R such that z + (—z) = 0.

(Qa) (z-y)-z2==x-(y-2) for all z,y,z € R.

(2b)z-y=y-zforall z,y € R.

(2c) There exists a unique element 1 e Rsuch that1 #0and z-1 =z forall z € R.

(2d) For each = € R\{0}, there exists a unique element z—* € R such that z - (z~!) = 1. (We also write 1/z instead of z~.)
Re)z-(y+2)=z-y+z- zforalz,y,z €R.

We often write zy instead of z - y.

In addition to the algebraic axioms above, there is a relation < on R that satisfies the order axioms below:
(3a) For all z,y € R, exactly one of the three relations holds: z =y, y <z, orz <y.

(3b) Forall z,y,z€e R, if < yand y < 2, then z < 2.

(Bc)Forall z,y,z eR,ifz <y, thenz + 2 < y+ 2.

(3d) Forall z,y,2 € R, if z < yand 0 < 2, then zz < yz.

We will use the notation « < y to mean z < y or £ = . We may also use the notation z > y to represent y < z and the notation = > y
to represent y < z and the notation £ > yto meanz > yorz =y.

A set F together with two operations + and - and a relation < satisfying the 13 axioms above is called an ordered field. Thus the real
numbers are an example of an ordered field. Another example of an ordered field is the set of rational numbers Q with the familiar
operations and order. The integers Z do not form a field since for an integer m other than 1 or —1, its reciprocal 1/m is not an
integer and, thus, axiom 2(d) above does not hold. In particular, the set of positve integers N does not form a field either. As
mentioned above the real numbers R will be defined as the ordered field which satisfies one additional property described in the
next section: the completeness axiom.

From these axioms, many familiar properties of R can be derived. Some examples are given in the next proposition. the proof
illusrates how the given axioms are used at each step of the derivation.

& Proposition 1.4.1

For z,y, z € R, the following hold:

alfz+y=z+2ztheny=2z

b. —(—z) = =;

c. If z # 0 and zy = z2, then y = 2;
d. If £ #0, then 1/(1/z) = z;

€. 0xr =0=z0,
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f.—z = (-1)z;

8. z(—2) = (—z)z = —(z2).

h. If £ > 0, then —z < 0; if < 0, then —z > 0;
i. If z <yand 2 < 0, then zz > yz;

j.o< 1.
Proof
a. Suppose = +y = = + z. Adding —=z (which exists by axiom (2d)) to both sides, we have
(—z) + (@ +y) = (-2) + (z + 2). (1.4.1)
Then axiom (1a) gives
[(=2) + 2]l +y=[(—=2) + 2] + 2 (1.4.2)

Thus, again by axiom (2d), 0+ y = 0+ 2 and, by axiom (1c), y = 2.
b. Since (—z) + = = 0, we have (by uniqueness in axiom (2d)) —(—z) = =.
The proofs of c. and d. are similar.

e. Using axiom (2e) we have 0z = (0 + 0)z = 0z + 0z. Adding —(0z) to both sides (axiom (2d)) and using axioms (1a) and
(1c), we get
0 = —(0z) + 0z = —(0z) + (0z + 0z) = (—(0x) + 0z) + 0z = 0 + 0z = Oz.
That 0z = z0 follows from axiom (2b).
f. Using axioms (2c) and (2e) we get z + (—1)z = 1z + (—1)z = (1 + (—1))z. From axiom (2d) we get 1+ (—1) = 0 and
from part (e) we get z + (—1)z = 0z = 0. From the uniqueness in axiom (2d) we get (—1)z = —z as desired.
g. Using axioms (2e) and (1c) we have zz+ z(—z) = z(z + (—2z)) = 20 = 0. Thus, using axiom (2d) we get that z(—2)
= —(z2). The other equality follows similarly.
h. From z > 0, using axioms (3c) and (1c) we have z + (—z) > 0+ (—z) = —=z. Thus, using axiom (2d), we get 0 > —z. The
other case follows in a similar way.

. Since z < 0, by part (h), —z > 0. Then by axiom (3d), z(—z) < y(—z). Combining this with part (g) we get —zz < —yz.
Adding zz+ yz to both sides and using axioms (1a), (3c), (1b), and (1c) we get zy = (—zz + z2) + zy = —z2+ (z2+ zY)
< —zy+ (zz+ zy) = —zy + (zy + 22) = (—zy + zy) + z2 = z2.

j. Axiom (2c) gives that 1 # 0. Suppose, by way of contradiction, that 1 < 0. Then by part (i), 1-1>0-1. Since1-1 =1,

by axiom (2c) and 0- 1 = 0 by part (e), we get 1 > 0 which is a contradiction. It follows that 1 > 0. O

—-

—

Note that we assume that the set of all natural numbers is a subset of R (and of any ordered field, in fact) by identifying the 1 in N
with the 1 in axiom (2c) above, the number 2 with 1+ 1, 3 with 1 + 1 + 1, etc. Futhermore, since 0 < 1 (from part (j) of the previous
proposition), axiom (3c) gives, 1 < 2 < 3, etc (in particular all these numbers are distinct). In a similar way, can include Z and Q as

subsets.

We say that a real number z is irrational if z € R\Q, that is, if it is not rational.

& Definition 1.4.1

Given z € R, define the absolute value of z by

T if z > 0;
= ’ =2 1.4.
el { —z, ifz<0. (143)
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Figure 1.1: The absolute value function.

The following properties of absolute value follow directly from the definition.

& Proposition 1.4.1

Let z,y, M € R and suppose M > 0. The following properties hold:

a. |z| > 0;

b.|—a| =lal;

¢ |zy| = |allyl;

d. |z| < M if and only if —M < z < M. (The same holds if < is replaced with <.)
Proof

We prove (d) and leave the other parts as an exercise.

(d) Suppose |z| < M. In particular, this implies M > 0. We consider the two cases separately: > 0 and = < 0. Suppose first
x > 0. Then |z| = ¢ and, hence, —M < 0 <z = |z| < M. Now suppose z < 0. Then |z| = —z. Therefore, —z < M and, so z
> —M. It follows that —-M < z < 0 < M.

For the converse, suppose —M < z < M. Again, we consider different cases. If £ > 0, then |z| =z < M as desired. Next
suppose z < 0. Now —M < z implies M > —z. Then |z| = —z < M. O

& Theorem 1.4.3

Given z,y € R,
|z +yl < ||+ |yl (14.4)

Proof

From the observation above, we have

—|z| < < |z (1.4.5)
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—lyl <y <lyl. (1.4.6)
Adding up the inequalities gives
—lel =yl <z +y < |a| + |yl (1.4.7)
Since —|z| — |y| = —(Jz| + |y|), the conclusion follows form Proposition 1.4.2 (d). O
# Corollary 1.4.4
For any z,y € R,
llz| — [yl < |z — 9. (1.4.8)

X Remark 1.4.5

The absolute value has a geometric interpretation when considering the numbers in an ordered field as points on a line. the
number |a| denotes the distance from the number a to 0. More generally, the number d(a,b) =| a — b is the distance between the
points @ and b. It follows easily from Proposition 1.4.2 that d(z,y) >0, and d(z,y) =0 if and only if z =y. Moreover the
triangle inequality implies that

d(z,y) < d(z,2) + d(2,9), (1.4.9)

for all numbers z, y, 2.

Exercise 1.4.1

Prove that n is an even integer if and only if n? is an even integer. (Hint: prove the "if" part by contraposition, that is, prove
that if n is odd, then n2 is odd.)

Answer

Add texts here. Do not delete this text first.

Exercise 1.4.2

Prove parts c. and d. of Proposition 1.4.1

Answer

Add texts here. Do not delete this text first.

Let a,b,c,d € R. Suppose 0 < a < band 0 < ¢ < d. Prove that ac < bd.

Answer

Add texts here. Do not delete this text first.

Exercise 1.4.4

Prove parts a., b., and c. of Proposition 1.4.2.

Answer

Add texts here. Do not delete this text first.
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Exercise 1.4.5

Prove Corollary 1.4.4.

Answer

Add texts here. Do not delete this text first.

Exercise 1.4.6

Given two real numbers z and y, prove that

T+y+|z—yl

z+y—|z—yl
2 .

max{z,y} = and min{z,y} = (1.4.10)

Answer

Add texts here. Do not delete this text first.

Exercise 1.4.7

Let z,y, M € R. Prove the following
a. |z|? = 2.
b. |z| < M if and only if £ < M and —z < M.
c. |lz+y| = |z| + |y| if and only if zy > 0.

Answer

Add texts here. Do not delete this text first.

This page titled 1.4: Ordered Field Axioms is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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1.5: The Completeness Axiom for the Real Numbers

There are many examples of ordered fields. However, we are interested in the field of real numbers. There is an additional axiom
that will distinguished this ordered field from all others. In order to introduce our last axiom for the real numbers, we first need

some definitions.

# Definition 1.5.1: Upper Bound

Let A be a subset of R. A number M is called an upper bound of A if

< Mforallze A (1.5.1)
If A has an upper bound, then A is said to be bounded above.
Similarly, a number L is a lower bound of A if

L<gzforallzecA, (1.5.2)

and A is said to be bounded below if it has a lower bound. We also say that A is bounded if it is both bounded above and
bounded below.

It follows that a set A is bounded if and only if there exist M € R such that |z| < M for all z € A (see Exercise 1.5.1)

# Definition 1.5.2: Least Upper Bound

Let A be a nonempty set that is bounded above. We call a number « a least upper bound or supremum of A, if

1.z < o for all z € A (that is, o is an upper bound of A);
2. If M is an upper bound of A, then o < M (this means « is smallest among all upper bounds).

It is easy to see that if A has a supremum, then it has only one (see Exercise 1.5.2). In this case, we denote such a number by sup A.

v/ Example 1.5.1

a. sup[0, 3) = sup|0, 3] = 3.

b. sup{3, 5,7, 8,10} = 10.
C.sup{# :neN} = %
d.-sup{z?: —2<z<1l,z€R} =4.
Solution

a. First consider the set [0,3] = {z € R: 0 < z < 3}. By its very definition we see that for all z € [0,3], z < 3. Thus 3 is an upper
bound. This verifies condition (1) in the definition of supremum. Next suppose M is an upper bound of [0, 3]. Since 3 € [0, 3],
we get 3 < M. This verifies condition (2) in the definition of supremum. It follows that 3 is indeed the supremum of [0, 3].

Consider next the set [0,3) = {z € R : 0 < z < 3}. It follows as before that 3 is an upper bound of [0, 3). Now suppose that M is
an upper bound of [0,3) and assume by way of contradiction that 3 > M. If 0 > M, then M is not an upper bound of [0, 3) as 0 is
an element of [0,3). If 0 < M, set z = 22 Then 0 <z < 3 and z > M, which shows M is not an upper bound of [0,3). Since
we get a contradiction in both cases, we conclude that 3 < M and, hence, 3 is the supremum of [0, 3).

b. Clearly 10 is an upper bound of the set. Moreover, any upper bound M must satisfy 10 < M as 10 is an element of the set.
Thus 10 is the supremum.
c. Note that if n € N is even, then n > 2 and

=" 1 1
l<l

- =}

If n € Nis odd, then

=) 4 1
o= w <0<z

@ 0 g @ @ https://math.libretexts.org/@go/page/49096



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/49096?pdf
https://math.libretexts.org/Bookshelves/Analysis/Introduction_to_Mathematical_Analysis_I_(Lafferriere_Lafferriere_and_Nguyen)/01%3A_Tools_for_Analysis/1.05%3A_The_Completeness_Axiom_for_the_Real_Numbers

LibreTexts"

This shows that % is an upper bound of the set. Since 1 is an element of the set, it follows as in the previous example that % is
the supremum.

d.Set A={2?: -2<z <1,z € R}. If y € A, then y = x> for some z satisfying —2 < z < 1 and, hence, |z| < 2. Therefore, y = z2
= |z|2 < 4. Thus, 4 is an upper bound of A. Suppose M is an upper bound of A but M < 4. Choose a number y € R such that M
<y<4and 0 <y. Setz=—,/y. Then -2 <z < 0 < 1 and, so, y = z* € A. However, y > M which contradicts the fact that M is
an upper bound. Thus 4 < M. This proves that 4 = sup A.

The following proposition is convenient in working with suprema.

& Proposition 1.5.1

Let A be a nonempty subset of R that is bounded above. Then & = sup A if and only if
(1) z < afor all z € A;

(2") For any € > 0, there exists a € A such that @ — ¢ < a.

Proof

Suppose first that e = sup A. Then clearly (1') holds (since this is identical to condition (1) in the definition of supremum).
Now let ¢ > 0. Since a —¢ < «, condition (2) in the definition of supremum implies that o — ¢ is not an upper bound of A.
Therefore, there must exist an element a of A such that & —e < a as desired.

Conversely, suppose conditions (1') and (2') hold. Then all we need to show is that condition (2) in the definition of supremum
holds. Let M be an upper bound of A and assume, by way of contradiction, that M < «. Set e = a — M. By condition (2) in the
statement, there is a € A such that a > a —¢ = M. This contradicts the fact that M is an upper bound. The conclusion now follows.

|
The following is an axiom of the real numbers and is called the completeness axiom.

The Completeness Axiom. Every nonempty subset A of R that is bounded above has a least upper bound. That is, sup A exists and
is a real number.

This axiom distinguishes the real numbers from all other ordered fields and it is crucial in the proofs of the central theorems of
analysis.

There is a corresponding definition for the infimum of a set.

# Definition 1.5.3

Let A be a nonempty subset of R that is bounded below. We call a number 8 a greatest lower bound or infimum of A, denoted
by B = inf A, if

1.z > B for all z € A (that is, B is a lower bound of A);
2.1f N is a lower bound of A, then 8> N (this means 8 is largest among all lower bounds).

Using the completeness axiom, we can prove that if a nonempy set is bounded below, then its infimum exists (see Exercise 1.5.5).

v/ Example 1.5.2

. inf(0, 3] = inf[0, 3] = 0.

. inf{3,5,7,8,10} = 3.
nf{EL :neN} = -1.
.nf{l+1:neN}=1
.inf{z?: 2<z<1,z€R}=0.

[ I =" o T = i -}

The following is a basic property of suprema. Additional ones are described in the exercises.
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Let A and B be nonempty sets and A C B. Suppose B is bounded above. Then sup A < sup B.

Proof
Let M be an upper bound for B, then for ¢ € B, z < M. In particular, it is also true that # < M for € A. Thus, A is also
bounded above. Now, since sup B is an upper bound for B, it is also an upper bound for A. Then, by the second condition in
the definition of supremum, sup A < sup B as desired. O

It will be convenient for the study of limits of sequences and functions to introduce two additional symbols.

# Definition 1.5.4

The extrended real number system consists of the real field R and the two symbols co and —oo. We preserve the original order
in R and define

—00 <z <00

for every z € R

The extended real number system does not form an ordered field but it is customary to make the following conventions:

a. If z is a real number then

T+o00=00, %+ (—00)=—00 (1.5.3)
b.Ifz >0,thenz.-c0o =00, z-(—00)=—o00.
c.lfz <0,theng 0o =—-00, x-(—00)=o00.
d. 00+ 00 = 00, —0 4 (—00) = —00,00 + 00 = (—00) - (—00) = 00, and (—00) - 00 = 00 - (—00) = —00.

We denote the extended real number set by R. The expressions 0.c0, co + (—o0), and (—oco) + oo are left undefined.

The set R with the above conventions will be conventions will be convenient to describe results about limits in later chapters.

& Definition 1.5.5

If A # 0 is not bounded above in R, we will write sup A = co. If A is not bounded below in R, we will wrtie inf A = —co.

With this definition, every nonempty subset of R has a supremum and an infimum in R. To complete the picture we adopt the
following conventions for the empty set: sup@ = —co and inf ) = occ.

Prove that a subset A of R is bounded if and only if there is M € R such that |z| < M for all z € A.

Let A be a nonempty set and suppose « and g satisfy conditions (1) and (2) in Definition 1.5.2 (that is, both are suprema of A).
Prove thata = 8

Exercise 1.5.3

For each subset of R below, determine if it is bounded above, bounded below, or both. If it is bounded above (below) find the

supremum (infimum). Justify all your conclusions.
a. {1,5,17}
b. [0,5)
C. {1 + # ImE N}
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d. (=3, 00)
e.{z€R:22—3z+2=0}
f.{22-3z+2:z€R}

g. {reR:z%—4z <0}
h.{z €R:1<|a| <3}

This page titled 1.5: The Completeness Axiom for the Real Numbers is shared under a CC BY-NC-SA license and was authored, remixed, and/or

curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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1.6: Applications of the Completeness Axiom

We prove here several fundamental properties of the real numbers that are direct consequences of the Completeness Axiom.

& Theorem 1.6.1 - The Archimedean Property

The probabilities assigned to events by a distribution function on a sample space are given by.
Proof
Let us assume by contradiction that N is bounded above. Since N is nonempty,
a=supN (1.6.1)
exists and is a real number. By Proposition 1.5.1 (with & = 1), there exists n € N such that
a—1<n<a. (1.6.2)

But then n + 1 > «. This is a contradiction since n + 1 is a natural number. O

The following theorem presents several immediate consequences.

& Theorem 1.6.2

The following hold:

a. For any « € R, there exists n € R such that z < n;

b. For any ¢ > 0, there exists n € R such that 1/n < ¢;

c. For any z > 0 and for any y € R, there exists n € N such that y < nz);
d. For any = € R, there exists m € Z such thatm — 1 <z < m.

Proof
(a) Fix any z € R. Since N is not bounded above, z cannot be an upper bound of N. Thus there exists n» € N such that z < n.
(b) Fix any € > 0. Then 1/e is a real number. By (1), there exists n € N such that
l/e<n
This implies 1/n < e.
(c) We only need to apply (a) for the real number y/z.
(d) First we consider the case where z > 0. Define the set
A={neN:z<n}

From part (a), A is nonempty. Since A is a subset of N, by the Well-Ordering Property of the natural numbers, A has a
smallest element ¢. In particular, z < £ and £ — 1 is not in A. Since £ € N, either 4 —1 eNor£—1=0.1f £ -1 €N, since ¢
—1¢Awegetl—1<z If £—1 =0, we have £ —1 =0 < z. Therfore, in both cases we have £ —1 <z < £ and the
conclusion follows with m = ¢.

In the case z < 0, by part (1), there exists N € N such that
|z] < N.

In this case, —N <z < N, so z + N > 0. Then, by the result just obtained for positive numbers, there exists a natural
number k such that k— 1 < z + N < k. This implies

k—N-1<z<k—N.

Setting m = k— N, the conclusion follows. The proof is now complete. O
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Let A=sup{l1—1:neN} Weclaim thatsupA=1.
Solution
We use Proposition 1.5.1. Since 1 —1/n < 1 for all » € N, we obtain condition (1'). next, let ¢ > 0. From Theorem 1.6.2 (b) we

can find » € Nsuch that 1 <e. Then

1
l—e<l-—. (1.6.3)

This proves condition (2') with a =1 — 1 and completes the proof.

& Theorem 1.6.3 - The Density Property of Q

If z and y are two real numbers such that z < y, then there exists a rational number r such that
r<r<y. (1.6.4)
Proof
We are going to prove that there exists an integer m and a positive integer n such that
z <m/n <y, (1.6.5)
or, equivalently,
nz <m < ny=nz+n(y—z) (1.6.6)
Since y — z > 0, by Theorem 1.6.2 (3), there exists n € N such that 1 < n(y—z). Then
ny=nz+n(y—z) >nz+1. (1.6.7)
By Theorem 1.6.2 (4), one can choose m € Z such that
m—1<nzx<m. (1.6.8)
Then nz < m < nzx + 1 < ny. Therefore,
z<m/n<y. (1.6.9)

The proof is now complete. O

We will prove in a later section (see Examples 3.4.2 and 4.3.1) that there exists a (unique) positive real number z such that 22 = 2.
We denote that number by v/2. The following results shows, in particular, that R # Q.

& Proposition 1.6.4

The number /2 is irrational.

Proof

Suppose, by way of contradiction, that v/2 € Q. Then there are integers r and s with s # 0, such that

V2= % (1.6.10)

By canceling out the common factors of r and s, we may assume that r and s have no common factors.

Now, by squaring both sides of the equation above, we get

2="_ (1.6.11)

and, hence,
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252 =12, (1.6.12)

It follows that 2 is an even integer. Therefore, r is an even integer (see Exercise 1.4.1). We can then write r = 2; for some
integer j. Hence r? = 4;2. Substituting in (1.3), we get s? = 252. Therefore, s? is even. We conclude as before that s is even.
Thus, both r and s have a common factor, which is a contradiction. o

The next theorem shows that irrational numbers are as ubiquitous as rational numbers.

< Theorem 1.6.5

Let z and y be two real numbers such that z < y. Then there exists an irrational number ¢ such that

z<t<y. (1.6.13)
Proof
Since z < y, one has
z—V2<y—V2 (1.6.14)
By Theorem 1.6.3, ther exists a rational number r such that
z—V2<r<y—v2 (1.6.15)
This implies
z<r+vV2<y. (1.6.16)

Since r is rational, the number ¢ = r + /2 is irrational (see Exercise 1.6.4) and z < ¢ < y. O

Exercise 1.6.1

For each sets below determine if it is bounded above, bounded below, or both. If it is bounded above (below) find the
supremum (infimum). Justify all your conclusions.

a. {2 :neN}
b. {(-1)"+ L :neN}
c{n"—EL:nen}

Answer

Add texts here. Do not delete this text first.

Exercise 1.6.2

Let r be a rational number such that 0 < r < 1. Prove that there is n € N such that

1
< —. 1.6.1
n+1<r_n (1.6.17)

Answer

Add texts here. Do not delete this text first.

Exercise 1.6.3

Let z € R. Prove that for every n € N, there is r € Q such that |z —r| < 1.

Answer

Add texts here. Do not delete this text first.
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Prove that if z is a rational number and y is an irrational number, then z + y is irrational. What can you say about zy?

Answer

Add texts here. Do not delete this text first.

Exercise 1.6.5

Prove that in between two real numbers a and b with a < b, there are infinitely many rational numbers.

Answer

Add texts here. Do not delete this text first.

Exercise 1.6.6

Prove that in between two real numbers a and b with a < b, there are infinitely many irrational numbers.

Answer

Add texts here. Do not delete this text first.

This page titled 1.6: Applications of the Completeness Axiom is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated

by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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CHAPTER OVERVIEW

2: Sequences

We introduce the notion of limit first through sequences. As mentioned in Chapter 1, a sequence is just a function with domain N.
More precisely, a sequence of elements of a set A is a function f : N —+ A. We will denote the image of n under the function with
subscripted variables, for example, a, = f(n). We will also denote sequences by {a,}or;, {an},, or even {a,}. Each value a, is
called a term of the sequence, more precisely, the n-th term of the sequence.

v/ Example 2.1

Consider the sequence a, = 1 forn € N.
Solution

This is a sequence of rational numbers. On occasion, when the pattern is clear, we may list the terms explicitly as in

1111
(1; E; E; Z; g;
v/ Example 2.2
Let a, = (—1)" for » € N. This is a sequence of integers, namely,
-1,1,-1,1,—1,1,...

Solution

Note that the sequence takes on only two values. This should not be confused with the two-element set {1, —1}.

2.1: Convergence

2.2: Limit Theorems

2.3: Monotone Sequences

2.4: The Bolazno-Weierstrass Theorem
2.5: Limit Superior and Limit Inferior

2.6: Open Sets, Closed Sets, Compact Sets, and Limit Points

This page titled 2: Sequences is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere, Lafferriere, and

Nguyen (PDXOpen: Open Educational Resources) .
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2.1: Convergence

& Definition 2.1.1

Let {an} be a sequence of real numbers. We say that the sequence {a.} converges to a € R if, for any € > 0, there exists a
positive integer N such that for any » € N with n > N, one has

lan, — a| < € ( or equivalently ,a —e < a, <a+¢). (2.1.1)

In this case, we call g the limit of the sequence (see Theorem 2.1.3 below) and write lim,_,, a, = a. If the sequence {a,} does
not converge, we call the sequence divergent.

X Remark 2.1.1

It follows directly from the definition, using the Archimedean property, that a sequence {a»} converges to a if and only if for
any e > 0, there exists a real number N such that for any n € N with » > N, one has

lan —al <e.

v/ Example 2.1.1

Let a, = L for n € N. We claim that lim, ., a, = 0. We verify it using the definition.

Solution

Let € > 0. Choose an integer N > 1/e. (Note that such an integer N exists due to the Archimidean Property.) Then, if n > N, we
get

1 1 1
o= |2 =< L
n n

1
N<m—€.

v/ Example 2.1.2

We now generalize the previous example as follows. Let & > 0 and consider the sequence given by
1
an = — for n € N.

Solution

1/a

Let ¢ > 0. Choose an integer N such that N > (%)1/ . For every n > N, one hasn > (1)"* and, hence, n® > L. This implies

g L

0= <1i/e=e. (2.1.2)
We conclude that lim; o an, = 0.
Consider the sequence {a,} where
g, = _St4
2n2+n+5

We will prove directly from the definition that this sequence converges to a = 2.

Solution

Let £ > 0. We first search for a suitable N. To that end, we simplify and estimate the expression |a,, — a|. Notice that
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a _§| _| 8n%+4 3| _[2(3n*+4)—-3(2n*+n+5)| | —T-3n
"2l |2n24+n+5 2 2(2n% +n+5) T 2(2n24n+5) (2.1.3)
__ 47T _1m_10 -
T 2(2n24n+5)  4n? 4dn
To guarantee that the last expression is less than &, it will suffice to choose N > 2. Indeed, if n > N, we get
10 10 10
—af—< =< —==¢ 1
lan a|_4n_4N<4% € (2.1.4)
v/ Example 2.1.4
Let {a,} be given by
o = 4n? —1
" 3n2—n’
We claim lim, ;o0 an = 3.
Solution
Let € > 0. We search for a suitable N. First notice that
4n*—1 4| [12n*—-3-—12n*+4n| | 4n-3 (2.1.5)
3n2—n 3| 3(3n2 —n) T |3(8n2—n) -
Since n > 1, we have n? > n and 4n > 3. Therefore we have
m2—-1 4 4n—3 4n —3 4in 4
S < = == 2.1.
3n2—n 3 ‘ 3(3n2—n) ~ 3(3n2—n?) <%nZ  6n (21.6)
Thus, if N > &, we have, forn > N
m>—-1 4 4 4
— Sl <= < 2.1.
3 —n 3‘_671,_6 <€ (217)
v Example 2.1.5
Consider the sequence given by
n®+5
= . 2.1.8
o= tn +n ( )
We prove directly from the definition that {a,} converges to .
Solution
Let e > 0. Now,
n*+5 1| [4n®+20—4n—n|_ [20—n] @.19)
m24+n 4| 4(4n? +n) T 4@n2+n)’ -
If n > 20, then |20 — n| = n — 20. Therfore, for such n we have
n?+5 1 n—20 n 1
—_ = =, 2.1.1
n?+n 4 ‘ 4(4n%2+mn) ~ 16n?  16n ( 0)
Choose N > max { 74, 20}. Then, for n > N we get
n?+5 1 1 1
—Z|<—=—<—<e. 1
?+n 4| Ten ~ 16N °° (2.1.12)
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& Lemma2.1.2

Let£>0,If £ < ¢ forall e >0, then £=0.

Proof

This is easily proved by contraposition. If £ > 0, then there is a positive number, for example £ = £/2, such thate < £. O

& Theorem 2.1.3

A convergent sequence {a,} has at most one limit

Proof

Suppose {a,,} converges to a and b. Then given ¢ > 0, there exist positive integers ~N; and N, such that

lan —a| < &/2 for all n > N; (2.1.12)
and
lan, —b| < €/2 for all n > Ny. (2.1.13)
Let N = max {Ny, Np}. Then
la—bl<l|a—an|+|an—bl <e/2+e/2=¢. (2.1.14)

Since ¢ > 0 is arbitrary, by Lemma 2.1.2, |a — b| = 0 and, hence, a = b. O

The following lemma is simple generalization of (2.1.2).

& Lemma2.1.4

Given real numbers a, b, then a < b if and only if a < b+ £ for all € > 0.

Proof

Suppose a < b +¢ for all € > 0. And suppose, by way of contradiction, that & > b. then set ¢y = ¢ — b. Then ¢y > 0. By
assumption, we should have a < b+ €9 = b+ a — b = a, which is a contradiction. It follows that a < b.

The other direction follows immediately from the order axioms. O

The following comparison theorem shows that (non-strict) inequalities are preserved "in the limit".

& Theorem 2.1.5 - Comparison Theorem.

Suppose {a,,} and {b,} converge to a and b, respectively, and a,, < b, for all n € N. Then a < b.

Proof

For any € > 0, there exist N1, N2 € N such that

a—% <an<a+%, for n > Ny, (2.1.15)
€ €
b—5<b,,<b+ 3 for n > Np. (2.1.16)
Choose N > max {Ny, No}. Then
€ €
G—E<GNSbN<b+E. (2.1.17)
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l Thus, a < b + ¢ for any & > 0. Using Lemma 2.1.4 we conclude a < b. O

& Theorem 2.1.6 - The Squeeze Theorem.

Suppose the sequences {a,}, {b,}, and {¢,} satisfy
a, <b,<c,foralln eN, (2.1.18)
and lim,_ye Gy, = lim,,_so ¢, = £. Then limy, o b, = £.
Proof
Fix any £ > 0. Since lim,,_,, ar, = £, there exists N; € N such that
lb—e<a,<l+e
for all » > N;. Similarly, since nlgn& cn = £, there exists N, € N such that
L—e<c,<l+e
for all n > N,. Let N = max {Ny, N»}. Then, for n > N, we have
b—e<a,<b,<c,<l+e,

which implies |b, — £| < €. Therefore, lim,,, b, = £. O

& Definition 2.1.2

A sequence {a.} is bounded above if the set {a,:n € N} is bounded above. Similarly, the sequence \left\{a_{n}: n \in
\mathbb{N}\right\} is bounded below if the set {a, : n € N} is bounded below. We say that the sequence {a,} is bounded if the
set {a,, : n € N} is bounded, that is, if it is both bounded above and bounded below.

It follows from the observation after Definition 1.5.1 that the sequence {a,} is bounded if and only if there is M € R such that |a,|
< M foralln eN.

& Theorem 2.1.7

A convergent sequence is bounded.
Proof
Suppose the sequence {a,} converges to a. Then, for ¢ = 1, there exists N € N such that
|an —a| <1 for alln > N. (2.1.19)
Since |an| — |a| £ |an| — |a|| £ |an — al, this implies |a,| <1 + |a| for all n > N. Set
M =meax{|ai|,...,|an-1],|a| + 1} (2.1.20)

Then |a,| < M for all n € N. Therefore, {a,} is bounded. o

# Definition 2.1.3

Let {a,}.-, be a sequence of real numbers. The sequence {b,}>’, is called a subsequence of {a,}., if there exists a sequence
of increasing positive integers

ng<ng <ng<--, (2.1.21)

such that by = a,, for each k € N.
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v/ Example 2.1.6

Consider the sequence a, = (—1)" forn € N.
Solution

Then {a} is a subsequence of {a,} and ay =1 for all k (here ny = 2k for all k). Similarly, {as+1} is also a subsequence of
{a.} and ag1 = —1 for all  (here ny, = 2k + 1 for all k).

& Lemma2.1.8

Let {nt}, be a sequence of positive integers with
ng<ng <ng<-- (2.1.22)
Then ny > k for all £k € N.

Proof

We use mathematical induction. When k = 1, it is clear that n; > 1 since n; is a positive integer. Assume ny > k for some k.
Now ng,1 > ny and, since n; and nyyq are integers, this implies, ngy; > ng + 1. Therefore, ng; > k + 1 by the inductive
hyposthesis. The conclusion now follows by the principle of mathematical induction. o

& Theorem 2.1.9

If a sequence {a,} converges to a, then any subsequence {a,,} of {a,} also converges to a.
Proof
Suppose {a,} converges to a and let e > 0 be given. Then there exists N such that
|an —a| < € for all n > N. (2.1.23)
For any & > N, since ny > k, we also have
an, —a| <e. (2.1.24)

Thus, {a,,} converges to a as k — co. O

v Example 2.1.1

Let a,, = (—1)" forn € N.

Solution

Then the sequence {a,} is divergent. Indeed suppose by contradiction that
limy, 0 0, = £.

Then every subsequence of {a,} converges to a number £ € R. From the previous theorem, it follows, in particular, that
£ =1limg 0 agr =1 and £ = limg,00 Gok+1 = —1.

This contradiction shows that the sequence is divergent.

Since the sequence {a,} is bounded but not convergent, this example illustrates the fact that the converse of theorem 2.1.7 is not
true.

https://math.libretexts.org/@go/page/49099
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Given a positive integer ko, it will be convenient to also talk about the sequence {an},>y,, that is, a function defined only for
the integers greater than or equal to k. For simplicity of notation, we may also denote this sequence by {a,} whenever the
integer ky is clear form the context. For instance, we talk of the sequence {a,} given by

- =D _’;;Enl_ 5 (2.1.25)

(2%

although a; and a; are not defined. In all cases, the sequence must be defined from some integer onwards.

Exercise 2.1.1

Prove the following directly from the definition of limit.

. 2
a. lim,_,o 22572 = 0,

3n3+1
s 41 _ 1
b. limy, 00 5n24ntl  5°
: 2n3+1 1
C. lim,, o0 =g
: 245 _ 1
d. limy 00 52 2= 3.
. 2_
e. lim, ,o t’;_nl =4.
Answer

Add texts here. Do not delete this text first.

Exercise 2.1.2
Prove that if {a,} is a convergent sequence, then {|a,|} is a convergent sequence. Is the converse true?
Answer

Add texts here. Do not delete this text first.

Exercise 2.1.3

Let {a,} be a sequence. Prove that if the {|a,|} converges to 0, then {a,} also converges to 0.

Answer

Add texts here. Do not delete this text first.

Exercise 2.1.4

Prove that lim,,_,, S22 = 0.

n
Answer

Add texts here. Do not delete this text first.

Exercise 2.1.5

Let {z,} be a bounded sequence and let {y,} be a sequence that converges to 0. Prove that the sequence {z,y,} converges to 0.

Answer

Add texts here. Do not delete this text first.
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Exercise 2.1.6

Prove that the following limits are 0. (Hint: use Theorem 2.1.6.)

n+cos(n?—3)
2n24+1
g 3n

b. hmn_m nle

a. limg, o

C. limy, 00 ":—,', .
d. limy, 00 g—f (Hint: see Exercise 1.3.4(c)).

Answer

Add texts here. Do not delete this text first.

Exercise 2.1.7

Prove that if lim,_,« a, = £ > 0, then there exists N € N such that a,, > 0 for all n > N.

Answer

Add texts here. Do not delete this text first.

Exercise 2.1.8

Prove that if lim, . @, = £ # 0, then lim,,«, 2* = 1. Is the conclusion still true if £ = 0?

Qn

Answer

Add texts here. Do not delete this text first.

Exercise 2.1.9

Let {a,} be a sequence of real numbers such that lim,_, a, = 3. Use Definition 2.1.1 to prove the following

a. lim, 00 30, — 7 = 2;
b. lim, 400 ”';::1 = %; (Hint: prove first that there is N such that a, > 1 forn > N.)

Answer

Add texts here. Do not delete this text first.

Exercise 2.1.10

Let a, > 0 for all » € N. Prove that if limg, ;o0 @y = £, then limpc0 1/@n = VE.

Answer

Add texts here. Do not delete this text first.

Exercise 2.1.11

Prove that the sequence {a.} with a, = sin(nm/2) is divergent.

Answer

Add texts here. Do not delete this text first.
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Exercise 2.1.12

Consider a sequence {a}.
a. Prove that lim,,_, a,, = £if and only if limy_,c ag = £ and limy_o aops1 = £-

b. Prove that lim,_o a,, = £ if and only if limy_,o, asg = £, limg_yo0 agpy1 = £, and limy_,o agria = £

Answer

Add texts here. Do not delete this text first.

Exercise 2.1.13

Given a sequence {a,}, define a new sequence {b,} by

a+az+..+ay,
— - =

by = (2.1.26)

a. Prove that if lim,_,o, a, = £, then lim,_,o, b, = £
b. Find a counterexample to show that the converse does not hold in general.

Answer

Add texts here. Do not delete this text first.

This page titled 2.1: Convergence is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,

and Nguyen (PDXOpen: Open Educational Resources) .
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2.2: Limit Theorems

We now prove several theorems that facilitate the computation of limits of some sequences in terms of those of other simpler
sequences.

& Theorem 2.2.1

Let {a,} and {b,} be sequences of real numbesr and let k be a real number. Suppose {a,} converges to a and {b,} converges to
b. Then the sequences {a, + b,}, {ka,}, and {a,b,} converge and

a. limy o0 (@n + bs) = a+b;

b. limy, 00 (kay) = ka;

c. limy, 00 (anbn) = ab;

d. If in addition  # 0 and b, # 0 forn € N

Proof

(a) Fix any € > 0. Since {a,} converges to a, there exists N; € N such that

lan —a| < % for all n.> Ny. (2.2.1)
Similarly, there exists N, € N such that

|bn — | < % for all n > Na. (2.2.2)

Let N = max {Ny, Np}. For any n > N, one has

€

5= (2.2.3)

|(@n+ba) = (a+B)| < lan—al + b —b] < = +

Therefore, limy ,« (@n + bn) = a + b. This proves (a).

(b) If £ =0, then ka = 0 and ka,, = 0 for all n. The conclusion follows immediately. Suppose next that & # 0. Given & > 0, let
N €N be such that |a, —a| < 57 for n > N. Then for n > N, |kay — ka| = |k||an —a| <e. It follows that limy_o, (kas) = ka
as desired. This proves (b).

(c) Since {a,} is convergent, it follows from Theorem 2.1.7 that is bounded. Thus, there exists M > 0 such that
|an| < M for all n € N. (2.2.4)
For every n € N, we have the following estimate:
|@nby, — ab| = |anbn — anb + anb — ab| < |ay| |bn — b] + |b] |an — a - (2.2.5)

Let ¢ > 0. Since {a,} converges to a, we may choose N; € N such that

|an, — al for all n > Ny. (2.2.6)

<&
2(|b] +1)

Similarly, since {b,} converges to b, we may choose N, € N such that
|b, — b| < ﬁ for all n. > Nj. (2.2.7)

Let N = max {Ny, No}. Then, for n > N, it follows from (2.1) that

€

— M
|anby — ab| < i

+ (9| 5 <eforalln > N. (2.2.8)

__&
(bl +1)
Therefore, limp, ,» anbn, = ab. This proves (c).

(d) Let us first show that
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Since {b,} converges to b, there is N; € N that
1o]
|br —b] < o1 for n > Nj. (2.2.10)

It follows (using a triangle inequality) that, for such n, —% < |bn| — [B] < %' and, hence, @ < |bs|. For each n > N7, we have

the following estimate

L-dj- g2
Now let € > 0. Since lim,,_, b, = b, there exists N € N such that
[br, —b] < % for all n > Nj. (2.2.12)
Let N = max {Ny, N»}. By (2.2), one has
%—%|Sw<eforalln2N. (2.2.13)

It follows that limy, 0 3= = 1.

Finally, we can apply part (c) and have

lim £ lim ani =

a
Jim ot = lim ang- = (2.2.14)
The proof is now complete. O
v/ Example 2.2.1
Consider the sequence {a,} given by
3n2—2n+5
_ ) 2.2.1
R T + Tn2 ( 9
Solution
Dividing numerator and denominator by n2, we can write
3—2/n+5/n?
=— 2.2.1
an 1/n2 —4/n+17 ( 6)
Therefore, by the limit theorems above,
_ 2 . % . 2
lim a, = lim 3—2/n+5/n _ lfmn_,oo3 llmn'_,oo 2/n+11mn‘_,<,o 5/n _ E (2.2.17)
n—00 nsoo 1/n2 —4/n+7  lim,,001/n? —lim,y0d/n+limy 007 7
v/ Example 2.2.2
Let a, = /b, where b > 0. Consider the case where b > 1.
Solution
In this case, a, > 1 for every n. By the binomial theorem,
b=al=(ap—1+1)">1+n(a,—1). (2.2.18)
This implies
0<an—1gb;1. (2.2.19)
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For each ¢ > 0, choose N > %=L It follows that for n > N,

b—1 b—1
|a,,—1|=a.n—1< T < T <E. (2220)

Thus, lim, e ar = 1.
In the case where b = 1, it is obvious that a,, = 1 for all n and, hence, lim, o, a, = 1.

If0<b<1,letc=1 and define

Tn= o= ai (2.2.21)

n

Since ¢ > 1, it has been shown that lim,_,c, , = 1. This implies

lim a, = lim 1 1. (2.2.22)

n—oo n—00 Ty

Exercise 2.2.1

Find the following limits:

3n?—6n+7
4n2-3

: 14+3n—n®
D. lim o0 335041

a. limy, ,o

Answer

Add texts here. Do not delete this text first.

Exercise 2.2.2

Find the following limts:

vi3n+tl
Vn+v3’
nf 2n+1

n

a. lim,, ,o

b. lim,, 00

Answer

Add texts here. Do not delete this text first.

Exercise 2.2.3

Find the following limits if they exist:

o it (TR D )
b. lim, 00 (\Vm — n).

C. limy, yoo (\3/713 +3n2—+/n? + n)
0. iy oo (VR F T — ).

e. limpyo0(V + 1 — /1) /.

Answer

Add texts here. Do not delete this text first.

Exercise 2.2.4

Find the following limts.

a. For |r| < 1 and b\iR, lim,_,c0 (b + br + br? + - + br™).
b. limy, 00 (1_20 + %02 4 e 1%7)
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Answer

Add texts here. Do not delete this text first.

Exercise 2.2.5

Prove or disprove the following statements:

a. If {a,} and {b,} are convergent sequences, then {a, + b,} is a convergent sequence.
b. If {a.} and {b,} are divergent sequences, then {a, + b,} is a divergent sequence.

c. If {an} and {b.} are convergent sequences, then {a»b,} is a convergent sequence.

d. If {a,} and {b,} are divergent sequences, then {a,b,} is a divergent sequence.

e. If {a,} and {a, + b,} are convergent sequences, then {b,} is a convergent sequence.
f. If {a,} and {a, + b,} are divergent sequences, then {3,} is a divergent sequence.

Answer

Add texts here. Do not delete this text first.

This page titled 2.2: Limit Theorems is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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2.3: Monotone Sequences

& Definition 2.3.1

A sequence {a,} is called increasing if

an < apyr foralln eN. (2.3.1)
It is called decreasing if

Gy, > a4 for alln € N (2.3.2)

If {a,} is increasing or decreasing, then it is called a monotone sequence.

The sequence is called strictly increasing (resp. strictly decreasing) if a, < a,,1 for all n € N (resp. a,, > an41 for all n € N.

It is easy to show by induction that if {a,} is an increasing sequence, then a,, < a,, whenever n < m.

& Theorem 2.3.1 - Monotone Convergence Theorem.

Let {a,} be a sequence of real numbers. The following hold:
a. If {a,} is increasing and bounded above, then it is convergent.
b. If {a,} is decreasing and bounded below, then it is convergent.
Proof
(a) Let {a,} be an increasing sequence that is bounded above. Define
A={an:neN}

Then A is a subset of R that is nonempty and bounded above and, hence, sup A exists. Let £ =sup A and let ¢ > 0. By
Proposition 1.5.1, there exists N € N such that

l—e<an </t

Since {a,} is increasing,

l—c<ay<a,foraln>N.

On the other hand, since £ is an upper bound for 4, we have a,, < £ for all n. Thus,

L—ec<a,<fl+eforalln>N.

Therefore, limy, o0 an = £.

(b) Let {a,} be a decreasing sequence that is bounded below. Define

b, = —ay,.

Then {b,} is increasing and bounded above (if M is a lower bound for {a,}, then —M is an upper bound for {b,}). Let
£ =lim, 00 by = limy, 00 (—ay)-

Then {a»} converges to —¢ by Theorem 2.2.1. O

X Remark 2.3.2

It follows from the proof of Theorem 2.3.1 that if {a,} is increasing and bounded above, then

’}ggo an = sup {a, : n € N}. (2.3.3)

Similarly, if {a,} is decreasing and bounded below, then
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l lim a, = inf {a, : n € N}. (2.3.4)

v/ Example 2.3.1

Given r € R with |r| < 1, define a, =" for n € N. Then

lim a, = 0. (2.3.5)

n—oo
Solution

This is clear if » = 0. Let us first consider the case where 0 < < 1. Then 0 < ay1 = ra, < a, for all n. Therefore, {a,} is
decreasing and bounded below. By Theorem 2.3.1, the sequence converges. Let

£ = lim a,. (2.3.6)
n—oo

Since an+; = ra, for all n, taking limits on both sides gives £ = r¢. Thus, (1 —r)¢ = 0 and, hence, £ = 0. In the general case, we
only need to consider the sequence defined by &, = |a,| for n € N; see Exercise 2.1.3.

v/ Example 2.3.2

Consider the sequence {a,} defined as follows:
a3 =2 (2.3.7)

anp+5

Apy1 = forn>1 (2.3.8)

Solution

First we will show that the sequence is increasing. We proove by induction that for all n € N, a, < ay41. Since as = % I

> 2 = a,, the statement is true for n = 1. Next, suppose aj < ag+; for some k € N. Then a; +5 < a1 +5 and (ax+5) /3
< (ag+1 + 5) /3. Therefore,

ar+5  agy1+5
3 < 3

A1 = = Qf+2- (2.3.9)

It follows by induction that the sequence is increasing.

Next we prove that the sequence is bounded by 3. Again, we proceed by induction. The statement is clearly true for n =1.
Suppose that ax < 3 for some & € N. Then

ak+5<3+5_
3 - 3

Qi1 = <3. (2.3.10)

w| oo

It follows that @, < 3 for all n € N.

From the Monotone Convergence Theorem, we deduce that there is £ € R such that lim, ,, a, = ¢. Since the subsequence
{akr+1} 5, also converges to £, taking limits on both sides of the equationin (2.7), we obtain

o= 455 (2311)
3
Therefore, 3¢ = £ + 5 and, hence, £ =5/2.
v/ Example 2.3.3 - The number e.
Consider the sequence {a,} given by
an = (1 + %) ,n €N. (2.3.12)

By the binomial theorem,
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_qane20=B) 1 wo=Wp=2) 1 ., de—lk=(o—(=1) 1

ol 2 3! n3 nl nn (2.3.13)

=1+1+%(11—)%)+%(1—%) (1=2) -+ (-3) (-3)

The corresponding expression for a,4; has one more term and each factor (1 — £) is replaced by the larger factor (1— £). It is
then clear that a,, < a,; for all » € N. Thus, the sequence is increasing. Moreover,

<1+1 1 ! 1
a, <1+ +a+§+'“+m

11 1

o4~ 4 = 44 -
<t tastttaToa - (2.3.14)
1

1 1 1
=2 _——— | =3 — —
* l(k k+1) 3oy <8

.
k=
Hence the sequence is bounded above.

Solution

By the monotone Convergence Theorem, lim,_ . a, exists and is denoted by e. In fact, e is an irrational number and e
~ 2.71828.

The following fundamental result is an application of the Monotone Convergence Theorem.

& Theorem 2.3.3 - Nested Intervals Theorem.

Let {I,}>2; be a sequence of nonempty closed bounded intervals satisfying I, C I, for all n € N. Then the following hold:

a. ooy In # 0.
b. If, in addition, the lengths of the intervals I, converge to zero, then (o<, I, consists of a single point.

Proof

Let {I,} be as in the statement with I,, = [a,, b,]. In particular, a, < b, for all n € N. Given that I,,; C I,,, we have a,, < an1
and b1 < by for all n € N. This shows that {a,} is an increasing sequence bounded above by b; and {b,} is a decreasing
sequence bounded below by a;. By the Monotone Convergence Theorem (Theorem 2.3.1), there exist a,b € R such that
limy o0 @, = @ and lim,_,o, b, = b. Since a, < b, for all n, by Theorem 2.1.5, we get a < b. Now, we also have a, < a and b
< b, for all n € N (since {a.} is increasing and {4.} is decreasing). This shows that if a <z < b, then = € I, for all n €N.
Thus, [a,b] € N2, In. It follows that (52, I, # 0. This proves part (a).

Now note also that 2, I» C [a,b]. Indeed, if z € N,_; I, then z € I, for all n. Therefore, a, <z <b, for all n. Using

Theorem 2.1.5, we conclude a < z < b. Thus, z € [a, b]. This proves the desired inclusion and, hence, (2, I = [a, b].

We now prove part (b). Suppose the lengths of the intervals I,, converge to zero. This means b, — a, — 0 as n — co. Then b
= limy 00 by, = limp_y00 [(br, — @n) + @] = a. It follows that M2, I, = {a} as desired. O

in=

When a monotone sequence is not bounded, it does not converge. However, the behavior follows a clear pattern. To make this
precise we provide the following definition.

& Definition 2.3.2

A sequence {a,} is said to diverge to oo if for every M € R, there exists N € N such that

an, > M foralln> N. (2.3.15)
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In this case, we write lim, . a, = co. Similarly, we say that {a,} diverges to —oo and write lim, o, a, = —oo if for every M
€ R, there exists N € N such that

an, < M for alln > N. (2.3.16)

X Remark 2.34

We should not confuse a sequence that diverges to oo (that is, one that satisfies the previous definition), with a divergent
sequence (that is, one that does not converge).

v/ Example 2.3.4

Consider the sequence a,, = ";:;1 . We will show, using Definition 2.3.2, that lim,_;« ¢, = co.

Solution
Let M € R. Note that

n2+1

n 1 n
= — _— > —. o
5n 5+5n_5 (23.17)
Choose N > 5M. Then, if n > N, we have
n _ N
>—-2>— . 3.
wZe2g>M (2.3.18)
The following result completes the description of the behavior of monotone sequences.
& Theorem 2.3.5
If a sequence {a,} is increasing and not bounded above, then
lim a, = oco. (2.3.19)
n—oo
Similarly, if {a.} is decreasing and not bounded below, then
lim a, = — (2.3.20)
n—o0
Proof
Fix any real number M. Since {a.} is not bounded above, there exists N € N such that ay > M. Then
ap>ay>Mforalln>N (2.3.21)
because {a,} is increasing. Therefore, lim,,« a, = co. The proof for the second case is similar. O
& Theorem 2.3.6
Let {a,}, {6..}, and {c,} be sequences of real numbers and let & be a constant. Suppose
lim a,, = o0, lim b, = 00, and lim ¢, = —0c0 (2.3.22)
n—oo n—oo n—oo

Then

a. limy, o0 (@n + by) = 00;

b. limy—ye0 (@nds) = 00;

C. limy, ;o0 (@ney) = —oo;

d. lim,_,o ka, = oo if k> 0, and limy, s kan, = —oo if k < 0;
e. lim, o ﬁ = 0. (Here we assume a,, # 0 for all n.)
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Proof
We provide proofs for (a) and (e) and leave the others as exercises.

(a) Fix any M e R. Since lim, o a, = oo, there exists N; € N such that

an > % for all n > N;. (2.3.23)
Similarly, there exists Ny € N such that
b, > % for all n > N; (2.3.24)
Let N = max {Ny, N»}. Then it is clear that
Gp+b, > Mforalln> N. (2.3.25)

This implies (a).

(e) For any e > 0, let M = 1. Since lim, e an = 00, there exists N € N such that

1
ap > - foralln > N (2.3.26)
This implies that for n > N,
LI (2.3.27)
Qn Qp

Thus, (e) holds. o

The proof of the comparison theorem below follows directly from Definition 2.3.2 (see also Theorem 2.1.5).

< Theorem 2.3.7

Suppose a, < b, forall n € N.

a. If lim,_,o @, = 0o, then lim,_,c by, = 00.

b. If lim,,_, b, = —00, then lim,,_,s a, = —00.

Proof
Add proof here and it will automatically be hidden

Exercise 2.3.1
Let a; = v/2. Define
Gny1=Van+2forn>1 (2.3.28)

a. Prove that a,, < 2 foralln e N.
b. Prove that {a,} is an increasing sequence.
c. Prove that lim,_,» a, = 2.

Answer

Add texts here. Do not delete this text first.

Prove that each of the following sequences is convergent and find its limit.

a.a; =1and apy = =3 forn > 1.

b.a; = v6 and a,4; = Va, +6 forn > 1.
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C.Qp+1 = % (2a,.+ ﬁ) ,n>1a, >0.
d.apy1 = % (a,,+ %) ,0>0.
Answer

Add texts here. Do not delete this text first.

Exercise 2.3.3

Prove that each of the following sequences is convergent and find its limit.

a. v2;vV2v2;\/ 2V 2v2; -
1

L1 0
b.1/2; gk g

Answer

Add texts here. Do not delete this text first.

Exercise 2.3.4

Prove that the following sequence is convergent:
— 1 1 1

an—1+ﬁ+ﬁ+"'+m,n€N.

Answer

Add texts here. Do not delete this text first.

Exercise 2.3.5

Let a and b be two positive real numbers with a < b. Define a; = a,b; = b, and

an + by,
ant+1 = V anby and bpy1 =

forn > 1. (2.3.29)

Show that {a,} and {b,} are convergent to the same limit.

Answer

Add texts here. Do not delete this text first.

Exercise 2.3.6

Prove the following using Definition 2.3.2.

: 2n’4n+l
a. limp o0 #5%

s 1—3n?
b. limp 00 35 = —o00.

= 00.

Answer

Add texts here. Do not delete this text first.

Exercise 2.3.7

Prove parts (b), (c), and (d) of Theorem 2.3.6.

Answer

Add texts here. Do not delete this text first.
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Exercise 2.3.8

Prove Theorem 2.3.7.

Answer

Add texts here. Do not delete this text first.

This page titled 2.3: Monotone Sequences is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,

Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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2.4: The Bolazno-Weierstrass Theorem

The Bolzano-Weierstrass Theorem is at the foundation of many results in analysis. it is, in fact, equivalent to the completeness
axiom of the real numbers.

& Theorem 2.4.1: Bolzano-Weierstrass Theorem

Every bounded sequence {a,} of real numbers has a convergent subsequence.

Proof

Suppose {a,} is a bounded sequence. Define A = {a, : n € N} (the set of values of the sequence {a,}). If A is finite, then at
least one of the elements of A, say z, must be equal to a, for infinitely many choices n. More precisely, B,
= {n € N: a, = z} is infinite. We can then define a convergent subsequence as follows. Pick n; such that a,, = 2. Now,
since B, is infinite, we can choose ny > n; such that a,, = z. Continuing in this way, we can define a subsequence {a,,}
which is constant, equal to z and, thus, converges to z.

Suppose now that A is infinite. First observe there exist ¢,d € R such that ¢ < a,, < d for all n € N, that is, A C [, d]].

We define a sequence of nonempty nested closed bounded intervals as follows. Set I; = [c,d]. Next consider the two
subintervals [c, <¢] and [42,d]. Since A is infinite, at least one of AN [c, <2] or AN [<2,d] is infinite. Let I, = [c, 4]
if AN [c, ¢f¢] is infinte and I, = [¢}¢,d] otherwise. Continuing in this way, we construct a nested sequence of nonempty
cllosed bounded intervals {I,} such that I, N A is infinite and the length of I,, tends to 0 as n — oo.

We now construct the desired subsequence of {a.} as follows. Let n; =1. Choose n2 > ny such that an, € Io. This is
possible since I N A is infinite. Next choose ng > ny such that a,, € I3. In this way, we obtain a subsequence {a,,} such that
an, € I forall k e N.

Set I, = [cn,dn]. Then limg, ;o (dn —cn) =0. We also know from the proof of the Monotone Convergence Theorem
(Theorem 2.3.1), that {cn} converges. Say £ = limp o0 €n. Thus, Limp o0 dn = liMn e [(dn — €n) + cn] = £ as well. Since cx
< an, < di for all k € N, it follows from Theorem 2.1.5 that limy,_,o, @, = £. This completes the proof. O

# Definition 2.4.1: Cauchy sequence

A sequence {a,} of real numbers is called a Cauchy sequence if for any ¢ > 0, there exists a positive integer N such that for
any m,n > N, one has

|am — an| <e. (2.4.1)
& Theorem 2.4.2
A convergent sequence is a Cauchy sequence.
Proof
Let {a,} be a convergent sequence and let
lim a, = a. (2.4.2)
n—00

Then for any & > 0, there exists a positive integer & such that
lan —a| < e/2 for all n > N. (2.4.3)
For any m,n > N, one has
|am — an| < |@m —a| + |an —a| <e/2+€/2 =e¢. (2.4.4)

Thus, {a,} is a Cauchy sequence. O
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A Cauchy sequence is bounded.

Proof

Let {a,} be a Cauchy sequence. Then for ¢ = 1, there exists a positive integer N such that

|@m — an| < 1 for all m,n > N (2.4.5)
In particular,
|an —an| <1 for all n > N. (2.4.6)
Let M = max {|a1], ..., |an—1|,1 + |an|}. Then, forn =1, ..., N — 1, we clearly have |a,| < M.Moreover, forn > N,
|agn| = |an —an + an| < |an —an| + |an| <1+ |an| < M. (2.4.7)

Therefore, |a,| < M for all n € N and, thus, {a,} is bounded. o

& Lemma2.4.4

A Cauchy sequence that has a convergent subsequence is convergent.
Proof
Let {a,} be a Cauchy sequence that has a convergent subsequence. For any € > 0, there exists a positive integer N such that
|@m — an| < €/2 for all m,n > N. (2.4.8)
Thus, we can find a positive integer n, > N such that
\[\left|la_{n_{\ell} }-a\right|<\varepsilon / 2\).
Then for any » > N, we have
lan — a| < |an — @n,| + |an, —a| < e. (2.4.9)

Therefore, {a,} converges to a. O

& Theorem 2.4.5

{a,}Any Cauchy sequence of real numbers is convergent.

Proof

Let {a,} be a Cauchy sequence. Then it is bounded by Theorem 2.4.3. By the Bolzano-Weierstrass theorem, {a,} has a
convergent subsequence. Therefore, it is convergent by Lemma 2.4.4. O

X Remark 2.4.6

It follows from Definition 2.4.1 that {a,} is a Cauchy sequence if and only if for every ¢ > 0, there exists N € N such that

|@n+p — an| < € for all n > N and for all p € N. (2.4.10)

# Definition 2.4.2: Contractive Sequences

A sequence {a,} is called contractive if there exists k € [0, 1) such that

|ani2 — ant1| < klani1 — ap| for all n € N. (2.4.11)
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Every contractive sequence is convergent.
Proof
By induction, one has
@nt1 — ag| < k" Lag —ay| foralln € N (2.4.12)
Thus,

Qnip — a,,| < |an+1 - anl + |a'n+2 - an+1| +-+ |an+p — Qpip—1
< (K" 4+ K"+ -+ K7P72) |ag — a4

< kﬂ,—l (1 +k+ k2 + .t kp—l) |ag _ a1| . (2.4.13)
kr—1!

< —

< o lee—al

for all n,p € N. Since k"' — 0 as n — co (independently of p), this implies {a,} is a Cauchy sequence and, hence, it is
convergent. O

v Example 2.4.1

The condition k£ < 1 in the previous theorem is crucial. Consider the following example. Let a, = Inn for all n € N.
Solution

Since 1 < 22 < 2L for all n € N and the natural logarithm is an increasing function, we have

|ans2 — Gns1| = |In(n + 2) —In(n + 1)| = |In (2£2)| = In (242)

<In(=) =|ln(n+1) —Inn| = |ant1 — anl

Therefore, the inequality in Definition 2.4.2 is satisfied with k = 1, yet the sequence {Inn} does not converge.

Exercise 2.4.1

Determine which of the following are Cauchy sequences.

a.a, = (-1)".
b.a, = (-1)*/n.
C.ap=n/(n+1).

d. ap, = (cosn)/n.

Exercise 2.4.2

Prove that the sequence

ncos (3n% + 2n + 1)

anp =

n+1
has a convergent subsequence
Let f: [0,00) — R be such that f(z) > 0 for all 2. Define
L m
" fm)+1
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Exercise 2.4.4

Define

1427
ap, = s for n € N.

2n

Prove that the sequence a, is contractive

Exercise 2.4.5

Let 7 € R be such that |r| < 1. Define a, =" for n € N. Prove that the sequence {a,} is contractive

Exercise 2.4.6

Prove that the sequence {1}* is not contractive

This page titled 2.4: The Bolazno-Weierstrass Theorem is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by
Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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2.5: Limit Superior and Limit Inferior

We begin this section with a proposition which follows from Theorem 2.3.1. All sequences in this section are assumed to be of real
numbers.

& Proposition 2.5.1

Let {a,} be a bounded sequence. Define

sp =sup{a: k>n} (2.5.1)
and

tn = inf{ag : k> n}. (2.5.2)
Then {s,} and {t,} are convergent.

Proof

If n < m, then {a, : k > m} C {ax : k > n}. Therefore, it follows from Theorem 2.5.3 that s,, > s,, and, so, the sequence {s,}
is decreasing. Since {a,} is bounded, then so is {s,}. In particular, {s,} is bounded below. Similarly, {t,} is increasing and
bounded above. Therefore, both sequences are convergent by Theorem 2.3.1. O

# Definition 2.5.1: Limit Superior

Let {an} be a sequence. Then the limit superior of {a.}\), denoted by limsup,, ,., as, is defined by

limsupa, = ,.15{.10 sup {ay : k > n}. (2.5.3)

n—00
Note that lim sup,,_,., an, = lim,_,« s,, Where s, is defined in (2.8).
Similarly, the limit inferior of {a,}, denoted by lim inf,, ,, ax, is defined by

liminf a, = liminf {a} : £ > n}. (2.5.4)
n—oo n—o00
Note that lim inf,_00 @ = limy,_,0 tn, Where ¢, is defined in (2.9).

& Theorem 2.5.2

If {a,} is not bounded above, then

nll)rgo 8y = 00, (2.5.5)
where {s,} is defined in (2.8).
Similarly, if {a,} is not bounded below, then

'}l}nolo t, = —00, (2.5.6)

where {t,} is defined in (2.9).

Proof

Suppose {a,} is not bounded above. Then for any k£ €N, the set {a;:i> &} is also not bounded above. Thus, s
=sup {a; : i > k} = oo for all k. Therefore, limy_,, s;, = co. The proof for the second case is similar. 0
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By Theorem 2.5.2, we see that if {a,} is not bounded above, then

limsup a, = oco. (2.5.7)
n—oo
Similarly, if {a,} is not bounded below, then
liminf a, = —o0. (2.5.8)
n—oo

& Theorem 2.5.4

Let {ax} be a sequence and £ € R. The following are equivalent:

a. limsup,,_,, a, = £.
b. For any € > 0, there exists N € R such that

ap <l+eforalln>N, (2.5.9)
and there exists a subsequence of {an,} of {ax} such that

klg& Qg = 4. (2.5.10)

Proof

Suppose lim sup,,_,, @ = £- Then lim,_,, s, = £, where S, is defined as in (2.8). For any & > 0, there exists N € N such that
£L—e<s,<l+eforalln>N. (2.5.11)

This implies sy = sup {a, : n > N} < £ +e&. Thus,

ap, <l+eforalln>N (2.5.12)
Moreover, for e = 1, there exists N; € N such that
£—1<sy, =sup{a,:n>Ni}<{+1 (2.5.13)
Thus, there exists n, € N such that
£—1<an <£+1. (2.5.14)

Fore = %, there exists N, € N and N, > n, such that

1 1
E—E <sny,=sup{an:n> N} <l+ 7" (2.5.15)
Thus, there exists ng > n; such that
1 1
[—E <Cl"2 <[+ E (2516)

In this way, we can construct a strictly increasing sequence {n;} of positive integers such that

1 1
Z_E <an <fl+ e (2.5.17)

Therefore, limy_,o an, = £.
‘We now prove the converse. Given any ¢ > 0, there exists N € N such that

apn<f+eandl—e<an <fl+e (2.5.18)
foralln > M and k> N. Let any m > N, we have

sm=sup{ax:k>m} <l+e (2.5.19)

By Lemma 2.1.8, n,, > m, so we also have
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Therefore, limp—;00 $m = limsup,,,_,o, @n = £. O

8m =sup{ag:k>m}>an, >L—c. (2.5.20)

The following result is proved in a similar way.

& Theorem 2.5.5

Let {a,} be a sequence and ¢ € R. The following are equivalent:

a. liminf, . a, = £.
b. For any € > 0, there exists N € N such that

a,>{—cforalln>N, (2.5.21)
and there exists a subsequence of {an,} of {a.} such that

klgg) Qn, = 4. (2.5.22)

Proof

Add proof here and it will automatically be hidden

The following corollary follows directly from Theorems 2.5.4 and 2.5.5.

& Corollary 2.5.6

Let {a,} be a sequence. Then

lim a, = £ if and only if limsup a, = liminfa, = £. (2.5.23)
n—00 n—00 n—oo

Proof

Add proof here and it will automatically be hidden

& Corollary 2.5.7

Let {a,} be a sequence.

a. Suppose limsup,,_,, a, = £ and {a,, } is a subsequence of {a,} with
k}l)n(';\o an, =1'. (2.5.24)
Then ¢/ < ¢.
b. Suppose lim inf,_,o a, = £ and {a,, } is a subsequence of {a»} with

k}i)n;\o an, =1'. (2.5.25)
Then ¢ > .

Proof

We prove only (a) because the proof of (b) is similar. By Theorem 2.5.4 and the definition of limits, for any & > 0, there
exists N € N such that

an<fl+ecandl —e<a, <l +e¢ (2.5.26)
foralln > N and k > N. Since ny > N, this implies

U —e<ap, <l+e. (2.5.27)
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l Thus, £’ < £ + 2¢ and, hence, ¢’ < £ because €& is arbitrary. O

X Remark 2.5.8: Subsequential Limit

Let {a,} be a bounded sequence. Define
A= {z € R: there exists a subsequence {a,,} with lima, =z}. (2.5.28)

Each element of the set A called a subsequential limit of the sequence {a,}. It follows from Theorem 2.5.4, Theorem 2.5.5,
and Corollary 2.5.7 that A # @ and

limsup a, = max A and liminfa, = min A. (2.5.29)
n—00 n—oo

& Theorem 2.5.9

Suppose {a,} is a sequence such that a, > 0 for every n € N and

limsup 2L = £ < 1. (2.5.30)

n—ooc  On

Then lim;, 0o @ = 0.

Proof

Choose ¢ > 0 such that £+ & < 1. Then there exists N € N such that

Gntl < ¢+ forall n> N. (2.5.31)
An
Let g =£+ €. Then 0 < ¢ < 1. By induction,
0<ap<q"Nayforalln>N. (2.5.32)

Since lim,, ;00 ¢"Nay = 0, one has lim,_, a, = 0. O

By a similar method, we obtain the theorem below.

& Theorem 2.5.10

Suppose {a,} is a sequence such that a, > 0 for every n € N and

liminf 2 — ¢ > 1. (2.5.33)

N0 Ay
Then lim,_, a, = 00.

Proof

Add proof here and it will automatically be hidden

v Example 2.5.1

Given a real number o, define

an
an=—r,n€ N.
n!

Solution

When a = 0, it is obvious that lim,,_,o, @, = 0. Suppose a > 0. Then
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a a
lim sup "1 — lim =0<1
n—00 [ 7% n—oo 1+ 1

Thus, lim,_,. a, = 0. In the general case, we can also show that lim,, , a, = 0 by considering lim,, , |a,| and using Exercise
2.1.3.

All sequences in this set of exercises are assumed to be in R.

Exercise 2.5.1

Find limsup,,_,, @, and liminf,_,, a, for each sequence.

a. ap, = (—1)"
b. a, = sin (&).
C. gy = HED"

d. a, = nsin (5F).

Exercise 2.5.2

For a sequence {a,}, prove that:

a.liminf, ,, a, = oo if and only if lim, ,« a, = .

b. limsup,,_,,, a» = —oo if and only if lim, e an, = —c0.

Exercise 2.5.3

Let {a,} and {b,} be bounded sequences. Prove that:

a. SUPg>y, (@n + bn) < SUP>,, Gk + SUDEs, b
b. infg>p (@g + bs) > infr>, ag + infysy, bg.

Exercise 2.5.4

Let {a,} and {b,} be bounded sequences.

a. Prove that limsup,,_,, (@n + b,) < limsup,,_, an + imsup,,_, bn.
b. Prove that lim inf, e (Gn + bn) > liminfy, o0 @n + lminf, s by
c. Find the two counter examples to show that the equalities may not hold in part (a) and part (b).

Exercise 2.5.5

Let {a.} be a convergent sequence and let {b,} be an arbitrary sequence. Prove that

a. limsup,,_,o, (an + bp) = imsup,_,o an + limsup,_,o bp = lim,, @y, + lim sup,,_,co bn-
b. liminf, , (@ + bs) = liminf,, a, + liminf,, b, = lim,, a, + liminf,, ., by,.

This page titled 2.5: Limit Superior and Limit Inferior is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by

Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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2.6: Open Sets, Closed Sets, Compact Sets, and Limit Points

The open ball in R with center a € R and radius § > 0 is the set

B(a;6) = (a—6,a + ). (2.6.1)

# Definition 2.6.1

A subset A of R is said to be open if for each a € A, there exists § > 0 such that

B(a;0) C A. (2.6.2)

v Example 2.6.1

1. Any open interval A = (c,d) is open. Indeed, for eacha € A, one has c< a < d.
2. The sets A = (—o0,¢) and B = (¢, ) are open, but the C = [¢, 00) is not open.

Solution
1. Let
6 = min{a — ¢,d — a}. (2.6.3)
Then
B(a;8) = (a—6,a+ ) C A. (2.6.4)

Therefore, A is open.

2. The reader can easily verify that A and B are open. Let us show that C is not open. Assume by contradiction that C is open.

Then, for the element ¢ € C, there exists § > 0 such that
B(c¢;0) = (c—46,c+0) CcC. (2.6.5)

However, this is a contradiction because ¢ — §/2 € B(c;6), but e —§/2 ¢ C.

& Theorem 2.6.1

The following hold:

a. The subsets @ and R are open.
b. The union of nay collection of open subsets of R is open.
c. The intersection of a finite number of open subsets of R is open.

Proof

The proof of (a) is straightforward.

(b) Suppose {G,, : « € I} is an arbitrary collection of open subsets of R. That means G, is open for every o € I. Let us show
that the set

G=|]JGa (2.6.6)

ol
is open. Take any a € G. Then there exists ag € I such that
a € Gy (2.6.7)
Since G,, is open, there exists § > 0 such that
B(a;0) C Gq, (2.6.8)

This implies
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because G,, c G. Thus, G is open.

B(a;6) C G (2.6.9)

(c) SUppose G;,i =1, ...,n, are open subsets of R. Let us show that the set
G=[\G: (2.6.10)

is also open. Take any a € G. Then a € G; fori = 1,...,n. Since each G; is open, there existsg; > 0 such that
B(a; 5,) C G;. (2611)
Let  =min{é; :4=1,...,n}. Thend >0 and

B(a;0) C G. (2.6.12)

Thus, G is open. O

& Definition 2.6.2

A subset S of R is called closed if its complement, S¢ = R\S, is open.

v/ Example 2.6.2

The sets [a, b], (—o0, a], and [a, 0o) are closed.
Solution

Indeed, (—o0,a]® = (a,00) and [a,00)° = (—o0,a) which are open by Example 2.6.1. Since [a,b]° = (—o0,a) U (b,00), [a,d]® is
open by Theorem 2.6.1. Also, single element sets are closed since, say, {6}¢ = (—o0c, b) U (b, o).

& Theorem 2.6.2
The following hold:

a. The sets @ and R are closed.
b. The intersection of any collection of closed subsets of R is closed.
c. The union of a finite number of closed subsets of R is closed.
Proof
The proofs for these are simple using the De Morgan's law. Let us prove, for instance, (b). Let {S, : « € I'} be a collection

of closed sets. We will prove that the set

S={)5 (2.6.13)

acl
is also closed. We have
8¢ = (ﬂ sa) =Js:. (2.6.14)
a€cl a€cl

Thus, S¢ is open because it is a union of opens sets in R (Theorem 2.6.1(b)). Therefore, S is closed. O

v/ Example 2.6.3

It follows from part (c) and Example 2.6.2 that any finite set is closed.

Solution
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l Add text here.

& Theorem 2.6.3

A subset A of R is closed if and only if for any sequence {a,} in A that converges to a point a € R, it follows that a € A.

Proof

Suppose A is a closed subset of R and {a,} is a sequence in A that converges to a. Suppose by contradiction that a ¢ A.
Since A4 is closed, there exists ¢ > 0 such that B(a;¢) = (a —¢,a +¢) C A°. Since {a,} converges to a, there exists N € N
such that

a—e<any<a+e. (2.6.15)
This implies ay € A°, a contradiction.

Let us now prove the converse. Suppose by contradiction that A is not closed. Then A€ is not open. SInce A¢ is not open,
there exists a € A¢ such that for any ¢ > 0, one has B(a;¢) N A # 0. In particular, for such an @ and for each n € N, there
exists a, € B(a; 1) N A. It is clear that the sequence {a,} is in A and it is convergent to a (because |a, —a| < L, for all n
€ N). This is a contradiction since a ¢ A. Therefore, A is closed. O

& Theorem 2.6.4

If A is a nonempty subset of R that is closed and bounded above, then max A exists. Similarly, if A is a nonempty subset of R
that is closed and bounded below, then min A exists

Proof

Let A be a nonempty closed set that is bounded above. Then sup A exists. Let m = sup A. To complete the proof, we will
show that m € A. Assume by contradiction that m ¢ A. then m € A°, which is an open set. So there exists § > 0 such that

(m—6,m +6) C A°. (2.6.16)
This means there exists no a € A with
m—40<a<m. (2.6.17)

This contradicts the fact that m is the least upper bound of A (see Proposition 1.5.1). Therefore, maz A exists. square

& Definition 2.6.3

A subset A of R is called compact if for every sequence {a,} in A, there exists a subsequence {a,,} that converges to a point a
1
€A

v/ Example 2.6.4

Let a,b € R, a < b. We show that the set A = [a,b] is compact. Let {a,} be a sequence in A. Since g < a,, < b for all n, then the
sequence is bounded. By the Bolzano-Weierstrass theorem (Theorem 2.4.1), we can obtain a convergent subsequence {ay,}-
Say, limy_ an, = s. We now must show that s € A. Since a < a,, < b for all k, it follows from Theorem 2.1.5, that a < s < b

and, hence, s € A as desired. We conclude that A is compact.
Solution

Let {ax} be a sequence in A. Since a < a, <b for all n, then the sequence is bounded. By the Bolzano-Weierstrass theorem
(Theorem 2.4.1), we can obtain a convergent subsequence {as,}. Say, limg,e an, = s. We now must show that s € A. Since a
< an, < bfor all g, it follows from Theorem 2.1.5, that a < s < b and, hence, s € A as desired. We conclude that 4 is compact.
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A subset A of R is compact if and only if it is closed and bounded.

Proof

Suppose A is a compact subset of R. Let us first show that 4 is bounded. Suppose, by contradiction, that A is not bounded.
Then for every n € N, there exists a,, € A such that

|an| = n. (2.6.18)
Since A is compact, there exists a subsequence {a,,} that converges to some a € A that converges to some a € A. Then
|@n,| = ng >k for all k. (2.6.19)
Therefore, limy_,o |an,| = oco. This is a contradiction because {|a,,|} converges to |a|. Thus A is bounded.

Let us now show that A is closed. Let {a,} be a sequence in A that converges to a point ¢ € R. By the definition of
compactness, {a,} has a subsequence {a,,} that converges to b € A. Then a = b € A and, hence, A is closed by Theorem
2.6.3.

For the converse, suppose A is closed and bounded and let {a»} be a sequence in A. Since A is bounded, the sequence is
bounded and, by the Bolzano-Weierstrass theorem (Theorem 2.4.1), it has a convergent subsequence, {an,}. Say, limz o0 @,
= a. It now follows from Theorem 2.6.3 that a € A. Thhis shows that A is compact as desired. O

& Definition 2.6.4

(cluster/limit/accumulation point). Let A be a subset of R. A point ¢ € R (not necessarily in A) is called a limit point of A if for
any 6 > 0, the open ball B(a; §) contains an infinite number of points of A.

A point a € A whihc is not an accumulation point of A is called an isolated point of A.

v/ Example 2.6.5

1.Let A=[0,1).
2. Let A=7Z.
3.Let A= {1/n:n € N}. Then a = 0 is the only limit point of A. All elements of A are isolated points.

Solution

1. Then @ = 0 is a limit point of A and b = 1 is also a limit pooint of A. In fact, any point of the interval [0, 1] is a limit point of
A. The set [0,1) has no isolated points.

2. Then A does not have any limit points. Every element of Z is an isolated point of \matbbZ.

3. Then a = 0 is the only limit point of A. All elements of A are isolated points.

v/ Example 2.6.6

If G is an open subset of R then every point of G is a limit point of G.

Solution

In fact, more is true. If G is open and a € G, then a is a limit point of G\{a}. Indeed, let § > 0 be such that B(a;é) C G. Then
(G\{a}) N B(a;6) = (a— 6,a) U (a,a + 8) and, thus B(a;d) contains an infinite number of points of G\{a}.

The following theorem is a variation of the Bolzano-Weierstrass theorem.
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Any infinite bounded subset of R has at least one limit point.

Proof

Let A be an infinite subset of R and let {a,,} be a sequence of A such that

am F an for m#n

{an, : k> K} is infinite, it follows that b is a limit point of A. O

The following definitions and results provide the framework for discussing convergence within subsets of R.

# Definition 2.6.5

Let D be a subset of R. We say that a subset V' of D is open in D if for every a € V, there exists § > 0 such that

B(a;6)NnDCV.

& Theorem 2.6.7

Let D be a subset of R. A subset V of D is open if D if and only if there exists an open subset G of R such that
V=DnG.
Proof
Suppose V' is open in D. By definition, for every a € V, there exists 8, > 0 such that
B(a;é)NDCV.
Define
G = UuevB(a;04)
Then @ is a union of open subsets of R, so G is open. Moreover,
V CGND=Ugy[B(a;6,)ND]CV.

Therefore, V = Gn D.

> 0 such that
B(ae;0) CG.
It follows that
B(a;6)nDCcGND=V.

The proof is now complete. O

v/ Example 2.6.7

Let D=[0,1) and V = [0, }).

Solution

https://math.libretexts.org/@go/page/49104

(2.6.20)

(see Theorem 1.2.7). Since {a,} is bounded, by the Bolzano-Weierstrass theorem (Theorem 2.4.1), it has a convergent
subsequence {a,,}. Set b = limj_, an,. Given § > 0, there exists K € N such that a,, € B(b;6) for k > K. Since the set

(2.6.21)

(2.6.22)

(2.6.23)

(2.6.24)

(2.6.25)

Let us now prove the convers. Suppose V = G N D, where G is an open set. For any a € V, we have a € G, so there exists &

(2.6.26)

(2.6.27)
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We can write V = DN (-1, 3). Since (—1, 3) is open in R, we conclude from Theorem 2.6.7 that
itself is not an open subset of R.

The following theorem is now a direct consequence of Theorems 2.6.7 and 2.6.1.

& Theorem 2.6.8

Let D be a subset of R. The following hold:

a. The subsets ¢ and D are open in D.
b. The union of any collection of open sets in D is open in D.
c. The intersection of a finite number of open sets in D is open in D.

Proof

Add proof here and it will automatically be hidden

# Definition 2.6.6

Let D be a subset of R. We say that a subset A of D is closed in D if D\A is open in D.

& Theorem 2.6.9

A subset K of D is closed in D if and only if there exists a closed subset F of mathbbR such that

K=DnNnF.

Proof

D\K =DnG.
It follows that
K =D\(D\K)=D\(DNG) =D\G=DnG"
Let F = G°. Then F'is a closed subset of R and K = DN F.
Conversely, suppose that there exists a closed subset F of R such that K = D 0 F. Then

D\K = D\(DNF)=D\F=DnF°".

Therefore, K is closed in D by definition. o

v/ Example 2.6.8

Let D=[0,1) and K = [1,1).

Solution

itself is not a closed subset of R.

Since F* is an open subset of R, applying Theorem 2.6.7 again, one has the D\ K is open in D.

V is open in D. Notice that V'

(2.6.28)

Suppose K is a closed set in D. Then D\K is open in D. By Theorem 2.6.7, there exists an open set G such that

(2.6.29)

(2.6.30)

(2.6.31)

We can write K = D n [4,2]. Since [$,2] is closed in R, we conclude from Theorem 2.6.9 that K is closed in D. Notice that K
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Let D be a subset of R. A subset K of D is closed in D if and only if for every sequence {z;} in K that converges to a point Z
€ D it follows that 7 € K.

Proof
Let D be a subset of R Suppose K is closed in D. By Theorem 2.6.9, there exists a closed subset F of R such that
K=DNF. (2.6.32)

Let {z;} be a sequence in K that converges to a point # € D. Since {z;} is also a sequence in F and F' is a closed subset of
R,ze F.Thus,ze DNF =K.

Let us prove the converse. Suppose by contradiction that K is not closed in D or D\K is not open in D. Then there exists z
€ D\K such that for every § > 0, one has

B(z;8)ND ¢ D\K. (2.6.33)
In particular, for every k € N,
B (w %) ND ¢ D\K. (2.6.34)

For each k € N, choose zj € B(z; £) N D such that z ¢ D\K. Then {z;} is a sequence in K and, moreover, {z} converges
tox € D. Then 7 € K. This is acontradiction. We conclude that K is closed in D. square

The following theorem is a direct consequence of Theorems 2.6.9 and 2.6.2.

& Theorem 2.6.11

Let D be a subset of R. The following hold:

a. The subsets ¢ and D are closed in D.
b. The intersection of any collection of closed sets in D is closed in D.
c. The union of a finite number of closed sets in D is closed in D.

Proof

Add proof here and it will automatically be hidden

v/ Example 2.6.9

Consider the set D = [0,1) and the subset A = [1,1).
Solution

Clearly, A is bounded. We showed in Eample 2.6.8 that A is closed in D. However, A is not compact. We show this by finding a
sequence {a,} in A for which no subsequence converges to a point in A.

Indeed, consider the sequence a, =1 — % for n € N. Then a_{n} \in A\) for all n. Moreover, {a,} converges to 1 and, hence, every
subsequence also converges to 1. Since 1 ¢ A, it follows that A is not compact.

Exercise 2.6.1

Prove that a subset A of R is open if and only if for any z € 4, there exists n € N such that (z — 1/n,z+ 1/n) C A.

Answer

Add texts here. Do not delete this text first.
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Exercise 2.6.2

Prove that the interval [0, 1) is neither open nor closed.

Answer

Add texts here. Do not delete this text first.

Exercise 2.6.3

Prove that if A and B are compact subsets of R, then AU B is a compact set.

Answer

Add texts here. Do not delete this text first.

Exercise 2.6.4

Prove that the intersection of any collection of compact subsets of R is compact.

Answer

Add texts here. Do not delete this text first.

Exercise 2.6.5

Find all limit points and all isolated points of each of the following sets:

a. A= (Oa 1)-
b. B=[0,1).
c.C=Q

d.D={m+1/n:m,n € N},

Answer

Add texts here. Do not delete this text first.

Exercise 2.6.6

Let D = [0, 00). Classify each subset of D below as open in D, closed in D, neither or both. Justify your answers.

a. A=(0,1).
b.B=N.
c.C=QnD.
d. D= (-1,1].
e. E = (—2,00).
Answer

Add texts here. Do not delete this text first.

! This definition of compactness is more commonly reffered to as sequential compactness.

This page titled 2.6: Open Sets, Closed Sets, Compact Sets, and Limit Points is shared under a CC BY-NC-SA license and was authored, remixed,

and/or curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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CHAPTER OVERVIEW

3: Limits and Continuity

In this chapter, we extend our analysis of limit processes to functions and give the precise definition of continuous function. We
derive rigorously two fundamental theorems about continuous functions: the extreme value theorem and the intermediate value
theorem.

3.1: Limits of Functions

3.2: Limit Theorems

3.3: Continuity

3.4: Properties of Continuous Functions

3.5: Uniform Continuity

3.6: Limit Superior and Limit Inferior of Functions

3.7: Lower Semicontinuity and Upper Semicontinuity

This page titled 3: Limits and Continuity is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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3.1: Limits of Functions

& Definition 3.1.1

Let f: D — R and let Z be a limit point of D. We say that f has a limit at Z if there exists a real number £ such that for every
> 0, there exists é > 0 with

|flz)—¢ <e (3.1.1)
for all z € D for which 0 < |z — z| < 4. In this case, we write

lim f(z) = £ (3.1.2)

Note that the limit point Z in the definition of limt may or may not be an element of the domain D. In any case, the inequality
|f(z) — €| < € need only be satisfied by elements of D.

v Example 3.1.1

Let f: R — R be given by f(z) = 5z — 7. We prove that lim,_,» f(z) = 3.
Solution

Let e > 0. First note that |f(x) — 2| =[5z — 7— 3| = |5z — 10| = 5|z — 2|. This suggests the choice § =¢/5. Then, if |z — 2| < § we
have

|f(z)—2|=5lz—2| <50=e.

v/ Example 3.1.2

Let £:[0,1) — R be given by f(z) =22+ 2. Letz =1 and £ = 2.

Solution

First note that |f(z) — 4| = |#*> + z — 2| = |z — 1||z + 2| and for z € [0,1). |z + 2| < |z| + 2 < 3. Now, given ¢ > 0, choose § = ¢/3.
Then, if |z — 1| < dand = € [0,1), we have

1f(@)— € = |z +2—2| = |z — 1|z +2| <35=3§=a.

This shows that lim,; f(z) = 2.

v Example 3.1.3

Let f: R — R be given by f(x) = z2. We show that lim,_,» f(z) = 4.
Solution

First note that |f(z) — 4| = |22 — 4| = |(z — 2)(z + 2)| = |z — 2||z + 2|. Since the domain is all of R the expression |z + 2| is not
bounded and we cannot proceed as in Example 3.1.2. However, we are interested only in values of z close to 2 and, thus, we
impose the condition § < 1. If |z — 2| < 1, then —1 < £ —2 < 1 and, so, 1 < z < 3. It follows, for such =z, that |z| < 3 and, hence
|z| +2 < 5.

Now, given e > 0 we choose § = min {1, £}. Then, whenever |z —2| < § we get

|[f(x) —4| = |z —2|z+2| < |z —2|(|z] +2) < 65 <e.

https://math.libretexts.org/@go/page/49106
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Let f: R — R be given by f(z) = %=3. We prove that lim; f(z) = —3.

Solution

First we look at the expression |f(z) — (—1)| and try to identify a factor |z — 1| (because here z =1.

3z—5 1
o= (3)| =[5+l
Proceeding as in the previous example, if | —1] <1 weget—1 <z —1<1and, s0,0<z < 2. Thus |z| <2and |z + 7| < |z| + 2
<9.

—I —1|jz +17|.

6r—10+22+3| |z—1|lz+7|
z2+3 T 2(x2+43)

Now, given € > 0, we choose § = min {1, 2¢}. It follows that if |z — 1| < § we get
|f( )—(——)‘s |“7'| —1< 6<s

The following theorem will let us apply our earlier results on limits of sequences to obtain new results on limits of functions.

& Theorem 3.1.2: Sequential Characterization of Limits

Let f: D — R and let z be a limit point of D. Then

il_}n; flz)=1¢ (3.1.3)
if and only if
Jim f (zn) = ¢ (3.1.4)

for every sequence {z,} in D such that z, # Z for every n and {z,} converges to z.

Proof

Suppose (3.1) holds. Let {z,} be a sequence in D with z,, # z for every n and such that {z,} converges to z. given any e
> 0, there exists § > 0 such that | f(z) — £| < ¢ whenever z € D and 0 < |z — z| < é. Then there exists N € N with 0 < |z, — Z|
< ¢ for all n > N. For such n, we have

|f(zn) — € <e. (3.1.5)
This implies (3.2).
Conversely, suppose (3.1) is false. Then there exists gy > 0 such that for every § > 0, there exists z € D with 0 < |x — Z| < §
and |f(z) —£| > &o. Thus, for every n € N, there exits z, € D with 0 < |z, —Z| < 1 and |f(z.) — £ > &o. By the squeeze

theorem (Theorem 2.1.6), the sequence {z,} converges to z. Moreover, z,, # Z for every n. This shows that (3.2) is false. It
follows that (3.2) implies (3.1) and the proof is complete.

& Corollary 3.1.3

Let f: D — R and let Z be a limit point of D. f has a limit at , then this limit is unique.

Proof

Suppose by contradiction that f has two different limits ¢; and ¢,. {z,} be a sequence in D\{z} that converges to z. By
Theorem 3.1.2, the sequence {f (z,)} converges to two different limits ¢; and £,. this is a contradiction to Theorem 2.1.3. O

The following corollary follows directly from Theorem 3.1.2.
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& Corollary 3.1.4

Let f : D = R and let z be a limit point of D. Then f does not have a limit at z if and only if there exists a sequence {z,} in D
such that z,, #+ 7 for every n, {z,} converges to z, and {f (z,)} does not converge.

Proof

Add proof here and it will automatically be hidden

v Example 3.1.5

Consider the Dirichlet function f : R — R given by

1, fzeQ

Then lim;_,z f(z) does not exist for any Z € R.
Solution

Indeed, fix z € R and choose two sequences {r,}, {s,} converging to z such thatr, € Q and s,, ¢ Q for all » € N. Define a new

sequence {z,} by

ry, ifn=2k
n = .1.
e { sk, Hn=2%k—1 (G-

It is clear that {z.} converges to Z. Moreover, since {f (r»)} converges to 1 and {f (s»)} converges to 0. Theorem 2.1.9 implies
that the sequence {f (z»)} does not converge. It follows from the sequential characterization of limits that lim._,z f(x) does not
exists.

& Theorem 3.1.5

Let f,9: D — R and let Z be a limit point of D. Suppose that

;1_% f(z) =44, 71,1_% g9(z) = £, (3.1.8)
and that there exists § > 0 such that
f(z) < g(z) for all x € B(Z;0) N D,z + Z. (3.1.9)
Then ¢; < £,
Proof

Let {z.} be a sequence in B(Z;d) N D = (£ — d, % + J) N D that converges to z and =, # Z for all n. By Theorem 3.1.2,

,,llﬂ)f(z") = ¢; and Jl_lgog(z,,) ={. (3.1.10)

Since f (z4) < g(zy) for all n € N, applyig Theorem 2.1.5, we obtain #; < £5. O

& Theorem 3.1.6

Let f,9: D — R and let z be a limit point of D. Suppose

lim f(z) = ¢1, im g(z) = £, (3.1.11)
T T
and ¢; < £5. Then there exists § > 0 such that
f(z) < g(z) for all z € B(z;6) N D,z + Z. (3.1.12)

Proof

https://math.libretexts.org/@go/page/49106
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Choose & > 0 such that £; + € < £, — ¢ (equivalently, such that ¢ < £5%). Then there exists § > 0 such that

bi—e< f(z)<li+eand by —e < g(z) <flo+e (3.1.13)

for all z € B(z;6) N D, z # &. Thus,

f(z) <tli+e<ly—e<g(z) for all zx € B(Z;6) N D,z + Z. (3.1.14)

The proof is now complete. o

& Theorem 3.1.7

Let f,9,h : D — R and let F be a limit point of D. Suppose there exists § > 0 such that f(x) < g(z) < h(z) for all z € B(Z;J)
N D,z # z. If lim,,; f(z) = lim,,z h(z) = £, then lim,; g(z) = £.

Proof

The proof is straightforward using Theorem 2.1.6 and Theorem 3.1.2. O

X Remark 3.1.8

We will adopt the following convention. When we write lim,_,z f(z) without specifying the domain D of f we will assume the
D is the largest subset of R such that if z € D, then f(z) results in a real number. For example, in

lim —— (3.1.15)
we assume D = R\{—3} and in
lim v/z (3.1.16)

we assume D = [0, c0).

Exercise 3.1.1

Use the definition of limit to prove that

a.lim, 23z —7=-1

b. limgs (2% + 1) = 10.

C. lim, y; 23 =2,

d. limx_,o \/5 =0.

e. lim,_2 2% =8.

Answer

Add texts here. Do not delete this text first.

Exercise 3.1.2

Prove that the following limits do not exist.
d. lim,_,o ﬁ

b. lim,_, cos(1/x).

Answer

Add texts here. Do not delete this text first.
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Exercise 3.1.3

Let f: D — R and let Z be a limit point of D. Prove that if lim,_,; f(z) = ¢, then

li_)nq |f(z)| = |e]. (3.1.17)
Give an example to show that the convers is not true in general.

Answer

Add texts here. Do not delete this text first.

Exercise 3.1.4

Let f: D — R and let Z be a limit point of D. Suppose f(z) > 0 for all z € D. Prove that if lim;_,z f(z) = £, then

lim \ (@)= Ve (3.1.18)

Answer

Add texts here. Do not delete this text first.

Exercise 3.1.5

Find lim,,o zsin(1/z).

Answer

Add texts here. Do not delete this text first.

Exercise 3.1.6

Let f be the function given by

fl@) =

{ x, ifzeQn(o,1]; (3.1.19)

1—z, ifzeQ°n[o,1].
Determine which of the following limits exist. For those that exist find their values.

d. limz_)l/g f(a:)

b. limz o f(z)

c. limg 51 f(z).
Answer

Add texts here. Do not delete this text first.

This page titled 3.1: Limits of Functions is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,

Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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3.2: Limit Theorems

Here we state and prove various theorems that facilitate the computation of general limits.

& Definition 3.2.1

Let f,g: D — R and let c be a constant. The functions f + g, fg, and cf are respectively defined as functions from D to R by
(f +9)(=) = f(=) + 9(=),
(f9)(z) = f(z)9(=),
(cf)(z) = cf(x)

for z € D. Let D = {z € D : g(z) # 0}. The function 5 is defined as a function from D to R by
f f(=)
< = 3.2.1
( g ) ©)= g(a) S

for z € D.

& Theorem 3.2.1

Let f,g: D — R and let ¢ € R. Suppose z is a limit point of D and
ilgé f(z) =4, ll_)mi g(z) =m. (3.2.2)
Then

a.limgz(f+ g)(z) =L+ m,

b. lim;,z(fg)(z) = ¢m,

. limg,z(cf)(z) = cf,

d. lim,_,z (g) (z) = % provided that m # 0.
Proof

Let us first prove (a). Let {z,} be a sequence in D that converges to Z and z,, #+ & for every n. By Theorem 3.1.2,

nli)ror:lof(ar:n) =/ and '}gglog(a:n) =m. (3.2.3)
It follows from Theorem 2.2.1 that
’}1_{20 (f (zg) + g(z5)) = £+ m. (3.2.4)

Applying Theorem 3.1.2 again, we get lim,,z(f + g)(z) = £ + m. The proofs of (b) and (c) are similar.

Let us now show that if m # 0, then z is a limit point of D. Since z is a limit point of D, there is a sequence {u;} in D
converging to z such that u; # z for every k. Since m + 0, it follows from an easy application of Theorem 3.1.6 that there exists
8 >0 with

g(z) # 0 whenever 0 < |z — Z| < 6,z € D.
This implies
x € D whenever 0 < |z — Z| < 6,z € D.

Then u; € D for all k sufficiently large, and hence z is a limit point of D. The rest of the proof of (d) can be completed easily
following the proof of (a). O
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2 f—
Consider f:R\{—7} = R given by f(z) = & po=d

T+ 7
Solution

Then, combining all parts of Theorem 3.2.1, we get

lim; , 5 (2?2 +2x—3) lim,, 922+ lim,, 92z —lim,, 53
lim f(z) = : = - -
T2 limg o(z+7) limg s ox+limg s 57
_ (limg52)° +2lim,, pz—limy, 53 _ (-2)2+2(-2)—3 _ 3
- limg_, o2+ lim,_,_57 - —247 T 5

v/ Example 3.2.2

We proceed in the same way to compute the following limit.

1+ (2z—1)?
m —F—.
=0 2247

Solution

1+ (2z —1)2 _ limg 01 4 limg 4 22 — 1)2

z—0 z2 +7 limm_)o 2 + limm_)o 7
_1+1 2
To0+7 7
v/ Example 3.2.3
‘We now consider
z2+6c+5

a:l>n—11 z+1
Solution

Since the limit of the denominator 0 we cannot apply directly part (d) of Theorem 3.2.1. Instead, we first simplify the
expression keeping in mind that in the definition of limit we never need to evaluate the expression at the limit point itself. In
this case, this means we may assume that z # —1. For any such z we have

z2+6c+5 (r+1)(z+5)

z+1 - z+1 DA
Therefore,
2
im M = lim z+5=4.
z——1 z+1 z——1

& Theorem 3.2.2: Cauchy's criterion

Let f: D — R and let z be a limit point of D. Then f has a limit at z if and only if for any £ > 0, there exists § > 0 such that
|f(r) — f(s)| < € wheneverr,se Dand 0 < |r—Z| < 4,0 < |s—Z| < 6.
Proof

Suppose lim,_,; f(z) = £. Given e > 0, there exists § > 0 such that

|f(z) —£| < % whenever z € Dand 0 < |z — Z| < 4.

Thus, forr,s € Dwith0 < |[r —z| < §and 0 < |s— z| < §, we have
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[f(r) — f(s)] < |f(r) — £ + € — f(s)| <e. (3:2.5)

Let us prove the converse. Fix a sequence {u,} in D such with lim,,« u, = Z and u,, # Z for every n. Given ¢ > 0, there
exists § > 0 such that

|f(r) — f(s)| < e wheneverr,s€ Dand 0 < |r—%| <4,0 < |8 —F| <d.
Then there exists N € N satisfying
0<|u,—%| <dforalln>N.
This implies
|f (un) — f (um)| < efor all m,n > N.
Thus, {f (u.)} is a Cauchy sequence, and hence there exists £ € R such that
lim f (un) = £. (3.2.6)

We now prove that f has limit ¢ at z using Theorem 3.1.2. Let {z,} be a sequence in D such that lim, ,, z, = Z and =, #+ %
for every n. By the previous argument, there exists £/ € R such that

'}i_r)&f(a:n) =/ (3.2.7)
Fix any € > 0 and let § > 0 satisfy (3.3). There exists K € N such that
|up —Z| < dand |z, —Z| < &

for all n > K. Then |f (u,) — f (z4)| < ¢ for such n. Letting n — oo, we have [¢ —¢| < e. Thus, £ = ¢’ since ¢ is arbitrary. It
now follows from Theorem 3.1.2 that lim, ,z f(z) = £. O

The rest of this section discussed some special limits and their properties.

# Definition 3.2.2: Left Limit Point and Right Limit Point

Let a € R and § > 0. Define
B_(a;6) = (a—9,a) and By(a;0) = (a,a+ 9). (3.2.8)

Given a subset A of R, we say that a is a left limit point of A if for any § > 0, B_(a;é) contains an infinite number of elements
of A. Similarly, a is called a right limit point of A if for any 6 > 0, B, (a; §) contains an infinite number of elements of A.

It follows from the definition that a is a limit point of A if and only if it is a left limit point of A or it is a right limit point of A.

& Definition 3.2.3

(One-sided limits) Let f: D — R and let z be a left limit point of D. We write

lim f(z)=¢ (3.2.9)
T
if for every e > 0, there exists § > 0 such that
|f(z) — £ < € for all x € B_(Z;9). (3.2.10)

We say that £ is the left-handed limit of f at Z. The right-hand limit of f at & can bee defined in a similar way and is denoted

lim, 5+ f().

v Example 3.2.4

Consider the function f : R\{0} — R given by

l=l
=

f(z) = (3.2.11)
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Solution
Let z = 0. Note first that 0 is a limit point of the set D = R\{0} — R. Since, for z > 0, we have f(z) = z/z = 1, we have
zlirin+ f(z) = zli,%l+ 1=1. (3.2.12)
Similarly, for z < 0 we have f(z) = —z/x = —1. Therefore,
zli}nﬁ{ flz) = zlil(l)lﬁ —1=-1. (3.2.13)
Consider the function f : R — R given by
f(=) = { 2;_4’1, iiz ; j (3.2.14)
Solution
We have
lim _f(z) = lim z?—-1=0, (3.2.15)
and
IBl_nl_ flz) = IEEJI_:E +4=3, (3.2.16)

The following theorem follows directly from the definition of one-sided limits.

& Theorem 3.2.3

Let f: D — R and let z be both a left limit point of D and a right limit point of D. Then

lim flz)=1¢ (3.2.17)
if and only if
lim f(z) =¢and lim f(z)=". (3.2.18)
Proof

Add proof here and it will automatically be hidden

v/ Example 3.2.6

It follows from Example 3.2.4 that lim,_,o u does not exists, since the one-sided limits do not agree.
T

Solution

Add text here.

& Definition 3.2.4

(monotonicity) Let f: (a,b) = R.

1. We say that f is increasing on (a,b) if, for all 1,z € (a,b), z1 < zo implies f(z1) < f(z2).
2. We say that f is decreasing on (a, b) if, for all 21,z € (a,b), z1 < z3 implies f(z1) > f(za).
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If f is increasing or decreasing on (a, b), we say that f is monotone on this interval. Strict monotonicity can be defined similarly
using strict inequalities: f(z1) < f(z2) in (1) and f(z1) > f(z2) in (2).

< Theorem 3.2.4

Suppose f: (a,b) — R is increasing on (a,b) and Z € (a, b). Then lim, ,z- f(z) and lim,_z+ f(z) exist. Moreover,

sup f(z) = lim f(2) < f(&) < lim f(z) = inf f(z). (3:219)

a<z<T

Proof

Since f(z) < f(z) for all z € (a, Z), the set

{f(2) : z € (a,2)} (3.2.20)
is nonempty and bounded above. Thus,
£= sup f(z) (3-2.21)
a<z<Z

is a real number. We will show that lim,_,z- f(z) = £. For any & > 0, by the definition of the least upper bound, there exists a
< z1 < Z such that

L—e< f(zq). (3.2.22)
Let d =z —z; > 0. Using the increasing monotonicity, we get
L—e< f(z1) < f(z) <L < L+eforall z € (z1,Z) = B_(Z; 9). (3.2.23)

Therefore, lim,_,z- f(z) = €. The rest of the proof of the theorem is similar. OO

Let

# Definition 3.2.5

Bo(%;8) = B_(%;6) U B,(%;8) = (% — §,% + 6)\{Z}. (3.2.24)

(infinite limits) Let f : D — R and let Z be a limit point of D. We write
li_}n} f(z) = oq] (3.2.25)
if for every M € R, there exists § > 0 such that
f(z) > M for all z € By(Z;6) N D. (3.2.26)
Similarly, we write
lim f(z) = —o0 (3.2.27)
T
if for every M € R, there exists § > 0 such that
f(z) < M for all z € By(F;6) N D. (3.2.28)

Infinite limits of functions have similar properties to those of sequences from Chapter 2 (see Definition 2.3.2 and Theorem 2.3.6).

v/ Example 3.2.7

We show that lim,_,; = oo directly from Definition 3.2.5.

1
G=1¢

Solution
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Let M € R. We want to find § > 0 that will guarantee @ > M whenever 0 < |z — 1| < . As in the case of finite limits, we
z —
1 . . . . :
work backwards from @1z > M to an inequality for |z — 1|. To simplify calculations, note that |M|+ 1 > M. Next note that
e
! > |M| + 1, is equivalent to 1 > |z —1|
@—1)? ’ ]+ 1 ‘
Now, choose § such that 0 < § < A [M% Then, if 0 < |z — 1| < § we have
1 1 1
— > > —=|M|+1>M 3.2.29
@—12  #° 1 Pl 2= A (3.2.29)
M| +1
as desired.

& Definition 3.2.6

(limits at infinity) Let f: D — R, where D is not bounded above. We write

lim f(z)=¢ (3-2-30)
if for every e > 0, there exists ¢ € R such that
|f(z) —¢| <eforall z >c,z € D. (3.2.31)
Let f: D = R, where D is not bounded below. We write
EZEI flz)=1¢ (3.2.32)
if for every € > 0, there exists ¢ € R such that
|[f(z) — ¢ <eforall z<ec,z€D. (3.2.33)
We can also define
1i_>m f(z) = 400 and 1_ig_n f(z) = Fo00 (3.2.34)

in a similar way.

v/ Example 3.2.8

We prove form the definition that

3x24+z 3

Jm T =% (3.2.35)
Solution
The approach is similar to that for sequences, with the difference that = need not be an integer.
Let € > 0. We want to indentify ¢ so that
?2’22 j:“'l” - %‘ <e, (3.2.36)
forall z < c.
Now. v 3 +z E‘ _ =3 .
U 22241 2] 2(2w2+1)

Therefore, simplifying, 3.5 is equivalent to
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1 2(222+1)

<
€ |2z — 3|

. . . 4z2? 2(2z2+1
We first restrict z to be less than 0, so |2z — 3| > 3. Then, since =< ( )

equivalently 1/3/(4¢) < |z|. We set ¢ < min{0, —/3/(4¢)}. Then, if z < ¢, we have

and, hence,

22 +1 2| <e

2(22% +1)

322+ 3‘ |2z — 3|

Exercise 3.2.1

Find the following limits:

. 3z2—2z+5
a.limgy g ————,

B
244+ 3

b. limg,_3 79

Answer

Add texts here. Do not delete this text first.

Exercise 3.2.2

Let f: D — R and let z is a limit point of D. Prove that if lim,,; f(z) exists, then

lim [(z)]" = [lim f(:z:)] © e cm o 21

TT

Answer

Add texts here. Do not delete this text first.

Exercise 3.2.3

Find the following limits:

-1
a. limg_y; \/E—,
2 —1
. ™ —1
b. lim; ,; ———, where m,n €N,
" —1
T —
C. lim;, 4 where m,n € Nym,n > 2,
T W _ 1 ) ’
_ 3
d. lim, ,, Y= V%
z—1
Answer

Add texts here. Do not delete this text first.

Find the following limits:

a. lim,_,o0 (\3/933 +3z2 —Vz2 + 1).
b. limg oo (\”/:03 + 322 — /22 + 1).

Answer

Add texts here. Do not delete this text first.

3 2z — 3]
3/(4e) < —z = |z|. Thus, 1/e <

(3.2.37)

, 3.6 will be guaranteed if 1/¢ < 4x2/3 or

2 (222 +1)
|2z — 3|

(3.2.38)

(3.2.39)
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Exercise 3.2.5

Let f: D — R and let Z be a limit point of D. Suppose that
|f() — f(W)| < klz — ] for all z,y € D\{z}, (3.2.40)

where k > 0 is a constant. Prove that lim,_,z f(z) exists.

Answer

Add texts here. Do not delete this text first.

Exercise 3.2.6

Determine the one-sided limits lim, ,3+[z] and lim;_,3-[x], where [z] denotes the greatest integer that is less than or equal to .

Answer

Add texts here. Do not delete this text first.

Find each of the following limits if they exist:

. z+1
d. ].lmz_>1+ o
z—1

b. lim,_,o+ |2% sin(1/z)|.

C. lim, ;3 (z — [2]).

Answer

Add texts here. Do not delete this text first.

Exercise 3.2.8

For a € R, let f be the function given by

z2 ifz>1;
= ? ’ 241
f(@) { ax—1, ifz<1. © )

Find the value of a such that lim,_,; f(z) exists.

Answer

Add texts here. Do not delete this text first.

Exercise 3.2.9

Determine all values of Z such that the limit lim,,z(1 + = — [z]) exists.

Answer

Add texts here. Do not delete this text first.

Exercise 3.2.10

Let a,b € R and suppose f : (a,b) — R is increasing. Prove the following.

a. If f is bounded above, then lim,_,;- f(x) exists and is a real number.

b. If f is not bounded above, then lim,_,;- f(z) = co.
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State and prove analogous reasults in case f is bounded below and in case that the domain of f is one of (—oo,b), (a, o), or

(—o00, 00).

Answer

Add texts here. Do not delete this text first.

This page titled 3.2: Limit Theorems is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,

Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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3.3: Continuity

& Definition 3.3.1; Continuous

Let D be a nonempty subset of R and let f : D — R be a function. The function f is said to be continuous at zo € D if for any
real number € > 0, there exists 6 > 0 such that if 2 € D and |z — %o| < 4, then

|f(z) — f (zo)| <e. (3.3.1)

If 7 is continuous at every point z € D, we say that f is continuous on D (or just continuous if no confusion occurs).

f(x) + € .
f(z)
J(xo)
Hxg) —€ -
. - =
To—0 T go+§
Figure 3.1: Definition of Continuity.
v/ Example 3.3.1
Let f: R — R be given by f(x) = 3z + 7.
Solution
Let 2o € R and let € > 0. Choose § = £/3. Then if |z — z¢| < 8, we have
|[f(z) — f(zo)| =132+ 7— (Bzo+7)| =3 (z—z0)| =3 |z —z0| <36 =¢. (3.3.2)

This shows that f is continuous at xo.

X Remark 3.3.1

Note that the above definition of continuity does not mention limits. This allows to include in the definition, points z, € D
which are not limit points of D. If z, is an isolated point of D, then there is § > 0 such that B (zo;8) N D = {zo}. It follows that

for z € B(xo;0) N D, |f(z) — f (x0)] =0 < e for any epsilon. Therefore, every function is continuous at an isolated point of its
domain.

To study continuity at limit points of D, we have the following theorem which follows directly from the definitions of continuity
and limit.

& Theorem 3.3.2

Let f: D — R and let 2y € D be a limit point of D. Then f is continuous at z, if and only if

lim f(z) = f(zo). (3.3.3)

=T

Proof
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l Add proof here and it will automatically be hidden

v/ Example 3.3.2

Let f: R — R be given by f(z) = 322 — 2z + 1.
Solution

Fix zy € R. Since, from the results of the previous theorem, we have

. s 2 _ 2 _
zllglo flz) = Ilgrzl0 (32 — 23+ 1) = 33§ — 2z0 + 1 = f(x0)

it follows that f is continuous at .

The following theorem follows directly from the definition of continuity, Theorem 3.1.2 and Theorem 3.3.2 and we leave its proof
as an exercise.

& Theorem 3.3.3

Let f: D — R and let 29 € D. Then f is continuous at £0 if and only if for any sequence {z;} in D that converges to x,, the
sequence {f (zr)} converges to f (zo).

Proof

Add proof here and it will automatically be hidden

The proofs of the next two theorems are straightforward using Theorem 3.3.3.

& Theorem 3.3.4

Let f,9: D — R and let o € D. Suppose f and g are continuous at zo. Then

a. f+ g and fg are continuous at z0.
b. c¢f is continuous at zy for any constant c.
c. If g(zo) # 0, then é (defined on D = {z € D : g(z) # 0}) is continuous at z.

Proof

We prove (a) and leave the other parts as an exercise. We will use Theorem 3.3.3. Let {z;} be a sequence in D that
converges to z,. Since f and g are continuous at z, by Theorem 3.3.3 we obtain that {f(zx)} converges to f(zo) and
{g(zx)} converges to g (zq). By Theorem 2.2.1 (a), we get that {f (zx) + g (zx)} converges to f (zo) + g (o). Therefore,

Jlim (f +g) (@x) = lim f(2x) + g (2r) = f (0) + g (20) = (f + 9) (0) - (3.34)

Since {z;} was arbitrary, using Theorem 3.3.3 again we conclude f + g is continuous at zy. O

& Theorem 3.3.5

Let f: D - R and let g: E — R with f(D) C E. If f is continuous at zo ang g is continuous at f (o), then g o f is continuous at

Zo.

Proof

Add proof here and it will automatically be hidden
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Exercise 3.3.1

Prove, using definition 3.3.1, that each of the following functions is continuous on the given domain:

a. f(z) = az +b,a,bER, on R.
b. f(z) =z —3 on R.

c. f(z) = v/ on [0, 00).

d. f(z) = 1 on R\{0}.

Exercise 3.3.2

Determine the values of = at which each function is continuous. The domain of all the functions is R.

|$22 |, if z # 0
d. = z
f(@) 1, s = 1L
sinz’ if 0;
bofwy={ H o7
1, ifz=0.
zsinl, ifz#0;
c flz) = zR ’
1) 0, ifz=0.
d. f(z) = cos BF, if |z| < 1;

|z —1|, if|z|>1.
e. f(z) = lim, 0 sin W, reR.

Exercise 3.3.3

Let f: R — R be the function given by

2 +4a, ifz>2;
= ’ ’ 3.3.5
f(=) { ax—1, ifz<2. ( )

Find the value of a such that f is continuous

Exercise 3.3.4

Let f: D — R and let o € D. Prove that if f is continuous at =, then |f| is continuous at this point. Is the converse true in
general

Prove Theorem 3.3.3. (Hint: treat separately the cases when z, is a limit point D and when it is not.

Exercise 3.3.6

Prove parts (b) and (c) of Theorem 3.3.4

Prove Theorem 3.3.5

Exercise 3.3.8

Explore the continuity of the function f in each case below.

a. Let g,k : [0,1] = R be continuous functions and define

f(m) — { g(w), ifzeQn [Oa 1];

h(z), ifzeQ°NnJo,1]. (3.3.6)

Prove that if g(a) = h(a), for some a € [0,1], then f is continuous at a.
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b. Let f:[0,1] — R be the function given by

[ = ifzeQn[o,1];
f(z) = { 1—-z, ifzeQen[o,1]. (1)
Find all the points on [0, 1] at which the function is continuous
Exercise 3.3.9
Consider the Thomae function on (0, 1] by
Ha) = %, ifzx= %,p, q € N, where p and ¢ have no common factors; (3.35)
0, if z is irrational.
a. Prove that for every € > 0, the set
A.={z€(0,1]: f(z) > €} (3.3.9)

is finite.
b. Prove that f is continuous at every irrational point, and discontinuous at every rational point.

Answer

Add texts here. Do not delete this text first.

Exercise 3.3.10

Consider k distinct points 1, z3,...,zx € R, k > 1. Find a function defined on R that is continuous at each z;, i =1, ..., k, and
discontinuous at all other points.

Answer

Add texts here. Do not delete this text first.

Exercise 3.3.11

Suppose that £, g are continuous functions on R and f(z) = g(z) for all z € Q. Prove that f(z) = g(z) for allz € R.

Answer

Add texts here. Do not delete this text first.

This page titled 3.3: Continuity is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) .
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3.4: Properties of Continuous Functions

Recall from Definition 2.6.3 that a subset A of R is compact if and only if every sequence {a,} in A has a subsequence {a,,} that

converges to a point a € A.

& Theorem 3.4.1

Let D be a nonempty compact subset of R and let f : D — R be a continuous function. Then fD is a compact subset of R. In
particular, f(D) is closed and bounded.

Proof

Take any sequence {y,} in f(D). Then for each n, there exists a,, € D such that y, = f(a,). Since D is compact, there exists
a subsequence {ay,} of {a,} and a point a € D such that

lim agn, =a € D. (3.4.1)
k—o0
It now follows from Theorem 3.3.3 that
lim g, = lim f (an,) = f(a) € F(D). (342)
—00 k—o00

Therefore, f(D) is compact.

The final conclusion follows from Theorem 2.6.5 0

& Definitions 3.4.1: Absolute Minimum and Absolute Maximum

We say that the function f: D — R has an absolute minimum at z € D if
f(x) = f(Z) for every z € D. (3.4.3)
Similarly, we say that f has an absolute maximum at z if

f(z) < f(Z) for every xz € D. (3.4.4)

Figure 3.2: Absolute maximum and absolute minimum of f on [a, ].

& Theorem 3.4.2: Extreme Value Theorem

Suppose f: D — R is continuous and D is a compact set. Then f has an absolute minimum and an asolute maximum on D.

Proof
Since D is compact, A = f(D) is closed and bounded (see Theorem 2.6.5). Let

m=infA = igg f(). (3.4.5)
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In particular, m € R. For every n € N, there exists a,, € A such that
m<a, <m+1/n. (3.4.6)
For each =, since a, € A = f(D), there exists z, € D such that a,, = f (z,,) and, hence,
m< f(z,) <m+1/n. (34.7)
By the compactness of D, there exists an element Z € D and a subsequence {z,,} that converges to £ € D as k — .
Because

m < f(zg) <m+ ni for every k (3.4.8)
k

by the squeeze theorem (Theorem 2.1.6) we conclude limg,q f (z5,) =m. On the other hand, by continuity we have
limg—so0 f (zn,) = f(Z). We conclude that f(Z) =m < f(z) for every z € D. Thus, f has an absolute minimum at z. The proof
is similar for the case of absolute maximum. o

X Remark 3.4.3

The proof of Theorem 3.4.2 can be shortened by applying Theorem 2.6.4. However, we have provided a direct proof instead.

& Corollary 3.4.4

If f : [a,b] — R is continuous, then it has an absolute minimum and an absolute maximum on [a, b].

Proof

Add proof here and it will automatically be hidden

Corollary 3.4.4 is sometimes referred to as the Extreme Value Theorem. It follows immediately from Theorem 3.4.2, and the fact
that the interval [a, b] is compact (see Example 2.6.4).

The following result is a basic property of continuous functions that is used in a variety of situations.

& Lemma3.4.5

Let f: D — R be continuous at ¢ € D. Suppose f(c) > 0. Then there exists § > 0 such that
f(z) > 0 for every z € B(c;6) N D. (3.4.9)
Proof
Let ¢ = f(c) > 0. By the continuity of f at ¢, ther exists § > 0 such that z € D and |z — ¢| < 4, then

|f(@) — f(e)l <e.

This implies, in particular, that f(z) > f(c) —e =0 for every z € B(c;6) N .D. The proof is now complete. O

X Remark 3.4.6

An analogous result holds if f(c) < 0.

& Theorem 3.4.7

Let f: [a,b] — R be a continuous function. Suppose f(a) - f(b) < 0 (this means either f(a) <0 < f(b) or f(a) > 0 > f(b)). Then
there exists ¢ € (a, b) such that f(c) = 0.

Proof
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We prove only the case f(a) < 0 < f(b) (the case f(a) >0 > f(b) is completely analogous). Define
A={z €a,b]: f(x) <0} (3.4.10)

This set is nonempty since a € A. This set is also bounded since A C [a,b]. Therefore, ¢ = sup A exists and a < ¢ <b. We are
going to prove that f(c) = 0 by showing that f(c) < 0 and f(c) > 0 lead to contradictions.

Suppose f(c) < 0. Then there exists § > 0 such that
f(z) <0 for all z € B(c;d) N [a, b)]. (3.4.11)

Because ¢ < b (since f(b) > 0), we can find s € (¢, d) such that f(s) < 0 (indeed s = min{c + §/2, (¢ + b)/2} will do). This is a
contradiction because s € A and s > c.

Suppose f(c) > 0. Then there exists § > 0 such that
f(z) > 0 for all z € B(c;d) N [a, b]. (3.4.12)

Since a < ¢ (because f(a) < 0), there exists ¢ € (a,c) such that f(z) > 0 for all z € (¢, ¢) (in fact, t = max{ec — §/2, (a + ¢)/2}
will do). On the other hand, since ¢ < ¢ = sup 4, there exists t' € A with ¢t <#’ < c. But then t < ¢’ and £ (¢') < 0. This is a
contradiction. We conclude that f(¢) =0. O

& Theorem 3.4.8 - Intermediate Value Theorem.

Let f: [a,b] — R be a continuous function. Suppose f(a) < v < f(b). Then there exists a number ¢ € (a, b) such that f(c) = 1.

The same conclusion follows if f(a) > v > f(b)-

fb)
v

fla)

Figure 3.3: Illustration of the Intermediate Value Theorem.

Proof
Define
o(@) = f(z) — 7,2 € [a,b]. (3.4.13)
Then ¢ is continuous on [, 5. Moreover,
p(a)p(b) = [f(a) —[f(b) =] <O (34.14)

By Theorem 3.4.7, there exists ¢ € (a,b) such that ¢(c) = 0. This is equivalent to f(c) = «. The proof is now complete. O

& Corollary 3.4.9

Let f: [a,b] — R be a continuous function. Let

m = min{f(z) : z € [a,b]} and M = max{f(z) : = € [a,b]}. (3.4.15)

Then for every « € [m, M], there exists ¢ € [a, b] such that f(c) = 1.

Proof
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l Add proof here and it will automatically be hidden

v/ Example 3.4.1

We will use the Intermediate Value Theorem to prove that the equation e® = —z has at least one real solution. We will assume
known that the exponential function is continuous on R and that e* < 1 for z < 0.

Solution

First define the function f : R — R by f(z) = e® + z. Notice that the given equation has a solution z if and only if f(z) =0.
Now, the function f is continuous (as the sum of continuous functions). Moreover, note that f(—1) =e™ +(-1) <1 —-1=0
and f(0) =1 > 0. We can now apply the Intermediate Value Theorem to the function f on the interval [—1,0] with y =0 to
conclude that there is ¢ € [-1, 0] such that f(c) = 0. The point ¢ is the desired solution to the original equation.

v Example 3.4.2

We show now that, given n € N, every positive real number has a positive n-th root.
Solution

Letn € N and let a € R with a > 0. First observe that (1+a)" > 1 +na > a (see Exercise 1.3.7). Now consider the function f
: [0,00) = R given by f(z) = 2™. Since f(0) =0 and f(1 + a) > a, it follows from the Intermediate Value Theorem that there is z
€ (0,1+ a) such that f(z) = a. That is, " = a, as desired. (We show later in Example 4.3.1 that such an z is unique.)

We present below a second proof of Theorem 3.4.8 that does not depend on Theorem 3.4.7, but, instead, relies on the Nested
Intervals Theorem (Theorem 2.3.3).

X Second Proof of Theorem 3.4.8:

We construct a sequence of nested intervals as follows. Set a; = a, by = b, and let I = [a,b]. Let ¢; = (a+b)/2. If f(c1) =17, we
are done. Otherwise, either

f(e1))>v or .

Fler) < (3.4.16)

In the first case, set ap = a; and b = c¢;. In the second case, set a; = ¢; and by = b;. Now set I, = [aq, bo]. Note that in either
case,

fla2) <y < f(b). (3.4.17)
Set ¢, = (ag + bs) /2. If f(c2) = v, again we are done. Otherwise, either

fle) >y or

Flon) < (3.4.18)

In the first case, set a3 = ag and b3 = cy. In the second case, set ag = ¢; and bs = by. Now set I3 = [ag, bs]. Note that in either
case,

flas) <v<f(bs). (3.4.19)

Proceeding in this way, either we find some c,, such that f(c,,) =< and, hence, the proof is complete, or we construct a
sequence of closed bounded intervals {I,,} with I,, = [a,, b,,] such that for all p,

i In ) In+1,
ii. by —a, = (b—a)/2"*, and
iii. f(an) <7y < f(bn).
In this case, we proceed as follows. Condition (ii) implies that lim,_ (b, —a,) =0. By the Nested Intervals Theorem
(Theorem 2.3.3, part(b)), there exists ¢ € [a,b] such that (32, I, = {c}. Moreover, as we see from the proof of that theorem, a,
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— cand b, = cas n = oo.

By the continuity of f, we get

lim, o f (an) = f(¢) and

3.4.20
limg, o0 f (bn) = f(c) ( )
Since f(an) < 7y < f (by) for all n, condition (iii) above and Theorem 2.1.5 give
SO <y and
3.4.21
762 (G421

It follows that f(c) = +. Note that, since f(a) < v < f(b), then c € (a, b). The proof is now complete. 0

Now we are going to discus the continuity of the inverse function. For a function f : D — E, where E is a subset of R, we can
define the new function f: D — R by the same function notation. The function f : D — E is said to be continuous at a point z € D if
the corresponding function f: D — R is continuous at z.

& Theorem 3.4.10

Let f : [a,b] — R be strictly increasing and continuous on [a, b]. Let ¢ = f(a) and d = f(b). Then f is one-to-one, f([a,b]) = [c, d],
and the inverse function f~! defined on [c, d] by

I Y(f(z)) = = where z € [a, 8], (3.4.22)
is a continuous function from [e, d] onto [a, b].
Proof

The first two assertions follow from the monotonicity of f and the Intermediate Value Theorem (see also Corollary 3.4.9).
We will prove that £~ is continuous on [, d]. Fix any § € [¢,d] and fix any sequence {yx} in [c, d] that converges to 7. Let Z
€ [a,b] and z} € [a,b] be such that

f(z) = g and f (zx) = yx for every k. (3.4.23)

Then f~(y) =z and ! (yx) = z for every k. Suppose by contradiction that {zx} does not converge to Z. Then there exists
€0 > 0 and a subsequence {zg,} of {zx} such that

|zk, — Z| > € for every £. (3.4.24)

Since the sequence {z,} is bounded, it has a further subsequence that converges to zo € [a,b]. To simplify the notation, we
will again call the new subsequence {z,}. Taking limits in (3.7), we get
|CIIO = £77| >¢e0>0. (3.4.25)

On the other hand, by the continuity of f, {f (xx,)} converges to f(zo). Since f(zx,) =yr, — 7 as £ — oo, it follows that
f (zo) = g = f(z). This implies ¢ = Z, which contradicts (3.8). O

X Remark 3.4.(11)

A similar result holds if the domain of f is the open interval (a,b) with some additional considerations. If f : (a,b) — R is
increasing and bounded, followin the argument in Theorem 3.2.4 we can show that both lim;_,,+ f(z) = ¢ and lim,_;- f(z) =d
exist in R (see Exercise 3.2.10). Using the Intermediate Value Theorem we obtain that f((a, b)) = (¢,d). We can now proceed as
in the previous theorem to show that f has a continuous inverse from (c,d) to (a,b).

If : (a,b) — R is increasing, continuous, bounded below, but not bounded above, then lim, .+ f(z) = ¢ € R, but lim, ;- f(z) = oo
(again see Exercise 3.2.10). In this case we can show using the Intermediate Value Theorem that f((a,b)) = (c,c0) and we can
proceed as above to prove that f has a continuous inverse from (c, co) to (a, b).
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The other possibilities lead to similar results.

A similar theorem can be proved for strictly decreasing functions.

Exercise 3.4.1

Let f: D — R be continuous at ¢ € D and let 4 € R. Suppose f(c) > 4. Prove that there exists § > 0 such that

f(z) > 4 for every z € B(c;6) N D. (3.4.26)

Answer

Add texts here. Do not delete this text first.

Exercise 3.4.2

Let f,g be continuous functions on [a, b]. Suppose f(a) < g(a) and f(b) > g(b). Prove that there exists z, € (a,b) such that f(zo)
= g(=o).

Exercise 3.4.3

Prove that the equation cosz = z has at least one solution in R. (Assume known that the function cos z is continuous.

Exercise 3.4.4

Prove that the equation 2 — 2 = cos(z + 1) has at least two real solutions. (Assume known that the function cos z is continuous.)

Exercise 3.4.5

Let f: [a,b] — [a,}] be a continuous function.

a. Prove that the equation f(z) = = has a solution on |a, b].
b. Suppose further that

|f(z) — f@)| < |z —y| for all 2,y € [a,b], # y. (3.4.27)

Prove that the equation f(z) = z has a unique solution on [a, 3]

Exercise 3.4.6

Let f be a continuous function on [a, ] and z1, zs, ... , z, € [a,b]. Prove that there exists ¢ € [a, b] with

\[f(c)=\frac{f\left(x_{1}\right)+f\left(x_{2}\right)+\cdots Aleft(x_{n}\right)}{n}.\

Exercise 3.4.7

Suppose f is a continuous function on R such that |f(z)| < |z| for all z # 0.

a. Prove that f(0) = 0.
b. Given two positive numbers a and b with a < b, prove that there exists £ € [0,1) such that

| ()] < €|z| for all z € [a, b]. (3.4.28)

Exercise 3.4.8

Let f,g:[0,1] — [0, 1] be continuous functions such that

flg(x)) = g(f(z)) for all z € [0, 1].

Suppose further that f is monotone. Prove that there exists o € [0, 1] such that

f (z0) = g(x0) = zo.
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3.5: Uniform Continuity

We discuss here a stronger notion of continuity.

# Definition 3.5.1: Uniformly Continuous

Let D be a nonempty subset of R. A function f: D — R is called uniformly continuous on D if for any £ > 0, there exists § > 0
such that if u,v € D and |u —v| < 4, then

[f(w) — f(v)| <e. (3.5.1)

v/ Example 3.5.1

Any constant function f : D — R, is uniformly continuous on its domain.
Solution

Indeed, given € > 0, |f(u) — f(v)| = 0 < e for all u,v € D regardless of the choice of 6.

The following result is straightforward from the definition.

& Theorem 3.5.1

If f : D — R is uniformly continuous on D, then f is continuous at every point o € D.

v/ Example 3.5.2

Let f: R — R be given by f(z) = 7Tz — 2. We will show that f is uniformly continuous on R.
Solution
Let ¢ > 0 and choose § = ¢/7. Then, if u,v € R and |u — v| < §, we have

|7 (w) = f@)| =Tu =2 = (Tv=2)| = |[T(u—v)| = Tlu—v| <Té=¢

v Example 3.5.3
Let f:[—3,2] — R be given by f(z) = 2. This function is uniformly continuous on [—3, 2].
Solution

Let ¢ > 0. First observe that for u,v € [—3,2] we have |u +v| < |u| + |v| £ 6. Now set § = /6. Then, for u,v € [-3,2] satisfying
|u —v| <6, we have

|f(w) — f()| = |u? —v?| = Jlu—v|fu+v| < 6lu—v| <66 =c¢.

v Example 3.5.4

_a?
z2+1

Let f: R — R be given by f(z) = . We will show that f is uniformly continuous on R.

Solution

Let € > 0. We observe first that
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w2 (0 +1) - (¥’ +1)
w1 il T T iy
- lu—vllutol o Ju—vf(ful +[v))
(w24+1)(v2+1) = (u2+1)(v2+1)
[u— o] ((u? +1) + (2 +1))
(w2 +1)(v2+1)

1 1
<|u—v (—v2+1 + 1

) < 2|u_v|7

(where we used that |z| < z2 + 1 for all z € R, which can be easily seen by considering separately the cases |z| < 1 and |z| > 1).
Now set § = /2. In view of the previous calculation, given u,v € R satisfying |u— v| < § we have

u v?
u2+1 241

|f(u) — f(v)| =

‘S2|u—v| <2 =e.

# Definition 3.5.2: Holder Continuity

Let D be a nonempty subset of R. A function f : D — R is said to be Hélder continuous if there are constants £ >0 and @ >0
such that

|f(w) — f(v)| < £lu—v|* for every u,v € D. (3.5.2)

The number « is called Hélder exponent of the function. If & = 1, then the function f is called Lipschitz continuous.

& Theorem 3.5.2

If a function f: D — R is Holder continuous, then it is uniformly continuous.

Proof

Since f is H6lder conitnuous, there are constants ¢ > 0 and o > 0 such that
|f(u) — F(v)| < £|lu— v|* for every u,v € D.

If £ =0, then f is constant and, thus, uniformly continuous. Suppose next that £ > 0. For any £ > 0, let § = (%)l/ . Then,
whenever u, v € D, with |u — | < § we have

|f(u) — f(0)| < llu—v|* < 6% =¢.

The proof is now complete. O

v/ Example 3.5.5

1. Let D = [a, o), where a > 0.(2) Let D = [0, c0).
Solution

1. Then the function f(z) = v/z is Lipschitz continuous on D and, hence, uniformly continuous on this set. Indeed, for any , v
€ D, we have

|u — |

1
Vitvs - 2va

|f(w) — f@)| = [Vu— V| = lu—vl, (3.5.3)

which shows f is Lipschitz with £ = 1/(2v/a).
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Figure 3.4: The square root function.

2. Then f is not Lipschitz continuous on D, but it is Hélder continuous on D and, hence, f is also uniformly continuous on this
set.

Indeed, suppose by contradiction that f is Lipschitz continuous on D. Then there exists a constant £ > 0 such htat

|f(w) — f(v)| = |vVu — V| < £Ju — v| for every u,v € D. (3.5.4)
Thus, for every n € N, we have
1 1
— —0 SK‘——O|. 3.5.5
==l (359
This implies
Vn < £orn< £ for every n € N. (3.5.6)

This is a contradiction. Therefore, f is not Lipschitz continuous on D.

Let us show that f is Hélder continuous on D. We are going to prove that
|f(u) — F(v)| < |u—v]|'/? for every u,v € D. (3.5.7)
The inequality in (3.9) holds obviously for « = v = 0. For 4 > 0 or » > 0, we have

|f(w) — ()| = [Vu— V7|

u—v

=4/lu— f'l u+ 7o - (3.5.8)
< VIul+v] o
= VitV

=4/|u—v

Note that one can justify that inequality

Vul + vl
m <1 (3.5.9)

by squaring both sides since they are both positive. Thus, (3.9) is satisfied.

While every uniformly continuous function on a set D is also continuous at each point of D, the converse is not true in general. The
following example illustrates this point.

v/ Example 3.5.6

Let £:(0,1) — R be given by

f(z) = % (3.5.10)
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Figure 3.5: Continuous but not uniformly continuous on (0, oc).
Solution

We already know that this function is continuous at every z € (0,1). We will show that f is not uniformly continuous on (0, 1).
Let e =2and 6 > 0. Set §o = min{d/2,1/4}, = §, and y = 28. Then z,y € (0,1) and |z — y| = & < J, but

y—x|_ o
xy 262

1£(z) — f3)| = - |% >2=e. (3.5.11)

L
x Y -

This shows f is not uniformly continuous on (0, 1).

The following theorem offers a sequential characterization of uniform continuity analogous to that in Theorem 3.3.3.

& Theorem 3.5.3

Let D be a nonempty subset of R and f : D — R. Then f is uniformly continuous on D if and only if the following condition
holds

(C) for every two sequences {u,}, {v,} in D such that lim,_, (u, —v,) =0, it follows that lim,_, (f (us) — f (vs)) = 0.

Proof

Suppose first that f is uniformly continuous and let {u,}, {v.} be sequences in D such that limy,_,c (un, —vs) = 0. Let & > 0.
Choose 6 > 0 such that |f(u) — f(v)| < e whenever u,v € D and |u —v| < §. Let N € N be such that |u, — v,| < é for n > N.
For such n, we have |f (u,) — f (vs)| < e. This shows limy, e (f (un) — f (vs)) = 0.

To prove the converse, assume condition (C) holds and suppose, by way of contradiction, that f is not uniformly
continuous. Then there exists ¢y > 0 such that for any é§ > 0, there exists u,» € D with

|lu—v| < & and |f(u) — f(v)| = eo. (3.5.12)
Thus, for every n € N, there exist uy,, v, € D with
|un —vg| < 1/n and |f (ug) — f (va)| = e0- (3.5.13)

It follows that for such sequences, lim, o (ur, — vn) =0, but {f (u,) — f (vs)} does not converge to zero, which contradicts
the assumption. O
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Using this theorem, we can give an easier proof that the function in Example 3.5.6 is not uniformly continuous.
Solution

Consider the two sequences u,, = 1/(n+ 1) and v, = 1/n for all n > 2. Then clearly, lim, o, (un, —v,) = 0, but

Tm (f (un) — £ (va) = lim (I/(n—l-i-l) _ 1/%1) —lm(n+l-n)=140 (3.5.14)

The following theorem shows one important case in which continuity implies uniform continuity.

& Theorem 3.5.4

Let f: D — R be a continuous function. Suppose D is compact. Then f is uniformly continuous on D.

Proof

Suppose by contradition that f is not uniformly continuous on D. Then there exists gy > 0 such that for any § > 0, there

exists u,v € D with
|lu—v| < & and |f(u) — f(v)| > eo- (3.5.15)
Thus, for every n € N, there exists u,, v, € D with
|n — vn| < 1/n and |f (un) — f(vn)| = €o- (3.5.16)

Since D is compact, there exist up € D and a subsequence {uy,} of {u,} such that

U, —> Up a8 kK — 00. (3.5.17)
Then
1
Un, — Un,| < - (3.5.18)
for all £ and, hence, we also have
Un, —> Up as k — 0o. (3.5.19)
By the continuity of f,
f (un,) = f(uo) and f (vn,) = f(uo)- (3-5.20)

Therefore, f converges to zero, which is a contradiction. The proof is now complete.

We now prove a result that characterizes uniform continuity on open bounded intervals. We first make the observation that if f : D
— R is uniformly continuous on D and A C D, then f is uniformly continuous on A. More precisely, the restriction fj4 : A > R is
uniformly continuous on A (see Section 1.2 for the notation). This follows by noting that if | f(u) — f(v)| < e whenever u,v € D with
|u —v| < 4, then we also have |f(u) — f(v)| < e when we restrict u,v to be in A.

& Theorem 3.5.5

Let a,b €R and a <b. A function f : (a,b) — R is uniformly continuous if and only if f can be extended to a continuous
function f : [a, 5] — R (that is, there is a continuous function f : [a,5] — R such that f = f,3)).

Proof

Suppose first that there exists a continuous function f : [a,5] — R such that f = fi,. By Theorem 3.5.4, the function f is
uniformly continuous on [a, b]. Therefore, it follows from our early observation that f is uniformly continuous on (a, b).
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For the converse, suppose f : (a,b) — R is uniformly continuous. We will show first that lim, .+ f(z) exists. Note that the
one sided limit corresponds to the limit in Theorem 3.2.2. We will check that the € — § condition of Theorem 3.2.2 holds.

Let ¢ > 0. Choose &y > 0 so that |f(u) — f(v)| < e whenever u,v € (a,b) and |u —v| < &. Set § = §y/2. Then, if u,v € (a,b), |u
—al| < §, and |[v— a| < § we have

lu—v|<|u—a|l+a—v|<d+d=10p (3.5.21)
and, hence, |f(u) — f(v)| < e. We can now invoke Theorem 3.2.2 to conclude lim,_,,+ f(z) exists. In a similar way we can

show that lim,_y;- f(z) exists. Now define, § : [a,b] = R by

f(=), if z € (a,b);
f@) =< limg o+ f(z), ifz=gq; (3.5.22)
lim, - f(z), ifz=0b.

By its definition i, = f and, so, tildef is continuous at every z € (a,b). Moreover, lim,_,q+ f(z) = lim, o+ f(z) = f(a) and
lim, s f(z) = lim, 3 f(z) = f(b), so f is also continuous at a and b by Theorem 3.3.2. Thus f is the desired continuous
extension of f. O

Prove that each of the following functions is uniformly continuous on the given domain:
a. f(z) =az +b,a,b € R, ONR.
b. f(z) = 1/z on [a, 00), where a > 0.

Answer

Add texts here. Do not delete this text first.

Exercise 3.5.2

Prove that each of the following functions is not uniformly continuous on the given domain:
a. f(r) =z? onR.
b. f(z) =sin L on (0,1).
c. f(z) =1In(z) on (0,00).

Answer

Add texts here. Do not delete this text first.

Exercise 3.5.3

Determine which of the following functions are uniformly continuous on the given domains.

a. f(z) =zsin (1) on (0,1).
b. f

Answer

Add texts here. Do not delete this text first.
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Exercise 3.5.4

Let D C R and k € R. Prove that if f,g : D = R are uniformly continuous on D, then f + g and kf are uniformly continuous on
D.
Answer

Add texts here. Do not delete this text first.

Exercise 3.5.5

Give an example of a subset D of R and uniformly continuous functions f,g: D — R such that fg is not uniformly continuous
on D.
Answer

Add texts here. Do not delete this text first.

Exercise 3.5.6

Let D be a nonempty subset of R and let f : D — R. Suppose that f is uniformly continuous on D. Prove that if {z,} is a cauchy
sequence with z,, € D for every n € N, then {f (z,)} is also a Caucy sequence.

Answer

Add texts here. Do not delete this text first.

Exercise 3.5.7

Leta,beR and let f: (a,b) » R.

a. Prove that if f is uniformly continuous, then f is bounded.

b. Prove that if fis continuous, bounded, and monotone, then it is uniformly continuous.
Answer

Add texts here. Do not delete this text first.

Exercise 3.5.8

Let f be a continuous function on [a, c0). Suppose

lim f(z) =c. (3.5.23)

Z—00

a. Prove that f is bounded on [, c0).
b. Prove that f is uniformly continuous on [a, 00).
c. Suppose further that ¢ > f(a). Prove that there exists ¢ € [a, 00) such that

f (zo) = inf{f(z) : € [a,00)}. (3.5.24)

Answer

Add texts here. Do not delete this text first.

This page titled 3.5: Uniform Continuity is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,

Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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3.6: Limit Superior and Limit Inferior of Functions

We extend to functions and concepts of limit superior and limit inferior.

& Definition 3.6.1

Let f: E — R and let Z be a limit point of D. Recall that
By(z;0) = B_(%;0) U B4 (Z;6) = (Z —6,Z) U (T, T + 0).- (3.6.1)
The limit superior of the function f at Z is defnied by

limsup f(z) = gg.f sup f(z). (3.6.2)

TT 0 zeBy(%;6)nD
Similarly, the limit inferior of the function f at Z is defineid by

h?i) 1inf flz) = il)lg) zEBol(ni;ic; - f(z). (3.6.3)

Consider the extended real-valued function g: (0, 00) = (—o0, o0] defined by

9(@)= sup f(z) (3.6.4)
z€B(;6)ND
It is clear that g is increasing and
limsup f(z) = inf g(6). (3.6.5)
T >0

We say that the function f is locally bounded above around z if there exists § > 0 and M > 0 such that
f(z) < M for all z € B(z;6) N D. (3.6.6)

Clearly, if f is locally bounded above around z, then limsup,_,; f(z) is a real number, while limsup,_,, f(z) = co in the other case.
Similar discussion applies for the limit inferior.

& Theorem 3.6.1

Let f: D — R and let Z be a limit point of D. Then £ = limsup,_,; f(z) if and only if the following two conditions hold:
1. For every e > 0, there exists § > 0 such that
f(z) < £+¢ for all z € By(Z;9) N D; (3.6.7)
2. For every ¢ > 0 and for every § > 0, there exists x5 € By(Z; ) N D such that
L—e< f(z5) (3.6.8)
Proof
Suppose £ = limsup,_,; f(z). Then

L= ggg((s), (3.6.9)

where g is defined in (3.10). For any ¢ > 0, there exists § > 0 such that

£<g(6)= sup flz)<l+te. (3.6.10)
z€By(Z;0)ND
Thus,
J(x) < £+ ¢ for all € By(z;0) N D, (3.6.11)

which proves conditions (1). Next note that for any € > 0 and § > 0, we have
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L—e<f<gl)= sup f(z). (3.6.12)
TE€By(Z;0)ND
Thus, there exists z; € By(Z; ) N D with
L—e< f(xs). (3.6.13)

This proves (2).

Let us now prove the converse. Suppose (1) and (2) are satisfied. Fix any & > 0 and let § > 0 satisfy (1). Then

gd)= sup f(z)<l+e. (3.6.14)
z€By(Z;0)ND
This implies
limsup f(z) = infg(d) < £ +e. (3.6.15)
] 6>0
Since ¢ is arbitrary, we get
limsup f(z) < £ (3.6.16)
THT

Again, let e > 0. Given § > 0, let &5 be as in (2). Therefore,

l—e< f(zs) < sup f(z) = g(d). (3.6.17)
z€By(z;0)ND
This implies
£ —e < inf g(d) = limsup f(z). (3.6.18)
>0 THT

It follows that £ < limsup,_,; f(z). Therefore, £ = limsup,_,; f(z). O

& Corollary 3.6.2

Suppose £ = limsup,_,; f(z). Then there exists a sequence {zx} in D such that {zx} converges to Z, zx # % for every k, and
klggo f(zx) =2 (3.6.19)
Moreover, if {y;} is a sequence in D that converges to z, y; # Z for every k, and limy_, f (yx) = £’, then £’ < ¢.
Proof
Let 6; = min {8, % }. Then é;, < §; and limjo0 6, = 0. From (2) of Theorem 3.6.1, there exists z € By (%;6%) N D such that
L—ep < f(zx). (3.6.20)
Moreover, f(zx) < £+ €k by (3.11). Therefore, {4} is a sequence that satisfies the conclusion of the corollary.

Now let {y;} be a sequence in D that converges to Z, yx, #+ # for every k, and lim_ f (yx) = £’. For any ¢ > 0, let § > 0 be as
in (1) of Theorem 3.6.1. Since yx € Bo(Z;d) N D when k is sufficiently large, we have

Fflyp) <L+e (3.6.21)

for such k. This implies £’ < £+ €. It follows that £ < £.o

X Remark 3.6.3

Let f: D — R and let z be a limit point of D. Suppose lim sup,_,; f(z) is a real number. Define
A={lecR:3{z;} C D,z # Z for every k,zy — I, f (xz) = £}. (3.6.22)

Then the previous corollary shows that A # ¢ and limsup,_,; f(z) = max A.
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Let f: D — R and let Z be a limit point of D. Then

limsup f(z) = (3.6.23)

=T

if and only if there exists a sequence {zx} in D such that {z} converges to z, =), # Z for every &, and limj_,o f (zx) = 00.
Proof
Suppose limsup,_,; f(z) = co. Then
ggg(ts) = oo, (3.6.24)

wehre g is the extended real-valued function defined in (3.10). Thus, g(6) = co for every é > 0. Given k € N, for §; = %,
since

g(@0k) = sup f(z)=o0, (3.6.25)
Z€By(Z;0,)ND

there exists zy € By (F;dx) N D such that f(z;) > k. Therefore, limy o f (zx) = co.
Let us prove the converse. Since limy_,,, f (zx) = oo, for every M € R, there exists K € N such that
f(zx) > M for every k > K. (3.6.26)
For any é > 0, we have
zx € By(%;0) N D. (3.6.27)

This implies g(d) = oo, and hence limsup,_,; f(z) = c0. O

& Theorem 3.6.5

Let f: D — R and let z be a limit point of D. Then

lim sup f(z) = —oco (3.6.28)

T

if and only if for any sequence {z;} in D such that {z;} converges to Z, z; # z for every k, it follows that limy_ f (zx) = —cc.
The latter is equivalent to lim,—,z f(z) = —oo.

Following the same arguments, we can prove similar results for inferior limits of functions.

Proof

Add proof here and it will automatically be hidden

< Theorem 3.6.6

Let f: D — R and let z be a limit point of D. Then £ = liminf,_,; f(z) if and only if the following two conditions hold:
1. For every € > 0, there exists § > 0 such that
£—e < f(z) for all x € By(%;9) N D; (3.6.29)
2. For every € > 0 and for every & > 0, there exists z € By(Z; ) N D such that
fl@) <Ll+e (3.6.30)

Proof

Add proof here and it will automatically be hidden
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Suppose £ = liminf,_,; f(z). Then there exists a sequence {zx} in D such that z; converges to z, =3, # Z for every k, and

lim f (z) = £. (3.6.31)
k—o0
Moreover, if {yx} is a sequence in D that converges to z, yx # Z for every k, and limy_,o f (yx) = £/, then £’ > £.

Proof

Add proof here and it will automatically be hidden

X Remark 3.6.8

Let f: D — R and let z be a limit point of D. Suppose lim inf,_,z f(z) is a real number. Define
B={¢eR:3{zx} C D,z # z for every k,zp — Z, f (zx) = £}. (3.6.32)

Then B # ¢ and liminf,_,; f(z) = min B.

& Theorem 3.6.9

Let f: D — R and let Z be a limit point of D. Then
linl)ipff(z) = —00 (3.6.33)
if and only if there exists a sequence {zx} in D such that {zx} converges to Z, zx #  for every k, and limj_,o f (zx) = —00.

Proof

Add proof here and it will automatically be hidden

& Theorem 3.6.10

Let f: D — R and let Z be a limit point of D. Then

linl)ipff(z) = —00 (3.6.34)

if and only if there exists a sequence {z;} in D such that {z}} converges to z, z; # z for every k, it follows limj s f (zx) = co.
The latter is equivalent to lim,—,z f(z) = oo.

Proof

Add proof here and it will automatically be hidden

& Theorem 3.6.11

Let f: D — R and let Z be a limit point of D. Then
lim f(z) = L. (3.6.35)
=T

if and only if

lim sup f(z) = liminf f(z) = £. (3.6.36)
THE T
Proof
Suppose
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lim f(z) = £. (3.6.37)
Then for every & > 0, there exists § > 0 such that
£—¢e < f(z) < L+c¢ for all z € By(z;6) N D. (3.6.38)
Since this also holds for every 0 < 6’ < §, we get
L—e<g(d)<l+e. (3.6.39)
It follows that
—e<i < . 6.
L 5_61,r>1i(;g(6)_l+s (3.6.40)

Therefore, limsup,_,; f(z) = £ since ¢ is arbitrary. The proof for the limit inferior is similar. The converse follows directly
from (1) of Theorem 3.6.1 and Theorem 3.6.6. O

Exercise 3.6.1

Let DCR, f: D— R, and  be a limit point of D. Prove that lim inf,_,; f(z) < limsup,_,; f(z).

Answer

Add texts here. Do not delete this text first.

Exercise 3.6.2

Find each of the following limits:

a. limsup,_,,sin (%)
b. lim inf,_,q sin (%)
Cos T

=,
CoST

d. iminf, o <22,

C. limsup,_,g

Answer

Add texts here. Do not delete this text first.

This page titled 3.6: Limit Superior and Limit Inferior of Functions is shared under a CC BY-NC-SA license and was authored, remixed, and/or
curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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3.7: Lower Semicontinuity and Upper Semicontinuity

The concept of semicontinuity is convenient for the study of maxima and minima of some discontinuous functions.

& Definition 3.7.1

f(Z) —e < f(z) for all z € B(z;6) N D.

f(z) < f(z) + ¢ for all z € B(z;6) N D.

Figure 3.6: Lower semicontinuity.

Figure 3.7: Upper semicontinuity.

& Theorem 3.7.1

liminf f(z) > f(Z).
T
Similarly, fis upper semicontinuous at Z if and only if

limsup f(z) < f(z).

Proof

Suppose f is lower semiconitnuous at Z. Let € > 0. Then there exists §, > 0 such that
f(Z) —e < f(z) for all z € B(z;80) N D.
This implies
f(@) —e < h(b),

where

h(d) = zeBol(Izl;fs)nD f@).

Let f: D —» R and let # € D. We say that f is lower semicontinuous (l.s.c.) at Z if for every e > 0, there exists § > 0 such that

(3.7.1)

Similarly, we say that f is upper semicontinuous (e.s.c.) at z if for every ¢ > 0, there exists § > 0 such that

(3.7.2)

It is clear that f is continuous at z if and only if f is lower semicontinuous and upper semicontinuous at this point.

Let f: D — R and let Z € D be a limit point of D. Then f is lower semicontinuous at z if and only if

(3.7.3)

(3.7.4)

(3.7.5)

(3.7.6)

(3.7.7)
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Thus,
lim inf f(z) = sup h(8) > h (&) > f(Z) —e. (3.7.8)

T >0
Since ¢ is arbitrary, we obtain lim inf,,z f(z) > f(Z).

We now prove the converse. Suppose

liminf f(z) = sup h(d) > f(Z) (3.7.9)
T 6>0
and let £ > 0. Since
sup h(8) > f(Z) —e, (3.7.10)
>0

there exists § > 0 such that () > f(z) — e. This implies
f(z) > f(T) — € for all z € By(Z;6) N D. (3.7.11)
Since this is also true for z = z, the function f is lower semicontinuous at z.

The proof for the upper semicontinuous case is similar. o

& Theorem 3.7.2

Let f: D— R and let z € D. Then fis l.s.c. at z if and only if for every sequence {z;} in D that converges to z,

liminf f (z¢) > £(2)- (3.7.12)

Similarly, fis u.s.c. at Z if and only if for every sequence {z;} in D that converges to Z,

lirlzcn sup f (z) < f(Z). (3.7.13)

Proof

Suppose f is 1.s.c. at z. Then for any e > 0, there exists § > 0 such that (3.12) holds. Since {z;} converges to Z, we have zj,
€ B(Z;6) when & is sufficiently large. Thus,

f(@)—e < f(zx) (3.7.14)
for such k. It follows that f(Z) — € < liminfr f (zx). Since ¢ is arbitrary, it follows that f(Z) < liminfys f (z)-

We now prove the converse. Suppose liminfy . f (zx) > f(Z) and assume, by way of contradiction, that f is not Ls.c. at z.
Then there exists £ > 0 such that for every § > 0, there exists =5 € B(z;) N D with

f(@)—&2 f(zs). (3.7.15)

Applying this for é; = %, we obtain a sequence {zx} in D that converges to z with

f(Z) —& > f(zx) for every k. (3.7.16)
This implies
f@)—e> lilginff (zk) - (3.7.17)

This is a contradiction. O

& Definition 3.7.2

Let f : D — R. We say that f is lower semicontinuous on D (or lower semicontinuous if no confusion occurs) if it is lower
semicontinuous at every point of D.
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Suppose D is a compact set of R and f : D — R is lower semicontinuous. Then f has an absolute minimum on D. That means
there exists Z € D such that

f(z) > f(z) for all z € D. (3.7.18)
Proof
We first prove that f is bounded below. Suppose by contradiction that for every k& € N, there exists zx € D such that
f(zx) < —k. (3.7.19)
Since D is compact, there exists a subsequence {z,} of {zx} that converges to zo € D. Since f is l.s.c., by Theorem 3.7.2

ligninff(:z:k,) > f(z0). (3.7.20)
—500
This is a contraction because lim inf,_, f (zx,) = —oc. This shows f is bounded below. Define

~ = inf{f(z) : x € D}. (3.7.21)
Since the set {f(z) : ¢ € D} is nonempty and bounded below, v € R.

Let {ux} be a sequence in D such that {f (ux)} converges to v. By the compactness of D, the sequence {ux} has a convergent
subsequence {ug,} that converges to some z € D. Then

v = lim f(ug,) = liminf f (ug,) > f(Z) > 7. (3.7.22)
£—00 £—00
This implies v = f(z) and, hence,
f(z) > f(z) for all z € D. (3.7.23)

The proof is now complete. O

The following theorem is proved similarly.

& Theorem 3.7.4

Suppose D is a compact subset of R and f: D — R is upper semicontinuous. Then f has an absolute maximum on D. That is,
there exists z € D such that
f(z) < f(z) for all z € D. (3.7.24)

For every a € R, define

Zo(f)={z € D: f(z) < a} (3.7.25)
and

Zo(f)={z € D: f(z) < a}. (3.7.26)
Proof

Add proof here and it will automatically be hidden

& Theorem 3.7.5

Let f : D - R. Then f is lower semicontinuous if and only if #,(f) is closed in D for every a € R. Similarly, f is upper
semicontinuous if and only if %,(f) is closed in D for every a € R.

Proof

https://math.libretexts.org/@go/page/50130



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/50130?pdf

LibreTexts"

Suppose f is lower semicontinuous. Using Corollary 2.6.10, we will prove that for every sequence {z;} in 2,(f) that
converges to a point £ € D, we get T € Z,(f). For every &, since z € Z.(f), f (zx) < a.

Since f is lower semicontinuous at z,

f@) < likxginff(mk) <a. (3.7.27)

Thus, £ € Z,(f). It follows that Z,(f) is closed.
We now prove the converse. Fix any £ € D and ¢ > 0. Then the set
G={z e D: f(z) > f(Z) — e} = D\Lsz)—(p) (3.7.28)
is open in D and z € G. Thus, there exists § > 0 such that
B(z;6)nD C G. (3.7.29)
It follows that

f(Z) —e < f(z) for all x € B(z;6) N D. (3.7.30)

Therefore, f is lower semicontinuous. The proof for the upper semicontinuous case is similar. O

For every a € R, we also define

Lyf)y={z € D: f(z) <a} (3.7.31)

Uo(f) = {z € D: f(z) > a}. (3.7.32)

and
& Corollary 3.7.6

Let f : D —R. Then f is lower semicontinuous if and only if U,(f) is open in D for every a € R. Similarly, f is upper
semicontinuous if and only if L,(f) is open in D for every a € R.

Proof

Add proof here and it will automatically be hidden

& Theorem 3.7.7

Let f: D — R. Then f is continuous if and only if for every a,b € R with a < b. the set
O,p={r€D:a< f(z) <b} = f((a,b)) (3.7.33)
is an open in D.
Proof
Suppose f is continuous. Then f is lower semicontinuous and upper semicontinuous. Fix a,b € R with a < b. Then
Oup = Ly NU,. (3.7.34)
By Theorem 3.7.6, the set O, is open since it is the intersection of two opens sets L, and Us.

Let us prove the converse. We will only show that f is lower semicontinuous since the proof of upper semicontinuity is
simiilar. For every a € R, we have

U(f) ={z € D: f(x) > a} = Upenf((a,a +n)) (3.7.35)

Thus, U,(f) is open in D as it is a union of open sets in D. Therefore, f is lower semicontinuous by Corollary 3.7.6. O
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Exercise 3.7.1

Let f be the function given by

z%, ifzx#0;
flz)= { i s :’: 0 (3.7.36)
Prove that f is lower semicontinuous.
Answer
Add texts here. Do not delete this text first.
Exercise 3.7.2
Let f be the function given by
z2, ifz#£0;
o) = { v e i 0 (3.7.37)

Prove that f is upper semicontinuous.

Answer

Add texts here. Do not delete this text first.

Let f,g : D — R be lower semicontinuous functions and let ¥ >0 be a constant. Prove that f +¢ and kf are lower
semicontinuous functions on D.

Answer

Add texts here. Do not delete this text first.

Let f: R — R be a lower semicontinuous function such that
Tlgg) flz) = 111)15100 f(z) = o0. (3.7.38)
Prove that f has an absolute minimum at some zg € R.

Answer

Add texts here. Do not delete this text first.

This page titled 3.7: Lower Semicontinuity and Upper Semicontinuity is shared under a CC BY-NC-SA license and was authored, remixed, and/or

curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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CHAPTER OVERVIEW

4: Differentiation

In this chapter, we discuss basic properties of the derivative of a function and several major theorems, including the Mean Value
Theorem and I'Hépital's Rule.

4.1: Definition and Basic Properties of the Derivative

4.2: THE MEAN VALUE THEOREM

4.3: SOME APPLICATIONS OF THE MEAN VALUE THEOREM

4.4: L'Hopital's Rule

4.5: Taylor's Theorem

4.6: CONVEX FUNCTIONS AND DERIVATIVES

4.7: NONDIFFERENTIABLE CONVEX FUNCTIONS AND SUBDIFFERENTIALS

This page titled 4: Differentiation is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) .
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4.1: Definition and Basic Properties of the Derivative

Let G be an open subset of R and consider a function f: G — R. For every a € G, the function

Pa(z) = 1@) = /(@) (4.1.1)

r—a
is defined on G\{a}. Since G is an open set, a is a limit point of G\{a} (see Example 2.6.6). Thus, it is possible to discuss the limit

§(z)— £(@)

}:1_)1'[; ¢a(z) = }:l_)né - —a (4.1.2)
#" Definition 4.1.1: Differentiable and Derivative
Let G be an open subset of R and let a € G. We say that the function f defined on G is differentiable at a if the limit
lim 7@ = 7@ (4.13)

T—a r—a

exists (as a real number). In this case, the limit is called the derivative of f at a denoted by f’(a), and f is said to be
differentiable at a. Thus, if f is differentiable at a, then

vy i f(@) — f(a)
f (a) —:lcl_l)Illl ? (414)

We say that f is differentiable on @G if f is differentiable at every point a € G. In this case, the function f’: G — R is called the
derivative on f on G.

v/ Example 4.1.1

a.Let f:R — R be given by f(z) =z and leta € R.
b. Let f: R — R be given by f(z) = 2% and leta € R.
c.Let f:R — R be given by f(z) = |z| and leta = 0.

Solution

a. Then

f@=f@ _y,2=0_ ynqon (4.1.5)
m—)a r—a T=a T —Qa T—a

It follows that f is differentiable at a and f’(a) = 1.

b. Then
- 2_ g2 —
lim H(z) = H(a) =1lim 2T —% —lim (e=a)zta) = lim(z + a) = 2a. (4.1.6)
T—a r—a T=a T —Qa T—a Tr—a T—a
Thus, f is differentiable at every a € R and f’(a) = 2a.
c. Then
i 1O =IO bl 2y (4.1.7)
z—0+ z—0 0t T 0+ T
and
i @~ 10 f(0) — tim Pl g =By (4.1.8)
z—0— T — z—=0- I z—0- I

Therefore, lim;_,o f (”) f © does not exists and, hence, f is not differentiable at 0.

https://math.libretexts.org/@go/page/49113
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Let G be an open subset of R and let f be defined on G. If f is differentiable at a € G, then f is continuous at this point.

Proof

We have the following identity for £ € G\{a}:
f(z) = f(z) — f(a) + f(a)

_ f(:r,z) : i‘(a) (@—a)+ f(a) (4.1.9)
Thus,
ti (o) = iy | SO =T o) 4 4(0)] = (@) 0+ 1@) = f(@). (4.110)

Therefore, f is continuous at a by Theorem 3.3.2. O

X Remark 4.1.2

The converse of Theorem 4.1.1 is not true. For instance, the absolute value function f(z) = |z| is continuous at 0, but it is not
differentiable at this point (as shown in the example above).

& Theorem 4.1.3

Let G be an open subset of R and let f,g: G — R. Suppose both f and g are differentiable at a € G. Then the following hold.
a. The function f + g is differnetiable at a and
(f+9) (@)= f'(a) + 4 (a) (4.1.11)

b. For a constant ¢, the function cf is differentiable at ¢ and

(cf)'(a) = cf'(a). (4.1.12)
c. The function fg is differentiable at a and
(f9)'(a) = f'(a)g(a) + f(a)g’(a). (4.1.13)
d. Suppose additionally that g(a) # 0. Then the function é is differentiable at a and
A f'(a)g(a) — f(a)g'(a)
- = 4.1.14
() @ 0@)? #1.1)

Proof

The proofs for (a) and (b) are straightforward and we leave them as exsercises. Let us prove (c). For every z € G\{a},
we can write

(f9)(=) — (f9)(a) _ f(=z)g(z) — fa)g(x) + f(a)g(x) — f(a)g(a)

T U@ @) | M@ @) S

Tr—a r—a

By Theorem 4.1.1, the function g is continuous at a and, hence

lim g(z) = g(a). (4.1.16)

—a

Thus,
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= f'(a)g(a) + f(a)g' (a)- (4.1.17)

lim
r—a

(f9)(=) — (f9)(a)

—a
This implies (c).

Next we show (d). Since g(a) # 0, by (4.1), there exists an open interval I containing a such that g(z) # 0 for all « € I.
Let h = %. Then A is defined on I. Moreover,

h@)—ha) _ 53 — o T 3 — 4
r—a r—a
_ @ —5@) + s @) — (=) , (4.1.18)
_ @@ . ole) = (o)
- s (10 Gz~ 1@ =

Taking the limit as ¢ — a, we obtain (d). The proof is now complete. O

v/ Example 4.1.2

Let f: R — R be given by f(z) = z* and leta € R.
Solution
Using Example 4.1.1(a) and Theorem 4.1.3(c) we can provide an alternative derivation of a formula for f’(a). Indeed, let g : R
— R be given by g(z) = z. Then f = g-gso
f'(a) = (99)'(a) = g’ (a)g(a) + 9(a)g’ (a) = 29’ (a)g(a) = 2a. (4.1.19)

Proceeding by induction, we can obtain the derivative of g: R — R given by g(z) = z" for n € N as ¢’(a) = nz™ . Furthermore,
using this and Theorem 4.1.3(a)(b) we obtain the familiar formula for the derivative of a polynomial p(z) = anz™ + - + a1z

+ ag as p’(z) = napz™ ! + - + 2027 + a1.

The following lemma is very convenient for studying the differentiability of the composition of functions.

& Lemma4.1.4

Let G be an open subset of R and let f : G — R. Suppose f is differentiable at a. Then there exists a function u : G - R

satisfying
£(z) — f(@) = [f'(@) + u(z)] (z —a) for all z € G (4.1.20)
and lim,_,, u(z) = 0.
Proof
Define
u(z) = { 110 _ f(a), 2 € G\{a} T
) z=a

Since f is differentiable at a, we have

timu(z) = bim 75O _ 0y p1(0) - /@) =0, (41.22)

Therefore, the function « satisfies the conditions of the lemma. o
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Let f: Gy — R and let g : G3 = R, where G; and G5 are two open subsets of R with f(G1) C Gs. Suppose f is differentiable at a
and g is differentiable at f(a). Then the function g o f is differentiable at a and

(g° ) (a) = g'(f(a))f’(a). (4.1.23)
Proof
Since f is differentiable at a, by Lemma 4.1.4, there exists a function « defined on G, with
f(@) = f(a) = [f'(a) + u(z)] (z — a) for all z € G4, (4.1.24)
and limg_,, u(z) = 0.

Similarly, since g is differentiable at f(a), there exists a function » defined on G5 with

9(t) — 9(f(a)) = [¢'(£(a)) + v(B)] [t — f(a)] for all ¢ € Gy, (4.1.25)
and lim,_, ¢y v(t) = 0.
Applying (4.2) for ¢t = f(z), we have
9(f(x)) — 9(f(a)) = [¢' (f(a)) + v(f(2))] [f(=) — f(a)]. (4.1.26)
Thus,

9(F(@)) — 9(£(@)) = [¢' (£(a)) +v(())] [f'(@) + u(@)] (& - a) for all = € Gs. (4.1.27)

This implies

SHE) — D) _ (@) + (@] (@) + u(a)] for ol 2 € Ga\{a. s

T

By the continuity of f at a and the property of », we have lim,,, v(f(z)) = 0 and, hence,

i (@) — 9(£(a)

z—a T—a

=9'(f(a))f'(a) (4.1.29)

The proof is now complete. O

v/ Example 4.1.3

Consider the function # : R — R given by h(z) = (3z* + = + 7)15.
Solution

Since h(z) is a polynomial we could in principle compute h’(z) by expanding the power and using Example 4.1.2. However,
Theorem 4.1.5 provides a shorter way. Define f,g: R — R by f(z) = 3z* + = + 7 and g(z) = z'5. Then h = go f. Given g € R, it
follows from Theorem 4.1.5 that

(g° )’ (@) = ¢ (f(@)f'(a) = 15 (3a* +a+ 7)™ (12a° + 1).. (4.1.30)

v/ Example 4.1.4

By iterating the Chain Rule, we can extended the result to the composition of more than two functions in a straightforward
way. For example, given functions f: Gy =+ R, g: G2 = R, and h: Gs — R such that f (G1) C G, g(G2) C Gs, f is differentiable
at g, g is differentiable at f(a), and A is differentiable at g(f(a)), we obtain that & o g o f is differentiable at g and (Ao go f)’(a)
= h'(9(f(a)))g’'(f(a))f'(a)

Solution

@ 0 e @ @ https://math.libretexts.org/@go/page/49113
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l Add text here.

& Definition 4.1.2

Let G be an open set and let f : G — R be a differentiable function. If the function f’ : G — R is also differentiable, we say that
f is twice differentiable (on G). The second derivative of f is denoted f”” or f®. Thus f” = (f’)’. Similarly, we say that f is
three times differentiable if £ is differentiable, and (f (2))' is called the third derivative of f and is denoted by f”’ or f®. We
can define in this way n times differentiability and the nth derivative of f for any positive integer n. As a convention, f© = f.

# Definition 4.1.3

Let I be an open interval in R and let f: I — R. The function f is said to be continuously differentiable if f is differentiable on
I and f’ is continuous on I. We denote by C'(I) the set of all continuously differentiable functions on I. If f is n times
differentiable on I and the nth derivative is continuous, then f is called n times continuously differentiable. We denote by C*(I)
the set of all n times continuously differentiable functions on I.

Exercise 4.1.1

Prove parts (a) and (b) of Theorem 4.1.3.

Answer

Add texts here. Do not delete this text first.

Exercise 4.1.2

Compute the following derivatives directly from the definition. That is, do not use Theorem 4.1.3, but rather compute the
appropriate limit directly (see Example 4.1.1).

a. f(z) = mz + b where m,b € R.
b. f(z) =L (here assume z + 0.
c. f(z) = y/z (here assume z > 0)

Answer

Add texts here. Do not delete this text first.

Let f: R — R be given by

z2, ifz>0;
= ? ? 4.1.31
1@ { 0, ifz<0. (4.1.31)

a. Prove that f is differentiable at 0. Find f’(z) for all z € R.
b.Is f/ continuous? Is f’ differentiable?

Answer

Add texts here. Do not delete this text first.

Exercise 4.1.4

Let

z%, ifz>0;
f(=z) —{ 0. ifz<0 (4.1.32)
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a. Determine the values of o for which f is continuous on R.

b. Determine the values of « for which f is differentiable on R. In this case, find f’.
Answer

Add texts here. Do not delete this text first.

Exercise 4.1.5

Use Theorems 4.1.3 and 4.1.5 to compute the derivatives of the following functions at the indicated points (see also Example
4.1.4). (Assume known that the function sin « is differentiable at all points and that its derivative is cosz.)
a. f(z) = 32“:173” ata=—1.

b. f(z) = sin® 3z% + Zz) at a =

™

8
Answer

Add texts here. Do not delete this text first.
Exercise 4.1.6

Determine the values of = at which each function is differentiable.

zsind, ifz#0;
a. f(z) = z a

0, ifz=0.
z?sinl, ifz #0;
b=, ifmiO-

Answer

Add texts here. Do not delete this text first.

Exercise 4.1.7

Determine if each of the following functions is differentiale at 0. Justify your answer
a. f(x)=\left\{

z?, ifreqQ;
23, ifzxgQ.
\right.\)

b. f(z) = [z] sin?(nz).

c. (z) = con(y/[a):
d. f(z) = z|=|.

(4.1.33)

Answer

Add texts here. Do not delete this text first.

Exercise 4.1.8

Let f, g be differentiable at a. Find the following limits:
a. lim,_,, 2{@=0/@

zT—a N
b. lim, ,, /@s@-F@()

T—a

Answer

Add texts here. Do not delete this text first.
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Let G be an open subset of R and o € G. Prove that if f : G — R is Lipschitz continuous, then g(z) = (f(z) — f(a))? is
differentiable at a.

Answer

Add texts here. Do not delete this text first.

Exercise 4.1.10

Let f be differnetiable at a and f(a) > 0. Find the following limit:

lim (f(a+ %)) (4.1.34)

o \ @

Answer

Add texts here. Do not delete this text first.

Exercise 4.1.11

Consider the function
z?sin L +cx, ifz#0;
_ z Tz, ; 4.1.35
1@ { 0, ifz=0, ( )
where 0 < ¢ < 1.

a. Prove that the function is differentiable on R.
b. Prove that for every a > 0, the function f’ changes its sign on (—e, c).

Answer

Add texts here. Do not delete this text first.

Exercise 4.1.12

Let f be differentiable at z( € (a,b) and let ¢ be a constant. Prove that

a. lim, o [f (.'to + %) = if (370)] = f’ (@o)-
b. limpg M = cf’ (z0).

Answer

Add texts here. Do not delete this text first.

Exercise 4.1.13

Let f be differnetiable at z, € (a, ) and let ¢ be a constant. Find the limit

otk — flzo—ch)
h—0 h

(4.1.36)

Answer

Add texts here. Do not delete this text first.
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Exercise 4.1.14

Prove that f: R — R, given by f(z) = |z[3,4, is in C?(R) but not in C3(R) (refer to Definition 4.1.3). (Hint: the key issue is
differnetiability at 0.)

Answer

Add texts here. Do not delete this text first.

This page titled 4.1: Definition and Basic Properties of the Derivative is shared under a CC BY-NC-SA license and was authored, remixed, and/or
curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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4.2: THE MEAN VALUE THEOREM

In this section, we focus on the Mean Value Theorem, one of the most important tools of calculus and one of the most beautiful
results of mathematical analysis. The Mean Value Theorem we study in this section was stated by the French mathematician
Augustin Louis Cauchy (1789-1857), which follows form a simpler version called Rolle's Theorem.

An important application of differentiation is solving optimization problems. A simple method for identifying local extrema of a
function was found by the French mathematician Pierre de Fermat (1601-1665). Fermat's method can also be used to prove Rolle's
Theorem.

We start with some basic definitions of minima and maxima. Recall that for ¢ € R and é > 0, the sets B(a; 6), B+(a;6), and B_(a;6)
denote the intervals (a — 6,a + 6), (a,a + é) and (a — 4, a), respectively.

& Definition 4.2.1

Let D be a nonempty subset of R and let f : D — R. We say that f has a local (or relative) minimum at a € D if there exists §
> 0 such that

f(z) = f(a) for all z € B(a; ) N D. (4.2.1)
Similarly, we say that f has a local (or relative) maximum at a € D if there exists § > 0 such that

f(z) < f(a) for all x € B(a;0) N D. (4.2.2)

In January 1638, Pierre de Fermat described his method for finding maxima and minima in a letter written to Marin Mersenne
(1588-1648) who was considered as "the center of the world of science and mathematics during the first half of the 1600s." His
method presented in the theorem below is now known as Fermat's Rule.

& Theorem 4.2.1 - Fermat's Rule.

Let I be an open interval and f : I = R. If f has a local minimum or maximum at e € I and f is differentiable at a, then f’(a)

=0.
Sy =0
Ir \ ' _/ fla)=0
Figure 4.1: Illustration of Fermat's Rule.
Proof

Suppose f has a local minimum at a. Then there exists § > 0 sufficiently small such that

f(z) = f(a) for all z € B(a;9). (4.2.3)
Since B, (a;6) is a subset of B(a; ), we have
w > 0 for all z € B1(a;9). (4.2.4)

Taking into account the differentiability of f at a yields

f@) =) _ y f@&-F@ (4.2.5)

’ =1
f (a) Il—I)I(];. z—at r—a

Similarly,
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f@) = fle) <0 for all z € B_(a;9) (4.2.6)

r—a

It follows that

=i SO0y S-S0

T—a T—a~ r—a

(4.2.7)
Therefore, f’(a) = 0. The proof is similar for the case where f has a local maximum at a. O

& Theorem 4.2.2 - Rolle's Theorem.

Let a,b € R with @ < b and f : [a,b] — R. Suppose f is continuous on [a, 5] and differentiable on (a,) with f(a) = f(b). Then
there exists ¢ € (a,b) such that

f'(c)=0. (4.2.8)
Proof

Since f is continuous on the compact [a,b], by the extreme value theorem (Theorem 3.4.2) there exists z; € [a,d] and z,
€ [a, b] such that

f (1) = min{f(z) : z € [a,b]} and f(Z2) = max{f(z) : = € [a,d]}. (4.2.9)
Then

£(#1) < f(2) < f (%) for all € [a,b]. (4.2.10)

S VDI TESERIE - RIS —————

C
a . b
! flle)=0

Y

Figure 4.2: Tllustration of Rolle's Theorem.

If Z; € (a,b) or Z3 € (a,b), then f has a local minimum at #; or f has a local maximum at ;. By Theorem 4.2.1, f/ (;) =0
or f’ (z3) = 0, and (4.3) holds with ¢ = z; or ¢ = z,.

If both z; and z, are the endpoints of [a,b], then f(Z:) = f(Z) because f(a) = f(b). By (4.4), f is a constant function, so
f'(¢)=0forany c€ (a,b).0

We are now ready to use Rolle's Theorem to prove the Mean Value Theorem presented below.
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f(b) — fla)

bh—a

Figure 4.3: Illustration of the Mean Value Theorem.

& Theorem 4.2.3 - Mean Value Theorem.

Let a,b € R witha < band f : [a,b] — R. Suppose f is continuous on [a, b] and differentiable on (a, ). Then there exists ¢ € (a, b)
such that

1) (@) o

ro=18=2

Proof
The linear function whose graph goes through (a, f(a)) and (b, £(b)) is

olz) = (”) f O =@ o)+ fa). (4.2.12)
Define
h(=) = £(z) — 9(z) = F@)— | (b) f fO -1 4y f(a)] for @ € [a,b]. (4.2.13)
Then h(a) = h(b), and  satisfies the assumptions of Theorem 4.2.2. Thus, there exists ¢ € (a, b) such that 4’(c) = 0. Since
W (z) = f'(z) - f(b) i(a) (4.2.14)
it follows that
Flo-2 (bl)) — af @ _y, (4.2.15)

Thus, (4.5) holds. o

v/ Example 4.2.1

We show that |sinz| < || for all z € R.
Solution

Let f(z) =sinz for all z € R. Then f/(z) =cosz. Now, fix z € R, z > 0. By the Mean value Theorem applied to f on the
interval [0, z], there exists ¢ € (0, z) such that

sinxz — sin0

— cose. 4216
po— cosc ( )
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|sinz|

Therefore, ]
the Mean Value Theorem shows there exists ¢ € (z,0) such that

= | cosc]|. Since |cosc| <1 we conclude |sinz| < |z| for all z > 0. Next suppose z < 0. Another application of

m;% = cose. (4.2.17)

[sinz| _

Then, again, Tl
<|z|forallz € R.

v/ Example 4.2.2

We show that 1+ 4z < (5 + 2z)/3 for all z > 2.

|cosc| < 1. It follows that |sinz| < |z| for < 0. Since equality holds for z =0, we conclude that |sin z|

Solution
Let f(z) = v/1 + 4 for all z > 2. Then

4 2
2v/1+4z 1+4z

Now, fix « € R such that ¢ > 2. We apply the Mean Value Theorem to f on the interval [2,z]. Then, since f(2) = 3, there exists ¢
€ (2, z) such that

f(z) = (4.2.18)

V1+4z -3 = f'(c)(z —2). (4.2.19)

Since f/(2) =2/3 and f’(c) < f'(2) for ¢ > 2 we conclude that
ViFds—3< %(m—Z). (4.2.20)

Rearranging terms provides the desired inequality.

A more general result which follows directly from the Mean Value Theorem is known as Cauchy's Theorem.

& Theorem 4.2.4 - Cauchy's Theorem.

Let a,b € R with a < b. Suppose f and g are continuous on [a, b] and differentiable on (a, b). Then there exists ¢ € (a, b) such that
[£(6) — f(a)lg’ (c) = [g(b) — g(a)]f’(c). (4.2.21)
Proof
Define
h(z) = [£(b) — f(a)lg(x) — [9(b) — 9(a)]f(z) for « € [a, b]. (4.2.22)

Then h(a) = f(b)g(a) — f(a)g(b) = h(b), and A satisfies the assumptions of Theorem 4.2.2. Thus, there exists ¢ € (a,b) such
that A’(c) = 0. Since

K (z) = [f(b) — f(a)lg (z) — [9(0) — 9(a)]f’ (), (4.2.23)
this implies (4.6). O

The following theorem shows that the derivative of a differentiable function on [a,b] satisfies the intermediate value property
although the derivative function is not assumed to be continuous. To give the theorem in its greatest generality, we introduce a
couple of definitions.

& Definition 4.2.2

Leta,b€R, a < b, and f: [a,b] — R. If the limit
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lim 1@ =1@) (4.2.24)
r—at zT—a
exists, we say that f has a right derivative at a and write
sy e f(@) = fla)
f+(a) = zli)T'F ﬁ. (4.2.25)
If the limit
- f(@)— ()
P R (4.2.26)
exists, we say that f has a left derivative at b and write
We will say that f is differentiable on [a, 8] if f(z) exists for each = € (a,b) and, in addition, both £ (a) and f’(b) exist.
& Theorem 4.2.5 - Intermediate Value Theorem for Derivatives.
Let a,b € R with a < b. Suppose f is differentiable on [a, ] and
fi(a) <A< (D). (4.2.28)
Then there exists ¢ € (a,b) such that
)= (4.2.29)
A
flx)
p
/, n "
Figure 4.4: Right derivative.
Proof
Define the function g : [a,b] = R by
g9(z) = f(z) — Az. (4.2.30)
Then g is differentiable on [a, 3] and
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gi(a) <0< g”(b). (4.2.31)
Thus,
lim w <. (4.2.32)
It follows that there exists §; > 0 such that
9(z) < g(a) for all z € (a,a + 61) N [a, d]. (4.2.33)
SImilarly, there exists 6 > 0 such that
g(z) < g(b) for all z € (b— d2,b) N [a,b]. (4.2.34)

Since g is continuous on [a, ], it attains its minimum at a point ¢ € [a,b]. From the observations above, it follows that ¢
€ (a,b). This implies ¢’(c) = 0 or, equivalently, that f’(c) = A. square

X Remark 4.2.6

The same conclusion follows if fi(a) > X > fZ(b).

Exercise 4.2.1

Let f and g be differentiable at z,. Suppose and

f(z) < g(z) for all z € R. (4.2.35)
Prove that £’ (zo) = ¢’ (zo).
Answer

Add texts here. Do not delete this text first.

Exercise 4.2.2

Prove the following inequalities using the Mean Value Theorem.

avli+z< 1+%x for z > 0.
b. e* > 1+, for z > 0. (Assume known that the derivative of eZ is itself.)
c. ZL <Inz <z —1, for z > 1. (Assume known that the derivative of Ing is 1/z.)

Answer

Add texts here. Do not delete this text first.

Exercise 4.2.3

Prove that |sin(z) —sin(y)| < |z —y| for all z,y € R.

Answer

Add texts here. Do not delete this text first.
Exercise 4.2.4
Let n be a positive integer and let a, bx € R for k=1, ..., n. Prove that the equation

n
z+ Z (axsinkz + by coskz) =0 (4.2.36)
=1

has a solution on (—m, ).
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Answer

Add texts here. Do not delete this text first.

Exercise 4.2.5

Let f and g be differentiable functions on [a, b]. Suppose g(z) # 0 and g’(z) # 0 for all = € [a, b]. Prove that there exists ¢ € (a, b)
such that
1 f@@) f(®) 1 fle) g(o)
= , 4.2.37
O @ o0 o) “T@ 7@ g Sl
where the bars denote determinants of the two-by-two matrices.
Answer
Add texts here. Do not delete this text first.
Exercise 4.2.6
Let n be a fixed positive integer.
a. Suppose ay, as, ..., a,, satisfy
as Qpn _
a; + e Ik ooo ol == 0. (4.2.38)
Prove that the equation
a1t az+azr?+-+a,z" =0 (4.2.39)
has a solution in (0, 1).
b. Suppose ag, a1, ... , a, satisfy
n a
=k _—o. (4.2.40)
k; 2%k +1
Prove that the equation
Z arcos(2k+ 1)z =0 (4.2.41)
k=0
has a solution on (0, ).
Answer
Add texts here. Do not delete this text first.
Exercise 4.2.7
Let f: [0,00) — R be a differentiable function. Prove that if both lim;_,s f(z) and limz—e f/(z) exist, then limg_,0 f/(z) =0
Answer
Add texts here. Do not delete this text first.

Exercise 4.2.8

Let f: [0,00) — R be a differentiable function.

a. Show that if lim, . f(z) = a, then lim,_,, @ =a.
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b. Show that if lim, . f’(z) = oo, then lim,, 4 1) _ .
c. Are the converses in part (a) and part (b) true?

Answer

Add texts here. Do not delete this text first.

This page titled 4.2: THE MEAN VALUE THEOREM is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by
Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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4.3: SOME APPLICATIONS OF THE MEAN VALUE THEOREM

In this section, we assume that a,b € R and a < b. In the proposition below, we show that it is possible to use the derivative to
determine whether a function is constant. The proof is based on the Mean Value Theorem.

& Proposition 4.3.1

Let f be continuous on [a, b] and differentiable on (a,b). If f’(z) =0 for all z € (a,b), then f is constant on [a, b].

Proof

Suppose by contradiction that f is not constant on [a,?]. Then there exist a; and b; such that a <a; <b, <b and f(a;)
# f(b1)- By Theorem 4.2.3, there exist ¢ € (a1, ;) such that

f(b1) — f(a1)

a0, (4.3.1)

flo) =

which is a contradiction. o

The next application of the Mean Value Theorem concerns developing simple criteria for monotonicity of real-valued functions
based on the derivative.

& Proposition 4.3.2

Let f be differentiable on (a, b).
i. If f/(z) > 0 for all = € (a,b), then f is strictly increasing on (a, b).
ii. If f/(z) < 0 for all = € (a,b), then f is strictly decreasing on (a, ).
Proof

Let us prove (i). Fix any z;, z, € (a,b) with z; < 5. By Theorem 4.2.3, there exists ¢ € (z;,z2) such that

f(z2) — f(21)

oo f'(e)>0. (4.3.2)

This implies f(21) < f(z2). Therefore, f is strictly increasing on (a,b). The proof of (ii) is similar. o

y= flz)

Flc)>0

|

-—--—'"""#'-

Figure 4.5: Strictly Increasing Function.
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v/ Example 4.3.1

Letn € Nand f:[0,00) — R be given by f(z) = z".
Solution

Then f/(z) = nz™ . Therefore, f’(z) >0 for all z > 0 and, so, f is strictly increasing. In particular, this shows that every
positive real number has exactly one n-th root (refer to Example 3.4.2).

& Theorem 4.3.3 - Inverse Function Theorem.

Suppose f is differentiable on I = (a,b) and f’(z) # 0 for all z € (a,b). Then f is one-to-one, f(I) is an open interval, and the
inverse function =1 : f(I) — I is differentiable. Moreover,

™ @)= fL(m) (4.3.3)
where f(z) = y.
Proof
It follows from Theorem 4.2.5 that
/() > 0 for all z € (a,b), or f'(z) < 0 for all z € (a,b). (4.3.4)

Suppose f’(z) > 0 for all z € (a,b). Then f is strictly increasing on this interval and, hence, it is one-to-one. It follows from
Theorem 3.4.10 and Remark 3.4.11 that f(I) is an open interval and f~! is continuous on f(I).

It remains to prove the differentiability of the inverse function f~! and the representation of its derivative (4.7). Fix any g
€ f(I) with § = f(Z). Let g = f~'. We will show that

agy)—g@@m 1 ‘ (4.35)

Fix any sequence {yx} in f(I) that converges to g and yx # 7 for every k. For each yy, there exists xx € I such that f(zx)
= yx. That is, g (yx) = o for all k. It follows from the continuity of g that {xx} converges to Z. Then

im SO0 —9@) _ . zm—z

k—00 Ye— Y k—00 f (mk) = f(f)
] S (4.3.6)
koo J@)—1@) /(3

ZTy—T

The proof is now complete. O

v/ Example 4.3.2

Let n € N and consider the function f : (0, 0c0) — R given by f(z) = z".

Solution

Then f is differentiable and f’(z) =nz™ ! # 0 for all z € (0,00). It is also clear that f((0,00)) = (0,00). It follows from the
Inverse Function Theorem that f~* : (0,00) — (0, 00) is differentiable and given y € (0, o)

—1\ (N _ 1 _ 1
U= F7my = . ek (4.3.7)

Given y > 0, the value f~1(y) is the unique positive real number whose n-th power is . We call f=1(y) the (positive) n-th root
of y and denote it by y/y. We also obtain the formula

(Y ) = (4.3.8)

1
n(/y)"
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Exercise 4.3.1

a. Let f: R — R be differentiable. Prove that if f/(z) is bounded, then f is Lipschitz continuous and, in particular, uniformly
continuous.
b. Give an example of a function f : (0, c0) — R which is differentiable and uniformly continuous but such that f’(z) is not
bounded.
Answer

Add texts here. Do not delete this text first.

Exercise 4.3.2

Let f: R — R. Suppose there exist £ > 0 and & > 0 such that

|f(u) — f(v)| < €lu —v|* for all u,v € R (4.3.9)

a. Prove that f is uniformly continuous on R.
b. Prove that if a > 1, then f is a constant function.
c. Find a nondifferentiable function that satisfies the condition above for a = 1.

Answer

Add texts here. Do not delete this text first.

Exercise 4.3.3

Let f and g be differentiable functions on R such that f (z) = g (x¢) and
f'(x) < ¢'(z) for all z > x. (4-3.10)
Prove that
f(z) < g(z) for all > z. (4.3.11)

Answer

Add texts here. Do not delete this text first.

Exercise 4.3.4

Let f,g: R — R be differentiable functions satisfying

a. f(0) = g(0) =1

b. f(z) > 0,9(z) > 0and £& > ZE forall .

Prove that

1) 9(1)
o) >1> ) (4.3.12)

Answer

Add texts here. Do not delete this text first.
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Exercise 4.3.5

Let f be twice differentiable on an open interval I. Suppose that there exist a,b,¢ € I with a < b < ¢ such that f(a) < f(b) and
f(b) > f(c). Prove that exist d € (a, ¢) such that f”(d) < 0.

Answer

Add texts here. Do not delete this text first.

Exercise 4.3.6

Prove that the function f defined in Exercise 4.1.11 is not monotone on any open interval containing 0.

Answer

Add texts here. Do not delete this text first.

This page titled 4.3: SOME APPLICATIONS OF THE MEAN VALUE THEOREM is shared under a CC BY-NC-SA license and was authored,
remixed, and/or curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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4.4: L'Hopital's Rule
We now prove a result that allows us to compute various limits by calculating a related limit involving derivatives. All four

theorems in this section are known as L'Hopital's Rule.

For this section, we assume a,b € R with a < b.

& Theorem 4.4.1

Suppose f and g are continuous on [a, 5] and differentiable on (a, ). Suppose f(z) = g(z) = 0, where z € [a,b]. Suppose further
that there exists § > 0 such that ¢’(z) # 0 for all z € B(z;6) N [a,b], = # 7.

If
f(=) _
lim @) = £, (4.4.1)
then
. flx)
Proof

Let {zx} be a sequence in [a,b] that converges to Z and such that zj # z for every k. By Theorem 4.2.4, for each &, there
exists a sequence {c;} between c; between z; and z, such that

[f (z) — £(@)] 9" (ck) = [9 (zx) — 9(Z)] ' (ck) - (44.3)

Since f(z) = g(z) = 0, and ¢’ (cx) # 0 for sufficiently large %, we have

9(wr) g (c)’

f(o) _ £ () o
Under the assumptions that ¢’(z) # 0 for z near z and g(z) = 0, we also have g(z;) # 0 for sufficiently large k. By the
squeeze theorem (Theorem 2.1.6), {c;} converges to z. Thus,

St fe) 1@
P e e () amw (445

Therefore, (4.9) follows from Theorem 3.1.2. O

v/ Example 4.4.1

We will use Theorem 4.4.1 to show that

2z + sinz
im —— =
-0 724 3z

Solution

First we observe that the conditions of Theorem 4.4.1 hold. Here f(z) = 2z + sinz, g(z) = z2 + 3z, and Z = 0. We may take [a, b]
= [-1,1], for example, so that f and g are continuous on [a, )] and differentiable on (a,5) and, furthermore, % is well defined
on [a,b]\{Z}. Moreover, taking § = 7/3, we get ¢’(z) =2z + 3 # 0 for = € B(z; ) N [a,b]. Finally we calculate the limit of the

quotient of derivatives using Theorem 3.2.1 to get
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. f'(=@ . 24cosz
lim =lim ——
oz ¢'(z) 20 2x+3

lim 2 + lim cos
_ =0 z—0
lim 2z + 3
z—0

2+1
3
=1

2z +sinzx

It now follows from Theorem 4.4.1 that lim =1 as we wanted to show.

z=0 243z
v/ Example 4.4.2

We will apply L'Hospital's rule to determine the limit

. 323 —2224+4z—5
lim ——MMM—.
z—1 4zt —2x—2

Solution

Here f(z) = 3z% — 22% + 4z — 5 and g(z) = 4z* — 2z — 2. Thus f(1) = g(1) = 0. Moreover, f’(z) = 922 — 4z + 4 and ¢’(z) = 1623
— 2. Since ¢’(1) =14 # 0 and ¢’ is continuous we have g’(z) # 0 for z near 1. Now,

lim 9z2 — 4z +4 _ i
=1 1623—2 14~

Thus, the desired limit is -2 as well.

v/ Example 4.4.3

If the derivatives of the functions f and g themselves satisfy the assumptions of Theorem 4.4.1 we may apply L'Hospital's rule
to determine first the limit of f’(z)/g’(z) and then apply the rule again to determine the original limit.

Solution
Consider the limit

. z?
lim ———.
z—0 1 —coszx

Here f(z) = z?* and g(z) = 1 — cosz so both functions and all its derivatives are continuous. Now g’(z) = sinz and, so, g’(z) # 0
for « near zero, z # 0. Also f/(0) = 0 = ¢’(0) and g”’(z) = cosz # 0 for « near 0. Moreover,

[ (=)

=50 ¢ (x) 250 Co8 T

By L'Hospital's rule we get

1@ e £ 2

s0 g'(x)  o=0 g”’(x) =0 cosx

Applying L'Hospital's rule one more time we get

2 ’
tim -2 i SO @y
250 1—cosz 20 g(z) 220 ¢'(x)

v/ Example 4.4.4

Let g(z) = # + 322 and let f: R — R be given by
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z?sin L, ifz #0;
) = z? )
f(@) {o, if 7= 0.

Solution
Now consider the limit

2 1

. f@) . z
lim = lim .
20 g(z) 220 x + 3z?

z* sin

Using the derivative rules at  # 0 and the definition of derivative at = 0 we can see that f is differentiable and

#(2) = 2zsin i+ —cos L, ifx#0;
0, if =0,

However, f’ is not coniitnuous at 0 (since lin(l) f’(z) does not exists) and, hence, L'Hospital's rule cannot be applied in this case.
T—H

2 .

x*sin - .
On the other hand lim ———2 does exist as we can see from
70 g + 3x2

2 1

1
: s 1 lim z sin —
z*sin . xsin a3

1m = 11m z = Za0) =0
230 £ +3z% 230 1+3z  lim(1+ 32) )
T

& Theorem 4.4.2

Let a,b € R, a <b, and z(a,d). Suppose f, g : (a,b)\{Z} — R are differentiable on (e, 5)\{z} and assume lim f(z) = lim g(x) = co.
T T
Suppose further that there exists § > 0 such that ¢’(x) # 0 for all z € B(;48) N (a,b), T + .

If ¢ e R and
f'(z)
=2 4.4.6
z1—>n:}; g'(z) ( )
then
. f(=)
lim —= =¢. 44.7
2z g(x) (447
Proof

Since lim f(z) = lim g(z) = oo, choosing a smaller positive 4 if necessary, we can assume that f(z) # 0 and g(z) # 0 for all =
T T
€ B(z;0) N (a,b).

We will show that lim 1@ = £. The proof that lim 1@ = { is completely analogous.
ezt g(x) sz g(x)

Fix any e > 0. We need to find &, > 0 such that |f(z)/g(z) — €| < € whenever z € B (z; 6) N (a, b).

From 4.4.18, one cn choose K > 0 and a positive §; < § such that

—4<§ (4.4.8)

f'(=)
g'(z)

f'(x)

< K and
g'(z)

whenever z € B(Z;61) N (a,b), z +# Z.

Fix o € B; (Z; 1) N (a,b) (in particular, & > Z. Since ligg f(x) = oo, we can find d3 > 0 such that §; < min {41, — Z} and f(z)

# f(a) for z € B, (7;02) N (a,b) = B, (F;d2). Moreover, for such z, since g’(z) # 0 if z < z < @, Rolle's theorem (Theorem
4.2.2) guarantees that g(z) # g(a). Therefore, for all # € B, (;d,) we can write,

9()

f@) _ f@)—f@) 1~

(@) 9(@)—g(e) 1

(4.4.9)
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Now, define
_ 9@
H,(z) = ?EZ)) for z € By (Z;62) . (4.4.10)
)
Since lim f(z) = lim g(z) = oo, we have that lim H,(z) = 1. Thus, there exists a positive v < &, such that
T =T Tzt
|Ho(z) — 1] < % whenever z € B, (Z;7)- (4.4.11)
For any z € B (Z;~), applying Theorem 4.2.4 on the interval [z, o], we can write [f(z) — f(c)]g’(c) = [g(z) — g(@)]f’(c) for
some ¢ € (z, ) (note that, in particular, ¢ € B(z : 61) N (a, b)). For such ¢ we get
fl@) _ f'(c)
L — H,(z). 4.4.12
oa) = 7 @ N
Since ¢ € B(z : §1) N (a,d), applying 4.4.20 we get that, for x € B, (Z;v) = B+ (Z;7) N (a,b),
f(=) ‘ f'(0) ‘
—— 4= H,(x)—¢
FEN I PIOREE
& (Eae) -0+ 20 -
c) g'(c) (4.4.13)
©) f'(0) ‘
H,(x)— 1|+ —¢
<| L |11+ |5 -
E
K E =E&.
Setting §, = v completes the proof. O
v/ Example 4.4.5
Consider the limit
lna:2
I
=
Solution
Here f(z) =

Inz?, g(z) =1+ v Z= 0, and we may take as (a,b) any open interval containing 0. Clearly f and g satisfy the

differentiability assumptions and g¢’(x) # 0 for all = # 0. Moreover, li_)n; flz) = lii)n_ g(z) = oco. We analyze the quotient of the
T—T =T
derivatives. We have

9 Yzb
lim — 2% i 3V _ lim —3+/2% = 0.
z—0 —2 1 £—0 T —0
3V
It now follows from Theorem 4.4.2 that
. In :v2
by
+ \3/—

X Remark 4.4.3

The proofs of Theorem 4.4.1 and Theorem 4.4.2 show that the results in these theorems can be applied for left-hand and right-

hand limits. Moreover, the results can also be modified to include the case when Z is an endpoint of the domain of the functions
fand g.

The following theorem can be proved following the method in the proof of Theorem 4.4.1

D06
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Let f and g be differentiable on (a,00. Suppose g’(z) # 0 for all = € (a, 00 and
3, /(@) = Jim, ole) = 0.
If e Rand
@ _
z—00 g’ (x) ?
then
lim @ =4.
T—00 g(w)
v/ Example 4.4.6
Consider the limit
1

lim ———.
Pl (% —arctanz)

Solution
s . g 1/z
Writing the quotient in the form G2
derivatives
—1/z2 z2+1
lim / = lim L =1
To0 — 1 o0 2
z2+1

In view of Theorem 4.4.4 the desired limit is also 1.

The following theorem can be proved following the method in the proof of THeorem 4.4.2.

& Theorem 4.4.5

Let f and g be differentiable on (a, o). Suppose g’(z) # 0 for all z € (a, ) and
lim f(z) = lim g(z) = oco.
If £ € R and
@) _
T—00 g’(z) ’
then
f(z)
EL =)
s ()
v/ Example 4.4.7
Consider the limit
lim 3%
T—00 I

Solution

Clearly the functions f(z) = Inz and g(z) = z satisfy the conditions of Theorem 4.4.5. We have

D06

(4.4.14)

(4.4.15)

(4.4.16)

we can apply Theorem 4.4.4. We now compute the limit of the quotient of the

(4.4.17)

(4.4.18)

(4.4.19)

(4.4.20)
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It follows from Theorem 4.4.5 that lim Iz =0

r—00 xr
Exercise 4.4.1

Use L'Hospital's Rule to find the following limits (you may assume known all the relevant derivatives from calculus):
. 3 — 4z
d. lim ——— .
s+-2 3z + 5z — 2

b. im ——.
220 sin.g cos g

e. lim

" 21 sin(nz) |

Exercise 4.4.2

For the problems below use L'Hospital's rule as many times as appropriate to determine the limts.

. 1—cos2z
a. lim ——
z—0 zIsinz

b. lim (- 7)

70 1 —sinz
xr — arctan

c. lim
z—0 3
r—sinx
d. lim

20 £ —tanz

Exercise 4.4.3

Use the relevant version of L'Hospital's rule to compute each of the following limits.

d. ILm Vvze™®. (Hint: first rewrite as a quotient.)
—00

Exercise 4.4.4

Prove that the following functions are differentiable at 1 and —1.

e, if|a| <1;

a'f(x)z{ 1 if |z] > 1.

arctan z, if |z| < 1;
b. f(il)) = T z—1 if
Tsignz + 22, if |z > 1.

= 8

Exercise 4.4.5

Let P(z) be a polynomial. Prove that

lim P(z)e ™ =0.

r—o0
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Exercise 4.4.6

Consider the function

_ e_wl_ﬂ, if z # 0;
f(z) { 0, o (4.4.21)

Prove that f € C*(R) for every n € N.

This page titled 4.4: L'Hopital's Rule is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .

https://math.libretexts.org/@go/page/49116


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/49116?pdf
https://math.libretexts.org/Bookshelves/Analysis/Introduction_to_Mathematical_Analysis_I_(Lafferriere_Lafferriere_and_Nguyen)/04%3A_Differentiation/4.04%3A_Section_4-
https://creativecommons.org/licenses/by-nc-sa/
https://math.libretexts.org/Bookshelves/Analysis/Introduction_to_Mathematical_Analysis_I_(Lafferriere_Lafferriere_and_Nguyen)/04%3A_Differentiation/4.04%3A_Section_4-?no-cache
https://pdxscholar.library.pdx.edu/pdxopen/12

LibreTexts"

4.5: Taylor's Theorem

In this section, we prove a result that lets us approximate differentiable functions by polynomials.

& Theorem 4.5.1 - Taylor's Theorem.

Let » be a positive integer. Suppose f : [a,b] — R is a function such that £ is continuous on [a, b], and f®*1(z) exists for all z
€ (a,b). Let Z € [a,b]. Then for any z € [a,b] with z # Z, there exists a number ¢ in between Z and z such that

_ f(n+1)(c) o
f(z) = Pu(z) + D) E=a (4.5.1)
where
_ = f® 7"
Pu(z) = Z : (4.5.2)
= M
Proof

Let Z be as in the statement and let us fix « # . SInce z — Z # 0, there exists a number A € R such that

&) = Pule) + gy @ = B (453)
We will now show that
A= f(e), (4.5.4)
for some c in between Z and z.
Consider the function
o(6) = f(z) — ; / (’:!(t) @0 J’: =" 45.5)
Then
o@) = f@) -3 L (”) B - = J’: 570 =)™ = £(a) — Palo) - ﬁ(gg _ gy —. (4.5.6)
=
and
T e e Y CRY OEL (@57)

By Rolle's theorem, there exists ¢ in between Z and z such that g’(c) = 0. Taking the derivative of g (keeping in mind that
is fixed and the independent variable is t) and using the product rule for derivatives, we have

(k 1)c ® (¢
c)+2( f i () c) +(-2 (li( c)k—l)_i_%(m_c)n

- %(z o - mf‘"“)(C)(x—C)"
=0.

(4.5.8)

This implies A = f®+1(¢). The proof is now complete. O

The polynomial P,(z) given in the theorem is called the n-th Taylor polynomial of f at z.
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X Remark 4.5.2

The conclusion of Taylor's theorem still holds true if z = Z. In this case, c = z = Z.

v/ Example 4.5.1

We will use Taylor's theorem to estimate the error in approximating the function f(z) = sinz with it 3rd Taylor polynomial at Z
= 0 on the interval [-7/2,7/2].

Solution
Since f’(z) = cos=z, f/(z) = —sinz and f’”/(z) = —cos z, a direct calculation shows that
z3
Pya)=x— 5 (4.5.9)

Moreover, for any ¢ € R we have |f®(c)| = |sinc| < 1. Therefore, for z € [-m/2,n/2] we get (for some c between z and 0),

EAR(C)]
4l

2
1] < ™2 < 0.066. (4.5.10)

[sinz — P3(z)| = 2l

& Theorem 4.5.3

Let n be an even positive integer. Suppose f(® exists and continuous on (a, b). Let & € (a, b). satisfy
f/(&) = ... = f* (&) = 0 and f™(z) # 0. (4.5.11)
The following hold:

a. f®(z) > 0 if and only if f has a local minimum at z.
b. ™ (z) < 0 if and only if f has a local maximum at Z.

Proof
We will prove (a). Suppose f®™(z) > 0. Since £ (z) > 0 and f™ is conitnuous at z, there exists § > 0 such that
F™ (&) > 0 for all t € B(%;4) C (a,b). (4.5.12)
Fix any z € B(z;6). By Taylor's theorem and the given assumption, there exists ¢ in between z and z such that

F® ()

n!

fz) = f(Z) +

(z — )™ (4.5.13)
Since = is even and ¢ € B(z;d) we have f(z) > f(z). Thus, f has a local minimum at .
Now, for the converse, suppose that f has a local minimum at Z. Then there exists § > 0 such that

f(z) > f(z) for all z € B(z;9) C (a,b). (4.5.14)

Fix a sequence {z} in (a,b) that converges to z with z;, # Z for every k. By Taylor's theorem, there exists a sequence {cx},
with zx # Z for every k. By Taylor's theorem, there exists a sequence {cx}, with ¢z between z; and z for each k, such that

(»)
f(@r) = f(2) + f ng%) (zK—Z)". (4.5.15)
Since z, € B(z;6) for sufficiently large k£, we have
f(zx) = f(z) (4.5.16)
for such k. It follows that
(n)
fa—f@) = g _gr >0 (45.17)

n!

This implies £™ (cx) > 0 for such k. Since {¢;} converges to z, f™(F) = limy_0 £™ (cx) > 0.
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l The proof of (b) is similar. o

v/ Example 4.5.2

Consider the function f(z) = 22 cos z defined on R.
Solution

Then f/(z) = 2zcosz — z%sinz and f”(z) = 2cosx —4zsinz — 2% cosz. Then f(0) = f/(0) =0 and f/(0) = 2 > 0. It follows
from the previous theorem that f has a local minimum at 0. Notice, by the way, that since f(0) =0 and f(x) <0, 0 is not a
global minimum.

v/ Example 4.5.3

Consider the function f(z) = —z% + 22° + z* — 42% + 2? + 2z — 3 defined on R.
Solution

A direct calculations shows f’(1) = f”(1) = f/(1) = f®(1) = 0 and f®(1) <o0. It follows from the previous theorem that f
has a local maximum at 1.

Use Taylor's theorem to prove that

- m T
e > :—k! (4.5.18)
forall 2 >0and m € N.

Answer

Add texts here. Do not delete this text

Exercise 4.5.1

Add exercises text here.

Answer

Add texts here. Do not delete this text first.

first.

Exercise 4.5.2

Find the 5th Taylor polynomial, Ps(z), at £ =0 for cosz. Determine an upper bound for the error |Ps;(z) —cosz| for «
€ [—m/2,7/2].
Answer

Add texts here. Do not delete this text first.

Exercise 4.5.3

Use Theorem 4.5.3 to determine if the following functions have a local minimum or a local maximum at the indicated points.

a. f(z) =z%sinz at T = 0.
b.flz)=1—z)lnzatz=1.
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Answer

Add texts here. Do not delete this text first.

Exercise 4.5.4

Suppose f is twice differentiable on (a, ). Show that for every z € (a, b),

1 f@+B) + fo—h) —2f(@) _
h—0 h?

7 (@). (4.5.19)

Answer

Add texts here. Do not delete this text first.

Exercise 4.5.5

a. Suppose f is three times differentiable on (a,b) and Z € (a, ). Prove that

f@+h) - @) - f@ % - ' @% _ 7@

lim — a (4.5.20)
b. State and prove a more general result for the case where f is n times differentiable on (a, ).
Answer
Add texts here. Do not delete this text first.
Exercise 4.5.6
Suppose f is n times differentiable on (a,b) and z € (a,b). Define
n hn
= ™) (3)——
P, (h) ; fO@) - forheR (4.5.21)
Prove that
lim. F@+h)— Pu(h) =0. (4.5.22)
h—0 hn
(Thus, we have
F(@ + h) = P,(h) + g(h), (4.5.23)

where g is a function that satisfies lims_q ”,(z',f) = 0. This is called the Taylor expansion with Peano's remainder.)

Answer

Add texts here. Do not delete this text first.

This page titled 4.5: Taylor's Theorem is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere,
Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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4.6: CONVEX FUNCTIONS AND DERIVATIVES

We discuss in this section a class of functions that plays an important role in optimization problems.

flu)
Af(u) + (1= A) flv)
fu+ (1= A)v)
flv)
=
b
2
._4.
Figure 4.6: A Convex Function.
# Definition 4.6.1
Let I be an interval of R and let f : I —» R. We say that f is convex on I if
FOu+ (1 —=Nv) < Af(uw) + (1 —N)f(v) (4.6.1)
for all u,v € I'and for all A € (0,1).
v/ Example 4.6.1
The following functions are convex.
a.f:R-oR, f(z) ==.
b. f:R—= R, f(z) = z2.
c. [:RoR, f(z)=|z|
Solution
a. This is straightforward.
b. Here not first that 2zy < 22 + y? for all real numbers z, y. Then, if 0 < A < 1 and z,y € R, we get
FOz+ (1= A)y) = Oz + (1 - A)y)?
= 2222 £ 2A(1 — N)zy + (1 — N)2y?
SN2 A1 =) (22 +92) + (1 — M) %P 46.2)
=A(A® + (1= XN2?) + 1 - 2) (W + (1 - Ny?) s
= z? 4 (1 — \)y?
=Af(z) + 1 =)
c. This follows from the triangle inequality and other basic properties of absolute value.

& Theorem 4.6.1

Let I be an interval of R. A function f: I — R is convex if and only if for every A; > 0,i=1,...,n, with }>1' / X\; =1 (n >2) and

foreveryz; € I, \i=1,...,n,
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(Z)\m,) < S Af (). (4.6.3)

=1
Proof

Since the converse holds trivially, we only need to prove that implication by induction. The conclusions holds for n =2 by
the definition of convexity. Let k be such that the conclusion holds for any n with 2 < n < k. We will show that it also holds
forn=k+1. Fix X\; 20,6 =1,...,k+ 1, with Y1 X\; =1 and fix every z; € I,i=1,...,k+ 1. Then
k
> oAi=1— M. (4.6.4)
=1

If \ty1 =1, then \; =0 for all 4 =1,..., k, and (4.6.2) holds. Suppose 0 < A4 < 1. Then, for each i = 1,..., & A/ (1 — Ag1)

> 0 and
k
1 >\k+1 (4.6.5)
It follows that
e+l 2
f (; )\,‘E,‘) = f |: )\k+1) )\k+1 + )\k+1mk+1:|
Py
< (1 — Ak+1) f 1 + )\k+1f($k+l)
k
=1—Agna) f (Z ) + Aps1 f (Tpe1) (4.6.6)
1
< (1= A1) Z f (®:) + Ak f (Tr41)
k+1
= Z Alf (IL‘,) )
i=1

where the first inequality follows from the definition of convexity (or is trivial if A\x4; = 0) and the last inequality follows
from the inductive assumption. The proof is now complete. O

& Theorem 4.6.2

Let I be an interval and let f : I — R be a convex function. Then f has a local minimum at z if and only if f has an absolute
minimum at Z.

Proof
Clearly if f has a global minimum at Z, then it also has a local minimum at Z.

Conversely, suppose that f has a local minimum at z. Then there exists § > 0 such that
f(u) > f(Z) for all w € B(Z;0) N I. (4.6.7)

For any z € I, we have z, = (1— 1)z + Lz — z. Thus, =, € B(z;6) NI when n is sufficiently large. Thus, for such n,
1@ < fea) < (1= 1) @) + 1 £(@). (463)
This implies that for a sufficient large n, we have

> @ < @) (469)

and, hence, f(Z) < f(z). Since z was arbitrary, this shows f has an absolute minimum at . square

@ https://math.libretexts.org/@go/page/49118



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://math.libretexts.org/@go/page/49118?pdf

LibreTexts"

Let I be an open interval and let f : I — R be a convex function. Suppose f is differentiable at . Then
f (@) (x—1z) < f(z)— f(Z) for all z € I. (4.6.10)
Proof
Forany z e I and ¢ € (0,1), we have

f@+tz—2)— f@) _ flz+ (1 -t)7)— f(2)

t t
L U@ +(1-)f@) - f@) (4.6.11)
- t
= /(=) - 1(@.
Since f is differentiable at Z,
F@)e—2) = pim LEXEZNID ) ), (1612)

which completes the proof. O

& Corollary 4.6.4

Let I be open interval and let f: I — R be a convex function. Suppose f is differentiable at z. Then f has an absolute minimum
at z if and only if f/(z) = 0.

Proof

Suppose f has an absolute minimum at Z. By Theorem 4.2.1, f’(Z) = 0. Let us prove the converse. Suppose f’(Z) =0. It
follows from Theorem 4.6.3 that

0=f'(zZ)(z—%) < f(z) — f(Z) forall z € I. (4.6.13)
This implies
f(z) > f(z) forall z € I. (4.6.14)

Thus, f has an absolute minimum at z. O

& Lemma4.6.5

Let I be an open interval and suppose f: I — R is a convex function. Fix a,b,z € I with e < z < b. Then
1) = fl@) _ f®)=f@) _ 1)~ f@) T
T—a b—a b—z
Proof
Let
r—a
t=— (4.6.16)
Then ¢ € (0,1) and
f(@) = fla+(@—a)=f (a + ’Z:;‘ - a,)) = f(a+t(b—a)) = f(tb+ (1 —t)a). (4.6.17)
By convexity of f, we obtain
f(=) <tf(b) + (1 —1)f(a). (4.6.18)
Thus,
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@) = f(@) < tF®) + (1 —1)f(@) - f(a) = t1f}) — £(@)] = T—(f()) — £(a)). (4.6.19)
Equivalently,
I 1@ _ 10 fe) 4620)
Similarly,
7(2) = F(8) < t1(8) + (1 = )f(a) — () = (1~ 1)[f(a) — FB)] = = 2[1(8) ~ f(a)]. (4.6.21)
It follows that
)~ f(a) _ ) — f()
. STy (4.6.22)
The proof is now complete. O

& Theorem 4.6.6

Let I be an open interval and let f: I — R be a differentiable function. Then f is convex if and only if f” is increasing on I.
Proof
Suppose f is convex. Fix a < b with a,b € I. By Lemma 4.6.5, for any = € (a,b), we have
1) f(@) _ $0)—f(a) s
T—a b—a
This implies, taking limits, that
flla) < ———= f(b) f(a) (4.6.24)
Similarly,
f (bl)) - f@) £ (b). (4.6.25)
Therefore, f’(a) < f’(b), and f’ is an increasing function.
Let us prove the converse. Suppose f” is increasig. Fix z; < z2 and ¢t € (0,1). Then
) < 2 < Ta, (4.6.26)
where z; = tz; + (1 — t)z,. By the Mean Value Theorem (Theorem 4.2.3), there exists ¢; and ¢, such that
1< <z <cy <z (4.6.27)
with
f(@e) = f (=) = f' (1) (m — 21) = " (e1) A = 2) (2 — 71) (4.6.28)
f(@e) = f(22) = ' (co) (m — 22) = f (c2) t (1 — 32) . o
1 This implies
tf (@1) = tf (31) = £ (1) 81 — 1) (32 — @) -
(1=8)f (z) — (L —t)f (z2) = ' (c2) t(1 — t) (m1 — x2) . -
Since f’ (e1) < £/ (e2), we have
tf (ze) —tf (z1) = f' (e1)t(1 — 1) (z2 —21) < f' (e2) 21 — 1) (2 —21) = A1 — 1) f (z2) — (1 = 1) f (1) .- (4.6.30)
Rearranging terms, we get
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l F(@e) <tf (@) + (1 —D)f (z3). (4.6.31)

Therefore, f is convex. The proof is now complete. O

& Corollary 4.6.7

Let I be an open interval and let f : I — R be a function. Suppose f is twice differentiable on I. Then f is convex if and only if
f’(z)>0forallz €I

Proof

It follows from Proposition 4.3.2 that f”/(z) > 0 for all z € I if and only if the derivative function f” is increasing on I. The
conclusion then follows directlye from Theorem 4.6.6. O

v/ Example 4.6.2

Consider the function f: R — R given by f(z) = vz2 + 1.
Solution

Now, f'(z) = z/vz? +1and f”(z) = 1/ (2 + 1)** Since f”'(z) > 0 for all z, it follows from the corollary that £ is convex.

& Theorem 4.6.8

Let I be an open interval and let f : I — R be a convex function. Then it is locally Lipschitz continuous in the sense that for any
z € I, there exists £ > 0 and § > 0 such that

|f(u) — f(v)| < £|lu — v| for all u,v € B(Z;J). (4.6.32)
In particular, f is continuous.
Proof
Fix any z € I. Choose four numbers q, b, ¢, d satisfying
a<b<Z<c<dwitha,del. (4.6.33)
Choose § > 0 such that B(z; ) C (b, c). Let u,v € B(z; 6) with v < u. Then by Lemma 4.6.5, we see that

10— 1@ _ S~ f@) _ f@)—10) _ f&)—10) _ f&)— 1) e

b—a u—a u—v d—wv d—c

Using a similar approach for the case u < v, we get

HO—10) SO -I0)  SD 1O 1 g1, piss. oo

Choose £ > 0 sufficiently large so that

—e<i (bl)):£ @/ (“3:1’: ® 1 (d;:f © < ¢ for all u,v € B(z;9). (4.6.36)

Then (4.6.29 holds. The proof is now complete. 0

Exercise 4.6.1

a. Let I be an interval and let f,g: I — R be convex functions. Prove that c¢f, f + g, and max{f, g} are convex functions on I,
where ¢ > 0 is a constant.
b. Find two convex functions f and g on an interval I such that f- g is not convex.

Answer
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| Add texts here. Do not delete this text first.

Exercise 4.6.2

Let f: R — R be a convex function. Given a, b € R, prove that the function defined by
9(z) = f(az +0), for zx €R (4.6.37)

is also a convex function on R.

Answer

Add texts here. Do not delete this text first.

Exercise 4.6.3

Let I be an interval and let f: I — R be a convex function. Suppose that ¢ is a convex, increasing function on an interval J that
contains f(I). Prove that ¢ o f is convex on I.
Answer

Add texts here. Do not delete this text first.

Exercise 4.6.4

Prove that each of the following functions is convex on the given domain:

a. f(z) = e®, z € R, where bis a constant.
b. f(z) = z*, z € [0,00) and k > 1 is a constant.
c. f(z) =—In(1 —z), z € (—o0,1).
d. f(z)=—In(:=:),z€R
e. f(xr) =zsinz, r € (—%, ).
Answer

Add texts here. Do not delete this text first.

Exercise 4.6.5

Prove the following:

a. If a, b are nonnegative real numbers, then

a er b va. (4.6.38)

b. If a1, ay, ..., an, Where n > 2, are nonnegative real numbers, then

artas+--+a,

- > (a1 - ag - an)/". (4.6.39)

Answer

Add texts here. Do not delete this text first.
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4.7: NONDIFFERENTIABLE CONVEX FUNCTIONS AND SUBDIFFERENTIALS

In this section, we introduce a new concept that is helpful in the study of optimization problems in which the objective function
may fail to be differentiable.

& Definition 4.7.1

Let f: R — R be a convex function. A number » € R is called a subderivative of the function f at Z if
u- (z—Z) < f(z) — f(Z) for all z € R. (4.7.1)

The set of all subderivatives of f at z is called the subdifferential of f at z and is denoted by 9f(z).

20 -15 10 -5 0

o
o
w

20 25 0 35

Figure 4.7: A nondifferential convex function.

v Example 4.7.1

Let f(z) = |z|. Then
8f(0) = [-1,1]. (4.7.2)
Solution
Indeed, for any « € 85(0), we have
u-z=u(zx—0) < f(z) — f(0) = |z| for all z € R. (4.7.3)
In particular, 4-1 < |1 =1 and - (—1) = —u < | — 1| = 1. Thus, u € [-1,1]. It follows that
df(0) C [1,1]. (4.7.4)

For any » € [—1,1], we have |u| < 1. Then

u-z < |u-z|=|u||z| < |z| for all z € R. (4.7.5)

https://math.libretexts.org/@go/page/50413
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l This implies u € 8f(0). Therefore, 8f(0) = [—1,1].

& Lemma4.7.1

Let f: R — R be a convex function, Fix a € R. Define the slope function ¢, by

sule) = 11 @76)
for z € (—o0,a) U (a,00). Then, for z;, 22 € (—00, a) U (a, 00) with z; < z2, we have
$a (z1) < ¢a (22) - (4.7.7)
Proof
This lemma follows directly from Lemma 4.6.5. 0
Let f: R — R be a convex function and let Z € R. Then f has left derivative and right derivative at z. Moreover,
. $a(e) = fL(7) < f1(&) = inf :(a), (4.7.8)

where ¢; is defined in (4.17).

/

'-ll.liu' = u

\

Figure 4.8: Definition of subderivative.

Proof

By Lemma 4.7.1, the slope function ¢, defined by (4.17) is increasing on the interval (Z, oc) and bounded below by ¢4 (z
—1). By Theorem 3.2.4, the limit

: _ o @)= (@)
e = i SO @)

exists and is finite. Moreover,
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im ¢,(x) = Ilg-ﬁ ¢z(x).

z—xt
Thus, f1(Z) exists and
fi(@ = Ii1>1£¢i("’:)'
Similarly, f’(z) exists and
fL(@) = SUP o (2).
Applying Lemma 4.7.1 again, we see that

¢z(z) < ¢, (y) whenever z < T < y.

This implies f’ (z) < £ (z). The proof is complete. O

& Theorem 4.7.3

Let f: R — R be a convex function and let Z € R. Then
0f(z) = [fL(2), £1()].
Proof
Suppose u € 8f(z). By the definition (4.16), we have

u- (z—Z) < f(z) — f(Z) for all z > Z.

This implies
f(’”) f( ) forall o > .
Thus,
u< xliff+ M = fi(Z).

Similarly, we have
u-(x—Z) < f(z) — f(z) for all z < Z.

Thus,
2 for all z < Z.
This implies » > £/ (z). So

z) C [fL(z), f1(2)] -
To prove the opposite inclusion, take u € [f’(Z), f1(Z)]. by Theorem 4.7.2

<z

Using the upper estimate by f: () for u, one has
T
u< ¢z(z) = ———=forallz > Z.

It follows that
u-(x—7) < f(z) — f(z) for all z > 7.

Similarly, one also has

D06 4.7.3]

up 2(2) = f2(8) < u < f4(@) = inf 4 (z).

(4.7.10)

(4.7.11)

(4.7.12)

(4.7.13)

(4.7.14)

(4.7.15)

(4.7.16)

(4.7.17)

(4.7.18)

(4.7.19)

(4.7.20)

(4.7.21)

(4.7.22)

(4.7.23)
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u-(z—1Z) < f(z) — f() for all z < Z. (4.7.24)
Thus, (4.16) holds and, hence, » € 8f(z). Therefore, (4.18) holds. O

& Corollary 4.7.4

Let f: R — R be a convex function and z € R. Then f is differentiable at z if and only if 8f(z) is a singleton. In this case,

af(z) ={f'(@}. (4.7.25)
Proof
Suppose £ is differentiable at 2. Then
fL(@) = f1(®@) = f'(2). (4.7.26)
By Theorem 4.7.3,
of(z) = [fL(2), f1(@)] = {f' (@} (4.7.27)

Thus, df(Z) is a singleton.

Conversely, if 8f(z) is a singleton, we must have f’ (z) = f1(z). Thus, f is differentaible at z. 0

v/ Example 4.7.2

Let f(z) = a|lz — b + ¢, where a > 0.
Solution
Then f is a convex function and
fL(b) = —a, fL(b) = a. (4.7.28)
Thus,
f(b) = [—a,a]. (4.7.29)
Since f is differentiable on (—oc, b) and (b, 0c0), we have

{—a}, ifz<b
Of(z) =< [—a,a], ifz=¥ (4.7.30)
{a}, ifz >b.

& Definition 4.7.2

Let A and B be two nonempty subsets of R and a € R. Define

A+B={a+b:a€ Abe B} and aA ={aa:a € A}. (4.7.31)

A B A+ B

Figure 4.9: Set addition.
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Let f,g: R — R be convex functions and let @ > 0. Then f+ g and af are convex functions and
o(f + g)(z) = 0f(z) + 9g()
8(af)(®) = adf(z). SRR
Proof
It is not hard to see that f+ ¢ is a convex function and
(F+954(@) = 1i(@) + 9,(2)
4.7.33
(F+9@) = (@) + ¢ @). iy
By Theorem 4.7.3,
o(f +9)(@) = [(f + 9)°(2), (f + 9)} ()]
= [fL(z) + 9_(2), f1.(2) + 9, (2)]
! (= ! (= ! (= ) (= 4-7.34
- (1@, /@) + [0 (.9, @] “rsy
= 0f(Z) + 9g(2).
The proof for the second formula is similar. o
v/ Example 4.7.3
Let a; < as < -~ < ay and let u; > 0 for i = 1,...,n. Define
fl@)=) mlz—ai. (4.7.35)
i=1
Solution
Then f is a convex function. By Theorem 4.7.5, we get
D ai<z i — Doz Mis if £ ¢ {a1,-..,an}
B ; . 4.7.36
f(m) { Ea,-<:i- Bi— za,->a‘: Hi + [_I"'ioa :ufio] , HZ= Qi - ( )

& Theorem 4.7.6

Let f;:R =» R, i =1,...,n, be convex functions. Define
f(@) =max{fi(z):i=1,...,n} and I(u) = {i=1,...,n: f;(u) = f(u)}. (4.7.37)
Then f is a convex function. Moreover,
0f(z) = [m, M], (4.7.38)
where

m= 12}1(151) fi_(%) and M = %fi+(m). (4.7.39)

Proof

Fix u,v € Rand A € (0,1). For any i = 1,...,n, we have

fiu+ (1= Nv) < Mi(w) + (1= A) fi(v) < Af(w) + (1 - W) f(v). (4.7.40)
This implies
fOu+(1—Xv) = max fidu+ 1 —=A)v) < Af(u) + (21— A)f(v). (4.7.41)

Thus, fis a convex function. Similarly we verify that £ (z) = M and f’(z) = m. By Theorem 4.7.3,

@ 0 g @ @ https://math.libretexts.org/@go/page/50413
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| The proof is now complete. O

0f(z) = [m, M]. (4.7.42)

X Remark 4.7.7

the product of two convex functions is not a convex function in general. For instance, f(z) =z and g(z) = z? are convex
functions, but A(z) = z3 is not a convex function.

The following result may be considered as a version of the first derivative test for extrema in the case of non differentiable
functions.

& Theorem 4.7.8

Let f: R — R be a convex function. Then f has an absolute minimum at z if and only if
0 € 9f(z) = [fL(2), f1(2)]. (4.7.43)

Proof

Suppose f has an absolute minimum at z. Then

f(®) < f(z) for all z € R. (4.7.44)
This implies
0-(z—2)=0< f(z) — £() for all z € R. (4.7.45)
It follows from (4.16) that 0 € 8f(z).
Conversely, if 0 € 8f(z), again, by (4.16),
0-(z—%)=0< f(z) — f(z) for all z € R. (4.7.46)

Thus, fhas an absolute minimum at z. O

v/ Example 4.7.4

Let k£ be a positive integer and a; < az < - < agg_3. Define

2k—1
f@) =) le—ai, (4.7.47)
i=1
for z € R.

Solution

It follows from the subdifferential formula in Example 4.7.3 that 0 € 8f(z) if and only if £ = a4. Thus, f has a unique absolute
minimum at a.
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Figure 4.10: Subdifferential of f(z) = X% |& — a4.

i=1

T 10 3 (g Qg g

Figure 4.11: Subdifferential of g(z) = %, |z — ail.

Similarly, if a1 <oz <- < and

2k
g(@) =) |z —ail. (4.7.48)
i=1

Then 0 € 8¢g(z) if and only if Z € [ak, ax+1]- Thus, g has an absolute minimum at any point of [ax, ax+1].

The following theorem is a version of the Mean Value Theorem (Theorem 4.2.3) for nondifferentiable functions.
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Figure 4.12: Subdifferential mean value theorem.

& Theorem 4.7.9

Let f: R — R be a convex function and let & < b. Then there exists ¢ € (a,b) such that

) (47.49)

Proof

Define

(o) = f(a) - [TH=19)

(z—a)+ f(a)] . (4.7.50)

Then g is a convex function and g(a) = g(b). Thus, ¢ has a local minimum at some ¢ € (a,b) and, hence, g also has an
absolute minimum at ¢. Observe that the function

h(z) = [ 1) = — (“) (z—a)+ f(a)] (4.7.51)
is differentiable at c and, hence,

on(e) = ') = {15 =121, w752)
By Theorem 4.7.8 and the subdifferential sum rule,

0 € dg(c) = df(c) — { 1(6) — f (@) } (4.7.53)
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l This implies (4.19). The proof is now complete. O

& Corollary 4.7.10

Let f: R — R be a convex function. Then f is Lipschitz continuous if and only if there exists £ > 0 such that

Of(z) C [—¢, 4] for all z € R. (4.7.54)

Proof

Suppose f is Lipschitz continuous on R. Then there exists £ > 0 such that

|[f(u) — f(v)| < £luw—v| for all u,v € R. (4.7.55)
Then for any = € R,
roy e J@HR) — @) _ . 4hl
filo) = Jig T < fim =t (47,50
Similarly, f’(z) > —¢. Thus,
8f(@) = [/(2), Fi@)] € -4, 4. (47.57)
Conversely, fix any u,v € R with « # v. Applying Theorem 4.7.9, we get
w € 8f(c) C 4,4, (4.7.58)
for some c in between » and v. This implies
£ () — f(v)] < £lu—o|. (4.7.59)

This inequality obviously holds for u = v. Therefore, f is Lipschitz continuous. O

Exercise 4.7.1

Find subdifferentials of the following functions:

a. f(z) =alz|, a > 0.
b. f(z) = |z — 1| + |z + 1].

Answer

Add texts here. Do not delete this text first.

Exercise 4.7.2

Find the subdifferential of the function

f(z) = max{—2z + 1,z,2z — 1}. (4.7.60)

Answer

Add texts here. Do not delete this text first.

Exercise 4.7.3

Let f(z) = >r_; |z — k| Find all absolute minimizers of the function.

Answer

Add texts here. Do not delete this text first.
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Exercise 4.7.4

Let f: R — R be a convex function. Fix a,b € R and define the function g by
9(z) = f(az +1), forz R (4.7.61)

Prove that 9g(Z) = adf(aZ +b).

Answer

Add texts here. Do not delete this text first.

Exercise 4.7.5

Let f: R — R be a convex function. Suppose that df(z) C [0,0) for all z € R. Prove that f is monotone increasing on R.

Answer

Add texts here. Do not delete this text first.

This page titled 4.7: NONDIFFERENTIABLE CONVEX FUNCTIONS AND SUBDIFFERENTIALS is shared under a CC BY-NC-SA license
and was authored, remixed, and/or curated by Lafferriere, Lafferriere, and Nguyen (PDXOpen: Open Educational Resources) .
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5.1: CHAPTER 1

Answer
Applying basic rules of operations on sets yields
(X\Y)NZ=Y°NZ=2\Y. (5.1.1)
and
Z\(Y N Z) = (Z2\Y) U (2\2) = (Z2\Y)UD = Z\Y. (5.1.2)

Therefore, (X\Y)N Z = Z\(Y N 2).

Exercise 1.2.1.

Answer

a. For any a € A, we have f(a) € f(A) and, so, a € f~1(f(A4)). This implies A C f~1(f(A)). Note that this inclusion does not
require the injectivity of f. Now fix any a € f~1(f(A)). Then f(a) € f(A), so there exists a’ € A such that f(a) = f(a’).
Since f is one-to-one, a = a’ € A. Therefore, f~1(f(A)) C A and the equality holds.

b. Fix any b € f (f~1(B)). Then b = f(z) for some z € f~!(B). Thus, b = f(z) € B and, hence, f(f~1(B)) c B. This inclusion
does not require the surjectivity of f. Now fix b € B. Since f is onto, there exists z € X such that f(z) = b € B. Thus, =
€ f~Y(B) and, hence, b € f(f~1(B)). We have shown that B C f(f~!(B)) and the equality holds.

Without the injectivity of £, the equlaity part (a) is no longer valid. Consider f(x) = 2%, z €R, and A = [-1,2]. Then f(A)
= [0,4] and, hence, f=1(f(A)) = [—2, 2], which strictly contains A. It is also not hard to find an example of a function f and a set
B for which the equality in part (b) does not hold true.

Exercise 1.3.6.

Answer

Forn=1,

L[1+\/5_1—\/5]_L2_\/5=1. (5.1.3)

V5 2 2 T V5 2

Thus, the conclusion holds for n = 1. It is also easy to verify that the conclusion holds for n = 2.

k k
ak:ﬁ[(w;/ﬁ) _(1—;/5)] (5.1.4)

for all k¥ < n, where n > 2. Let us show that

1 1+\/5 n+l 1_\/3 n+l
o) (=) ] -

By the definition of the sequence and the induction hypothesis,

Suppose that

Qnt1 = Gp + Qp—1

= ) -0 e ==
V5 2 2 V5 2 2 (5.1.6)
1 [(1+v8\" 7 (145 1-vB\"" (1-5

() (-] ()

V5
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Observe that

+1 (5.1.7)

Therefore, (5.1) follows easily.
In this exercise, observe that the two numbers 1+T‘/5 and % are the roots of the quadratic equation

P2=z+1. (5.1.8)
A more general result can be formulated as follows. Consider the sequence {a,} defined by

a1 = a;
as = b; (5.1.9)
Qnt2 = Qdny1 + Pa, for n € N.

Suppose that the equation z2 = oz 4+ 8 has two solutions z; and z,. Let ¢; and ¢y be two constants such that

121 + c2T2 = a;
5.1.10
c1(21)% + ¢3 (wa)® = b. ( )

Then we can prove by induction that
T =1 (z1)" + ca (z2)" foralln € N. (5.1.11)

This is a very useful method to find a general formula for a sequence defined recursively as above. For example, consider the
sequence

a] = 1;
ay=1; (5.1.12)
Gpt2 = Gpt1 + 2a, for n € N.

Solving the equation z? = z + 2 yields two solutions z; = 2 and z3 = (—1). Thus,
Ty = 12" + c2(—1)7, (5.1.13)
where c; and ¢; are constants such as

c1(2) +ea(—-1) = 1;

c1(2)? +ea(-1)2=1. (5.1.14)

It is not hard to see that ¢; = 1/3 and ¢ = —1/3. Therefore, \[a_{n}=\frac{1}{3} 2A{n}-\frac{1}{3}(-1) {n} \text { for all } n
\in \mathbb{N} .\

Exercise 1.3.8.

Answer

Hint: Prove first that, for k= 1,2,...,n, we have

(Z)Jr(kil):(n:l) (5.1.15)

Exercise 1.4.5.

Answer

In general, to prove that |a| < m, where m > 0, we only need to show that ¢ < m and —a < m.

For any z,y € R,
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|zl =z —y+yl < |z —yl+ 1y, (5.1.16)
This implies
|lz| — |yl < |z —yl. (5.1.17)
Similarly,
lyl=ly—2+2| <|z—yl+ |zl (5.1.18)
This implies
—(lzl =1y < l= =yl (5.1.19)

Therefore, \[\| x|-| y|| \leq|x-y| .\

Exercise 1.5.4.

Answer

Let us first show that A + B is bounded above. Since A and B are nonempty and bounded above, by the completeness axiom,
sup A and sup B exist and are real numbers. In particular, ¢ < sup A for all e € A and b < sup B for all b € B.

For any z € A + B, there exists a € A and b € B such that z = a + b. Thus, z = a + b < sup A + sup B, which shows that A + Bis
bounded above.

We will now show that sup A + sup B is the supremum of the set A 4+ B by showing that sup A + sup B satisfies conditions (1’)
and (2’) of Proposition 1.5.1.

We have just shows that sup A + sup B is an upper bound of A + B and, hence, sup A + sup B satisfies condition (1’).

Now lete > 0. Using frace2 in part (2’) of Proposition 1.5.1 applied to the sets A and B, there exits a € A and b € B such that
sup A — % < a and sup B— % <b. (5.1.20)

It follows that
supA+supB—e<a+bd. (5.1.21)

This proves condition (2’) of Proposition 1.5.1 applied to the set A + B that sup A + sup B = sup(A + B) as desired

Exercise 1.6.2.

Answer

Let z = 1. By Theorem 1.6.2(d), there exists m € R such that

1
m—1< L <m (5.1.22)
Since 1/r > 1, we get m > 1 and, so, m > 2. It follows that m — 1 € N. Set n = m — 1 and then we get

1
n+1

1
<r<—. (5.1.23)

This page titled 5.1: CHAPTER 1 is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) .
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5.2: CHAPTER 2

Answer
a. Suppose that lim,, ,, a, = £. Then by Theorem 2.1.9,

lim ag, = ¢ and lim agp41 = £. (5.2.1)
n—oo n—o0

Now suppose that (5.2) is satisfied. Fix any ¢ > 0. Choose N; € N such that

|agn — £| < € whenever n > Ny, (5.2.2)
and choose N, € N such that
aont+1 — £| < &€ whenever n > Nj. (5.2.3)
Let N = max {2Ny,2N, + 1}. Then
|ar, — £| < € whenever n > N. (5.2.4)

Therefore, lim,_, a, = £.
This problem is sometimes very helpful to show that a limit exists. For example, consider the sequence defined by

z1=1/2, (5.2.5)

for n € N.

Tpt1 = 2+
n

We will see later that {z9,+1} and {z3,} both converge to {z,}, so we can conclude that {z,} converges to {z,}.

b. Use a similar method to the solution of part (a).

Exercise 2.1.8

Answer

Consider the case where £ > 0. By the definition of limit, we can find n; € N such that

|an| > £/2 for all n > n;. (5.2.6)
Given any ¢ > 0, we can find ny € N such that
le

lap, — €] < vy for all n > ny. (5.2.7)

Choose ng = max {ny,ns}. For any n > ny, one has

e, 8
1 1‘ _ o —wnl o=l tlona—f 7 b . (5.2.8)
Gn |an] |an| 3

Therefore, limp o, “2* = 1. If £ < 0, consider the sequence {—a,}.

n

The conclusion is no longer true if £ = 0. A counterexample is a,, = A" where X € (0, 1).

Exercise 2.2.3

Answer

a. The limit is calculated as follows:

https://math.libretexts.org/@go/page/49121
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] ] (\/n2+n—n)(\/n2+n+n)
(P re—a)lsin
n

= lim —

T e (5.2.9)
m —

e /n2(1+1/n)+n

1
=lim — = 1/2.
o /14+1/n+1

b. The limit is calculated as follows:

(\/3 n3 + 3n2 — n) (\3/ (n3 + 3n2) + n¥/n® + 3n2 + n2)
li_gn (\/‘Q1 nd +3n? — n) = li)m
n—oo n—o0
08 + 3n2)? + n/n¥ T 302 + n2)

2
= lim gt

i y/ (n® + 3n2)? + n¥/n3 + 3n? + n?
o 32 (5.2.10)
n2% 9/n8(1+ 3/n)2 + n¢/n3(1 + 3/n) + n?
— 3n?
= b 2 (0 248
n? (YA +3/n)2+ /A +3/n)+1)
3

= lim
o (YA +3/m)2 + /(1 +3/n) +1)

c. We use the result in part (a) and part (b) to obtain

lim (\7n3+3n2—\/n2+1) = lim (\3/n3+3n2—n+n—\/n2+1)
n—00 n—00
= lim (,s/ns F3n2— n) + Im (n _Vnr+1 1) (5.2.11)
n—00 n—00

=1-1/2=1/2.

Using a similar technique, we can find the following limit:
IHII (\3/ an®+bn?+cn+d—4/an?+ pn+ 'y) , (5.2.12)

where ¢ > 0 and o > 0.

Exercise 2.3.1

Answer

a. Clearly, a; < 2. Suppose that a; < 2 for k € N. Then
akii=V2+ar<Vv2+2=2. (5.2.13)

By induction, a,, < 2 foralln e N.
b. Clearly, a; = v2 < V2 + v/2 = a,. Suppose that a;, < a1 for k € N. Then

ap+2 < a1+ 2, (5.2.14)

which implies

Var+2 < ag +2. (5.2.15)

Thus, a1 < age- By induction, a,, < an4; for all n € N. Therefore, {a,} is an increasing sequence.
c. By the monotone convergence theorem, limy,,q, a,, €Xists. Let £ = lim;,_,o . SiNCe ayt41 = /2 + ay, and im0 Gty = £, We
have

L=+2+Lor2=2+02 (5.2.16)
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Solving this quadratic equation yields £ = —1 or £ = 2. Therefore, lim,, a, = 2. Define a more general sequence as
follows:

ap=c¢>0,

5.2.17
any1 =+Ve+a, forneN. ( )

We can prove that {a,} is monotone increasing and bounded above by 1+ In fact, {a,} converges to this limit. The
number V1 s gbtained by solving the equation £ = v/c + £, where £ > 0.

Exercise 2.3.2

Answer

a. The limit is 3.
b. The limit is 3.
c. We use the well-known inequality

a+b+c

3 > Vabe for a,b,c > 0. (5.2.18)

By induction, we see that a,, > 0 for all » € N. Moreover,

1 1 1 1 1 ’ 1
a,.+1=§ (2a,,+a—?l) =§ (an+an+a—%) 2§ sa.,.-a,.-a—%=1. (5219)

We also have, for n > 2,

1 1 —ad +1
Uyt — 8y = (2an + E) — O, = ?:T (5.2.20)
_ —(an—1) (a2 +an+1) G
3a2

Thus, {a,} is monotone deceasing (for n > 2) and bounded below. We can show that lim, e @, = 1.

d. Use the inequality % > v/ab for a,b > 0 to show that an4; > v/b for all n € N. Then follow part 3 to show that {a,} is
monotone decreasing. The limit is v/.

Exercise 2.3.3

Answer

a. Let {a.} be the given sequence. Observe that a»4+1 = v/2a,. Then show that {a,} is monotone increasing and bounded
above. The limit is 2.

b. Let {a,} be the given sequence. Then

1
24a,’

Qi1 = (5.2.21)

Show that {agn+1} is monotone decreasing and bounded below; {as,} is monotone increasing and bounded above. Thus
{a.} converges by Exercise 2.1.12. The limit is v2 — 1.

Exercise 2.3.5

Answer

Observe that

b
bny1 = a";— =~ > v/ Gnbp = apyy for alln e N. (5.2.22)
Thus,
i1 = V Cpbp = Vaga, = ay, for alln € N, (5.2.23)
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byt = “"ZLI’" < % — b, forall n € N. (5.2.24)

It follows that {a,,} is monotone increasing and bounded above by b;, and {b,,} is decreasing and bounded below by a;. Let
= lim,_, ay, and y = lim,_, b,. Then

z=,/zyand y = mT-I-y (5.2.25)

Therefore, z = y.

Exercise 2.4.1.

Answer
Here we use the fact that in R a sequence is a Cauchy sequence if and only if it is convergent.

a. Not a Cauchy sequence. See Example 2.1.7.

b. A Cauchy sequence. This sequence converges to 0.

c. A Cauchy sequence. This sequence converges to 1.

d. A Cauchy sequence. This sequence converges to 0 (see Exercise 2.1.5).

Exercise 2.5.4

Answer
a. Define
0y = sup (ay, + by) , Br = sup ag, ¥n, = sup by. (5.2.26)
k>n k>n k>n
By the definition,
lisl_g:p (an +b,) = r}l_{glo Qln, li;r:sol.}p an = nh_{go Ba, 1i1:1_>s°1:p by = 7}1}120 Vn- (5.2.27)
By Exercise 2.5.3,
0y < Brn+ s for alln € N, (5.2.28)
This implies
nlg{)lo a, < n11_I}I°1o Br + n11_I>I°1o vy for all n € N. (5.2.29)
Therefore,
lim sup (an, + b,) < limsup a, + lim sup by,. (5.2.30)
n—00 n—00 n—00

This conclusion remains valid for unbounded sequences provided that the right-hand side is well-defined. Note that the
right-hand side is not well-defined, for example, when lim sup,, ,, a» = 0o and lim sup,,_,o, bn = —00.
b. Define

a, = ’:Znﬁ (an +by),Bn = %gg Ay Y = ’glﬁ bi. (5.2.31)

Proceed as in part (a), but use part (b) of Exercise 2.5.3.
c. Consider a, = (—1)" and b, = (—1)™,

Exercise 2.6.3

Answer

Suppose A and B are compact subsets of R. Then, by Theorem 2.6.5, A and B are closed and bounded. From Theorem 2.6.2(c)
we get that A U B is closed. Moreover, let M4, m 4, Mp, Mp be upper and lower bounds for A and B, respectively. Then M

= max {M4, Mp} and m = min {m 4, mp} are upper and lower bounds for A U B. In particular, A U B is bounded. We have
shown that A U B is both closed and bounded. It now follows from Theorem 2.6.5 that Au B is compact.
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5.3: CHAPTER 3

Answer

a. Observe that when = is near 1/2, f(z) is near 1/2 no matter whether z is rational or irrational. We have

r@-12={ ;2 feca (5:31)
Thus, |f(z) —1/2| = |z — 1/2| for all z € R.
Given any € > 0, choose § = . Then
|#(z) — 1/2| < & whenever |z —1/2| < 4. (5.3.2)

Therefore, lim,_,; /5 f(x) = 1/2.

b. Observe that when z is near 0 and « is rational, f(z) is near 0. However, when f is near 0 and z is irrational, f(z) is near 1.
Thus, the given limit does not exists. We justify this using the sequential criterion for limits (Theorem 3.1.2). By
contradiction, assume that

lim f(z) = £, (5.3.3)

=0

where £ is a real number. Choose a sequence {r,} of rational numbers that converges to 0. Then f (r,) = r» and f (sp) =1
— s, and, hence,

L= '}Egof(r") =0 (5.3.4)
and
L= nli_)lﬁjf(.s,,) = 1}1—1)1010 1—sp) =1 (5.3.5)

This is a contradiction.
c. By a similar method to part (b), we can show that lim_,; f(x) does not exist.

Solving this problem suggests a more general problem as follows. Given two polynomials P and @, define the function

P(z), ifzeQ;
Qx), fz¢Q.

If g is a solution of the equation P(z) = Q(z), i.e., P(a) = Q(a), then the limit lim,_,, f(z) exists and the limit is this common

f(=) = { (5.3.6)

value. For all other points the limit does not exist.
Similar problems:

1. Determine all a € R at which lim,_,, f(z) exists, where

_ z2, ifz € Q;
fl@) = { z+2, ifzexz¢Q. 1)

2. Consider the function
2 g o
flz) = { Ty 5B (5.3.8)

Prove that f does not have a limit at any a € R.
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Exercise 3.2.5.

Answer

The given condition implies that if both z; and z5 are close to Z, then they are close to each other and, hence, f (z;) and f (z2)

are close to each other. This suggests the use of the Cauchy criterion for limit to solve the problem. Given any & > 0, choose §
3550 I 21,72 € D\{z} with |z, — 2| <dand |z; — Z| <4, then

|f (z1) — f(z2)| L k|z1 — 22| < k(|21 — Z| + |T2 — Z|) < k(6 + ) = 2k2(k+ 1) (5.3.9)

Therefore, lim,_,; f(x) exists.

Exercise 3.3.8.

Answer
a. Observe that f(a) = g(a) = h(a) and, hence,
- f@i={ g H e (5:3.10
It follows that
|7(=) — F(a)| < lg() — g(a)| + |(z) — h(a)| for all z € [0,1]. (5.3.11)
Therefore, lim,_,, f(z) = f(a) and, so, f is continuous at a.
b. Apply part (a).

Exercise 3.3.9.

Answer

At any irrational number a € (0, 1], we have f(a) = 0. If z is near a and z is irrational, it is obvious that f(x) = 0 is near f(a). In
the case when z is near a and z is rational, f(z) =1/q where p,q € N. We will see in part (a) that for any € > 0, there is only a
finite number of z € (0,1] such that f(z) > €. So f(z) is close to f(a) for all z € (0,1] except for a finite number of z € Q. Since
a is irrational, we can choose a sufficiently small neighborhood of a to void such z.

a. Forany e > 0,
—{ze(0,1]: f() > e} = {z =2cQ:f@)= % } (5.3.12)

={z=§€Q:q$é}.

Clearly, the number of ¢ € N such that ¢ < 1 is finite. Since 0 < & <1, we have p < g. Therefore, A, is finite.
b. Fix any irrational number a € (0,1]. Then f( ) = 0. Given any € > 0, by part (a), the set A, is finite, so we can write

= {£€(0,1]: f(&) 2 e} = {z1, 2, ..., 5u}, (5.3.13)
for some n € N, where z; € Q for all i = 1,...,n. Since a is irrational, we can choose § > 0 such that z; ¢ (a— 4, a + ¢) for all
i=1,...,n (more precisely, we can choose § = min {|a —z;| : i = 1,...,n}). Then

|f(z) — f(a)| = f(z) < € whenever |z —a| < 4. (5.3.14)

Therefore, f is continuous at a.
Now fix any rational number b = % € (0,1]. Then f(b) = % Choose a sequence of irrational numbers {s,} that converges to b.

Since f (sp) = 0 for all n € N, the sequence {f (s,)} does not converge to f(b). Therefore, f is not continuous at b.

In this problem, we consider the domain of f to be the interval (0,1], but the conclusion remain valid for other intervals. In

particular, we can show that the function defined on R by
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%, ifz= %, D,q € N, where p and ¢ have no common factors;
fl@)=<1, ifz=0; (5.3.15)
0, if z is irrational ,

is continuous at every irrational point, and discontinuous at every rational point.

Exercise 3.3.10.

Answer
Consider
[ (E—a)(z—a2)(x—ar), fzeQ;
fl=)= { 0, if z € Q. (5.3.16)
Exercise 3.4.6.
Answer
Let o = min{f(z) : « € [a,b]} and B = max{f(z) : = € [a, b]}. Then
f)tf@)t-+f@a) nB_ g (5.3.17)
n n
Similarly,
Then the conclusion follows from the Intermediate Value Theorem.
Exercise 3.4.7.
Answer
a. Observe that
|f(1/n)] < 1/n for all n € N. (5.3.19)

b. Apply the Extreme Value Theorem for the function g(z) = [ £ | on the interval [a, b].

Exercise 3.4.8.

Answer

First consider the case where f is monotone decreasing on [0,1]. By Exercise 3.4.5, f has a fixed point in [0, 1], which means
that there exists zo € [0, 1] such that

f(.’l:o) =20 (5.3.20)

Since f is monotone decreasing, f has a unique fixed point. Indeed, suppose that there exists z; € [0,1] such that f(z;) = z;. If
z1 < o, then z; = f(z1) > f (xo) = o, which yields a contradiction. It is similar for the case where z; > x,. Therefore, z, is the
unique point in [0, 1] such that f (zq) = =o.

Since f(g(z)) = g(f(z)) for all z € [0, 1], we have
f(g(z0)) = 9(f (20)) = g(20) - (5.3.21)
Thus, g (o) is also a fixed point of f and, hence, g(z) = z¢ = f (o). The proof is complete in this case.

Consider the case where f is monotone increasing. In this case, f could have several fixed points on [0,1], so the previous
argument does not work. However, by Exercise 3.4.5, there exists ¢ € [0,1] such that g(c) = c. Define the sequence {z,} as
follows:
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Ty =¢,

Tny1 = f(x,) foralln > 1. (5.3.22)

Since f is monotone increasing, {z,} is a monotone sequence. In fact, if z; < z,, then {z,} is monotone increasing; if z; > z.,
then {z,} is monotone decreasing. Since f is bounded, by the monotone convergence theorem (Theorem 2.3.1), there exists z,
€ [0, 1] such that

lim z, = . (5.3.23)
n—oo

Since f is continuous and «,.1 = f (z,) for all n € N, taking limits we have f (zo) = zo.
We can prove by induction that g(z,) = =, for all n € N. Then

9(zo) = lim g(zy) = limz,, = zo. (5.3.24)

Therefore, f (o) = g(z0) = Zo-

Exercise 3.5.2.

Answer

a. Let f: D — R. From Theorem 3.5.3 we see that if there exist two sequences {z,} and {y,} in D such that |z, —y,| — 0 as n
— 00, but {|f (zn) — f (y»)|} does not converge to 0, then f is not uniformly continuous on D. Roughly speaking, in order for
S to be uniformly continuous on D, if  and y are close to each other, then f(z) and f(y) must be close to each other. The
behavior of the graph of the squaring function suggests the argument below to show that f(z) = z? is not uniformly
continuous on R.

Define two sequences {z,} and {y,} as follows: z, =n and y, = n + % for n € N. Then |z, — yn| = % — 0 as n — oo. However,

2
1 (@) — £ (wa)] = (n+ %) N B % >2forallneN. (5.3.25)

Therefore, {|f (zn) — f (yn)|} does not converge to 0 and, hence, f is not uniformly continuous on R. In this solution, we can use
Ty = 4/n+ 1 and y, = v/n for n € N instead.

b. Use ¢, = m and y, = 3=, n €N.
c. Use z,, = 1/n and y, = 1/(2n).

It is natural to ask whether the function f(z) = «® is uniformly continuous on R. Following the solution for part (a), we can use

Tpn = {/n+ 1 and y, = ¢/n for n € Nto prove that f is not uniformly continuous on R. By similar method, we can show that the
function f(z) =z" n €N, n >2, is not uniformly continuous on R. A more challenging question is to determine whether a
polynomial of degree greater than or equal to two is uniformly continuous on R.

Answer

Hint: For part (a) use Theorem 3.5.5. For part (b) prove that the function can be extended to a continuous function on [a, 3] and
then use Theorem 3.5.5.

Exercise 3.5.8.

Answer
a. Applying the definition of limit, we find b > @ such that
¢—1< f(z) < ¢+ 1 whenever z > b. (5.3.26)

Since f is continuous on [a, ], it is bounded on this interval. Therefore, f is bounded on [a, o).
b. Fix any ¢ > 0, by the definition of limit, we find 4 > a such that
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|f(x)—c] < % whenever z > b. (5.3.27)

Since f is continuous on [a, b + 1], it is uniformly continuous on this interval. Thus, there exists 0 < § < 1 such that
[f(u) — f(v)| < % whenever |u —v| < 6,u,v € [a,c+1]. (5.3.28)
Then we can show that |f(u) — f(v)| < £ whenever |u—v| < §,u,v € [a,c + 1] whenever |u —v| < §,u,v € [a,00).
c. Since lim,,o f(z) = ¢ > f(a), there exists b > a such that
f(z) > f(a) whenever = > b. (5.3.29)
Thus,
inf{f(z) : z € [a,0)} = inf{f(z) : z € [a,]]}. (5.3.30)

The conclusion follows from the Extreme Value Theorem for the function f on [a, 3].

Exercise 3.7.4.

Answer
Since inf{f(x) : x € [a,00)} = inf{f(z) : z € [a,b]}, there exists ¢ > 0 such that

#() > £(0) whenever |z| > a. (5.3.31)
Since f is lower semicontinuous, by Theorem 3.7.3, it has an absolute minimum on [—a, a] at some point Z € [—a, a]. Obviously,

#(z) > f(z) for all z € [—a,a]. (5.3.32)
In particular, f(0) > f(z). If |z| > a, then

f(z) = £(0) = f(=). (5.3.33)

Therefore, f has an absolute minimum at z.

Observe that in this solution, we can use any number « in the range of f instead of £(0). Since any continuous function is also
lower semicontinuous, the result from this problem is applicable for continuous functions. For example, we can use this
theorem to prove that any polynomial with even degree has an absolute minimum on R. Since Extra close brace or missing open brace is
a not a compact set, we cannot use the extreme value theorem directly. TST9

This page titled 5.3: CHAPTER 3 is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
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5.4: CHAPTER 4

Answer

Use the identity

n—0o0

lim ('f(;(i-:)%)) " = 1}11&)10 exp (n [ln (f (a + %)) = ln(f(a)]) . (5.4.1)

Exercise 4.1.11.

Answer

a. Using the differentiability of sinz and Theorem 4.1.3, we conclude the function is differentiable at any a # 0. So, we only
need to show the differentiability of the function at a = 0 By the definition of the derivative, consider the limit

i J@ — f@) _ . a%sin(l/z) +ca

lim ——— lim - = £1_1)r(1)[a: sin(1/z) + c]. (5.4.2)
For any & # 0, we have
|z sin(1/2)| = ||| sin(1/z)| < |x], (5.4.3)
which implies
—|z| < zsin(l/z) < |z|. (5.4.4)

Since lim,_,o(—|z|) = lim,_ |z| = 0, applying the squeeze theorem yields

iig(l) zsin(l/z) = 0. (5.4.5)
It now follows that
£©) = lim w — limfosin(1/z) + d = c. (5.4.6)

Using Theorem 4.1.3 and the fact that cosz is the derivative of sinz, the derivative of f can be written explicitly as

, 2zsin L —cos(1/z) +¢, if z # 0;
f(w)={ e —eoell/s) ke, o (5.47)
¢, ifz=0.
From the solution, it is important to see that the conclusion remains valid if we replace the function f by
z"sin L, if z # 0;
T) = z 54.8
9() { 0, ifz=0. ( )
where n > 2, n € N. Note that the function h(z) = cz does not play any role in the differentiability of f.
We can generalize this problem as follows. Let ¢ be a bounded function on R, i.e., there is M > 0 such that
le(z)] < M for all z € R. (5.4.9)
Define the function
_ [ ame(i/a), a0,
f(z) = { 0 o0, (5.4.10)

where n > 2, n € N. Then f is differentiable at ¢ = 0.
Similar problems:

1. Show that the functions below are differentiable on R:
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z32cos(1/z), ifz>0;
= ’ =7 5.4.11
f@) { 0, if 7 <0 (5.411)
and
z2e V7 if g £ 0;
= ’ ’ 5.4.12
1) { 0, if x =0. ( )
2. Suppose that ¢ is bounded and differentiable on R. Define the function
) = z2e V", ifg 0 (5.4.13)
= o, i 5= 0. =

Show that if n > 2, the function is differentiable on R and find its derivative. Show that if n = 1 and lim,_, ¢(z) does not
exists, then f is not differentiable at 0.

b. Hint: Observe that

}Lngo o(z). (5.4.14)
Answer
Define the function
h(z) = f(z) — g(z). (5.4.15)
Then A has an absolute maximum at z,. Thus,
k' (zo) = f’ (o) — g’ (z0) = 0, (5.4.16)

which implies f/ (zo) = ¢’ (x0)-

Exercise 4.2.3.

Answer
The inequality holds obviously if ¢ = b. In the case where a # b, the equality can be rewritten as

sin(b) — sin(a)
b—a

<1 (5.4.17)

The quotient W| is the slope of the line connecting (a, f(a)) and (b, f(b)). We need to show that the absolute value of
the slope is always beounded by 1, which can also be seen from the figure. The quotient also reminds us of applying the Mean
Value Theorem for the function f(z) = sin(z).
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flx) = sin(x)

Figure 5.1: The function f(x) = sin(z).

Consider the case where a <b and define the function f :[a,b] - R by f(z) =sin(z). Clearly, the function satisfies all
assumptions of the Mean Value Theorem on this interval with f’(z) = cos(z) for all z € (a, b).

By the Mean Value Theorem, there exists ¢ € (a, ) such that

w = f'(c) = cos(c), (5.4.18)
which implies
‘w = | cos(c)| < 1. (5.4.19)

It follows that | f(a) — f(b)| < |a— b|. The solution is similar for the case where a > b.

It is essential to realize that the most important property required in solving this problem is the boundedness of the derivative
fo the function. Thus, it is possible to solve the following problems with a similar strategy.

1. Prove that | cos(a) — cos(b)| < |a— b| for all a,b € R.
2. Prove that |In (1 +e%) —In (1 + e®)| < 2la—b| forall a,b € R.

Exercise 4.2.4.

Answer
Let us define f : [-m, 7] = R by
flz)=z+ Z (ak sin kz + by cos kz) . (5.4.20)
k=1
We want to find ¢ € (—, m) such that f(c) = 0.

Now, consider the function

g(@) = %2 + kZ:; (—ak cosgm:) +by Sing“)) : (5.4.21)

Observe that g(—n) = g() and ¢’ = f. The conclusion follows from Rolle's Theorem.
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Exercise 4.2.5.

Answer

Use the identity

1 | @ 5 ‘z F(@)g(b) — S®)gla) _ o ~ 50 42
g(b) — g(a) | g(a) g(b) 9(b) — g(a) L — L

Then apply the Cauchy mean value theorem for two functions ¢(z) = 19 and y(z) = g(l—z) on the interval [a, b].

9(z)
Exercise 4.2.6.

Answer

1

a. Given e > 0, first find zq large enough so that ¢(z) = 57

for 2 > xy. Then use the identity

£(@) _ f@) — o)+ f o) _ PO+ 1

T T — o+ To 1+ mf—oz‘] ’ (25
and the mean value theorem to show that, for z large,
a—e< @ <a+e. (5.4.24)
b. Use the method in part (a).
c. Consider f(z) = sin(z).
Exercise 4.3.2.
Answer
1. We can prove that f is uniformly continuous on R by definition. given any & > 0, choose § = (¢57) = and get
() — F(v)] < flu—v]* < £6° = eHLl <e (5.4.25)

whenever |u — v| < §. Note that we use £ + 1 here instead of £ to avoid the case where £ = 0.
2. We will prove that f is a constant function by showing that it is differentiable on R and f’(a) = 0 for all a € R. Fix any a
€ R. Then, for z # a,

f@)=fa)| _bz=af® _, _ e, (5.4.26)
z—a |z — al
Since a > 1, by the squeeze theorem,
1m @& =@ _, (5.4.27)

T—a r—a

This implies that f is differentiable at a and f’(a) = 0.
3. We can verify that the function f(z) = |z| satisfies the requirement.

From this problem, we see that it is only interesting to consider the class of functions that satisfy (4.8) when o < 1. It is an
exercise to show that the function f(z) = |z|'/? satisfies this condition with £ =1 and o = 1/2.

Exercise 4.3.3.
Answer

Define the function

h(z) = g(z) — (). (5.4.28)
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Then b’/ (z) = ¢’ (z) — f'(z) > 0 for all z € [z, 00). Thus, k is monotone increasing on this interval. It follows that
h(z) = h(zo) = g(z0) — f (z9) = 0 for all z > =z,. (5.4.29)

Therefore, g(z) > f(z) for all z > =,.

Exercise 4.3.5.

Answer

Apply the mean value theorem twice.

Exercise 4.3.6.

Answer

Use proof by contradiction.

Exercise 4.4.5.

Answer
Suppose that
P(z) = ao+ a1z + - + anz". (5.4.30)

Then apply L'Hospital's rule repeatedly.

Exercise 4.4.6.

Answer

We first consider the case where n =1 to get ideas for solving this problem in the general case. From the standard derivative
theorems we get that the function is differentiable at any z # 0 with

F(z) =203+ = %e—ﬁ. (5.4.31)
Consider the limit
1
lim @ =10 _ (5.4.32)
z—0 xz—0 z=0 T

Letting ¢ = 1/z and applying L'Hospital rule yields

li e_’%—r L m L g (5.4.33)
zir(')l+ x e e’ v o%tet> n
SImilarly,
LZ
lim &= —o. (5.4.34)
=0~ T
It follows that f is differentiable on R with
Zed, ifx# 0
fll@)y=4 = 5 5.4.35
(@) 0, if v =0. ( )
In a similar way, we can show that f is twice differentiable on R with
I R S .
fr@y=4 (wtw)e™, Ha20 (5.4.36)
0, ifz=0.

Based on these calculations, we predict that f is n times differentiable for every n € N with
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A .
[y =4 PR, ifztl; (5.4.37)
0, if z =0,

where P is a polynomial. Now we proceed to prove this conclusion by induction. The conclusion is true for n = 1 as shown
above. Given that the conclusion is true for some n € N, for z # 0 we have

£ (g) = g2/ (%) o %p (%) e E—Q (%) e, (5.4.38)

where @ is also a polynomial. It is an easy exercise to write the explicit formula of @ based on P. Moreover, successive
applications of 1'Hopital's rule give

() _ f() "
im L@ =70 _ o 1p (l) e # = lim tP(f) =0. (5.4.39)
z—0+ z—0 z—-0+t T T tooo gt
In a similar way, we can show that
@) (g) — F(n)
i 2@ =570 _ (5.4.40)
=0~ rz—0

Therefore, £(+1)(0) = 0. We have proved that for every n € N, f is n times differentiable and, so, f € C"*(R). Here we do not
need to prove the continuity of f®™ because the differentiability of £® implies its continuity.

In a similar way, we can also show that the function

et if £ > 0;
= 7 2 5.4.41
f() { 0, 2 <0 ( )

is n times differentiable for every n € N.

Exercise 4.5.1.

Answer

Let f(z) = e*. By Taylor's theorem, for any z > 0, there exists ¢ € (0,z) such that

m f(k) (0) . f(m+1)(c)

— T — m+1
f@)=e k; B T mr©
w b . (5.4.42)
— Z &" € Ml z-
2/ T ) 2T

Exercise 4.5.5.

Answer

a. Observe that a simpler version of this problem can be stated as follows: If f is differentiable on (a,b) and z € (a, b), then

i [E+N— 1@ _ '@

lim . =2 (5.4.43)
This conclusion follows directly from the definition of derivative.
Similarly, if f is twice differnetaible on (a,b) and z € (a, b), then
@+ -f@ - @)% '@
lim - T (5.4.44)

We can prove this by applying the L'Hospital rule to get

@+ —f@ - F@% . f@E+h)-f' & _ @)

= h2 =i 2h =T (5-445)

It is now clear that we can solve part (a) by using the L'Hospital rule as follows:
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i ST — @) — @4 — (@)%

lim 73 (5.4.46)
e FEED 1@ -1 @% _ 1@
h=0 3h? 3
Note that the last equality follows from the previous proof applied to the function f’.
b. With the analysis from part (a), we see that if f is n times differentiable on (a,b) and z € (a, b), then
_ n— (")(f)hk -
_ f@+h) - L H F")(z)
lim — = (5.4.47)

This conclusion can be proved by induction. This general result can be applied to obtain the Taylor expansion with Peano's
remainder in Exerciser 4.5.6.

Answer
We apply the definition to solve this problem. Given any u,v € I and X € (0, 1), we have
FOu+ (1 =XNv) < Af(u)+(1—N)f(v) (5.4.48)
by the convexity of f.
Since f(u), f(v) € J and J is an interval, Af(z) + (1 — X)f(v) € J. By the nondecreasing property and the convexity of ¢.
¢(fOu + (1= Ap)) < 6(Af(v) + (1= 1) f(v)) < Ab(f(u) + (1 = A)(£(v))- (6.4.49)
Therefore, ¢ o f is convex on I.

The result from this problem allows us to generate convex functions. For example, consider f(z) = |z| and ¢(z) = z?, p > 1. We
have seen that f is convex on R. The function ¢ is convex and increasing on [0, 00) which contains the range of the function f.
Therefore, the composition g(z) = |z|?, p > 1, is convex on R. Similarly, h(z) = ¢** is also a convex function on R.

Observe that in this problem, we require the nondecreasing property of ¢. A natural question is whether the composition of two
convex functions is convex. The answer is negative. Observe that f(z) = 2 and h(z) = e*’¢(z) = |z — 1| are convex, but (¢
o f)(z) = |#® — 1| is nonconvex.

Answer

a. Use the obvious inequality

Alternatively, consider the function f(z) = —In(z), z € (0, 00). We can show that f is convex on (0, o). For a,b € (0, c0), one
has
s ( a+ b) < f@+10) (5.4.51)
2 2
This implies
—ln ( a ;r b) s —ln(a)z— ®) _ _ in(v/ab). (5.4.52)
Therefore,
a+b > Vab. (5.4.53)

2

This inequality holds obviously when ¢ = 0 or b = 0.
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b. Use Theorem 4.6.3 for the function f(z) = —In(z) on (0, c0).

Exercise 4.7.1.

Answer
a. By Theorem 4.7.5,

{—a}, ifz<0;
Of(x) =< [—a,a], ifz=0; (5.4.54)
{a}, ifz>0.

b. By Theorem 4.7.5,

{~2}, ifzx<-—1;
[2,0], ifzx=-1;

df(z) =< {0}, if z € (—=1,1); (5.4.55)
[0,2], ifx=1;
{2}, ifz>1

Answer

To better understand the problem, we consider some special cases. If n = 1, then f(z) = | — 1|. Obviously, f has an absolute
minimum at z = 1. If n =2, then f(z) = |z — 1| + |z — 2|. The graphing of the function suggests that f has an absolute minimum
at any z\i[1,2]. In the case where n = 3, we can see that f has an absolute minimum at = = 2. We then conjecture that if = is odd
with n = 2m — 1, then f has an absolute minimum at £ = m. If n is even with n = 2m, then f has an absolute minimum at any
point z € [m,m +1].

Let us prove the first conclusion. In this case,

2m—1 2m—1
flz) = l—il= ) fi(=), (5.4.56)
=1 =1
where f;(z) = |z —i|. Consider Z = m. Then
8fm(Z) = [-1,1],8f:(%) = {1} if i < m, 8f:(z) = {—1} if i > m. (5.4.57)
The subdifferential sum rule yields 8f(z) = [—1,1] which contains 0. Thus, f has an absolute minimum at z. If £ > m, we can

see that 8f(z) C (0,00), which does not contain 0. Similarly, if £ <m, then 8f(Z) C (—o0,0). Therefore, f has an absolute
minimum at the only point Z = m.

The case where n is even can be treated similarly.

Answer

Fix a,b € R with a < b. By Theorem 4.7.9, there exists ¢ € (a, b) such that

w € 8f(c) C [0, ). (5.4.58)

This implies f(b) — f(a) > 0 and, hence, f(b) > f(a). Therefore, f is monotone increasing on R.

This page titled 5.4: CHAPTER 4 is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by Lafferriere, Lafferriere,
and Nguyen (PDXOpen: Open Educational Resources) .
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