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Overview

The Subject of This Textbook
Before starting with the content of the text, we first ask the basic question: what is linear algebra?

e Linear: having to do with lines, planes, etc.
o Algebra: solving equations involving unknowns.

The name of the textbook highlights an important theme: the synthesis between algebra and geometry. It will be very important to
us to understand systems of linear equations both algebraically (writing equations for their solutions) and geometrically (drawing
pictures and visualizing).

The term “algebra” was coined by the 9th century mathematician Abu Ja’far Muhammad ibn Musa al-Khwarizmi. It comes
from the Arabic word al-jebr, meaning reunion of broken parts.

At the simplest level, solving a system of linear equations is not very hard. You probably learned in high school how to solve a
system like

z + 3y — =z = 4
2¢c — y + 3z = 17
y — 4z -3.

However, in real life one usually has to be more clever.

o Engineers need to solve many, many equations in many, many variables. Here is a tiny example:

3y + 4xs + 103 + 1924 — 25 — 3x¢ = 141
1 + 2x9 — 13z3 — Try + 21z + 8rg = 2567
—x1 + 9zy + %Z‘g + ry + ldzs + 2725 = 26
iz, + 4z + 10z3 + 1oy + 225 + wg = —15

o Often it is enough to know some information about the set of solutions, without having to solve the equations in the first place.
For instance, does there exist a solution? What does the solution set look like geometrically? Is there still a solution if we
change the 26 to a 277

o Sometimes the coefficients also contain parameters, like the eigenvalue equation

(T=XNz + y o+ 3z = 0
-3z + (2-ANy - 3z = 0
-3z — 2y + (-1=-Xz = 0

o In data modeling, a system of equations generally does not actually have a solution. In that case, what is the best approximate
solution?

Accordingly, this text is organized into three main sections.
1. Solve the matrix equation Az = b (chapters 2—4).

o Solve systems of linear equations using matrices, row reduction, and inverses.
o Analyze systems of linear equations geometrically using the geometry of solution sets and linear transformations.

2. Solve the matrix equation Az = Az (chapters 5-6).

o Solve eigenvalue problems using the characteristic polynomial.
o Understand the geometry of matrices using similarity, eigenvalues, diagonalization, and complex numbers.

3. Approximately solve the matrix equation Az = b (chapter 7).

o Find best-fit solutions to systems of linear equations that have no actual solution using least-squares approximations.

GNU Free Documentation License https://math.libretexts.org/@go/page/70180
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o Study the geometry of closest vectors and orthogonal projections.

This text is roughly half computational and half conceptual in nature. The main goal is to present a library of linear algebra tools,
and more importantly, to teach a conceptual framework for understanding which tools should be applied in a given context.

If Matlab can find the answer faster than you can, then your question is just an algorithm: this is not real problem solving.

The subtle part of the subject lies in understanding what computation to ask the computer to do for you—it is far less important to
know how to perform computations that a computer can do better than you anyway.

Uses of Linear Algebra in Engineering

The vast majority of undergraduates at Georgia Tech have to take a course in linear algebra. There is a reason for this:

Most engineering problems, no matter how complicated, can be reduced to linear algebra:

Az =b or Arxr =Xz or Az =~b.

Here we present some sample problems in science and engineering that require linear algebra to solve.

v Example - Civil Engineering

The following diagram represents traffic flow around the town square. The streets are all one way, and the numbers and arrows
indicate the number of cars per hour flowing along each street, as measured by sensors underneath the roads.

Traffic flow (cars/hr)

250 120
Y

Y
(2
®
y

70

—
]
oy

A—
~]
w

Acn
(98]
o

A

115 390

Figure 1

There are no sensors underneath some of the streets, so we do not know how much traffic is flowing around the square itself. What
are the values of x,y, z, w? Since the number of cars entering each intersection has to equal the number of cars leaving that
intersection, we obtain a system of linear equations:

w + 120 T + 250
¢ + 120 = y + 70
y 4+ 530 = 2z + 390
z + 115 w + 175
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A certain chemical reaction (burning) takes ethane and oxygen, and produces carbon dioxide and water:
£02H6 +:l_102 — ECOQ + QH2O

What ratio of the molecules is needed to sustain the reaction? The following three equations come from the fact that the
number of atoms of carbon, hydrogen, and oxygen on the left side has to equal the number of atoms on the right, respectively:

2r =z
6x = 2w
2y =2z+4w.

v Example - Biology

In a population of rabbits,

1. half of the newborn rabbits survive their first year;

2. of those, half survive their second year;

3. the maximum life span is three years;

4. rabbits produce 0, 6, 8 baby rabbits in their first, second, and third years, respectively.

If you know the rabbit population in 2016 (in terms of the number of first, second, and third year rabbits), then what is the
population in 2017? The rules for reproduction lead to the following system of equations, where z, y, z represent the number of
newborn, first-year, and second-year rabbits, respectively:

6y2016 + 822016 = 2017
1
522016 = Y2017
1
3 Y2016 = 22017

A common question is: what is the asymptotic behavior of this system? What will the rabbit population look like in 100 years?
This turns out to be an eigenvalue problem.

Randomize starting population

»
28
(=]
N

Age 1-2
53

Age 2-3
52

M Age0-1
M Agei-2
B Age2-3
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Figure 2. Left: the population of rabbits in a given year. Right: the proportions of rabbits in that year. Choose any values you
like for the starting population, and click “Advance 1 year” several times. What do you notice about the long-term behavior of
the ratios? This phenomenon turns out to be due to eigenvectors.

v/ Example - Astronomy

An asteroid has been observed at the following locations:
(0,2), (2,1), (1,-1), (-1,-2), (-3,1), (-1,-1).
Its orbit around the sun is elliptical; it is described by an equation of the form
22+ By’ +Czy+ Dz +Ey+F =0.

What is the most likely orbit of the asteroid, given that there was some significant error in measuring its position? Substituting
the data points into the above equation yields the system

(0 + B(2)?* + c0)(2) + D0O) + E?2) + F 0
(2? + B@1)? + c(2(1 + D2 + E1) + F =0
(1)? + B(-1)?* + C@1)(-1) + D@1) + E-1) + F =0
(-1 + B(-2)? + C(-1)(-2) + D(-1) + E(-2) + F =0
(-3 + B(1)? + C(-3)1) + D(-3) + EQ1) + F = 0
(-1 + B(-1)? + C(-1)(-1) + D(-1) + E(-1) + F = 0

*(2,1)

(1,—1)

—1.-2)

266x% +405y? —178xy +402x — 123y —1374=0
|

Figure 3

v Example - Computer Science

Each web page has some measure of importance, which it shares via outgoing links to other pages. This leads to zillions of
equations in zillions of variables. Larry Page and Sergei Brin realized that this is a linear algebra problem at its core, and used
the insight to found Google. We will discuss this example in detail in Section 5.5. The result is the so-called “25 billion dollar
eigenvector.” See Section 6.6 in the full version of the book for a detailed discussion of this example.

How to Use This Textbook

There are a number of different categories of ideas that are contained in most sections. They are listed at the top of the section,
under Objectives, for easy review. We classify them as follows.

GNU Free Documentation License https://math.libretexts.org/@go/page/70180
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e Recipes: these are algorithms that are generally straightforward (if sometimes tedious), and are usually done by computer in real
life. They are nonetheless important to learn and to practice.

o Vocabulary words: forming a conceptual understanding of the subject of linear algebra means being able to communicate much
more precisely than in ordinary speech. The vocabulary words have precise definitions, which must be learned and used
correctly.

o Essential vocabulary words: these vocabulary words are essential in that they form the essence of the subject of linear algebra.
For instance, if you do not know the definition of an eigenvector, then by definition you cannot claim to understand linear
algebra.

e Theorems: these describe in a precise way how the objects of interest relate to each other. Knowing which recipe to use in a
given situation generally means recognizing which vocabulary words to use to describe the situation, and understanding which
theorems apply to that problem.

o Pictures: visualizing the geometry underlying the algebra means interpreting and drawing pictures of the objects involved. The
pictures are meant to be a core part of the material in the text: they are not just a pretty add-on.

This textbook is exclusively targeted at Math 1553 at Georgia Tech. As such, it contains exactly the material that is taught in that
class; no more, and no less: students in Math 1553 are responsible for understanding all visible content. In the online version some
extra material (most examples and proofs, for instance) is hidden, in that one needs to click on a link to reveal it, like this:

Finally, we remark that there are over 140 interactive demos contained in the text, which were created to illustrate the geometry of
the topic. Click the “view in a new window” link, and play around with them! You will need a modern browser. Internet Explorer is
not a modern browser; try Safari, Chrome, or Firefox. Here is a demo from Section 6.4:

Best-fit equation: 0 = x> + 1.52 yg — 0.67zy + 1.51z — 0.46y — 5.17
Quantity minimized:  23.68 = 0.00? + 1.58% -+ 0.00? + 0.00% + 2.37% + 3.957

| Graph Zero Set ‘

Figure 4. Click and drag the points on the grid on the right.

Feedback

Every page of the online version has a link on the bottom for providing feedback. This will take you to the GitHub Issues page for
this book. It requires a Georgia Tech login to access.
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CHAPTER OVERVIEW

1: Systems of Linear Equations- Algebra

4b Objective

e Solve a system of linear equations algebraically in parametric form.

This chapter is devoted to the algebraic study of systems of linear equations and their solutions. We will learn a systematic way of
solving equations of the form

3zy + 4xy + 10x3 + 192y — 225 — 3zg = 141
Tx1 + 2z — 13z3 — Txy + 2lzs + 8¢ = 2567
—zy + 9z + 3wz +  wy + ldas 4+ 2Tzg = 26
iz, 4+ 4ay + 1023 + 1lzy + 225 + oz = —15

In Section 1.1, we will introduce systems of linear equations, the class of equations whose study forms the subject of linear algebra.
In Section 1.2, will present a procedure, called row reduction, for finding all solutions of a system of linear equations. In Section
1.3, you will see hnow to express all solutions of a system of linear equations in a unique way using the parametric form of the
general solution.

1.1: Systems of Linear Equations
1.2: Row Reduction

1.3: Parametric Form

This page titled 1: Systems of Linear Equations- Algebra is shared under a GNU Free Documentation License 1.3 license and was authored,
remixed, and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts

platform.
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1.1: Systems of Linear Equations

4b Objectives

1. Understand the definition of R™, and what it means to use R” to label points on a geometric object.
2. Pictures: solutions of systems of linear equations, parameterized solution sets.
3. Vocabulary words: consistent, inconsistent, solution set.

During the first half of this textbook, we will be primarily concerned with understanding the solutions of systems of linear
equations.

# Definition 1.1.1: Linear

An equation in the unknowns z,y, 2, . . . is called linear if both sides of the equation are a sum of (constant) multiples of
Z,Y, 2, ...,plus an optional constant.

For instance,

3z +4y =22
—x—2 =100
are linear equations, but
3z+yz =3

sin(z) — cos(y) =2
are not.
We will usually move the unknowns to the left side of the equation, and move the constants to the right.

A system of linear equations is a collection of several linear equations, like

z + 2y + 3z = 6
2 — 3y + 2z = 14 (1.1.1)
3 + y — =z = -2.

# Definition 1.1.2: Solution sets

o A solution of a system of equations is a list of numbers z, y, 2, . . . that make all of the equations true simultaneously.
o The solution set of a system of equations is the collection of all solutions.
e Solving the system means finding all solutions with formulas involving some number of parameters.

A system of linear equations need not have a solution. For example, there do not exist numbers x and y making the following two
equations true simultaneously:

{m+2y: 3
Tz + 2y = -3.

In this case, the solution set is empty. As this is a rather important property of a system of equations, it has its own name.

& Definition 1.1.3: Inconsistent and Consistent

A system of equations is called inconsistent if it has no solutions. It is called consistent otherwise.

A solution of a system of equations in n variables is a list of » numbers. For example, (z,y, z) = (1, —2, 3) is a solution of
(1.1.1). As we will be studying solutions of systems of equations throughout this text, now is a good time to fix our notions
regarding lists of numbers.
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Line, Plane, Space, Etc.

We use R to denote the set of all real numbers, i.e., the number line. This contains numbers like 0, %, —m,104, ...

# Definition 1.1.4: R

Let n be a positive whole number. We define
R"™ = all ordered n-tuples of real numbers (z1, z3, 3, - - . , Tn ).
An n-tuple of real numbers is called a point of R".

In other words, R™ is just the set of all (ordered) lists of n real numbers. We will draw pictures of R™ in a moment, but keep in
mind that this is the definition. For example, (0, 2, —)and (1, —2, 3) are points of R®.

v Example 1.1.1 - The number line

When n =1, we just get R back: R' =R. Geometrically, this is the number line.

-3 -2 -1 0 1 2 3

3
19

~

i
Al

Figure 1.1.1

v/ Example 1.1.2 - The Euclidean plane

When n =2, we can think of R? as the zy-plane. We can do so because every point on the plane can be represented by an
ordered pair of real numbers, namely, its - and y-coordinates.

A

L(1,2)

~

J0.-3)

Figure 1.1.2

v/ Example 1.1.3 - 3-Space

When n =3, we can think of R® as the space we (appear to) live in. We can do so because every point in space can be
represented by an ordered triple of real numebrs, namely, its 2-, y-, and z-coordinates.

https://math.libretexts.org/@go/page/70182
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(—2,2,2)
(1,—1,3) .

-

Figure 1.1.3

v Example 1.1.4: Interactive: Points in 3-Space

p = 5.00,3.00,4.00

[click and drag the point]

Z Close Controls

S—a00 Y
Wty

X

Figure 1.1.4: A point in 3-space, and its coordinates. Click and drag the point, or move the sliders.

So what is R*? or R%? or R"? These are harder to visualize, so you have to go back to the definition: R" is the set of all ordered

n-tuples of real numbers (z1, 3, T3, . . . , Tp ).

They are still “geometric” spaces, in the sense that our intuition for R? and R? often extends to R™.

We will make definitions and state theorems that apply to any R", but we will only draw pictures for R? and R®.

The power of using these spaces is the ability to label various objects of interest, such as geometric objects and solutions of

systems of equations, by the points of R".

v/ Example 1.1.5: Color Space

All colors you can see can be described by three quantities: the amount of red, green, and blue light in that color. (Humans are
trichromatic.) Therefore, we can use the points of R? to label all colors: for instance, the point (.2, .4, .9)labels the color with
20% red, 40% green, and 90% blue intensity.

https://math.libretexts.org/@go/page/70182
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Figure 1.1.5

v/ Example 1.1.6: Traffic Flow

In the Overview, we could have used R* to label the amount of traffic (z,y, z,w) passing through four streets. In other words,
if there are 10,5, 3, 11 cars per hour passing through roads z, y, 2, w, respectively, then this can be recorded by the point
(10,5,3,11)in R*. This is useful from a psychological standpoint: instead of having four numbers, we are now dealing with
just one piece of data.

Figure 1.1.6

v/ Example 1.1.7: QR Codes

A QR code is a method of storing data in a grid of black and white squares in a way that computers can easily read. A typical
QR code is a 29 x 29 grid. Reading each line left-to-right and reading the lines top-to-bottom (like you read a book) we can
think of such a QR code as a sequence of 29 x 29 = 841 digits, each digit being 1 (for white) or 0 (for black). In such a way,
the entire QR code can be regarded as a point in R3*!. As in the previous Example 1.1.6, it is very useful from a psychological
perspective to view a QR code as a single piece of data in this way.

https://math.libretexts.org/@go/page/70182
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Figure 1.1.7. The QR code for this textbook is a 29 x 29 array of black/white squares.

In the above examples, it was useful from a psychological perspective to replace a list of four numbers (representing traffic flow) or
of 841 numbers (representing a QR code) by a single piece of data: a point in some R". This is a powerful concept; starting in
Section 2.2, we will almost exclusively record solutions of systems of linear equations in this way.

Pictures of Solution Sets

Before discussing how to solve a system of linear equations below, it is helpful to see some pictures of what these solution sets look
like geometrically.

v Example 1.1.8 - One Equation in Two Variables

Consider the linear equation  +y = 1. We can rewrite this as y = 1 —x, which defines a line in the plane: the slope is —1,

and the z-intercept is 1.

N

Figure 1.1.8

& Definition 1.1.5: Lines

For our purposes, a line is a ray that is straight and infinite in both directions.

v/ Example 1.1.9 - One Equation in Three Variables

Consider the linear equation z +y + z =1 . This is the implicit equation for a plane in space.
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Figure 1.1.9

& Definition 1.1.6: Planes

A plane is a flat sheet that is infinite in all directions.

The equation £ +y+2+w =1 defines a “3-plane” in 4-space, and more generally, a single linear equation in n variables
defines an “(n — 1) -plane” in n-space. We will make these statements precise in Section 2.7.

v Example 1.1.10 - Two Equations in Two Variables

Now consider the system of two linear equations

{w—3yz—3.
2 + y = 8.

Each equation individually defines a line in the plane, pictured below.
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A solution to the system of both equations is a pair of numbers (z, y) that makes both equations true at once. In other words, it
as a point that lies on both lines simultaneously. We can see in the picture above that there is only one point where the lines
intersect: therefore, this system has exactly one solution. (This solution is (3, 2), as the reader can verify.)

Figure 1.1.10

Usually, two lines in the plane will intersect in one point, but of course this is not always the case. Consider now the system of
equations

z — 3y = 3.

B = &y = 3.

These define parallel lines in the plane.

Figure 1.1.11

The fact that that the lines do not intersect means that the system of equations has no solution. Of course, this is easy to see
algebraically: if z — 3y = —3, then it is cannot also be the case that z — 3y = 3.

There is one more possibility. Consider the system of equations
z — 3y = -3.
2z — 6y = —6.

The second equation is a multiple of the first, so these equations define the same line in the plane.
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Figure 1.1.12

In this case, there are infinitely many solutions of the system of equations.

v Example 1.1.11 - Two Equations in Three Variables

Consider the system of two linear equations

z + y + z =1
a5 -z = 0.

Each equation individually defines a plane in space. The solutions of the system of both equations are the points that lie on
both planes. We can see in the picture below that the planes intersect in a line. In particular, this system has infinitely many
solutions.

Figure 1.1.13: The planes defined by the equations z +y+2z =1 and z —z =0 intersect in the red line, which is the
solution set of the system of both equations.
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In general, the solutions of a system of equations in n variables is the intersection of “(n
always some kind of linear space, as we will discuss in Section 2.4.

— 1) -planes” in n-space. This is

Parametric Description of Solution Sets
According to the Definition for Solution Sets, Definition 1.1.2, solving a system of equations means writing down all solutions in
terms of some number of parameters. We will give a systematic way of doing so in Section 1.3; for now we give parametric

descriptions in the examples of the previous Subsection, Pictures of Solution Sets.

v/ Example 1.1.12 - Lines

Consider the linear equation z +y =1 of Example 1.1.8. In this context, we call z +y =1 an implicit equation of the line.
We can write the same line in parametric form as follows:

(z,y)=(t,1—t) forany t¢cR.

This means that every point on the line has the form (¢, 1 —¢) for some real number ¢. In this case, we call t a parameter, as it

parameterizes the points on the line.

Figure 1.1.14

Now consider the system of two linear equations
z + y + z = 1
T = g = O

of Example 1.1.11 These collectively form the implicit equations for a line in R®. (At least two equations are needed to define
a line in space.) This line also has a parametric form with one parameter t:

(CL‘, Y, z) = (ta 1 _Zta t)'
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Sl ek
Tay-tz=1 Close Controls

i z =)
(z,9,2) = (1,1 — 2t,t) = (0.00, 1:00, 0-00)

X ._(B_.g;_i;ﬂ-_,quo_!_

L

Figure 1.1.15. The planes defined by the equations z +y+2z =1 and z —z =0 intersect in the yellow line, which is
parameterized by (z,y, z) = (¢,1 — 2t,¢) . Move the slider to change the parameterized point.

Note that in each case, the parameter ¢ allows us to use R to label the points on the line. However, neither line is the same as
the number line R: indeed, every point on the first line has two coordinates, like the point (0, 1), and every point on the second

line has three coordinates, like (0,1, 0).

v/ Example 1.1.13 - Planes

Consider the linear equation x +y +z=1 of Example 1.1.9. This is an implicit equation of a plane in space. This plane has
an equation in parametric form: we can write every point on the plane as

(z,y,2)=(1—t—w, t, w) forany ¢ ,weR.

In this case, we need two parameters t and w to describe all points on the plane.

Belag Ly
(.’B, Y, Z) = (]_ —1i—w,t, w) = (1.00, 0.00, 0.0 Close Controls
Z

Figure 1.1.16. The plane in R* defined by the equation 4y + 2z = 1 . This plane is parameterized by two numbers ¢, w;
move the sliders to change the parameterized point.
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Note that the parameters ¢, w allow us to use R? to label the points on the plane. However, this plane is not the same as the
plane R?: indeed, every point on this plane has three coordinates, like the point (0,0, 1).

When there is a unique solution, as in Example 1.1.1Q it is not necessary to use parameters to describe the solution set.

This page titled 1.1: Systems of Linear Equations is shared under a GNU Free Documentation License 1.3 license and was authored, remixed,
and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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1.2: Row Reduction

4b Objectives

1. Learn to replace a system of linear equations by an augmented matrix.

2. Learn how the elimination method corresponds to performing row operations on an augmented matrix.

3. Understand when a matrix is in (reduced) row echelon form.

4. Learn which row reduced matrices come from inconsistent linear systems.

5. Recipe: the row reduction algorithm.

6. Vocabulary words: row operation, row equivalence, matrix, augmented matrix, pivot, (reduced) row echelon form.

In this section, we will present an algorithm for “solving” a system of linear equations.

The Elimination Method

We will solve systems of linear equations algebraically using the elimination method. In other words, we will combine the
equations in various ways to try to eliminate as many variables as possible from each equation. There are three valid operations we
can perform on our system of equations:

e Scaling: we can multiply both sides of an equation by a nonzero number.

z + 2y + 3z = 6 multiply st by —3 -3z — 6y — 9z = -—18
2c — 3y + 2z = 14 ——m 2z — 3y + 2z = 14
3z + y — z = -2 3z + y — z = =2

e Replacement: we can add a multiple of one equation to another, replacing the second equation with the result.

T+ 2y + 3z = 6, s z + 2y + 3z = 6
2c — 3y + 2z = 14 —mM Ty — 4z = 2
3z + y — 2z = =2 3z + y — z = =2

e Swap: we can swap two equations.

z + 2y + 3z = 6 3rd <—s 1st 3z + y — =z -2
2t — 3y + 2z = 14 —mM8M— 2 — 3y + 2z = 14
3z + y — z = =2 z + 2y + 3z = 6

v/ Example 1.2.1

Solve Equation (1.1.1) using the elimination method.

Solution
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&+ 2y - 37 = E 2nd = 2nd—2 x1st @+ 2y - 37 = g
2c — 3y + 2z = 14 ——m Ty — 4z = 2
3z + y — z = -2 3z + y — z = —2
3rd = 3rd—3x1st SR 6
_— Ty — 4z = 2
-5y — 10z = -20
2nd <— 3rd o dy o 8= e
— -5y — 10z = -20
Ty — 4z = 2
divide 2nd by -5 z + 2y + 3z =6
- y + 2z = 4
Ty — 4z = 2
3rd = 3rd+7x2nd = b o 8 = 6
- y + 2z = 4
10z = 30
At this point we’ve eliminated both z and y from the third equation, and we can solve 10z = 30 to get z = 3. Substituting for
z in the second equation gives y+2-3 =4, or y=—2. Substituting for y and z in the first equation gives
z+2-(—2)+3-3=6, orz = 3. Thus the only solution is (z,y, 2) = (1, -2, 3).
We can check that our solution is correct by substituting (z, y, z2) = (1, —2, 3) into the original equation:
@ 2y + 3z = 6 substitute 1 2 (_2) + 3-3 = 6
2c — 3y + 2z = 14 —— 2:1 — 3:(-2) + 2:3 = 14
3z + y — z = -2 3-1 + (-2) - 3 = -2

Augmented Matrices and Row Operations

Solving equations by elimination requires writing the variables x,y, z and the equals sign = over and over again, merely as
placeholders: all that is changing in the equations is the coefficient numbers. We can make our life easier by extracting only the
numbers, and putting them in a box:

r + 2y + 3z = 6 1 2 3 6
ecomes
2 — 3y + 2z = 14 —— 2 -3 2 |14
3z + y — 2z = =2 3 1 —-1(-2

This is called an augmented matrix. The word “augmented” refers to the vertical line, which we draw to remind ourselves where
the equals sign belongs; a matrix is a grid of numbers without the vertical line. In this notation, our three valid ways of
manipulating our equations become row operations:

o Scaling: multiply all entries in a row by a nonzero number.

1 2 3 6 -3 -6 -9 (-18
Ri=R;x-3

2 3 2 (14 EE— 2 -3 2 14

3 1 —-1(-2 3 1 -1 -2

Here the notation R; simply means “the first row”, and likewise for Ry, R3, etc.
¢ Replacement: add a multiple of one row to another, replacing the second row with the result.

1 2 3|6 P 1 2 3|6
-3 2|14 — | 0 -7 42
3 1 -1|-2 3 1 —-1|-2

e Swap: interchange two rows.
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1 2 3 6 3 1 —-1]-2
R,<—R3

2 -3 2|14 S 2 -3 2 |14

3 1 —-1|-2 1 2 3 6

When we wrote our row operations above we used expressions like Ry = Ry —2 X Ry . Of course this does not mean that the
second row is equal to the second row minus twice the first row. Instead it means that we are replacing the second row with the
second row minus twice the first row. This kind of syntax is used frequently in computer programming when we want to
change the value of a variable.

v/ Example 1.2.2

Solve Equation (1.1.1) using row operations.
Solution

We start by forming an augmented matrix:

z + 2y + 3z = 6 " 1 2 3 6
ecomes
2 — 3y + 2z = 14 —— 2 -3 2 |14
3 + y — z = =2 3 1 —-1]|-2

Eliminating a variable from an equation means producing a zero to the left of the line in an augmented matrix. First we
produce zeros in the first column (i.e. we eliminate ) by subtracting multiples of the first row.

1 2 3 6 1 2 3 6
Ry=R>—2R;
2 -3 2 |14 —_— 0 -7 -4 2
3 1 —-1|-2 3 1 —-1]-2
R3=R3—3R:1 1 2 3 6
_— 0o -7 -4 2
0 -5 —10|—-20

This was made much easier by the fact that the top-left entry is equal to 1, so we can simply multiply the first row by the
number below and subtract. In order to eliminate y in the same way, we would like to produce a 1 in the second column. We
could divide the second row by —7, but this would produce fractions; instead, let’s divide the third by —5.

1 2 3 6 . 1 2 3 |6
Ry=R;+—5
0o -7 —4 2 E— 0 -7 —4]2
0 -5 —-10]|-20 0 1 2 |4
RocR 1 2 3 |6
— 0 1 2 |4
0 -7 —412
Ry=Ry+7R, 1 2 316
_— 01 2|4
0 0 10(30
Ry=Ry+10 12 3|6
EE—— 01 2|4
0 0 1|3

We swapped the second and third row just to keep things orderly. Now we translate this augmented matrix back into a system
of equations:
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1 2 3|6 x + 2y + 3z = 6
becomes

0 1 2|4 —_— y + 2z = 4

0 0 1|3 z = 3

Hence z = 3; back-substituting as in Example 1.2.1 gives (z,y, 2) = (1, —2, 3).

The process of doing row operations to a matrix does not change the solution set of the corresponding linear equations!

Indeed, the whole point of doing these operations is to solve the equations using the elimination method.

# Definition 1.2.1: Row Equivalent

Two matrices are called row equivalent if one can be obtained from the other by doing some number of row operations.

So the linear equations of row-equivalent matrices have the same solution set.

v Example 1.2.3: An Inconsistent System

Solve the following system of equations using row operations:
T + vy 2
3z + 4y = b
4z + by 9
Solution
First we put our system of equations into an augmented matrix.
z + Y augmented matrix L 112
3z + 4y = EEE— 3 4|5
4 + S5y = 9 4 519
We clear the entries below the top-left using row replacement.
1 112 Ry=R>—3Ry L 2
3 4|5 E— 0 1(-1
4 519 4 59
Ry=R,—4R, L) 2
_— 0 1|-1
0 1|1
Now we clear the second entry from the last row.
1 1| 2 oI 1 1| 2
0 1|-1 R 1(-1
0 1 0] 2
This translates back into the system of equations
z + y = 2
y = -1
0 = 2.
Our original system has the same solution set as this system. But this system has no solutions: there are no values of z,y
making the third equation true! We conclude that our original equation was inconsistent.
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Echelon Forms

In the previous Subsection The Elimination Method we saw how to translate a system of linear equations into an augmented
matrix. We want to find an algorithm for “solving” such an augmented matrix. First we must decide what it means for an
augmented matrix to be “solved”.

# Definition 1.2.2: Row Echelon Form

A matrix is in row echelon form if:

1. All zero rows are at the bottom.
2. The first nonzero entry of a row is to the right of the first nonzero entry of the row above.
3. Below the first nonzero entry of a row, all entries are zero.

Here is a picture of a matrix in row echelon form:

*  x Kk x

0 * k% * = any number

0 0 0 * = any nonzero number
0 0 0 0 O

& Definition 1.2.3: Pivot

A pivot is the first nonzero entry of a row of a matrix in row echelon form.

A matrix in row-echelon form is generally easy to solve using back-substitution. For example,

1 2 3|6 becomes x + 2y 4+ 3z = 6
01 2|4 — y + 2z = 4
0 0 10130 10z = 30.

We immediately see that z = 3, which impliesy =4—2-3=—-2 andz =6 —2(—2)—3-3 =1. See Example 1.2.3.

# Definition 1.2.4: Reduced Row Echelon Form

A matrix is in reduced row echelon form if it is in row echelon form, and in addition:

4. Each pivot is equal to 1.
5. Each pivot is the only nonzero entry in its column.

Here is a picture of a matrix in reduced row echelon form:

0
* = any number
1 =pivot

o O =

0
0
1

S x
b S

1
0
0

o

0 0O

A matrix in reduced row echelon form is in some sense completely solved. For example,

1 0 0] 1 T = 1
becomes

01 0]-2 _— = -2

0 0 1|3 z = 3.

v/ Example 1.2.4

The following matrices are in reduced row echelon form:
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The following matrices are in row echelon form but not reduced row echelon form:

2 1 (2) g ; ‘11 1 17 0 2 1 3
0 1 0 1 1 0 0 0/°
0 0 013
The following matrices are not in echelon form:
2 7 114 0
oozt ) (3YR) G s
0 0 113 0

When deciding if an augmented matrix is in (reduced) row echelon form, there is nothing special about the augmented column(s).
Just ignore the vertical line.

If an augmented matrix is in reduced row echelon form, the corresponding linear system is viewed as solved. We will see below
why this is the case, and we will show that any matrix can be put into reduced row echelon form using only row operations.

X Remark: Why the word “pivot”?

Consider the following system of equations:
{ z — y = 0
T + y = 2.
We can visualize this system as a pair of lines in R? (red and blue, respectively, in the picture below) that intersect at the point

(1,1). If we subtract the first equation from the second, we obtain the equation 2y = 2, or y = 1. This results in the system of
equations:

z — y = 0
y = 1.
In terms of row operations on matrices, we can write this as:

0) Fa=Ro-Ry (1 -1
0

B3R (1
0

1 -1
1 1

2
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“pivot”

Figure 1.2.1

What has happened geometrically is that the original blue line has been replaced with the new blue line y = 1. We can think of
the blue line as rotating, or pivoting, around the solution (1, 1). We used the pivot position in the matrix in order to make the
blue line pivot like this. This is one possible explanation for the terminology “pivot”.

The Row Reduction Algorithm

& Theorem 1.2.1

Every matrix is row equivalent to one and only one matrix in reduced row echelon form.

We will give an algorithm, called row reduction or Gaussian elimination, which demonstrates that every matrix is row equivalent
to at least one matrix in reduced row echelon form.

The uniqueness statement is interesting—it means that, no matter how you row reduce, you always get the same matrix in reduced
row echelon form.

This assumes, of course, that you only do the three legal row operations, and you don’t make any arithmetic errors.

We will not prove uniqueness, but maybe you can!

& Algorithm: Row Reduction

o Step 1a: Swap the 1st row with a lower one so a leftmost nonzero entry is in the 1st row (if necessary).
e Step 1b: Scale the 1st row so that its first nonzero entry is equal to 1.

e Step 1c: Use row replacement so all entries below this 1 are 0.

e Step 2a: Swap the 2nd row with a lower one so that the leftmost nonzero entry is in the 2nd row.

o Step 2b: Scale the 2nd row so that its first nonzero entry is equal to 1.

o Step 2c: Use row replacement so all entries below this 1 are 0.

o Step 3a: Swap the 3rd row with a lower one so that the leftmost nonzero entry is in the 3rd row.

e etc.

e Last Step: Use row replacement to clear all entries above the pivots, starting with the last pivot.
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Row reduce this matrix:

0 -7 —4] 2
2 4 6 | 12
3 1 —-1|-2

Solution
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0] -7 —4
2 4 6
31 -1

2
12
—2
Step la: Row swap
to make this nonzero.

Optional: swap rows 2
and 3 to make Step 2b
easier next.

3 1 112
Step 1b: Scale to make this 1.

Ri=R;=2 (1 2 3] 6
sy | O —7 —4 | 2
1 —1/-2

Step 1lc: Subtract a multiple of
the first row to clear this.

R, «—R; 4 6 12)

R3 :R3 —3R1

AAAAARAAAAAN AR

Ry «—R;

ARRANARAARAANAA S

(

1 2 3 6
0 -7 —4 2
0 -5 —10 1—20

Step 2a:
Step 2b:

Note how Step 2b Ry =Ry +—5

doesn’t create fractions.

([(a)

This is already nonzero.
Scale to make this 1.

)

( 1 2
Step 2c: Add 7 times
the second row to clear this.

R3 :R3 + 7R2
AN
_. 30

Step 3a: This is already nonzero.
Step 3b: Scale to make this 1.

R;=R;+10 (1 2]3||6
3 3 _. 4
3

0o
Last step: add multiples of
the third row to clear these.

R, =R, — 2R 12 3 6
M(Olo_z)

001l 3
Ry =R,—3R; - 0-3
0011 3

Last step: add —2 times
the third row to clear this.

Ri=R,—2R, (1 00| 1
wnnennmenoneaens | 001 0 | =2
0011 3

The reduced row echelon form of the matrix is

https://math.libretexts.org/@go/page/70183
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10
01
0 0

The reduced row echelon form of the matrix tells us that the only solution is (z, y, 2) =

Figure 1.

0|1 z 1
translates to

0|2 s y = -2
1] 3 z 3.
(17_273)

0 -7 —4| 2

2 4 6 12

3 1 —-1]| -2

I Let's row reduce this matrix.

1721
2.2: Animated slideshow of the row reduction in this example.

Here is the row reduction algorithm, summarized in pictures.

Get a 1 here Clear down Get a 1 here

* ok ok R T 1 = * =
* Kk Kk ok * * Kk & 0 * K
* ok ok Kk * ok k% 0 * * %
* ok ok x * A kK (0 A k&
Clear down (maybe these are alreadv Zero) Get a 1 here
1 * *= =* 1 * = 1 = | =%
0 Y o | 0 Tl [ %
0 * = x 0 0 .0 . 0 0 0+
0 * »= 0 0 O * 0 0 0 =«

Clear down Matrix is in REF Clear up
1 * * * 1 * =* T * % 4
0 1 = = 0 1 » = 0 I % 4+
000 000 1 000
0O 0 0 = 0O 0 0 O 0 0 0 0O
C]ear up Matrix is in RREF

+ * 0 0 ~ 0
0 . 0) 0 T % @
0 0 0 i1 0 0 0 1
0O 0 0 O 0O 0 0 O

Figure 1.2.3
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It will be very important to know where are the pivots of a matrix after row reducing; this is the reason for the following piece of
terminology.

& Definition 1.2.5

A pivot position of a matrix is an entry that is a pivot of a row echelon form of that matrix.

A pivot column of a matrix is a column that contains a pivot position.

v/ Example 1.2.6: Pivot Positions

Find the pivot positions and pivot columns of this matrix

0 -7 41 2
A=] 2 4 6 | 12
3 1 —-1|-2

Solution
We saw in Example 1.2.5 that a row echelon form of the matrix is

1 2 3|6
01 2|4
0 0 1030

The pivot positions of A are the entries that become pivots in a row echelon form; they are marked in red below:

0 -7 —4] 2
2 4 6 | 12
3 1 —1|-2

The first, second, and third columns are pivot columns.

v Example 1.2.7: An Inconsistent System

Solve the linear system

{2.’1: + 10y = -1

using row reduction.

Solution
2 10| -1 Ry=Ry+2 1 5|-1
0 — 2 (Step 1b)
3 15| 2 3 15| 2
R,=R,—3R, 1 5| —3
—_— . (Step 1c)
0 0f 3
Ry=R,x % 1 5|2
—_ & (Step 2Db)
0 0] 1
R=R,+1iR, 1 5o
— (Step 2c¢)
0 0|1
This row reduced matrix corresponds to the inconsistent system
{ z + 5y = 0
0 =1
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In the above example, we saw how to recognize the reduced row echelon form of an inconsistent system.

& Theorem 1.2.2: The Row Echelon Form of an Inconsistent System

An augmented matrix corresponds to an inconsistent system of equations if and only if the last column (i.e., the augmented
column) is a pivot column.

In other words, the row reduced matrix of an inconsistent system looks like this:

0
0
1

o = O

1
0
0

St x
S X

We have discussed two classes of matrices so far:

1. When the reduced row echelon form of a matrix has a pivot in every non-augmented column, then it corresponds to a system
with a unique solution:

1 0 0|1 T = 1
translates to

01 0/[-2 —_— y = 2

0 0 1|3 z = 3.

2. When the reduced row echelon form of a matrix has a pivot in the last (augmented) column, then it corresponds to a system
with a no solutions:
1 5
0 0

What happens when one of the non-augmented columns lacks a pivot? This is the subject of Section 1.3.

1 0 = 1.

0) translates to {.’L’ + 5y = 0

v/ Example 1.2.8: A System with Many Solutions

Solve the linear system
2r + y + 12z = 1
x + 2y + 9z -1
using row reduction.
Solution
2 1 12| 1 Ri+—R, 12 9 (-1 .
_— (Optional)
1 2 9|-1 2 1 12| 1
Ry=R,—2R _
N 129 ! (Step 1c)
0 -3 —6[3
Ry=Ry+-3 _
RN L2 991 (Step 2b)
01 2(-1
Ri=R1—2R
" L 051t (Step 2c¢)
01 2(-1
This row reduced matrix corresponds to the linear system
z + 5z = 1
y + 2z = -1
In what sense is the system solved? We will see in Section 1.3.
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1.3: Parametric Form

4b Objectives

1. Learn to express the solution set of a system of linear equations in parametric form.

2. Understand the three possibilities for the number of solutions of a system of linear equations.
3. Recipe: parametric form.

4. Vocabulary word: free variable.

Free Variables

There is one possibility for the row reduced form of a matrix that we did not see in Section 1.2.

v/ Example 1.3.1: A System with a Free Variable:

Consider the linear system

2c + y + 12z = 1
z + 2y + 9z = -1

We solve it using row reduction:

2 1 12| 1 Ric—R, 12 9 |-1 .
—_— (Optional)
1 2 9|1 2 1 12| 1
Ry=R,—2R 1 2 9 | -1
B (Step 1c)
0 -3 -6 3
Ry=Ry+-3 =
- 12 99-1 (Step 2b)
01 2(-1
Ri=R; 2R
0 L 051t (Step 2c¢)
01 2(-1
This row reduced matrix corresponds to the linear system
z + 5z = 1
y + 2z = -—1.
In what sense is the system solved? We rewrite as
B = 1 — 52z
y = -1 — 2z

For any value of z, there is exactly one value of z and y that make the equations true. But we are free to choose any value of z.

We have found all solutions: it is the set of all values z, y, z, where

1 — 52
= -1 — 2z z any real number.
g = z

This is called the parametric form for the solution to the linear system. The variable z is called a free variable.
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z
¢ | a1 L 19> —
2‘13 £ y ! J_QV - 1

z+2y+ 9z2=-—1
(z,y,2) = (1 — 52z, —1 — 22, z) = (1.00;,—1.00, 0.00)

(10,-1.0,00), —

==

K2

Figure 1.3.1. A picture of the solution set (the yellow line) of the linear system in Example 1.3.1. There is a unique solution
for every value of z; move the slider to change z.

Given the parametric form for the solution to a linear system, we can obtain specific solutions by replacing the free variables
with any specific real numbers. For instance, setting z =0 in the last example gives the solution (z,y, 2) = (1, —1,0), and
setting z =1 gives the solution (z,y, 2) = (—4, -3, 1).

# Definition 1.3.1: Free Variable

Consider a consistent system of equations in the variables x1, xs,...,z,. Let A be a row echelon form of the augmented
matrix for this system.

We say that z; is a free variable if its corresponding column in A is not a pivot column, Definition 1.2.5 in Section 1.2,

In the above Example, 1.3.1, the variable z was free because the reduced row echelon form matrix was

1 0 51
01 2(-1 /)"
1 « 0 *
0 0 1 % |’

the free variables are =5 and z4. (The augmented column is not free because it does not correspond to a variable.)

X Recipe: Parametric form

The parametric form of the solution set of a consistent system of linear equations is obtained as follows.

In the matrix

*
*

1. Write the system as an augmented matrix.

2. Row reduce to reduced row echelon form.

3. Write the corresponding (solved) system of linear equations.
4. Move all free variables to the right hand side of the equations.
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Moving the free variables to the right hand side of the equations amounts to solving for the non-free variables (the ones that come
pivot columns) in terms of the free variables. One can think of the free variables as being independent variables, and the non-free
variables being dependent.

X Note 1.3.1: Implicit Versus Parameterized Equations

The solution set of the system of linear equations

2c + y + 12z = 1
z + 2y + 92z = -1

is a line in R3, as we saw in Example 1.3.1 These equations are called the implicit equations for the line: the line is defined
implicitly as the simultaneous solutions to those two equations.

r = 1 — b5z
y = -1 — 2z

(z,y, 2) =(1 =5z, =1 —2z, 2) z any real number.

The parametric form

can be written as follows:

This called a parameterized equation for the same line. It is an expression that produces all points of the line in terms of one
parameter, 2.

One should think of a system of equations as being an implicit equation for its solution set, and of the parametric form as being
the parameterized equation for the same set. The parameteric form is much more explicit: it gives a concrete recipe for
producing all solutions.

You can choose any value for the free variables in a (consistent) linear system.

Free variables come from the columns without pivots in a matrix in row echelon form.

v/ Example 1.3.2

Suppose that the reduced row echelon form of the matrix for a linear system in four variables x1, z2, 3, 24 is

10 0 3
0 01 4

2
-1

The free variables are x5 and z4: they are the ones whose columns are not pivot columns.

This translates into the system of equations

o s = A M r = 2 — 3y
3 + 4z = -1 z3 = —1 — dz4

What happened to 25 ? It is a free variable, but no other variable depends on it. The general solution to the system is
(CL‘l, T2, I3, 134) = (2 —3:1:4, T2, -1 —4.’E4, .’134),

for any values of x5 and z4. For instance, (2,0, —1,0)is a solution (with z = x4 =0), and (5, 1,3, —1) is a solution (with
o =1,24 =—1).
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The system of one linear equation

z+y+z=1

(1 1 1|1),

which is already in reduced row echelon form. The free variables are y and z. The parametric form for the general solution is

comes from the matrix

($7 Y, z)Z(l—y—z, Y, Z)

for any values of y and z. This is the parametric equation for a plane in R?.

G e
(SB, Yy, Z) = (]_ —Yy—zY, Z) = ( . . Close Controls

.,._..__‘w,_a_g_fﬂ:m

L)

Figure 1.3.2: A plane described by two parameters y and z. Any point on the plane is obtained by substituting suitable values
for y and z.

Number of Solutions
There are three possibilities for the reduced row echelon form of the augmented matrix of a linear system.

1. The last column is a pivot column. In this case, the system is inconsistent. There are zero solutions, i.e., the solution set is
empty. For example, the matrix

oS O =
o = O
= o o

comes from a linear system with no solutions.
2. Every column except the last column is a pivot column. In this case, the system has a unique solution. For example, the matrix

1
0
0

(= =

0
0
1

o o9

tells us that the unique solution is (z, y, 2) = (a, b, ).
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3. The last column is not a pivot column, and some other column is not a pivot column either. In this case, the system has
infinitely many solutions, corresponding to the infinitely many possible values of the free variable(s). For example, in the
system corresponding to the matrix

1 -2 0 3|1
0 0 1 4(-1

any values for x5 and x4 yield a solution to the system of equations.

This page titled 1.3: Parametric Form is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated

by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

2: Systems of Linear Equations- Geometry

X Note 2.1

We have already discussed systems of linear equations and how this is related to matrices. In this chapter we will learn how to
write a system of linear equations succinctly as a matrix equation, which looks like Az = b, where A is an m X n matrix, b is
a vector in R™ and z is a variable vector in R™. As we will see, this is a powerful perspective. We will study two related
questions:

1. What is the set of solutions to Az = b?
2. What is the set of b so that Az = b is consistent?

The first question is the kind you are used to from your first algebra class: what is the set of solutions to 2> —1 =0 . The
second is also something you could have studied in your previous algebra classes: for which b does > = b have a solution?
This question is more subtle at first glance, but you can solve it in the same way as the first question, with the quadratic
formula.

In order to answer the two questions listed above, we will use geometry. This will be analogous to how you used parabolas in order
to understand the solutions to a quadratic equation in one variable. Specifically, this chapter is devoted to the geometric study of
two objects:

1. the solution set of a matrix equation Az = b, and
2. the set of all b that makes a particular system consistent.

The second object will be called the column space of A. The two objects are related in a beautiful way by the rank theorem in
Section 2.8.

Instead of parabolas and hyperbolas, our geometric objects are subspaces, such as lines and planes. Our geometric objects will be
something like 13-dimensional planes in R?, etc. It is amazing that we can say anything substantive about objects that we cannot
directly visualize.

We will develop a large amount of vocabulary that we will use to describe the above objects: vectors (Section 2.1), spans (Section
2.2), linear independence (Section 2.5), subspaces (Section 2.6), dimension (Section 2.7), coordinate systems (Section 2.8), etc. We
will use these concepts to give a precise geometric description of the solution set of any system of equations (Section 2.4). We will
also learn how to express systems of equations more simply using matrix equations (Section 2.3).

2.1: Vectors

2.2: Vector Equations and Spans
2.3: Matrix Equations

2.4: Solution Sets

2.5: Linear Independence

2.6: Subspaces

2.7: Basis and Dimension

2.9: The Rank Theorem

2.8: Bases as Coordinate Systems
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2.1: Vectors

4b Objectives

1. Learn how to add and scale vectors in R™, both algebraically and geometrically.
2. Understand linear combinations geometrically.

3. Pictures: vector addition, vector subtraction, linear combinations.

4. Vocabulary words: vector, linear combination.

Vectors in R™

We have been drawing points in R" as dots in the line, plane, space, etc. We can also draw them as arrows. Since we have two
geometric interpretations in mind, we now discuss the relationship between the two points of view.

# Definition 2.1.1: Points and Vectors

Again, a point in R™ is drawn as a dot.

.g.

the lh)"oint (1,3)

-

Figure 2.1.1

A vector is a point in R", drawn as an arrow.

“—the vector (31))

Figure 2.1.2

The difference is purely psychological: points and vectors are both just lists of numbers.

+ Example 2.1.1: Interactive: A vector in R?, by coordinates
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5.00
v=3.00
|4.00

. § Z Close Controls
[elick and drag the arrow head and tail]

Figure 2.1.3. A vector in R?, and its coordinates. Drag the arrow head and tail.

When we think of a point in R™ as a vector, we will usually write it vertically, like a matrix with one column:
1
v= .
3

Why make the distinction between points and vectors? A vector need not start at the origin: it can be located anywhere! In other
words, an arrow is determined by its length and its direction, not by its location. For instance, these arrows all represent the vector

(2)

We will also write O for the zero vector.

Figure 2.1.4

Unless otherwise specified, we will assume that all vectors start at the origin.

Vectors makes sense in the real world: many physical quantities, such as velocity, are represented as vectors. But it makes more
sense to think of the velocity of a car as being located at the car.

Some authors use boldface letters to represent vectors, as in “v”, or use arrows, as in “”. As it is usually clear from context if
a letter represents a vector, we do not decorate vectors in this way.
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Another way to think about a vector is as a difference between two points, or the arrow from one point to another. For instance,

(;) is the arrow from (1, 1) to (2, 3).

Figure 2.1.5

Vector Algebra and Geometry

Here we learn how to add vectors together and how to multiply vectors by numbers, both algebraically and geometrically.

# Definition 2.1.2: Vector addition and scalar multiplication

e We can add two vectors together:

a T a+x
bl+ly|=]| bty
c z ct+z
o We can multiply, or scale, a vector by a real number c:
a
cSly|= Y
z c-z

We call ¢ a scalar to distinguish it from a vector. If v is a vector and c is a scalar, then cv is called a scalar multiple of v.

Addition and scalar multiplication work in the same way for vectors of length n.

v/ Example 2.1.2

4 5 -2
21+15]1=17 and —-2|2]=| -4
3 6 9 3 —6

The Parallelogram Law for Vector Addition

Geometrically, the sum of two vectors v, w is obtained as follows: place the tail of w at the head of v. Then v+w is the vector
whose tail is the tail of v and whose head is the head of w. Doing this both ways creates a parallelogram. For example,

(s)+(2)-(5)

Why? The width of v+ w is the sum of the widths, and likewise with the heights.
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5=2+3=3+2
=
o]

w

5=14+4=4+1

Figure 2.1.6

v/ Example 2.1.3: Interactive: The parallelogram law for vector addition

|'_3.{}0 '| (_4.00 '| - |'_7.00
200 | | Z200] ™ 200

[click and drag the heads of v and w to move them]

Figure 2.1.7: The parallelogram law for vector addition. Click and drag the heads of and w.

Vector Subtraction

Geometrically, the difference of two vectors v, w is obtained as follows: place the tail of v and w at the same point. Then v —w is
the vector from the head of w to the head of v. For example,

(1)-G)-(3)

Why? If you add v —w to w, you get v.

Figure 2.1.8
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v/ Example 2.1.4: Interactive: Vector subtraction

3.00 4.00 -| —1.00
—-5.00] — |—1.00f = {—4.00
4.00 —Q.UOJ 6.00

[click and drag the heads of v and w to move them]

v
=7

Figure 2.1.9: Vector subtraction. Click and drag the heads of v and w.

Scalar Multiplication

A scalar multiple of a vector v has the same (or opposite) direction, but a different length. For instance, 2v is the vector in the
direction of v but twice as long, and — %v is the vector in the opposite direction of v, but half as long. Note that the set of all scalar
multiples of a (nonzero) vector v is a line.

Some multiples of v. All multiples of v.

2v

Ov

Figure 2.1.10

v/ Example 2.1.5: Interactive: Scalar multiplication
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|V ?LUU -| 4.50 Close Controls
1.50 - |‘4",10[(])[]J — }70?]0 ontrol
4. iy

[click and drag the head of v to move it]

1.50v

Figure 2.1.11: Scalar multiplication. Drag the slider to change the scalar.

Linear Combinations

We can add and scale vectors in the same equation.

# Definition 2.1.3: Linear Combination

Let ¢y, ca, . . ., Ck, be scalars, and let vq, vs, . . . , v be vectors in R™. The vector in R"

€1V +CoVg + - - - +CrUg

is called a linear combination of the vectors vy, vs, . . . , U, with weights or coefficients c;, ca, . . ., Cg.

Geometrically, a linear combination is obtained by stretching / shrinking the vectors vy, v, ..., v according to the coefficients,

then adding them together using the parallelogram law.

v/ Example 2.1.6

Letv; = (;) and vy = ((1)) . Here are some linear combinations of v; and v, drawn as points.

e v+,
2

Vi
e 2‘. + 0\’2

Y
L]

_VI

Figure 2.1.12
The locations of these points are found using the parallelogram law for vector addition. Any vector on the plane is a linear

combination of v; and vs, with suitable coefficients.
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2.00

Show x.v1 +yv2

5_{'}. l_}('i_l 2.00

r — Axes
[11}0} [1.00] [2.00]
4 —

v

Close Controls

Figure 2.1.13: Linear combinations of two vectors in R?: move the sliders to change the coefficients of v1 and v2. Note that any
vector on the plane can be obtained as a linear combination of v1,v2 with suitable coefficients.

v Example 2.1.7: Interactive: Linear combinations of three vectors

0] + | 100 | +

N

Axes

1
|- 1 [ Show xv1+yv2 +7Zv3

b

104 v

Close Controls

v KA

Figure 2.1.14: Linear combinations of three vectors: move the sliders to change the coefficients of v;,vs,v3. Note how the
parallelogram law for addition of three vectors is more of a “parallepiped law”.

v Example 2.1.8: Linear Combinations of a Single Vector

A linear combination of a single vector v = (é) is just a scalar multiple of v. So some examples include
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=(3) = (%) == ()

The set of all linear combinations is the line through v. (Unless v = 0, in which case any scalar multiple of v is again 0.)

Figure 2.1.15

v/ Example 2.1.9: Linear Combinations of Collinear Vectors

The set of all linear combinations of the vectors

is the line containing both vectors.

Vi

Va

Figure 2.1.16

The difference between this and Example 2.1.6 is that both vectors lie on the same line. Hence any scalar multiples of v;, v
lie on that line, as does their sum.

v Example 2.1.10: Interactive: Linear combinations of two collinear vectors
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2.00 i —1.001 _ |1.00
2.00 —-1.00( — [1.00

that there is no way to “escape” the line.

Axes

Show xv1 +yv2

X

y

Close Controls

1.00v 11 00v2

K2
v

Figure 2.1.17: Linear combinations of two collinear vectors in R2. Move the sliders to change the coefficients of v;,vy. Note

This page titled 2.1: Vectors is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated by Dan

Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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2.2: Vector Equations and Spans

4b Objectives

1. Understand the equivalence between a system of linear equations and a vector equation.

2. Learn the definition of Span{z;, zs, . .., zx },and how to draw pictures of spans.

3. Recipe: solve a vector equation using augmented matrices / decide if a vector is in a span.

4. Pictures: an inconsistent system of equations, a consistent system of equations, spans in R? and R®.
5. Vocabulary word: vector equation.

6. Essential vocabulary word: span.

Vector Equations

An equation involving vectors with n coordinates is the same as n equations involving only numbers. For example, the equation

1 -1 8
z|2|+y|l -2]=1]16
6 -1 3
simplifies to
x -y 8 zT—y 8
22 | +| 2y | =| 16 or 22 -2y | = | 16
6x —y 3 6x —y 3

For two vectors to be equal, all of their coordinates must be equal, so this is just the system of linear equations

r — y = 8
20 — 2y = 16
6 — y = 3.

# Definition 2.2.1: Vector Equation

A vector equation is an equation involving a linear combination of vectors with possibly unknown coefficients.

Asking whether or not a vector equation has a solution is the same as asking if a given vector is a linear combination of some
other given vectors.

For example the vector equation above is asking if the vector (8,16, 3) is a linear combination of the vectors (1,2,6) and
(-1,2,-1).

The thing we really care about is solving systems of linear equations, not solving vector equations. The whole point of vector
equations is that they give us a different, and more geometric, way of viewing systems of linear equations.

X Note 2.2.2: A Picture of a Consistent System

Below we will show that the above system of equations is consistent. Equivalently, this means that the above vector equation
has a solution. In other words, there is a linear combination of (1,2,6)and (—1, 2, —1) that equals (8, 16, 3). We can visualize
the last statement geometrically. Therefore, the following Figure 2.2.1 gives a picture of a consistent system of equations.
Compare with Figure 2.2.2, which shows a picture of an inconsistent system.
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. . - - Axes
Solve this equation by moving the sliders:

200 + | 20| — [ao0]

l6.00]  |-100] B [5.00

Show xv1 +yv2

v

Close Controls

1.00v1 +1_.00v2

,:;,/‘ o

*\‘

K3

Figure 2.2.1: A picture of the above vector equation. Try to solve the equation geometrically by moving the sliders.

In order to actually solve the vector equation

1 -1 8
z| 2 |+ty| -2 |={| 16 |,
6 -1 3
one has to solve the system of linear equations
T — vy 8
20 — 2y = 16
6 — vy 3
This means forming the augmented matrix
1 —-11]8
2 —2|16
6 —113

and row reducing. Note that the columns of the augmented matrix are the vectors from the original vector equation, so it is not
actually necessary to write the system of equations: one can go directly from the vector equation to the augmented matrix by
“smooshing the vectors together”. In Example 2.2.1 we carry out the row reduction and find the solution.

v/ Example 2.2.1

8 1 -1
Is | 16 | alinear combinationof | 2 | and | —2 | ?
3 6 -1
Solution

As discussed above, this question boils down to a row reduction:
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1 -1]8 1 0f-1
RREF
2 —2]16 —_— 0 1]|-9
6 —-1]| 3 0 0] 0
8
From this we see that the equation is consistent, and the solution is z = —1 and y = —9. We conclude that | 16 | is indeed a
3
1 -1
linear combination of | 2 | and | —2 |, with coefficients —1 and —9:
6 -1
1 -1 8
—12]1-9]1-2]|=16
6 -1 3
X Recipe: Solving a Vector Equation
In general, the vector equation
T1V1 +Xovs +- -+ xRV =b
where vy, vs,..., Vg, b are vectors in R™ and x1, xs, ..., x; are unknown scalars, has the same solution set as the linear
system with augmented matrix
| | [
v1 vy .- v |b
| ||
whose columns are the v;’s and the b’s.
Now we have three equivalent ways of thinking about a linear system:
1. As a system of equations:
{2.’1:1 4+ 3zy — 2x3 = T
1 — o — 3%3 =5
2. As an augmented matrix:
2 3 2|7
1 -1 -3|5
3. As a vector equation (z1v1 + @22 +- - - + TV, =b ):
2 n 3 n —2 7
T X x =
") ") T s 5
The third is geometric in nature: it lends itself to drawing pictures.
Spans
It will be important to know what are all linear combinations of a set of vectors vy, vs, . . . , v in R"™. In other words, we would like
to understand the set of all vectors b in R™ such that the vector equation (in the unknowns z1, s, . . . , 1)

T1V1 +Xovs +- -+ TV, =b

has a solution (i.e. is consistent).
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# Definition 2.2.2: Span

Let v1,v9,...,v; be vectors in R™. The span of vy, vs, ..., v} is the collection of all linear combinations of vy, vs, . .., vk,
and is denoted Span{vy, v, ..., vx }. In symbols:

Span{vy,vs,...,v5} = {:L'lvl +Zovg + -+ TRV | 1, T2y - - -, Tk inR}

We also say that Span{vy, vs, . .., v} is the subset spanned by or generated by the vectors vy, va, . . . , V.

The above definition, Definition 2.2.2 is the first of several essential definitions that we will see in this textbook. They are essential
in that they form the essence of the subject of linear algebra: learning linear algebra means (in part) learning these definitions. All
of the definitions are important, but it is essential that you learn and understand the definitions marked as such.

X Note 2.2.3: Set Builder Notation

The notation
{a:lvl +@ovg +- - F TRV | 1, T2y - -, T inR}

reads as: “the set of all things of the form x1vy +xovy + - - - + vy, such that zq, zo, ...,z are in R.” The vertical line is
“such that”; everything to the left of it is “the set of all things of this form”, and everything to the right is the condition that
those things must satisfy to be in the set. Specifying a set in this way is called set builder notation.

All mathematical notation is only shorthand: any sequence of symbols must translate into a usual sentence.

X Note 2.2.4: Three characterizations of consistency

Now we have three equivalent ways of making the same statement:
1. A vector b is in the span of vy, va, . . . , U.
2. The vector equation

T1V1 +Xovs +- -+ xRV =b

has a solution.
3. The linear system with augmented matrix

v vy -+ v |b

is consistent.

Equivalent means that, for any given list of vectors vy, v, ..., vk, b, either all three statements are true, or all three statements are
false.
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. . - - Axes
Solve this equation by moving the sliders:

[Loo] | [-ho0) _fosor T

l600] |-100] |5.00 [

Show x.v1 +yv2

v

Close Controls

K3
Figure 2.2.2: This is a picture of an inconsistent linear system: the vector w on the right-hand side of the equation
Z1v1 +22v9 = w is not in the span of vy, v,. Convince yourself of this by trying to solve the equation z;v; +z2vs =w by
moving the sliders, and by row reduction. Compare this with Figure 2.2.1.

Pictures of Spans.

Drawing a picture of Span{vy, va, ..., v} is the same as drawing a picture of all linear combinations of vy, va, . . . , Vg.

Span{v, w}
Span{v}

Span{v,w} 4

w

Figure 2.2.3: Pictures of spans in R?.
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Span{v} i Span{v, w}

Span{u, v, w} Span{u, v, w}

Figure 2.2.4: Pictures of spans in R®. The span of two noncollinear vectors is the plane containing the origin and the heads of the
vectors. Note that three coplanar (but not collinear) vectors span a plane and not a 3-space, just as two collinear vectors span a line
and not a plane.

v Example 2.2.2: Interactive: Span of two vectors in R?

Axes

. 1.00] .00} . _
pan 200!/ l0.00 IERIER Show x.v +yw

Close Controls

v K2

Figure 2.2.5: Interactive picture of a span of two vectors in R%. Check “Show x.v + y.w” and move the sliders to see how
every point in the violet region is in fact a linear combination of the two vectors.
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+ Example 2.2.3: Interactive: Span of two vectors in R?

: Axes
Span I-;gg] ; ’- 2_,llil(f|](}_| | show v+ yw
LI.UD L 1.00 X

y

Close Controls

KA

Figure 2.2.6: Interactive picture of a span of two vectors in R3. Check “Show x.v + y.w” and move the sliders to see how
every point in the violet region is in fact a linear combination of the two vectors.

v Example 2.2.4: Interactive: Span of three vectors in R?

e Axes
Span I- ‘;88 _’ ( .)._‘;};_;[-].l Show xv +yw +Zu

[ -2.00J il 1,00J E

Close Conirols

v

K2

Figure 2.2.7: Interactive picture of a span of three vectors in R3. Check “Show x.v + y.w + z.u” and move the sliders to see
how every point in the violet region is in fact a linear combination of the three vectors.
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2.3: Matrix Equations

4b Objectives

1. Understand the equivalence between a system of linear equations, an augmented matrix, a vector equation, and a matrix
equation.

2. Characterize the vectors b such that Az = b is consistent, in terms of the span of the columns of A.

3. Characterize matrices A such that Az = b is consistent for all vectors b.

4. Recipe: multiply a vector by a matrix (two ways).

5. Picture: the set of all vectors b such that Az = b is consistent.

6. Vocabulary word: matrix equation.

The Matrix Equation Az = b

In this section we introduce a very concise way of writing a system of linear equations: Az = b. Here A is a matrix and z, b are
vectors (generally of different sizes), so first we must explain how to multiply a matrix by a vector.

When we say “A is an m X n matrix,” we mean that A has m rows and n columns.

In this book, we do not reserve the letters m and n for the numbers of rows and columns of a matrix. If we write “A4 is an
n X m matrix”, then n is the number of rows of A and m is the number of columns.

# Definition 2.3.1; Product

Let A be an m X n matrix with columns vy, ve, . . ., Uy:

A: U1 () . e ()
| |

The product of A with a vector z in R" is the linear combination

x1

T2
Az = vy vy -+ v, . =21V1 +X2Vs + - - - +TpUy.

Tn

This is a vector in R™.

v/ Example 2.3.1

(250 ()= () (D) () -(3):

In order for Az to make sense, the number of entries of z has to be the same as the number of columns of A: we are using the
entries of x as the coefficients of the columns of A in a linear combination. The resulting vector has the same number of entries as
the number of rows of A, since each column of A has that number of entries.
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If A is an m X n matrix (m rows, n columns), then Az makes sense when z has n entries. The product Az has m entries.

& Proposition 2.3.1: Properties of the Matrix-Vector Product

Let A be an m X m matrix, let u, v be vectors in R", and let ¢ be a scalar. Then:

o A(u+v)=Au+Av
e A(cu)=cAu

# Definition 2.3.2: Matrix Equation

A matrix equation is an equation of the form Az = b, where A is an m x n matrix, b is a vector in R™, and « is a vector
whose coefficients x1, 2, . . . , T, are unknown.

In this book we will study two complementary questions about a matrix equation Az = b:

1. Given a specific choice of b, what are all of the solutions to Az = b?
2. What are all of the choices of b so that Az = b is consistent?

The first question is more like the questions you might be used to from your earlier courses in algebra; you have a lot of practice
solving equations like 2> —1 =0 for z. The second question is perhaps a new concept for you. Theorem 2.9.1 in Section 2.9,
which is the culmination of this chapter, tells us that the two questions are intimately related.

X Note 2.3.3: Matrix Equations and Vector Equations

Let vy, vg, ..., v, and b be vectors in R™. Consider the vector equation
L1V +Xovs + - + 2V, =b.
This is equivalent to the matrix equation Az = b, where

I

I o
A= v Vo cee Up and =z =

Bp
Conversely, if A is any m X n matrix, then Az = b is equivalent to the vector equation
T1v1 + 2202+ - + 20, =D,

where vy, vs, . . ., v, are the columns of A, and z1, x2, . . . , T, are the entries of z.

v/ Example 2.3.2

Write the vector equation

7
2u1 +3vg —4dvz3 = | 2

as a matrix equation, where v;, v2, v3 are vectors in R®.

Solution
Let A be the matrix with columns vy, v9, v3, and let = be the vector with entries 2, 3, —4. Then

GNU Free Documentation License https://math.libretexts.org/@go/page/70188


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70188?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/02%3A_Systems_of_Linear_Equations-_Geometry/2.08%3A_The_Rank_Theorem#Theorem_.5C(.5CPageIndex.7B1.7D.5C):_Rank_Theorem
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/02%3A_Systems_of_Linear_Equations-_Geometry/2.08%3A_The_Rank_Theorem

LibreTexts"

| 2
Az = v, vy w3 3)221}1—1—31)2—41)3,
. —4

7

2

1

so the vector equation is equivalent to the matrix equation Az =

X Note 2.3.4: Four Ways of Writing a Linear System

We now have four equivalent ways of writing (and thinking about) a system of linear equations:

1. As a system of equations:

{2%‘1 + 32 — 223 = T

1 — ) — 3.’1,'3 = 5
2 3 2|7
1 -1 3|5

3. As a vector equation (z1v1 + Zavy +- - - + XV, =b ):

o (1) (5) = (3)=(5)
22 (=]-():

T3

2. As an augmented matrix:

4. As a matrix equation (Az =b):

In particular, all four have the same solution set.

We will move back and forth freely between the four ways of writing a linear system, over and over again, for the rest of the
book.

Another Way to Compute Ax

The above definition for Product, Definition 2.3.1, is a useful way of defining the product of a matrix with a vector when it comes

to understanding the relationship between matrix equations and vector equations. Here we give a definition that is better-adapted to
computations by hand.

# Definition 2.3.3: Row Vector

A row vector is a matrix with one row. The product of a row vector of length n and a (column) vector of length n is

T1

Z2
(a1 az ---ay) | =aizy +aszo +- - - +anz,.

This is a scalar.
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X Recipe: The Row-Column Rule for Matrix-Vector Multiplication

If A is an m X n matrix with rows 71,73, ..., 7, and z is a vector in R", then
—r1— ™
—7rog— ToX
Az = ) T =
— P T

v/ Example 2.3.3
50/

/N
ES TN
oo ot
Nelie>]
~_
()
Il
L N = W N
I
/N
ESINTN
==
+
oo ot
NN
&+
© o
w w

This is the same answer as before:

1
4562:14+25+36:1~4—|—2 5 + 3 6:32.
7 8 9 3 7 8 9 1 -7 4+ 2 8 + 3 9 50
Spans and Consistency
Let A be a matrix with columns vy, v, . . ., Uy:
| |
A=\ v v Up
| |
Then
Az = b has a solution
T
T2
<= there exist z1,x2,..., T, suchthat A | . =b
Tn
<= there exist 1, x3, ..., x, such that zyv; + xove +-- - +x,v, =b
<= bisalinear combination of vy, vs, ..., v,

<= bisin the span of the columns of A.

X Note 2.3.6: Spans and Consistency

The matrix equation Az = b has a solution if and only if b is in the span of the columns of A.

This gives an equivalence between an algebraic statement (Ax = b is consistent), and a geometric statement (b is in the span of the
columns of A).

v/ Example 2.3.4: An Inconsistent System
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Solution
First we answer the question geometrically. The columns of A are

2 1
vy=1| -1 and vy = 0o 1,
1 =Il
0
and the target vector (on the right-hand side of the equation) is w = | 2 | . The equation Az = w is consistent if and only if
2

w is contained in the span of the columns of A. So we draw a picture:

Span{v, v,}

Figure 2.3.1

It does not appear that w lies in Span{wvy, vs }, so the equation is inconsistent.

Solve this equation by moving the slid

l 100 | |-100] |

v

Close Controls

v

1.00v1+4.Qov2’f
« 1

R2

Figure 2.3.2: The vector w is not contained in Span{v;, v}, so the equation Az = b is inconsistent. (Try moving the sliders
to solve the equation.)
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Let us check our geometric answer by solving the matrix equation using row reduction. We put the system into an augmented
matrix and row reduce:

2 1 1 0f0
RREF

-1 0 — 0 1(0

1 -1(2 0 01

2 1 0
-1 0 jxz=1]2
1 -1 2
has no solution.
v/ Example 2.3.5: A Consistent System
2 1 1
Let A=| —1 0 |.Does the equation Az = | —1 | have a solution?
1 -1 2
Solution
First we answer the question geometrically. The columns of A are
2 1
v = | -1 and v2=1| 0 |,
1 -1
1
and the target vector (on the right-hand side of the equation) is w = | —1 | . The equation Az = w is consistent if and only if
2

w is contained in the span of the columns of A. So we draw a picture:

Span{v,, v,}

Figure 2.3.3

It appears that w is indeed contained in the span of the columns of A; in fact, we can see

1
w=v] —Vy —> m=< 1).
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_ R . . Axes
Solve this equation by moving the slid

B I e I ey

L 100] [-100] |

v

Close Controls

X

1.00v1+41 ‘00\;2:_.-

K2

Figure 2.3.4: The vector w is contained in Span{v1,v2},so the equation Az = b is consistent. (Move the sliders to solve the
equation.)

Let us check our geometric answer by solving the matrix equation using row reduction. We put the system into an augmented
matrix and row reduce:

2 1 1 RREF 1 0] 1
-1 0 |-1 — 0 1]-1
1 -1 2 0 0] O
This gives us ¢ =1 and y = —1, which is consistent with the picture:
2 1 1 1 1
11-1]-11 0 | =] -1 or A( 1) —1
1 -1 2 - 2

When Solutions Always EXxist.

Building on the Note 2.3.6: Spans and Consistency, we have the following criterion for when Az = b is consistent for every choice
of b.

& Theorem 2.3.1

Let A be an m X n (non-augmented) matrix. The following are equivalent:

1. Az = b has a solution for all b in R™.
2. The span of the columns of A is all of R™.
3. A has a pivot position, Definition 1.2.5 in Section 1.2, in every row.

Proof

The equivalence of 1 and 2 is established by the Note 2.3.6 Spans and Consistency as applied to every b in R™.

Now we show that 1 and 3 are equivalent. (Since we know 1 and 2 are equivalent, this implies 2 and 3 are equivalent as
well.) If A has a pivot in every row, then its reduced row echelon form looks like this:
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1 0 x 0 «%
01 « 0 x|,
0 0 0 1 «x
and therefore ( A | b ) reduces to this:
1 0 x 0 *|x
0 1 %« 0 x|«
0 0 0 1 x|[x

There is no b that makes it inconsistent, so there is always a solution. Conversely, if A does not have a pivot in each row,
then its reduced row echelon form looks like this:

1 0 0 x
01 x 0 x
0 00 0O

)

which can give rise to an inconsistent system after augmenting with b:

10 0
01
0 0

(=
S o

0
0

=
(=2}

Recall that equivalent means that, for any given matrix A, either all of the conditions of the above Theorem, 2.3.1, are true, or they
are all false.

Be careful when reading the statement of the above Theorem, 2.3.1. The first two conditions look very much like this Note
2.3.6: Spans and Consistency, but they are logically quite different because of the quantifier “for all b”.

v/ Example 2.3.6: Interactive: The criteria of the theorem are satisfied

.
1.00
RIS

[Click and drag the heads of x and b]

' Input |

https://math.libretexts.org/@go/page/70188
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Figure 2.3.5: An example where the criteria of the above Theorem 2.3.1 are satisfied. The violet region is the span of the
columns vy, vs,v3 of A, which is the same as the set of all b such that Az = b has a solution. If you drag b, the demo will
solve Az = b for you and move .

v/ Example 2.3.7: Interactive: The critera of the theorem are not satisfied

Open Controls

[1 1 2] (2;%”]_[3.00]

-2 2 -4 LH.[’JUJ -6.00

[Click and drag the heads of x and b]

. Input ‘ Qutput

e

v

Figure 2.3.6: An example where the criteria of the above Theorem 2.3.1 are not satisfied. The violet line is the span of the
columns vy, vs,v3 of A, which is the same as the set of all b such that Az = b has a solution. Try dragging b in and out of the
column span.

We will see in this Corollary 2.7.1 in Section 2.7 that the dimension of the span of the columns is equal to the number of pivots
of A. That is, the columns of A span a line if A has one pivot, they span a plane if A has two pivots, etc. The whole space R™
has dimension m, so this generalizes the fact that the columns of A span R™ when A has m pivots.

This page titled 2.3: Matrix Equations is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated

by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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2.4: Solution Sets

4b Objectives

1. Understand the relationship between the solution set of Az = 0 and the solution set of Az =b.

2. Understand the difference between the solution set and the column span.

3. Recipes: parametric vector form, write the solution set of a homogeneous system as a span.

4. Pictures: solution set of a homogeneous system, solution set of an inhomogeneous system, the relationship between the
two.

5. Vocabulary words: homogeneous/inhomogeneous, trivial solution.

In this section we will study the geometry of the solution set of any matrix equation Az = b.

Homogeneous Systems

The equation Az = b is easier to solve when b = 0, so we start with this case.

# Definition 2.4.1: Homogeneous & Inhomogeneous

A system of linear equations of the form Az = 0 is called homogeneous.

A system of linear equations of the form Az = b for b # 0 is called inhomogeneous.

A homogeneous system is just a system of linear equations where all constants on the right side of the equals sign are zero.

A homogeneous system always has the solution & = 0. This is called the trivial solution. Any nonzero solution is called

nontrivial.

X Observation 2.4.1

The equation Az = 0 has a nontrivial solution <> there is a free variable <= A has a column without a pivot position.

v/ Example 2.4.1: No nontrivial solutions

What is the solution set of Az = 0, where
1 3 4
A= -1 217
1 0
Solution
We form an augmented matrix and row reduce:
1 3 4|0 1 0 0f0
RREF
20 =182 — 01 0]0
1 0 1(0 0 0 1]0
The only solution is the trivial solution x = 0.

X Observation 2.4.2

When we row reduce the augmented matrix for a homogeneous system of linear equations, the last column will be zero
throughout the row reduction process. We saw this in the last Example 2.4.1:

https://math.libretexts.org/@go/page/70189
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1 3 4]0
-1 2(0
0 110

So it is not really necessary to write augmented matrices when solving homogeneous systems.

When the homogeneous equation Az =0 does have nontrivial solutions, it turns out that the solution set can be conveniently
expressed as a span.

v/ Example 2.4.2: Parametric Vector Form (homogeneous case)

Consider the following matrix in reduced row echelon form:

10 -8 -7
A=|0 1 4 3
00 0 O

The matrix equation Az = 0 corresponds to the system of equations

{ Iy — 8:133 — 7134 =0
rs + 4x3 + 3z4 = 0.
We can write the parametric form as follows:
T = 8xz + Txzy
o = —42153 - 3:124
T3 = I3
Ty = T4.

We wrote the redundant equations 3 = x3 and 24 = z4 in order to turn the above system into a vector equation:

Iy 8 7
) —4 -3
T = =23 —+ x4
I3 1
T4 0 1
This vector equation is called the parametric vector form of the solution set. Since x3 and x4 are allowed to be anything, this
8 7
says that the solution set is the set of all linear combinations of _14 and _03 . In other words, the solution set is
0 1
8 7
—4 -3
Span ,
P 1 0
0 1

Here is the general procedure.

X Recipe: Parametric Vector Form (Homogeneous Case)

Let A be an m x n matrix. Suppose that the free variables in the homogeneous equation Az = 0 are, for example, 3, zg, and
Ig.

1. Find the reduced row echelon form of A.
2. Write the parametric form of the solution set, including the redundant equations 3 = x3, s = xg, g = Tg . Put equations
for all of the x; in order.
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3. Make a single vector equation from these equations by making the coefficients of z3, ¢, and xg into vectors vs, vg, and
vg, respectively.

The solutions to Az = 0 will then be expressed in the form
T = T3vV3 + TgVg + LUy
for some vectors vs, vg, vg in R™, and any scalars x3, x¢, s. This is called the parametric vector form of the solution.

In this case, the solution set can be written as Span{vs, vg, vs}.

We emphasize the following fact in particular.

The set of solutions to a homogeneous equation Az = 0 is a span.

v/ Example 2.4.3: The solution set is a line

Compute the parametric vector form of the solution set of Az = 0, where

a= (1 3.
2 —6
Solution
We row reduce (without augmenting, as suggested in the above Observation 2.4.2):

(1 —3> RREF (1 —3)
g 0
2 —6 0 0

This corresponds to the single equation z; —3xz2 =0. We write the parametric form including the redundant equation

9 = T9:
Iy = 3:1:2
9 = I32.

=(2)=()

This is the parametric vector form of the solution set. Since x5 is allowed to be anything, this says that the solution set is the

soan{ (1) }.

We know how to draw the picture of a span of a vector: it is a line. Therefore, this is a picture of the the solution set:

We turn these into a single vector equation:

set of all scalar multiples of (i’), otherwise known as

Figure 2.4.1
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Open Controls

1 —3] [3.00] _ [0.00
2 —6| |1.00] = [0.00

[Click and drag the heads of x and b]

;Inputj

Figure 2.4.2: Interactive picture of the solution set of Az = 0. If you drag z along the line spanned by G), the product Az is
always equal to zero. This is what it means for Span{ (i’)} to be the solution set of Az = 0.

Since there were two variables in the above Example 2.4.3, the solution set is a subset of R2. Since one of the variables was free,

the solution set is a line:

Figure 2.4.3

In order to actually find a nontrivial solution to Az = 0 in the above Example 2.4.3, it suffices to substitute any nonzero value
for the free variable z». For instance, taking zo =1 gives the nontrivial solution x =1 - (?) = (i’) Compare to this note in
Section 1.3, Note 1.3.1.

v/ Example 2.4.4: The solution set is a plane

Compute the parametric vector form of the solution set of Az = 0, where
1 -1 2
A= .
-2 2 -4
Solution

We row reduce (without augmenting, as suggested in the above Observation 2.4.2):

https://math.libretexts.org/@go/page/70189
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(532 %) = (o)

This corresponds to the single equation 7 — z3 +2x3 = 0 . We write the parametric form including the redundant equations
T9 = X9 and x3 = x3:

1y = Iy — 21133
9 — I3
r3 = Z3.
We turn these into a single vector equation:
Iy 1 -2
z=| 22 | =22 | 1 | +x3 0
T3 0 1
This is the parametric vector form of the solution set. Since x5 and x3 are allowed to be anything, this says that the solution set
1 -2
is the set of all linear combinations of | 1 | and 0 | .In other words, the solution set is
0 1
-2
Span 1],
1

We know how to draw the span of two noncollinear vectors in R3:itisa plane. Therefore, this is a picture of the solution set:

Figure 2.4.4
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Open Controls

0.00
55 &) o] - )

[Click and drag the heads of x and b]

: Input Output

Figure 2.4.5: Interactive picture of the solution set of Az = 0. If you drag « along the violet plane, the product Az is always
equal to zero. This is what it means for the plane to be the solution set of Az = 0.

Since there were three variables in the above Example 2.4.4, the solution set is a subset of R®. Since two of the variables were free,
the solution set is a plane.

There is a natural question to ask here: is it possible to write the solution to a homogeneous matrix equation using fewer vectors
than the one given in the above recipe? We will see in Example 2.5.3 in Section 2.5 that the answer is no: the vectors from the
recipe are always linearly independent, which means that there is no way to write the solution with fewer vectors.

Another natural question is: are the solution sets for inhomogeneuous equations also spans? As we will see shortly, they are never
spans, but they are closely related to spans.

There is a natural relationship between the number of free variables and the “size” of the solution set, as follows.

X Note 2.4.4: Dimension of the Solution Set

The above examples show us the following pattern: when there is one free variable in a consistent matrix equation, the solution
set is a line, and when there are two free variables, the solution set is a plane, etc. The number of free variables is called the
dimension of the solution set.

We will develop a rigorous definition, Definition 2.7.2, of dimension in Section 2.7, but for now the dimension will simply mean
the number of free variables. Compare with this important note in Section 2.5, Note 2.5.5.

Intuitively, the dimension of a solution set is the number of parameters you need to describe a point in the solution set. For a line
only one parameter is needed, and for a plane two parameters are needed. This is similar to how the location of a building on
Peachtree Street—which is like a line—is determined by one number and how a street corner in Manhattan—which is like a plane
—is specified by two numbers.

Inhomogeneous Systems

Recall that a matrix equation Az = b is called inhomogeneous when b # 0.
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What is the solution set of Az = b, where
A:(l _3> and b=<_3)?
2 —6 —6

(Compare to this Example 2.4.4, where we solved the corresponding homogeneous equation.)

> )

Solution
We row reduce the associated augmented matrix:

1 -3
2 —6

_3 RREF 1 -3
—
—6 0 0

This corresponds to the single equation £; — 3z = —3 . We can write the parametric form as follows:
ry = 31132 - 3
Ty = zs + 0.

We turn the above system into a vector equation:

= (2)==()+(3):

This vector equation is called the parametric vector form of the solution set. We write the solution set as

wm(())+(3),

Here is a picture of the the solution set:

Figure 2.4.6
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1 —3] [-3.00] _[-3.00
2 —6| | 0.00 |~ |-6.00

[Click and drag the heads of x and b]

' Input'

Figure 2.4.7: Interactive picture of the solution set of Az = b. If you drag = along the violet line, the product Az is always
equal to b. This is what it means for the line to be the solution set of Az = b.

In the above Example 2.4.5, the solution set was all vectors of the form

~(2)=0)-()

_3) is also a solution of Az = b: take x5 = 0. We call p a particular solution.

where z7 is any scalar. The vector p = ( 0

In the solution set, z2 is allowed to be anything, and so the solution set is obtained as follows: we take all scalar multiples of (i)
and then add the particular solution p = (_03) to each of these scalar multiples. Geometrically, this is accomplished by first drawing

the span of (?), which is a line through the origin (and, not coincidentally, the solution to Az = 0), and we translate, or push, this
line along p = (_03) . The translated line contains p and is parallel to Span{ (i) }:itis a translate of a line.

Figure 2.4.8

v Example 2.4.6: The solution set is a plane

What is the solution set of Az = b, where
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(Compare this Example 2.4.4.)

Solution
We row reduce the associated augmented matrix:

1 -1 2 1 RREF 1 -1 2 1
E— o
-2 2 —4|-2 0 0 0O

This corresponds to the single equation £; — 29 + 223 =1 . We can write the parametric form as follows:

Ty = Tz — 2x3 + 1
Ty = T2 + 0
T3 = zs + 0.

We turn the above system into a vector equation:

1 1 —2 1
T=| 2o | =22 | 1| +x3 0 |+]0
T3 0 1 0
This vector equation is called the parametric vector form of the solution set. Since x5 and «3 are allowed to be anything, this
1 =2 1
says that the solution set is the set of all linear combinationsof | 1 | and | 0 |, translated by the vector p = | 0 | . This
1 1 0
is a plane which contains p and is parallel to Span 11, 0 : it is a translate of a plane. We write the solution set
1 1
as
-2 1
Span 11, 0 +10
1 0
Here is a picture of the solution set:

Figure 2.4.9
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Figure 2.4.10: Interactive picture of the solution set of Az = b. If you drag z along the violet plane, the product Az is always
equal to b. This is what it means for the plane to be the solution set of Az =b.

In the above Example 2.4.6, the solution set was all vectors of the form

1 1 -2 1

z=|2s | =22 (1 |+23| O | +|0O

T3 0 1 0
1
where 5 and x3 are any scalars. In this case, a particular solutionisp = | 0
0

In the previous Example 2.4.6 and the Example 2.4.5 before it, the parametric vector form of the solution set of Az =b was
exactly the same as the parametric vector form of the solution set of Az =0 (from this Example 2.4.4 and this Example 2.4.3,
respectively), plus a particular solution.

X Key Observation 2.4.3

If Az =10 is consistent, the set of solutions to is obtained by taking one particular solution p of Ax =b, and adding all
solutions of Az =0.

In particular, if Az = b is consistent, the solution set is a translate of a span.

The parametric vector form of the solutions of Az =b is just the parametric vector form of the solutions of Az =0, plus a
particular solution p.

It is not hard to see why the key observation 2.4.3 is true. If p is a particular solution, then Ap =b, and if z is a solution to the
homogeneous equation Az = 0, then

Az +p)=Axz+Ap=0+b=b,

so ¢ +p is another solution of Az =b. On the other hand, if we start with any solution = to Ax =b then  — p is a solution to
Az =0 since

A(x —p)=Ax—Ap=b-b=0.
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Row reducing to find the parametric vector form will give you one particular solution p of Az =b. But the key observation
2.4.3is true for any solution p. In other words, if we row reduce in a different way and find a different solution p’ to Az =b
then the solutions to Az = b can be obtained from the solutions to Az = 0 by either adding p or by adding p'.

v Example 2.4.7: The solution set is a point

What is the solution set of Ax = b, where

w
~

[y
[e=)
—_

Solution
We form an augmented matrix and row reduce:

1 3 4]0 T 1 0 0]-1

2 -1 2|1 — 01 0f-1

1 0 110 0 0 1|1
-1
The only solutionisp = | —1
1

According to the key observation 2.4.3, this is supposed to be a translate of a span by p. Indeed, we saw in the first Example
2.4.1 that the only solution of Az =0 is the trivial solution, i.e., that the solution set is the one-point set {0}. The solution set
of the inhomogeneous equation Az = b is
-1
{0} +] -1
1

Note that {0} = Span{0}, so the homogeneous solution set is a span.

Ax=0>b

Ax=0

Figure 2.4.11

See the interactive figures in the next Subsection Solution Sets and Column Spans for visualizations of the key observation 2.4.3.

X Note 2.4.5: Dimension of the Solution Set

As in this important note, when there is one free variable in a consistent matrix equation, the solution set is a line—this line
does not pass through the origin when the system is inhomogeneous—when there are two free variables, the solution set is a
plane (again not through the origin when the system is inhomogeneous), etc.

Again compare with this important note in Section 2.5, Note 2.5.5.
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Solution Sets and Column Spans

To every m X n matrix A, we have now associated two completely different geometric objects, both described using spans
o The solution set: for fixed b, this is the set of all x such that Az =b.

o This is a span if b = 0, and it is a translate of a span if b # 0 (and Az = b is consistent).

o Itis asubset of R".

o Itis computed by solving a system of equations: usually by row reducing and finding the parametric vector form.
o The span of the columns of A: this is the set of all b such that Az = b is consistent.

o This is always a span.

o Itis asubset of R™.

o Itis not computed by solving a system of equations: row reduction plays no role.

X Note 2.4.6

Do not confuse these two geometric constructions! In the first the question is which z’s work for a given b and in the second
the question is which b’s work for some z.

v/ Example 2.4.8: Interactive: Solution set and span of the columns (1)

1 3
2 6

[Click and drag the heads of x and b]

Axes

P.{'}U" _ [4.00 :
1‘“0 = 800 Show solution set

Lock solution set

Homaogeneous

Close Controls

Input | Output

Figure 2.4.12: Left: the solution set of Az = b is in violet. Right: the span of the columns of A is in violet. As you move z,
you change b, so the solution set changes—but all solution sets are parallel planes. If you move b within the span of the
columns, the solution set also changes, and the demo solves the equation to find a particular solution . If you move b outside
of the span of the columns, the system becomes inconsistent, and the solution set disappears.

v/ Example 2.4.9: Interactive: Solution set and span of the columns (2)
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—2 2 L 3.00 J Lock solution set
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Close Controls

Input

v

Figure 2.4.13: Left: the solution set of Az = b is in violet. Right: the span of the columns of A is in violet. As you move z,
you change b, so the solution set changes—but all solution sets are parallel planes. If you move b within the span of the
columns, the solution set also changes, and the demo solves the equation to find a particular solution z. If you move b outside
of the span of the columns, the system becomes inconsistent, and the solution set disappears.

v/ Example 2.4.10: Interactive: Solution set and span of the columns (3)

AXES

|'1 0 71'| [ 1,1}1‘}} |'
0 1 1 200 - ‘., solution set

|_1 1 0 l 3.00 J [ jil Eieksoluion set

[Click and drag the heads of x and

Close Controls

Input ' Output

v

Figure 2.4.14: Left: the solution set of Az = b is in violet. Right: the span of the columns of A is in violet. As you move z,
you change b, so the solution set changes—but all solution sets are parallel planes. If you move b within the span of the
columns, the solution set also changes, and the demo solves the equation to find a particular solution . If you move b outside
of the span of the columns, the system becomes inconsistent, and the solution set disappears.
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2.5: Linear Independence

4b Objectives

1. Understand the concept of linear independence.

2. Learn two criteria for linear independence.

3. Understand the relationship between linear independence and pivot columns / free variables.
4. Recipe: test if a set of vectors is linearly independent / find an equation of linear dependence.
5. Picture: whether a set of vectors in R? or R? is linearly independent or not.

6. Vocabulary words: linear dependence relation / equation of linear dependence.

7. Essential vocabulary words: linearly independent, linearly dependent.

Sometimes the span of a set of vectors is “smaller” than you expect from the number of vectors, as in the picture below. This means
that (at least) one of the vectors is redundant: it can be removed without affecting the span. In the present section, we formalize this
idea in the notion of linear independence.

Span{u, v, w}
Span{v, w}

Vv

w

Figure 2.5.1: Pictures of sets of vectors that are linearly dependent. Note that in each case, one vector is in the span of the others—
so it doesn’t make the span bigger.

The Definition of Linear Independence

& Definition 2.5.1: Linearly Independent and Linearly Dependent

A set of vectors {vy,va, . .., v} is linearly independent if the vector equation
T1v1 + X2V + - +xpvr =0

has only the trivial solution ¢; = x3 = --- =z, =0 . The set {v1, va, . . . , vy } is linearly dependent otherwise.

In other words, {v;, va, ..., Ut } is linearly dependent if there exist numbers z1, Z3, . . ., T, not all equal to zero, such that
T1v1 +xovs + - - - +xpvr =0.

This is called a linear dependence relation or equation of linear dependence.

Note that linear dependence and linear independence are notions that apply to a collection of vectors. It does not make sense to
say things like “this vector is linearly dependent on these other vectors,” or “this matrix is linearly independent.”

GNU Free Documentation License

https://math.libretexts.org/@go/page/70190



https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70190?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/02%3A_Systems_of_Linear_Equations-_Geometry/2.05%3A_Linear_Independence

LibreTexts"

v/ Example 2.5.1: Checking linear dependence

Is the set
1 1 3
1], -11],1]1
1 2 4
linearly independent?
Solution
Equivalently, we are asking if the homogeneous vector equation
1 1 3 0
z|1]|+y| -1}|+=z|1]=]|0
1 2 4 0

has a nontrivial solution. We solve this by forming a matrix and row reducing (we do not augment because of this
Observation 2.4.2 in Section 2.4):

1 1 3 4 1 0 2
1 -1 1 — 011
1 2 4 0 0 0
This says £ = —2z and y = —z. So there exist nontrivial solutions: for instance, taking z=1 gives this equation of linear
dependence:
1 0
=211]—-|-1]+|1]=]0
2 0

Solve this equation by moving the slid
oo + [i0] + [100)

l100] |200] |[«00]

L

Close Controls

K32

Figure 2.5.2: Move the sliders to solve the homogeneous vector equation in this example. Do you see why the vectors need to
be coplanar in order for there to exist a nontrivial solution?
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v/ Example 2.5.2: Checking linear independence

Is the set
1 1 3
1 ],1-11],1[1
—2 2 4
linearly independent?
Solution
Equivalently, we are asking if the homogeneous vector equation
1 1 3 0
z| 1 |ty -1 ]+=2|1]=1]0
-2 2 4 0

has a nontrivial solution. We solve this by forming a matrix and row reducing (we do not augment because of this
Observation 2.4.2 in Section 2.4):

L L 3 row reduce [RNORC
1 -1 1 —_— 0 1 0
-2 2 4 0 0 1

This says x =y = 2 =0, i.e,, the only solution is the trivial solution. We conclude that the set is linearly independent.

_ : i g AXes
Solve this equation by moving the slid

s ] [ 5%l]s I%

[—Q.UOJ Lz.rmJ [4.00

1.00v1+1-00% v
3

Show Xv1 +yv2 +7Zv3

Close Controls

KA

Figure 2.5.3: Move the sliders to solve the homogeneous vector equation in this example. Do you see why the vectors would
need to be coplanar in order for there to exist a nontrivial solution?

v/ Example 2.5.3: Vector parametric form

An important observation is that the vectors coming from the parametric vector form of the solution of a matrix equation
Az =0 are linearly independent. In Example 2.4.4 we saw that the solution set of Az =0 for
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is

Iy 1 -2
z=| 22 | =22 | 1 | +x3 0
T3 0 1

Let's explain why the vectors (1,1,0) and (—2, 0, 1) are linearly independent. Suppose that

0 1 -2 Ty — 213
O)l=x2| 1] +=3 0 = T
0 0 1 I3

Comparing the second and third coordinates, we see that z9 = 3 =0 . This reasoning will work in any example, since the
entries corresponding to the free variables are all equal to 1 or 0, and are only equal to 1 in one of the vectors. This observation
forms part of this theorem in Section 2.7, Theorem 2.7.2.

The above examples lead to the following recipe.

X Recipe: Checking Linear Independence

A set of vectors {vy,va, . .., v} is linearly independent if and only if the vector equation
T1v1 + XV + - +xpvp =0

has only the trivial solution, if and only if the matrix equation Az = 0 has only the trivial solution, where A is the matrix with
columns vy, va, . .., Vg:

A= v vy ---

This is true if and only if A has a pivot position, Definition 1.2.5 in Section 1.2 in every column.

Solving the matrix equatiion Az =0 will either verify that the columns wv;,vs,..., vy are linearly independent, or will
produce a linear dependence relation by substituting any nonzero values for the free variables.

(Recall that Az =0 has a nontrivial solution if and only if A has a column without a pivot: see this Observation 2.4.1 in Section
2.4)

Suppose that A has more columns than rows. Then A cannot have a pivot in every column (it has at most one pivot per row), so its
columns are automatically linearly dependent.

A wide matrix (a matrix with more columns than rows) has linearly dependent columns.

For example, four vectors in R® are automatically linearly dependent. Note that a tall matrix may or may not have linearly
independent columns.

& Fact 2.5.1: Facts About Linear Independence

1. Two vectors are linearly dependent if and only if they are collinear, i.e., one is a scalar multiple of the other.
2. Any set containing the zero vector is linearly dependent.
3. If a subset of {v1,va, . .., vy} is linearly dependent, then {v;, va, . . ., vy} is linearly dependent as well.

Proof
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1. If v; = cvq then vy —cvy =0, so {vy, vo }is linearly dependent. In the other direction, if ;v; + z2v2 =0 with
x1 # 0 (say), then vy = —i—fvg .
2. It is easy to produce a linear dependence relation if one vector is the zero vector: for instance, if v; =0 then

1-v+0-vy+--+0-v;=0.

3. After reordering, we may suppose that {v;, v, . .., v, } is linearly dependent, with » < p . This means that there is an
equation of linear dependence

11 +xvs + - - - + v, =0,

with at least one of z1, 2, . . . , ¢, nonzero. This is also an equation of linear dependence among {v1, vs, . . ., vy },since
we can take the coefficients of v,11, ..., v to all be zero.

With regard to the first fact, note that the zero vector is a multiple of any vector, so it is collinear with any other vector. Hence facts
1 and 2 are consistent with each other.

Criteria for Linear Independence

In this subsection we give two criteria for a set of vectors to be linearly independent. Keep in mind, however, that the actual
definition for linear independence, Definition 2.5.1, is above.

< Theorem 2.5.1

A set of vectors {vy,va, . .., v} is linearly dependent if and only if one of the vectors is in the span of the other ones.
Any such vector may be removed without affecting the span.

Proof

Suppose, for instance, that vs is in Span{v, v2,v4 },50 we have an equation like
1
v3 = 2v1 — 51}2 + 6vy.
We can subract v3 from both sides of the equation to get

1
0 22’01 — E’Uz — U3 +61)4.

This is a linear dependence relation.

In this case, any linear combination of vy, vg, v3, v4 is already a linear combination of vy, v, v4:
1
TV + oV + T3V3 +T4V4 = T1U1 + XV + 23 | 201 — 5112 +6v4 | + 2404

1
= (1:1 —|—2.’E3)’01 + (.’132 = 5133) Vg + (114 +6)'U4.

Therefore, Span{v;, v2,vs,v4} is contained in Span{wv;,vs,v4}. Any linear combination of vy,vs,v4 is also a linear
combination of wy,vs,vs,vs (with the wvs-coefficient equal to zero), so Span{wvi,vs,vs} is also contained in
Span{vy, va, v3,v4 },and thus they are equal.

In the other direction, if we have a linear dependence relation like
1
0=2v; — 5’02 +v3 — 6vy,

then we can move any nonzero term to the left side of the equation and divide by its coefficient:

L(1 +6
v1=—|=-v2—v vg | .
1=5\ g2 s 4

This shows that v; is in Span{vs, vs, v4}
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| We leave it to the reader to generalize this proof for any set of vectors.

In a linearly dependent set {v;, vz, ..., vt }, it is not generally true that any vector v; is in the span of the others, only that at
least one of them is.

For example, the set { (;), (2), (]) } is linearly dependent, but (}) is not in the span of the other two vectors. Also see this Figure
2.5.14below.

The previous Theorem 2.5.1 makes precise in what sense a set of linearly dependent vectors is redundant.

& Theorem 2.5.2: Increasing Span Criterion

A set of vectors {vi,vs,...,v;} is linearly independent if and only if, for every j, the vector v; is not in

Span{v;,vs,...,vj_1}.

Proof
It is equivalent to show that {v;,va, ..., v} is linearly dependent if and only if v; is in Span{v, v, ..., v;_1 } for some
j. The “if” implication is an immediate consequence of the previous Theorem 2.5.1 Suppose then that {vy, va, ..., vi}is
linearly dependent. This means that some v; is in the span of the others. Choose the largest such j. We claim that this v; is
in Span{v;,vs,...,v;j_1}. If not, then

Vj = X1V +ToV2 + - TV T Ej Vi T T TRV
with not all of &1, . . ., % equal to zero. Suppose for simplicity that 2 7 0. Then we can rearrange:
b (Z1v1 +a2va++ - + 21051 — U F TV + o+ Tpo1Up1)-
k

This says that vy, is in the span of {v1, v, . .., vp_1 }, which contradicts our assumption that v; is the last vector in the span
of the others.

We can rephrase this as follows:

If you make a set of vectors by adding one vector at a time, and if the span got bigger every time you added a vector, then your
set is linearly independent.

Pictures of Linear Independence

A set containg one vector {v} is linearly independent when v # 0, since zv = 0 implies z = 0.
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Span{v}

Figure 2.5.4
A set of two noncollinear vectors {v, w} is linearly independent:

o Neither is in the span of the other, so we can apply the first criterion, Theorem 2.5.1.
e The span got bigger when we added w, so we can apply the increasing span criterion, Theorem 2.5.2.

Span{w}

Span{v}

Figure 2.5.5
The set of three vectors {v, w, u } below is linearly dependent:

e w isin Span{v, w}, so we can apply the first criterion, Theorem 2.5.1.
e The span did not increase when we added u, so we can apply the increasing span criterion, Theorem 2.5.2.

In the picture below, note that v is in Span{u,w},and w is in Span{u, v}, so we can remove any of the three vectors without
shrinking the span.
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Span{w}
Span{v, w}

Span{v}

Figure 2.5.6
Two collinear vectors are always linearly dependent:

e wis in Span{v}, so we can apply the first criterion, Theorem 2.5.1.
e The span did not increase when we added w, so we can apply the increasing span criterion, Theorem 2.5.2.

Span{v}

Figure 2.5.7

These three vectors {v, w, u} are linearly dependent: indeed, {v, w} is already linearly dependent, so we can use the third Fact
2.5.1
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Span{v}

Figure 2.5.8

v/ Example 2.5.4: Interactive: Linear independence of two vectors in R?

. 2.00] =100} .~
e set 1.00l* |—0.50 1s linearly dependent.

v R?

Figure 2.5.9: Move the vector heads and the demo will tell you if they are linearly independent and show you their span.

v Example 2.5.5: Interactive: Linear dependence of three vectors in R?
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) 2.00]  [=1.00 : N
The set 100l =050l |-1.50 is linearly dependent.

v 034

Figure 2.5.10: Move the vector heads and the demo will tell you that they are linearly dependent and show you their span.

The two vectors {v, w} below are linearly independent because they are not collinear.

Span{w}

Span{v}

Figure 2.5.11

The three vectors {v, w, u} below are linearly independent: the span got bigger when we added w, then again when we added u, so
we can apply the increasing span criterion, Theorem 2.5.2.
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Span{v, w}

Span{w}

Span{v}

Figure 2.5.12
The three coplanar vectors {v, w, u } below are linearly dependent:

e wis in Span{v, w}, so we can apply the first criterion, Theorem 2.5.1.
o The span did not increase when we added wu, so we can apply the increasing span criterion, Theorem 2.5.2.

Span{v, w}

Span{w}

Span{v}

Figure 2.5.13

Note that three vectors are linearly dependent if and only if they are coplanar. Indeed, {v, w, u} is linearly dependent if and only if
one vector is in the span of the other two, which is a plane (or a line) (or {0}).

The four vectors {v, w, u, =} below are linearly dependent: they are the columns of a wide matrix, see Note 2.5.2. Note however
that u is not contained in Span{v, w, z }. See this warning, Note 2.5.3.

GNU Free Documentation License 2.5.11 https://math.libretexts.org/@go/page/70190


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70190?pdf

LibreTexts*

Span{v, w}

Span{w}

Span{v}

Figure 2.5.14: The vectors {v,w, u, z} are linearly dependent, but u is not contained in Span{v,w, z}.

v Example 2.5.6: Interactive: Linear independence of two vectors in R?

2.00 [ 1.00
The set —1.00] , 0.00 is linearly independent.
1.00 [—1.00
\"y
S
v . X3
Figure 2.5.15: Move the vector heads and the demo will tell you if they are linearly independent and show you their span.
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+ Example 2.5.7: Interactive: Linear independence of three vectors in R?

(2ﬂ0 [1ﬂn] 2
The set —1.00; , 0.00 |, {—0.50 is linearly dependent.
L 1.00 l --1.00J 1.00

v K>

Figure 2.5.16: Move the vector heads and the demo will tell you if they are linearly independent and show you their span.

Linear Dependence and Free Variables

In light of this important note, Recipe: Checking Linear Independence, and this criterion, Theorem 2.5.1, it is natural to ask which
columns of a matrix are redundant, i.e., which we can remove without affecting the column span.

& Theorem 2.5.3

Let vy, vs, ..., v; be vectors in R™, and consider the matrix

A=|vy vy --- v
| |

Then we can delete the columns of A without pivots (the columns corresponding to the free variables), without changing
Span{vy, vy, ..., Vg }
The pivot columns are linearly independent, so we cannot delete any more columns without changing the span.

Proof

If the matrix is in reduced row echelon form:
1 0 2 0
A=101 3 0
0 0 0 1

then the column without a pivot is visibly in the span of the pivot columns:

2 1 0 0
3|=2(o|+3|1]+0[0],
0 0 0 1
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and the pivot columns are linearly independent:

0 1 0 0 T
Ol=z1|0]|+x2|1]|4+zs| 0| =2y | = z1=22=24=0.
0 0 0 1 T4

If the matrix is not in reduced row echelon form, then we row reduce:

1 7 23 3 TS 10 2 0
A= 2 4 16 0 — 01 3 0
-1 -2 -8 4 0 0 01

The following two vector equations have the same solution set, as they come from row-equivalent matrices:

3

+ x4 (0 =0
4
0

+ x4 (0 =0
1
3

. (0
4

1 7 23
1 2 + X2 4 +x3 16
-1 —2 —8

1 0 2

1| 0|+ | 1 | +23| 3

0 0 0

7

4

—2
+ x4 (

Note that it is necessary to row reduce A to find which are its pivot columns, Definition 1.2.5 in Section 1.2. However, the span of
the columns of the row reduced matrix is generally not equal to the span of the columns of A: one must use the pivot columns of
the original matrix. See theorem in Section 2.7, Theorem 2.7.2 for a restatement of the above theorem.

v/ Example 2.5.8

We conclude that

23 1
16 | =2 2 | +3
-8 -1
and that
1 7
2 + T2 4
-1 -2

T

has only the trivial solution.

The matrix
1 2 0 -1
A= -2 -3 4 5
2 4 0 -2
has reduced row echelon form
1 0 -8 —7
01 4 3
0 0 O 0

Therefore, the first two columns of A are the pivot columns, so we can delete the others without changing the span:

1 2 1 2 0 -1
Span -21, | -3 = Span 21,134, 5
2 4 2 4 0 —2
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l Moreover, the first two columns are linearly independent.

X Note 2.5.5: Pivot Columns and Dimension

Let d be the number of pivot columns in the matrix
A = 'Ul v2 PP 'Uk

e Ifd=1 then Span{vy,vs,..., vt} is a line.

e Ifd =2 then Span{v;,vs,...,vs} is a plane.

o If d =3 then Span{v;, v, ..., vt} is a 3-space.
o FEtcetera.

The number d is called the dimension. We discussed this notion in this important note in Section 2.4, Note 2.4.4 and this
important note in Section 2.4, Note 2.4.5. We will define this concept rigorously in Section 2.7.

This page titled 2.5: Linear Independence is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or
curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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2.6: Subspaces

4b Objectives

1. Learn the definition of a subspace.

2. Learn to determine whether or not a subset is a subspace.

3. Learn the most important examples of subspaces.

4. Learn to write a given subspace as a column space or null space.
5. Recipe: compute a spanning set for a null space.

6. Picture: whether a subset of R? or R® is a subspace or not.

7. Vocabulary words: subspace, column space, null space.

In this section we discuss subspaces of R™. A subspace turns out to be exactly the same thing as a span, except we don’t have a
particular set of spanning vectors in mind. This change in perspective is quite useful, as it is easy to produce subspaces that are not
obviously spans. For example, the solution set of the equation  + 3y + 2z =0 is a span because the equation is homogeneous, but
we would have to compute the parametric vector form in order to write it as a span.

. ¥+ 3y+z=0

Figure 2.6.1

(A subspace also turns out to be the same thing as the solution set of a homogeneous system of equations.)

Subspaces: Definition and Examples

# Definition 2.6.1: Subset

A subset of R" is any collection of points of R".

For instance, the unit circle
C ={(z,y) inR? | o +y? =1}
is a subset of R2.

Above we expressed C' in set builder notation, Note 2.2.3 in Section 2.2: in English, it reads “C is the set of all ordered pairs (z, y)
in R? such that 2 +y?=1

# Definition 2.6.2: Subspace

A subspace of R" is a subset V of R" satisfying:

1. Non-emptiness: The zero vector is in V.
2. Closure under addition: If v and v are in V, then uw 4 v is also in V.
3. Closure under scalar multiplication: If v is in V and c is in R, then cv is also in V.

As a consequence of these properties, we see:

o If vis avector in V, then all scalar multiples of v are in V' by the third property. In other words the line through any nonzero
vector in V' is also contained in V.
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e If u,vare vectors in V and ¢, d are scalars, then cu, dv are also in V' by the third property, so cu + dv is in V' by the second
property. Therefore, all of Span{u, v} is contained in V'
o Similarly, if v1,vs, ..., v, are all in V, then Span{v;, vs, ..., v,} is contained in V. In other words, a subspace contains the

span of any vectors in it.

If you choose enough vectors, then eventually their span will fill up V, so we already see that a subspace is a span. See this
Theorem 2.6.1 below for a precise statement.

Suppose that V' is a non-empty subset of R”™ that satisfies properties 2 and 3. Let v be any vector in V. Then Qv =0 is in V by
the third property, so V' automatically satisfies property 1. It follows that the only subset of R™ that satisfies properties 2 and 3
but not property 1 is the empty subset { }. This is why we call the first property “non-emptiness”.

v/ Example 2.6.1

The set R™ is a subspace of itself: indeed, it contains zero, and is closed under addition and scalar multiplication.

v/ Example 2.6.2

The set {0} containing only the zero vector is a subspace of R": it contains zero, and if you add zero to itself or multiply it by
a scalar, you always get zero.

v/ Example 2.6.3: A line through the origin

A line L through the origin is a subspace.

Figure 2.6.2

Indeed, L contains zero, and is easily seen to be closed under addition and scalar multiplication.

v Example 2.6.4: A plane through the origin

A plane P through the origin is a subspace.

<

Figure 2.6.3

Indeed, P contains zero; the sum of two vectors in P is also in P; and any scalar multiple of a vector in P is also in P.
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v/ Example 2.6.5: Non-example (A line not containing the origin)

A line L (or any other subset) that does not contain the origin is not a subspace. It fails the first defining property: every
subspace contains the origin by definition.

Figure 2.6.4

v/ Example 2.6.6: Non-example (A circle)

The unit circle C is not a subspace. It fails all three defining properties: it does not contain the origin, it is not closed under
addition, and it is not closed under scalar multiplication. In the picture, one red vector is the sum of the two black vectors
(which are contained in C), and the other is a scalar multiple of a black vector.

Figure 2.6.5

v/ Example 2.6.7: Non-example (The first quadrant)

The first quadrant in R? is not a subspace. It contains the origin and is closed under addition, but it is not closed under scalar
multiplication (by negative numbers).

Figure 2.6.6

v/ Example 2.6.8: Non-example (A line union a plane)

The union of a line and a plane in R? is not a subspace. It contains the origin and is closed under scalar multiplication, but it is
not closed under addition: the sum of a vector on the line and a vector on the plane is not contained in the line or in the plane.
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Figure 2.6.7

X Note 2.6.1: Subsets versus Subspaces

A subset of R" is any collection of vectors whatsoever. For instance, the unit circle
CE {(x,y) in R? | z? +y? = 1}

is a subset of R2, but it is not a subspace. In fact, all of the non-examples above are still subsets of R”. A subspace is a subset
that happens to satisfy the three additional defining properties.

In order to verify that a subset of R" is in fact a subspace, one has to check the three defining properties. That is, unless the subset
has already been verified to be a subspace: see this important note, Note 2.6.3, below.

v Example 2.6.9: Verifying that a subset is a subspace
Let
V= { (‘;) inR2|2a:3b} .

Verify that V is a subspace.

Solution

First we point out that the condition “2a = 3b” defines whether or not a vector is in V: that is, to say (‘;) is in V means that
2a = 3b. In other words, a vector is in V if twice its first coordinate equals three times its second coordinate. So for instance,

(g) and (ig) are in V', but (;) is not because 2-2 #3-3.
Let us check the first property. The subset V' does contain the zero vector (g) ,because2-0=3-0.

Next we check the second property. To show that V is closed under addition, we have to check that for any vectors u = (‘g)
and v= (g) in V, the sum w+v is in V. Since we cannot assume anything else about v and v, we must treat them as

unknowns.
a n c\ a+tc
b d) \b+d/’
a+c

To say that (3, 7) is contained in V' means that 2(a +c) = 3(b+d), or 2a+2c =3b+3d . The one thing we are allowed to
assume about w and v is that 2a = 3b and 2¢ = 3d, so we see that u +v is indeed contained in V.

We have

Next we check the third property. To show that V is closed under scalar multiplication, we have to check that for any vector
V= (‘;) in V and any scalar ¢ in R, the product cv is in V. Again, we must treat v and ¢ as unknowns. We have

(5)=(%):

To say that (¢;) is contained in V' means that 2(ca) = 3(cb), i.e., that ¢+ 2a = c- 3b . The one thing we are allowed to assume
about v is that 2a = 3b, so cv is indeed contained in V.
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Since V satisfies all three defining properties, it is a subspace. In fact, it is the line through the origin with slope 2/3.

Figure 2.6.8

v Example 2.6.10: Showing that a subset is not a subspace
Let
V= { (Z) inR2|ab:O} .

Is V a subspace?

Solution
First we point out that the condition “ab = 0” defines whether or not a vector is in V: that is, to say (Z) is in V means that
ab = 0. In other words, a vector is in V if the product of its coordinates is zero, i.e., if one (or both) of its coordinates are zero.

So for instance, ((1)) and (g) are in V, but (}) is not because 1-1 #0.

Let us check the first property. The subset V' does contain the zero vector (8) ,because 0-0=0.
Next we check the third property. To show that V' is closed under scalar multiplication, we have to check that for any vector

V= (‘;) in V and any scalar ¢ in R, the product cv is in V. Since we cannot assume anything else about v and ¢, we must treat
them as unknowns.

We have

(3)-(3):

To say that (£;) is contained in V means that (ca)(cb) = 0. Rewriting, this means c*(ab) = 0. The one thing we are allowed
to assume about v is that ab = 0, so we see that cv is indeed contained in V.

Next we check the second property. It turns out that V' is not closed under addition; to verify this, we must show that there
exists some vectors u, v in V' such that © +wv is not contained in V. The easiest way to do so is to produce examples of such

vectors. We can take u = ((1)) and v = ((1]), these are contained in V' because the products of their coordinates are zero, but

(0)+()-()

Since V' does not satisfy the second property (it is not closed under addition), we conclude that V' is not a subspace. Indeed, it
is the union of the two coordinate axes, which is not a span.

is not contained in V because 1-1 #0.
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Figure 2.6.9

Common Types of Subspaces

& Theorem 2.6.1: Spans are Subspaces and Subspaces are Spans

If v1, vy, . .., v, are any vectors in R”, then Span{v,vs, ..., v} is a subspace of R™. Moreover, any subspace of R™ can be
written as a span of a set of p linearly independent vectors in R™ for p <n.

Proof

To show that Span{wv;,vs, ..., v, }is a subspace, we have to verify the three defining properties.

1. The zero vector 0 = Ov; +0vg +- - - +0v, is in the span.
2. Ifu =a1v; +asvy+---+apv, andv=bv; +byvy+---+byv, arein Span{vi,vs,...,v,},then

u+v= (a1 +b1)vi +(az +b2)va +- -+ (a, +bp)vp

is also in Span{vi, va, ..., vp}
3. Ifv=a1v1 +asvy +---+apv, isinSpan{v;,vs,...,v,}and cis a scalar, then
CU = ca1v1 +Cagvs +- -+ +capv,
is also in Span{vi, va, ..., vp}
Since Span{vy, v, . .., vp } satisfies the three defining properties of a subspace, it is a subspace.

Now let V' be a subspace of R"™. If V is the zero subspace, then it is the span of the empty set, so we may assume V is
nonzero. Choose a nonzero vector v; in V. If V' = Span{v; }, then we are done. Otherwise, there exists a vector vy that is
in V but not in Span{v; }. Then Span{v;,v,} is contained in V/, and by the increasing span criterion in Section 2.5,
Theorem 2.5.2, the set {vy, vs } is linearly independent. If V' = Span{wv;, v, } then we are done. Otherwise, we continue in
this fashion until we have written V' = Span{v;, vs,...,v,} for some linearly independent set {vi,vs,...,v,}. This
process terminates after at most n steps by this important note in Section 2.5, Note 2.5.2.

If V =Span{vy,vs,...,vp}, we say that V is the subspace spanned by or generated by the vectors vy, vs,...,v, We call
{v1,v2,...,v,}aspanning set for V.

Any matrix naturally gives rise to two subspaces.

# Definition 2.6.3: Column Space and Null Space

Let A be an m X n matrix.

e The column space of A is the subspace of R™ spanned by the columns of A. It is written Col(A).
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e The null space of A is the subspace of R™ consisting of all solutions of the homogeneous equation Az = 0:

Nul(4) = {zinR" | Az =0}.

The column space is defined to be a span, so it is a subspace by the above Theorem, Theorem 2.6.1. We need to verify that the null
space is really a subspace. In Section 2.4 we already saw that the set of solutions of Az = 0 is always a span, so the fact that the
null spaces is a subspace should not come as a surprise.

We have to verify the three defining properties. To say that a vector v is in Nul(A) means that Av=0.

1. The zero vector is in Nul(A) because A0 =0.
2. Suppose that u, v are in Nul(A). This means that Au =0 and Av = 0. Hence

A(u+v)=Au+Av=0+0=0

by the linearity of the matrix-vector product in Section 2.3, Proposition 2.3.1. Therefore,

u+visin Nul(4).
3. Suppose that v is in Nul(A4) and c is a scalar. Then

A(cv) =cAv=c-0=0

by the linearity of the matrix-vector product, Proposition 2.3.1 in Section 2.3, so cv is
also in Nul(A).

Since Nul(A) satisfies the three defining properties of a subspace, it is a subspace.

v/ Example 2.6.11

Describe the column space and the null space of

Solution

The column space is the span of the columns of A:
Col(A) = Span 1],11 = Span

This is a line in R3.

Col(A)

Figure 2.6.10
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The null space is the solution set of the homogeneous system Az = 0. To compute this, we need to row reduce A. Its reduced
row echelon form is

oS O =
o O =

This gives the equation z +y =0, or

T = -y parametric vector form T -1
{ ()=(3)
y =y Y 1

Hence the null space is Span{ (') }, which is a line in R?.

Nul(A)

A\

M

N
%

bl

Figure 2.6.11

Notice that the column space is a subspace of R3, whereas the null space is a subspace of [R2. This is because A has three rows
and two columns.

The column space and the null space of a matrix are both subspaces, so they are both spans. The column space of a matrix A is
defined to be the span of the columns of A. The null space is defined to be the solution set of Az = 0, so this is a good example of
a kind of subspace that we can define without any spanning set in mind. In other words, it is easier to show that the null space is a

subspace than to show it is a span—see the proof above. In order to do computations, however, it is usually necessary to find a
spanning set.

X Note 2.6.2: Null Spaces are Solution Sets

The null space of a matrix is the solution set of a homogeneous system of equations. For example, the null space of the matrix

1 7 2
A=|-2 1 3
4 -2 -3

is the solution set of Az = 0, i.e., the solution set of the system of equations

z + Ty + 2z = 0
2z 4+ y + 3z = 0
4 — 2y — 3z = 0.

Conversely, the solution set of any homogeneous system of equations is precisely the null space of the corresponding
coefficient matrix.

To find a spanning set for the null space, one has to solve a system of homogeneous equations.
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X Recipe: Compute a Spanning Set for Null Space

To find a spanning set for Nul(A), compute the parametric vector form of the solutions to the homogeneous equation Az = 0.
The vectors attached to the free variables form a spanning set for Nul(A).

v/ Example 2.6.12: Two free variables

Find a spanning set for the null space of the matrix
2 -8 —
A 3 -8 -5 '
-1 2 -3 -8
We compute the parametric vector form of the solutions of Az = 0. The reduced row echelon form of A is

10 -1 2
01 -2 -3/

The free variables are 3 and z4; the parametric form of the solution set is

Solution

ry = r3 — 22154 Iy 1 -2
T3 = 23;3 + 3334 parametric T 2 3
—_— =3 + x4
3 = Z3 vector form Z3 1 0
Ty = T4 T4 0 1
Therefore,
1 -2
2 3
Nul(A) = Span ,
(4) =Sp ) )
0 1

v/ Example 2.6.13: No free variables

Find a spanning set for the null space of the matrix
1 3
A= .
2 4
Solution

We compute the parametric vector form of the solutions of Az = 0. The reduced row echelon form of 4 is

(or1)

There are no free variables; hence the only solution of Az = 0 is the trivial solution. In other words,
Nul(A) = {0} = Span{0}.

It is natural to define Span{} = {0}, so that we can take our spanning set to be empty. This is consistent with the definition of
dimension, Definition 2.7.2, in Section 2.7.

Writing a subspace as a column space or a null space

A subspace can be given to you in many different forms. In practice, computations involving subspaces are much easier if your
subspace is the column space or null space of a matrix. The simplest example of such a computation is finding a spanning set: a
column space is by definition the span of the columns of a matrix, and we showed above how to compute a spanning set for a null
space using parametric vector form. For this reason, it is useful to rewrite a subspace as a column space or a null space before
trying to answer questions about it.
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When asking questions about a subspace, it is usually best to rewrite the subspace as a column space or a null space.

This also applies to the question “is my subset a subspace?” If your subset is a column space or null space of a matrix, then the
answer is yes.

v/ Example 2.6.14

Let

v

{(5) e}

be the subset of a previous Example 2.6.9. The subset V' is exactly the solution set of the homogeneous equation 2z — 3y =0.
Therefore,

V =Nul(2-3)

In particular, it is a subspace. The reduced row echelon form of (2 —3)is (1 —3/2), so the parametric form of V is
x = 3/2y, so the parametric vector form is (Z) = y(3/ 2), and hence { (3{2)} spans V.

1
v/ Example 2.6.15

Let V be the plane in R? defined by

2z +y
V= z—y |l|z,yareinR
3x —2y
Write V' as the column space of a matrix.
Solution
Since
2z +y 2 1
T—y =z |1]|+y| -1],
3z —2y 3 —2
we notice that V' is exactly the span of the vectors
2 1
1 and -1
3 =%
Hence
2 1
V==Col|1l -1
3 -2

This page titled 2.6: Subspaces is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated by Dan
Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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2.7: Basis and Dimension

4b Objectives

1. Understand the definition of a basis of a subspace.

2. Understand the basis theorem.

3. Recipes: basis for a column space, basis for a null space, basis of a span.
4. Picture: basis of a subspace of R? or R®.

5. Theorem: basis theorem.

6. Essential vocabulary words: basis, dimension.

Basis of a Subspace

As we discussed in Section 2.6, a subspace is the same as a span, except we do not have a set of spanning vectors in mind. There
are infinitely many choices of spanning sets for a nonzero subspace; to avoid redundancy, usually it is most convenient to choose a
spanning set with the minimal number of vectors in it. This is the idea behind the notion of a basis.

# Definition 2.7.1: Basis

Let V be a subspace of R™. A basis of V' is a set of vectors {v1,va, . .., vp }in V such that:
1.V = Span{v;, vs,...,vn}, and

2. the set {v1,va, . . . , Up, }is linearly independent.

Recall that a set of vectors is linearly independent if and only if, when you remove any vector from the set, the span shrinks
(Theorem 2.5.1 in Section 2.5). In other words, if {vi,vs,...,v,} is a basis of a subspace V, then no proper subset of
{v1,v2, ..., vy} will span V: it is a minimal spanning set. Any subspace admits a basis by Theorem 2.6.1 in Section 2.6.

A nonzero subspace has infinitely many different bases, but they all contain the same number of vectors.

We leave it as an exercise to prove that any two bases have the same number of vectors; one might want to wait until after learning
the invertible matrix theorem in Section 3.5.

# Definition 2.7.2: Dimension

Let V be a subspace of R". The number of vectors in any basis of V is called the dimension of V', and is written dim V.

v Example 2.7.1: A basis of R?

Find a basis of R2.

Solution
We need to find two vectors in R that span R? and are linearly independent. One such basis is { (;), (7) }:

1. They span because any vector (§) can be written as a linear combination of (5), (}):

(5)==() = (5):

2. They are linearly independent: if

thenz =y =0.
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This shows that the plane R? has dimension 2.

Figure 2.7.1

v Example 2.7.2: All bases of R?

Find all bases of R2.

Solution
We know from the previous Example 2.7.1 that R? has dimension 2, so any basis of R? has two vectors in it. Let v1, V2 be
vectors in R?, and let A be the matrix with columns v, vs.

1. To say that {v;, v, } spans R? means that A has a pivot, Definition 1.2.5 in Section 1.2, in every row: see Theorem 2.3.1 in
Section 2.3.

2. To say that {vy, v2} is linearly independent means that A has a pivot in every column: see Recipe: Checking linear
independence in Section 2.5.

Since A is a 2 X 2 matrix, it has a pivot in every row exactly when it has a pivot in every column. Hence any two noncollinear

o) (1))

vectors form a basis of R?. For example,

is a basis.

Figure 2.7.2

v Example 2.7.3: The standard basis of R"

One shows exactly as in the above Example 2.7.1 that the standard coordinate vectors

1 0 0 0

0 1 0 0
€1 = S ) €2 = ) ) €n—1 = ) €n =

0 0 1 0

0 0

form a basis for R™. This is sometimes known as the standard basis.
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l In particular, R™ has dimension 7.

v/ Example 2.7.4

The previous Example 2.7.3 implies that any basis for R™ has n vectors in it. Let vy, v, . . . , v, be vectors in R™, and let A be
the n X n matrix with columns vy, va, ..., Uy.
1. To say that {vy,vg, ..., v, } spans R" means that A has a pivot position, Definition 1.2.5 in Section 1.2, in every row: see

this Theorem 2.3.1 in Section 2.3.

2. To say that {v1, va, . .., v, } is linearly independent means that A has a pivot position in every column: see Recipe:
Checking linear independence in Section 2.5.

Since A is a square matrix, it has a pivot in every row if and only if it has a pivot in every column. We will see in Section 3.5
that the above two conditions are equivalent to the invertibility of the matrix A.

v/ Example 2.7.5

Let
T -3 0
V= y | nR¥z+3y+2=0 B= 11, 1
z 0 -3

Verify that V' is a subspace, and show directly that B is a basis for V.

Solution

First we observe that V' is the solution set of the homogeneous equation z 4+ 3y + z =0, so it is a subspace: see this note in
Section 2.6, Note 2.6.3. To show that B is a basis, we really need to verify three things:

0. Both vectors are in V' because

(-3) + 3(1) + (0) 0
0) + 3(1) + (-3) 0
z
1. Span: suppose that | y | isin V. Since z +3y+2z=0 wehavey = —%(3: +2), so
z
T —3
T z
y | = —%(m +2) | = -3 1 |- 3 1
z z 0 -3
Hence B spans V.
2. Linearly independent:
-3 0 —3c; 0
c1 1 +c2 1 =0 = c1+co =10 = c1=cy =0.
0 =3 -3¢ 0

Alternatively, one can observe that the two vectors are not collinear.

Since V has a basis with two vectors, it has dimension two: it is a plane.
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Figure 2.7.3: A picture of the plane V' and its basis B = {v;, vs} . Note that B spans V' and is linearly independent.

This example is somewhat contrived, in that we will learn systematic methods for verifying that a subset is a basis. The
intention is to illustrate the defining properties of a basis.

Computing a Basis for a Subspace

Now we show how to find bases for the column space of a matrix and the null space of a matrix. In order to find a basis for a given
subspace, it is usually best to rewrite the subspace as a column space or a null space first: see this note in Section 2.6, Note 2.6.3

A Basis for the Column Space

First we show how to compute a basis for the column space of a matrix.

& Theorem 2.7.1

The pivot columns of a matrix A form a basis for Col(A).

Proof

This is a restatement of Theorem 2.5.3 in Section 2.5.

X Note 2.7.2

The above theorem is referring to the pivot columns in the original matrix, not its reduced row echelon form. Indeed, a matrix
and its reduced row echelon form generally have different column spaces. For example, in the matrix A below:

1] (2] 0 =1 1 0 —8 -7
A=|+2|+3| 4 5 R 0 1 4 3
2] 14 O =2 0O o 0 O

pivot columns = basis ¢ pivot columns in RREF
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Figure 2.7.4

the pivot columns are the first two columns, so a basis for Col(A4) is

1 2
21, (-3
2 4

The first two columns of the reduced row echelon form certainly span a different subspace, as

1 0 a
Span 0], (1 = b |l|a,binR j = (z,y-plane),
0 0 0

but Col(A) contains vectors whose last coordinate is nonzero.

& Corollary 2.7.1

The dimension of Col(A) is the number of pivots of A.

A Basis of a Span

Computing a basis for a span is the same as computing a basis for a column space. Indeed, the span of finitely many vectors
V1, V3, . . . , U, is the column space of a matrix, namely, the matrix A whose columns are vy, va, ..., Up:

A= v vy --- vy

v/ Example 2.7.6: A basis of a span

Find a basis of the subspace

1 2 0 -1
V = Span 21,131,141}, 5
2 4 0 —2

Solution

The subspace V is the column space of the matrix

A=|-2 -3 4 5
2 4 0 -2

The reduced row echelon form of this matrix is

1 0 -8 7
01 4 3
0 0 O
The first two columns are pivot columns, so a basis for V' is
1 2
21,1 -3
2 4
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Figure 2.7.5: A picture of the plane V" and its basis B = {v1,vs}.

v/ Example 2.7.7: Another basis of the same span

Find a basis of the subspace

1 2 0 -1
V = Span —21,1-31,141, 5
2 4 0 —2

which does not consist of the first two vectors, as in the previous Example 2.7.6.

Solution
The point of this example is that the above Theorem 2.7.1 gives one basis for V; as always, there are infinitely more.

Reordering the vectors, we can express V' as the column space of

0 -1 1 2
A=14 5 -2 -3
0o -2 2 4
The reduced row echelon form of this matrix is
1 0 3/4 7/4
o1 -1 -2
0 0 O 0

The first two columns are pivot columns, so a basis for V is

0 -1
41, 5
0 -2

These are the last two vectors in the given spanning set.
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Figure 2.7.6: A picture of the plane V' and its basis B = {v;,v2}.

A Basis for the Null Space

In order to compute a basis for the null space of a matrix, one has to find the parametric vector form of the solutions of the
homogeneous equation Az = 0.

& Theorem 2.7.2

The vectors attached to the free variables in the parametric vector form of the solution set of Az =0 form a basis of Nul(A4).

The proof of the theorem has two parts. The first part is that every solution lies in the span of the given vectors. This is automatic:
the vectors are exactly chosen so that every solution is a linear combination of those vectors. The second part is that the vectors are
linearly independent. This part was discussed in Example 2.5.3 in Section 2.5.

A Basis for a General Subspace

As mentioned at the beginning of this subsection, when given a subspace written in a different form, in order to compute a basis it
is usually best to rewrite it as a column space or null space of a matrix.

v Example 2.7.8: A basis of a subspace

Let V' be the subspace defined by
V= y|lz+2y==2

Find a basis for V. What is dim(V')?

Solution

First we notice that V is exactly the solution set of the homogeneous linear equation z+2y—z=0 . Hence
V=Nul(1 2 -1). This matrix is in reduced row echelon form; the parametric form of the general solution is
x = —2y + 2, so the parametric vector form is
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T —2 1
y|=yl 1 |=z2]0
z 0 1
It follows that a basis is
-2 1
1 , 10
0 1
Since V has a basis with two vectors, its dimension is 2: it is a plane.

The Basis Theorem

Recall that {vy, v, ..., v, } forms a basis for R" if and only if the matrix A with columns vy, va, . .., v, has a pivot in every row
and column (see this Example 2.7.4). Since A is an n X n matrix, these two conditions are equivalent: the vectors span if and only
if they are linearly independent. The basis theorem is an abstract version of the preceding statement, that applies to any subspace.

& Theorem 2.7.3: Basis Theorem

Let V be a subspace of dimension m. Then:

o Any m linearly independent vectors in V' form a basis for V.
e Any m vectors that span V' form a basis for V.

Proof

Suppose that B = {v1,vs, ...,V } is a set of linearly independent vectors in V. In order to show that B is a basis for V/,
we must prove that V' = Span{v;,vs, ..., vy, }. If not, then there exists some vector v,,1 in V that is not contained in
Span{vy, va, ..., vn }. By the increasing span criterion Theorem 2.5.2 in Section 2.5, the set {v1,v2, ..., Um, Unt1 } iS
also linearly independent. Continuing in this way, we keep choosing vectors until we eventually do have a linearly
independent spanning set: say V' = Span{vi,va, ..., Um,- .., Untk }. Then {v1,va, ..., Unmk} is a basis for V, which
implies that dim(V) =m +k >m . But we were assuming that V' has dimension m, so B must have already been a
basis.

Now suppose that B = {v;, v, ..., vy} spans V. If B is not linearly independent, then by this Theorem 2.5.1 in Section

2.5, we can remove some number of vectors from 5 without shrinking its span. After reordering, we can assume that we
removed the last k vectors without shrinking the span, and that we cannot remove any more. Now
V = Span{vy, va,...,Um_k},and {v1, v, ..., Vn_k | is a basis for V because it is linearly independent. This implies that
dimV =m —k <m . But we were assuming that dim V' = m, so B must have already been a basis.

In other words, if you already know that dim V' =m, and if you have a set of m vectors B = {v;,vs,..., vy} in V, then you
only have to check one of:

1. B is linearly independent, or
2. Bspans V,

in order for B to be a basis of V. If you did not already know that dim V' = m, then you would have to check both properties.

To put it yet another way, suppose we have a set of vectors B ={vy,vs,..., v} in a subspace V. Then if any two of the
following statements is true, the third must also be true:

1. B is linearly independent,
2. B spans V, and
3.dimV =m.

For example, if V' is a plane, then any two noncollinear vectors in V' form a basis.
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v/ Example 2.7.9: Two noncollinear vectors form a basis of a plane

Find a basis of the subspace

1 2 0 -1
V = Span -21,1-31],141, 5
2 4 0 —2
which is different from the bases in this Example 2.7.6 and this Example 2.7.7.

Solution
We know from the previous examples that dim V' = 2. By the Theorem 2.7.3, it suffices to find any two noncollinear vectors
in V. We write two linear combinations of the four given spanning vectors, chosen at random:

1 2 3 2 L0 -2
wi=|-2|+|3)=|-5] w=—|-3]+5(4|=]|5
2 4 6 4 0 —4

Since w; , wy are not collinear, B = {wy, ws } is a basis for V.

{—%50({)]0] rﬁ?ﬁ?ﬂ i i i

e | 6.00 | | 400 [

y

Close Controls

w1

R2

Figure 2.7.7: A picture of the plane V" and its basis B = {wy,ws}.

v Example 2.7.10: Finding a basis by inspection

Find a basis for the plane

T1
V= T2 |IL‘1 +To =3
T3

by inspection. (This plane is expressed in set builder notation, Note 2.2.3 in Section 2.2.)

Solution
First note that V' is the null space of the matrix (1 1 —1) this matrix is in reduced row echelon form and has two free
variables, so V' is indeed a plane. We write down two vectors satisfying £; + 2 = x3:
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1
v1=1|0 vy =
1

Since v; and v, are not collinear, they are linearly independent; since dim(V') = 2, the basis theorem implies that {vq,v2} is a
basis for V.

This page titled 2.7: Basis and Dimension is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or

curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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2.9: The Rank Theorem

4b Objectives

1. Learn to understand and use the rank theorem.
2. Picture: the rank theorem.

3. Theorem: rank theorem.

4. Vocabulary words: rank, nullity.

In this section we present the rank theorem, which is the culmination of all of the work we have done so far.

The reader may have observed a relationship between the column space and the null space of a matrix. In Example 2.6.11 in
Section 2.6, the column space and the null space of a 3 x 2 matrix are both lines, in R? and R?, respectively:

Figure 2.9.1

In Example 2.4.6 in Section 2.4, the null space of the 2 x 3 matrix

Nul(A)

1 -1 2
A—(z 2 4)

Figure 2.9.2

In Example 2.4.10 in Section 2.4, the null space of a 3 x 3 matrix is a line in R®, and the column space is a plane in R®:
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Figure 2.9.3

In all examples, the dimension of the column space plus the dimension of the null space is equal to the number of columns of the
matrix. This is the content of the rank theorem.

# Definition 2.9.1: Rank and Nullity

The rank of a matrix A, written rank(A), is the dimension of the column space Col(A).

The nullity of a matrix A, written nullity(A), is the dimension of the null space Nul(A4).

The rank of a matrix A gives us important information about the solutions to Az = b. Recall from Note 2.3.6 in Section 2.3 that
Az = is consistent exactly when b is in the span of the columns of A, in other words when b is in the column space of A. Thus,
rank(A) is the dimension of the set of b with the property that Az = b is consistent.

We know that the rank of A is equal to the number of pivot columns, Definition 1.2.5 in Section 1.2, (see this Theorem 2.7.1 in
Section 2.7), and the nullity of A is equal to the number of free variables (see this Theorem 2.7.2 in Section 2.7), which is the
number of columns without pivots. To summarize:

rank(A) = dim Col(A) = the number of columns with pivots
nullity (A4) = dim Nul(A) = the number of free variables
= the number of columns without pivots

Clearly
#(columns with pivots) + # (columns without pivots) = #(columns),

so we have proved the following theorem.

& Theorem 2.9.1: Rank Theorem

If A is a matrix with n columns, then

rank(A) + nullity(4) = n.

In other words, for any consistent system of linear equations,
(dim of column span) + (dim of solution set) = (number of variables).

The rank theorem is really the culmination of this chapter, as it gives a strong relationship between the null space of a matrix (the
solution set of Az =0) with the column space (the set of vectors b making Az =b consistent), our two primary objects of
interest. The more freedom we have in choosing z the less freedom we have in choosing b and vice versa.

v Example 2.9.1: Rank and nullity

Here is a concrete example of the rank theorem and the interplay between the degrees of freedom we have in choosing « and b
in a matrix equation Az =b.

Consider the matrices
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1 00 0 0 O
A=10 1 0 and B=|0 0 0
0 0 0 0 01

If we multiply a vector (z,y, z) in R? by A and B we obtain the vectors Az = (,y,0) and Bz = (0,0, ). So we can think
of multiplication by A as giving the latitude and longitude of a point in R? and we can think of multiplication by B as giving
the height of a point in R3. The rank of A is 2 and the nullity is 1. Similarly, the rank of B is 1 and the nullity is 2.

These facts have natural interpretations. For the matrix A: the set of all latitudes and longitudes in R? is a plane, and the set of
points with the same latitude and longitude in RR? is a line; and for the matrix B: the set of all heights in R? is a line, and the
set of points at a given height in R? is a plane. As the rank theorem tells us, we “trade off” having more choices for z for
having more choices for b, and vice versa.

The rank theorem is a prime example of how we use the theory of linear algebra to say something qualitative about a system of
equations without ever solving it. This is, in essence, the power of the subject.

v/ Example 2.9.2: The rank is 2 and the nullity is 2

Consider the following matrix and its reduced row echelon form:

‘T" 2] & 1 1 0 {8){7
A=|+2|/ 3| 4 5 i 0 1 |4| |3
2) (4] 0 —2 o o |0 |0
basis of Col(A) free vériables
Figure 2.9.4
A basis for Col(A) is given by the pivot columns:
1 2
21,1 -3 )
2 4

sorank(A) =dim Col(4) =2.

Since there are two free variables x3, 24, the null space of A has two vectors (see Theorem 2.7.2 in Section 2.7):

8 7
—4 -3

1 1’1o ’
0 1

so nullity(A4) = 2.

In this case, the rank theorem says that 2 +2 = 4, where 4 is the number of columns.

v/ Example 2.9.3: Interactive: Rank is 1, nullity is 2
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rank(A4) =1 dim Nul(A)
[Gick and drag thy

ey

v

Figure 2.9.5: This 3 x 3 matrix has rank 1 and nullity 2. The violet plane on the left is the null space, and the violet line on the
right is the column space.

v/ Example 2.9.4: Interactive: Rank is 2, nullity is 1

rank(A) =2 dim Nul(A4)
[G#igk and drag thg

v

Figure 2.9.6: This 3 x 3 matrix has rank 2 and nullity 1. The violet line on the left is the null space, and the violet plane on the
right is the column space.
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2.8: Bases as Coordinate Systems

X Objectives

1. Learn to view a basis as a coordinate system on a subspace.

2. Recipes: compute the B-coordinates of a vector, compute the usual coordinates of a vector from its B-coordinates.
3. Picture: the B-coordinates of a vector using its location on a nonstandard coordinate grid.

4. Vocabulary word: B-coordinates.

In this section, we interpret a basis of a subspace V' as a coordinate system on V, and we learn how to write a vector in V' in that
coordinate system.

& Fact2.8.1

If B={v1, va, -+, vy} is a basis for a subspace V, then any vector z in V' can be written as a linear combination
T =C1v1 +Cvy 4+ Cnvm
in exactly one way.

Proof

Recall that to say B is a basis for V' means that B spans V' and B is linearly independent. Since B spans V', we can write
any z in V as a linear combination of v;, vy, - - -, vp,. For uniqueness, suppose that we had two such expressions:

T =civ1+cve+- -+ Cnvm
T =clvy +chve +- -+ CnUn.

Subtracting the first equation from the second yields
O=z—z=(c1 —c))vi+(c2—cy)va++-+(cm —C)Vm

Since B is linearly independent, the only solution to the above equation is the trivial solution: all the coefficients must be
zero. It follows that ¢; — ¢ for all 4, which proves thatc; = ¢}, ca =¢h, -+, cn = .

v/ Example 2.8.1

Consider the standard bases of R® from Example 2.7.3 in Section 2.7.

1 0 0
eg3=10]), e=|1}, es=1]0
0 0 1

According to the above fact, Fact 2.8.1, every vector in R® can be written as a linear combination of e1, €a, eg, with unique
coefficients. For example,

3 1 0 0
v=| 5 |=3]10]+5]1]-2|0 | =3e1+bex—2es.
—2 0 0 1

In this case, the coordinates of v are exactly the coefficients of e1, e, es.

What exactly are coordinates, anyway? One way to think of coordinates is that they give directions for how to get to a certain point
from the origin. In the above example, the linear combination 3e; +5e2 —2e3 can be thought of as the following list of
instructions: start at the origin, travel 3 units north, then travel 5 units east, then 2 units down.
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# Definition 2.8.1: B-Coordinate Vector

Let B = {vy, v, -, vn} be abasis of a subspace V, and let
T =C1V1 +Cvy 4+ +Cnim

be a vector in V. The coefficients ¢1, ¢, - - -, ¢n, are the coordinates of & with respect to 3. The B-coordinate vector of x is
the vector

C1

c2

[z]p = . in R™.
Cm

If we change the basis, then we can still give instructions for how to get to the point (3, 5, —2), but the instructions will be
different. Say for example we take the basis

1 0
vy=e;+ey=|1]|, vo=ea=[|1]|, vs=e3s=]|0
0 1
We can write (3, 5, —2) in this basis as 3v; 4+ 2vy — 2v3 . In other words: start at the origin, travel northeast 3 times as far as

vy, then 2 units east, then 2 units down. In this situation, we can say that “3 is the v;-coordinate of (3, 5, —2), 2 is the vs-
coordinate of (3, 5, —2), and —2 is the v3-coordinate of (3, 5, —2).”

X Note 2.8.1

The above definition, Definition 2.8.1, gives a way of using R,, to label the points of a subspace of dimension m: a point is
simply labeled by its B-coordinate vector. For instance, if we choose a basis for a plane, we can label the points of that plane

with the points of R2.

v Example 2.8.2: A Nonstandard Coordinate System of R?)

Define

1. Verify that B is a basis for R%.
1
2. If [w]g = ( 5 ), then what is w?

3. Find the B-coordinates of v = ( g ) .

Solution
1. By the basis theorem in Section 2.7, Theorem 2.7.3, any two linearly independent vectors form a basis for R2. Clearly

v1, v are not multiples of each other, so they are linearly independent.

1
2. To say [w]p = ( ) means that 1 is the v; -coordinate of w, and that 2 is the v,-coordinate:

s ()()-(%)

3. We have to solve the vector equation v = ¢yv; 4+ cav2 in the unknowns c;, ca. We form an augmented matrix and row

reduce:
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1 1 (5 RREF 1 0
—_—
1 —-1(3 01

Wehavec; =4 andc; =1, s0 v=4v; + vy and [v]g = (;1)

D)

In the following picture, we indicate the coordinate system defined by B by drawing lines parallel to the “v;-axis” and “vq-

axis”. Using this grid it is easy to see that the B-coordinates of v are ( i ), and that the B-coordinates of w are ( ;)

Figure 2.8.1

This picture could be the grid of streets in Palo Alto, California. Residents of Palo Alto refer to northwest as “north” and to
northeast as “east”. There is a reason for this: the old road to San Francisco is called El Camino Real, and that road runs from
the southeast to the northwest in Palo Alto. So when a Palo Alto resident says “go south two blocks and east one block”, they
are giving directions from the origin to the Whole Foods at w.
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- - . - AXES
Solve this equation by moving the slid

1.001 | l 1.00 ‘ _[2.00
1.00| 7 [~1.00/ ~ [0.00

Show x.v1 +yv2

4

Close Controls

v1
1.00v1+1.00v2
2. wr

K2

Figure 2.8.2: A picture of the basis B = {vy, va} of R?. The grid indicates the coordinate system defined by the basis B; one
set of lines measures the vy -coordinate, and the other set measures the vs-coordinate. Use the sliders to find the 3-

coordinates of w.
v/ Example 2.8.3

Let
2
vp=| -1 ve=1 0
1 -1

These form a basis 13 for a plane V = Span{v;, v} in R3. We indicate the coordinate system defined by B by drawing lines
parallel to the “v; -axis” and “vy-axis”:

1%

Uz
L ]
Vi

iy oLl
=L ; Vy 2

Figure 2.8.3

1
We can see from the picture that the v; -coordinate of u; is equal to 1, as is the vy-coordinate, so [u|p= ( 1 ) Similarly, we

have

https://math.libretexts.org/@go/page/77007

GNU Free Documentation License


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/77007?pdf

LibreTexts"

—1.00 [1.00] 0.00
e — ‘
[zl = { 2.00 ] - _u_uu_‘ +210 [1.00}
0.00 2.00 1.00
z = | 1.00| B-=sordihatds00 | + 2.00 | 0.00 Usual coordinates
~3.00 1.00 ~1.00

o

p m

Figure 2.8.4: Left: the B-coordinates of a vector x. Right: the vector x. The violet grid on the right is a picture of the
coordinate system defined by the basis B; one set of lines measures the v; -coordinate, and the other set measures the v, -
coordinate. Drag the heads of the vectors z and [z]3 to understand the correspondence between z and its B-coordinate vector.

v/ Example 2.8.4: A Coordinate System on a Plane

Define
1 1
v = 0 , UV = 1 s BZ{’Ul, ’U2}, VzSpan{vl, 1)2}.
1 1

1. Verify that B is a basis for V.
2. If [w]g = ( Z), then what is w?

5
3. Find the B-coordinates of v= | 3
5

Solution
1. We need to verify that B spans V/, and that it is linearly independent. By definition, V is the span of B; since v; and v, are
not multiples of each other, they are linearly independent. This shows in particular that V' is a plane.

5
2. To say [w|g = ( 9 ) means that 5 is the vy -coordinate of w, and that 2 is the v, -coordinate:

1 1 7

w=5v;+2vs =50 | +2|1 ]| =12

1 1 7

3. We have to solve the vector equation v = cyv; 4+ cav2 in the unknowns c;, co. We form an augmented matrix and row
reduce:

1 1(5 i 1 0(2
0 1|3 —_— 0 113
1 1|5 0 00
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2
We have ¢; =2 and ¢, =3, s0 v=2v; +3vy and [v]g = (3)

Solve this equation by moving the slid
1.00] [1.0{1] - [2.{}0
voo] [1oo] |20

v

Close Controls

Figure 2.8.5: A picture of the plane V" and the basis B = {v1, vs}. The violet grid is a picture of the coordinate system defined
by the basis B; one set of lines measures the v; -coordinate, and the other set measures the v2-coordinate. Use the sliders to
find the B-coordinates of v.

v/ Example 2.8.5: A Coordinate System on Another Plane

Define
2 -1 2
vw=\3], wu=| 1|, vs=|8]|, V=Span{vi, v, vs}.
2 1 6
1. Find a basis B for V.
4
2. Find the B-coordinates of z = | 11
8
Solution
1. We write V' as the column space of a matrix A, then row reduce to find the pivot columns, as in Example 2.7.6, in
Section 2.7.
2 -1 2 1 0 2
RREF
A=13 1 8 — 01 2
2 6 0 0O

The first two columns are pivot columns, so we can take B = {v1, v2} as our basis for V.
2. We have to solve the vector equation = ¢;v; + cov . We form an augmented matrix and row reduce:

2 -1(4 1 03
RREF

3 1 (11 — 0 1|2

2 1|8 0 010
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3
We have ¢; =3 and ¢y =2, so ¢ = 3v; +2v,, and thus [z]p = ( )

Solve this equation by moving the slid

[2.00 ( 1.110“ 1.00
3.00| + | 1.00 | = 14.00
[2.00 {an 3.00 | E

Grid v

Show x.v1 +yv2

X

Close Controls

1.00v1+¥00v2

S

Figure 2.8.6: A picture of the plane V" and the basis B = {v;, v }. The violet grid is a picture of the coordinate system defined
by the basis B; one set of lines measures the v; -coordinate, and the other set measures the vs-coordinate. Use the sliders to

find the B-coordinates of x.
X Recipes: B-Coordinates

If B={vy, va, -+, vy} is a basis for a subspace V and z is in V, then
C1
C2
zls=] . means & =cCjV;+CoUs+- - CmUm-
Cm

Finding the B-coordinates of z means solving the vector equation
T =C1v1 +Cvy+ -+ Cnvm
in the unknowns ¢y, ¢, - - -, ¢ This generally means row reducing the augmented matrix

V1 V2 Un | ©

Let B = {v1, va,---,vn} be a basis of a subspace V. Finding the B-coordinates of a vector # means solving the vector

equation

T =cCvV +CvVy+--+CpUnm.
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If z is not in V, then this equation has no solution, as z is not in V = Span{v, v, -+, vn}. In other words, the above
equation is inconsistent when z is notin V.

This page titled 2.8: Bases as Coordinate Systems is shared under a GNU Free Documentation License 1.3 license and was authored, remixed,

and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

3: Linear Transformations and Matrix Algebra

Learn about linear transformations and their relationship to matrices.

In practice, one is often lead to ask questions about the geometry of a transformation: a function that takes an input and produces
an output. This kind of question can be answered by linear algebra if the transformation can be expressed by a matrix.

3.0: Prelude to Linear Transformations and Matrix Algebra

3.1: Matrix Transformations

3.2: One-to-one and Onto Transformations

3.3: Linear Transformations

3.4: Matrix Multiplication

3.5: Matrix Inverses

3.6: The Invertible Matrix Theorem

This page titled 3: Linear Transformations and Matrix Algebra is shared under a GNU Free Documentation License 1.3 license and was authored,
remixed, and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts
platform.
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3.0: Prelude to Linear Transformations and Matrix Algebra

v Example 3.0.1

Suppose you are building a robot arm with three joints that can move its hand around a plane, as in the following picture.

(;) = £(6,¢,9)

Figure 3.0.1

Jun 23, 2021, 12:13 PM
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"$\theta$", angle radius=1cm, angle eccentricity=.8] {angle=x1--c1--c2}; \draw (c2) -- ($(c2)!2cm!(c1)$); \draw (c2) --
($(c2)!2cm!(c3)$); \pic[draw, "$\phi$", angle radius=1cm, angle eccentricity=.8] {angle=c1--c2--c3}; \coordinate (x3p) at
($(c3)!2cm!-9.1623:(x3)$); \draw (c3) -- ($(c3)!2cm!(c2)$); \draw (c3) -- (x3p); \pic[draw, "$\psi$", angle radius=1cm, angle
eccentricity=.8] {angle=c2--c3--x3p}; \end{tikzpicture}

Define a transformation f as follows: (6, ¢, ) is the (z,y) position of the hand when the joints are rotated by angles 6, ¢, v,
respectively. The output of f tells you where the hand will be on the plane when the joints are set at the given input angles.

Unfortunately, this kind of function does not come from a matrix, so one cannot use linear algebra to answer questions about this
function. In fact, these functions are rather complicated; their study is the subject of inverse kinematics.

In this chapter, we will be concerned with the relationship between matrices and transformations. In Section 3.1, we will consider
the equation b = Az as a function with independent variable « and dependent variable b, and we draw pictures accordingly. We
spend some time studying transformations in the abstract, and asking questions about a transformation, like whether it is one-to-one
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and/or onto (Section 3.2). In Section 3.3 we will answer the question: “when exactly can a transformation be expressed by a
matrix?” We then present matrix multiplication as a special case of composition of transformations (Section 3.4). This leads to the
study of matrix algebra: that is, to what extent one can do arithmetic with matrices in the place of numbers. With this in place, we
learn to solve matrix equations by dividing by a matrix in Section 3.5.

This page titled 3.0: Prelude to Linear Transformations and Matrix Algebra is shared under a GNU Free Documentation License 1.3 license and
was authored, remixed, and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the

LibreTexts platform.
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3.1: Matrix Transformations

4b Objectives

1. Learn to view a matrix geometrically as a function.

2. Learn examples of matrix transformations: reflection, dilation, rotation, shear, projection.

3. Understand the vocabulary surrounding transformations: domain, codomain, range.

4. Understand the domain, codomain, and range of a matrix transformation.

5. Pictures: common matrix transformations.

6. Vocabulary words: transformation / function, domain, codomain, range, identity transformation, matrix transformation.

In this section we learn to understand matrices geometrically as functions, or transformations. We briefly discuss transformations in
general, then specialize to matrix transformations, which are transformations that come from matrices.

Matrices as Functions

Informally, a function is a rule that accepts inputs and produces outputs. For instance, f(z) =z is a function that accepts one

number z as its input, and outputs the square of that number: f(2) = 4. In this subsection, we interpret matrices as functions.

Let A be a matrix with m rows and n columns. Consider the matrix equation b = Az (we write it this way instead of Az =b to
remind the reader of the notation y = f(z)). If we vary z, then b will also vary; in this way, we think of A as a function with
independent variable x and dependent variable b.

o The independent variable (the input) is «, which is a vector in R".
¢ The dependent variable (the output) is b, which is a vector in R™.

The set of all possible output vectors are the vectors b such that Az = b has some solution; this is the same as the column space of
A by Note 2.3.6 in Section 2.3,

Xe 7 ' \
T Col(A)

R" =t R™

Figure 3.1.1

v Example 3.1.1: Interactive: A 2 x 3 matrix

GNU Free Documentation License https://math.libretexts.org/@go/page/70195



https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70195?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/03%3A_Linear_Transformations_and_Matrix_Algebra/3.01%3A_Matrix_Transformations
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/02%3A_Systems_of_Linear_Equations-_Geometry/2.03%3A_Matrix_Equations#Note+%5C(%5CPageIndex%7B6%7D%5C)
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/02%3A_Systems_of_Linear_Equations-_Geometry/2.03%3A_Matrix_Equations

LibreTexts"

AKES

1.00 B
7 |- .

[Click and drag the heads of x ag db] E
Input Close Controis

v N

Figure 3.1.2: A picture of a 2 x 3 matrix, regarded as a function. The input vector is z, which is a vector in R?, and the output
vector is b= Az, which is a vector in R%. The violet line on the right is the column space; as you vary x, the output b is
constrained to lie on this line.

v/ Example 3.1.2: Interactive: A 3 x 2 matrix

1 0

~1.00] _ [
0 3| Liw] = 2%,

[Click and drag the heads of x and b]
Input Qutput

l.ﬂ[]-|

v

Figure 3.1.3: A picture of a 3 x 2 matrix, regarded as a function. The input vector is z, which is a vector in R?, and the output
vector is b = Az, which is a vector in R3. The violet plane on the right is the column space; as you vary z, the output b is
constrained to lie on this plane.

v Example 3.1.3: Projection onto the zy-plane

Let

o = O
o O O
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Describe the function b = Az geometrically.

Solution
In the equation Az = b, the input vector z and the output vector b are both in R3. First we multiply A by a vector to see what
it does:

T 1 0 0 T T

z 0 0 O z 0

Multiplication by A simply sets the z-coordinate equal to zero: it projects vertically onto the xy-plane.

L !
Figure 3.1.4
1 0 0 |---1‘00-| [—1.i|”‘
0 1 0 2.00 | = | 2.00
0 0 o |30 0.00 |
[Click and drag the heads of x and b] i
Input Output
Llw
. s tes

Figure 3.1.5: Multiplication by the matrix A projects a vector onto the zy-plane. Move the input vector = to see how the
output vector b changes.

v Example 3.1.4: Reflection

Let

Describe the function b = Az geometrically.

Solution
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In the equation Az = b, the input vector z and the output vector b are both in R2. First we multiply A by a vector to see what

(-G 6-6)

Multiplication by A negates the z-coordinate: it reflects over the y-axis.

Figure 3.1.6

~1.00 0.00] [2.00] _ [-2.00
0.00 1.00| |4.00| ~ | 4.00

[Click and drag the vector heads]

Open Controls

Figure 3.1.7: Multiplication by the matrix A reflects over the y-axis. Move the input vector z to see how the output vector b
changes.

v/ Example 3.1.5: Dilation

Let

Describe the function b = Az geometrically.

Solution

In the equation Az = b, the input vector z and the output vector b are both in R?. First we multiply A by a vector to see what
it does:

A0)=(0 5) () =(5) =)

Multiplication by A is the same as scalar multiplication by 1.5: it scales or dilates the plane by a factor of 1.5.
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Figure 3.1.8

Open Controls

1.50 0.00| [2.00] _ [3.00
0.00 1.50| (4.00|  |[6.00

[Click and drag the vector heads]

Figure 3.1.9: Multiplication by the matrix A dilates the plane by a factor of 1.5. Move the input vector z to see how the output
vector b changes.

v/ Example 3.1.6: Identity

Let

Describe the function b = Az geometrically.

Solution

In the equation Az = b, the input vector z and the output vector b are both in R2. First we multiply A by a vector to see what

(-G G)-6)

Multiplication by A does not change the input vector at all: it is the identity transformation which does nothing.

it does:
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Figure 3.1.10

Open Controls

1.00 0.00] [2.00] _ [2.00
0.00 1.00| [4.00/ = |4.00

[Click and drag the vector heads]

Figure 3.1.11: Multiplication by the matrix A does not move the vector x: that is, b = Az = & . Move the input vector z to
see how the output vector b changes.

v/ Example 3.1.7: Rotation

Let

Describe the function b = Az geometrically.

Solution

In the equation Az = b, the input vector z and the output vector b are both in R2. First we multiply A by a vector to see what

4(3)-G3)0)-2)

We substitute a few test points in order to understand the geometry of the transformation:

it does:
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Figure 3.1.12

Multiplication by A is counterclockwise rotation by 90°.

Figure 3.1.13

0.00 -—1.00] |2.00f |-4.00
1.00 0.00 | [4.00f | 2.00

[Click and drag the vector heads]

Open Controls

Figure 3.1.14: Multiplication by the matrix A rotates the vector  counterclockwise by 90°. Move the input vector z to see
how the output vector b changes.

v/ Example 3.1.8: Shear

Let

Describe the function b = Az geometrically.
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Solution
In the equation Az = b, the input vector  and the output vector b are both in R?. First we multiply A by a vector to see what

G- O-(2)

Multiplication by A adds the y-coordinate to the z-coordinate; this is called a shear in the x-direction.

’#

Figure 3.1.15

Open Controls

1.00 1.00| (2.00{ [6.00
0.00 1.00| (4.00|  [4.00

[Click and drag the vector heads]

Figure 3.1.16: Multiplication by the matrix A adds the y-coordinate to the x-coordinate. Move the input vector x to see how
the output vector b changes.

Transformations

At this point it is convenient to fix our ideas and terminology regarding functions, which we will call transformations in this book.
This allows us to systematize our discussion of matrices as functions.

# Definition 3.1.1: Transformation

A transformation from R" to R™ is a rule T that assigns to each vector z in R" a vector T'(z) in R™.

o R" is called the domain of T'.

o R™ is called the codomain of T'.

e For z in R", the vector T'(z) in R™ is the image of = under 7.
o The set of all images {T'(z) | = in R"} is the range of T'.

The notation 7': R” — R™ means “T" is a transformation from R” to R™.”

https://math.libretexts.org/@go/page/70195
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It may help to think of 7" as a “machine” that takes z as an input, and gives you T'(x) as the output.

xo/

/ (.x) . range
RTI T 3 Rm
domain codomain

Figure 3.1.17

The points of the domain R" are the inputs of T': this simply means that it makes sense to evaluate T" on vectors with n entries, i.e.,
lists of n numbers. Likewise, the points of the codomain R™ are the outputs of T": this means that the result of evaluating 7" is
always a vector with m entries.

The range of T is the set of all vectors in the codomain that actually arise as outputs of the function 7', for some input. In other
words, the range is all vectors b in the codomain such that 7'(z) = b has a solution  in the domain.

v/ Example 3.1.9: A Function of one variable

Most of the functions you may have seen previously have domain and codomain equal to R = R'. For example,

the length of the opposite
sin:R >R sin(z) = edge over. the hypf)tenuse of
aright triangle with angle

in radians

Notice that we have defined sin by a rule: a function is defined by specifying what the output of the function is for any possible
input.

You may be used to thinking of such functions in terms of their graphs:
(x,sinx)

L

‘ X

Figure 3.1.18

In this case, the horizontal axis is the domain, and the vertical axis is the codomain. This is useful when the domain and
codomain are R, but it is hard to do when, for instance, the domain is R2 and the codomain is R®. The graph of such a function
is a subset of R®, which is difficult to visualize. For this reason, we will rarely graph a transformation.

Note that the range of sin is the interval [—1, 1]:this is the set of all possible outputs of the sin function.

https://math.libretexts.org/@go/page/70195
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v/ Example 3.1.10: Functions of several variables

Here is an example of a function from R? to R3:

T+y
x
A=
Y 2
y—x
The inputs of f each have two entries, and the outputs have three entries. In this case, we have defined f by a formula, so we

evaluate f by substituting values for the variables:

2+3 5

f<§>>: (;oi(;) = co_s(13)

Here is an example of a function from R3 to R3:
the counterclockwise rotation

f(v) = | of vby and angle of 42° about
the z-axis

In other words, f takes a vector with three entries, then rotates it; hence the ouput of f also has three entries. In this case, we
have defined f by a geometric rule.

# Definition 3.1.2: Identity Transformation

The identity transformation Idg~: R™ — R™ is the transformation defined by the rule

Idgr(z) =2 for all z in R™.

In other words, the identity transformation does not move its input vector: the output is the same as the input. Its domain and
codomain are both R™, and its range is R"™ as well, since every vector in R™ is the output of itself.

v/ Example 3.1.11: A real-word transformation: robotics

The definition of transformation and its associated vocabulary may seem quite abstract, but transformations are extremely
common in real life. Here is an example from the fields of robotics and computer graphics.

Suppose you are building a robot arm with three joints that can move its hand around a plane, as in the following picture.

@ = £(6,,%)

Figure 3.1.19

Define a transformation f:RR3 — R? as follows: f(6, ¢,) is the (x,y) position of the hand when the joints are rotated by

angles 6, ¢, 1, respectively. Evaluating f tells you where the hand will be on the plane when the joints are set at the given
angles.
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It is relatively straightforward to find a formula for f(6, ¢, ) using some basic trigonometry. If you want the robot to fetch
your coffee cup, however, you have to find the angles 8, ¢, 1 that will put the hand at the position of your beverage. It is not at
all obvious how to do this, and it is not even clear if the answer is unique! You can ask yourself: “which positions on the table
can my robot arm reach?” or “what is the arm’s range of motion?” This is the same as asking: “what is the range of f7”

Unfortunately, this kind of function does not come from a matrix, so one cannot use linear algebra to answer these kinds of
questions. In fact, these functions are rather complicated; their study is the subject of inverse kinematics.

Matrix Transformations

Now we specialize the general notions and vocabulary from the previous Subsection Transformations to the functions defined by
matrices that we considered in the first Subsection Matrices as Functions.

# Definition 3.1.3: Matrix Transformation

Let A be an m X n matrix. The matrix transformation associated to A is the transformation
T:R® - R™ definedby T(z)= Az.

This is the transformation that takes a vector = in R” to the vector Az in R™.

If A has n columns, then it only makes sense to multiply A by vectors with n entries. This is why the domain of T'(z) = Az is
R". If A has n rows, then Az has m entries for any vector z in R"; this is why the codomain of T'(z) = Az is R™.

The definition of a matrix transformation 7" tells us how to evaluate 7" on any given vector: we multiply the input vector by a
matrix. For instance, let
1 2 3
A =
4 5 6

and let T'(z) = Az be the associated matrix transformation. Then

-1 -1 -1
1 2 -14
v 2|-a| 2 :(4 ’ 2) > :( 32>.
-3 -3 -3 a
Suppose that A has columns vy, vs, . . . , v,. If we multiply A by a general vector x, we get
z1
|| | o
Az=| v, v 2 Un =xz1v] + XUy + - + TV,
. |
zy
This is just a general linear combination of vy, vs,...,v,. Therefore, the outputs of T'(z) = Az are exactly the linear

combinations of the columns of A: the range of T is the column space of A. See Note 2.3.6 in Section 2.3.

Let A be an m X n matrix, and let T'(z) = Az be the associated matrix transformation.

o The domain of T' is R", where n is the number of columns of A.
o The codomain of T is R™, where m is the number of rows of A.
e The range of T is the column space of A.

v/ Example 3.1.12: Interactive: A 2 x 3 matrix: reprise

Let
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1 -1 2
A= ( 2 2 4> ’

and define T'(z) = Az. The domain of T is R?, and the codomain is R®. The range of 7' is the column space; since all three
columns are collinear, the range is a line in R2.

AXES

1.00] (.
53 2] 0] -

[Click and dralxg the heads of x ang g i
nput

Close Controls

\

Figure 3.1.20: A picture of the matrix transformation 7". The input vector is , which is a vector in R?, and the output vector is
b=T(z) = Az, which is a vector in R2. The violet line on the right is the range of T'; as you vary z, the output b is
constrained to lie on this line.

v/ Example 3.1.13: Interactive: A 3 x 2 matrix: reprise

Let

10
A=10 1],
10

and define T'(z) = Az. The domain of T is R?, and the codomain is R3. The range of T is the column space; since A has two
columns which are not collinear, the range is a plane in R3.
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1 0 —1.00
01 {-}-‘?ﬂ = 2.00]
2.00
10 1.00]
[Click and drag the heads of x and b]
Input | Qutput

Figure 3.1.21: A picture of the matrix transformation 7". The input vector is =, which is a vector in R2, and the output vector
is b=T(z) = Az, which is a vector in R3. The violet plane on the right is the range of T’; as you vary z, the output b is
constrained to lie on this plane.

v/ Example 3.1.14: Projection onto the zy-plane: reprise

Let
1 0 0
A=]10 1 0],
0 0 O

and let T'(z) = Az. What are the domain, the codomain, and the range of T'?

Solution
Geometrically, the transformation 7" projects a vector directly “down” onto the zy-plane in R3.

e+——e

o —

:

Figure 3.1.22

The inputs and outputs have three entries, so the domain and codomain are both R®. The possible outputs all lie on the zy-
plane, and every point on the 2y-plane is an output of T" (with itself as the input), so the range of T’ is the xy-plane.

Be careful not to confuse the codomain with the range here. The range is a plane, but it is a plane in R?, so the codomain is still
R3. The outputs of T all have three entries; the last entry is simply always zero.
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In the case of an n X n_square matrix, the domain and codomain of T'(z) = Az are both R™. In this situation, one can regard T" as
operating on R™: it moves the vectors around in the same space.

v Example 3.1.15: Matrix transformations of R?

In the first Subsection Matrices as Functions we discussed the transformations defined by several 2 x 2 matrices, namely:

-1
Reflection: A= ( 0)

0 1
Dilation: A= < 150 )
0 1.5
1
Identity: A= ( 0)
01
Rotation: A= < 0 -1 )
1 0

Shear: A:(l 1).
01

In each case, the associated matrix transformation 7'(z) = Az has domain and codomain equal to R?. The range is also R?, as
can be seen geometrically (what is the input for a given output?), or using the fact that the columns of A are not collinear (so
they form a basis for R?).

v/ Example 3.1.16: Questions about a [matrix] transformation

Let
11
A=|o0 1],
1 1
and let T(z) = Az, so T:R? — R3 is a matrix transformation.

3
1. Evaluate T'(u) for u = (4 )
2. Let

Find a vector v in R? such that T'(v) = b. Is there more than one?
3. Does there exist a vector w in R? such that there is more than one v in R? with T'(v) = w?
4. Find a vector w in R?® which is not in the range of 7.

Note: all of the above questions are intrinsic to the transformation 7": they make sense to ask whether or not 7" is a matrix
transformation. See the next Example 3.1.17 As T is in fact a matrix transformation, all of these questions will translate into
questions about the corresponding matrix A.

Solution
1. We evaluate T'(u) by substituting the definition of 7" in terms of matrix multiplication:

3 1 1 3 7

T = =
(4) 01 <4) !
1 1 7

2. We want to find a vector v such that b = T'(v) = Av . In other words, we want to solve the matrix equation Av=>b. We
form an augmented matrix and row reduce:
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11 7 . 1 1|7 1 02
augmented matrix row reduce

0 1Jv=1|5 —_— 0 1|5 —_— 0 1|5

11 7 1 1|7 0 00

such that T'(v) = b.

3. Translation: is there any vector w in R® such that the solution set of Av =w has more than one vector in it? The solution
set of Az = w, if non-empty, is a translate of the solution set of Av =b above, which has one vector in it. See key
observation 2.4.3 in Section 2.4, It follows that the solution set of Av =w can have at most one vector.

4. Translation: find a vector w such that the matrix equation Av = w is not consistent. Notice that if we take

1

then the matrix equation Av = w translates into the system of equations

z + y =1
y =
x + y = 3,

which is clearly inconsistent.

v/ Example 3.1.17: Questions about a [non-matrix] transformation

Define a transformation T': R? — R3 by the formula

1

1. Evaluate T'(u) for u = ( ) .
™

2. Let

Find a vector v in R such that T(v) =b. Is there more than one?
3. Does there exist a vector w in R* such that there is more than one v in R? with T'(v) = w?
4. Find a vector w in R® which is not in the range of T'.

Note: we asked (almost) the exact same questions about a matrix transformation in the previous Example 3.1.16 The point of
this example is to illustrate the fact that the questions make sense for a transformation that has no hope of coming from a
matrix. In this case, these questions do not translate into questions about a matrix; they have to be answered in some other way.

Solution
1. We evaluate T'(u) using the defining formula:
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. In(1) 0
T( ): cos(m) | =| -1
™
In(1) 0
2. We have
e’ In(e")
T|2mn | =|cos2mn) | =1
e’ In(e”) 7

for any whole number n. Hence there are infinitely many such vectors.
3. The vector b from the previous part is an example of such a vector.
4. Since cos(y) is always between —1 and 1, the vector

is not in the range of 7.

This page titled 3.1: Matrix Transformations is shared under a GNU EFree Documentation License 1.3 license and was authored, remixed, and/or

curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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3.2: One-to-one and Onto Transformations

4b Objectives

1. Understand the definitions of one-to-one and onto transformations.

2. Recipes: verify whether a matrix transformation is one-to-one and/or onto.

3. Pictures: examples of matrix transformations that are/are not one-to-one and/or onto.
4. Vocabulary words: one-to-one, onto.

In this section, we discuss two of the most basic questions one can ask about a transformation: whether it is one-to-one and/or onto.
For a matrix transformation, we translate these questions into the language of matrices.

One-to-one Transformations

# Definition 3.2.1: One-to-one transformations

A transformation T: R" — R™ is one-to-one if, for every vector b in R™, the equation T'(z) = b has at most one solution z in
R".

Another word for one-to-one is injective.

Here are some equivalent ways of saying that 7" is one-to-one:

« For every vector b in R™, the equation T'(x) = b has zero or one solution z in R".
o Different inputs of T have different outputs.
o IfT(u)=T(v) thenu =v.

one-to-one

& T

Qz) rahge
zu/ -

R" .4 R™

Figure 3.2.1

Here are some equivalent ways of saying that 7" is not one-to-one:

e There exists some vector b in R™ such that the equation T'(xz) = b has more than one solution z in R™.
e There are two different inputs of T" with the same output.
o There exist vectors u, v such that u # v but T'(u) =T'(v) .
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not one-to-one
X o T(x )_: T(y)
7
y G J
_ i’ange
oT(z)
R" L *R™
Figure 3.2.2

v Example 3.2.1: Functions of one variable

The function sin: R — R is not one-to-one. Indeed, sin(0) =sin(7) =0, so the inputs 0 and 7 have the same output 0. In
fact, the equation sin(z) = 0 has infinitely many solutions . .., —27, —m, 0, 7, 27, . ..

The function exp: R — R defined by exp(z) = €” is one-to-one. Indeed, if T'(z) = T'(y), then e = €Y, so In(e”) =1n(e¥),
and hence z = y. The equation T'(z) = C' has one solution z = In(C) if C' > 0, and it has zero solutions if C' < 0.

The function f: R — R defined by f(z) = x> is one-to-one. Indeed, if f(z) = f(y) then 3 = y3; taking cube roots gives
z = y. In other words, the only solution of f(z) = Cisz = v/C.

The function f:R — R defined by f(z)=2z®—z is not one-to-one. Indeed, f(0) = f(1) = f(—1) =0, so the inputs
0,1,—1 all have the same output 0. The solutions of the equation z*> —x =0 are exactly the roots of
f(z) =x(z —1)(x+1), and this equation has three roots.

The function f: R — R defined by f(z) = z? is not one-to-one. Indeed, f(1) =1 = f(—1), so the inputs 1 and —1 have the
same outputs. The function g: R — R defined by g(z) = |z| is not one-to-one for the same reason.

v/ Example 3.2.2: A real-word transformation: robotics

Suppose you are building a robot arm with three joints that can move its hand around a plane, as in Example 3.1.11 in Section
3.1.

X

)=r6.0.w)

Figure 3.2.3

Define a transformation f:R3 — R? as follows: f(6, ¢,) is the (x,y) position of the hand when the joints are rotated by
angles 6, ¢, 1, respectively. Asking whether f is one-to-one is the same as asking whether there is more than one way to move
the arm in order to reach your coffee cup. (There is.)
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& Theorem 3.2.1: One-to-One Matrix Transformations

Let A be an m X n matrix, and let T'(z) = Az be the associated matrix transformation. The following statements are

equivalent:

1. T is one-to-one.

2. For every b in R™, the equation T'(z) = b has at most one solution.

3. For every b in R™, the equation Az = b has a unique solution or is inconsistent.
4. Az = 0 has only the trivial solution.

5. The columns of A are linearly independent.

6. A has a pivot in every column.

7. The range of T" has dimension n.

Proof

Statements 1, 2, and 3 are translations of each other. The equivalence of 3 and 4 follows from key observation 2.4.3 in
Section 2.4: if Az =0 has only one solution, then Az =b has only one solution as well, or it is inconsistent. The
equivalence of 4, 5, and 6 is a consequence of Recipe: Checking Linear Independence in Section 2.5, and the equivalence
of 6 and 7 follows from the fact that the rank of a matrix is equal to the number of columns with pivots.

Recall that equivalent means that, for a given matrix, either all of the statements are true simultaneously, or they are all false.

v Example 3.2.3: A matrix transformation that is one-to-one

Let A be the matrix

10
A=10 1],
10
and define T: R?> — R? by T'(z) = Az. Is T one-to-one?
Solution
The reduced row echelon form of A is
10
01
0 0

Hence A has a pivot in every column, so 7" is one-to-one.

https://math.libretexts.org/@go/page/70196
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Open Controls

L 0]y gg  [100]
0 1) | =1 2.00
2.00
1 0 —1.00
[Click and drag the heads of x and b] 7 ]
Input Output
‘\
i b
/ P

Figure 3.2.4: A picture of the matrix transformation 7". As you drag the input vector on the left side, you see that different
input vectors yield different output vectors on the right side.

v/ Example 3.2.4: A matrix transformation that is not one-to-one

Let
1 0 0
A=10 1 0],
0 0 0
and define T: R®* — R? by T'(z) = Az. Is T one-to-one? If not, find two different vectors u, v such that T'(u) = T'(v).

Solution

The matrix A is already in reduced row echelon form. It does not have a pivot in every column, so 7' is not one-to-one.
Therefore, we know from the Theorem 3.2.1 that Az = 0 has nontrivial solutions. If v is a nontrivial (i.e., nonzero) solution of
Av=0, then T'(v) = Av=0=A0=T(0), so 0 and v are different vectors with the same output. For instance,

0 1 00 0 0
T|i{o0|l=]01 0 0]=0=T1}o0
1 0 0 0 1 0

Geometrically, T' is projection onto the zy-plane. Any two vectors that lie on the same vertical line will have the same
projection. For b on the zy-plane, the solution set of T'(z) = b is the entire vertical line containing b. In particular, T'(z) = b
has infinitely many solutions.

https://math.libretexts.org/@go/page/70196
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1 00 l'l],OO-I 0.00
0 1 0 l{]AO{]J = {0.00

0 0 0] |0.00 0.00
[Click and drag the heads of x and b] B
Input Output
| g

Figure 3.2.5: A picture of the matrix transformation 7". The transformation 7" projects a vector onto the zy-plane. The violet
line is the solution set of T'(z) = 0. If you drag z along the violet line, the output T'(x) = Az does not change. This
demonstrates that 7'(z) = 0 has more than one solution, so T' is not one-to-one.

v/ Example 3.2.5: A matrix transformation that is not one-to-one

Let A be the matrix

A— 1 10 :
011
and define T: R®* — R? by T'(z) = Az. Is T one-to-one? If not, find two different vectors u, v such that T'(u) = T'(v).

Solution
The reduced row echelon form of A is

1 0 -1

01 1)
There is not a pivot in every column, so 7' is not one-to-one. Therefore, we know from Theorem 3.2.1 that Az =0 has
nontrivial solutions. If v is a nontrivial (i.e., nonzero) solution of Av =0, then T'(v) = Av=0 = A0 =T(0), so0 and v are

different vectors with the same output. In order to find a nontrivial solution, we find the parametric form of the solutions of
Az = 0 using the reduced matrix above:

{m — 2z =0 {m = z
—_—
y + z =0 Yy = —z

The free variable is z. Taking z =1 gives the nontrivial solution

1 1 0
r()-(2 10 (2] -0-ro
1 1 0
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Open Controls

0.00
3 o] - o

[Click and drag the heads of x and b]
Input

Figure 3.2.6: A picture of the matrix transformation 7'. The violet line is the null space of A, i.e., solution set of T'(z) = 0. If
you drag = along the violet line, the output 7'(z) = Az does not change. This demonstrates that 7'(z) = 0 has more than one
solution, so 7" is not one-to-one.

v/ Example 3.2.6: A matrix transformation that is not one-to-one

Let

1 -1 2
A= ,
-2 2 4
and define T: R®* — R? by T'(z) = Az. Is T one-to-one? If not, find two different vectors u, v such that T'(u) = T'(v) .

Solution
The reduced row echelon form of A is

(1 -1 2)

0 0 0/

There is not a pivot in every column, so 7" is not one-to-one. Therefore, we know from Theorem 3.2.1 that Az =0 has
nontrivial solutions. If v is a nontrivial (i.e., nonzero) solution of Av =0, then T'(v) = Av=0 = A0 =T'(0), so0 and v are

different vectors with the same output. In order to find a nontrivial solution, we find the parametric form of the solutions of
Az = 0 using the reduced matrix above:

z—y+2z2=0 — z=y-—2z

The free variables are y and z. Taking y =1 and z = 0 gives the nontrivial solution

1 1 0
1 -1 2
0 0
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Open Controls

P .00

% 3 2 foe] - 8

[Click and drag the heads of x and b] —
Input Output

Figure 3.2.7: A picture of the matrix transformation 7'. The violet plane is the solution set of T'(z) = 0. If you drag = along
the violet plane, the output T'(z) = Az does not change. This demonstrates that T'(z) = 0 has more than one solution, so T' is
not one-to-one.

The previous three examples can be summarized as follows. Suppose that T'(z) = Az is a matrix transformation that is not one-to-
one. By Theorem 3.2.1, there is a nontrivial solution of Az = 0. This means that the null space of A is not the zero space. All of
the vectors in the null space are solutions to 7'(z) = 0. If you compute a nonzero vector v in the null space (by row reducing and
finding the parametric form of the solution set of Az =0, for instance), then v and 0 both have the same output:
T(v)=Av=0=T(0).

X Note 3.2.1: Wide matrices do not have one-to-one transformations

If T:R™ — R™ is a one-to-one matrix transformation, what can we say about the relative sizes of n and m?

The matrix associated to 7" has n columns and m rows. Each row and each column can only contain one pivot, so in order for
A to have a pivot in every column, it must have at least as many rows as columns: n. < m.

This says that, for instance, R3 is “too big” to admit a one-to-one linear transformation into R2.

Note that there exist tall matrices that are not one-to-one: for example,

1 00
010
0 0 O
0 0 O

does not have a pivot in every column.

Onto Transformations

# Definition 3.2.2: Onto transformations

A transformation T': R” — R™ is onto if, for every vector b in R™, the equation T'(z) = b has at least one solution z in R".
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Another word for onto is surjective.

Here are some equivalent ways of saying that 7' is onto:

e The range of T is equal to the codomain of 7.
o Every vector in the codomain is the output of some input vector.

g onto
o— | range(T)
T(x)
L]
n T m 4
R R™ = codomain
Figure 3.2.8

Here are some equivalent ways of saying that 1" is not onto:

o The range of T' is smaller than the codomain of T'.
o There exists a vector b in R™ such that the equation T'(z) = b does not have a solution.
e There is a vector in the codomain that is not the output of any input vector.

not onto

= R range(T)

T

R" *R™ = codomain

v Example 3.2.7: Functions of one variable

The function sin: R — R is not onto. Indeed, taking b = 2, the equation sin(z) = 2 has no solution. The range of sin is the
closed interval [—1, 1], which is smaller than the codomain R.

Figure 3.2.9

The function exp: R — R defined by exp(z) = e® is not onto. Indeed, taking b = —1, the equation exp(z) =€e® = —1 has
no solution. The range of exp is the set (0, o) of all positive real numbers.

The function f: R — R defined by f(z) = z* is onto. Indeed, the equation f(z) = 2® = b always has the solution = /b.

3 _z =05 are the

The function f: R — R defined by f(z) =3 —z is onto. Indeed, the solutions of the equation f(z) =z
roots of the polynomial 3 — 2 — b; as this is a cubic polynomial, it has at least one real root.
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v/ Example 3.2.8: A real-word transformation: robotics

The robot arm transformation of Example 3.2.2is not onto. The robot cannot reach objects that are very far away.

& Theorem 3.2.2: Onto Matrix Transformations

Let A be an m X n matrix, and let T'(z) = Az be the associated matrix transformation. The following statements are
equivalent:

1. T is onto.

2. T(z) = b has at least one solution for every b in R™.
3. Az = b is consistent for every b in R™.

4. The columns of A span R™.

5. A has a pivot in every row.

6. The range of 7" has dimension m.

Proof

Statements 1, 2, and 3 are translations of each other. The equivalence of 3, 4, 5, and 6 follows from Theorem 2.3.1 in
Section 2.3.

v/ Example 3.2.9: A matrix transformation that is onto

A:(l 1 0>,
011

Let A be the matrix

and define T: R® — R? by T'(z) = Az. Is T onto?

Solution
The reduced row echelon form of A is

Hence A has a pivot in every row, so T is onto.

Open Controls

1.00

L1 [2.001 _ 200

Al = 2.50
0.50

[Click and drag the heads of x and b]
Input

Output .
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Figure 3.2.10: A picture of the matrix transformation T'. Every vector on the right side is the output of 7" for a suitable input. If
you drag b, the demo will find an input vector z with output b.

v/ Example 3.2.10: A matrix transformation that is not onto

Let A be the matrix

A:

=
o = O

and define T: R* — R® by T'(z) = Az. Is T onto? If not, find a vector b in R? such that T'(z) = b has no solution.

Solution
The reduced row echelon form of A4 is

1 0
01
0 0

Hence A does not have a pivot in every row, so T is not onto. In fact, since

- 1 0 - T
r(5)={0 1) (5)=2)
y 1 0) VY p

we see that for every output vector of T, the third entry is equal to the first. Therefore,
b=(1,2,3)

is not in the range of 7.

Open Controls

L0 100 _ [_1'{]0]
0 1| Lain] = | 2

[Click and drag the heads of x and b] g ;
Input Output

/U

Figure 3.2.11: A picture of the matrix transformation 7". The range of T is the violet plane on the right; this is smaller than the
codomain R?. If you drag b off of the violet plane, then the equation Az = b becomes inconsistent; this means T(z) = b has
no solution.
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v/ Example 3.2.11: A matrix transformation that is not onto

Let

A— 1 -1 2 ’
-2 2 4
and define T: R®* — R? by T'(z) = Az. Is T onto? If not, find a vector b in R? such that T'(z) = b has no solution.

Solution
The reduced row echelon form of A is

1 -1 2
0 0 0/
There is not a pivot in every row, so T is not onto. The range of 7" is the column space of A, which is equal to

s (). () (2} -s{ ()}

since all three columns of A are collinear. Therefore, any vector not on the line through (_12) is not in the range of T'. For

instance, if b= (}) then T'(z) = b has no solution.

—1.00
B {g;gg |~ o)

[Click and drag the heads of x and b]
Input

Figure 3.2.12: A picture of the matrix transformation 7. The range of T is the violet line on the right; this is smaller than the
codomain IR2. If you drag b off of the violet line, then the equation Az = b becomes inconsistent; this means T(z) = bhas no
solution.

The previous two examples illustrate the following observation. Suppose that T'(z) = Az is a matrix transformation that is not
onto. This means that range(T") = Col(A) is a subspace of R™ of dimension less than m: perhaps it is a line in the plane, or a line
in 3-space, or a plane in 3-space, etc. Whatever the case, the range of T is very small compared to the codomain. To find a vector
not in the range of T', choose a random nonzero vector b in R™; you have to be extremely unlucky to choose a vector that is in the
range of T'. Of course, to check whether a given vector b is in the range of T', you have to solve the matrix equation Az = b to see
whether it is consistent.

X Note 3.2.2: Tall matrices do not have onto transformations

If T:R™ — R™ is an onto matrix transformation, what can we say about the relative sizes of n and m?
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The matrix associated to 7" has n columns and m rows. Each row and each column can only contain one pivot, so in order for
A to have a pivot in every row, it must have at least as many columns as rows: m < n.

This says that, for instance, R? is “too small” to admit an onto linear transformation to R®.

Note that there exist wide matrices that are not onto: for example,

1 -1 2
-2 2 4

does not have a pivot in every row.

Comparison

The above expositions of one-to-one and onto transformations were written to mirror each other. However, “one-to-one” and
“onto” are complementary notions: neither one implies the other. Below we have provided a chart for comparing the two. In the
chart, A is an m X n matrix, and 7: R™ — R™ is the matrix transformation T'(z) = Ax.

Table 3.2.1
T is one-to-one T is onto
T(x) = b has at most one solution for every b. T(z) = b has at least one solution for every b.
The columns of A are linearly independent. The columns of A span R™.
A has a pivot column in every column. A has a pivot in every row.
The range of 7" has dimension n. The range of 7" has dimension m.

v Example 3.2.12: Functions of one variable

The function sin: R — R is neither one-to-one nor onto.
The function exp: R — R defined by exp(z) = e” is one-to-one but not onto.
The function f: R — R defined by f(z) = z* is one-to-one and onto.

The function f: R — R defined by f(z) = 2® —z is onto but not one-to-one.

v Example 3.2.13: A matrix transformation that is neither one-to-one nor onto

A:(l -1 2)’
-2 2 -4

and define T: R* — R? by T'(x) = Az. This transformation is neither one-to-one nor onto, as we saw in Example 3.2.6 and
Example 3.2.11

Let
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[1 -1 2] (-—.;{‘]?]0] _ [ 3.00]

-2 2 -4 L 2.00 J —6.00
[Click and drag the heads of x and b]
Input \\ Output
P b

Figure 3.2.13: A picture of the matrix transformation 7". The violet plane is the solution set of T'(xz) = 0. If you drag z along
the violet plane, the output 7'(z) = Az does not change. This demonstrates that 7'(z) = 0 has more than one solution, so 7' is
not one-to-one. The range of T is the violet line on the right; this is smaller than the codomain R?. If you drag b off of the
violet line, then the equation Az = b becomes inconsistent; this means T'(z) = b has no solution.

v/ Example 3.2.14: A matrix transformation that is one-to-one but not onto

Let A be the matrix
10
A=10 1],
10

and define T: R? — R® by T'(z) = Az. This transformation is one-to-one but not onto, as we saw in this Example 3.2.3 and
this Example 3.2.10

1 0 —1.00
0 1 { ;(’}%”} _ | 2.00
10 ’ —~1.00
[Click and drag the heads of x and b]
Input Qutput
‘ \
b
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Figure 3.2.14: A picture of the matrix transformation 7. The range of T' is the violet plane on the right; this is smaller than the

codomain IR?. If you drag b off of the violet plane, then the equation Az = b becomes inconsistent; this means T(z) =b has
no solution. However, for b lying on the violet plane, there is a unique vector z such that T'(z) = b.

v/ Example 3.2.15: A matrix transformation that is onto but not one-to-one

Let A be the matrix

A=<1 1 0>’
0 1 1

and define T: R®* — R? by T'(z) = Az. This transformation is onto but not one-to-one, as we saw in Example 3.2.9.

1.00
g -

[Click and drag the heads of x and b]
Input Qutput

Figure 3.2.15: A picture of the matrix transformation T". Every vector on the right side is the output of 7" for a suitable input. If
you drag b, the demo will find an input vector  with output b. The violet line is the null space of A, i.e., solution set of
T(z) = 0. If you drag z along the violet line, the output T'(z) = Az does not change. This demonstrates that T'(z) = 0 has
more than one solution, so T is not one-to-one.

v/ Example 3.2.16: Matrix transformations that are both one-to-one and onto

In Subsection Matrices as Functions in Section 3.1, we discussed the transformations defined by several 2 x 2 matrices,
namely:

Reflection: A= ( = 0)

0 1
Dilation: A= ( a0 )
0 1.5
Identity: A= ( 1 0)
01
-1
Rotation: A= ( 0 )
1 0

Shear: A=<1 1).
0 1

In each case, the associated matrix transformation T'(z) = Az is both one-to-one and onto. A 2 x 2 matrix A has a pivot in
every row if and only if it has a pivot in every column (if and only if it has two pivots), so in this case, the transformation 7" is
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one-to-one if and only if it is onto. One can see geometrically that they are onto (what is the input for a given output?), or that
they are one-to-one using the fact that the columns of A are not collinear.

0.00 -1.00| (2.00] |-—4.00
1.00 0.00 | (4.00] — | 2.00

[Click and drag the vector heads]

Figure 3.2.16: Counterclockwise rotation by 90° is a matrix transformation. This transformation is onto (if b is a vector in R,

then it is the output vector for the input vector which is b rotated clockwise by 90°), and it is one-to-one (different vectors
rotate to different vectors).

X Note 3.2.3: One-to-one is the same as onto for square matrices

We observed in the previous Example 3.2.16that a square matrix has a pivot in every row if and only if it has a pivot in every
column. Therefore, a matrix transformation 7" from R"™ to itself is one-to-one if and only if it is onto: in this case, the two
notions are equivalent.

Conversely, by Note 3.2.1and Note 3.2.2, if a matrix transformation 7": R™ — R" is both one-to-one and onto, then m = n.

Note that in general, a transformation 7" is both one-to-one and onto if and only if 7'(z) = b has exactly one solution for all b in
R™.

This page titled 3.2: One-to-one and Onto Transformations is shared under a GNU Free Documentation License 1.3 license and was authored,

remixed, and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts
platform.
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3.3: Linear Transformations

4b Objectives

1. Learn how to verify that a transformation is linear, or prove that a transformation is not linear.
2. Understand the relationship between linear transformations and matrix transformations.

3. Recipe: compute the matrix of a linear transformation.

4. Theorem: linear transformations and matrix transformations.

5. Notation: the standard coordinate vectors e;, e, . . ..

6. Vocabulary words: linear transformation, standard matrix, identity matrix.

In Section 3.1, we studied the geometry of matrices by regarding them as functions, i.e., by considering the associated matrix
transformations. We defined some vocabulary (domain, codomain, range), and asked a number of natural questions about a
transformation. For a matrix transformation, these translate into questions about matrices, which we have many tools to answer.

In this section, we make a change in perspective. Suppose that we are given a transformation that we would like to study. If we can
prove that our transformation is a matrix transformation, then we can use linear algebra to study it. This raises two important
questions:

1. How can we tell if a transformation is a matrix transformation?
2. If our transformation is a matrix transformation, how do we find its matrix?

For example, we saw in Example 3.1.7 in Section 3.1 that the matrix transformation

T:R? — R? T(m):((l) _01>cc

is a counterclockwise rotation of the plane by 90°. However, we could have defined T in this way:
T:R? — R? T(z) = the counterclockwise rotation of z by 90°.
Given this definition, it is not at all obvious that 7" is a matrix transformation, or what matrix it is associated to.

Linear Transformations: Definition

In this section, we introduce the class of transformations that come from matrices.

# Definition 3.3.1: Linear Transformation

A linear transformation is a transformation 7": R" — R™ satisfying

T(u+v) =T(u)+T(v)
T(cu) =cT'(u)

for all vectors u, vin R™ and all scalars c.

Let T: R™ — R™ be a matrix transformation: T'(z) = Az for an m x n matrix A. By Proposition 2.3.1 in Section 2.3, we have
T(u+v) = Au+v) =Au+Av=T(u)+T(v)
T(cu) = A(cu) =cAu =cT(u)

for all vectors u,v in R™ and all scalars c. Since a matrix transformation satisfies the two defining properties, it is a linear
transformation

We will see in the next Subsection The Matrix of a Linear Transformation that the opposite is true: every linear transformation is a
matrix transformation; we just haven't computed its matrix yet.
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& Fact 3.3.1: Facts about Linear Transformations

Let T: R™ — R™ be a linear transformation. Then:

1.T(0) = 0.
2. For any vectors vy, vs, . . . , Uy, in R” and scalars ¢, cs, . . . , i, we have

T(civ1 +covg +- - - +cpvg) =1 T(v1) +eaT(ve) +- - - + e T (v,)-

Proof

1. Since 0 = —0, we have

T(0) = T(~0) = —T'(0)

by the second defining property, Definition 3.3.1 The only vector w such that w = —w is the zero vector.
2. Let us suppose for simplicity that £ = 2. Then

T(c1v1 +cave) =T (c1v1) + T (cavs) first property
=c1T(v1) +c2T(v2) second property.

In engineering, the second fact is called the superposition principle; it should remind you of the distributive property. For example,
T(cu +dv) =T (u)+dT(v) for any vectors u, v and any scalars ¢, d. To restate the first fact:

A linear transformation necessarily takes the zero vector to the zero vector.

v Example 3.3.1: A non-linear transformation

Define T:R — R by T'(z) =z +1.Is T a linear transformation?

Solution

We have T(0) =0+1 =1 . Since any linear transformation necessarily takes zero to zero by the above important note 3.3.1,
we conclude that 7" is not linear (even though its graph is a line).

Note: in this case, it was not necessary to check explicitly that 7" does not satisfy both defining properties, Definition 3.3.1:
since T'(0) =0 is a consequence of these properties, at least one of them must not be satisfied. (In fact, this T' satisfies
neither.)

v Example 3.3.2: Verifying linearity: dilation

Define T: R?* — R? by T'(z) = 1.5z. Verify that T is linear.

Solution

We have to check the defining properties, Definition 3.3.1, for all vectors u, v and all scalars c. In other words, we have to
treat u, v, and ¢ as unknowns. The only thing we are allowed to use is the definition of 7T'.

T(u+v) =1.5(u+v)=1.5u+1.50=T(u)+T(v)
T(cu) =1.5(cu) =c(1.5u) = cT'(u).

Since T satisfies both defining properties, 7 is linear.

Note: we know from Example 3.1.5 in Section 3.1 that T is a matrix transformation: in fact,

T(=)= (165 1?5) v

Since a matrix transformation is a linear transformation, this is another proof that 7 is linear.
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v/ Example 3.3.3: Verifying linearity: rotation

Define T: R* — R? by
T(x) = the vector z rotated counterclockwise by the angle 6.
Verify that T is linear.

Solution

Since T is defined geometrically, we give a geometric argument. For the first property, T'(u) +T'(v) is the sum of the vectors
obtained by rotating » and v by 6. On the other side of the equation, T'(u +v) is the vector obtained by rotating the sum of the
vectors v and v. But it does not matter whether we sum or rotate first, as the following picture shows.

T(v
/——T\l T(u+v) )
S v T(u)
u g :
Figure 3.3.1

For the second property, c¢T'(u) is the vector obtained by rotating u by the angle 6, then changing its length by a factor of ¢
(reversing direction of ¢ < 0. On the other hand, T'(cu) first changes the length of ¢, then rotates. But it does not matter in
which order we do these two operations.

7 F
-
~ TN T EH)
T(u
Zu o
u (!
Figure 3.3.2

This verifies that T' is a linear transformation. We will find its matrix in the next Subsection The Matrix of a Linear
Transformation. Note however that it is not at all obvious that 7" can be expressed as multiplication by a matrix.

v/ Example 3.3.4: A transformation defined by a formula

Define T: R?* — R3 by the formula

Verify that T' is linear.

Solution

We have to check the defining properties, Definition 3.3.1, for all vectors u, v and all scalars c. In other words, we have to
treat u, v, and ¢ as unknowns; the only thing we are allowed to use is the definition of 7'. Since T is defined in terms of the
coordinates of u, v, we need to give those names as well; say u = (;') and v = (;j) . For the first property, we have

1
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1+ T2
3z1—y 3xa — Y2 - .
=l w |+ w» =T(1)+T(2)
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1 o
For the second property,
] oy [ Blem)—(ew)
() m(G) |
(1 CY1
CI1
c(3z1 —y1) 31—y .
1
= Cy]. =C yl = T ( )
CT1 Iy o

Since T satisfies the defining properties, Definition 3.3.1, T" is a linear transformation.

Note: we will see in this Example 3.3.9 below that

Hence T is in fact a matrix transformation.

One can show that, if a transformation is defined by formulas in the coordinates as in the above example, then the transformation is
linear if and only if each coordinate is a linear expression in the variables with no constant term.

v/ Example 3.3.5: A translation

Define T: R® — R® by

Tx)=z+| 2
3

This kind of transformation is called a translation. As in a previous Example 3.3.1, this T is not linear, because T'(0) is not
the zero vector.

v/ Example 3.3.6: More non-linear transformations

Verify that the following transformations from R? to R? are not linear:
a(5)=(5) =G)=C) =6)=(5)
Y Yy Yy Y Yy T —2y
Solution

In order to verify that a transformation 7" is not linear, we have to show that 7" does not satisfy at least one of the two defining
properties, Definition 3.3.1. For the first, the negation of the statement “T'(u+v) =T (u)+T(v) for all vectors u, v” is
“there exists at least one pair of vectors u,v such that T'(u+v) # T'(u) + T (v) .” In other words, it suffices to find one
example of a pair of vectors u, v such that T'(u 4+ v) # T'(u) + T'(v) . Likewise, for the second, the negation of the statement “
T(cu)=cT(u) for all vectors w and all scalars ¢” is “there exists some vector u and some scalar ¢ such that
T(cu) # cT'(u).” In other words, it suffices to find one vector u and one scalar ¢ such that T'(cu) # ¢T'(u).
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For the first transformation, we note that

but that

#(0)-()()-()

Therefore, this transformation does not satisfy the second property.

For the second transformation, we note that

but that

n(3)-+()-+()- 2)

Therefore, this transformation does not satisfy the second property.

For the third transformation, we observe that

. (g) - (5(2)2?01)) - ((1)) ? (g)

Since T3 does not take the zero vector to the zero vector, it cannot be linear.

When deciding whether a transformation 7' is linear, generally the first thing to do is to check whether T'(0) = 0; if not, T is
automatically not linear. Note however that the non-linear transformations 77 and 75 of the above example do take the zero vector
to the zero vector.

X Challenge

Find an example of a transformation that satisfies the first property of linearity, Definition 3.3.1, but not the second.

The Standard Coordinate Vectors

In the next subsection, we will present the relationship between linear transformations and matrix transformations. Before doing so,
we need the following important notation.

X Note 3.3.2: Standard Coordinate Vectors

The standard coordinate vectors in R" are the n vectors

1 0 0 0

1 0 0
e = , €= , ceey ep1 = y €n=

0 0 1

0 0 1
The ¢th entry of e; is equal to 1, and the other entries are zero.
From now on, for the rest of the book, we will use the symbols e1, €3, . . . to denote the standard coordinate vectors.

There is an ambiguity in this notation: one has to know from context that e; is meant to have n entries. That is, the vectors
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1

1
d
(0> and | 0

0
may both be denoted e;, depending on whether we are discussing vectors in R? or in R?.

The standard coordinate vectors in R? and R?® are pictured below.

in R? in R®

€9 €g

Y
Y

E]’ * 2

Figure 3.3.3

These are the vectors of length 1 that point in the positive directions of each of the axes.

& Fact 3.3.2: Multiplying a matrix by the standard coordinate vectors

If A is an m X n matrix with columns vy, vs, .. ., U, then Ae; =v; foreach:=1,2,...,n:

In other words, multiplying a matrix by e; simply selects its sth column.

For example,

1 2 3 1 1 1 2 3 0 2 1 2 3 0 3
4 5 6 0]1=114 4 5 6 1]1=15 4 5 6 0 ]=16
7 8 9 0 7 7 8 9 0 8 7 8 9 01 9

The n x n identity matrix is the matrix I,, whose columns are the n standard coordinate vectors in R":
10 --- 0 O
01 --- 00
I, = :
0 0
0 0

We will see in this Example 3.3.10below that the identity matrix is the matrix of the identity transformation, Definition 3.1.2.

The Matrix of a Linear Transformation

Now we can prove that every linear transformation is a matrix transformation, and we will show how to compute the matrix.
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& Theorem 3.3.1: The Matrix of a Linear Transformation

Let T: R™ — R™ be a linear transformation. Let A be the m X n matrix

Then T is the matrix transformation associated with A: that is, T'(z) = Az.

Proof

We suppose for simplicity that 7' is a transformation from R? to R?. Let A be the matrix given in the statement of the
theorem. Then

7 1 0 0

Tly|;=T|z|{0]|+y|1]+=2|0

z 0 0 1
T(a:el —l—yeg + ze3)

T(eq +yT es)+ 2T (e3)

| z

| @
(T(61 T T(63) Y
=A

Yy
z

The matrix A in the above theorem is called the standard matrix for T'. The columns of A are the vectors obtained by evaluating T'
on the n standard coordinate vectors in R". To summarize part of the theorem:

Matrix transformations are the same as linear transformations.

X Note 3.3.4: Dictionary

Linear transformations are the same as matrix transformations, which come from matrices. The correspondence can be
summarized in the following dictionary.

T:R" —R™
. - . —smxnmatrix A= | T(e;) T(ex) --- T(en)
Linear transformation | | |
T:R" —R™ .
<— m X n matrix A
T(z) = Az

v/ Example 3.3.7: The matrix of a dilation

Define T: R? — R? by T'(z) = 1.5z. Find the standard matrix A for T

Solution
The columns of A are obtained by evaluating 7" on the standard coordinate vectors ej, es.
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T(e)) =1.5e; = <1(.)5)

rien 1501~ ( 2)

This is the matrix we started with in Example 3.1.5 in Section 3.1.

v/ Example 3.3.8: The matrix of a rotation

Define T: R?* — R? by
T(x) = the vector x rotated counterclockwise by the angle 6.
Find the standard matrix for T'.

Solution

The columns of A are obtained by evaluating 7" on the standard coordinate vectors e;, e5. In order to compute the entries of
T(eq) and T'(ez), we have to do some trigonometry.

T(e,) 1
€3
T(e)
h cos 0 0
sin A
0 I
cos @ ey { sinf
Figure 3.3.4
We see from the picture that
cosf
Tler) = (sinO) (cosO —sin6')
— A =] .
sinf  cos6

—sinf
T =
(e2) ( cosd )
We saw in the above example that the matrix for counterclockwise rotation of the plane by an angle of 6 is

A:<cos0 —sinﬁ)‘
sind cos@

v Example 3.3.9: A transformation defined by a formula

Define T: R* — R? by the formula

Find the standard matrix for 7T'.

Solution

We substitute the standard coordinate vectors into the formula defining 7'
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3
:(1) 3 -1
1 = A=|0 1
1

v/ Example 3.3.10: A transformation defined in steps

Let T:R?® — R3 be the linear transformation that reflects over the zy-plane and then projects onto the yz-plane. What is the
standard matrix for 7'?

Solution
This transformation is described geometrically, in two steps. To find the columns of A, we need to follow the standard
coordinate vectors through each of these steps.

. yz
. projectyz L =g

Figure 3.3.5

Since e; lies on the zy-plane, reflecting over the xy-plane does not move e;. Since e; is perpendicular to the yz-plane,
projecting e; onto the yz-plane sends it to zero. Therefore,

0
T(e)=10
0
¥z | S| ¥z [ =3
< | >% projectyz |~

Figure 3.3.6

Since ey lies on the zy-plane, reflecting over the zy-plane does not move es. Since e lies on the yz-plane, projecting onto the
yz-plane does not move e, either. Therefore,

project yz
—_
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Since eg is perpendicular to the zy-plane, reflecting over the zy-plane takes es to its negative. Since —es lies on the yz-plane,
projecting onto the yz-plane does not move it. Therefore,

0
T(es)=—e3=1| 0
—1
Now we have computed all three columns of A:
0
T(el) =10
0
0 0 0 O
Te)=1|1 = A=10 1 0
0 0 0 -1
0
T(er)=1 0
-1
’—1.00 |_ 1.00 -|
Starting vector: | 2.00 Reflect over xy-plane: | 2.00 Project onto yz-plane:
2.00 | —2.00]
|- 0.00 -|
2.00
L—2.00,
i Project ofite
yz-plane

Figure 3.3.8: Illustration of a transformation defined in steps. Click and drag the vector on the left.

Recall from Definition 3.1.2 in Section 3.1 that the identity transformation is the transformation Idg~: R" — R" defined by
Idgr (x) = « for every vector .

v/ Example 3.3.11: The standard matrix of the identity transformation

Verify that the identity transformation Idg-: R™ — R™ is linear, and compute its standard matrix.

Solution
We verify the two defining properties, Definition 3.3.1, of linear transformations. Let u, v be vectors in R™. Then

Idg~ (u +v) = u +v=1Idg~ (u) + Idge (v).
If ¢ is a scalar, then
Idg (cu) = cu = cldg~ (u).

Since Idg~ satisfies the two defining properties, it is a linear transformation.

Now that we know that Idg» is linear, it makes sense to compute its standard matrix. For each standard coordinate vector e;,
we have Idg» (e;) = e; . In other words, the columns of the standard matrix of Idg» are the standard coordinate vectors, so the
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standard matrix is the identity matrix
0 0 0
0 0 0
Li=|: : :
0 0 11
0 0 0 1

We computed in Example 3.3.11that the matrix of the identity transform is the identity matrix: for every = in R",
z =Idg(z) = L,z.

Therefore, I, = x for all vectors z: the product of the identity matrix and a vector is the same vector.

This page titled 3.3: Linear Transformations is shared under a GNU Eree Documentation License 1.3 license and was authored, remixed, and/or
curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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3.4: Matrix Multiplication

4b Objectives

1. Understand compositions of transformations.

2. Understand the relationship between matrix products and compositions of matrix transformations.
3. Become comfortable doing basic algebra involving matrices.

4. Recipe: matrix multiplication (two ways).

5. Picture: composition of transformations.

6. Vocabulary word: composition.

In this section, we study compositions of transformations. As we will see, composition is a way of chaining transformations
together. The composition of matrix transformations corresponds to a notion of multiplying two matrices together. We also discuss
addition and scalar multiplication of transformations and of matrices.

Composition of Linear Transformations

Composition means the same thing in linear algebra as it does in Calculus. Here is the definition.

# Definition 3.4.1: Composition

Let T: R™ — R™ and U: R? — R" be transformations. Their composition is the transformation 7o U: R? — R™ defined by

(ToU)(z)=T(U(x)).

Composing two transformations means chaining them together: T'o U is the transformation that first applies U, then applies T'
(note the order of operations). More precisely, to evaluate T'o U on an input vector z, first you evaluate U(z), then you take this
output vector of U and use it as an input vector of T': that is, (T'o U)(z) = T'(U(x)) . Of course, this only makes sense when the
outputs of U are valid inputs of 7', that is, when the range of U is contained in the domain of 7.

L ]
TolU T o U(x)
Xe
i
U(x)
L ]
R? R" R™
Figure 3.4.1

Here is a picture of the composition T'o U as a “machine” that first runs U, then takes its output and feeds it into T'; there is a
similar picture in Subsection Transformations in Section 3.1.

Figure 3.4.2
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X Note 3.4.1: Domain and Codomain of a Composition

e Inorder for To U to be defined, the codomain of U must equal the domain of 7'.
e The domain of T'o U is the domain of U.

e The codomain of T"o U is the codomain of 7.

v Example 3.4.1: Functions of one variable

Define f: R — R by f(z) =z and g: R — R by g(x) = 23 . The composition f o g: R — R is the transformation defined by
the rule

fogle) = fg(e)) = f(a) = (a)? =a".
For instance, f o g(—2) = f(—8) = 64.

v/ Example 3.4.2: Interactive: A composition of matrix transformations

Define T: R® — R? and U: R? — R? by

1 0
T(m):([l] i (l))x and U(z)= (1) (1) z.

Their composition is a transformation 7' o U: R? — R?; it turns out to be the matrix transformation associated to the matrix

(1)

1.00 0.00 —1.00“
U(z) = [0.00 1.00 {;l')%ﬂ = [2.00
1.00 0.00| -~ |_71.UUJ
~1.00
1.00 1.00 0.00 1.00
T(U(z)) = [ﬂ 00 1.00 1 nn] [ 2.00 } = L 0 ]
—t =00 © [ _ .
Input o iJOU 100 laéputo i 60 | Qutputof T/ |
o : — 1.0t of T1. lofToU
TP [1.00 1.0}} [2.00 _f-t.oo]
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v/ Example 3.4.3: Interactive: A transformation defined in steps

Y

Figure 3.4.3: A composition of two matrix transformations, i.e., a transformation performed in two steps. On the left is the
domain of U/the domain of 7" o U; in the middle is the codomain of U/the domain of 7', and on the right is the codomain of

T'/the codomain of T'o U . The vector « is the input of U and of T" o U; the vector in the middle is the output of U/the input of
T, and the vector on the right is the output of 7'/of T'o U . Click and drag x.

Let S:R® — R? be the linear transformation that first reflects over the zy-plane and then projects onto the yz-plane, as in

Example 3.3.10 in Section 3.3. The transformation S is the composition 7o U, where U: R® — R? is the transformation that
reflects over the zy-plane, and T': R® — R? is the transformation that projects onto the yz-plane.
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"1.00-| [ 1.00 -|
Starting vector: | 2.00 Reflect over xy-plane: | 2.00 Project onto yz-plane:
2.00 | —2.00]
|- 0.00
2.00
= £ ﬂﬂJ
Reflectover Projectonio

xy-plahe
Tl 1

Figure 3.4.4: Illustration of a transformation defined in steps. On the left is the domain of U/the domain of S; in the middle is
the codomain of U/the domain of 7', and on the right is the codomain of T'/the codomain of S. The vector u is the input of U

and of S; the vector in the middle is the output of U/the input of 7', and the vector on the right is the output of T'/of S. Click
and drag u.

v/ Example 3.4.4: Interactive: A transformation defined in steps

Let S: R* — R® be the linear transformation that first projects onto the zy-plane, and then projects onto the xz-plane. The

transformation S is the composition 7' o U, where U:R® — R? is the transformation that projects onto the zy-plane, and
T:R3 — R3? is the transformation that projects onto the z z-plane.

1.00 0.00 0.00 [-1.00] =1.
U(z)= 10.00 1.00 0.00! | 2.00 | = | 2.00
0.00 0.00 0.00 [:moj

1.00 0.00 0.007 [—1.00 ~1.00
T(U(z)) = [0.00 0.00 0.00| | 2.00 | = | 0.00

0.00 0.00 1.00 l‘U'UU [ 0j00 |
Input ot.U utput of Qutput of T/
1.00 0.00 [].D(l,p.Frohl1ﬂ1 —1.00] of ol |
ToU(z)= {0.00/ 0.00 (0.00{ { 2.00 | = | Q.00 { —+ -
4000 0.0p 0.00] [ 300 | | doo || e
e L = "/—&t: = -. ! . ¥

= \

Figure 3.4.5: Illustration of a transformation defined in steps. Note that projecting onto the xy-plane, followed by projecting
onto the xz-plane, is the projection onto the z-axis.

Recall from Definition 3.1.2 in Section 3.1 that the identity transformation is the transformation Idg»: R" — R" defined by
Idgr (z) = « for every vector .

X Note 3.4.2: Properties of composition

Let S, T, U be transformations and let ¢ be a scalar. Suppose that 7: R™ — R™, and that in each of the following identities,

the domains and the codomains are compatible when necessary for the composition to be defined. The following properties are
easily verified:

GNU Free Documentation License

https://math.libretexts.org/@go/page/70198


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70198?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/03%3A_Linear_Transformations_and_Matrix_Algebra/3.01%3A_Matrix_Transformations#Definition_.5C(.5CPageIndex.7B2.7D.5C):_Identity_Transformation
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/03%3A_Linear_Transformations_and_Matrix_Algebra/3.01%3A_Matrix_Transformations

LibreTexts"

So(T+U) =SoT+SoU (S+T)oU =SoU+ToU
c(ToU) =(cT)oU ¢(ToU) =To(cU) ifT islinear
Toldgs =T Idgn oT =T

So(TolU) =(SoT)oU

The final property is called associativity. Unwrapping both sides, it says:
So(ToU)(z) = S(T'oU(z)) = S(T(U(x))) = So T(U(x)) = (S0 T) o U(a)-
In other words, both So (ToU) and (SoT)oU are the transformation defined by first applying U, then T', then S.

Composition of transformations is not commutative in general. That is, in general, ToU #UoT, even when both
compositions are defined.

v Example 3.4.5: Functions of one variable

Define f: R — R by f(z) =z and g: R — R by g(z) = €. The composition f o g: R — R is the transformation defined by
the rule

fog(z) = f(g(x)) = f(e") = (e*)* = €.
The composition go f: R — R is the transformation defined by the rule
2
go f(z) =g(f(z)) = g(a?) = *.

2 . . . 2 ]
Note that e*”  €2? in general; for instance, if = 1 then e* =e and €* =e%. Thus f o g is not equal to go f, and we can
already see with functions of one variable that composition of functions is not commutative.

v/ Example 3.4.6: Non-commutative composition of transformations

Define matrix transformations 7', U: R? — R? by

T(z)z((l) 1)35 - U(x):(i (l))a:

Geometrically, T is a shear in the z-direction, and U is a shear in the Y -direction. We evaluate

ro(s)=r(1)= ()

and

7o7 (o) =2 (o) = (1)

Since ToU and U o T have different outputs for the input vector (3 ) they are different transformations. (See this Example
3.4.9)

https://math.libretexts.org/@go/page/70198
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1.00 0.00] {1‘(}[1} . [1.00}

U(“‘):[Loo 1.00] |0.00| = [1.00

1.00 1.00] [1.00] _ [2.00
Tliel) = [0.00 1.00} [1.00} - [1.00]

% 12l

TOU(I)_[LOU 1.00] |0.00| = J1.00

P
e

Figure 3.4.6: Illustration of the composition T o U .

_
(g — [1:00 1.00] [1.00] _ [1.00
()= lo.00 1.00] [0.00] = |0.00
1.00 0.00] [1.00] _ [1.00
Uizl = [1.00 1.00} [0.00} = [1.00]
. [1.00 1.00] [1.00] _ [1.00
S [1.00 2.00} {{mo} - [1.00] »
I n

Figure 3.4.7: Illustration of the composition Uo T'.

Matrix multiplication

In this subsection, we introduce a seemingly unrelated operation on matrices, namely, matrix multiplication. As we will see in the
next subsection, matrix multiplication exactly corresponds to the composition of the corresponding linear transformations. First we
need some terminology.

# Definition 3.4.2: Entry of the Matrix

Let A be an m x n matrix. We will generally write a;; for the entry in the ith row and the jth column. It is called the %, j entry
of the matrix.
ay; - (ay;) Ay
; : L 3
[afl e ﬂij van amj =
. . .o
Am1 =" |Qmj| ~* Ama
e
jth column
Figure 3.4.8
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# Definition 3.4.3: Matrix Multiplication

Let A be anm x n matrix and let B be an n X p matrix. Denote the columns of B by v1, va, ..., vp:

B=|v v - v
[ |

The product AB is the m X p matrix with columns Avy, Avs, ..., Avy:
| | |
AB= A’U1 A’U2 s A’Up
| | |

In other words, matrix multiplication is defined column-by-column, or “distributes over the columns of B.”

v/ Example 3.4.7

(110)(1)(1)_(110)(1)(110)
11 B 11 11
0 o 0 1 0
(1) (1)) (1 1
1 1 1 1
In order for the vectors Avyi, Avy, ..., Av, to be defined, the numbers of rows of B has to equal the number of columns of A.

X Note 3.4.4: The Sizes of the Matrices in the Matrix Product

e In order for AB to be defined, the number of rows of B has to equal the number of columns of A.
e The product of an m xn matrix and an 7 Xp matrix is an m Xp matrix.

If B has only one column, then AB also has one column. A matrix with one column is the same as a vector, so the definition of the
matrix product generalizes the definition of the matrix-vector product from Definition 2.3.1 in Section 2.3.

If A is a square matrix, then we can multiply it by itself; we define its powers to be
A*=AA  A*=AAA  etc
The row-column rule for matrix multiplication
Recall from Definition 2.3.3 in Section 2.3 that the product of a row vector and a column vector is the scalar

T
T2
(a1 ay - an) . =a1T1+agsxs+---+a,T,.

T

The following procedure for finding the matrix product is much better adapted to computations by hand; the previous Definition
3.4.31is more suitable for proving theorems, such as this Theorem 3.4.1 below.

X Recipe: The Row-Column Rule for Matrix Multiplication

Let A be an m X n matrix, let B be an n X p matrix, and let C' = AB. Then the ¢j entry of C is the ith row of A times the
jth column of B:

cij = ainbij +aibsj+- - - + Qinbnj.

Here is a diagram:
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{G“ oA by b1y {C“ C1j Cip
(ai'l HR ¢ 5% bkj bkp = ¢y --- .. Cip
a a . c c. c
ml mk b.. b ml mj mp

nj np
LN .
ith column 1] entry
Figure 3.4.9

The row-column rule for matrix-vector multiplication in Section 2.3, Recipe: The Row-Column Rule for Matrix-Vector

Multiplication, says that if A has rows r1,7s, ..., 7, and z is a vector, then
—r1— ™
—To— ToX
Az = T =
— P T T

The Definition 3.4.3 of matrix multiplication is

Alec e --- ¢ | = Ac; Acy - ACp
| | ]
It follows that
—nri— r1c1 r1C2 R A &
—To— | | | T2C1 T92Co 000 T2Cp
cl c2 DY cp =
. |
— Py TmCl TmC2 - TmCp

v/ Example 3.4.8

The row-column rule allows us to compute the product matrix one entry at a time:

-3

1
(1 2 3) s o _(1-1 + 22 + 33 .:,)_(14 .:,)
45 6 3 _1 = = O O
1 -3
s o)z 2)=(a + &+ o3 2)(2 2)
4 5 6 S \41 + 52 + 63 o/ \32 o

w
|
[y

You should try to fill in the other two boxes!

Although matrix multiplication satisfies many of the properties one would expect (see the end of the section), one must be careful
when doing matrix arithmetic, as there are several properties that are not satisfied in general.

X Note 3.4.5: Matrix Multiplication Caveats

e Matrix multiplication is not commutative: AB is not usually equal to BA, even when both products are defined and have
the same size. See Example 3.4.9.

e Matrix multiplication does not satisfy the cancellation law: AB = AC' does not imply B = C, even when A # 0. For
example,
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b o) G =06 a=le 51 &

e It is possible for AB =0, even when A # 0 and B # 0. For example,
10 0 0y (0 O
1 0/\1 1 0 0/

While matrix multiplication is not commutative in general there are examples of matrices A and B with AB = BA . For example,

this always works when A is the zero matrix, or when A = B. The reader is encouraged to find other examples.

v/ Example 3.4.9: Non-commutative multiplication of matrices

Consider the matrices
as in this Example 3.4.6. The matrix AB is
whereas the matrix BA is

In particular, we have
AB # BA.

And so matrix multiplication is not always commutative. It is not a coincidence that this example agrees with the previous
Example 3.4.6; we are about to see that multiplication of matrices corresponds to composition of transformations.

v Example 3.4.10: Order of Operations

Let 7:R" — R™ and U: R? — R" be linear transformations, and let A and B be their standard matrices, respectively. Recall
that T'o U(z) is the vector obtained by first applying U to x, and then T'.

On the matrix side, the standard matrix of ToU is the product AB, so T oU(z) = (AB)z . By associativity of matrix
multiplication, we have (AB)z = A(Bz), so the product (AB)z can be computed by first multiplying = by B, then
multipyling the product by A.

Therefore, matrix multiplication happens in the same order as composition of transformations. In other words, both matrices
and transformations are written in the order opposite from the order in which they act. But matrix multiplication and
composition of transformations are written in the same order as each other: the matrix for To U is AB.

Composition and Matrix Multiplication

The point of this subsection is to show that matrix multiplication corresponds to composition of transformations, that is, the
standard matrix for T'o U is the product of the standard matrices for 7" and for U. It should be hard to believe that our complicated
formula for matrix multiplication actually means something intuitive such as “chaining two transformations together”!

& Theorem 3.4.1

Let T:R™ — R™ and U: RP — R”™ be linear transformations, and let A and B be their standard matrices, respectively, so A is
an m X n matrix and B is an n X p matrix. Then T o U: R? — R™ is a linear transformation, and its standard matrix is the
product AB.
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Proof

First we verify that T'o U is linear. Let u, v be vectors in R”. Then

ToU(u+v) =TU(u+v)=T(U(u)+U(v))
=TU))+TUw)=ToU(u)+ToU(v).

If ¢ is a scalar, then
ToU(cw) =T(U(cw)) =T (cU(v)) =cT(U(v)) =cT o U(v).
Since T'o U satisfies the two defining properties, Definition 3.3.1 in Section 3.3, it is a linear transformation.

Now that we know that T'o U is linear, it makes sense to compute its standard matrix. Let C' be the standard matrix of
ToU, soT(x)=Az, U(zx) =Bz, and ToU(xz) = Cz . By Theorem 3.3.1 in Section 3.3, the first column of C is Ce;,
and the first column of B is Be;. We have

ToU(e1) =T(U(e1)) =T(Bey) = A(Bey).
By definition, the first column of the product A B is the product of A with the first column of B, which is Bey, so
Cey =ToU(e1) = A(Be1) = (AB)e;.

It follows that C' has the same first column as AB. The same argument as applied to the ith standard coordinate vector e;
shows that C' and A B have the same ith column; since they have the same columns, they are the same matrix.

The theorem justifies our choice of definition of the matrix product. This is the one and only reason that matrix products are
defined in this way. To rephrase:

X Note 3.4.6: Products and Compositions

The matrix of the composition of two linear transformations is the product of the matrices of the transformations.

v/ Example 3.4.11: Composition of rotations

In Example 3.3.8 in Section 3.3, we showed that the standard matrix for the counterclockwise rotation of the plane by an angle

of 8 is
A (c?sﬁ —sinﬂ) '
sinf  cosé
Let T: R* — R? be counterclockwise rotation by 45°, and let U: R? — R? be counterclockwise rotation by 90°. The matrices
A and B for T and U are, respectively,

_ c.os(45:) —sin(45:°) _1/1 -1
AN
~ \sin(90°)  cos(90°) / \1 0 )’

Here we used the trigonometric identities

S sin(45°) =
cos(45°) = 2 (45°)

H
BN
[\&)

cos(90°) =0 sin(90°) =

The standard matrix of the composition T'o U is

=20 1)G 0)-m0 D)

This is consistent with the fact that T'o U is counterclockwise rotation by 90° +45° = 135°: we have
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(cos(135°) —sin(135°) ) 1 ( il —1)

sin(135°)  cos(135°) /)  v2\ 1 -1
because cos(135°) = —1/+/2 and sin(135°) = 1/+/2.

X Challenge

Derive the trigonometric identities

sin(a £ B8) = sin(a) cos(B) % cos(a) sin(B)
and

cos(a % ) = cos(a) cos(B) Fsin(a) sin(s)

using the above Theorem 3.4.1 as applied to rotation transformations, as in the previous example.

v/ Example 3.4.12: Interactive: A composition of matrix transformations

Define T: R® — R? and U: R? — R? by

T(m):([l) i (1))90 sl 1) =

[ = R
o = O
8

Their composition is a linear transformation 7" o U: R? - R?. By the Theorem 3.4.1, its standard matrix is

(110)32_(11)
11 ~\1 1)’
0 10

as we computed in the above Example 3.4.7.

1.00 0.00 . =1 m
U(z) = 10.00 1.00 ' .

1.00 0.00
1.00 1.00 0.00
e} = [n 00 1.0
- L ¥ v ¥
Input o %00 i : | Qutpufof T/ ||
Tol(z) = [1:00 o o ELaE ==

T

4

Figure 3.4.10: The matrix of the composition T o U is the product of the matrices for T and U.

v/ Example 3.4.13: Interactive: A transformation defined in steps

Let S:R® — R3 be the linear transformation that first reflects over the zy-plane and then projects onto the yz-plane, as in

Example 3.3.10 in Section 3.3. The transformation § is the composition T o U, where U: R* — R? is the transformation that
reflects over the zy-plane, and 7: R® — R? is the transformation that projects onto the yz-plane.
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Let us compute the matrix B for U.

ys | e | s | =

xy

Figure 3.4.11
Since e; lies on the zy-plane, reflecting it over the zy-plane does not move it:
1
Ule)=| 0
0

Figure 3.4.12

Since ey lies on the zy-plane, reflecting over the 2y-plane does not move it either:

0

yz — g .
reflect xy ~
- i \-\-—\_

Figure 3.4.13
Since ej is perpendicular to the zy-plane, reflecting over the xy-plane takes es to its negative:

0
U(eg) = —€3 = 0
-1

We have computed all of the columns of B:

| | |
B = U(61) U(ez) U(63)

|
o o~

By a similar method, we find
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0 0 0
A=]0 1 0
0 0 1
It follows that the matrix for S=T o U is
0 0 O 1 0 O
AB=10 1 0 01 0
0 01 0 0 -1
0 0 0 1 0 0 0 0 0 0 O 0
= 010 0 010 1 0 1 0 0
0 0 1 0 0 01 0 0 0 1 -1
0 0 O
=10 1 0
00 -1
as we computed in Example 3.3.10 in Section 3.3.
1.00 0.00 0.00 -l,l)D-I ‘—H"l
U(z)= 0.00 1.00 0.00 2.00 { =1} 2.00
0.00 0.00 —1.00 S.UUJ [—-S.ODJ
0.00 0.00 0.00] [-1.00 0.00
T(U(z))= (0.00 1.00 0.00 2.00 | = | 2.00
0.00  0.00 l.UU(IJ —3.00 | —P.00]
Input of.U wput of U/ Output of T/
0.00 0.00 0.0, ’[LFf-- 00]  []0.00 JofTou
ToU(x)= {0.00 1.0p 0.00 2.00| = 1| 2100 T _
0.00 0.00 —1.00] LB.(IUJ |_f'3.ﬂ[] \}éﬁm :
Figure 3.4.14

Recall from Definition 3.3.2 in Section 3.3 that the identity matrix is the n X n matrix I, whose columns are the standard
coordinate vectors in R”. The identity matrix is the standard matrix of the identity transformation: that is, = Idg~ (z) = I,z for
all vectors  in R™. For any linear transformation 7" : R™ — R™ we have

IgmoT =T
and by the same token we have for any m X n matrix A we have
I,A=A.
Similarly, we have T'o Igr =T and AL, = A.

The algebra of transformations and matrices

In this subsection we describe two more operations that one can perform on transformations: addition and scalar multiplication. We
then translate these operations into the language of matrices. This is analogous to what we did for the composition of linear
transformations, but much less subtle.
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# Definition 3.4.4: Sum and Scalar Product

e LetT,U:R"™ — R™ be two transformations. Their sum is the transformation T+ U: R" — R™ defined by

(T+U)(z) =T(z)+U(x).

Note that addition of transformations is only defined when both transformations have the same domain and codomain.
o LetT:R" — R™ be a transformation, and let ¢ be a scalar. The scalar product of ¢ with T is the transformation
cT:R™ — R™ defined by

(cT)(z)=c-T(x).

To emphasize, the sum of two transformations 7', U: R" — R™ is another transformation called 7'+ U; its value on an input
vector z is the sum of the outputs of 7" and U. Similarly, the product of T" with a scalar ¢ is another transformation called ¢T’; its
value on an input vector z is the vector ¢ - T'(z).

v/ Example 3.4.14: Functions of one variable

Define f:R — R by f(z) =2 and g:R — R by g(z) =2*. The sum f+g:R — R is the transformation defined by the
rule

(f+9)(z) = f(z)+g(z) =z* +2°.

For instance, (f +g)(—2) = (-2)2+(-2)* = —4 .
Define exp: R — R by exp(z) = €. The product 2 exp: R — R is the transformation defined by the rule

(2exp)(z) =2 - exp(x) = 2€”.

For instance, (2 exp)(1) =2-exp(1l) =2e .

X Note 3.4.7: Properties of addition and scalar multiplication for transformations

Let S,T,U:R" — R™ be transformations and let ¢, d be scalars. The following properties are easily verified:

T+U =U+T S+(T+U) =(S+T)+U
c(T+U) =cT +cU (¢c+d)T =cT+dT
e(dT) = (cd)T T40=T

In one of the above properties, we used 0 to denote the transformation R™ — R™ that is zero on every input vector: 0(z) = 0 for
all z. This is called the zero transformation.

We now give the analogous operations for matrices.

# Definition 3.4.5: Sum and Scalar Product

e The sum of two m X n matrices is the matrix obtained by summing the entries of A and B individually:

(011 a12 a13> i (bu b2 b13) _ (au +bi1 aia+biz a3 +b13)

a1 Gz 23 ba1 baa  ba3 a1 +ba1  aza+byy a3 +ba3

In other words, the %, j entry of A+ B is the sum of the 7, j entries of A and B. Note that addition of matrices is only

defined when both matrices have the same size.
o The scalar product of a scalar ¢ with a matrix A is obtained by scaling all entries of A by c:

c<011 a2 a13) B (cau aags Ca13)
a1 Qaz2 G23 Cag1 Caz2 Caszs
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| In other words, the %, j entry of cA is c times the 7, j entry of A.

& Fact 3.4.1

Let T, U:R™ — R™ be linear transformations with standard matrices A, B, respectively, and let ¢ be a scalar.

o The standard matrix for T+ U is A+ B.
o The standard matrix for T is cA.

In view of the above fact, the following properties, Note 3.4.7, are consequences of the corresponding properties 29 of
transformations. They are easily verified directly from the definitions as well.

X Note 3.4.8: Properties of addition and scalar multiplication for matrices

Let A, B, C be m x n matrices and let ¢, d be scalars. Then:

A+B=B+A C+(A+B) =(C+A)+B
¢(A+B) =cA+cB (c+d)A =cA+dA
c(dA) = (cd)A A+0=A

In one of the above properties, we used 0 to denote the m X n matrix whose entries are all zero. This is the standard matrix of the
zero transformation, and is called the zero matrix.

We can also combine addition and scalar multiplication of matrices with multiplication of matrices. Since matrix multiplication
corresponds to composition of transformations (Theorem 3.4.1), the following properties are consequences of the corresponding
properties, Note 3.4.2 of transformations.

X Note 3.4.9: Properties of matrix multiplication

Let A, B, C be matrices and let ¢ be a scalar. Suppose that A is an m X n matrix, and that in each of the following identities,
the sizes of B and C are compatible when necessary for the product to be defined. Then:

C(A+B) =CA+CB (A+B)C =AC+BC
¢(AB) = (cA)B ¢(AB) = A(cB)
A, =A I,A=A
(AB)C = A(BC)

Most of the above properties are easily verified directly from the definitions. The associativity property (AB)C = A(BC),
however, is not (try it!). It is much easier to prove by relating matrix multiplication to composition of transformations, and using
the obvious fact that composition of transformations is associative.

This page titled 3.4: Matrix Multiplication is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or

curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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3.5: Matrix Inverses

4b Objectives

1. Understand what it means for a square matrix to be invertible.

2. Learn about invertible transformations, and understand the relationship between invertible matrices and invertible
transformations.

3. Recipes: compute the inverse matrix, solve a linear system by taking inverses.

4. Picture: the inverse of a transformation.

5. Vocabulary words: inverse matrix, inverse transformation.

In Section 3.1 we learned to multiply matrices together. In this section, we learn to “divide” by a matrix. This allows us to solve the
matrix equation Az = b in an elegant way:

Az =b <+ z=A""b
One has to take care when “dividing by matrices”, however, because not every matrix has an inverse, and the order of matrix
multiplication is important.
Invertible Matrices

The reciprocal or inverse of a nonzero number a is the number b which is characterized by the property that ab = 1. For instance,
the inverse of 7 is 1/7. We use this formulation to define the inverse of a matrix.

# Definition 3.5.1: Invertible

Let A be an n x n (square) matrix. We say that A is invertible if there is an n X n matrix B such that
AB=1, and BA=1I,.

In this case, the matrix B is called the inverse of A, and we write B= A~! .

We have to require AB = I,, and BA = I,, because in general matrix multiplication is not commutative. However, we will show
in Corollary 3.6.1 in Section 3.6 that if A and B are n x n matrices such that AB = I,,, then automatically BA =1, .

v/ Example 3.5.1

Verify that the matrices

are inverses.

Solution
We will check that AB = I, and that BA =1, .

Therefore, A is invertible, with inverse B.

GNU Free Documentation License https://math.libretexts.org/@go/page/70199



https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70199?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/03%3A_Linear_Transformations_and_Matrix_Algebra/3.05%3A_Matrix_Inverses
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/03%3A_Linear_Transformations_and_Matrix_Algebra/3.01%3A_Matrix_Transformations
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/03%3A_Linear_Transformations_and_Matrix_Algebra/3.06%3A_The_Invertible_Matrix_Theorem#Corollary+%5C(%5CPageIndex%7B1%7D%5C)
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/03%3A_Linear_Transformations_and_Matrix_Algebra/3.06%3A_The_Invertible_Matrix_Theorem

LibreTexts"

There exist non-square matrices whose product is the identity. Indeed, if

1 0
A=<(1) (1) g) and B=|0 1
0 0

then AB = I,. However, BA # I3, so B does not deserve to be called the inverse of A.

One can show using the ideas later in this section that if A is an 7 x m matrix for n % m, then there is no m x n matrix B
such that AB=1,, and BA =1, . For this reason, we restrict ourselves to square matrices when we discuss matrix
invertibility.

< Fact 3.5.1; Facts about Invertible Matrices

Let A and B be invertible n X n matrices.
1. A7! is invertible, and its inverse is (A~)~! = A.
2. AB s invertible, and its inverse is (AB) ™! = B~ A~! (note the order).

Proof

1. The equations AA™! = I, and A~' A = I,, at the same time exhibit A~! as the inverse of A and A as the inverse of
AL
2. We compute

(B'AYHYAB=B'(A'AB=B'I,B=B'B=1,.

Here we used the associativity of matrix multiplication and the fact that I,, B = B. This shows that B~! A~ is the
inverse of AB.

Why is the inverse of AB not equal to A~ B~1? If it were, then we would have
I,=(AB)(A'B ' =ABA'B™.

But there is no reason for ABA™' B! to equal the identity matrix: one cannot switch the order of A~! and B, so there is nothing
to cancel in this expression. In fact, if I, = (AB)(A~1B!), then we can multiply both sides on the right by BA to conclude that
AB = BA . In other words, (AB)™! = A™'B~! if and only if AB= BA.

More generally, the inverse of a product of several invertible matrices is the product of the inverses, in the opposite order; the proof
is the same. For instance,

(ABC)'=cCc'B'Al.

Computing the Inverse Matrix

So far we have defined the inverse matrix without giving any strategy for computing it. We do so now, beginning with the special
case of 2 X 2 matrices. Then we will give a recipe for the n x n case.

# Definition 3.5.2: Determinant

The determinant of a 2 x 2 matrix is the number

det (a b) =ad —be.
c d
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Let A= (a b).
c d

1. If det(A) # 0, then A is invertible, and

A= detl(A) (—dc _ab) '

2.1If det(A) =0, then A is not invertible.

Proof

1 —
1. Suppose that det(A) # 0. Define B = doi(d) ( _dc ab) . Then

AB:<a b) 1 (d —b>: 1 (ad—bc 0 )212'
¢ d) det(A) \ —c a ad —bc 0 ad —be

The reader can check that BA = I, so A is invertible and B= A" .
2. Suppose that det(A) = ad —bc =0 . Let T: R* — R? be the matrix transformation T'(z) = Az . Then

T(_ab) - (Z Z) <_ab> :(:ZSIZQ - (aﬁm) -
r(%) (D) -(E0)-(5")

If A is the zero matrix, then it is obviously not invertible. Otherwise, one of v = (;b) and v = (_dc) will be a nonzero
vector in the null space of A. Suppose that there were a matrix B such that BA = I5. Then

v=I,v=BAv=B0 =0,

which is impossible as v # 0. Therefore, A is not invertible.

There is an analogous formula for the inverse of an n X n matrix, but it is not as simple, and it is computationally intensive. The
interested reader can find it in Subsection Cramer's Rule and Matrix Inverses in Section 4.2.

v/ Example 3.5.2

Let
1 2
a=(3 1)
3 4
Then det(A) =1-4—2-3 = —2. By the Proposition 3.5.1, the matrix A is invertible with inverse

(:1’, 421>_1:det1(A)(—43 _12>:_%(—43 _12>
(; ?1)_%(—43 _12>:_

We check:

N | =

The following theorem gives a procedure for computing A~ in general.

https://math.libretexts.org/@go/page/70199
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Let A be an n X n matrix, and let ( A | I, ) be the matrix obtained by augmenting A by the identity matrix. If the reduced row
echelon form of ( A | I,, ) has the form (I, | B), then A is invertible and B = A~! . Otherwise, 4 is not invertible.

Proof

First suppose that the reduced row echelon form of ( A | I,, ) does not have the form ( I,, | B). This means that fewer than
n pivots are contained in the first n columns (the non-augmented part), so A has fewer than n pivots. It follows that
Nul(A) # {0} (the equation Az = 0 has a free variable), so there exists a nonzero vector v in Nul(A). Suppose that there
were a matrix B such that BA = I, . Then

v=I,v=BAv= B0 =0,
which is impossible as v # 0. Therefore, A is not invertible.

Now suppose that the reduced row echelon form of ( A | I, ) has the form ( I,, | B). In this case, all pivots are contained in
the non-augmented part of the matrix, so the augmented part plays no role in the row reduction: the entries of the
augmented part do not influence the choice of row operations used. Hence, row reducing ( A | I,, ) is equivalent to solving
the n systems of linear equations Az; = ey, Azxy =es, ..., Az, =e,, where ej,es,...,e, are the standard coordinate
vectors, Note 3.3.2 in Section 3.3:

1 0 4 (1 0 O
Az, =eq: 0 1 210 1 0O
0 -3 —4(0 0 1
1 0 4 [1 0 O
Axy = e9: 0 1 2 (0 1 0
0 -3 —4(0 0 1
1 0 4 |1 0 O
Azrs =e3: 0 1 2 |10 1 0
0 -3 —4(0 0 1
The columns z1, x2, . . . , &, of the matrix B in the row reduced form are the solutions to these equations:
1 1 0 01 -6 -2
Al 0 |=er: o1 0|0 —2 -1
0 0 0 1|0 3/2 1/2
—6 1 0 0|1 -6 -2
Al -2 |=e 01 0j]0 —2 -1
3/2 0 0 1|0 3/2 1/2
—2 1 0 0|1 -6 =2
Al -1 |=e3 01 0|0 —2 -1
1/2 0 0 1|0 3/2 1/2

By Fact 3.3.2 in Section 3.3, the product Be; is just the ith column ; of B, so

€; = A.TZ = ABei

for all 4. By the same fact, the ith column of AB is e;, which means that AB is the identity matrix. Thus B is the inverse of
A.
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Find the inverse of the matrix

1 0 4
A=]0 1 2
0 -3 —4
Solution
We augment by the identity and row reduce:
1 0 4 11 0 0 Ry—Ry 43R, 1 0 4|1 0 O
0 1 2 10 1 0 _— 01 2(0 1 0
0 -3 —4|0 0 1 0 0 2(0 3 1
Ri1=R1—2R3
FaeFr By 1 0 0|1 -6 -2
_ 01 00 -2 -1
00 2(0 3 1
o) 1 0 0|1 -6 -2
_ 01 0|0 -2 -1
0 0 1|0 3/2 1/2
By the Theorem 3.5.1, the inverse matrix is
1 0 4\ 1 -6 -2
0 1 2 =10 -2 -1
0 -3 —4 0 3/2 1/2
We check:
1 0 4 1 -6 -2 1 0 0
0 1 2 0 -2 —-1]=1010
0 -3 —4 0 3/2 1/2 0 0 1
v/ Example 3.5.4: A non-invertible matrix
Is the following matrix invertible?
1 0 4
A=|0 1 2
0 -3 -6
Solution
We augment by the identity and row reduce:
1 0 411 0 0 NP 1 0 4/1 0 O
0 1 2 10 1 0 _— 01 2(0 1 0
0 -3 6|0 0 1 0 0 0f0 3 1
At this point we can stop, because it is clear that the reduced row echelon form will not have I3 in the non-augmented part: it
will have a row of zeros. By the Theorem 3.5.1, the matrix is not invertible.

Solving Linear Systems using Inverses

In this subsection, we learn to solve Az = b by “dividing by A.”
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Let A be an invertible n X n matrix, and let b be a vector in R™. Then the matrix equation Az = b has exactly one solution:
z=A"'b.

Proof

We calculate:

Az=b =— A '(4z)=4""b
— (A'A)z=A""b
— Lz=A"
— z=A".

Here we used associativity of matrix multiplication, and the fact that I,,# = = for any vector b.

v Example 3.5.5: Solving a 2 x 2 system using inverses

Solve the matrix equation
1 3 1
0B = .

-1 2 1
Solution
By the Theorem 3.5.2, the only solution of our linear system is

1 3\ '/1\ 1/2 -3\ /1| 1/-1
r = = — — - .
-1 2 1 5\1 1 1 5\ 2

det( 1 2) —1.2-(-1)-3=5.

Here we used

v/ Example 3.5.6: Solving a 3 x 3 system using inverses

Solve the system of equations

21 4+ 3x2 + 2z3 = 1
T + 3x3
2x1 + 2x9 + 3x3

Solution

First we write our system as a matrix equation Az = b, where

2 3 2 1
A=|1 0 3 and b=|1
2 2 3 1

Next we find the inverse of A by augmenting and row reducing:
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2 3 2|1 0 0 1 0 3{0 1 0
Ri+Ry
1 0 3|0 1 0 —_ 2 3 21 0 0
2 2 3|0 0 1 2 2 3(0 01
Ry=Ry;—2R,
ARy oE 10 3|0 1 0O
_ 03 —4(1 -2 0
0 2 -3|0 -2 1
Ry—Ry R, 1 0 3 (0 1 0
_ 01 -1|1 0 -1
0 2 -3|0 -2 1
F—— 10 3|0 1 0
e 01 —-1]1 0 -1
0 0 -1|1-2 -2 3
i 10 3|0 1 0
_ 01 -1|1 0 -1
00 1|2 2 -3
R,=R,—3R;
Ry—Ry+ R, 1 0 0|—-6 -5 9
_ 01 0f 3 2 -4
0 0 1| 2 2 -3
By the Theorem 3.5.2, the only solution of our linear system is
) 2 3 2\ ' /1 6 -5 9 1 =
z |=11 0 3 1]1=1 3 2 -4 1]l=11
x3 2 2 3 1 2 2 -3 1 1

The advantage of solving a linear system using inverses is that it becomes much faster to solve the matrix equation Az =b for
other, or even unknown, values of b. For instance, in the above example, the solution of the system of equations

2$1 + 3$2 + 2%3 = b1
1 + 3z3 = by,
2¢7 + 2z + 3x3 = bs,
where by, by, by are unknowns, is
1 2 3 2\ ' /b 6 -5 9 by —6b; — 5by + 9bs
T2 = 1 0 3 bz = 3 2 —4 bg = 3b1 + 2b2 — 41)3
T3 2 2 3 bs 2 2 -3 bs 2b1 +2by — 3b3

Invertible linear transformations

As with matrix multiplication, it is helpful to understand matrix inversion as an operation on linear transformations. Recall that the
identity transformation, Definition 3.1.2 in Section 3.1, on R" is denoted Idg».

& Definition 3.5.3: Invertible

A transformation 7: R™ — R"™ is invertible if there exists a transformation U:R™ — R" such that ToU =1Idg» and
UoT =1dg- . In this case, the transformation U is called the inverse of T', and we write U =T~ .

The inverse U of T' “undoes” whatever T" did. We have

ToU(z)=2z and UoT(z)==x

for all vectors z. This means that if you apply 7" to z, then you apply U, you get the vector x back, and likewise in the other order.
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Define f: R — R by f(z) = 2z. This is an invertible transformation, with inverse g(z) = z /2. Indeed,
T z
foste) =fla@) =1(%) =2(3 ) =
and

go f(z) = g((z)) = g(20) = = ==.

In other words, dividing by 2 undoes the transformation that multiplies by 2.

Define f: R — R by f(z) = «3. This is an invertible transformation, with inverse g(z) = / . Indeed,

3
fog(z) =f(g(=)) = f(vz) = (Va)" ==
and
go f(z) = g(f(2)) = g(=*) = Vz* ==z.
In other words, taking the cube root undoes the transformation that takes a number to its cube.

Define f: R — R by f(x) = x2. This is not an invertible function. Indeed, we have f(2) =2 = f(—2), so there is no way to
undo f: the inverse transformation would not know if it should send 2 to 2 or —2. More formally, if g: R — R satisfies

9(f(z)) ==z, then
2=9(f(2)) =9(2) and —2=g(f(-2))=9(2),
which is impossible: g(2) is a number, so it cannot be equal to 2 and —2 at the same time.

Define f:R — R by f(z) =e®. This is not an invertible function. Indeed, if there were a function g: R — R such that
fog=1Idg, then we would have

—1=fog(-1)=f(g(-1)) =",

But e” is a positive number for every x, so this is impossible.

v Example 3.5.8: Dilation

Let T:R? — R? be dilation by a factor of 3/2: that is, T'(z) = 3/2z. Is T invertible? If so, what is 7' 1 ?

Solution
Let U: R? — R? be dilation by a factor of 2/3: that is, U(x) = 2/3z. Then

ToU(x):T(zac) 3.2, .

3 2 3
and
3 2 3
UoT(m)—U<2z> =3 3%¢=2

Hence ToU =1dg: and UoT =1Idge, so T is invertible, with inverse U. In other words, shrinking by a factor of 2/3
undoes stretching by a factor of 3/2.
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Figure 3.5.1

Open Controls

[y — [0-67 0.00] [1.00] _ [0.67
=)= lo.00 0.67 [2.00] = |1.33

1.50 0.00] [0.67] _ [1.00
T = [0.00 1.50} [1.33} - [2.00]

 _ [1.00 o0.00] [1.00] _ [1.00
ToU(2) = [0.00 1.00} [2.00} - _2.00] |
Kf’; TUK))

o

Figure 3.5.2: Shrinking by a factor of 2/3 followed by scaling by a factor of 3/2 is the identity transformation.

T(a) = 1.50 0.00] [1.00] _ [1.50
)= 10.00 150 [2.00] = |3.00

0.67 0.00] [1.50] _ [1.00
MRl = [0.00 0.67} [3.00} - [2.00]

1.00 0.00] [1.00] _ [1.00
0.00 1.00 12.00,

UoT(.‘c):[ o

]
72
i

5/ T/ T e

Figure 3.5.3: Scaling by a factor of 3/2 followed by shrinking by a factor of 2/3 is the identity transformation.

v/ Example 3.5.9: Rotation

Let T: R? — R? be counterclockwise rotation by 45°. Is T invertible? If so, what is 7~1?

Solution

Let U: R? — R? be clockwise rotation by 45°. Then T o U first rotates clockwise by 45°, then counterclockwise by 45°, so
the composition rotates by zero degrees: it is the identity transformation. Likewise, U o T" first rotates counterclockwise, then
clockwise by the same amount, so it is the identity transformation. In other words, clockwise rotation by 45° undoes
counterclockwise rotation by 45°.
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Figure 3.5.4
Tiay — [0-71 —0.71] [L00] _ [-0.71
@) =1071 071 | 200 = | 2.12

U(I(=)) = [ 0.71 0-71} [—0.71} _ {1.00}

Open Controls

~0.71 0.71] | 2.12 2.00
1.00 0.00] [1.00] _ [1.00
I = =
ol [0.00 1.0{}} {2.00} _2.00]
SRWELY Ly |

Figure 3.5.5: Counterclockwise rotation by 45° followed by clockwise rotation by 45° is the identity transformation.

() = 0.71 0.71] [1.00] _ [2.12
)=1-01 o.71| |2.00] = |0.71

071 —0.71] [2.12] _ [1.00
T — —
Hutel) = [0.71 0.71} [0.?1J - {2.00]

__[1.00 o0.00] [1.00] _ [1.00
Lol [0.00 1.00} {2.00} F _2.00]

x/ SISO ™
,-' | ; U(K} y

c

Figure 3.5.6: Clockwise rotation by 45° followed by counterclockwise rotation by 45° is the identity transformation.

v/ Example 3.5.10: Reflection

Let T: R? — R? be the reflection over the y-axis. Is T" invertible? If so, what is T-17
Solution

The transformation 7 is invertible; in fact, it is equal to its own inverse. Reflecting a vector = over the y-axis twice brings the
vector back to where it started, so T'o 1" = Idp. .
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Figure 3.5.7

Open Controls

T(I)_[{}.O{] 1.00] |2.00 2.00

; ~1.00 0.00] [-1.00] _ [1.00
i) = {0.00 1.00} [2.00] - [2.00]

o0 a0 200~ | 200

;. _ [1.00 0.00] [1.00] _ [1.00
TeTiz) — [p.oo 1.00] {2.00} - {2.00}
5/ EELOEEEEEE RN R

pY

Figure 3.5.8: The transformation 7" is equal to its own inverse: applying 7" twice takes a vector back to where it started.

v/ Example 3.5.11: Projection

Let T: R* — R? be the projection onto the zy-plane, introduced in Fxample 3.1.3 in Section 3.1. Is T' invertible?

Solution

The transformation 7 is not invertible. Every vector on the z-axis projects onto the zero vector, so there is no way to undo
what T' did: the inverse transformation would not know which vector on the z-axis it should send the zero vector to. More
formally, suppose there were a transformation U: R®* — R?® such that U o T' = Idgs . Then

0 =UoT(0) =U(T(0)) = U(0)

and

0 0
0|=voT|o0|=U|T U(0).
1 1

- o o
I

But U(0) is as single vector in R?, so it cannot be equal to 0 and to (0, 0, 1) at the same time.
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10 0] LL('HT‘ - [-‘-1;
o0 |30] | om]

[Click and drag the heads of x and b]
Input Output

Figure 3.5.9: Projection onto the xy-plane is not an invertible transformation: all points on each vertical line are sent to the
same point by T', so there is no way to undo 7.

& Proposition 3.5.2

1. A transformation 7": R® — R" is invertible if and only if it is both one-to-one and onto.
2. If T is already known to be invertible, then U: R™ — R" is the inverse of 7" provided that either T'o U = Idr» or
UoT =1Idg~: itis only necessary to verify one.

Proof
To say that T' is one-to-one and onto means that T'(z) = b has exactly one solution for every b in R”.

Suppose that T is invertible. Then 7'(z) = b always has the unique solution x =7 ~!(b): indeed, applying 7' to both
sides of T'(z) = b gives

and applying T to both sides of z =T ~1(b) gives
T(z)=T(T'()) =b.

Conversely, suppose that T' is one-to-one and onto. Let b be a vector in R", and let z = U(b) be the unique solution of
T(xz) =b. Then U defines a transformation from R”™ to R”™. For any = in R", we have U(T(z)) =z, because z is the
unique solution of the equation T'(z) = b for b =T (z) . For any b in R", we have T'(U (b)) = b, because z = U(b) is the
unique solution of T'(z) = b . Therefore, U is the inverse of T, and T is invertible.

Suppose now that 7" is an invertible transformation, and that U is another transformation such that 7o U = Idp» . We must
show that U =T 1, i.e., that U o T = Idg~ . We compose both sides of the equality 7o U = Idg~ on the left by T~ and
on the right by 7" to obtain

T oToUoT =T 'oldgmoT.

Wehave T ! o T =1Idg» and Idgr o U = U, so the left side of the above equation is U o T'. Likewise, Idgr o T'=T' and
T~ oT =1dge, so our equality simplifies to U o T' = Idg~, as desired.

If instead we had assumed only that U o T' = Idy~, then the proof that T'o U = Idp» proceeds similarly.
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It makes sense in the above Definition 3.5.3 to define the inverse of a transformation 7: R™ — R™, for m #n, to be a
transformation U: R™ — R"™ such that ToU =Idg» and UoT =1Idp» . In fact, there exist invertible transformations
T:R™ — R™ for any m and n, but they are not linear, or even continuous.

If T is a linear transformation, then it can only be invertible when m = n, i.e., when its domain is equal to its codomain.
Indeed, if T: R™ — R™ is one-to-one, then n < m by Note 3.2.1 in Section 3.2, and if T is onto, then m < n by Note 3.2.2 in
Section 3.2. Therefore, when discussing invertibility we restrict ourselves to the case m =n.

Find an invertible (non-linear) transformation 7: R? — R.

As you might expect, the matrix for the inverse of a linear transformation is the inverse of the matrix for the transformation, as the
following theorem asserts.

& Theorem 3.5.3

Let T:R" — R" be a linear transformation with standard matrix A. Then T is invertible if and only if A is invertible, in
which case T'~! is linear with standard matrix A=,

Proof

Suppose that T is invertible. Let U: R™ — R" be the inverse of 7'. We claim that U is linear. We need to check the
defining properties, Definition 3.3.1, in Section 3.3. Let u, v be vectors in R™. Then

ut+v=TU(u))+T(Uw))=T{U(u)+U(v))
by linearity of T'. Applying U to both sides gives

U(u+v) =U(T(U(u)+U(v))) =U(u) +U(v).
Let c be a scalar. Then

cu=cT(U(u)) =T(cU(u))
by linearity of T'. Applying U to both sides gives
U(cu) =U(T(cU(u))) = cU(u).

Since U satisfies the defining properties, Definition 3.3.1, in Section 3.3, it is a linear transformation.

Now that we know that U is linear, we know that it has a standard matrix B. By the compatibility of matrix multiplication
and composition, Theorem 3.4.1 in Section 3.4, the matrix for T o U is AB. But T o U is the identity transformation Idgn,
and the standard matrix for Idgn» is I,,, so AB = I, . One shows similarly that BA =I,,. Hence A is invertible and
B=A"1.

Conversely, suppose that A is invertible. Let B= A", and define U: R" — R" by U(z) = Bz . By the compatibility of
matrix multiplication and composition, Theorem 3.4.1 in Section 3.4, the matrix for T'o U is AB = I,,, and the matrix for
UoT is BA = I, . Therefore,

ToU(z)=ABzx=I,x=z and UoT(z)=BAz=Iz =z,

which shows that T is invertible with inverse transformation U.
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Let T:R* — R? be dilation by a factor of 3/2: that is, T'() = 3/2z. Is T invertible? If so, what is 7'~ ?

Solution
In Example 3.1.5 in Section 3.1 we showed that the matrix for T is

A (3/2 0 ) .
0 3/2
The determinant of A is 9/4 # 0, so A is invertible with inverse
A_1:L(3/2 0 ):(2/3 0 )
9/4\ 0 3/2 0 2/3

By the Theorem 3.5.3, T is invertible, and its inverse is the matrix transformation for AL

= (% 0 )e

We recognize this as a dilation by a factor of 2/3.

v/ Example 3.5.13: Rotation

Let T: R? — R? be counterclockwise rotation by 45°. Is T' invertible? If so, what is 71 ?

Solution
In Example 3.3.8 in Section 3.3, we showed that the standard matrix for the counterclockwise rotation of the plane by an angle

of 0 is
<cos¢9 —sin0>
sinf cos@ )’

Therefore, the standard matrix A for T is

The determinant of A is

so the inverse is

=550

By the Theorem 3.5.3, T' is invertible, and its inverse is the matrix transformation for AL

T_l(z):%(_ll 1)@-

We recognize this as a clockwise rotation by 45°, using the trigonometric identities

1 1
cos(—45°) = — sin(—45°) = ——.
V2

V2
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Let T: R — R? be the reflection over the y-axis. Is T' invertible? If so, what is 71 ?

Solution
In Example 3.1.4 in Section 3.1 we showed that the matrix for T is

-1 0
A= .
0 1
This matrix has determinant —1, so it is invertible, with inverse

e )0 )

By the Theorem 3.5.3, T is invertible, and it is equal to its own inverse: T'~* =T'. This is another way of saying that a
reflection “undoes” itself.

This page titled 3.5: Matrix Inverses is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated
by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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3.6: The Invertible Matrix Theorem

4b Objectives

1. Theorem: the invertible matrix theorem.

This section consists of a single important theorem containing many equivalent conditions for a matrix to be invertible. This is one
of the most important theorems in this textbook. We will append two more criteria in Section 5.1.

& Theorem 3.6.1: Invertible Matrix Theorem

Let A be an n X n matrix, and let T: R™ — R"™ be the matrix transformation 7'(z) = Az. The following statements are
equivalent:

1. A is invertible.

2. A has n pivots.

3. Nul(4) ={0}.

4. The columns of A are linearly independent.

5. The columns of A span R”.

6. Az = b has a unique solution for each b in R".
7. T is invertible.

8. T' is one-to-one.

9. T is onto.

Proof

(1 <= 2): The matrix A has n pivots if and only if its reduced row echelon form is the identity matrix I,,. This happens
exactly when the procedure in Section 3.5, Theorem 3.5.1, to compute the inverse succeeds.

(2 <= 3): The null space of a matrix is {0} if and only if the matrix has no free variables, which means that every
column is a pivot column, which means A has n pivots. See Recipe: Compute a Spanning Set for a Null Space in Section
2.6.

(2 < 4,2 < 5): These follow from the Recipe: Checking Linear Independence in Section 2.5 and Theorem 2.3.1,
in Section 2.3, respectively, since A has n pivots if and only if has a pivot in every row/column.

(4+5 <= 6): We know Az =b has at least one solution for every b if and only if the columns of A span \
(\mathbb{R}/n \) by Theorem 3.2.2 in Section 3.2, and Az =b has at most one solution for every b if and only if the
columns of A are linearly independent by Theorem 3.2.1 in Section 3.2. Hence Az = b has exactly one solution for every b
if and only if its columns are linearly independent and span R".

(1 <= 7): This is the content of Theorem 3.5.3 in Section 3.5.
(7 = 8+9): See Proposition 3.5.2 in Section 3.5.

(8 <= 4,9 < 5): See Theorem 3.2.2 in Section 3.2 and Theorem 3.2.1 in Section 3.2.

To reiterate, the invertible matrix theorem means:

X Note 3.6.1

There are two kinds of square matrices:

1. invertible matrices, and
2. non-invertible matrices.

For invertible matrices, all of the statements of the invertible matrix theorem are true.

For non-invertible matrices, all of the statements of the invertible matrix theorem are false.

https://math.libretexts.org/@go/page/70200
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The reader should be comfortable translating any of the statements in the invertible matrix theorem into a statement about the
pivots of a matrix.

X Note 3.6.2: Other Conditions for Invertibility

The following conditions are also equivalent to the invertibility of a square matrix A. They are all simple restatements of
conditions in the invertible matrix theorem.

1. The reduced row echelon form of A is the identity matrix I,.
2. Az = 0 has no solutions other than the trivial one.

3. nullity(A4) =0.

4. The columns of A form a basis for R”.

5. Az = b is consistent for all b in R™.

6. Col(4) =R".

7.dim Col(A4) =n.

8.rank(A4) =n.

Now we can show that to check B = A~!, it's enough to show AB=1I,, or BA=1,.

& Corollary 3.6.1: A Left or Right Inverse Suffices

Let A be an n X n matrix, and suppose that there exists an n X n matrix B such that AB=1, or BA=1,. Then A is
invertible and B= A"!.
Proof
Suppose that AB = I,, . We claim that T'(z) = Az is onto. Indeed, for any b in R", we have
b=1I,b=(AB)b= A(Bb),

so T(Bb) = b, and hence b is in the range of T'. Therefore, A is invertible by the Theorem 3.6.1 Since A is invertible, we
have

A=A, — A (AB)= (A A)B=I,B=B,
soB=A""1.

Now suppose that BA=1I,. We claim that T(z) = Az is one-to-one. Indeed, suppose that T'(z) =T(y). Then
Az = Ay, so BAr = BAy. But BA=1,, so I,x = I,y, and hence x = y. Therefore, A is invertible by the Theorem
3.6.1 One shows that B= A~! as above.

We conclude with some common situations in which the invertible matrix theorem is useful.

v/ Example 3.6.1

Is this matrix invertible?

1 2 -1
A= 2 4 7
-2 4 1

Solution
The second column is a multiple of the first. The columns are linearly dependent, so A does not satisfy condition 4 of the
Theorem 3.6.1. Therefore, A is not invertible.

https://math.libretexts.org/@go/page/70200
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Let A be an n x n matrix and let T'(z) = Az. Suppose that the range of T is R™. Show that the columns of A are linearly
independent.

Solution
The range of T' is the column space of A, so A satisfies condition 5 of the Theorem 3.6.1. Therefore, A also satisfies condition
4, which says that the columns of A are linearly independent.

v/ Example 3.6.3

Let A be a 3 x 3 matrix such that

1 2
AlT7T]|=A| 0
0 -1
Show that the rank of A is at most 2.
Solution
If we set
1 2
b=A|7]|=4| 0 |,
0 -1

then Az =b has multiple solutions, so it does not satisfy condition 6 of the Theorem 3.6.1. Therefore, it does not satisfy
condition 5, so the columns of A do not span R3. Therefore, the column space has dimension strictly less than 3, the rank is at
most 2.

v/ Example 3.6.4

Suppose that A is an n X n matrix such that Az =b is inconsistent some vector b. Show that Az = b has infinitely many
solutions for some (other) vector b.

Solution
By hypothesis, A does not satisfy condition 6 of the Theorem 3.6.1. Therefore, it does not satisfy condition 3, so Nul(A) is an
infinite set. If we take b = 0, then the equation Az = b has infinitely many solutions.

This page titled 3.6: The Invertible Matrix Theorem is shared under a GNU Free Documentation License 1.3 license and was authored, remixed,
and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

4: Determinants

4b Objectives

e Learn about determinants, their computation, and their properties.

We begin by recalling the overall structure of this book:

1. Solve the matrix equation Az =b.
2. Solve the matrix equation Az = Az, where A is a number.
3. Approximately solve the matrix equation Az =b.

At this point we have said all that we will say about the first part. This chapter belongs to the second.

The determinant of a square matrix A is a number det(A). This incredible quantity is one of the most important invariants of a
matrix; as such, it forms the basis of most advanced computations involving matrices.

In Section 4.1, we will define the determinant in terms of its behavior with respect to row operations. The determinant satisfies
many wonderful properties: for instance, det(A) # 0 if and only if A is invertible. We will discuss some of these properties in
Section 4.1 as well. In Section 4.2, we will give a recursive formula for the determinant of a matrix. This formula is very useful, for
instance, when taking the determinant of a matrix with unknown entries; this will be important in Chapter 5. Finally, in Section 4.3,
we will relate determinants to volumes. This gives a geometric interpretation for determinants, and explains why the determinant is
defined the way it is. This interpretation of determinants is a crucial ingredient in the change-of-variables formula in multivariable
calculus.

4.1: Determinants- Definition
4.2: Cofactor Expansions

4.3: Determinants and Volumes

This page titled 4: Determinants is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated by
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4.1: Determinants- Definition

4b Objectives

1. Learn the definition of the determinant.

2. Learn some ways to eyeball a matrix with zero determinant, and how to compute determinants of upper- and lower-
triangular matrices.

3. Learn the basic properties of the determinant, and how to apply them.

4. Recipe: compute the determinant using row and column operations.

5. Theorems: existence theorem, invertibility property, multiplicativity property, transpose property.

6. Vocabulary words: diagonal, upper-triangular, lower-triangular, transpose.

7. Essential vocabulary word: determinant.

In this section, we define the determinant, and we present one way to compute it. Then we discuss some of the many wonderful
properties the determinant enjoys.

The Definition of the Determinant

The determinant of a square matrix A is a real number det(A). It is defined via its behavior with respect to row operations; this
means we can use row reduction to compute it. We will give a recursive formula for the determinant in Section 4.2. We will also
show in Subsection Magical Properties of the Determinant that the determinant is related to invertibility, and in Section 4.3 that it is
related to volumes.

# Definition 4.1.1: Determinant

The determinant is a function
det: {square matrices} — R

satisfying the following properties:

1. Doing a row replacement on A does not change det(A).

2. Scaling a row of A by a scalar ¢ multiplies the determinant by c.
3. Swapping two rows of a matrix multiplies the determinant by —1.
4. The determinant of the identity matrix I, is equal to 1.

In other words, to every square matrix A we assign a number det(A) in a way that satisfies the above properties.

In each of the first three cases, doing a row operation on a matrix scales the determinant by a nonzero number. (Multiplying a row
by zero is not a row operation.) Therefore, doing row operations on a square matrix A does not change whether or not the
determinant is zero.

The main motivation behind using these particular defining properties is geometric: see Section 4.3. Another motivation for this
definition is that it tells us how to compute the determinant: we row reduce and keep track of the changes.

v/ Example 4.1.1

2 1
Let us compute det ( 1 4) . First we row reduce, then we compute the determinant in the opposite order:

GNU Free Documentation License

https://math.libretexts.org/@go/page/70202


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70202?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/04%3A_Determinants/4.01%3A_Determinants-_Definition
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/04%3A_Determinants/4.02%3A_Cofactor_Expansions
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/04%3A_Determinants/4.03%3A_Determinants_and_Volumes
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/04%3A_Determinants/4.03%3A_Determinants_and_Volumes

LibreTexts"

2 1
( ) det =7
1 4
Ri<R, 1 4
—_— _— det = -7
R,=R,—2R, 1 4
i ( ) det =7
0 -7
Ry=R,+—T7 1 4
_ (0 1 ) det =1
R,=R,—4R, 1 0
St (10) gy

The reduced row echelon form of the matrix is the identity matrix I5, so its determinant is 1. The second-last step in the row
reduction was a row replacement, so the second-final matrix also has determinant 1. The previous step in the row reduction
was a row scaling by —1/7; since (the determinant of the second matrix times —1/7) is 1, the determinant of the second
matrix must be —7. The first step in the row reduction was a row swap, so the determinant of the first matrix is negative the
determinant of the second. Thus, the determinant of the original matrix is 7.

Note that our answer agrees with Definition 3.5.2 in Section 3.5 of the determinant.

v/ Example 4.1.2

10
Compute det ( )
0 3

Solution

1 0
Let A= ( 0 3) . Since A is obtained from I by multiplying the second row by the constant 3, we have

det(A) =3det(l>)=3-1=3.

Note that our answer agrees with Definition 3.5.2 in Section 3.5 of the determinant.

v/ Example 4.1.3

1 00
Computedet | 0 0 1
51 0

Solution
First we row reduce, then we compute the determinant in the opposite order:

1 0 O
0 0 1 det = —1
5 1 0
Ry<R3 100
— |5 1 0 det =1
0 0 1
Ry=R>—5R: 100
— |0 1 0 det =1
0 0 1

The reduced row echelon form is I3, which has determinant 1. Working backwards from I3 and using the four defining
properties Definition 4.1.1, we see that the second matrix also has determinant 1 (it differs from I3 by a row replacement), and
the first matrix has determinant —1 (it differs from the second by a row swap).
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Here is the general method for computing determinants using row reduction.

X Recipe: Computing Determinants by Row Reducing

Let A be a square matrix. Suppose that you do some number of row operations on A to obtain a matrix B in row echelon form.
Then

(product of the diagonal entries of B)

det(4) = (—1)" -

(product of scaling factors used)

where 7 is the number of row swaps performed.

In other words, the determinant of A is the product of diagonal entries of the row echelon form B, times a factor of +1 coming
from the number of row swaps you made, divided by the product of the scaling factors used in the row reduction.

This is an efficient way of computing the determinant of a large matrix, either by hand or by computer. The computational
complexity of row reduction is O(n3); by contrast, the cofactor expansion algorithm we will learn in Section 4.2 has
complexity O(n!) = O(n™\/n), which is much larger. (Cofactor expansion has other uses.)

v/ Example 4.1.4

0o -7 —4
Computedet | 2 4 6
3 7 -1

Solution

We row reduce the matrix, keeping track of the number of row swaps and of the scaling factors used.

0 -7 —4 2 4 6
Ri<R>
2 4 6 — 0o -7 —4 r=1
3 7 -1 3 7 -1
Ry=R,+2 1 2 3
E— 0 -7 —4 scaling factors = —
3 7 -1
R3=R3—3R:1 1 2 3
—_— 0o -7 -4
0 1 -10
Ry<R3 1 2 3
EEm— 0 1 -10 r=2
0o -7 -4
R3=R3+TR> 1 2 3
_ 0 1 -10
0 0 —74
We made two row swaps and scaled once by a factor of 1/2, so the Recipe: Computing Determinants by Row Reducing says
that
0 -7 , 1-1-(=74)
det| 2 4 6 | =(-1)" —————= =—148.
1/2
3 7 -1
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1 2 3
Computedet | 2 -1 1
3 0 1

Solution
We row reduce the matrix, keeping track of the number of row swaps and of the scaling factors used.

Ry=Ry—2R;
12 Ry=R,—3R, 12 3
2 -1 1 _— 0 -5 -5
3 0 1 0 —6 -8
1 2 3
Ry=Ry+5 1
— 0 1 1 scaling factors = — 3
0 6 -8
R3=R3+6R> 12 3
EE— 01 1
00 -2
We did not make any row swaps, and we scaled once by a factor of —1/5, so the Recipe: Computing Determinants by Row
Reducing says that
det ; 21 i’ L2 g,
¢ - ~1/5 '
3 0

v Example 4.1.6: The Determinant of a 2 x 2 Matrix

Let us use the Recipe: Computing Determinants by Row Reducing to compute the determinant of a general 2 X 2 matrix

= (23)

o Ifa =0, then

det(a b)zdet(0 b)z—det<c d):—bc.
c d c d 0 b

det(a b) :a-det(l b/a):a-det<1 b/a )
c d c d 0 d—c-b/a
=a-1-(d—bc/a) =ad—bc.

e Ifa#0, then

In either case, we recover Definition 3.5.2 in Section 3.5.

det (a b) = ad — be.
c d

If a matrix is already in row echelon form, then you can simply read off the determinant as the product of the diagonal entries. It
turns out this is true for a slightly larger class of matrices called triangular.

# Definition 4.1.2: Diagonal

e The diagonal entries of a matrix A are the entries a1, ass, - . . :
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S T BT EEA
(diagonal entries

@) aip ag

pa—

(@) @ Q3 Ay
™

Qg (Agz) Qa3 dyg

(31 Qzp (Uz3) d34

Figure 4.1.1

e A square matrix is called upper-triangular if its nonzero entries all lie above the diagonal, and it is called lower-triangular
if its nonzero entries all lie below the diagonal. It is called diagonal if all of its nonzero entries lie on the diagonal, i.e., if it
is both upper-triangular and lower-triangular.

upper-triangular lower-triangular diagonal
T 0 0 06 & 0 0 0
0 = * « . 0 O 00 D
0 *  x TSR ) 0 0GR D
0O 0 0 « * kK k 0 0 0 =«
Figure 4.1.2

& Proposition4.1.1

Let A be an n X n matrix.

1. If A has a zero row or column, then det(4) = 0.
2. If A is upper-triangular or lower-triangular, then det(A) is the product of its diagonal entries.

Proof
1. Suppose that A has a zero row. Let B be the matrix obtained by negating the zero row.
Then det(A) = — det(B) by the second defining property, Definition 4.1.1. But
A = B, so det(A) = det(B):

123\ L o 1 2 3
000] —— [0 00
7 8 9 7 8 9

Putting these together yields det(A) = —det(A4), sodet(A4)=0.
Now suppose that A has a zero column. Then A is not invertible by Theorem 3.6.1 in Section 3.6, so its reduced row
echelon form has a zero row. Since row operations do not change whether the determinant is zero, we conclude
det(A4)=0.

2. First suppose that A is upper-triangular, and that one of the diagonal entries is zero, say a; = 0. We can perform row
operations to clear the entries above the nonzero diagonal entries:

all * * * alq 0 * 0
az * 0 ap x 0
g
0 0 O 0 0 0 O
0 0 0 ag 0 0 0 ag
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In the resulting matrix, the ith row is zero, so det(A) =0 by the first part.
Still assuming that A is upper-triangular, now suppose that all of the diagonal entries of A are nonzero. Then A can be
transformed to the identity matrix by scaling the diagonal entries and then doing row replacements:

scale by Tow
@ % o a1, b1l ¢t L % replacements 100
0 b x ey 0 1 x e 01 0
0 0 ¢ 0 0 1 0 0 1
det = abc e det = e det =1

Since det(I,,) =1 and we scaled by the reciprocals of the diagonal entries, this implies det(A) is the product of the
diagonal entries.
The same argument works for lower triangular matrices, except that the the row replacements go down instead of up.

v/ Example 4.1.7

Compute the determinants of these matrices:

1 2 3 -20 0 O 17 03 4
0 4 5 m= 0 0 0 0 0
0 0 6 100 3 -7 11/2 1

Solution
The first matrix is upper-triangular, the second is lower-triangular, and the third has a zero row:

1 2 3
det {0 4 5| =1-4-6=24
0 0 6
-20 0 O
det| = 0 0 | =-20-0--7=0
100 3 -7
17 -3 4
det 0 0 0] =0
11/2 1 e

A matrix can always be transformed into row echelon form by a series of row operations, and a matrix in row echelon form is
upper-triangular. Therefore, we have completely justified Recipe: Computing Determinants by Row Reducing for computing the
determinant.

The determinant is characterized by its defining properties, Definition 4.1.1, since we can compute the determinant of any matrix
using row reduction, as in the above Recipe: Computing Determinants by Row Reducing. However, we have not yet proved the
existence of a function satisfying the defining properties! Row reducing will compute the determinant if it exists, but we cannot use
row reduction to prove existence, because we do not yet know that you compute the same number by row reducing in two different
ways.

< Theorem 4.1.1: Existence of the Determinant

There exists one and only one function from the set of square matrices to the real numbers, that satisfies the four defining
properties, Definition 4.1.1.

We will prove the existence theorem in Section 4.2, by exhibiting a recursive formula for the determinant. Again, the real content
of the existence theorem is:
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No matter which row operations you do, you will always compute the same value for the determinant.

Magical Properties of the Determinant

In this subsection, we will discuss a number of the amazing properties enjoyed by the determinant: the invertibility property,
Proposition 4.1.2, the multiplicativity property, Proposition 4.1.3, and the transpose property, Proposition 4.1.4.

& Proposition 4.1.2: Invertibility Property

A square matrix is invertible if and only if det(A) #0.

Proof

If A is invertible, then it has a pivot in every row and column by the Theorem 3.6.1 in Section 3.6, so its reduced row
echelon form is the identity matrix. Since row operations do not change whether the determinant is zero, and since
det(I,) =1, this implies det(A) # 0. Conversely, if A is not invertible, then it is row equivalent to a matrix with a zero
row. Again, row operations do not change whether the determinant is nonzero, so in this case det(A) = 0.

By the invertibility property, a matrix that does not satisfy any of the properties of the Theorem 3.6.1 in Section 3.6 has zero
determinant.

& Corollary 4.1.1

Let A be a square matrix. If the rows or columns of A are linearly dependent, then det(A) =0.

Proof

If the columns of A are linearly dependent, then A is not invertible by condition 4 of the Theorem 3.6.1 in Section 3.6.
Suppose now that the rows of A are linearly dependent. If 71, s, ..., 7, are the rows of A, then one of the rows is in the
span of the others, so we have an equation like

ro =371 — 13 +2714.
If we perform the following row operations on A:
Ry =Ry —3R;; Ry=Ry+R3; Ry=Ry;—2Ry
then the second row of the resulting matrix is zero. Hence A is not invertible in this case either.

Alternatively, if the rows of A are linearly dependent, then one can combine condition 4 of the Theorem 3.6.1 in Section
3.6 and the transpose property, Proposition 4.1.4below to conclude that det(A) =0.

In particular, if two rows/columns of A are multiples of each other, then det(A) = 0. We also recover the fact that a matrix with a
row or column of zeros has determinant zero.

v/ Example 4.1.8

The following matrices all have zero determinant:

0 2 -1 5 —15 11 5012 4 11
— — ™ [

o 5 10|, (3 -9 2], g g (5) 102 , |37 3¢ 33

0 -7 3 2 -6 16 L34 8 12 -7 2

The proofs of the multiplicativity property, Proposition 4.1.3, and the transpose property, 4.1.4, below, as well as the cofactor
expansion theorem, Theorem 4.2.1 in Section 4.2, and the determinants and volumes theorem, Theorem 4.3.2 in Section 4.3, use
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the following strategy: define another function d: {n x n matrices} — R, and prove that d satisfies the same four defining
properties as the determinant. By the existence theorem, Theorem 4.1.1, the function d is equal to the determinant. This is an
advantage of defining a function via its properties: in order to prove it is equal to another function, one only has to check the
defining properties.

& Proposition 4.1.3: Multiplicativity Property

If A and B are n X n matrices, then
det(AB) = det(A) det(B).

Proof

In this proof, we need to use the notion of an elementary matrix. This is a matrix obtained by doing one row operation to
the identity matrix. There are three kinds of elementary matrices: those arising from row replacement, row scaling, and row

swaps:
1 0 0 1 0 0
Ry=R2—2Ry
01 0 —_— -2 1 0
0 0 1 0 0 1
1 0 0 3 0 0
R1=3R1
01 0 —_— 0 1 0
0 0 1 0 0 1
1 0 0 RiOR, 0 1 0
01 0 e 1 0 0
0 0 1 0 0 1

The important property of elementary matrices is the following claim.

Claim: If E is the elementary matrix for a row operation, then E A is the matrix obtained by performing the same row
operation on A.

In other words, left-multiplication by an elementary matrix applies a row operation. For example,

1 00 a1 a2 a13 a1 a2 a13
-2 10 a1 aze a3 | = | a1 —2a11 a—2a1x a3 —2a13
0 01 as; as2 ass asy ass ass
3 0 0 a1 a2 a3 a1 3a12 3ags
0 10 a1 G a3 | =| a1 ax a3
0 01 azy a3z as3 az Gz as3
010 a1 a1z 0a13 az1 a2 Q33
100 a1 a2 a3 | = | a1 a2 a3
0 01 as; a2 as3 az; a3 a3z

The proof of the Claim is by direct calculation; we leave it to the reader to generalize the above equalities to n xn
matrices.

As a consequence of the Claim and the four defining properties, Definition 4.1.1 we have the following observation. Let C
be any square matrix.

1. If E is the elementary matrix for a row replacement, then det(EC') = det(C'). In other words, left-multiplication by E
does not change the determinant.

2. If E is the elementary matrix for a row scale by a factor of ¢, then det(EC) = cdet(C). In other words, left-
multiplication by E scales the determinant by a factor of c.

3. If E is the elementary matrix for a row swap, then det(EC) = —det(C). In other words, left-multiplication by E
negates the determinant.
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Since d satisfies the four defining properties of the determinant, it is equal to the determinant by the existence theorem
4.1.1 In other words, for all matrices A, we have

det(AB
det(4) = d(4) = SHAB).
det(B)
Multiplying through by det(B) gives det(A) det(B) = det(AB).

1. Let C’ be the matrix obtained by swapping two rows of C, and let E be the elementary matrix for this row replacement,
so C' = EC'. Since left-multiplication by F negates the determinant, we have det(EC B) = —det(CB), so

4O = det(C'B)  det(ECB) —det(CB) 0
(@)= det(B)  det(B)  det(B) ©).

2. We have

_ det(I,B)  det(B)
d(In) = det(B)  det(B)

Now we turn to the proof of the multiplicativity property. Suppose to begin that B is not invertible. Then AB is also not
invertible: otherwise, (AB) ' AB = I,, implies B~ = (AB) "' A. By the invertibility property, Proposition 4.1.2 both
sides of the equation det(AB) = det(A) det(B) are zero.

Now assume that B is invertible, so det(B) # 0. Define a function
det(CB
d: {n x nmatrices} =R by d(C)= #
det(B)
We claim that d satisfies the four defining properties of the determinant.

1. Let C’ be the matrix obtained by doing a row replacement on C, and let E be the elementary matrix for this row
replacement, so C' = EC . Since left-multiplication by E does not change the determinant, we have
det(ECB) = det(CB), so
,, det(C'B)  det(ECB) det(CB) 4(0)
det(B) det(B) det(B) '

d(C

2. Let C' be the matrix obtained by scaling a row of C' by a factor of ¢, and let E be the elementary matrix for this row
replacement, so C' = EC . Since left-multiplication by F scales the determinant by a factor of ¢, we have
det(ECB) = cdet(CB), so

B det(C'B) B det(ECB) cdet(CB)

) ="%@ =~ dad @ YO

Recall that taking a power of a square matrix A means taking products of A with itself:
A*=AA  A*=AAA  etc
If A is invertible, then we define
A2 =A714"1 A3 =A71471471 etc.

For completeness, we set A = I, if A #0.

& Corollary 4.1.2

If A is a square matrix, then

det(A™) =det(A)"

forall m > 1. If A is invertible, then the equation holds for all n < 0 as well; in particular,
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det(A™) = dett s

Proof
Using the multiplicativity property, Proposition 4.1.3 we compute
det(A?) = det(AA) = det(A) det(A) = det(A)?
and
det(A%) = det(AAA) = det(A) det(AA) = det(A) det(A) det(A) = det(A)>;
the pattern is clear.
We have
1 =det(I,) = det(AA™") = det(A) det(A ™)

by the multiplicativity property, Proposition 4.1.3 and the fourth defining property, Definition 4.1.1 which shows that
det(A~!) =det(A)"! . Thus

det(A2) =det(A A1) =det(A!)det(A ) =det(A )2 =det(A4)?,

and so on.

v/ Example 4.1.9

Compute det(A'%), where

h
|

(2 1)
2 1)
Solution
We have det(A) =4 -2 =2, so
det(A%%) = det(A)10 = 2190,

Nowhere did we have to compute the 100th power of A! (We will learn an efficient way to do that in Section 5.4.)

Here is another application of the multiplicativity property, Proposition 4.1.3.

& Corollary 4.1.3

Let A1, Ay, ..., Ay be n X n matrices. Then the product A; A, - - - Ay, is invertible if and only if each A; is invertible.

Proof
The determinant of the product is the product of the determinants by the multiplicativity property, Proposition 4.1.3
det(A1A2 000 Ak) = det(Al) det(A2) 000 det(Ak).

By the invertibility property, Proposition 4.1.2 this is nonzero if and only if A; A, - - - A, is invertible. On the other hand,
det(A;)det(As)- - - det(Ax) isnonzero if and only if each det(A;) # 0, which means each A; is invertible.

v/ Example 4.1.10

For any number n we define

An:(l ”)
1 9
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Show that the product
A Ay A3 AL A5
is not invertible.

Solution

When n = 2, the matrix Az is not invertible, because its rows are identical:
1 2
Ay = .
1 2

In order to state the transpose property, we need to define the transpose of a matrix.

Hence any product involving A is not invertible.

# Definition 4.1.3: Transpose

The transpose of an m x n matrix A is the n x m matrix AT whose rows are the columns of A. In other words, the ij entry

of AT is Ajj .
AT
A
ay; Ay sz
(‘111 ayg A3 4
dyp Ay A3y

Ay Ayy Ayz Ayg | —
ay3 Q3 Az
dzy A3y g3 dz4
Ayq Angq A3y
A

ip

Figure 4.1.3

Like inversion, transposition reverses the order of matrix multiplication.

& Fact4.1.1

Let A be an m X n matrix, and let B be an n X p matrix. Then
(AB)T =BT AT.
Proof
First suppose that A is a row vector an B is a column vector, i.e., m =p =1 . Then

by

)
AB :(al as - a") . :a1b1+a262+...+anbn

bn
ai

=(by by --- b,)| . | =BTAT.

Now we use the row-column rule for matrix multiplication. Let 71,7, ..., 7y, be the rows of A, and let ¢, ca, ..., ¢, be
the columns of B, so
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—Tri— r1€C1 Tr1C2 000 T1Cp
—To— | | | T2C1  T2C2 - T2Cp
AB =] . c1 Co S cp =
— Ty TmCl TmC2 - * TmCp
By the case we handled above, we have r;c; = c?r? . Then
i€t T2C1 - TmCr
T T1C2 T2C2 -+ TpC2
(AB)" =
TIC, ToCp - TmCp
T.T T,T o 7
Ty €Ty v CTm
T, T T, ... TpT
cary CyTy C3 T
T.T T,T T
Ty CpTy °° CpTm
I
R A |
z T T T T 4T
= . LT Tm B A
; | |
— i

& Proposition 4.1.4: Transpose Property

For any square matrix A, we have
det(A) = det(AT).
Proof
We follow the same strategy as in the proof of the multiplicativity property, Proposition 4.1.3 namely, we define
d(A) = det(A7),
and we show that d satisfies the four defining properties of the determinant. Again we use elementary matrices, also
introduced in the proof of the multiplicativity property, Proposition 4.1.3
1. Let C' be the matrix obtained by doing a row replacement on C, and let E be the elementary
matrix for this row replacement, so C' = EC . The elementary matrix for a row replacement is
either upper-triangular or lower-triangular, with ones on the diagonal:

0 3

1 1
Ri=Ri1+3R3: 10 0 R3s=R3+3R1:]0
0 1 3

S = O
= O O

1
0
It follows that E7 is also either upper-triangular or lower-triangular, with ones on the diagonal, so det(ET) =1 by this

Proposition 4.1.1 By the Fact 4.1.1and the multiplicativity property, Proposition 4.1.3

d(C") =det((C")T) = det((EC)T) = det(CTET)
= det(CT) det(ET) = det(CT) = d(C).

2. Let C' be the matrix obtained by scaling a row of C' by a factor of ¢, and let E be the elementary matrix for this row
replacement, so C' = EC . Then E is a diagonal matrix:
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Thus det(ET) = c. By the Fact 4.1.1and the multiplicativity property, Proposition 4.1.3
d(C") =det((C")T) = det((EC)T) = det(CTET)
=det(CT) det(ET) = cdet(CT) =c-d(C).

3. Let C' be the matrix obtained by swapping two rows of C, and let E be the elementary matrix for this row replacement,
so C' = EC' . The E is equal to its own transpose:

010 01 0\"
Ri«<—Ry: |1 0 O]=1(1 0 O

0 0 1 0 0 1

Since E (hence ET) is obtained by performing one row swap on the identity matrix, we have det(ET) = —1 . By the

Fact 4.1.1and the multiplicativity property, Proposition 4.1.3

d(C") = det((C")T) = det((EC)T) = det(CTET)
= det(CT) det(ET) = —det(CT) = —d(C).

4. Since I = I,,, we have
d(I,) = det(IT) = det(I,) = 1.

Since d satisfies the four defining properties of the determinant, it is equal to the determinant by the existence theorem
4.1.1 In other words, for all matrices A, we have

det(A) = d(A) = det(AT).

The transpose property, Proposition 4.1.4, is very useful. For concreteness, we note that det(A) = det(AT) means, for instance,

that
1 2 3 1 4 7
det| 4 5 6| =det| 2 5 8
7 8 9 3 6 9

This implies that the determinant has the curious feature that it also behaves well with respect to column operations. Indeed, a
column operation on A is the same as a row operation on A7, and det(4) = det(AT).

& Corollary 4.1.4

The determinant satisfies the following properties with respect to column operations:

1. Doing a column replacement on A does not change det(A).
2. Scaling a column of A by a scalar ¢ multiplies the determinant by c.
3. Swapping two columns of a matrix multiplies the determinant by —1.

The previous corollary makes it easier to compute the determinant: one is allowed to do row and column operations when
simplifying the matrix. (Of course, one still has to keep track of how the row and column operations change the determinant.)

v/ Example 4.1.11

2 7 4
Computedet | 3 1 3

4 0 1
Solution
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It takes fewer column operations than row operations to make this matrix upper-triangular:

2 7T 4\ e (14T 4
313 —— [ -9 1 3
401 0 01

C=C,+9C, 9 7 4

— |0 1 3

0 0 1

We performed two column replacements, which does not change the determinant; therefore,

2 7 4 49 7 4
det | 3 1 3| =det| O 1 3| =49.
4 0 1 0 01

Multilinearity

The following observation is useful for theoretical purposes.

We can think of det as a function of the rows of a matrix:

— o —
—y—
det(vy,va,...,v,) =det
—u,—
& Proposition 4.1.5: Multilinearity Property
Let i be a whole number between 1 and 7, and fix n — 1 vectors vy, va, ..., V_1,Vit1,--.,Vnin R". Then the transformation
T:R"™ — R defined by
T(z) =det(vi,va, ..., Vi 1,Z,Vit1y---,Un)

is linear.
Proof

First assume that ¢ =1, so
T(z) =det(z,va, ..., vy).

We have to show that T satisfies the defining properties, Definition 3.3.1, in Section 3.3.

o By the first defining property, Definition 4.1.], scaling any row of a matrix by a number c¢ scales the determinant by a
factor of c. This implies that 7" satisfies the second property, i.e., that

T(cz) =det(cz,va, ..., v,) =cdet(z, v, ...,v,) =cT(x).
e We claim that T'(v+w) = T'(v) + T(w) .If w is in Span{v, va, ..., v, },then

w=cv+cvy+---+Cuvy,

for some scalars ¢, ¢y, . . . , ¢, Let A be the matrix with rows v+w, va, ..., v,, so T'(v+w) = det(4). By
performing the row operations
Ry =Ry —cRy; Ri=Ri—c3R;; ... Ri=Ri—c,R,,

the first row of the matrix A becomes

v4+w—(coua+ -+ +cpvp) =v+cv=(1+c).

Therefore,
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T(v+w)=det(4A) =det((1+c)v,vs,...,vy)
= (1+c)det(v,va,...,v,)
=T(v)+cT(v) =T(v) +T(cv).

Doing the opposite row operations
Ri=Ri+cRy; Ri=Ri+csR;; ... Ri=Ri+cR,
to the matrix with rows cv, ve, . . . , v, shows that

T(cv) = det(cv,va, ..., vy)
=det(cv+cova +- - +CpUn,V2,...,Un)
=det(w, va, . ..,v,) =T (w),

which finishes the proof of the first property in this case.

Now suppose that w is not in Span{v, vs, . . ., v, }. This implies that {v, vs, . . ., v, } is linearly dependent (otherwise it
would form a basis for R™), so T'(v) = 0. If v is not in Span{vs, ..., v, },then {vs, ..., v, }is linearly dependent by
the increasing span criterion, Theorem 2.5.2 in Section 2.5, so T'(z) = 0 for all z, as the matrix with rows

Z, V2, ..., Uy is not invertible. Hence we may assume v is in Span{ws, . .., v, }. By the above argument with the roles
of v and w reversed, we have T'(v+w) = T'(v) + T (w).

For i # 1, we note that

T(z) =det(vi,v2,- .-, Vi1, T, Vig1,---,Up)
= _det(m7v2’ ceeyVi1,V1, Vigly - - - 7Un)~

By the previously handled case, we know that —7" is linear:
—T'(cx) = —cT(x) —T(v+w) =-T(v)—T(w).

Multiplying both sides by —1, we see that T is linear.

For example, we have

- U1 - —V1— —Uv1—
det | — av+bw — | =adet| —ov— | +bdet| —w—
- U3 - —V3— —V3—

By the transpose property, Proposition 4.1.4, the determinant is also multilinear in the columns of a matrix:

det | vy av+bw wv3 | =adet | v; v wg | +bdet| vy w w3

X Remark: Alternative defining properties

In more theoretical treatments of the topic, where row reduction plays a secondary role, the defining properties of the
determinant are often taken to be:

1. The determinant det(A) is multilinear in the rows of A.
2. If A has two identical rows, then det(A) =0.
3. The determinant of the identity matrix is equal to one.

We have already shown that our four defining properties, Definition 4.1.1, imply these three. Conversely, we will prove that
these three alternative properties imply our four, so that both sets of properties are equivalent.

Defining property 2 is just the second defining property, Definition 3.3.1, in Section 3.3. Suppose that the rows of A are
V1,Va,...,V,. If we perform the row replacement R; = R; +cR; on A, then the rows of our new matrix are
V1,02, .+, Vi—1,V; +CVj, Viy1, ..., Vn, SO by linearity in the sth row,
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det(v1,va, ..., Vi1,V +CVj, Vit1,. .-, Vp)

=det(v1,v2,. .., Vio1,Vi, Vig1,- .., Vp) +cdet(vi,va, ..., 01,05, Vi1, .., Un)
= det(vl, V2yeee3Vi—1,Ui5Vjt1y--- ,’Un) = det(A),
where det(vi, v, . ..,vj-1,V;,Vit1,...,U,) =0 because v; is repeated. Thus, the alternative defining properties imply our

first two defining properties. For the third, suppose that we want to swap row ¢ with row j. Using the second alternative

defining property and multilinearity in the 7th and jth rows, we have

0 =det(vi,..., v +vj,...,0%+0j,...,0)

=det(vi,..., V..., 0 +Vj,...,0,)+det(vi,. .., V5. ..,V FVj, ..., U)
=det(vi,...,Viy.vsViyenn,Vp) +det(ve, ...,y 05,00, Up)
+det(vi,. .., Vjy .o v, Viyenn, ) Fdet(vi, .., V5, 0, V5,0, Un)
=det(vi,..., V..., Vj,..., ) +det(vr, ..., 0. .., 0,...,),
as desired.
v/ Example 4.1.12
We have
-1 0 0
2 =—|0]+2|1]4+3]0
3 0 0 1
Therefore,

-1 7 2 1 7 2
det| 2 -3 Z)Z—det 0 -3 2
3 0

7

1 1 1 1
2 0o 7 2
+2det| 1 -3 2| +3det|{ 0 -3 2
0 1 1 1 1 1

This is the basic idea behind cofactor expansions in Section 4.2.

X Summary: Magical Properties of the Determinant
1. There is one and only one function det: {n x n matrices} — R satisfying the four defining properties, Definition 4.1.1.
2. The determinant of an upper-triangular or lower-triangular matrix is the product of the diagonal entries.
3. A square matrix is invertible if and only if det(A) # 0; in this case,
1

det(A™!) = oA

4.1f A and B are n X n matrices, then
det(AB) = det(A) det(B).

5. For any square matrix A, we have

det(AT) = det(A).

6. The determinant can be computed by performing row and/or column operations.

This page titled 4.1: Determinants- Definition is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or
curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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4.2 Cofactor Expansions

4b Objectives

1. Learn to recognize which methods are best suited to compute the determinant of a given matrix.
2. Recipes: the determinant of a 3 x 3 matrix, compute the determinant using cofactor expansions.
3. Vocabulary words: minor, cofactor.

In this section, we give a recursive formula for the determinant of a matrix, called a cofactor expansion. The formula is recursive in
that we will compute the determinant of an n X n matrix assuming we already know how to compute the determinant of an
(n—1) x (n—1) matrix.

At the end is a supplementary subsection on Cramer’s rule and a cofactor formula for the inverse of a matrix.

Cofactor Expansions

A recursive formula must have a starting point. For cofactor expansions, the starting point is the case of 1 x 1 matrices. The
definition of determinant directly implies that

det(a)=a.

To describe cofactor expansions, we need to introduce some notation.

# Definition 4.2.1: Minor and Cofactor

Let A be an n X n matrix.

1. The (4, j) minor, denoted A;;, is the (n —1) x (n —1) matrix obtained from A by deleting the ith row and the jth
column.
2. The (4, j) cofactor C;; is defined in terms of the minor by

Note that the signs of the cofactors follow a “checkerboard pattern.” Namely, (—1)*™ is pictured in this matrix:

+ - + -
— + — —
+ - 4+ -
-+ - 4+
v/ Example 4.2.1
For
1 2 3
A=|4 5 6|,
7 8 9
compute Asg and Cos.
Solution
1 2
1 2 1 2
Ay = (7 3) =cra(; §)-cneo=s
7 8
Figure 4.2.1
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The cofactors Cj; of an n x n matrix are determinants of (n —1) x (n —1) submatrices. Hence the following theorem is in fact a
recursive procedure for computing the determinant.

& Theorem 4.2.1: Cofactor Expansion

Let A be an n x n matrix with entries a;;.
1.Forany: =1,2,...,n,we have
n
det(A) = Z aijCij = anCn +a2Ci + -+ - +ain Ciny.-
=1

This is called cofactor expansion along the ith row.
2.Forany j=1,2,...,n, we have

n
det(A) = Z aijCij = alelj -I—a,ngzj + .. —}—ananj.
=1

This is called cofactor expansion along the jth column.

Proof

First we will prove that cofactor expansion along the first column computes the determinant. Define a function
d: {n x n matrices} — R by

n

d(A) = Z(—l)i+1 a;1 det(Ail).
i—1
We want to show that d(A) = det(A) . Instead of showing that d satisfies the four defining properties of the determinant,
Definition 4.1.1, in Section 4.1, we will prove that it satisfies the three alternative defining properties, Remark: Alternative
defining properties, in Section 4.1, which were shown to be equivalent.

1. We claim that d is multilinear in the rows of A. Let A be the matrix with rows vy, V9, ..., V; 1,0+ W, Vii1,...,Up:
a1l a12 a13
A=| bi+cg by+ca bs+cs
as 1 (132 (133

Here we let b; and c¢; be the entries of v and w, respectively. Let B and C' be the matrices with rows

V1, U2y« e vy Vi1, Uy Vitly---yUp aNd V1, V..., Vi1, W, Vit1,-- -, Un, lESPECtively:
a11 a12 a13 a11 012 a13

B= b1 b2 b3 C= C1 Co C3
(131 a32 a33 a31 a32 a33

We wish to show d(A) =d(B)+d(C) .Fori #1, the (i, 1)-cofactor of A is the sum of the (i’, 1)-cofactors of B
and C, by multilinearity of the determinants of (n —1) x (n —1) matrices:

2 a3
—1)*" det(A43;) = (—1 3+1det( = ! )
(1) det(g) = (-1 et 2 40

— (=1)*" det (6112 a13) +(—1)** det (012 a13)
by

b3 Cy C3
= (—1)3+1 det(Bgl) + (—1)3+1 det(Cgl).

On the other hand, the (%, 1)-cofactors of A, B, and C are all the same:

a32 a33
= (—1)2+1 det(le) = (—1)2+1 det(021).

(—=1)* det(Az1) = (~1)**" det (a12 a13)
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Now we compute
d(A) = (=1)"" (b + ;) det(Ain) + Y _(—1)" " aq det(Ayy)
il
= (—1)""b; det(Bi1) + (—1)" ¢; det(Cir)
+3 (—1)" " ay (det(By,) +det(Cyy))
i'#i

= [(—1)i+1 bi det(Bil) + Z(—l)i/-Haﬂ det(Bi/l)
i'#1

+ [(—1)1‘+1 cidet(Can) + > _(—1)"ay det(q.,l)]
i'#i
=d(B)+d(C),
as desired. This shows that d(A) satisfies the first defining property in the rows of A.
We still have to show that d(A) satisfies the second defining property in the rows of A. Let B be the matrix obtained by
scaling the ith row of A by a factor of ¢:

ail a2 ais aii a2 a3
A= ax axn a3 B=| cas cazx cass
asy asz2 ass asi agz2 ass

We wish to show that d(B) = cd(A) . For ¢’ # 1, the (i, 1)-cofactor of B is c times the (i’, 1)-cofactor of A, by
multilinearity of the determinants of (n —1) X (n —1) -matrices:

(_1)3+1 det(B31) = (_1)3+1 det ( a2 a3 )
Cazz Caz3

= (—1)3*!. cdet (a12 a13) = (=1)3*1. cdet(A3).

Gz2 Q23

On the other hand, the (%, 1)-cofactors of A and B are the same:

(—1)%* det(Ba1) = (—1)2*! det (a12 a13> = (—1)2*! det(Ay).
az2 ass

Now we compute

d(B) = (—1)"ca; det(By)+ Y (~1)" "z det(By;)

i'#i
= (—1)"" can det(An) + > _(—1)"ay; - cdet(Ay;)
i'#i
=cC I:(—].)Prl Ca;1 det(Ail) + Z(—l)il+1 ;' det(Airl )]
i' i

=cd(4),

as desired. This completes the proof that d(A) is multilinear in the rows of A.
2. Now we show that d(A) = 0 if A has two identical rows. Suppose that rows 41, i of A are identical, with ¢; < 4:

aix a2 13 a4
a1 Q22 (23 Q24
A =
aszy as2 as3 as4
aix a2 13 a4

If 4 # 41,42 then the (%, 1)-cofactor of A is equal to zero, since A;; isan (n —1) x (n—1) matrix with identical rows:

https://math.libretexts.org/@go/page/70203
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a12 aiz a4
(—1)2+1 det(A21) = (—1)2+1 det asa Qg3 Qas4 =0.

a2 Qi3 Qa4

The (21, 1)-minor can be transformed into the (i3, 1)-minor using i3 —¢; —1 row swaps:

Agy (33 Qyg Qyy Qg3 dyg D Az 43 Ay
Ay =| A3z d33 A3y 5 Ay Ay3 Qg Ay dy3 Ay [=Ay
Ay Qi3 dyg Uzp U3z d3q Qzpy U3zz 34
Figure 4.2.2

2. Therefore,
(—1)i1+1 det(Aill) = (—1)i1+1 . (—1)i2_i1_1 det(Aizl) = —(—1)i2+1 det(AiZl).

The two remaining cofactors cancel out, so d(A) = 0, as desired.
3. It remains to show that d(I,,) = 1. The first is the only one nonzero term in the cofactor expansion of the identity:

d(I,)=1-(-1)"" det(I,_;) = 1.
This proves that det(A) = d(A), i.e., that cofactor expansion along the first column computes the determinant.

Now we show that cofactor expansion along the jth column also computes the determinant. By performing j—1 column
swaps, one can move the jth column of a matrix to the first column, keeping the other columns in order. For example, here
we move the third column to the first, using two column swaps:

™ e

ap; aip dy3| dyg Ay i3 | Az dgg Q3| Ay Ay Ay

Qg1 Oy da3 Qg ayp Q3| daz dog Qg3 | Apy dpp dpg

A3y Qzy dzz| sy a3; Q33| dzz dzg (33| A3y d3) dzq

Q41 Qg Q43 Qg Ag1 Q43| Qg2 dgy Qg3 | Qgp Q41 gy
Figure 4.2.3

Let B be the matrix obtained by moving the jth column of A to the first column in this way. Then the (%, j) minor A;; is
equal to the (¢,1) minor B;j, since deleting the 4th column of A is the same as deleting the first column of B. By
construction, the (%, j)-entry a;; of A is equal to the (¢,1)-entry b; of B. Since we know that we can compute
determinants by expanding along the first column, we have

n n

det(B) =) (—1)"*'b; det(Bi) = _(—1)"'a;; det(Aj;).

i=1 i=1

Since B was obtained from A by performing j— 1 column swaps, we have

det(4) = (-1)"" det(B) = (~1)"* D (~1)"ay det(4y)

= zn:(—l)”jaij det(4;;).

=1
This proves that cofactor expansion along the ith column computes the determinant of A.

By the transpose property, Proposition 4.1.4 in Section 4.1, the cofactor expansion along the ith row of A is the same as the
cofactor expansion along the ith column of AT. Again by the transpose property, we have det(A) =det(AT), so
expanding cofactors along a row also computes the determinant.

Note that the theorem actually gives 2n different formulas for the determinant: one for each row and one for each column. For
instance, the formula for cofactor expansion along the first column is
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n
det(A) = Z a;1Cn = a11C11 +a21Co1 + -+ +an1Cn1
i=1
= a1 det(An) —as det(A21) +as; det(Agl) —eE Qan1l det(Anl).
Remember, the determinant of a matrix is just a number, defined by the four defining properties, Definition 4.1.1 in Section 4.1, so
to be clear:

You obtain the same number by expanding cofactors along any row or column.

Now that we have a recursive formula for the determinant, we can finally prove the existence theorem, Theorem 4.1.1 in Section
4.1.

Let us review what we actually proved in Section 4.1. We showed that if det: {n X n matrices} — R is any function
satisfying the four defining properties of the determinant, Definition 4.1.1 in Section 4.1, (or the three alternative defining
properties, Remark: Alternative defining properties,), then it also satisfies all of the wonderful properties proved in that section.
In particular, since det can be computed using row reduction by Recipe: Computing Determinants by Row Reducing, it is
uniquely characterized by the defining properties. What we did not prove was the existence of such a function, since we did not
know that two different row reduction procedures would always compute the same answer.

Consider the function d defined by cofactor expansion along the first row:

mn

d(A) = (~1)"* a; det(4q).

i=1

If we assume that the determinant exists for (n —1) x (n —1) matrices, then there is no question that the function d exists,
since we gave a formula for it. Moreover, we showed in the proof of Theorem 4.2.1 above that d satisfies the three alternative
defining properties of the determinant, again only assuming that the determinant exists for (n —1) X (n —1) matrices. This
proves the existence of the determinant for n X n matrices!

This is an example of a proof by mathematical induction. We start by noticing that det (a¢ ) = a satisfies the four defining
properties of the determinant of a 1 x 1 matrix. Then we showed that the determinant of n X n matrices exists, assuming the
determinant of (n —1) X (n —1) matrices exists. This implies that all determinants exist, by the following chain of logic:

1 x1exists — 2 x2exists — 3 x 3 exists —

v/ Example 4.2.2

Find the determinant of

Solution
We make the somewhat arbitrary choice to expand along the first row. The minors and cofactors are
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—2 3
—2 2

Figure 4.2.4
Thus,
det(A) = a11C11 +a12C12 +a13C13 = (2)(4) +(1)(1) + (3)(2) = 15.

v/ Example 4.2.3: The Determinant of a 2 x 2 Matrix
Let us compute (again) the determinant of a general 2 X 2 matrix
A= (“ b ) .
c d

The minors are

Figure 4.2.5

The minors are all 1 x 1 matrices. As we have seen that the determinant of a 1 x 1 matrix is just the number inside of it, the
cofactors are therefore

C11 =+det(411) =d Ci2 = —det(412) = —c
Cy = —det(A21) =-b Co = +det(A22) =@

Expanding cofactors along the first column, we find that
det(A4) = aCy1 +cCs1 = ad — be,

which agrees with the formulas in Definition 3.5.2 in Section 3.5 and Example 4.1.6 in Section 4.1.

v Example 4.2.4: The Determinant of a 3 x 3 Matrix

We can also use cofactor expansions to find a formula for the determinant of a 3 x 3 matrix. Let is compute the determinant of

a1 a2 413
A=\ an axn a3

aszyp agz2 ass

by expanding along the first row. The minors and cofactors are:
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asy a a
Ay = _ ( 22 23) Cy= +det( 22 23)
3z dz3 azz ds3
a, a a a
Ay = _ ( 21 23) Cpp= —det( 21 23)
Qs dss a3 dsz
a, a a a
Ay = _ ( 21 22) Cps = +det( 21 22)
azp Az Az dszy

Figure 4.2.6
The determinant is:
det(4) =a11C11+a12C12 +a13C13
a2 Qg3 a1 asgg a1 a2
= aj; det ( —aq2 det + a3 det
azz a3 aszr ass asr  asz2
=ai (a22a33 - 023032) —azz2 (021033 - a23a31) + 013(0210!32 - 022031)
= 11022033 +a12a23031 + Q13021032 — Q13022031 — (11023032 — G12A21033-

The formula for the determinant of a 3 x 3 matrix looks too complicated to memorize outright. Fortunately, there is the following
mnemonic device.

X Recipe: Computing the Determinant of a 3 x 3 Matrix

To compute the determinant of a 3 x 3 matrix, first draw a larger matrix with the first two columns repeated on the right. Then
add the products of the downward diagonals together, and subtract the products of the upward diagonals:

aip G2 aig

Q11022033 + A12a23031 + Q13021032
det a1 a9 ass =

—Qa130a220a31 — 11023032 — 412021033
asz;p ag2 ass

dyp dyp @iz dp Apn ap 4y @43 dyp ayp

gy Qyy gz Ay dyp — Ay Ay dpz Ay dyp

dz) Qzp dzz dz; Az a3y Qzp dzz d3; d3p
Figure 4.2.7

Alternatively, it is not necessary to repeat the first two columns if you allow your diagonals to “wrap around” the sides of a matrix,
like in Pac-Man or Asteroids.

v/ Example 4.2.5

Find the determinantof A= | 2 0 -1
4 -3 1

Solution

We repeat the first two columns on the right, then add the products of the downward diagonals and subtract the products of the
upward diagonals:
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L 3 B I 3 1 3 5 1 2
2 M N 0 — 2 40V 1al 0
4 =3 Ve 1+ 3
Figure 4.2.8
L33 ()0)@)+6)1)@)+6)@)(-3)
det | 2 0 -1 | = = —51.
L —(5)(0)(4) — (1)(~1)(=3) - (3)(2)(1)

Cofactor expansions are most useful when computing the determinant of a matrix that has a row or column with several zero
entries. Indeed, if the (¢, j) entry of A is zero, then there is no reason to compute the (%, j) cofactor. In the following example we
compute the determinant of a matrix with two zeros in the fourth column by expanding cofactors along the fourth column.

v/ Example 4.2.6

Find the determinant of

A =
1 3 -2 0
-1 6 4 0
Solution
The fourth column has two zero entries. We expand along the fourth column to find
-2 -3 2 2 5 -3
det(A) =2det| 1 3 —2|—-5det| 1 3 -2
-1 6 4 -1 6 4

— 0 det(don’t care) + 0 det(don’t care).

We only have to compute two cofactors. We can find these determinants using any method we wish; for the sake of illustration,
we will expand cofactors on one and use the formula for the 3 X 3 determinant on the other.

Expanding along the first column, we compute

-2 -3 2
det 1 3 -2
-1 6 4

:—2det(3 _2)—det(_3 2)—det<_3 2 )
6 4 6 4 3 =2
=-2(24)—(—24)—-0=—-48+24+0=—24.

Using the formula for the 3 x 3 determinant, we have

2 5 -3
wl 1 5 |- @O@WEEIEDHEHWE) gy
I ~(2)(=2)(6) - (5)(1)(4) — (-3)3)(-1)

Thus, we find that
det(A) =2(—24) —5(11) = —103.

Cofactor expansions are also very useful when computing the determinant of a matrix with unknown entries. Indeed, it is
inconvenient to row reduce in this case, because one cannot be sure whether an entry containing an unknown is a pivot or not.
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Compute the determinant of this matrix containing the unknown \:

Solution
First we expand cofactors along the fourth row:

det(A) =0det(---)+0det(.-.)+0det(.-.)

A 2 7
+(2-N)det| 3 1-x 2
0 1 -A

We only have to compute one cofactor. To do so, first we clear the (3,3)-entry by performing the column replacement
C3 = C3 + AC5, which does not change the determinant:

A 2 7 A2 742\
det| 3 1-XA 2 |=det| 3 1-A 2+a1-N
0 1 - 0 1 0

Now we expand cofactors along the third row to find

A2 742X
det| 3 1-X 24A(1-2)) :(_1)2+3det<—/\ 742X )
0 1 0 3 24A1-2)

- _(—A(2+)\(1 ) —3(7+2/\))
=2+ A2 +8)+21.

Therefore, we have

det(A) = (2= A)(—A> + X 481 +21) = X* —3X% —6)% —5) +42.

It is often most efficient to use a combination of several techniques when computing the determinant of a matrix. Indeed, when
expanding cofactors on a matrix, one can compute the determinants of the cofactors in whatever way is most convenient. Or, one
can perform row and column operations to clear some entries of a matrix before expanding cofactors, as in the previous example.

X Note 4.2.2: Summary: Methods for Computing Determinants

We have several ways of computing determinants:

1. Special formulas for 2 X 2 and 3 X 3 matrices.
This is usually the best way to compute the determinant of a small matrix, except for a 3 x 3 matrix with several zero
entries.
2. Cofactor expansion.
This is usually most efficient when there is a row or column with several zero entries, or if the matrix has unknown entries.
3. Row and column operations.
This is generally the fastest when presented with a large matrix which does not have a row or column with a lot of zeros in
it.
4. Any combination of the above.
Cofactor expansion is recursive, but one can compute the determinants of the minors using whatever method is most
convenient. Or, you can perform row and column operations to clear some entries of a matrix before expanding cofactors.
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l Remember, all methods for computing the determinant yield the same number.

Cramer’s Rule and Matrix Inverses

Recall from Proposition 3.5.1 in Section 3.5 that one can compute the determinant of a 2 X 2 matrix using the rule

a=(0h) = a0 )

We computed the cofactors of a 2 x 2 matrix in Example 4.2.3; using C1; =d, C13 = —¢, Cy1 = —b, Cy3 = a, we can rewrite

the above formula as
Al = ;(Cn C21>
det (A) 012 022 '

It turns out that this formula generalizes to n X n matrices.

& Theorem 4.2.2

Let A be an invertible n x n matrix, with cofactors Cj;. Then
Cu Cu -+ Chap Cn1
Ci2 Cy -+ Chip Chra
1
=
= 4.2.1
det(A) : : : : ( )
Cin1 Copa - Cpiina Chpna
Cln C2n e Cn—l,n Cnn

The matrix of cofactors is sometimes called the adjugate matrix of A, and is denoted adj(A):

Cu Cy -+ Cho Cn1
Ciz Cyp -+ Chop Chra
adj(4) = : . : :
Cina Copr -+ Cpoina1 Cppa
Cln C2n e Cnfl,n Cnn

Note that the (2, j) cofactor C;; goes in the (3, %) entry the adjugate matrix, not the (¢, j) entry: the adjugate matrix is the transpose
of the cofactor matrix.

In fact, one always has A - adj(A) = adj(A) - A =det(A)I,, whether or not A is invertible.

v/ Example 4.2.8

Use the Theorem 4.2.2to compute A~!, where

== O
S~

Solution
The minors are:
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0 1 11 1 0
a=(7 1) ae=(y 1) As=(y 1)

The cofactors are:

Cu=-1 Cip=1 Ci3=-1
Co=1 Crp=-1 Cys=—1
Cs=-1 Csp=-1 Ci3=1

Expanding along the first row, we compute the determinant to be
det(A) =1-C11+0-Ci2+1-Ci3=-2.

Therefore, the inverse is

1 Cll 021 031 1 -1 1 -1
=l
=75 C2 Cp Cp|=-751 -1 -1
A 2
det(4) Ciz3 Cy Cs -1 -1 1

It is clear from the previous example that (4.2.1)is a very inefficient way of computing the inverse of a matrix, compared to
augmenting by the identity matrix and row reducing, as in Subsection Computing the Inverse Matrix in Section 3.5. However, it
has its uses.

o If a matrix has unknown entries, then it is difficult to compute its inverse using row reduction, for the same reason it is difficult
to compute the determinant that way: one cannot be sure whether an entry containing an unknown is a pivot or not.

« This formula is useful for theoretical purposes. Notice that the only denominators in (4.2.1) occur when dividing by the
determinant: computing cofactors only involves multiplication and addition, never division. This means, for instance, that if the
determinant is very small, then any measurement error in the entries of the matrix is greatly magnified when computing the
inverse. In this way, (4.2.1)is useful in error analysis.

The proof of Theorem 4.2.2 uses an interesting trick called Cramer’s Rule, which gives a formula for the entries of the solution of
an invertible matrix equation.

& Theorem 4.2.3: Cramer's Rule

Let z = (z1, Z2, . . . , &y be the solution of Az = b, where A is an invertible n X n matrix and b is a vector in R". Let A; be
the matrix obtained from A by replacing the ¢th column by b. Then

¥ det(A)
Proof

First suppose that A is the identity matrix, so that = b. Then the matrix A; looks like this:

10 b 0

01 b 0

0 0 b O

0 0 by 1

Expanding cofactors along the sth row, we see that det(A;) = b;, so in this case,
det(Al)
Tr; = bl = det(A,) = .

det(A)
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Now let A be a general n X n matrix. One way to solve Az = b is to row reduce the augmented matrix ( A | b); the result
is (I, | ). By the case we handled above, it is enough to check that the quantity det(A;)/ det(A4) does not change when
we do a row operation to (A | b), since det(4;)/ det(A) =z; when A=1,.

1. Doing a row replacement on ( A | b) does the same row replacement on A and on A;:

v/ Example 4.2.9

a1 a2 a3 | b i ann ais a3 by
a1 G2 g3 | by _— a1 —2a31  azx —2a32  az3—2as3 | by —2b3
a3 az asz | b3 a1 azz as3 b3
a11 612 013 Ry—R, 2R, a11 a2 a13
az1 G2 Qg3 e a1 —2a31 a2 —2a3y a3 —2as3
as; azy 0G33 as; a3y as3
a1 b a3 i a1 by a13
as1 by aps _— a1 —2a31 by —2b3  az3—2as;3
a31 b3 as3 a3 b3 as3

In particular, det(A) and det(A;) are unchanged, so det(A)/ det(4;) is unchanged.
2. Scaling arow of (A | b) by a factor of ¢ scales the same row of A and of A; by the same factor:

a1 a2 a3 | by Ry—ch, a1 a2 a3 b
a1 ax a3 | by — cas1 cass cass cby
a3 azy asz | bs a1 asx asz b3

a1 a1p a a a a

11 G2 a3 . 1 12 13

az1 Q29 Qa3 —_— Caz1 Cagz Cas3

azr a2 a3z a31  azx  ass

ann b a3 Ry—cR, an b ais

asi b2 ass —_— cazy Cb2 Cas3

a31 by ass a1 by as

In particular, det(A) and det(A;) are both scaled by a factor of ¢, so det(A4;)/ det(A) is unchanged.
3. Swapping two rows of (A | b) swaps the same rows of A and of 4;:

ain a2 a3 [ b RisR, a1 a2 a3 | by
a1 az a3 | by E— a;1 a2 a3 | by
a3 az asz | b3 az1 az asz | b3
aj; aip G613 . a1 G 93
a1 Qg2 Qg3 —_— ail a2 aig
a3 a3 a33 a1 a3y 33
ain b ass RisR, az1 by a3
a1 by a3 E— a;1 b as
a31 b3 as3 az1 b3 as3

In particular, det(A) and det(A;) are both negated, so det(A;)/ det(A) is unchanged.

Compute the solution of Az = b using Cramer’s rule, where

a=(0) =)
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Here the coefficients of A are unknown, but A may be assumed invertible.

Solution
First we compute the determinants of the matrices obtained by replacing the columns of A with b:

1 b

A1= (2 d) det(Al):d—Zb
1

Ay = (a ) det(42) =2a—c.
c 2

Now we compute

det(4;) d—2b det(A2) 2a-—c

det(4)  ad—bc det(4)  ad—bc’

- 1 d—2b
ad—bc\2a—c/’
Now we use Cramer’s rule to prove the first Theorem 4.2.2 of this subsection.

The jth column of A" is z; = A~ 'e;. This vector is the solution of the matrix equation

Az = A(A’lej) =I,ej =e;.

It follows that

By Cramer’s rule, the ¢th entry of z; is det(A;)/ det(A), where A; is the matrix obtained from A by replacing the ith column

of A by e;:
a;; a2 0 auy
A - | e oz 1 ay (=3, j=2)
’ a1 azx2 0 as4 ’

ay ag2 0 ay

Expanding cofactors along the ith column, we see the determinant of A; is exactly the (j, ¢)-cofactor Cj; of A. Therefore, the
jth column of A~! is

o
1 Cj
;= ,
7 det(4A)
Cin
and thus
Cu Ca Cr11 Cn1
| | Ci2 Co Cro12 Chra
1
A71 = 500 = .
o Tr ] T det(4) ~ ~
. | Cin1 Copna Cr-in1 Cn,n—1
Cln 0277, Cn—l,n Cnn

This page titled 4.2: Cofactor Expansions is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or
curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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4.3: Determinants and Volumes

4b Objectives

1. Understand the relationship between the determinant of a matrix and the volume of a parallelepiped.
2. Learn to use determinants to compute volumes of parallelograms and triangles.

3. Learn to use determinants to compute the volume of some curvy shapes like ellipses.

4. Pictures: parallelepiped, the image of a curvy shape under a linear transformation.

5. Theorem: determinants and volumes.

6. Vocabulary word: parallelepiped.

In this section we give a geometric interpretation of determinants, in terms of volumes. This will shed light on the reason behind
three of the four defining properties of the determinant, Definition 4.1.1 in Section 4.1. It is also a crucial ingredient in the change-
of-variables formula in multivariable calculus.

Parallelograms and Paralellepipeds

The determinant computes the volume of the following kind of geometric object.

# Definition 4.3.1: Paralellepiped

The paralellepiped determined by n vectors vy, va, . . . , v, in R™ is the subset

P={a1zi +aszs+- - +anz, |0<ay,as,...,a, <1}.

In other words, a parallelepiped is the set of all linear combinations of n vectors with coefficients in [0,1]. We can draw
parallelepipeds using the parallelogram law for vector addition.

v/ Example 4.3.1: The Unit Cubte

The parallelepiped determined by the standard coordinate vectors ej, eg, . . . , e, is the unit n-dimensional cube.

P

Figure 4.3.1

v/ Example 4.3.2: Parallelograms

When n = 2, a paralellepiped is just a paralellogram in R?. Note that the edges come in parallel pairs.

Va

Vi

Figure 4.3.2
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v/ Example 4.3.3

When n = 3, a parallelepiped is a kind of a skewed cube. Note that the faces come in parallel pairs.

Figure 4.3.3

When does a parallelepiped have zero volume? This can happen only if the parallelepiped is flat, i.e., it is squashed into a lower

dimension.
Y
vy ¥
Figure 4.3.4
This means exactly that {v,va, . .., v, } is linearly dependent, which by Corollary 4.1.1 in Section 4.1 means that the matrix with
rows v1, Vs, . . . , Un has determinant zero. To summarize:
X Key Observation 4.3.1
The parallelepiped defined by vy, vs, ..., v, has zero volume if and only if the matrix with rows vy, vs,...,v, has zero

determinant.

Determinants and Volumes

The key observation above is only the beginning of the story: the volume of a parallelepiped is always a determinant.

& Theorem 4.3.1: Determinants and Volumes

Let v, vs, .. ., v, be vectors in R™, let P be the parallelepiped determined by these vectors, and let A be the matrix with rows
V1, V9, . .., Unp. Then the absolute value of the determinant of A is the volume of P:

| det(A)| = vol(P).

Proof

Since the four defining properties, Definition 4.1.1 in Section 4.1, characterize the determinant, they also characterize the
absolute value of the determinant. Explicitly, | det | is a function on square matrices which satisfies these properties:

1. Doing a row replacement on A does not change | det(A)|.
2. Scaling a row of A by a scalar ¢ multiplies | det(A)| by |c|.
3. Swapping two rows of a matrix does not change | det(A4)].
4. The determinant of the identity matrix I,, is equal to 1.
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The absolute value of the determinant is the only such function: indeed, by Recipe: Computing Determinants by Row
Reducing in Section 4.1, if you do some number of row operations on A to obtain a matrix B in row echelon form, then

(product of the diagonal entries of B)

| det(A)| = ;
(product of scaling factors used)
For a square matrix A, we abuse notation and let vol(A4) denote the volume of the paralellepiped determined by the rows of
A. Then we can regard vol as a function from the set of square matrices to the real numbers. We will show that vol also
satisfies the above four properties.

1. For simplicity, we consider a row replacement of the form R,, = R,, + cR; . The volume of a paralellepiped is the
volume of its base, times its height: here the “base” is the paralellepiped determined by v;, vs, . . ., v, 1, and the
“height” is the perpendicular distance of v,, from the base.

Figure 4.3.5

1. Translating v, by a multiple of v; moves v, in a direction parallel to the base. This changes neither the base nor the
height! Thus, vol(A) is unchanged by row replacements.

“.‘height__.".

»

Figure 4.3.6

2. For simplicity, we consider a row scale of the form R,, = cR,,. This scales the length of v,, by a factor of |c|, which
also scales the perpendicular distance of v,, from the base by a factor of |c|. Thus, vol(A) is scaled by |c|.
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Figure 4.3.7
3. Swapping two rows of A just reorders the vectors vy, v2, . . . , U, hence has no effect on the parallelepiped determined

by those vectors. Thus, vol(A) is unchanged by row swaps.

vy N W

Figure 4.3.8

4. The rows of the identity matrix I,, are the standard coordinate vectors ej, es, . . . , €,. The associated paralellepiped is
the unit cube, which has volume 1. Thus, vol(Z,) =1.

Since | det | is the only function satisfying these properties, we have
vol(P) =vol(A) = | det(A)|.

This completes the proof.

Since det(A) = det(AT) by the transpose property, Proposition 4.1.4 in Section 4.1, the absolute value of det(A) is also equal to
the volume of the paralellepiped determined by the columns of A as well.
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A1 x1 matrix A is just a number (g ). In this case, the parallelepiped P determined by its one row is just the interval [0, a]
(or [a, 0] if @ < 0). The “volume” of a region in R' =R is just its length, so it is clear in this case that vol(P) = |a|.

vol(P) = |a|

Figure 4.3.9

v/ Example 4.3.5: Area

When A is a 2 x 2 matrix, its rows determine a parallelogram in R?. The “volume” of a region in R? is its area, so we obtain a
formula for the area of a parallelogram: it is the determinant of the matrix whose rows are the vectors forming two adjacent
sides of the parallelogram.

a area = det(a b) = |ad — bc|
b c d

Figure 4.3.10

It is perhaps surprising that it is possible to compute the area of a parallelogram without trigonometry. It is a fun geometry
problem to prove this formula by hand. [Hint: first think about the case when the first row of A lies on the z-axis.]

v/ Example 4.3.6

Find the area of the parallelogram with sides (1, 3) and (2, —3).

Figure 4.3.11

Solution
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The area is

1

det( 3)‘:|—3—6|:9.
2 -3

v/ Example 4.3.7

Find the area of the parallelogram in the picture.

Figure 4.3.12

Solution
We choose two adjacent sides to be the rows of a matrix. We choose the top two:

Figure 4.3.13

Note that we do not need to know where the origin is in the picture: vectors are determined by their length and direction, not

-1 —4
det =1[14+8|=09.
e(z —1)‘ 1+8]

where they start. The area is
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Find the area of the triangle with vertices (-1, —2), (2, —1), (1, 3).

Figure 4.3.14

Solution
Doubling a triangle makes a paralellogram. We choose two of its sides to be the rows of a matrix.

Figure 4.3.15

The area of the parallelogram is

2
det > ’:|2—15| =13,
31

so the area of the triangle is 13/2.

You might be wondering: if the absolute value of the determinant is a volume, what is the geometric meaning of the determinant
without the absolute value? The next remark explains that we can think of the determinant as a signed volume. If you have taken an
integral calculus course, you probably computed negative areas under curves; the idea here is similar.
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Theorem 4.3.1 on determinants and volumes tells us that the absolute value of the determinant is the volume of a
paralellepiped. This raises the question of whether the sign of the determinant has any geometric meaning.

A1 x 1 matrix A is just a number ( a ). In this case, the parallelepiped P determined by its one row is just the interval [0, a] if
a >0, and it is [a, 0] if @ < 0. In this case, the sign of the determinant determines whether the interval is to the left or the right
of the origin.

For a 2 x 2 matrix with rows vy, v3, the sign of the determinant determines whether vs is counterclockwise or clockwise from
v;. That is, if the counterclockwise angle from v; to vs is less than 180°, then the determinant is positive; otherwise it is
negative (or zero).

V2 Vl

V1 Va2

det( ! ):»O det( ! )<0
Figure 4.3.16
For example, if v; = (§), then the counterclockwise rotation of v; by 90° is vy = (_ab) by Example 3.3.8 in Section 3.3, and
b
det(a >:a2+b2>0.
-b a

On the other hand, the clockwise rotation of v; by 90° is ( b ) and

det(a b)z—a2—b2<0.
b —a

For a 3 x 3 matrix with rows vy, vy, v3, the right-hand rule determines the sign of the determinant. If you point the index
finger of your right hand in the direction of v; and your middle finger in the direction of vs, then the determinant is positive if
your thumb points roughly in the direction of v3, and it is negative otherwise.

det| —v;— | >0 det| —v;— | <0
Figure 4.3.17

In higher dimensions, the notion of signed volume is still important, but it is usually defined in terms of the sign of a
determinant.

GNU Free Documentation License

https://math.libretexts.org/@go/page/70204


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70204?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/03%3A_Linear_Transformations_and_Matrix_Algebra/3.03%3A_Linear_Transformations#Example_.5C(.5CPageIndex.7B8.7D.5C):_The_matrix_of_a_rotation
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/03%3A_Linear_Transformations_and_Matrix_Algebra/3.03%3A_Linear_Transformations

LibreTexts"

Volumes of Regions

Let A be an n X n matrix with columns vy, v, ..., v,, and let T: R™ — R" be the associated matrix transformation, Definition
3.1.3 in Section 3.1, T'(z) = Az. Then T(e;) =wv; and T(ez) =wvq, so T takes the unit cube C to the parallelepiped P
determined by vy, va, ..., Us:
A T i
e C /l’|\l 4
ViV V2
5 |
€ ¥

Figure 4.3.18

Since the unit cube has volume 1 and its image has volume | det(A)|, the transformation 7' scaled the volume of the cube by a
factor of | det(A)|. To rephrase:

If A is an n x n matrix with corresponding matrix transformation 7": R™ — R", and if C' is the unit cube in R", then the
volume of T'(C) is | det(A4)].

The notation T'(S) means the image of the region S under the transformation T'. In set builder notation, Note 2.2.3 in Section 2.2,
this is the subset
T(S)={T(z) |z inS}.

In fact, T" scales the volume of any region in R" by the same factor, even for curvy regions.

& Theorem 4.3.2

Let A be an n X n matrix, and let 7': R™ — R™ be the associated matrix transformation T'(z) = Az. If S is any region in R",

then
vol(T'(S)) = | det(A)| - vol(S).
Proof
Let C be the unit cube, let vy, vs, . . . , v, be the columns of A, and let P be the paralellepiped determined by these vectors,
so T(C) =P and vol(P) =|det(A)|. For e >0 we let eC be the cube with side lengths ¢, i.e., the paralellepiped
determined by the vectors eey, €ea, . . . , €e,,, and we define eP similarly. By the second defining property, T" takes eC' to

eP. The volume of eC is €" (we scaled each of the n standard vectors by a factor of €) and the volume of eP is
€"| det(A)| (for the same reason), so we have shown that 7' scales the volume of eC' by | det(A)].

eyl eC

. L.

Te,

vol(eC) = g" vol(eP) = £"| det(A)|
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By the first defining property, Definition 3.3.1 in Section 3.3, the image of a translate of eC' is a translate of eP:

T(z+€eC)=T(z)+eT(C)=T(z)+eP.

Figure 4.3.19

Since a translation does not change volumes, this proves that 7" scales the volume of a translate of eC' by | det(A)|.

At this point, we need to use techniques from multivariable calculus, so we only give an idea of the rest of the proof. Any
region S can be approximated by a collection of very small cubes of the form x +eC . The image T'(S) is then
approximated by the image of this collection of cubes, which is a collection of very small paralellepipeds of the form
T(z)+e€P .

Figure 4.3.20

The volume of S is closely approximated by the sum of the volumes of the cubes; in fact, as € goes to zero, the limit of this
sum is precisely vol(S). Likewise, the volume of T'(S) is equal to the sum of the volumes of the paralellepipeds, take in
the limit as e — 0. The key point is that the volume of each cube is scaled by | det(A)|. Therefore, the sum of the volumes
of the paralellepipeds is |det(A)| times the sum of the volumes of the cubes. This proves that
vol(T'(S)) = | det(A)|vol(S).

v/ Example 4.3.9

Let S be a half-circle of radius 1, let

A:(l 2),
2 1

and define T: R? — R? by T'(z) = Az. What is the area of T'(S)?

)

2 1

Figure 4.3.21

Solution

The area of the unit circle is 7, so the area of S is w/2 The transformation T scales areas by a factor of
|det(A)] =|1—4| =3, so
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| vol(T'(S)) = 3vol(S) = 5

v/ Example 4.3.10: Area of an ellipse

Find the area of the interior E of the ellipse defined by the equation
2x —y 2+ y+3z 2_1
2 3 -
Solution

This ellipse is obtained from the unit circle X2 +Y 2 =1 by the linear change of coordinates

In other words, if we define a linear transformation T': R? — R? by

2(3)=(wromys)

then T (z) lies on the unit circle C' whenever (z) lies on E.

(1 %)

Figure 4.3.22

We compute the standard matrix A for T' by evaluating on the standard coordinate vectors:

—1/2 1 -1/2

(1) _ (! (0 _ (Y oA /2Y
0 1 1 1/3 1 1/3

Therefore, T' scales areas by a factor of | det(A)| = | + 4| = 2. The area of the unit circle is 7, so

7 =vol(C) = vol(T(E)) = | det(A)| - vol(E) = %vol(E),

and thus the area of F is 67 /5.

X Remark: Multiplicativity of | det |

The above Theorem 4.3.2 also gives a geometric reason for multiplicativity of the (absolute value of the) determinant. Indeed,
let A and B be n x n matrices, and let T, U: R™ — R™ be the corresponding matrix transformations. If C' is the unit cube,
then

vol (T o U(C)) =vol (T(U(C))) = | det(A)[vol(U(C))
= | det(A)| - | det(B)|vol(C)
— | det(A)|-| det(B)|.
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On the other hand, the matrix for the composition 7o U is the product AB, so
vol(T o U(C)) =| det(AB)|vol(C) = | det(AB)|.
Thus | det(AB)| = | det(A)| - | det(B)] .

This page titled 4.3: Determinants and Volumes is shared under a GNU Free Documentation License 1.3 license and was authored, remixed,

and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

5: Eigenvalues and Eigenvectors

Solve the matrix equation Ax = Ax.

This chapter constitutes the core of any first course on linear algebra: eigenvalues and eigenvectors play a crucial role in most real-
world applications of the subject.

v/ Example 5.1

In a population of rabbits,

1. half of the newborn rabbits survive their first year;

2. of those, half survive their second year;

3. the maximum life span is three years;

4. rabbits produce 0, 6, 8 baby rabbits in their first, second, and third years, respectively.

What is the asymptotic behavior of this system? What will the rabbit population look like in 100 years?

Randomize starting population

Figure 5.1: Left: the population of rabbits in a given year. Right: the proportions of rabbits in that year. Choose any values you
like for the starting population, and click “Advance 1 year” several times. What do you notice about the long-term behavior of
the ratios? This phenomenon turns out to be due to eigenvectors.

In Section 5.1, we will define eigenvalues and eigenvectors, and show how to compute the latter; in Section 5.2 we will learn to
compute the former. In Section 5.3 we introduce the notion of similar matrices, and demonstrate that similar matrices do indeed
behave similarly. In Section 5.4 we study matrices that are similar to diagonal matrices and in Section 5.5 we study matrices that
are similar to rotation-scaling matrices, thus gaining a solid geometric understanding of large classes of matrices. Finally, we spend
Section 5.6 presenting a common kind of application of eigenvalues and eigenvectors to real-world problems, including searching
the Internet using Google’s PageRank algorithm.

5.1: Eigenvalues and Eigenvectors
5.2: The Characteristic Polynomial
5.4: Diagonalization

5.5: Complex Eigenvalues

5.6: Stochastic Matrices

5.3: Similarity
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5.1: Eigenvalues and Eigenvectors

4b Learning Objectives

1. Learn the definition of eigenvector and eigenvalue.

2. Learn to find eigenvectors and eigenvalues geometrically.

3. Learn to decide if a number is an eigenvalue of a matrix, and if so, how to find an associated eigenvector.
4. Recipe: find a basis for the A-eigenspace.

5. Pictures: whether or not a vector is an eigenvector, eigenvectors of standard matrix transformations.

6. Theorem: the expanded invertible matrix theorem.

7. Vocabulary word: eigenspace.

8. Essential vocabulary words: eigenvector, eigenvalue.

In this section, we define eigenvalues and eigenvectors. These form the most important facet of the structure theory of square
matrices. As such, eigenvalues and eigenvectors tend to play a key role in the real-life applications of linear algebra.

Eigenvalues and Eigenvectors

Here is the most important definition in this text.

# Definition 5.1.1: Eigenvector and Eigenvalue

Let A be an n X n matrix.

1. An eigenvector of A is a nonzero vector v in R" such that Av = \v, for some scalar \.
2. An eigenvalue of A is a scalar A such that the equation Av = Av has a nontrivial solution.

If Av= Av for v+# 0, we say that X is the eigenvalue for v, and that v is an eigenvector for ).

The German prefix “eigen” roughly translates to “self” or “own”. An eigenvector of A is a vector that is taken to a multiple of
itself by the matrix transformation T'(z) = Az, which perhaps explains the terminology. On the other hand, “eigen” is often
translated as “characteristic”; we may think of an eigenvector as describing an intrinsic, or characteristic, property of A.

Eigenvalues and eigenvectors are only for square matrices.

Eigenvectors are by definition nonzero. Eigenvalues may be equal to zero.

We do not consider the zero vector to be an eigenvector: since A0 =0 = A0 for every scalar A, the associated eigenvalue would be
undefined.

If someone hands you a matrix A and a vector v, it is easy to check if v is an eigenvector of A: simply multiply v by A and see if
Aw is a scalar multiple of v. On the other hand, given just the matrix A, it is not obvious at all how to find the eigenvectors. We
will learn how to do this in Section 5.2.

v Example 5.1.1: Verifying eigenvectors

Consider the matrix

A:( 2 2) and vectors vz(l) w:(z).
—4 8 1 1

Which are eigenvectors? What are their eigenvalues?

Solution
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We have

2 2 1 4
Av= = = 4.
-4 8 1 4
Hence, v is an eigenvector of A, with eigenvalue A = 4. On the other hand,
Aw — 2 2 2 _ 6 .
—4 8 1 0
which is not a scalar multiple of w. Hence, w is not an eigenvector of A.

A

/' Av v is an eigenvector
w . ///
At w is not an eigenvector
L]
Ly
Figure 5.1.1

Consider the matrix

0 6 8 16
A= % 0 0 and vectors v=| 4 w=| 2
0 % 0 1 2

Which are eigenvectors? What are their eigenvalues?

Solution
We have
0 6 8\ /16 32
A’U =] % 0 0 4 = 8 = 2U.
0 3+ 0 1 2

Hence, v is an eigenvector of A, with eigenvalue A = 2. On the other hand,

0 6 8 2 28
Aw = % 0 0 21=1(11,
0 3 0/ \2 1

which is not a scalar multiple of w. Hence, w is not an eigenvector of A.

v Example 5.1.3: An eigenvector with eigenvalue 0
Let
() (D)
2 6 1

Is v an eigenvector of A? If so, what is its eigenvalue?

Solution
The product is

https://math.libretexts.org/@go/page/70206
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(32 (3)-(3)

Hence, v is an eigenvector with eigenvalue zero.
As noted above, an eigenvalue is allowed to be zero, but an eigenvector is not.

To say that Av = Av means that Av and Av are collinear with the origin. So, an eigenvector of A is a nonzero vector v such that
Awv and v lie on the same line through the origin. In this case, Av is a scalar multiple of v; the eigenvalue is the scaling factor.

v v is an eigenvector
2

w is not an eigenvector

Figure 5.1.2

For matrices that arise as the standard matrix of a linear transformation, it is often best to draw a picture, then find the eigenvectors
and eigenvalues geometrically by studying which vectors are not moved off of their line. For a transformation that is defined
geometrically, it is not necessary even to compute its matrix to find the eigenvectors and eigenvalues.

v Example 5.1.4: Reflection

Here is an example of this. Let T": R? — R? be the linear transformation that reflects over the line L defined by y = —x, and
let A be the matrix for T". We will find the eigenvalues and eigenvectors of A without doing any computations.

This transformation is defined geometrically, so we draw a picture.

Au
[ ] ®

o

e

Figure 5.1.3

The vector u is not an eigenvector, because Aw is not collinear with » and the origin.

Qe

Figure 5.1.4

The vector - is not an eigenvector either.
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Av

Figure 5.1.5

The vector v is an eigenvector because Av is collinear with v and the origin. The vector Av has the same length as v, but the
opposite direction, so the associated eigenvalue is —1.

w

N

0

Figure 5.1.6

The vector w is an eigenvector because Aw is collinear with w and the origin: indeed, Aw is equal to w! This means that w is
an eigenvector with eigenvalue 1.

It appears that all eigenvectors lie either on L, or on the line perpendicular to L. The vectors on L have eigenvalue 1, and the
vectors perpendicular to L have eigenvalue —1.

0.00 —1.00| [1.00{ _ [—2.00
—1.00 0.00 | {2.00| — [-1.00

\

Figure 5.1.7: An eigenvector of A is a vector z such that Az is collinear with 2 and the origin. Click and drag the head of z to
convince yourself that all such vectors lie either on L, or on the line perpendicular to L.

We will now give five more examples of this nature
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Let T: R> — R? be the linear transformation that projects a vector vertically onto the x-axis, and let A be the matrix for 7.
Find the eigenvalues and eigenvectors of A without doing any computations.

Solution
This transformation is defined geometrically, so we draw a picture.

________ L .
o™
.[.i'o_
Figure 5.1.8

The vector u is not an eigenvector, because Aw is not collinear with » and the origin.

Figure 5.1.9

The vector - is not an eigenvector either.

Figure 5.1.10

The vector v is an eigenvector. Indeed, Av is the zero vector, which is collinear with v and the origin; since Av = 0v, the
associated eigenvalue is 0.

Figure 5.1.11
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The vector w is an eigenvector because Aw is collinear with w and the origin: indeed, Aw is equal to w! This means that w is
an eigenvector with eigenvalue 1.

It appears that all eigenvectors lie on the x-axis or the y-axis. The vectors on the z-axis have eigenvalue 1, and the vectors on
the y-axis have eigenvalue 0.

1.00 0.00f [1.00| _ |1.00
0.00 0.00| {2.00/  |0.00

¥ x

Figure 5.1.12: An eigenvector of A is a vector z such that Az is collinear with = and the origin. Click and drag the head of
to convince yourself that all such vectors lie on the coordinate axes.

v/ Example 5.1.6: Identity

Find all eigenvalues and eigenvectors of the identity matrix I,,.

Solution
The identity matrix has the property that I,v = v for all vectors v in R™. We can write this as [,v=1-wv, so every nonzero
vector is an eigenvector with eigenvalue 1.
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Solution
We have

GNU Free Documentation License

|

1.00 0.00
0.00 1.00

I

1.00
2.00

1.00 1.00
] = {2.00} = {2.00}

X is an eigenvector with
eigenvalue 1.00

Az =1.00z

Figure 5.1.13: Every nonzero vector is an eigenvector of the identity matrix.

v/ Example 5.1.7: Dilation

Av=T(v)=1.5v

sAy
ve

Figure 5.1.14

Let T: R? — R? be the linear transformation that dilates by a factor of 1.5,and let A be the matrix for T'. Find the eigenvalues
and eigenvectors of A without doing any computations.

for every vector v in R2. Therefore, by definition every nonzero vector is an eigenvector with eigenvalue 1.5.
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1.50 1.00

= {3.00] = {2-00}

1.50 0.00| [1.00
0.00 1.50] |2.00

X is an eigenvector with
eigenvalue 1.50

Az —1.50x

Figure 5.1.15: Every nonzero vector is an eigenvector of a dilation matrix.

v/ Example 5.1.8: Shear

Let

4=(o 1)

and let T'(z) = Az, so T is a shear in the z-direction. Find the eigenvalues and eigenvectors of A without doing any
computations.

Solution
In equations, we have

(=G D6)-07)

This tells us that a shear takes a vector and adds its y-coordinate to its x-coordinate. Since the z-coordinate changes but not the
y-coordinate, this tells us that any vector v with nonzero y-coordinate cannot be collinear with Av and the origin.

ey
. e
/ Av

if

'l

Figure 5.1.16

On the other hand, any vector v on the z-axis has zero y-coordinate, so it is not moved by A. Hence v is an eigenvector with
eigenvalue 1.
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Figure 5.1.17

Accordingly, all eigenvectors of A lie on the z-axis, and have eigenvalue 1.

1.00 1.00| [1.00] _ [3.00
0.00 1.00| |2.00]  |2.00

| xfax

Figure 5.1.18: All eigenvectors of a shear lie on the z-axis. Click and drag the head of z to find the eigenvectors.

v/ Example 5.1.9: Rotation

Let T: R? — R? be the linear transformation that rotates counterclockwise by 90°, and let A be the matrix for 7. Find the
eigenvalues and eigenvectors of A without doing any computations.
Solution

If v is any nonzero vector, then Aw is rotated by an angle of 90° from v. Therefore, Av is not on the same line as v, so v is not
an eigenvector. And of course, the zero vector is never an eigenvector.

s
o

Figure 5.1.19
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Therefore, this matrix has no eigenvectors and eigenvalues.

0.00 -1.00] [1.00| [-2.00
1.00 0.00 | |[2.00] | 1.00

Ax

Figure 5.1.20: This rotation matrix has no eigenvectors. Click and drag the head of z to find one.

Here we mention one basic fact about eigenvectors.

& Fact 5.1.1: Eigenvectors with Distinct Eigenvalues are Linearly Independent

Let vy, va, ..., vt be eigenvectors of a matrix A, and suppose that the corresponding eigenvalues A, Ag, ..., Ag are distinct
(all different from each other). Then {v;,va, . .., vy} is linearly independent.
Proof
Suppose that {v1,vs, ..., v} were linearly dependent. According to the increasing span criterion, Theorem 2.5.2 in
Section 2.5, this means that for some j, the vector v; is in Span{v;,vs,...,v;_1}.If we choose the first such j, then
{v1,v2,...,vj_1}is linearly independent. Note that j > 1 since v; #0.
Since v; is in Span{vi, v, ..., v;_1 }, ,we can write

vj =C101 +CUy + - +Cj1Vj1
for some scalars ci, ¢s, . . . , ¢j—1. Multiplying both sides of the above equation by A gives

Ajvj = Av; = A(civi +cav2 ++ - - +¢j-1vj-1)
=c1Avy +cpAvg +- - —l—C]',lA’Uj,l
=i A\V1 +Cadgvy + - - +Cj,1)\j,1'l)j,1.

Subtracting A; times the first equation from the second gives
0= /\j’l}j — )\jvj =C (/\1 — /\j)vl +c2 (/\2 — /\j)’Uz -+ —|—Cj_1 (/\j—l — )\j)’l)j_l.

Since A; # A; for ¢ < j, this is an equation of linear dependence among v;,vs,...,v;j—1, which is impossible because
those vectors are linearly independent. Therefore, {vy,vs, . . ., v} } must have been linearly independent after all.

When k =2, this says that if vy, vy are eigenvectors with eigenvalues A; # Ao, then vy is not a multiple of v;. In fact, any
nonzero multiple cv; of vy is also an eigenvector with eigenvalue A;:
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As a consequence of the above Fact 5.1.1, we have the following.

A(cvy) = cAvy = e(Av1) = Ar(evy).

An n X n matrix A has at most n eigenvalues.

Eigenspaces

Suppose that A is a square matrix. We already know how to check if a given vector is an eigenvector of A and in that case to find
the eigenvalue. Our next goal is to check if a given real number is an eigenvalue of A and in that case to find all of the
corresponding eigenvectors. Again this will be straightforward, but more involved. The only missing piece, then, will be to find the
eigenvalues of A; this is the main content of Section 5.2.

Let A be an n xn matrix, and let A be a scalar. The eigenvectors with eigenvalue J, if any, are the nonzero solutions of the
equation Av = Av . We can rewrite this equation as follows:

Av=)v
— Av—Xv=0
— Av-A,v=0
— (A-AL)v=0.

Therefore, the eigenvectors of A with eigenvalue A, if any, are the nontrivial solutions of the matrix equation (A — AI,)v =0,
i.e., the nonzero vectors in Nul(A — A\L,) . If this equation has no nontrivial solutions, then X is not an eigenvector of A.

The above observation is important because it says that finding the eigenvectors for a given eigenvalue means solving a
homogeneous system of equations. For instance, if

7 1 3
A=1-3 2 -=-3],
-3 -2 -1

7 1 3 x T
-3 2 -3 yl=Aly
-3 -2 -1 z z
This translates to the system of equations
T + y + 3z = Az (7T—-XNz + y + 3z = 0
-3z + 2y — 3z = Ay — -3z + (2-Ny - 3z = 0
-3z — 2y — z = Az -3z - 2y + (-1-X)z = 0o.

This is the same as the homogeneous matrix equation

7T-A 1 3 z
-3 2-) -3 y | =0,
B T, e z

ie, (A—AL)v=0.

# Definition 5.1.2: A-eigenspace

Let A be an n X n matrix, and let A be an eigenvalue of A. The A-eigenspace of A is the solution set of (A —AI,)v=0, i.e.,
the subspace Nul(A — AI,) .

The \-eigenspace is a subspace because it is the null space of a matrix, namely, the matrix A — AT, . This subspace consists of the
zero vector and all eigenvectors of A with eigenvalue .
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Since a nonzero subspace is infinite, every eigenvalue has infinitely many eigenvectors. (For example, multiplying an
eigenvector by a nonzero scalar gives another eigenvector.) On the other hand, there can be at most n linearly independent
eigenvectors of an n X n matrix, since R™ has dimension 7.

v Example 5.1.10: Computing eigenspaces

For each of the numbers A = —2,1, 3, decide if ) is an eigenvalue of the matrix

A:( 2 —4)’
-1 -1

and if so, compute a basis for the A-eigenspace.

Solution
The number 3 is an eigenvalue of A if and only if Nul(A — 3I) is nonzero. Hence, we have to solve the matrix equation

(A—3I2)v=0.We have
’ ( ) (1 ) ( 1 ) '

The reduced row echelon form of this matrix is

parametric parametric
1 4 form r = _4y vector form T —4
S —) = y .
0 0 y = y y 1

Since y is a free variable, the null space of A — 315 is nonzero, so 3 is an eigenvector. A basis for the 3-eigenspace is { (_14) }
Concretely, we have shown that the eigenvectors of A with eigenvalue 3 are exactly the nonzero multiples of (]4). In

h ) is an eigenvector, which we can verify:

ERIG G

The number 1 is an eigenvalue of A if and only if Nul(A —I) is nonzero. Hence, we have to solve the matrix equation

(A—1Iy)v=0 . We have
A—2—<2 —4)_(1 ())_(1 —4>.
-1 -1 01 -1 -2

This matrix has determinant —8, so it is invertible. By Theorem 3.6.1 in Section 3.6, we have Nul(A — I;) = {0}, so 1 is not
an eigenvalue.

particular, (

The eigenvectors of A with eigenvalue —2, if any, are the nonzero solutions of the matrix equation (A 4 23)v =0 . We have

2 4 10 4 -4
A 2I: 2 = .
e (—1 _1)+ (0 1> (—1 1)

The reduced row echelon form of this matrix is

parametric parametric

1 -1 form T =y vector form T 1
o) = {20 = ()-0)
0 O y =y Y 1

Hence there exist eigenvectors with eigenvalue —2, namely, any nonzero multiple of (}) A basis for the —2-eigenspace is

{®O}
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200 —4.00| [1.00] _|[-6.00
-1.00 -1.00| [2.00] [-3.00

This is the -2.00-eigenspace

This is the 3.00-eigenspace

Figure 5.1.21: The 3-eigenspace is the line spanned by (714). This means that A scales every vector in that line by a factor of

3. Likewise, the —2-eigenspace is the line spanned by %) Click and drag the vector z around to see how A acts on that
vector.

v/ Example 5.1.11: Computing eigenspaces

For each of the numbers A =0, %, 2, decide if A is an eigenvector of the matrix

7/2 0 3
A=|-3/2 2 -3/,
-3/2 0 -1

and if so, compute a basis for the A-eigenspace.

Solution

The number 2 is an eigenvalue of A if and only if Nul(A —2I3) is nonzero. Hence, we have to solve the matrix equation
(A—2I3)v=0.We have

7/2 0 3 1 0 0 3/2 0 3
A—-2I; = —3/2 2 3|-210 1 0]-= —3/2 0 -3
-3/2 0 1 0 0 1 -3 / 2 0 -3
The reduced row echelon form of this matrix is
10 2 parametric r — -9 parametric - 0 9
form vector form
0 0 O —_— y = y — yl=y|1l]+z| O
0 0 O z = z z 0 1

The matrix A — 213 has two free variables, so the null space of A —21I3 is nonzero, and thus 2 is an eigenvector. A basis for
the 2-eigenspace is

—2
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This is a plane in R3.

The eigenvectors of A with eigenvalue %, if any, are the nonzero solutions of the matrix equation (A4 — %I 3)v=0 . We have

. 7/2 0 3 100 3 0 3
A-oh=|-3/2 2 3|-2|0 1 0]=|-32 32 -3
-3/2 0 1 00 1 —3/2 0 -3/2

The reduced row echelon form of this matrix is

parametric parametric
1 0 1 B = = T —1
form vector form
01 1| —— Sy = 2 —— |y]=2]1
0 0 O 7 = z z 1

Hence there exist eigenvectors with eigenvalue %, S0 % is an eigenvalue. A basis for the %-eigenspace is

-1

This is a line in R,
The number 0 is an eigenvalue of A if and only if Nul(A —0I3) = Nul(A) is nonzero. This is the same as asking whether A

is noninvertible, by Theorem 3.6.1 in Section 3.6. The determinant of A is det(4) =2 #0, so A is invertible by the
invertibility property, Proposition 4.1.2 in Section 4.1, It follows that 0 is not an eigenvalue of A.

3.50 0.00 3.00 |-1.UO-| |-12.50~‘
—1.50 2.00 -3.00} {2.00| = {—6.50
150 000 -100| [300] | 450
This is the 0.50-eigenspace

This 1s the 2.00-eigenspace

Figure 5.1.22: The 2-eigenspace is the violet plane. This means that A scales every vector in that plane by a factor of 2. The
%-eigenspace is the green line. Click and drag the vector  around to see how A acts on that vector.

v/ Example 5.1.12: Reflection

Let T:R? — R? be the linear transformation that reflects over the line L defined by y = —x, and let A be the matrix for 7.
Find all eigenspaces of A.

Solution
We showed in Example 5.1.4 that all eigenvectors with eigenvalue 1 lie on L, and all eigenvectors with eigenvalue —1 lie on
the line L that is perpendicular to L. Hence, L is the 1-eigenspace, and L™ is the —1-eigenspace.

None of this required any computations, but we can verify our conclusions using algebra. First we compute the matrix A:
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r(o)=(5) 7()=(0) = (4 7)
0 -1 1 0 -1 0
Computing the 1-eigenspace means solving the matrix equation (A — I)v = 0 . We have
_ -1 = RREF
A—I2=(0 1)_(1 0):( 1 1) (1 1)‘
-1 0 0 1 -1 -1 0 0

The parametric form of the solution set is * = —y, or equivalently, y = —z, which is exactly the equation for L. Computing
the —1-eigenspace means solving the matrix equation (A + I>)v = 0; we have

A+I—<0 —1)+<1 0)_(1 —1) RREF (1 —1)
2= \21 o0 0 1) \=1 1 0 0/

The parametric form of the solution set is 2 = ¥, or equivalently, y = x, which is exactly the equation for L.

0.00 ~-1.00] [1.00] _ [-2.00
—~1.00 0.00 | (2.00| ~ |-1.00

This is the -1 .0(}—ei.g‘e_1_15.pace

This is the l,OO—eigensiﬁacg

Figure 5.1.23: The violet line L is the 1-eigenspace, and the green line L is the —1-eigenspace.

X Recipe: Eigenspaces

Let A be an n X n matrix and let A be a number.

1. A is an eigenvalue of A if and only if (A — AL, )v =0 has a nontrivial solution, if and only if Nul(A —AI,) # {0}.

2. In this case, finding a basis for the A-eigenspace of A means finding a basis for Nul(A — AL, ), which can be done by
finding the parametric vector form of the solutions of the homogeneous system of equations (A —AI,)v =0 .

3. The dimension of the A-eigenspace of A is equal to the number of free variables in the system of equations
(A—A\I,)v=0, which is the number of columns of A — \I,, without pivots.

4. The eigenvectors with eigenvalue A are the nonzero vectors in Nul(A — AI,,), or equivalently, the nontrivial solutions of
(A=XIL,)v=0.

We conclude with an observation about the 0-eigenspace of a matrix.
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Let A be an n X n matrix.

1. The number 0 is an eigenvalue of A if and only if A is not invertible.
2. In this case, the 0-eigenspace of A is Nul(A).

Proof

We know that 0 is an eigenvalue of A if and only if Nul(A —0I,) = Nul(A4) is nonzero, which is equivalent to the
noninvertibility of A by Theorem 3.6.1 in Section 3.6. In this case, the 0-eigenspace is by definition
Nul(A —0I,) =Nul(4) .

Concretely, an eigenvector with eigenvalue 0 is a nonzero vector v such that Av = 0w, i.e., such that Av=0. These are exactly
the nonzero vectors in the null space of A.

The Invertible Matrix Theorem: Addenda

We now have two new ways of saying that a matrix is invertible, so we add them to the invertible matrix theorem, Theorem 3.6.1 in
Section 3.6.

& Theorem 5.1.1: Invertible Matrix Theorem

Let A be an n xn matrix, and let 7: R™ — R" be the matrix transformation 7'(z) = Az. The following statements are
equivalent:

1. A is invertible.
2. A has n pivots.
3. Nul(4) = {0}.
4. The columns of A are linearly independent.
5. The columns of A span R".
6. Az = b has a unique solution for each b in R".
7.T is invertible.
8. T' is one-to-one.
9. T is onto.
10. det(A) #0.
11. 0 is not an eigenvalue of A.

This page titled 5.1: Eigenvalues and Eigenvectors is shared under a GNU Free Documentation License 1.3 license and was authored, remixed,
and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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5.2: The Characteristic Polynomial

4b Objectives

1. Learn that the eigenvalues of a triangular matrix are the diagonal entries.
2. Find all eigenvalues of a matrix using the characteristic polynomial.

3. Learn some strategies for finding the zeros of a polynomial.

4. Recipe: the characteristic polynomial of a 2 x 2 matrix.

5. Vocabulary words: characteristic polynomial, trace.

In Section 5.1 we discussed how to decide whether a given number A is an eigenvalue of a matrix, and if so, how to find all of the
associated eigenvectors. In this section, we will give a method for computing all of the eigenvalues of a matrix. This does not
reduce to solving a system of linear equations: indeed, it requires solving a nonlinear equation in one variable, namely, finding the
roots of the characteristic polynomial.

# Definition 5.2.1: Characteristic Polynomial

Let A be an n X n matrix. The characteristic polynomial of A is the function f(\) given by

F(A) = det(A — L.

We will see below, Theorem 5.2.2, that the characteristic polynomial is in fact a polynomial. Finding the characterestic polynomial
means computing the determinant of the matrix A — AI,,, whose entries contain the unknown A.

v/ Example 5.2.1

Find the characteristic polynomial of the matrix

=5 1)

Solution
We have

or-mtacsy <ax((2 )-(: )
:de,t(5;A 13,\)
2

= (5-A)(1-\

~—

v/ Example 5.2.2

Find the characteristic polynomial of the matrix

0 6 8
A=+ 0 0
1
01 o0

Solution
We compute the determinant by expanding cofactors along the third column:
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.
FA) =det(A—AL5) =det| 3 -2 0
0 1 -
1 5 1
“s(2o0a) - (x-e)
=-M+3x+2.

The point of the characteristic polynomial is that we can use it to compute eigenvalues.

& Theorem 5.2.1: Eigenvalues are Roots of the Characteristic Polynomial

Let A be an n X n matrix, and let f(\) = det(A — AI,) be its characteristic polynomial. Then a number ) is an eigenvalue
of A if and only if f(XAg) =0.

Proof
By the Theorem 5.1.1 in Section 5.1, the matrix equation (A —Xgl,)x =0 has a nontrivial solution if and only if

det(A —XoI,) =0 . Therefore,

Ao is an eigenvalue of A <= Az = )¢z has a nontrivial solution
<= (A —Xoln)z =0 has a nontrivial solution
<= A — \oI, is not invertible
< det(A—Aol,)=0
— f()\()) =0.

v Example 5.2.3: Finding eigenvalues

Find the eigenvalues and eigenvectors of the matrix

=5 1)

In the above Example 5.2.1 we computed the characteristic polynomial of A to be f(A\) =A% —6A+1 . We can solve the
equation A\> —6\+1 =0 using the quadratic formula:

_ 6+/36—4
o 2

Solution

A =342,/2.

Therefore, the eigenvalues are 3 +2+/2 and 3 —2+/2.

To compute the eigenvectors, we solve the homogeneous system of equations (A — Aly)z =0 for each eigenvalue A\. When
A=3 —|—2\@, we have

Ri=Ri1x(242+/2) (_4 4_'_4\/5 >

2 —2-22
Ry=Ry+Ri/2 ( —4 4 +4ﬁ)
0 0
R,=R,+—4 ( 1 —-1— \/ﬁ )
0 0 '

The parametric form of the general solution is z = (1 ++/2)y, so the (3 +2+/2) -eigenspace is the line spanned by (1+1‘/§).

We compute in the same way that the (3 — 2\/5) -eigenspace is the line spanned by (1_1‘/2).
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5.00 2.00| [1.00| _ [9.00
2.00 1.00f [2.00f — [4:00

This is the 0.17-eigenspace

This is the 5.83-eigenspace

Figure 5.2.1: The green line is the (3 — 24/ §) -eigenspace, and the violet line is the (3 + 24/ 5) -eigenspace.

v/ Example 5.2.4: Finding eigenvalues

Find the eigenvalues and eigenvectors of the matrix

0 6 8
A:%OO
0 5 0

Solution

In the above Example 5.2.2 we computed the characteristic polynomial of A to be f(A) = —A3+3X+2 . We eyeball that
f(2)=-8+3:24+2=0 . Thus A —2 divides f(\); to find the other roots, we perform polynomial long division:

3
— 2
%:_)\2_2,\_1:_()\4-1)2_

Therefore,
FA) =-(A=2)(A+1)?
so the only eigenvalues are A = 2, —1.

We compute the 2-eigenspace by solving the homogeneous system (A — 2I3)z = 0 . We have

-2 6

) RREF 1 0 —16
A-2I3=]| 5 -2 0 — 0 1 -4
0 1 -2 00 0

The parametric form and parametric vector form of the solutions are:

= 16z T 16
z z z 1
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Therefore, the 2-eigenspace is the line

16
Span 4
1

We compute the —1-eigenspace by solving the homogeneous system (A + I3)z = 0 . We have

1 6 8 _
1 RREF 10 4

A+L=|% 1 0] — (o1 2
0 11 00 0

The parametric form and parametric vector form of the solutions are:

4z T 4
= -2z — y | =2| -2
z = z % 1
Therefore, the —1-eigenspace is the line
4
Span -2
1

0.00 6.00 8.0(T| 1.00 36.00
0.50 0.00 0.00f {2.00f = | 0.50
0.00 0.50 0.0DJ 3.00 1.00

This 1s the -1.00-eigenspace

This is the 2.00-eigenspace

Figure 5.2.2: The green line is the —1-eigenspace, and the violet line is the 2-eigenspace.

Form of the Characteristic Polynomial

It is time that we justified the use of the term “polynomial.” First we need a vocabulary word.
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# Definition 5.2.2: Trace

The trace of a square matrix A is the number Tr(A) obtained by summing the diagonal entries of A:

ai a2t Qlgp-1 ain
a1 azp . A2p-1 Q2n
Tr : : : : =aj1+ag+-+an,.
Apn-11 0OGp-12 *°° Qp-1n-1 QAan-1n
anl ap?2 o Ap n—1 Ann

& Theorem 5.2.2

Let A be an n x n matrix, and let f(A) =det(A— AIL,) be its characteristic polynomial. Then f(A) is a polynomial of
degree n. Moreover, f(A) has the form

FO) = (=1)"A" + (=1)" 1 Tr(A)A" L 4 .- +det(A).

In other words, the coefficient of A" ! is +£Tr(A), and the constant term is det(A) (the other coefficients are just numbers
without names).

Proof
First we notice that
f(0) =det(A—0I,) = det(A),
so that the constant term is always det(A).
We will prove the rest of the theorem only for 2 x 2 matrices; the reader is encouraged to complete the proof in general

a b
using cofactor expansions. We can write a 2 X 2 matrix as A = ( d> ; then
c

a—A b
. d_)\):(a—/\)(d—/\)—bc

=X — (a+d)A + (ad —bc) = A2 — Tr(A)\ +det(A).

f(A) =det(A—AL) =det (

X Recipe: The Characteristic Polynomial of a 2 x 2 Matrix

When n = 2, the previous Theorem 5.2.2tells us all of the coefficients of the characteristic polynomial:
FA) = A2 —Tr(A)\ +det(A).

This is generally the fastest way to compute the characteristic polynomial of a 2 x 2 matrix.

v/ Example 5.2.5

Find the characteristic polynomial of the matrix

Solution
We have

FO) =X —Tr(A)A+det(A) =X — 5+ DA+ (5-1-2-2) =A% —6A+1,

as in the above Example 5.2.1.
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By the above Theorem 5.2.2, the characteristic polynomial of an n xn matrix is a polynomial of degree n. Since a
polynomial of degree n has at most n roots, this gives another proof of the fact that an n X7 matrix has at most n
eigenvalues. See Note 5.1.3 in Section 5.1.

Eigenvalues of a Triangular Matrix

It is easy to compute the determinant of an upper- or lower-triangular matrix; this makes it easy to find its eigenvalues as well.

& Corollary 5.2.1

If A is an upper- or lower-triangular matrix, then the eigenvalues of A are its diagonal entries.

Proof

Suppose for simplicity that A is a 3 x 3 upper-triangular matrix:

aip G2 aig

A=1 0 ap a3
0 0 ass
Its characteristic polynomial is
aj;— A a1z a3
f()\) = det(A - )\.[3) =det 0 a2 — A ass
0 0 asgs — A

This is also an upper-triangular matrix, so the determinant is the product of the diagonal entries:
f(A) = (a11 — A)(az2 — A)(ass — A).

The zeros of this polynomial are exactly a;1, asz, ass.

v/ Example 5.2.6

Find the eigenvalues of the matrix

1 7 2 4
A 01 3 11

0 0 = 101

00 0 O

Solution
The eigenvalues are the diagonal entries 1,7, 0. (The eigenvalue 1 occurs twice, but it counts as one eigenvalue; in Section
5.4 we will define the notion of algebraic multiplicity of an eigenvalue.)

Factoring the Characteristic Polynomial

If A is an n X n matrix, then the characteristic polynomial f(\) has degree n by the above Theorem 5.2.2. When n = 2, one can
use the quadratic formula to find the roots of f()). There exist algebraic formulas for the roots of cubic and quartic polynomials,
but these are generally too cumbersome to apply by hand. Even worse, it is known that there is no algebraic formula for the roots of
a general polynomial of degree at least 5.

In practice, the roots of the characteristic polynomial are found numerically by computer. That said, there do exist methods for
finding roots by hand. For instance, we have the following consequence of the rational root theorem (which we also call the
rational root theorem):
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& Theorem 5.2.3: Rational Root Theorem

Suppose that A is an n X n matrix whose characteristic polynomial f()) has integer (whole-number) entries. Then all rational
roots of its characteristic polynomial are integer divisors of det(A).

For example, if A has integer entries, then its characteristic polynomial has integer coefficients. This gives us one way to find a
root by hand, if A has an eigenvalue that is a rational number. Once we have found one root, then we can reduce the degree by
polynomial long division.

v/ Example 5.2.7

Find the eigenvalues of the matrix

7 0 3
A= -3 2 -3
-3 0 -1

Hint: one eigenvalue is an integer.
Solution
We compute the characteristic polynomial by expanding cofactors along the first row:

7T—A 0 3
fA)=det(A—Al3) =det | -3 2-X -3
-3 0 —1-X
=(T=N)2-A)(-1-X)+3-3(2-))
=248\ — 14X +4.

The determinant of A is the constant term f(0) = 4; its integer divisors are 1, +2, +4. We check which are roots:
fA)=-3 f(-1)=27 f(2)=0 f(-2)=72 f(4)=12 f(-4)=252.
The only rational root of f(A) is A = 2. We divide by A — 2 using polynomial long division:
—X\+8)A% — 141 +4

— A2 4612
X2 *
We can use the quadratic formula to find the roots of the quotient:
—6++36—-4-2
A= — =344/7.

We have factored f completely:
FA)=-A=2)A=B+VD)(A-B~7)).
Therefore, the eigenvalues of A are 2, 3 ++/7, 3 —+/7.

In the above example, we could have expanded cofactors along the second column to obtain

F(A) =(2—X)det ( 7__3/\ _13_ \ ) .

Since 2 — A was the only nonzero entry in its column, this expression already has the 2 — A\ term factored out: the rational root

. . N - . ) 7 3
theorem was not needed. The determinant in the above expression is the characteristic polynomial of the matrix < 3 1 ) , SO

we can compute it using the trace and determinant:

FO) == = (T=1DA+(=749)) = (2—1)(X* =61 +2).
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Find the eigenvalues of the matrix

7 0 3
A=|-3 2 -3
4 2 0

Solution
We compute the characteristic polynomial by expanding cofactors along the first row:

7-X 0 3
FO) =det(A—AL;) =det [ -3 2-x -3

4 2 -\
=(7-A)(-A2-X)+6) +3(—6—4(2—1X))
=2 4+9)2 -8\

The constant term is zero, so A has determinant zero. We factor out \, then eyeball the roots of the quadratic factor:
FO) =AW —9A+8) = -A(A —1)(A -8).

Therefore, the eigenvalues of A are 0, 1, and 8.

X Note 5.2.1: Finding Eigenvalues of a Matrix Larger than 2 x 2

Let A be an n X n matrix. Here are some strategies for factoring its characteristic polynomial f(\). First, you must find one
eigenvalue:

1. Do not multiply out the characteristic polynomial if it is already partially factored! This happens if you expand cofactors
along the second column in this Example 5.2.7.

2. If there is no constant term, you can factor out A, as in this Example 5.2.8.

3. If the matrix is triangular, the roots are the diagonal entries.

4. Guess one eigenvalue using the Theorem 5.2.3; if det(A) is an integer, substitute all (positive and negative) divisors of
det(A) into f(A).

5. Find an eigenvalue using the geometry of the matrix. For instance, a reflection, Example 5.1.4 in Section 5.1, has
eigenvalues +1.

After obtaining an eigenvalue A;, use polynomial long division to compute f(\)/(A — A1) . This polynomial has lower degree.
If n = 3 then this is a quadratic polynomial, to which you can apply the quadratic formula to find the remaining roots.

This page titled 5.2: The Characteristic Polynomial is shared under a GNU Free Documentation License 1.3 license and was authored, remixed,

and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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5.4: Diagonalization

4b Objectives

1. Learn two main criteria for a matrix to be diagonalizable.

2. Develop a library of examples of matrices that are and are not diagonalizable.

3. Recipes: diagonalize a matrix, quickly compute powers of a matrix by diagonalization.
4. Pictures: the geometry of diagonal matrices, why a shear is not diagonalizable.

5. Theorem: the diagonalization theorem (two variants).

6. Vocabulary words: diagonalizable, algebraic multiplicity, geometric multiplicity.

Diagonal matrices are the easiest kind of matrices to understand: they just scale the coordinate directions by their diagonal entries.
In Section 5.3, we saw that similar matrices behave in the same way, with respect to different coordinate systems. Therefore, if a
matrix is similar to a diagonal matrix, it is also relatively easy to understand. This section is devoted to the question: “When is a
matrix similar to a diagonal matrix?” This section is devoted to the question: “When is a matrix similar to a diagonal matrix?” We
will see that the algebra and geometry of such a matrix is relatively easy to understand.

Diagonalizability

Before answering the above question, first we give it a name.

# Definition 5.4.1: Diagonalizable

An n xn matrix A is diagonalizable if it is similar to a diagonal matrix: that is, if there exists an invertible n X n matrix C
and a diagonal matrix D such that

A=CDC™.

v/ Example5.4.1

Any diagonal matrix is D is diagonalizable because it is similar to itself, Proposition 5.3.1 in Section 5.3. For instance,

00

100
0o|l=5]o0
3 0

1
0 2 2 0|17
00 03

v/ Example 5.4.2

Most of the examples in Section 5.3 involve diagonalizable matrices: The following are examples of diagonalizable matrices:
~12 15 is diagonalizable [ —2 3 3 0 —2 3\
—-10 13 because it equals 1 -1 0 -2 1 -1
1/2 3/2 is diagonalizable 1 1 2 0 1 1)\
3/2 1/2 because it equals 1 -1 0 -1 1 -1

1 is diagonalizable (-1 -3 2 0
6 because it equals 2\ 2 1 0 -1
0

-1 0 0\ . . . 11 0\ /-1 0\ /-1 1 0
1 0 2 :DS dlagor_’:hmb:e 1 11 0 -1 0 1 1
1 1 1 ecause 1t equals 1 0 0 0 9 1 1
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If a matrix A is diagonalizable, and if B is similar to A, then B is diagonalizable as well by Proposition 5.3.1 in Section 5.3.
as well. Indeed, if A = CDC~1! for D diagonal, and B= EAE~!, then

B=EAE =E(CDC M E ' =(EC)D(EC)™!

so B is similar to D.

Powers of Diagonalizable Matrices

Multiplying diagonal matrices together just multiplies their diagonal entries:

1 0 0 U1 0 0 T1Y1 0 0
0 =z 0 0 »p 0 |= 0 =xy: O
0 0 a3 0 0 wys3 0 0 x3y3

Therefore, it is easy to take powers of a diagonal matrix:
z 0 0\" " 0 0
0 vy O =10 " O
0 0 =z 0 0 2"

By Fact 5.3.1 in Section 5.3, if A =CDC™! then A" = CD"C™!, so it is also easy to take powers of diagonalizable matrices.
This will be very important in applications to difference equations in Section 5.6. This is often very important in applications.

X Recipe: Compute Powers of a Diagonalizable Matrix

If A=CDC~1, where D is a diagonal matrix, then A = CD"C—1:

z 0 O z" 0 O
A=c|o0 y 0o0|J]c?' = 4a*=cl o0 y» 0 |C!
0 0 =z 0O 0 2"

v/ Example 5.4.4

Let

S (1/2 3/2\ /1 1\ /2 0)/1 1\
S \8/2 1/2) \1 -1)\o -1/)\1 -1) °
Find a formula for A™ in which the entries are functions of 7, where n is any positive whole number.

Solution
We have

B

S
(& wr)=lS 7)

1
1
11)
1
2

v e )3(c )
2"+ (-1)” 2"+(—1)"+1)’

2\ on +(_1)n+1 2n+(_1)n
where we used (—1)""2 = (—1)(—1)" = (-1)".
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A fundamental question about a matrix is whether or not it is diagonalizable. The following is the primary criterion for
diagonalizability. It shows that diagonalizability is an eigenvalue problem.

& Theorem 5.4.1: Diagonalization Theorem

An n x n matrix A is diagonalizable if and only if A has n linearly independent eigenvectors.

In this case, A = CDC ™! for

N @D oas
| | 0 X -+ 0
C=|vy vo -+ v, D= ,
O ooc Ay
where vy, vs, . .., v, are linearly independent eigenvectors, and A1, Ao, . . . , A, are the corresponding eigenvalues, in the same
order.
Proof
First suppose that A has n linearly independent eigenvectors vy, va, . . . , U, with eigenvalues Aq, Ag, ..., A,. Define C' as

above, so C is invertible by Theorem 5.1.1 in Section 5.1. Let D =C~*AC, so A= CDC~! . Multiplying by standard
coordinate vectors, Fact 3.3.2 in Section 3.3, picks out the columns of C: we have Ce; = v;, so e; = C~'v; . We multiply
by the standard coordinate vectors to find the columns of D:

De; = CilACCi = CilA’Ui = Cil)\ivi = /\l’Cil’U,‘ = \€;.

Therefore, the columns of D are multiples of the standard coordinate vectors:

A 0 - 0 0
0 A .- 0 0
D= :
0 O Ancr O
0 0 0 An
Now suppose that A =CDC ™!, where C has columns v;,vs,...,v,, and D is diagonal with diagonal entries
A1, Ag, ..., Ap. Since C is invertible, its columns are linearly independent. We have to show that v; is an eigenvector of A

with eigenvalue );. We know that the standard coordinate vector e; is an eigenvector of D with eigenvalue );, so:

A’Ui = CDC_l’UZ' = C’Dei = C)\iei = )\2061 = )\{Ul

By Fact 5.1.1 in Section 5.1, if an m x n matrix A has n distinct eigenvalues A;, A, ..., Ay, then a choice of corresponding
eigenvectors vy, vg, . . . , Uy is automatically linearly independent.

An n X n matrix with n distinct eigenvalues is diagonalizable.

v/ Example 5.4.5: Easy Example

Apply Theorem 5.4.1 to the matrix

1 00
A=10 2 0
0 0 3

Solution
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This diagonal matrix is in particular upper-triangular, so its eigenvalues are the diagonal entries 1, 2, 3. The standard coordinate
vectors are eigenvalues of a diagonal matrix:

1 00 1 1 1 00
0 2 0 01-(0 0 2 0 1]=2-11
0 0 3 0 0 0 0 3

1 00 0 0

0 2 0 0]=3-10

0 0 3 1 1

Therefore, the diagonalization theorem says that A = C'DC !, where the columns of C' are the standard coordinate vectors,
and the D is the diagonal matrix with entries 1, 2, 3:

-1

This just tells us that A is similar to itself.

Actually, the diagonalization theorem is not completely trivial even for diagonal matrices. If we put our eigenvalues in the
order 3,2, 1, then the corresponding eigenvectors are es, es, e1, so we also have that A= C'D/(C')~!, where C’ is the
matrix with columns e, e, €1, and D' is the diagonal matrix with entries 3,2, 1:

-1

1 00 0 01 3 0 0 0 01
0 2 0]=10 1 0 0 2 0 01 0
0 0 3 1 00 0 01 1 00
In particular, the matrices
1 00 3 0 0
0 2 0 and 0 2 0
0 0 3 0 0 1

are similar to each other.

X Note 5.4.2: Non-Uniqueness of Diagonalization

We saw in the above example that changing the order of the eigenvalues and eigenvectors produces a different diagonalization
of the same matrix. There are generally many different ways to diagonalize a matrix, corresponding to different orderings of
the eigenvalues of that matrix. The important thing is that the eigenvalues and eigenvectors have to be listed in the same order.

-1

. A 000 o
A= V1 V2 Vs 0 /\2 0 V1 Uy Vs
. 0 0 X o

-1
b A3 000 b
= V3 V2 V1 0 /\2 0 Vg3 VU V1
o 00 XN o

There are other ways of finding different diagonalizations of the same matrix. For instance, you can scale one of the
eigenvectors by a constant c:

https://math.libretexts.org/@go/page/70208
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=il
o A0 0 |
A= V1 Uy Vs 0 )\2 0 V1 V2 U3
. 0 0 X |
-1
I . A0 0 b
=|cvy vy w3 0 X O cv; vy U3
[ 0 0 X |

you can find a different basis entirely for an eigenspace of dimension at least 2, etc.

v Example 5.4.6: A diagonalizable 2 x 2 matrix
Diagonalize the matrix
A (1 /2 3/2) .
3/2 1/2
Solution

We need to find the eigenvalues and eigenvectors of A. First we compute the characteristic polynomial:

FA) =A% —Tr(A)A+det(A) = 2 —A—2=A+1)(A—2).

Therefore, the eigenvalues are —1 and 2. We need to compute eigenvectors for each eigenvalue. We start with A\; = —1:
3/2 3/2 RREF (1 1
(A+1L)v=0 < ( / / )v:0—> ( )sz.
3/2 3/2 00
The parametric form is * = —y, so v; = (711) is an eigenvector with eigenvalue A;. Now we find an eigenvector with

eigenvalue Ay = 2:
-3/2 3/2 RREF (1 -1
(A-—2L)v=0 < ( / / )v:O—> ( )sz.
3/2 -3/2 0 0
The parametric form is x = y, S0 v = (}) is an eigenvector with eigenvalue 2.

The eigenvectors vy, vo are linearly independent, so Theorem 5.4.1 says that

A=CDC™'  for cz(_l 1) D:(_l 0).
1 1 0 2

Alternatively, if we choose 2 as our first eigenvalue, then

A=C'D'(C')™"  for C’:<1 _1) D’:<(2) 01>.

1 1
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0.50 1.50] [1.00] _ [3.50
1.50 0.50] |2.00] = [2.50

This is the -1.00-sigenspace

This is the 2.00-eigenspace

Figure 5.4.1: The green line is the —1-eigenspace of A, and the violet line is the 2-eigenspace. There are two linearly
independent (noncollinear) eigenvectors visible in the picture: choose any nonzero vector on the green line, and any nonzero
vector on the violet line.

v/ Example 5.4.7: A diagonalizable 2 x 2 matrix with a zero eigenvector

Diagonalize the matrix
. ( 2/3 -4 /3) .
-2/3 4/3

Solution
We need to find the eigenvalues and eigenvectors of A. First we compute the characteristic polynomial:

F(A) = A2 = Tr(A)A+det(4) = A2 —2X = A(A—2).

Therefore, the eigenvalues are 0 and 2. We need to compute eigenvectors for each eigenvalue. We start with A\; = 0:

(A—0L)v=0 < (_22//33 ;4/33)1:0 =, ((1) _02>v:0.

The parametric form is * =2y, so vy = (?) is an eigenvector with eigenvalue ;. Now we find an eigenvector with
eigenvalue Ay = 2:
—4/3 —4/3 RREF 11
(A-2L)v=0 < ( / / )v:O—> ( )sz.
—-2/3 —-2/3 0 0

The parametric form is x = —y, so0 vy = (_11) is an eigenvector with eigenvalue 2.

The eigenvectors vy, v are linearly independent, so the Theorem 5.4.1 says that

A=CDC™! for 02(2 1) D:(O 0).
1 -1 0 2

Alternatively, if we choose 2 as our first eigenvalue, then
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| A=cC'D(C")? for C”:<1 2) D':<2 O).
-1 1 0 0

2
0) . Since A is
-2 2

not invertible, zero is an eigenvalue by the invertible matrix theorem, Theorem 5.1.1 in Section 5.1, so one of the diagonal entries
of D is necessarily zero. Also see Example 5.4.10below.

v/ Example 5.4.8: A diagonalizable 3 x 3 matrix

Diagonalize the matrix

0

—4
In the above example, the (non-invertible) matrix A = % ( 4 ) is similar to the diagonal matrix D = ( 0

4 -3 0
A=|2 -1 0
1 -1 1

Solution

We need to find the eigenvalues and eigenvectors of A. First we compute the characteristic polynomial by expanding cofactors
along the third column:

() :det(A—Mg):(1—>\)det((;1 :‘Z’) —)\I2>
=1-NN-32+2)=-A-1)*\A-2).

Therefore, the eigenvalues are 1 and 2. We need to compute eigenvectors for each eigenvalue. We start with A\; = 1:

3 =3 0 1 -1 0
RREF
(A-LJ=0<+= |2 -2 0|v=0—— [0 0 O0]v=0.
1 -1 0 0 0 O

The parametric vector form is

Hence a basis for the 1-eigenspace is

By ={vi, v} where vi=|1], wva=

Now we compute the eigenspace for Ay = 2:

2 -3 0 1 0 -3
RREF
(A-2B)v=0<+<= |2 -3 0 |v=0—= [0 1 -2 |v=0
1 -1 -1 00 O

The eigenvectors v, v2, v3 are linearly independent: vy, v form a basis for the 1-eigenspace, and vs is not contained in the 1-
eigenspace because its eigenvalue is 2. Therefore, Theorem 5.4.1 says that
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1 0 3 1 0 O
A=CDC™! for C=11 0 2 D=]101 0
01 1 0 0 2

|-4.UU —3.00 {].U[}.| "1.00] |——2.{]{]-|
i00 —1oo 100] [500] ~ | 200 |
This is the 1.00-eigenspace

This is the 2.00-eigenspace

Figure 5.4.2: The green plane is the 1-eigenspace of A, and the violet line is the 2-eigenspace. There are three linearly
independent eigenvectors visible in the picture: choose any two noncollinear vectors on the green plane, and any nonzero
vector on the violet line.

Here is the procedure we used in the above examples.

X Recipe: Diagonalization

Let A be an n X n matrix. To diagonalize A:

1. Find the eigenvalues of A using the characteristic polynomial.
2. For each eigenvalue A of A, compute a basis ) for the A-eigenspace.
3. If there are fewer than n total vectors in all of the eigenspace bases B}, then the matrix is not diagonalizable.

4. Otherwise, the m vectors vy, vs, . . . , U, in the eigenspace bases are linearly independent, and A = CDC ! for
M 0 -~ 0
| | 0 X - 0
C = '01 v2 oo vn and D = X . . . ,
L S 5
0o 0 - A

where J\; is the eigenvalue for v;.

We will justify the linear independence assertion in part 4 in the proof of Theorem 5.4.3 below.

v/ Example 5.4.9: A shear is not diagonalizable

Let

https://math.libretexts.org/@go/page/70208
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so T(x) = Az is a shear, Example 3.1.8 in Section 3.1. The characteristic polynomial of A is f(\) = (A —1)2, so the only
eigenvalue of A is 1. We compute the 1-eigenspace:

(A-L)w=0 < (8 ;) (2) =0 < y=0.

In other words, the 1-eigenspace is exactly the z-axis, so all of the eigenvectors of A lie on the z-axis. It follows that A does
not admit two linearly independent eigenvectors, so by Theorem 5.4.1, it is not diagonalizable.

In Example 5.1.8 in Section 5.1, we studied the eigenvalues of a shear geometrically; we reproduce the interactive demo here.

1.00 1.00| [1.00] |3.00
0.00 1.00| (2.00|  [2.00

This is the 1.00-eigenspace

V

Figure 5.4.3: All eigenvectors of a shear lie on the z-axis.

v/ Example 5.4.10: A projection is diagonalizable

Let L be a line through the origin in R?, and define T: R> — R? to be the transformation that sends a vector z to the closest
point on L to z, as in the picture below.

Figure 5.4.4

This is an example of an orthogonal projection. We will see in Section 6.3 that T' is a linear transformation; let A be the matrix
for T'. Any vector on L is not moved by 7" because it is the closest point on L to itself: hence it is an eigenvector of A with
eigenvalue 1. Let L be the line perpendicular to L and passing through the origin. Any vector z on L is closest to the zero
vector on L, so a (nonzero) such vector is an eigenvector of A with eigenvalue 0. (See Example 5.1.5 in Section 5.1 for a
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special case.) Since A has two distinct eigenvalues, it is diagonalizable; in fact, we know from Theorem 5.4.1that A is similar

to the matrix .
00

Note that we never had to do any algebra! We know that A is diagonalizable for geometric reasons.

0.96 0.19] [1.00] _ [1.35]:
0.19 0.04] [2.00] = [0.27

This 15 the 0.00-eigenspace

This is the 1.00-eigenspace

Figure 5.4.5: The line L (violet) is the 1-eigenspace of A, and L' (green) is the O-eigenspace. Since there are linearly
independent eigenvectors, we know that A is diagonalizable.

v Example 5.4.11: A non-diagonalizable 3 x 3 matrix

Let
1 10
A=10 1 0
0 0 2
The characteristic polynomial of A is f(A) = —(A —1)%(A —2), so the eigenvalues of A are 1 and 2. We compute the 1-
eigenspace:
010 x
(A—I)Jy=0 < |0 0 0 y|=0 <<= y=z=0.
0 0 2 z
In other words, the 1-eigenspace is the z-axis. Similarly,
-1 1 0 x
(A2L)w=0<+= [ 0 -1 0|]|y]|=0<+= z=y=0,
0 0 O z

so the 2-eigenspace is the z-axis. In particular, all eigenvectors of A lie on the xz-plane, so there do not exist three linearly
independent eigenvectors of A. By Theorem 5.4.1, the matrix A is not diagonalizable.

Notice that A contains a 2 X 2 block on its diagonal that looks like a shear:
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1 1 0
A=]10 1 0
0 0 2

This makes one suspect that such a matrix is not diagonalizable.

1.00 1.00 0.00 1.00-| |—3.{}O-|
0.00 1.00 0.00; {2.00{ = ;2.00
000 0.00 200] [3.00] [6.00]
This is the 1.00-eigenspace

This is the 2.00-cigenspace

P

Figure 5.4.6: All eigenvectors of A lie on the - and z-axes.

v/ Example 5.4.12: A rotation matrix

Let

A=<0 —1>,
1 0

so T'(z) = Az is the linear transformation that rotates counterclockwise by 90°. We saw in Example 5.1.9 in Section 5.1 that
A does not have any eigenvectors at all. It follows that A is not diagonalizable.
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0.00 -1.00| [1.00] |-2.00
1.00 0.00 | |2.00f | 1.00

‘,{f

Figure 5.4.7: This rotation matrix has no eigenvectors.

The characteristic polynomial of A is f(A) = A2 +1, which of course does not have any real roots. If we allow complex
numbers, however, then f has two roots, namely, 44, where ¢ =+/—1. Hence the matrix is diagonalizable if we allow
ourselves to use complex numbers. We will treat this topic in detail in Section 5.5.

The following point is often a source of confusion.

X Note 5.4.3: Diagonalizability has nothing to do with invertibility

Of the following matrices, the first is diagonalizable and invertible, the second is diagonalizable but not invertible, the third is
invertible but not diagonalizable, and the fourth is neither invertible nor diagonalizable, as the reader can verify:

(02) (o) G1) (o)

X Remark: Non-diagonalizable 2 x 2 matrices with an eigenvalue

As in the above Example 5.4.9, one can check that the matrix

is not diagonalizable for any number A. We claim that any non-diagonalizable 2 x 2 matrix B with a real eigenvalue A is
similar to A ). Therefore, up to similarity, these are the only such examples.

To prove this, let B be such a matrix. Let v; be an eigenvector with eigenvalue ), and let v, be any vector in R? that is not
collinear with vy, so that {vy, v2} forms a basis for R?. Let C be the matrix with columns v1, V2, and consider A =C'BC.
We have Ce; =v; and Cey = v, so0 C'v; =e; and C~'vy = ey. We can compute the first column of A as follows:

Aeq 20713061 = 07131)1 :Cil)\’vl :)\0711)1 = Aey.

Therefore, A has the form
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A= (A ") .
0 d
Since A is similar to B, it also has only one eigenvalue A; since A is upper-triangular, this implies d = A, so
A= ( A D ) .
0 A
As B is not diagonalizable, we know A is not diagonal (B is similar to A), so b # 0. Now we observe that
/b 0\ (X b (1/b 0\ _ (b 1) (b 0\ _ (XA 1)_,
o 1/\o a/\o 1) “\o a/\o 1) \o r) "

We have shown that B is similar to A, which is similar to Ay, so B is similar to A, by the transitivity property, Proposition
5.3.1 in Section 5.3, of similar matrices.

The Geometry of Diagonalizable Matrices

A diagonal matrix is easy to understand geometrically, as it just scales the coordinate axes:

1 00 1 1 100 0 0
0 2 0 o]j=1-]0 0 2 0 1]1=2-]1
0 0 3 0 0 0 0 3 0 0

1 0 0\ /0 0

0 2 0 0]=3-10

0 0 3/ \1 1

Therefore, we know from Section 5.3 that a diagonalizable matrix simply scales the “axes” with respect to a different coordinate
system. Indeed, if vy, vo, ..., v, are linearly independent eigenvectors of an n X n matrix A, then A scales the v;-direction by the
eigenvalue ;.

In the following examples, we visualize the action of a diagonalizable matrix A in terms of its dynamics. In other words, we start
with a collection of vectors (drawn as points), and we see where they move when we multiply them by A repeatedly.

v Example 5.4.13: Eigenvalues || > 1, |A2| < 1

Describe how the matrix
1 /11 6
A=—
10( 9 14)

acts on the plane.

Solution
First we diagonalize A. The characteristic polynomial is

FOU = A2 — Tr(A)A + det(A) :)\2—;)\+1 —(A-2) ()\— %) .

We compute the 2-eigenspace:

1 /— RREF (] _32
(A-2L)v=0 < —( 9 6 )sz — ( /3)1):0.
10\ 9 -6 0 0

The parametric form of this equation is * = 2/3y, so one eigenvector is v; = (2{3) . For the 1/2-eigenspace, we have:

1 1 RREF 1 1
(A——I;;)sz <— —(6 6)11:0 — ( )v:O.
2 10\9 9 0 0

The parametric form of this equation is z = —y, so an eigenvector is v, = (7). It follows that A = CDC~', where
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The diagonal matrix D scales the z-coordinate by 2 and the y-coordinate by 1/2. Therefore, it moves vectors closer to the -
axis and farther from the y-axis. In fact, since (2z)(y/2) = xy, multiplication by D does not move a point off of a hyperbola
zy=C.

The matrix A does the same thing, in the vy, vy-coordinate system: multiplying a vector by A scales the v;-coordinate by 2
and the vy-coordinate by 1/2. Therefore, A moves vectors closer to the 2-eigenspace and farther from the 1/2-eigenspace.

Multiply
Un-multiply

Test vector v

Show path v

Close Controls

2.00 0.00 1.10 0.60
e 0.00 0.50 S 0.90 1.40
1.00 2.00 -4 33 <117
2 [5.00] 7] 2.50] a4 [ 6.00 L: [ 450 }
This is the 0.50-eigenspAife: This is the i).S(}feigeh\space‘
| This is the 2.00-eigenspace. This is the 2.00-eigenspace.

o _ [0-67 —1.00
© 7 |1.00  1.00

A=CPC" &=Cy ==
| & |

Figure 5.4.8: Dynamics of the matrices A and D. Click “multiply” to multiply the colored points by D on the left and A on
the right.

v Example 5.4.14: Eigenvalues || > 1, [Az| > 1

Describe how the matrix
1/1 —
. 3 2
5\ -3 12

acts on the plane.

Solution
First we diagonalize A. The characteristic polynomial is

F(O) =22 —Tr(A)A+det(4) = A2 —5X+6 = (A —2)(A—3).

Next we compute the 2-eigenspace:
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_ RREF —
(A—213)U:0<:> l( . 2)v:O—> (1 2/3)1):()_
5\ -3 2 0 0

The parametric form of this equation is = 2 /3y, so one eigenvector is v; = (2{3) . For the 3-eigenspace, we have:
1/-2 -2 RREF /1 1
(A-3L)v=0 < —( >v:0—> ( )v:O.
5\ -3 -3 0 0

The parametric form of this equation is £ = —y, so an eigenvector is vy = (_11) . It follows that A = CDC !, where

2 -1
c- (%3 p=(29).
1 1 0 3
The diagonal matrix D scales the z-coordinate by 2 and the y-coordinate by 3. Therefore, it moves vectors farther from both

the z-axis and the y-axis, but faster in the y-direction than the z-direction.

The matrix A does the same thing, in the vy, vs-coordinate system: multiplying a vector by A scales the v;-coordinate by 2
and the vy -coordinate by 3. Therefore, A moves vectors farther from the 2-eigenspace and the 3-eigenspace, but faster in the
vy -direction than the vy -direction.

Multiply
Un-multiply

Test vector v

Show path v

Close Controls

5 [200 0.00] / ITao[260 Aoan)
~ 10.00 3.00 | —0.60 2|.40
2.00 4.00 0.33 —0.33
il )
2 [1.00] Al 3.00] g {3.00] _-*"w{ 7.00 }
This is the Z,CJEJ—eAgéuspaL;éi ¢ This is the Z‘DO—eigeulﬁi_mce.
This is the S.OO—eigeﬂgpﬁc’e. This is the 3.00-eigengpace.

»

O — [0.67 —1.00
© 7 |1.00 1.00
A—OCD0" = Cy S
& |

Figure 5.4.9: Dynamics of the matrices A and D. Click “multiply” to multiply the colored points by D on the left and A on
the right.

v Example 5.4.15: Eigenvalues || < 1, [A2| <1

Describe how the matrix

1 /12 2
A==
30(3 13)
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acts on the plane.

Solution
This is the inverse of the matrix A from the previous Example 5.4.14 In that example, we found A = CDC ! for

2/3 -1 2 0
C= / D= .
1 1 0 3
Therefore, remembering that taking inverses reverses the order of multiplication, Fact 3.5.1 in Section 3.5, we have

A = /2 S (@B = (@) e =@ (1/2 0 ) e
0 1/3

The diagonal matrix D~ does the opposite of what D does: it scales the z-coordinate by 1/2 and the y-coordinate by 1/3.
Therefore, it moves vectors closer to both coordinate axes, but faster in the y-direction. The matrix A’ does the same thing, but
with respect to the v;, vo-coordinate system.

Multiply

Un-multiply

Test vector v
Show path v

Close Controis

0.50 0.00 0.40 0.07] /|
D=10.00 033 4=lo10 043 ,
9.00]  [4.50 3.00 2,00
& [3.00] i 1.00] ¢ {12.00] % ,,L;".fso]
This is the 0.50-eigenspacg, = This is the 0.30-eigens face.
This is the 0.33-eigenspage—" This is the 0.33-eigenspace.

= E

o — [067 —1.00

7 11.00  1.00

A—CDCT 20y R
'S

Figure 5.4.10: Dynamics of the matrices A’ and D™, Click “multiply” to multiply the colored points by D! on the left and
A’ on the right.

v Example 5.4.16: Eigenvalues [A\| =1, |A2| < 1

Describe how the matrix

acts on the plane.

Solution
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First we diagonalize A. The characteristic polynomial is

FA) =22 —Tr(A)\+det(4) = A2 — g)\+% =(A-1) (A— %) .

Next we compute the 1-eigenspace:
1/-1 — RREF
(A-Lv=0 < — Ll v=0 — 11 v=0.
6\ -2 -2 0 0

The parametric form of this equation is z = —y, so one eigenvector is v; = (711) . For the 1/2-eigenspace, we have:

1 1 = RREF 1 —-1/2
A—=I|v=0 << = 2 1 v=0 —— / v=0.
2 6\-2 1 0 0

The parametric form of this equation is z = 1 /2y, so an eigenvector is vy = (1{2) . It follows that A = CDC !, where

C:(_11 1{2> D:((l) 1(/)2)'

The diagonal matrix D scales the y-coordinate by 1/2 and does not move the z-coordinate. Therefore, it simply moves vectors
closer to the z-axis along vertical lines. The matrix A does the same thing, in the vy, vs-coordinate system: multiplying a
vector by A scales the vy-coordinate by 1/2 and does not change the v;-coordinate. Therefore, A “sucks vectors into the 1-
eigenspace” along lines parallel to vs.

Multiply
Un-multiply

Test vector v

Show path v

Close Controls

1.00 0.00 0.83 —0.17
L= 0.00 0.50| 45 -0.33  0.67
2.00 2.00 1.50] _ [50.25
2 [?.oo} 8 3..50] 4 {g‘no} :J.\l[,.zs.so}
This is the | ‘Ot'l-eigeus-;w'%\/.;e. This is the | .f.}!}—eigﬂl‘:sbace.
This is the 0.50-eigenspace. This is the 0.50-eigengpace.

o - [L00 0.50]
© 7 [ 1.00 1.00

A=CDC" a=Cy =
| & |

Figure 5.4.11: Dynamics of the matrices A and D. Click “multiply” to multiply the colored points by D on the left and A on
the right.
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v/ Example 5.4.17: Interactive: A diagonalizable 3 x 3 matrix

The diagonal matrix

1/2 0 0
D=| 0 2 o
0 0 3/2

scales the z-coordinate by 1/2, the y-coordinate by 2, and the z-coordinate by 3 /2. Looking straight down at the zy-plane, the
points follow parabolic paths taking them away from the z-axis and toward the y-axis. The z-coordinate is scaled by 3/2, so
points fly away from the zy-plane in that direction.

If A=CDC™! for some invertible matrix C, then A does the same thing as D, but with respect to the coordinate system
defined by the columns of C.

Multiply

Un-multiply

Test vector v

Show path v

Close Controls

I_0.50 0.00 0.00 0.87 0.13 0.46
D= {0.00 2.00 0.00 A= 036 1.96 —0.08
0.00 0.00 1.50 047 =005 117
{8.{10 4.00 [ 9.17 |—4.50
D 11.00% = 12.00 Al 1.00 | a=/Y—1.92
1 1.00] py 150 | 717 4.08
This is the 0.50-eigenspace. This is the 0.50-eigenspace.
This is the 2.00-eigenspace. This is the 2.00-eigenspace.
This is the 1.50-eigenspace. This 1s the 1.50-cigenspace.

-1.17 -0.17 0.33
C={03 -150 -0.17
0.83 0.00 0.50
A=CDO* 2=Cy =
@ |

Figure 5.4.12: Dynamics of the matrices A and D. Click “multiply” to multiply the colored points by D on the left and A on
the right.

Algebraic and Geometric Multiplicity
In this subsection, we give a variant of Theorem 5.4.1 that provides another criterion for diagonalizability. It is stated in the

language of multiplicities of eigenvalues.

In algebra, we define the multiplicity of a root Ay of a polynomial f(\) to be the number of factors of A — Ay that divide f()). For
instance, in the polynomial

FO) =X 4+4X2 —5x+2=—-(A—1)’(A—2),
the root A9 = 2 has multiplicity 1, and the root Ay = 1 has multiplicity 2.
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# Definition 5.4.2: Algebraic Multiplicity and Geometric Multiplicity

Let A be an n X n matrix, and let A be an eigenvalue of A.

1. The algebraic multiplicity of X is its multiplicity as a root of the characteristic polynomial of A.
2. The geometric multiplicity of )\ is the dimension of the A-eigenspace.

Since the A-eigenspace of A is Nul(A —AI,), its dimension is the number of free variables in the system of equations
(A—AI,)x =0, i.e., the number of columns without pivots in the matrix A — AT, .

v/ Example 5.4.18

The shear matrix

(2

has only one eigenvalue A\ = 1. The characteristic polynomial of 4 is f(A) = (A —1)2, so 1 has algebraic multiplicity 2, as it
is a double root of f. On the other hand, we showed in Example 5.4.9 that the 1-eigenspace of A is the z-axis, so the
geometric multiplicity of 1 is equal to 1. This matrix is not diagonalizable.

1.00 1.00
0.00 1.00

I

1.00
2.00

The 1.00-gigenspace has algebraic multiplicity 2 and geometric multiplicity 1

e

V

The identity matrix

GNU Free Documentation License

Figure 5.4.13: Eigenspace of the shear matrix, with multiplicities.

10
5=(o 1)

also has characteristic polynomial (A —1)?, so the eigenvalue 1 has algebraic multiplicity 2. Since every nonzero vector in R?
is an eigenvector of I, with eigenvalue 1, the 1-eigenspace is all of R2, so the geometric multiplicity is 2 as well. This matrix
is diagonal.
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1.00 0.00] [1.00] _ [1.00] _, ,, [1:00
0.00 1.00| [2.00| = [2.00] T "V |2.00

The 1.00-eigenspace has algebraic multiplicity 2 and geometric multiplicity 2

X is an eigenvector with
eigenvalue 1.00

Az = 1.00z

Figure 5.4.14: Eigenspace of the identity matrix, with multiplicities.

v/ Example 5.4.19

Continuing with Example 5.4.8 let

4 -2 0
A=|2 -1 0
1 -1 1

The characteristic polynomial is f(A) = —(A —1)?(X —2), so that 1 and 2 are the eigenvalues, with algebraic multiplicities 2
and 1, respectively. We computed that the 1-eigenspace is a plane and the 2-eigenspace is a line, so that 1 and 2 also have
geometric multiplicities 2 and 1, respectively. This matrix is diagonalizable.
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4.00 -3.00 0.00 (1.00-| —2.00-|
2.00 -1.00 0.00; {2.00{ = | 0.00
100 ~100 100 [3.00] | 200 |
The |.00-eigenspace has algebraic multiplicity 2 and geometric multiplicity 2

The 2.00-eigenspace has algebraic multiplicity 1 and geometric multiplicity 1

Figure 5.4.15: The green plane is the 1l-eigenspace of A, and the violet line is the 2-eigenspace. Hence the geometric
multiplicity of the 1-eigenspace is 2, and the geometric multiplicity of the 2-eigenspace is 1.

In Example 5.4.11, we saw that the matrix

1 10
A=10 1 0
0 0 2

also has characteristic polynomial f(\) = —(X —1)2(A —2), so that 1 and 2 are the eigenvalues, with algebraic multiplicities
2 and 1, respectively. In this case, however, both eigenspaces are lines, so that both eigenvalues have geometric multiplicity 1.
This matrix is not diagonalizable.
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e & o o). B

[0.00 000 2.00] [3.00] |6.00]
The 1.00-eigenspace has algebraic multiplicity 2 and geometric multiplicity 1

The 2.00-eigenspace has algebraic multiplicity 1 and geometric multiplicity 1

Figure 5.4.16: Both eigenspaces of A are lines, so they both have geometric multiplicity 1.

We saw in the above examples that the algebraic and geometric multiplicities need not coincide. However, they do satisfy the
following fundamental inequality, the proof of which is beyond the scope of this text.

& Theorem 5.4.2: Algebraic and Geometric Multiplicity

Let A be a square matrix and let A be an eigenvalue of A. Then

1 < (the geometric multiplicity of A) < (the algebraic multiplicity of \).

In particular, if the algebraic multiplicity of A is equal to 1, then so is the geometric multiplicity.

X Note 5.4.4

If A has an eigenvalue A with algebraic multiplicity 1, then the A-eigenspace is a line.

We can use Theorem 5.4.2to give another criterion for diagonalizability (in addition to Theorem 5.4.1).

& Theorem 5.4.3: Diagonalization Theorem, Variant

Let A be an n x n matrix. The following are equivalent:

1. A is diagonalizable.
2. The sum of the geometric multiplicities of the eigenvalues of A is equal to n.
3. The sum of the algebraic multiplicities of the eigenvalues of A is equal to 7, and for each eigenvalue, the geometric

multiplicity equals the algebraic multiplicity.

Proof
We will show 1 = 2 = 3 = 1. First suppose that A is diagonalizable. Then A has n linearly independent
eigenvectors v, va, . . . , U,. This implies that the sum of the geometric multiplicities is at least n: for instance, if v1, vs, v3

have the same eigenvalue A, then the geometric multiplicity of A is at least 3 (as the A-eigenspace contains three linearly
independent vectors), and so on. But the sum of the algebraic multiplicities is greater than or equal to the sum of the

5.4.22 https://math.libretexts.org/@go/page/70208

GNU Free Documentation License



https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70208?pdf

LibreTexts"

geometric multiplicities by Theorem 5.4.2 and the sum of the algebraic multiplicities is at most n because the
characteristic polynomial has degree n. Therefore, the sum of the geometric multiplicities equals 7.

Now suppose that the sum of the geometric multiplicities equals n. As above, this forces the sum of the algebraic
multiplicities to equal n as well. As the algebraic multiplicities are all greater than or equal to the geometric multiplicities
in any case, this implies that they are in fact equal.

Finally, suppose that the third condition is satisfied. Then the sum of the geometric multiplicities equals n. Suppose that the

distinct eigenvectors are A1, A2, ..., Ak, and that 3; is a basis for the \;-eigenspace, which we call V;. We claim that the
collection B = {vy,vs, ..., v, } of all vectors in all of the eigenspace bases B; is linearly independent. Consider the vector
equation

0=civ; +covs +: - +Crvp.
Grouping the eigenvectors with the same eigenvalues, this sum has the form
0 = (something in V}) + (something in V3) + - - - + (something in V},).

Since eigenvectors with distinct eigenvalues are linearly independent, Fact 5.1.1 in Section 5.1, each “something in V;” is
equal to zero. But this implies that all coefficients ¢;, ca, - . ., ¢, are equal to zero, since the vectors in each B; are linearly
independent. Therefore, A has n linearly independent eigenvectors, so it is diagonalizable.

The first part of the third statement simply says that the characteristic polynomial of A factors completely into linear polynomials
over the real numbers: in other words, there are no complex (non-real) roots. The second part of the third statement says in
particular that for any diagonalizable matrix, the algebraic and geometric multiplicities coincide.

Let A be a square matrix and let A be an eigenvalue of A. If the algebraic multiplicity of A does not equal the geometric
multiplicity, then A is not diagonalizable.

The examples at the beginning of this subsection illustrate the theorem. Here we give some general consequences for
diagonalizability of 2 x 2 and 3 x 3 matrices.

v Example 5.4.20: Diagonalizability of 2 x 2 Matrices

Let A be a 2 x 2 matrix. There are four cases:

1. A has two different eigenvalues. In this case, each eigenvalue has algebraic and geometric multiplicity equal to one. This
implies A is diagonalizable. For example:
A=(L 7).
0 2

2. A has one eigenvalue X of algebraic and geometric multiplicity 2. To say that the geometric multiplicity is 2 means that
Nul(A—-XDL) = R2, i.e., that every vector in R? is in the null space of A — I . This implies that A — \I, is the zero
matrix, so that A is the diagonal matrix AI. In particular, A is diagonalizable. For example:

()

3. A has one eigenvalue A of algebraic multiplicity 2 and geometric multiplicity 1. In this case, A is not diagonalizable, by
part 3 of Theorem 5.4.3. For example, a shear:

()

4. A has no eigenvalues. This happens when the characteristic polynomial has no real roots. In particular, A is not
diagonalizable. For example, a rotation:
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| A= (i _11> .

v Example 5.4.21: Diagonalizability of 3 x 3 Matrices

Let A be a 3 x 3 matrix. We can analyze the diagonalizability of A on a case-by-case basis, as in the previous Example
5.4.20

1. A has three different eigenvalues. In this case, each eigenvalue has algebraic and geometric multiplicity equal to one. This
implies A is diagonalizable. For example:

17 4
A=10 2 3
00 -1

2. A has two distinct eigenvalues A1, As. In this case, one has algebraic multiplicity one and the other has algebraic
multiplicity two; after reordering, we can assume A; has multiplicity 1 and Ay has multiplicity 2. This implies that A; has
geometric multiplicity 1, so A is diagonalizable if and only if the Ay -eigenspace is a plane. For example:

1 7 4
A=10 2 0
0 0 2

On the other hand, if the geometric multiplicity of Ay is 1, then A is not diagonalizable. For example:

1 7 4
A=1]10 2 1
0 0 2

3. A has only one eigenvalue \. If the algebraic multiplicity of A is 1, then A is not diagonalizable. This happens when the
characteristic polynomial has two complex (non-real) roots. For example:

1 -1 0
A=|1 1 0
0 0 2

Otherwise, the algebraic multiplicity of A is equal to 3. In this case, if the geometric multiplicity is 1:

1 1 1
A=]10 1 1
0 0 1
or2:
1 0 1
A=]10 1 1
0 0 1

then A is not diagonalizable. If the geometric multiplicity is 3, then Nul(A — AI3) =R®, so that A — \I; is the zero
matrix, and hence A = AI5 . Therefore, in this case A is necessarily diagonal, as in:

1 00
A=10 1 0
0 0 1

Similarity and Multiplicity
Recall from Fact 5.3.2 in Section 5.3 that similar matrices have the same eigenvalues. It turns out that both notions of multiplicity
of an eigenvalue are preserved under similarity.
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Let A and B be similar n X n matrices, and let A be an eigenvalue of A and B. Then:

1. The algebraic multiplicity of A is the same for A and B.
2. The geometric multiplicity of A is the same for A and B.

Proof

Since A and B have the same characteristic polynomial, the multiplicity of A as a root of the characteristic polynomial is
the same for both matrices, which proves the first statement. For the second, suppose that A = CBC ! for an invertible
matrix C. By Fact 5.3.3 in Section 5.3, the matrix C' takes eigenvectors of B to eigenvectors of A, both with eigenvalue A.

Let {v1,v2,...,v;} be a basis of the A-eigenspace of B. We claim that {Cv;, Cva, ..., Cuy}is linearly independent.
Suppose that

c1Cv1 +c3Cvg +- - - +¢;,Cvp, =0.
Regrouping, this means
C’(clvl +covg +- - +ck'uk) =0.
By Theorem 5.1.1 in Section 5.1, the null space of C' is trivial, so this implies
Cc1v1 +covs + - - - +cpvp =0.
Since vy, va, . .., Vg are linearly independent, we get¢c; =cy = -+ =c =0, as desired.

By the previous paragraph, the dimension of the A-eigenspace of A is greater than or equal to the dimension of the A-
eigenspace of B. By symmetry (B is similar to A as well), the dimensions are equal, so the geometric multiplicities
coincide.

For instance, the four matrices in Example 5.4.20 are not similar to each other, because the algebraic and/or geometric
multiplicities of the eigenvalues do not match up. Or, combined with the above Theorem 5.4.3, we see that a diagonalizable matrix
cannot be similar to a non-diagonalizable one, because the algebraic and geometric multiplicities of such matrices cannot both
coincide.

v/ Example 5.4.22

Continuing with this Example 5.4.8, let

4 -3 0
A=]2 -1 0
1 -1 1
This is a diagonalizable matrix that is similar to
1 00 1 0 3
D=]101 0 using thematrix C=|1 0 2
0 0 2 011

The 1-eigenspace of D is the zy-plane, and the 2-eigenspace is the z-axis. The matrix C' takes the zy-plane to the 1-
eigenspace of A, which is again a plane, and the z-axis to the 2-eigenspace of A, which is again a line. This shows that the
geometric multiplicities of A and D coincide.
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Snap axes 4
Close Controls
1.00 0.00 0.00 4.00 —3.00 0.00
B={0.00 1.00 0.00 A=1200 -1.00 0.00
0.00 0.00 2.00 1.00 —1.00 1.00
[=1.00 —-1.00 8.00 17.00
B | 1.00 |I=4 1.00 A (5.00] = |11.00
3.00 6.00 4.00 7.00
[1.00 0.00 3.00‘| |
C = {1.00 0.00 2.00
l0.00 1.00 1.00J
o | o =0 = | o
A=CBC! z=Clzlz —
&
Figure 5.4.17: The matrix C takes the zy-plane to the 1-eigenspace of A (the grid) and the z-axis to the 2-eigenspace (the
green line).

The converse of Theorem 5.4.4 is false: there exist matrices whose eigenvectors have the same algebraic and geometric
multiplicities, but which are not similar. See Example 5.4.23 below. However, for 2 X 2 and 3 x 3 matrices whose characteristic
polynomial has no complex (non-real) roots, the converse of Theorem 5.4.4 is true. (We will handle the case of complex roots in
Section 5.5.)

v/ Example 5.4.23: Matrices that look similar but are not

Show that the matrices

1
and B= 0
0

S © © O
oS © O O
o O = O
o = O O
oS © © O
o © O o
o = O O

0

have the same eigenvalues with the same algebraic and geometric multiplicities, but are not similar.

Solution

These matrices are upper-triangular. They both have characteristic polynomial f(\) = A4, so they both have one eigenvalue 0
with algebraic multiplicity 4. The 0-eigenspace is the null space, Fact 5.1.2 in Section 5.1, which has dimension 2 in each case
because A and B have two columns without pivots. Hence 0 has geometric multiplicity 2 in each case.

To show that A and B are not similar, we note that

000 0 000 0
o000l o [000 0]
000 0 000 0
000 0 000 0

as the reader can verify. If A= CBC~! then by Recipe: Compute Powers of a Diagonalizable Matrix, we have
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A2=CBCc'=cCcoC! =0,

which is not the case.

On the other hand, suppose that A and B are diagonalizable matrices with the same characteristic polynomial. Since the geometric
multiplicities of the eigenvalues coincide with the algebraic multiplicities, which are the same for A and B, we conclude that there
exist n linearly independent eigenvectors of each matrix, all of which have the same eigenvalues. This shows that A and B are

both similar to the same diagonal matrix. Using the transitivity property, Proposition 5.3.1 in Section 5.3, of similar matrices, this
shows:

X Note 5.4.6

Diagonalizable matrices are similar if and only if they have the same characteristic polynomial, or equivalently, the same
eigenvalues with the same algebraic multiplicities.

v/ Example 5.4.24

Show that the matrices

1 7 2 1 0 0
A= -1 3 and B=| -2 4 0
0 0 4 -5 —4 -1

are similar.

Solution
Both matrices have the three distinct eigenvalues 1, —1, 4. Hence they are both diagonalizable, and are similar to the diagonal
matrix

1 0 0

0 -1 0

0 0 4

By the transitivity property, Proposition 5.3.1 in Section 5.3, of similar matrices, this implies that A and B are similar to each
other.

v/ Example 5.4.25: Diagonal matrices with the same entries are similar

Any two diagonal matrices with the same diagonal entries (possibly in a different order) are similar to each other. Indeed, such
matrices have the same characteristic polynomial. We saw this phenomenon in Example 5.4.5, where we noted that

0 0 -

o O =
= O O

01 3 00 0 0 1
20 1 0 02 0 010
0 3 0 0 0 0 1 100

This page titled 5.4: Diagonalization is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated
by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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5.5: Complex Eigenvalues

4b Objectives

1. Learn to find complex eigenvalues and eigenvectors of a matrix.

2. Learn to recognize a rotation-scaling matrix, and compute by how much the matrix rotates and scales.

3. Understand the geometry of 2 x 2 and 3 x 3 matrices with a complex eigenvalue.

4. Recipes: a 2 X 2 matrix with a complex eigenvalue is similar to a rotation-scaling matrix, the eigenvector trick for
2 X 2 matrices.

5. Pictures: the geometry of matrices with a complex eigenvalue.

6. Theorems: the rotation-scaling theorem, the block diagonalization theorem.

7. Vocabulary word: rotation-scaling matrix.

In Section 5.4, we saw that an n X n matrix whose characteristic polynomial has n distinct real roots is diagonalizable: it is similar
to a diagonal matrix, which is much simpler to analyze. The other possibility is that a matrix has complex roots, and that is the
focus of this section. It turns out that such a matrix is similar (in the 2 X 2 case) to a rotation-scaling matrix, which is also
relatively easy to understand.

In a certain sense, this entire section is analogous to Section 5.4, with rotation-scaling matrices playing the role of diagonal
matrices. See Section 7.1 for a review of the complex numbers.

Matrices with Complex Eigenvalues

As a consequence of the fundamental theorem of algebra, Theorem 7.1.1 in Section 7.1, as applied to the characteristic polynomial,
we see that:

Every n X n matrix has exactly n complex eigenvalues, counted with multiplicity.

We can compute a corresponding (complex) eigenvector in exactly the same way as before: by row reducing the matrix A — \I,, .
Now, however, we have to do arithmetic with complex numbers.

v/ Example 5.5.1: A 2 x 2 matrix

Find the complex eigenvalues and eigenvectors of the matrix

A= (1 _1> .
1 1
Solution
The characteristic polynomial of A is
FA) =22 — Tr(A)A +det(A) = A2 — 21 +2.

The roots of this polynomial are

A

_2+v48 _ .
= 14

First we compute an eigenvector for A =1 +% . We have

o= (U003 7)

Now we row reduce, noting that the second row is ¢ times the first:

( —3 -1 ) Ry=Ry—iR; ( — =1 ) Ri=R1+—i ( 1 — )
1 . 7 E—— 5
—1
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The parametric form is = iy, so that an eigenvector is v; = (;) . Next we compute an eigenvector for A =1 —% . We have

A_(l—i)b:(l_(;_i) 1_(_11_i)): (; _zl)

Now we row reduce, noting that the second row is — times the first:

(i _1) R,=R,+iR, (2 _1> Ry=R;+i (1 z)
_— _— .
1 3 0 O 0 0
The parametric form is * = —iy, so that an eigenvector is vy = (_1’) .
1 -1 i i—1 i
= ]_—i—.
(1 1)(1> (z‘+1) ( ”(1>
1 -1 S 5 i1 5
‘ ==
1 1 1 —i+1 1
v/ Example 5.5.2: A 3 x 3 matrix

Find the eigenvalues and eigenvectors, real and complex, of the matrix

We can verify our answers:

4/5 —3/5 0
A=|3/5 4/5 0
12 2

Solution
We compute the characteristic polynomial by expanding cofactors along the third row:
4/5 -\ -3/5 0 8
fA)=det| 3/5 4-5-X 0 |=(2-X) (,\2—3)\+1).
1 2 2-X

This polynomial has one real root at 2, and two complex roots at

3 8/5+./64/25—4  4+3;
- 2 ~ 75

Therefore, the eigenvalues are
44 3i 4—33
5 5 °

We eyeball that v; = eg is an eigenvector with eigenvalue 2, since the third column is 2es.

A=2,

Next we find an eigenvector with eigenvaluue (4 + 3¢)/5. We have

_9; _ i1
443 3i/5 3/5 0 R i ' 0
A- L=| 3/5 -3i/5 0 — 5|1 - 0
1 2 2-(4+3i)/5) "B \1 2 EE

We row reduce, noting that the second row is —3 times the first:
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i 1 0 1 1 0
Ry=Ry+iR:
1 — 0 —_— 00 O
6-3i 6-3i
1 2 = 1 2 =
i 1 0
R3=R3+iR1
- 0 0 0
0 2+i £X
1 1 0
Rk . 6-3i
_— 0 2412 =
0 0 0
B 1 — 0
=5 0 1 o=l
K 25
Ro=Ry+(2+i) . .
1 o 12v
Ri=R1+iR, 2>
- 0 1 9Lz
25
0 0 0
The free variable is z; the parametric form of the solution is
. - 12 +9¢ .
B 25
_ 9—-12;
Yy = 25 z.
Taking z = 25 gives the eigenvector
—12-9;
vp=| —9+12¢
25
A similar calculation (replacing all occurences of ¢ by —z) shows that an eigenvector with eigenvalue (4 — 37)/5 is
—124-9:
vg=| —9—-12¢
25
We can verify our calculations:
4/5 -3/5 0 —12+493 —21/5+72i/5 443 —12+49:
3/5 4/5 0 —9-12¢ | = | -72/5-21¢/5 | = 5 1 912
1 2 2 25 20 — 15z 25
4/5 -3/5 0 —12-9; —21/5—-"72i/5 4_3i —-12-93
3/5 4/5 0 —9+12¢ | = | —72/5+213/5 :TZ —9+12¢
1 2 2 25 204152 25

If A is a matrix with real entries, then its characteristic polynomial has real coefficients, so Note 7.1.3 in Section 7.1 implies that its
complex eigenvalues come in conjugate pairs. In the first example, we notice that

1+ has an eigenvector v; = ( i )

—1
1 —1 has an eigenvector vy = ( 1 ) .

In the second example,
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. —12-9¢
4+31 . )
has an eigenvector vy = | —9+12¢

25
—12 ]
4—-3: . o
has an eigenvector v = | —9 —124

25

In these cases, an eigenvector for the conjugate eigenvalue is simply the conjugate eigenvector (the eigenvector obtained by
conjugating each entry of the first eigenvector). This is always true. Indeed, if Av = Av then

At = Av = v =)\,

which exactly says that ¥ is an eigenvector of A with eigenvalue \.

X Note 5.5.2

Let A be a matrix with real entries. If

A is a complex eigenvalue with eigenvector v,
then ) is a complex eigenvalue with eigenvector v.

In other words, both eigenvalues and eigenvectors come in conjugate pairs.

Since it can be tedious to divide by complex numbers while row reducing, it is useful to learn the following trick, which works
equally well for matrices with real entries.

X Note 5.5.3: Eigenvector Trick for 2 x 2 Matrices

Let A be a 2 x 2 matrix, and let A be a (real or complex) eigenvalue. Then

z w —w
A-AL = ( ) — ( ) is an eigenvector with eigenvalue A,
*  x z

assuming the first row of A — Al is nonzero.

Indeed, since A is an eigenvalue, we know that A — Al is not an invertible matrix. It follows that the rows are collinear (otherwise
the determinant is nonzero), so that the second row is automatically a (complex) multiple of the first:

(C0)=(2 o)

It is obvious that (_Zw) is in the null space of this matrix, as is (j”z), for that matter. Note that we never had to compute the second
row of A — A5, let alone row reduce!

v/ Example 5.5.3: A 2 x 2 matrix, the easy way

Find the complex eigenvalues and eigenvectors of the matrix

Solution
Since the characteristic polynomial of a 2 x 2 matrix A is f(A) = A> — Tr(A4)\ +det(A), its roots are

Tr(A) 44/ Tr(A)2 —4det(A) _ 2+ V4-8 _

A= 1+4.

2 2

To find an eigenvector with eigenvalue 1 47, we compute
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—7 -1 eigenvector 1
a-arin=( ) a1,
* * —1

The eigenvector for the conjugate eigenvalue is the complex conjugate:

5= ()
Vg = V1 = . o
(3

In Example 5.5.1 we found the eigenvectors (i) and (_1’) for the eigenvalues 1 +% and 1 —%, respectively, but in Example
5.5.3 we found the eigenvectors (fz) and (1) for the same eigenvalues of the same matrix. These vectors do not look like multiples

of each other at first—but since we now have complex numbers at our disposal, we can see that they actually are multiples:
N 1 ot 1
—1 = 1 == .
1 —1 1 i
Rotation-Scaling Matrices

The most important examples of matrices with complex eigenvalues are rotation-scaling matrices, i.e., scalar multiples of rotation
matrices.

# Definition 5.5.1: Rotation-Scaling matrix

A rotation-scaling matrix is a 2 X 2 matrix of the form

where @ and b are real numbers, not both equal to zero.

The following proposition justifies the name.

& Proposition 5.5.1

Let

be a rotation-scaling matrix. Then:
1. A is a product of a rotation matrix

(cos0 —sinf

) ) with a scaling matrix ( " 0) .
sinf  cosé 0

r

2. The scaling factor r is
r=,/det(A) = +/a® +b%.

3. The rotation angle @ is the counterclockwise angle from the positive z-axis to the vector (Z):

(5)

Figure 5.5.1

The eigenvalues of A are A = a £+ bi.
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Proof
Setr = /det(A) = \/a® +b? . The point (a/r,b/r) has the property that

&) -5

In other words (a/r,b/r) lies on the unit circle. Therefore, it has the form (cos#, sin), where 6 is the counterclockwise

angle from the positive z-axis to the vector (Z;:), or since it is on the same line, to (Z):

) ()=

(a/r,b/r)—

Figure 5.5.2

A:r(a/T —b/r) _ (r 0) (cosﬁ —sin6)
b/r a/r 0 r sinf cosf )’
as desired.

For the last statement, we compute the eigenvalues of A as the roots of the characteristic polynomial:

Tr(A)+,/Tr(A)?2 —4det(A)  2a+./4a® —4(a® +b?)

It follows that

Geometrically, a rotation-scaling matrix does exactly what the name says: it rotates and scales (in either order).

v/ Example 5.5.4: A rotation-scaling matrix

What does the matrix

do geometrically?

Solution
Therefore, it scales by a factor of ./det(A) =+/2 and rotates

This is a rotation-scaling matrix with a=b=1.
1
1
50

counterclockwise by 45°:

Figure 5.5.3

Here is a picture of A:

https://math.libretexts.org/@go/page/70209
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A
/-"’_\‘ |

rotate by 45°
scale by v2

Figure 5.5.4

An interactive figure is included below.

Open Controls

1.00 1.00 | |4.00 6.00
[Click and drag the vector heads]

i 1o (i = o)

Figure 5.5.5: Multiplication by the matrix A rotates the plane by 45° and dilates by a factor of /2. Move the input vector & to
see how the output vector b changes.

v Example 5.5.5: A rotation-scaling matrix

What does the matrix

(3 )

do geometrically?

Solution
This is a rotation-scaling matrix with a = —+/3 and b = 1. Therefore, it scales by a factor of ,/det(4) =+4/3+1 =2 and
rotates counterclockwise by the angle 6 in the picture:

(7))

Figure 5.5.6

To compute this angle, we do a bit of trigonometry:

https://math.libretexts.org/@go/page/70209
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=
V3 6
1 o] . _5m
%) ‘\ B=m—p= &
V3
Figure 5.5.7

Therefore, A rotates counterclockwise by 57 /6 and scales by a factor of 2.

/\ A

m

tate by —

- R rotate by —
scale by 2

Figure 5.5.8

An interactive figure is included below.

~1.73 —1.00] [2.00] _ [-7.46
1.00 -1.73| [4.00| = |-4.93

[Click and drag the vector heads]

m
Figure 5.5.9: Multiplication by the matrix A rotates the plane by 57/6 and dilates by a factor of 2. Move the input vector z to
see how the output vector b changes.

The matrix in the second example has second column (_1/3), which is rotated counterclockwise from the positive z-axis by an
angle of 57 /6. This rotation angle is not equal to tan™? (1 / (—\/g)) = —%. The problem is that arctan always outputs values

between —/2 and 7/2: it does not account for points in the second or third quadrants. This is why we drew a triangle and used its
(positive) edge lengths to compute the angle ¢:
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(V) (L)
1 5 \6‘ Qzﬂ_(pZS_”
V3

Figure 5.5.10

Alternatively, we could have observed that (7‘/3) lies in the second quadrant, so that the angle € in question is

1
1
0 =tan? (—) + .
—3

When finding the rotation angle of a vector (‘Z), do not blindly compute tan! (b/a), since this will give the wrong answer

when (‘Z) is in the second or third quadrant. Instead, draw a picture.

Geometry of 2 x 2 Matrices with a Complex Eigenvalue

Let A be a 2 x 2 matrix with a complex, non-real eigenvalue X. Then A also has the eigenvalue A # \. In particular, A has
distinct eigenvalues, so it is diagonalizable using the complex numbers. We often like to think of our matrices as describing
transformations of R™ (as opposed to C"). Because of this, the following construction is useful. It gives something like a
diagonalization, except that all matrices involved have real entries.

& Theorem 5.5.1: Rotation-Scaling Theorem

Let A be a 2 x 2 real matrix with a complex (non-real) eigenvalue A, and let v be an eigenvector. Then A = CBC ! for

C=|[%(v ) | and B= (if(a)) ;((AA)))'

In particular, A is similar to a rotation-scaling matrix that scales by a factor of || = 1/det(B).

Proof

First we need to show that (v) and J(v) are linearly independent, since otherwise C' is not invertible. If not, then there
exist real numbers z, y, not both equal to zero, such that z9R(v) +yJ(v) = 0 . Then

(y+iz)v = (y+iz)(R(v) +iI(v))
= yR(v) —23(v) + (2R (v) +yI(v)) é
= yR(v) —zI(v).
Now, (y+iz)v is also an eigenvector of A with eigenvalue A, as it is a scalar multiple of v. But we just showed that

(y +iz)v is a vector with real entries, and any real eigenvector of a real matrix has a real eigenvalue. Therefore, R(v) and
J(v) must be linearly independent after all.

LetA=a-+bi andv= (”y’) . We observe that

Av= v = (a+bi) ( x+yl>

z+wi
( (az —by) + (ay +bx)i )
(az —bw) + (aw +b2)i

<aw—by) _H.<ay+ba:) .
az—bw aw +bz

ztwi
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On the other hand, we have

A ((j) i (Z)) 4 (Z) +id (i) — AR(v) +iAT(v).

Matching real and imaginary parts gives
Am(v):(aw—by) Aj(v):<ay+bm).
az—bw aw +bz
Now we compute C BC 'R (v) and CBC~1J3(v). Since Ce; = R(v) and Cey = JI(v), we have C~1R(v) =e; and
C—13(v) =eq, so

a

CBC 'R(v) =CBe1 =C ( _b) = aR(v) — bJ(v)

u () —b(i) _ (Zj_—;g) _ AR(w)

CBC13(v) = CBey = C (2 ) — bR (v) + a3(v)

b (“’) +a ( y) — ( “y“’x) = A3(v).
z w aw + bz
Therefore, AR (v) = CBC*R(v) and AJ(v) = CBC*3(v) .
Since R(v) and J(v) are linearly independent, they form a basis for R?. Let w be any vector in R?, and write
w = c¢R(v) +dI(v) . Then
Aw = A(cR(v) +dI(v))

= cAR(v) +dAT(v)

= c¢CBC '%(v) +dCBC ' 3(v)

=CBC " (cR(v) +dI(v))

=CBC 'w.
This proves that A= CBC .

Here R and J denote the real and imaginary parts, respectively:

R(a+bi)=a J(a+bi)=b 9%(“3”,):(””) j(””y"):(y)'
ztws z z+we w
The rotation-scaling matrix in question is the matrix

B:(Z _ab> with a=9R(\), b= —JI(\).

Geometrically, the rotation-scaling theorem says that a 2 X 2 matrix with a complex eigenvalue behaves similarly to a rotation-
scaling matrix. See Note 5.3.3 in Section 5.3.

One should regard Theorem 5.5.1 as a close analogue of Theorem 5.4.1 in Section 5.4, with a rotation-scaling matrix playing the
role of a diagonal matrix. Before continuing, we restate the theorem as a recipe:

X Recipe: A 2 x 2 Matrix with a Complex Eigenvalue

Let A be a2 x 2 real matrix.

1. Compute the characteristic polynomial

F(\) = A2 — Tr(A)A +det(4),

then compute its roots using the quadratic formula.
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2. If the eigenvalues are complex, choose one of them, and call it A.
3. Find a corresponding (complex) eigenvalue v using the trick 3.
4. Then A= CBC™! for

| |
C=| R I(v) and B= ( Wy St ) .

This scales by a factor of | A|.

v/ Example 5.5.6

What does the matrix

do geometrically?

Solution
The eigenvalues of A are

A= 144,

Tr(A) 44/ Tr(A)2 —4det(A) _2+/4-8
2 - 2 B

We choose the eigenvalue A =1 — ¢ and find a corresponding eigenvector, using the trick, note 5.5.3:

1 ;. —1 eigenvector 1
A—(l—i)I2:( i ) —>v:( )
* * 141

According to Theorem 5.5.1, we have A = CBC~! for
C-—(SR( 1,) ( 1.))—(1 0)
1+4 1+14 11

J
B (i(&ﬁ ;((AAD - (1 _11) ‘

The matrix B is the rotation-scaling matrix in above Example 5.5.4: it rotates counterclockwise by an angle of 45° and scales
by a factor of 4/2. The matrix A does the same thing, but with respect to the 2R(v), J(v) -coordinate system:
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B
\ rotate by 45° ;
Ly

scale by v2

rotate by 45°
“around an ellipse”

scale by v2
A

Figure 5.5.11

To summarize:

e B rotates around the circle centered at the origin and passing through e; and es, in the direction from e; to e, then scales

by /2.

o A rotates around the ellipse centered at the origin and passing through 2R (v) and J(v), in the direction from R(v) to J(v),
then scales by /2.

The reader might want to refer back to Example 5.3.7 in Section 5.3.
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Multiply

Un-multiply

Test vector v
Show path v

Close Controls

1.00 —1.00] ' ~ [2.00 —1.00
B=1100 1.00 4=1200 0.00
0.00 —1.00 0.00 —1.00
2 {1.00} = { 1.00} A {1.00] & [0.00}
This matrix has complex eigenvalues This matrix has complex eigenvalues
A =1.00 £ 1.00%. A =1.00 £ 1.00%

i 1.00 0.00
7 {1.00 1.00

Y v—1 - T,
A=CBC z=Cy A
W M

Figure 5.5.12: The geometric action of A and B on the plane. Click “multiply” to multiply the colored points by B on the left
and A on the right.

If instead we had chosen A =144 as our eigenvalue, then we would have found the eigenvector ¥ = (11_1) . In this case we
would have A = C'B/(C’)~!, where

o=("(i%) 2(L))=( 5)
1—1 1—1 1 -1
B _ R(A)  T(A) :< 1 1>.
-3 ®’M -t
So, A is also similar to a clockwise rotation by 45°, followed by a scale by /2.

v/ Example 5.5.7

What does the matrix

A:<_\/§+1 . —32_1>

do geometrically?

Solution
The eigenvalues of A are

Tr(A) + \/Tr(A)2 —4det(A) —24/3+,/12—-16 .
A= = = —/3+4.
2 2
We choose the eigenvalue A = —/3 —4 and find a corresponding eigenvector, using the trick, note 5.5.3:
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l  — eigenvector
141—(—\/3—1')@:(”Z 2) g—>v=< 2,).
* * 141
According to Theorem 5.5.1, we have A = CBC~! for

o=(2(:%) 2(L))-( )
1+14 1+14 11
(RO I\ _ (VB -1
B (—30\) E)‘i(k)) - ( 1 —x/§) '
The matrix B is the rotation-scaling matrix in the above Example 5.5.5: it rotates counterclockwise by an angle of 57 /6 and
scales by a factor of 2. The matrix A does the same thing, but with respect to the 93(v), J(v) -coordinate system:

3

rotate by 57/6
“around an ellipse’®
scale by 2

\_//’

A

B /m

1 \ r
N scale by 2

Figure 5.5.13

To summarize:

e B rotates around the circle centered at the origin and passing through e; and es, in the direction from e; to ey, then scales
by 2.

o A rotates around the ellipse centered at the origin and passing through 2R (v) and J(v), in the direction from 9R(v) to J(v),
then scales by 2.

The reader might want to refer back to Example 5.3.7 in Section 5.3.
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Multiply
Un-multiply

Test vector v

Show path =

Close Controls

g [-173 —1.00 4 [0 —200
1 1.00 -1.73 | 1.00 -2.73
0.00 —1.00 0.00 —~2.00
2 {1‘00} 5 [—1.73} 4 {1.00] o {—2.73}
This matrix has complex eigenvalues This matrix has complex eigenvalues
A+ —1.73 £ LGW;. A= —1.73 + 1.00i.

o _ [2:00 0.0
“ = 11.00 1.00
A=CBC! z=0Cy

KA
K M
Figure 5.5.14: The geometric action of A and B on the plane. Click “multiply” to multiply the colored points by B on the left
and A on the right.
If instead we had chosen A = —/3 — i as our eigenvalue, then we would have found the eigenvector v = (132) . In this case

we would have A = CIB’(C’) 1, where
1—1 1—1 1 1

:<m(i) 3(X)>:(_\/§ 1)
300 RO -1 -3/

So, A is also similar to a clockwise rotation by 5 /6, followed by a scale by 2.

<

C

=

B

We saw in the above examples that Theorem 5.5.1 can be applied in two different ways to any given matrix: one has to choose one

of the two conjugate eigenvalues to work with. Replacing A by A has the effect of replacing v by v, which just negates all
imaginary parts, so we also have A = C'B'(C")~! for

C'=| Rv) -I(v) and B'= <9;((;\)) 9‘3((:))) ‘

The matrices B and B’ are similar to each other. The only difference between them is the direction of rotation, since (2(()3\))) and

A . . .
(?((/\))) are mirror images of each other over the z-axis:
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(1nc:)
(")

The discussion that follows is closely analogous to the exposition in subsection The Geometry of Diagonalizable Matrices in
Section 5.4, in which we studied the dynamics of diagonalizable 2 x 2 matrices.

Figure 5.5.15

X Note 5.5.5: Dynamics of a 2 x 2 Matrix with a Complex Eigenvalue

Let A be a 2 X 2 matrix with a complex (non-real) eigenvalue A. By Theorem 5.5.1, the matrix A is similar to a matrix that
rotates by some amount and scales by |A|. Hence, A rotates around an ellipse and scales by |A|. There are three different cases.

|[A| > 1: when the scaling factor is greater than 1, then vectors tend to get longer, i.e., farther from the origin. In this case,
repeatedly multiplying a vector by A makes the vector “spiral out”. For example,

_ 1 (VAL 2 Vi
A_\/i( : \/?_)_1) A= Al =v2>1

V2
gives rise to the following picture:

Figure 5.5.16

|[A\] =1: when the scaling factor is equal to 1, then vectors do not tend to get longer or shorter. In this case, repeatedly
multiplying a vector by A simply “rotates around an ellipse”. For example,

:1(\/5+1 -2 > V3—i

2 1 V3-1 A

4 2

gives rise to the following picture:

GNU Free Documentation License 5.5.16 https://math.libretexts.org/@go/page/70209


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70209?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/05%3A_Eigenvalues_and_Eigenvectors/5.03%3A_Diagonalization#The_Geometry_of_Diagonalizable_Matrices
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/05%3A_Eigenvalues_and_Eigenvectors/5.03%3A_Diagonalization

LibreTexts*

Figure 5.5.17

|\| < 1: when the scaling factor is less than 1, then vectors tend to get shorter, i.e., closer to the origin. In this case, repeatedly
multiplying a vector by A makes the vector “spiral in”. For example,

a- L (‘/§+1 —2 ) )\:_\/g_z |)\|:L<1
2¢/2 1 V3-1

22 V2
gives rise to the following picture:

Figure 5.5.18

v Example 5.5.8: Interactive: |[A| > 1

() (0 ) e ()
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V3—i
A= Al=+v2>1
w5 Al =v2
Multiply
Un-multiply
Test vector L
Show path d
Close Controls
1.22 —0.71 1.93 —1.41
b= 0.71 1.22 = 0.71  0.52
0.00 —0.71 0.00 —1.41
2 [1.00} = { 1.22} A {1.00} = {0.52}
This matrix has complex eigenvalues This matrix has complex eigenvalues
=122+ 0714 A=1.22+ 0.3

o — [200 0.00
77 11.00 1.00
Y =c] T}
A=CBC ==y R
M

and A on the right.

v Example 5.5.9: Interactive: |A| =1

A:l(\/g—i-l
2 1

-2
V3-1

)

GNU Free Documentation License

Figure 5.5.19: The geometric action of A and B on the plane. Click “multiply” to multiply the colored points by B on the left
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0.87 —0.50
B=1l050 o087
0.00 ~2.50
£ {5.00}_2 { 4.33 }

This matrix has complex eigenvalues

A =0.87 £ 0.50%

Multiply

Un-multiply

Test vector v

Show path v

Close Controls

1.37  —1.00
A=1050 037
0.00] _ [~5.00
4 {5.00} 2 j{ 1.83 }

This matrix hasicomplex eigenvalues

A =0.87 £ 0.504.

o [200 0.00]

7 11.00 1.00

A=0BC ' =0y —
@]

GNU Free Documentation License

and A on the right.
v Example 5.5.10: Interactive: |A| < 1
AL (\/§+1 -2 ) B
2v/2 1 V3—-1
_ VB
2v2

Figure 5.5.20: The geometric action of A and B on the plane. Click “multiply” to multiply the colored points by B on the left
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_ [0.61 —0.35
= 1035 0.61

0.00 i —3.18
2 {g00k= w51 |
This matrix has complex eigenvalues

A =0.61 £ 0.358

B

Multiply

Un-multiply

Test vector v
Show path v

Close Controls

_ [0.97 —0.71
~ (035 0.26

4 [0:00] _{-6.36
9.00( || 2.33
This mafrix has complex eigenvalues

A = 0.61 £ 0.354¢.

A

o [200 0.00]

7 11.00 1.00

A=CBO 2=y 5
K

Figure 5.5.21: The geometric action of A and B on the plane. Click “multiply” to multiply the colored points by B on the left
and A on the right.

X Remark: Classification of 2 x 2 matrices up to similarity

At this point, we can write down the “simplest” possible matrix which is similar to any given 2 x 2 matrix A. There are four
cases:

1. A has two real eigenvalues A1, Aq. In this case, A is diagonalizable, so A is similar to the matrix

(5 )
0 X/

This representation is unique up to reordering the eigenvalues.
2. A has one real eigenvalue A of geometric multiplicity 2. In this case, we saw in Example 5.4.20 in Section 5.4 that A is

equal to the matrix
( A0 )

3. A has one real eigenvalue A of geometric multiplicity 1. In this case, A is not diagonalizable, and we saw in Remark: Non-
diagonalizable 2 x 2 matrices with an eigenvalue in Section 5.4 that A is similar to the matrix

(6 3)

4. A has no real eigenvalues. In this case, A has a complex eigenvalue A, and A is similar to the rotation-scaling matrix
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(5 o)

—b
by Theorem 5.5.1. By Proposition 5.5.1, the eigenvalues of a rotation-scaling matrix ( Z ) are\ (a £ bi, so that two
a

—b —d
rotation-scaling matrices (Z ) and (Z ) are similar if and only if a = ¢ and b = £d .
a c

Block Diagonalization

For matrices larger than 2 x 2, there is a theorem that combines Theorem 5.4.1 in Section 5.4 and Theorem 5.5.1. It says
essentially that a matrix is similar to a matrix with parts that look like a diagonal matrix, and parts that look like a rotation-scaling

matrix.

& Theorem 5.5.2: Block Diagonalization Theorem

Let A be a real n x n matrix. Suppose that for each (real or complex) eigenvalue, the algebraic multiplicity equals the
geometric multiplicity. Then A = CBC !, where B and C are as follows:

e The matrix B is block diagonal, where the blocks are 1 x 1 blocks containing the real eigenvalues (with their
multiplicities), or 2 x 2 blocks containing the matrices

for each non-real eigenvalue A (with multiplicity).
o The columns of C form bases for the eigenspaces for the real eigenvectors, or come in pairs (i)‘{(v) J(v) ) for the non-real

eigenvectors.

The Theorem 5.5.2 is proved in the same way as Theorem 5.4.1 in Section 5.4 and Theorem 5.5.1. It is best understood in the case

of 3 x 3 matrices.

X Note 5.5.6: Block Diagonalization of a 3 x 3 Matrix with a Complex Eigenvalue

Let A be a 3 x 3 matrix with a complex eigenvalue ;. Then ); is another eigenvalue, and there is one real eigenvalue \;.
Since there are three distinct eigenvalues, they have algebraic and geometric multiplicity one, so Theorem 5.5.2 applies to A.

Let v; be a (complex) eigenvector with eigenvalue \;, and let vs be a (real) eigenvector with eigenvalue A,. Then Theorem
5.5.2says that A = CBC ! for

| | ( Re(2,) Im(%,)] 0
Cz(Re(vl) Im(v,) L‘Q) B=j{|—Im(A;) Re(A,)| 0

| | | 0 0 [A]

Figure 5.5.22

v Example 5.5.11: Geometry of a 3 x 3 matrix with a complex eigenvalue

What does the matrix

L (33 -2 9
A=— -

|22 33 -2

19 14 50

do geometrically?

Solution
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First we find the (real and complex) eigenvalues of A. We compute the characteristic polynomial using whatever method we
like:

FON) =det(A—AI3) = —X3+4)X2 — 6\ +4.

We search for a real root using the rational root theorem. The possible rational roots are +1, £2, +4; we find f(2) =0, so that
A —2 divides f(A). Performing polynomial long division gives

FO)=—-(A=2)(N =21 +2).
The quadratic term has roots
_244/4-8
B 2

so that the complete list of eigenvalues is \; =1 —i, A; =144, and Ay = 2.

A =144,

Now we compute some eigenvectors, starting with Ay =1 — ¢ . We row reduce (probably with the aid of a computer):

| [4+29 23 9 wrg (10 7/5+i/5
A-(-i)h=55| 22 44200 23 | — [0 1 —2/5+9i/5
19 14 21+29i 00 0

The free variable is z, and the parametric form is

_ (1, .
T = - 5 + 51 z s —7—1
— u=| 2-9%
_ 2 _ gl 9 eigenvector 5
Y 5 5
For Ay = 2, we have
—25 23 9 RREF 1 0 —2/3
A—-2I3= % 22 -25 -23| — |0 1 1/3
19 14 -8 0 0 0

The free variable is z, and the parametric form is

_ 2 2
r = 3z 3
1 eigenvector e i
y = —gz 3
According to Theorem 5.5.2, we have A = CBC 1 for
| | | -7 -1 2
C=|R(v) I(v) vz) =2 -9 -1
| | | 5 0 3
R(A1) T(A) O 1 -1 0
B=|-3A) ®BMXN) O0f]=|1 1 o0
0 0 2 0 0 2

1 -1
The matrix B is a combination of the rotation-scaling matrix (1 1 ) from Example 5.5.4, and a diagonal matrix. More

specifically, B acts on the zy-coordinates by rotating counterclockwise by 45° and scaling by v/2, and it scales the z-
coordinate by 2. This means that points above the zy-plane spiral out away from the z-axis and move up, and points below the
zy-plane spiral out away from the z-axis and move down.

The matrix A does the same thing as B, but with respect to the {R(v;), J(v1), v }-coordinate system. That is, A acts on the
R (v1), I(v1)-plane by spiraling out, and A acts on the vy-coordinate by scaling by a factor of 2. See the demo below.
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Multiply

Un-multiply

Test vector L

Show path v

Close Controls

1.00 —1.00 0.00 |_1.14 —-0.79 0.31

B= 1100 1.00 0.00 A=1(076 114 -0.79
0.00  0.00  2.00 |_0.66 048  1.72
[LO(YI 1.00-| {---I.OO—I [—1.[]0

B 10.00 1.00 A 025 —=1.33

[n..ﬁoJ ::J_-. 1.00J [ 1.08 J”": [ 1.33 J

This matrix has complex eigenvalues This matrix has complex eigenvalues
A =1.00 £=1.00z. A =1.00 =1.00z.
This is the 2.00-eigenspace. This is the 2.00-eigenspace.

=117 -0.17 0.33
=033 -150 -0.17
0.83  0.00 0.50

_ —1 o Y.
A=CBC =0y XA
"]

Figure 5.5.23: The geometric action of A and B on R®. Click “multiply” to multiply the colored points by B on the left and A
on the right. (We have scaled C' by 1/6 so that the vectors z and y have roughly the same size.)

This page titled 5.5: Complex Eigenvalues is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or

curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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5.6: Stochastic Matrices

4b Objectives

1. Learn examples of stochastic matrices and applications to difference equations.

2. Understand Google's PageRank algorithm.

3. Recipe: find the steady state of a positive stochastic matrix.

4. Picture: dynamics of a positive stochastic matrix.

5. Theorem: the Perron—Frobenius theorem.

6. Vocabulary words: difference equation, (positive) stochastic matrix, steady state, importance matrix, Google matrix.

This section is devoted to one common kind of application of eigenvalues: to the study of difference equations, in particular to
Markov chains. We will introduce stochastic matrices, which encode this type of difference equation, and will cover in detail the
most famous example of a stochastic matrix: the Google Matrix.

Difference Equations

Suppose that we are studying a system whose state at any given time can be described by a list of numbers: for instance, the
numbers of rabbits aged 0, 1, and 2 years, respectively, or the number of copies of Prognosis Negative in each of the Red Box
kiosks in Atlanta. In each case, we can represent the state at time ¢ by a vector v;. We assume that ¢ represents a discrete time
quantity: in other words, v; is the state “on day ¢” or “at year ¢”. Suppose in addition that the state at time ¢ 41 is related to the
state at time ¢ in a linear way: v;.1 = Av; for some matrix A. This is the situation we will consider in this subsection.

# Definition 5.6.1: Difference Equation

A difference equation is an equation of the form
Vi1 = Avy

for an n X n matrix A and vectors vg, v, Vg, . . . in R”,

In other words:

o v, is the “state at time £,”
o vy is the “state at time £ +1,” and
e vy = Avy means that A is the “change of state matrix.”

Note that
v =Av g = AZUt—z == AtUo,
which should hint to you that the long-term behavior of a difference equation is an eigenvalue problem.

We will use the following example in this subsection and the next. Understanding this section amounts to understanding this
example.

v/ Example 5.6.1

Red Box has kiosks all over Atlanta where you can rent movies. You can return them to any other kiosk. For simplicity,
pretend that there are three kiosks in Atlanta, and that every customer returns their movie the next day. Let v; be the vector
whose entries x;, y;, 2; are the number of copies of Prognosis Negative at kiosks 1, 2, and 3, respectively. Let A be the matrix
whose 7, j-entry is the probability that a customer renting Prognosis Negative from kiosk j returns it to kiosk 7. For example,
the matrix
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encodes a 30% probability that a customer renting from kiosk 3 returns the movie to kiosk 2, and a 40% probability that a
movie rented from kiosk 1 gets returned to kiosk 3. The second row (for instance) of the matrix A says:

The number of movies returned to kiosk 2 will be (on average):

30% of the movies from kiosk 1
40% of the movies from kiosk 2
30% of the movies from kiosk 3

Applying this to all three rows, this means

Tt .3£L't ar .4yt ol .5Zt
A Yt = .3$t e 4yt ale .3Zt
Zt .4,’1}'t +2yt —|—.2Zt

Therefore, Av; represents the number of movies in each kiosk the next day:
Avy = vg1.

This system is modeled by a difference equation.

An important question to ask about a difference equation is: what is its long-term behavior? How many movies will be in each
kiosk after 100 days? In the next subsection, we will answer this question for a particular type of difference equation.

v/ Example 5.6.2: Rabbit population

In a population of rabbits,

1. half of the newborn rabbits survive their first year;

2. of those, half survive their second year;

3. the maximum life span is three years;

4. rabbits produce 0, 6, 8 rabbits in their first, second, and third years, respectively.

Let v; be the vector whose entries x;, y;, z; are the number of rabbits aged 0, 1, and 2, respectively. The rules above can be
written as a system of equations:

Typ1 = 6y: + 8z
Y1 = %-’Bt
2+l = 2Yt-
In matrix form, this says:
0 6 8
% 0 0w = Vty1-
0 % 0

This system is modeled by a difference equation.

Define
0 6 8
A=|3% 0 0
1
0 5 0

We compute A has eigenvalues 2 and —1, and that an eigenvector with eigenvalue 2 is
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This partially explains why the ratio ; : y; : 2; approaches 16 : 4 : 1 and why all three quantities eventually double each year
in this demo:

33

I b
(=]
[+
o
T
-

Age 1-2

sy
—

Age 2-3
56

Figure 5.6.1: Left: the population of rabbits in a given year. Right: the proportions of rabbits in that year. Choose any values
you like for the starting population, and click “Advance 1 year” several times. Notice that the ratio x; : y; : 2; approaches
16 : 4 : 1, and that all three quantities eventually double each year.

Stochastic Matrices and the Steady State

In this subsection, we discuss difference equations representing probabilities, like the Red Box example 5.6.1. Such systems are
called Markov chains. The most important result in this section is the Perron—Frobenius theorem, which describes the long-term
behavior of a Markov chain.

# Definition 5.6.2: Stochastic

A square matrix A is stochastic if all of its entries are nonnegative, and the entries of each column sum to 1.

A matrix is positive if all of its entries are positive numbers.

X Note 5.6.1

A positive stochastic matrix is a stochastic matrix whose entries are all positive numbers. In particular, no entry is equal to
zero. For instance, the first matrix below is a positive stochastic matrix, and the second is not:

3 4 5 1 00
3 4 3 0 1 0
4 .2 2 0 01

More generally, a regular stochastic matrix is a stochastic matrix A such that A" is positive for some n > 1. The Perron—
Frobenius theorem below also applies to regular stochastic matrices.

v/ Example 5.6.3

Continuing with Red Box example 5.6.1, the matrix

3 4 5
A=|.3 4 3
4 .2 2

is a positive stochastic matrix. The fact that the columns sum to 1 says that all of the movies rented from a particular kiosk
must be returned to some other kiosk (remember that every customer returns their movie the next day). For instance, the first

column says:
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Of the movies rented from kiosk 1,

30% will be returned to kiosk 1
30% will be returned to kiosk 2
40% will be returned to kiosk 3.

The sum is 100%, as all of the movies are returned to one of the three kiosks.

The matrix A represents the change of state from one day to the next:

Tyl Tt Bxy + .4y + .52
Yerr | =A| e | = Bz + .4y +.3%
211 24 Axy + 2y + .22

If we sum the entries of v;.1, we obtain

(.3$t + 4’!/t + 5Zt) + (3$t + 4'!/t + .32,}) + (4$t + ~2yt + 2Zt)
=(3+3+. Dz +(4+.4+.2)y: +(5+.3+.2)z
= + Y + 2
This says that the total number of copies of Prognosis Negative in the three kiosks does not change from day to day, as we
expect.

The fact that the entries of the vectors v; and v;; sum to the same number is a consequence of the fact that the columns of a
stochastic matrix sum to 1.

Let A be a stochastic matrix, let v; be a vector, and let v;,; = Av; . Then the sum of the entries of v; equals the sum of the
entries of vy.q .

Computing the long-term behavior of a difference equation turns out to be an eigenvalue problem. The eigenvalues of stochastic
matrices have very special properties.

& Fact5.6.1

Let A be a stochastic matrix. Then:

1. 1 is an eigenvalue of A.
2.If A is a (real or complex) eigenvalue of A, then [A| < 1.

Proof
If A is stochastic, then the rows of AT sum to 1. But multiplying a matrix by the vector (1,1,...,1)sums the rows:
3 3 4 1 3+.3+.4 1
4 4 2 1|=| 4+4+2 | =11
S 3 2 1 5+.3+.2 1

Therefore, 1 is an eigenvalue of A”. But A and AT have the same characteristic polynomial:
det(A —\I,,) = det((A —XI,)") = det(A” — AL,).

Therefore, 1 is an eigenvalue of A.

Now let A be any eigenvalue of A, so it is also an eigenvalue of AT. Let = (z1,x3,...,®,) be an eigenvector of AT
with eigenvalue A, so Az = ATz . The jth entry of this vector equation is

n
)\sz E QT .
i=1
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Choose x; with the largest absolute value, so |z;| < |z;| for all ¢. Then

n n n
D ey <D ey |m| < ay |z =1y,
i=1 i=1 i=1

where the last equality holds because > | a;; = 1. This implies [A| < 1.

Al - |25] =

In fact, for a positive stochastic matrix A, one can show that if A £ 1 is a (real or complex) eigenvalue of A, then |A| < 1. The 1-
eigenspace of a stochastic matrix is very important.

# Definition 5.6.3: Steady State

A steady state of a stochastic matrix A is an eigenvector w with eigenvalue 1, such that the entries are positive and sum to 1.

The Perron—Frobenius theorem describes the long-term behavior of a difference equation represented by a stochastic matrix. Its
proof is beyond the scope of this text.

& Theorem 5.6.1: Perron-Frobenius Theorem

Let A be a positive stochastic matrix. Then A admits a unique steady state vector w, which spans the 1-eigenspace.

Moreover, for any vector vy with entries summing to some number c, the iterates
vy = Avg, vg = Avy, ..., vy =Av 1, ...

approach cw as t gets large.

Translation: The Perron—Frobenius theorem makes the following assertions:

o The 1-eigenspace of a positive stochastic matrix is a line.
o The 1-eigenspace contains a vector with positive entries.
¢ All vectors approach the 1-eigenspace upon repeated multiplication by A.

One should think of a steady state vector w as a vector of percentages. For example, if the movies are distributed according to these
percentages today, then they will be have the same distribution tomorrow, since Aw = w. And no matter the starting distribution of
movies, the long-term distribution will always be the steady state vector.

The sum c of the entries of vq is the total number of things in the system being modeled. The total number does not change, so the
long-term state of the system must approach cw: it is a multiple of w because it is contained in the 1-eigenspace, and the entries of
cw sum to c.

X Recipe 1: Compute the Steady State Vector

Let A be a positive stochastic matrix. Here is how to compute the steady-state vector of A.

1. Find any eigenvector v of A with eigenvalue 1 by solving (A —I,)v=0 .
2. Divide v by the sum of the entries of v to obtain a vector w whose entries sum to 1.
3. This vector automatically has positive entries. It is the unique steady-state vector.

The above recipe is suitable for calculations by hand, but it does not take advantage of the fact that A is a stochastic matrix. In
practice, it is generally faster to compute a steady state vector by computer as follows:

X Recipe 2: Approximate the Steady State Vector by Computer

Let A be a positive stochastic matrix. Here is how to approximate the steady-state vector of A with a computer.

1. Choose any vector vy whose entries sum to 1 (e.g., a standard coordinate vector).
2. Compute v; = Avg, ve = Avy, v3 = Avg, etc.
3. These converge to the steady state vector w.
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Consider the positive stochastic matrix
A (3 /4 1/ 4) .
1/4 3/4

FA) =A% = Tr(A)A +det(N) = \* — %M—% =A-1)(A—1/2).

This matrix has characteristic polynomial

Notice that 1 is strictly greater than the other eigenvalue, and that it has algebraic (hence, geometric) multiplicity 1. We
compute eigenvectors for the eigenvalues 1,1/2to be, respectively,

wo(t) (L)

The eigenvector u; necessarily has positive entries; the steady-state vector is

=) =5l )= o)
Ymar\1) T2\ ) T (s0% )

The Perron—Frobenius theorem asserts that, for any vector vy, the vectors v; = Avg, v = Avy, ... approach a vector whose
entries are the same: 50% of the sum will be in the first entry, and 50% will be in the second.

We can see this explicitly, as follows. The eigenvectors u;, us form a basis B for Rz; for any vector * = aju; +asuy in Rz,
we have

Az = A(auy + aguz) = ag Auy + a2 Aug = ajug + a—;uQ.
Iterating multiplication by A in this way, we have

a2
At:c:alul—i—?ug — ajup

aj
aiu; = o
a

Note that the sum of the entries of aju; is equal to the sum of the entries of a;u; + a2u2, since the entries of us sum to 0.

as t — oo. This shows that A‘z approaches

To illustrate the theorem with numbers, let us choose a particular value for ug, say uy = ([lj) We compute the values for
U = (zt) in this table:
t

Tt Yt
1.000 | 0.000
0.750 | 0.250
0.625 | 0.375
0.563 ] 0.438
0.531 | 0.469
0.516 | 0.484
0.508 | 0.492
0.504 | 0.496
0.502 | 0.498
0.501 ] 0.499
0.500 | 0.500

© 00 O O i W N O

sy
(e}

We see that u; does indeed approach (J'7).
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Now we turn to visualizing the dynamics of (i.e., repeated multiplication by) the matrix A. This matrix is diagonalizable; we

have A =CDC ! for
C:<1 1) D:<1 0 )
1 -1 0 1/2

The matrix D leaves the z-coordinate unchanged and scales the y-coordinate by 1/2. Repeated multiplication by D makes the
y-coordinate very small, so it “sucks all vectors into the z-axis.”

The matrix A does the same thing as D, but with respect to the coordinate system defined by the columns u;,us of C. This
means that A “sucks all vectors into the 1-eigenspace”, without changing the sum of the entries of the vectors.

Multiply

Un-multiply

Test vector m

Show path | |

Close Controls

p_ [L00 000 4 [0.75 0.25

~ [0.00 0.50 025 CD.5
This is the 1.00-eigenspace. This is the.1.00-eigenspace.
This is the 0.50-eigenspace. This is the 0.50-eigenspace.

. [100 1.00
~|1.00 —1.00

A—CDC" ¢=Cy A

WM

Figure 5.6.2: Dynamics of the stochastic matrix A. Click “multiply” to multiply the colored points by D on the left and A on
the right. Note that on both sides, all vectors are “sucked into the 1-eigenspace” (the red line).

v/ Example 5.6.5

Continuing with Red Box example 5.6.1, we can illustrate the Perron—Frobenius theorem explicitly. The matrix

3 4 5
A=|.3 4 3
4 .2 2

has characteristic polynomial
FfO) =-X340.121-0.02 = —(A —1)(A+0.2)(A —0.1).

Notice that 1 is strictly greater in absolute value than the other eigenvalues, and that it has algebraic (hence, geometric)
multiplicity 1. We compute eigenvectors for the eigenvalues 1, —0.2, 0.1to be, respectively,

https://math.libretexts.org/@go/page/70210
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7 -1 1
uy =16 Uy = 0 ug = | —3
5 1 2

The eigenvector u; necessarily has positive entries; the steady-state vector is

Y
YT T T615 1T 18 -

The eigenvectors w1, u, u3 form a basis B for R?; for any vector £ = a;u; + asug +asus in R3, we have

Az = A(a1u1 +asus +G3U3)
= a1 Auy +asAus +azAus
=aju; —0.2asus +0.1agus.
Iterating multiplication by A in this way, we have

Atz = aju; — (0.2)'agus + (0.1)azus — aju;

as t — co. This shows that Atz approaches aju;, which is an eigenvector with eigenvalue 1, as guaranteed by the Perron—
Frobenius theorem.

What do the above calculations say about the number of copies of Prognosis Negative in the Atlanta Red Box kiosks? Suppose
that the kiosks start with 100 copies of the movie, with 30 copies at kiosk 1, 50 copies at kiosk 2, and 20 copies at kiosk 3. Let
vo = (30,50, 20) be the vector describing this state. Then there will be v; = Avy movies in the kiosks the next day, vy = Av;

the day after that, and so on. We let v; = (z¢, s, 2t )-

Tt

Yt

2t

30.000000
39.000000
38.700000
38.910000
38.883000
38.889900
38.888670
38.888931
38.888880
38.888891
38.888889

© 0 N O U kW N = O

Ju—y
[e=)

50.000000
35.000000
33.500000
33.350000
33.335000
33.333500
33.333350
33.333335
33.333333
33.333333
33.333333

20.000000
26.000000
27.800000
27.740000
27.782000
27.776600
27.777980
27.777734
27.777786
27.777776
27.777778

(Of course it does not make sense to have a fractional number of movies; the decimals are included here to illustrate the
convergence.) The steady-state vector says that eventually, the movies will be distributed in the kiosks according to the

percentages
1 7 38.888888%
w:1—8 6 | =1 33.333333% | ,
5 27.777778%

which agrees with the above table. Moreover, this distribution is independent of the beginning distribution of movies in the
kiosks.

Now we turn to visualizing the dynamics of (i.e., repeated multiplication by) the matrix A. This matrix is diagonalizable; we
have A= CDC! for

7T -1 1 1 0 0
C=1\|6 -3 D=|0 -2 0
5 1 2 0 O 1
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Multiply
Un-multiply

Test vector [ ]

Show path | |

The matrix D leaves the z-coordinate unchanged, scales the y-coordinate by —1/5, and scales the z-coordinate by 1/10.
Repeated multiplication by D makes the y- and z-coordinates very small, so it “sucks all vectors into the z-axis.”

The matrix A does the same thing as D, but with respect to the coordinate system defined by the columns w1, us2,ug of C.
This means that A “sucks all vectors into the 1-eigenspace”, without changing the sum of the entries of the vectors.

Close Controls

1.00 0.00 0.00 |—{].30 0.40 0.50
D= 10.00 -0.20 0.00 A= 1030 040 0.30
0.00 0.00 0.10 |_{}.4[} 0.20 0.20

This is the 1.00-eigenspace.
This is the -0.20-eigenspace.
This is the 0.10-eigenspace.

This is the 1.00-eigenspace.
This is the -0.20-eigenspace.
This is the 0.10-eigenspace.

1.75 025 0.25

C= 115 000 -0.75

1.25 025  0.50
A=CDC™?' z=Cy &
M M

Figure 5.6.3: Dynamics of the stochastic matrix A. Click “multiply” to multiply the colored points by D on the left and A on
the right. Note that on both sides, all vectors are “sucked into the 1-eigenspace” (the green line). (We have scaled C by 1/4 so
that vectors have roughly the same size on the right and the left. The “jump” that happens when you press “multiply” is a
negation of the —.2-eigenspace, which is not animated.)

The picture of a positive stochastic matrix is always the same, whether or not it is diagonalizable: all vectors are “sucked into the
1-eigenspace,” which is a line, without changing the sum of the entries of the vectors. This is the geometric content of the Perron—
Frobenius theorem.

Google’s PageRank Algorithm

Internet searching in the 1990s was very inefficient. Yahoo or AltaVista would scan pages for your search text, and simply list the
results with the most occurrences of those words. Not surprisingly, the more unsavory websites soon learned that by putting the
words “Alanis Morissette” a million times in their pages, they could show up first every time an angsty teenager tried to find
Jagged Little Pill on Napster.

Larry Page and Sergey Brin invented a way to rank pages by importance. They founded Google based on their algorithm. Here is
roughly how it works.

Each web page has an associated importance, or rank. This is a positive number. This rank is determined by the following rule.
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# Definition 5.6.4: The Importance Rule

If a page P links to n other pages Q1, Qs, . . ., @, then each page Q); inherits % of P’s importance.

In practice, this means:

o If a very important page links to your page (and not to a zillion other ones as well), then your page is considered important.
o If a zillion unimportant pages link to your page, then your page is still important.
o If only one unknown page links to yours, your page is not important.

Alternatively, there is the random surfer interpretation. A “random surfer” just sits at his computer all day, randomly clicking on
links. The pages he spends the most time on should be the most important. So, the important (high-ranked) pages are those where a
random surfer will end up most often. This measure turns out to be equivalent to the rank.

& Definition 5.6.5: The Importance Matrix

Consider an internet with n pages. The importance matrix is the n X n matrix A whose %, j-entry is the importance that page
7 passes to page ©.

Observe that the importance matrix is a stochastic matrix, assuming every page contains a link: if page ¢ has m links, then the ith
column contains the number 1/m,m times, and the number zero in the other entries.

v Example 5.6.6

Consider the following internet with only four pages. Links are indicated by arrows.

1 150 g 1
N5 7 S 3 |3

Figure 5.6.4

ol

The importance rule says:

e Page A has 3 links, so it passes % of its importance to pages B, C, D.

e Page B has 2 links, so it passes é of its importance to pages C, D.

e Page C has one link, so it passes all of its importance to page A.
e Page D has 2 links, so it passes % of its importance to pages A, C.

In terms of matrices, if v = (a, b, ¢, d) is the vector containing the ranks a, b, ¢, d of the pages A, B, C, D, then

1 1
00 1 3\ /,, c+3d a
3 00 0f]a] |30 R
: 3 0 4 c ta+1b  +3d c
i 1 d 1 1 d
5 3 0 0 sa+3b

The matrix on the left is the importance matrix, and the final equality expresses the importance rule.

The above example illustrates the key observation.
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X Key Observation 5.6.1

The rank vector is an eigenvector of the importance matrix with eigenvalue 1.

In light of the key observation, we would like to use the Perron—Frobenius theorem to find the rank vector. Unfortunately, the
importance matrix is not always a positive stochastic matrix.

v/ Example 5.6.7: A page with no links

Consider the following internet with three pages:

-1
Figure 5.6.5
The importance matrix is
0 0 0
0 0 0
1 10
This has characteristic polynomial
-2 0 0
fA)=det| 0 —-x o0 |=-X\.
1 1 =X

So 1 is not an eigenvalue at all: there is no rank vector! The importance matrix is not stochastic because the page C' has no
links.

v/ Example 5.6.8: Disconnected Internet

Consider the following internet:

~®

.[‘.;1»—

rrd
\\\____/.

Figure 5.6.6
The importance matrix is

GNU Free Documentation License 5.6.11 https://math.libretexts.org/@go/page/70210


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70210?pdf

LibreTexts"

01 0 0 O
10 0 0 O
1
0 0 0 5
1
00 5 0
11
00 5 35
This has linearly independent eigenvectors
1 0
1 0
0 and 11,
0 1
0 1
both with eigenvalue 1. So there is more than one rank vector in this case. Here the importance matrix is stochastic, but not
positive.

Here is Page and Brin’s solution. First we fix the importance matrix by replacing each zero column with a column of 1/ns, where
n is the number of pages:

000 00 1/3
A=10 0 0 becomes A'=|0 0 1/3
110 11 1/3

The modified importance matrix A’ is always stochastic.

Now we choose a number p in (0, 1), called the damping factor. (A typical value is p = 0.15.)

# Definition 5.6.6: The Google Matrix

Let A be the importance matrix for an internet with n pages, and let A’ be the modified importance matrix. The Google
Matrix is the matrix

1
1 1

M=(1-p)-A'+p-B where B:E )
11 1

In the random surfer interpretation, this matrix M says: with probability p, our surfer will surf to a completely random page;
otherwise, he'll click a random link on the current page, unless the current page has no links, in which case he'll surf to a
completely random page in either case. The reader can verify the following important fact.

& Fact5.6.2

The Google Matrix is a positive stochastic matrix.

If we declare that the ranks of all of the pages must sum to 1, then we find:

X Note 5.6.3: The 25 Billion Dollar Eigenvector

The PageRank vector is the steady state of the Google Matrix.

This exists and has positive entries by the Perron—Frobenius theorem. The hard part is calculating it: in real life, the Google Matrix
has zillions of rows.
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What is the PageRank vector for the following internet? (Use the damping factor p = 0.15.)

1
3

1
D
f L~ / |
i . - . ‘
[1 1 |1
3 3 S |5
13 ) < 2
|l . \\\ {
/j"\\ " -]- S --..\\»1 2
©—*
——
2
Figure 5.6.7
Which page is the most important? Which is the least important?
Solution
First we compute the modified importance matrix:
1 1 1
0 0 0 3 0 0 5 3
N $ 000 modify " 0 5 0
119 1L 1 o101 1
3 2 2 3 2 4 2
1 1 1 1 1
3 3 00 5 2 1 U

Choosing the damping factor p = 0.15, the Google Matrix is

97 @ & &
i 2 1/4 1/4 1/4 1/4
3 0 20 1/4 1/4 1/4 1/4
M =085-|° ! 15-
0-85 1111 OIS 4 14 174 1/4
111 1/4 1/4 1/4 1/4

0.0375 0.0375 0.2500 0.4625
0.3208 0.0375 0.2500 0.0375
0.3208 0.4625 0.2500 0.4625
0.3208 0.4625 0.2500 0.0375

The PageRank vector is the steady state:

0.2192
0.1752
0.3558
0.2498

This is the PageRank:
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Figure 5.6.8

Page C' is the most important, with a rank of 0.558,and page B is the least important, with a rank of 0.1752.
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5.3: Similarity

4b Objectives

1. Learn to interpret similar matrices geoemetrically.

2. Understand the relationship between the eigenvalues, eigenvectors, and characteristic polynomials of similar matrices.
3. Recipe: compute Az in terms of B, C for A=CBC!.

4. Picture: the geometry of similar matrices.

5. Vocabulary word: similarity.

Some matrices are easy to understand. For instance, a diagonal matrix

D:<(2) 1(/)2)

2z

just scales the coordinates of a vector: D (x) = ( /2) The purpose of most of the rest of this chapter is to understand
Y Yy

complicated-looking matrices by analyzing to what extent they “behave like” simple matrices. For instance, the matrix

1 /11
A=— 6
10\9 14
) . L 2/3 -1 .
has eigenvalues 2 and 1/2, with corresponding eigenvectors v; = 1 and vy = 1) Notice that

1
D(zey +yes) = xDey + yDes =2ze; — Sve:

1
A(zvy +yve) =zAvy +yAvy =220 — S Y02

Using v, v instead of the usual coordinates makes A “behave” like a diagonal matrix.

https://math.libretexts.org/@go/page/78590
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Multiply
Un-multiply

Test vector v

Show path v

Close Controls

p_ [200 0.00 4 [110 0,60
~10.00 0.50 —.10.90 1.40
1.00 2.00 4.33 —1417
- [5‘00] - 2.50] ¢ [ 6.00} = {4..50 ]
This is the O.:‘O—e;gens-l_\aée._g This is the O,FO—esgelgﬁﬁce.
This is the 2.00-eigenspdce. This is the 2.00-eigenspace.
¥ !

C= 0.67 —1.00

© 7 [1.00 1.00

A=CDC' z=Cy R
M

Figure 5.3.1: The matrices A and D behave similarly. Click “multiply” to multiply the colored points by D on the left and A on
the right. (We will see in Section 5.4 why the points follow hyperbolic paths.)

The other case of particular importance will be matrices that “behave” like a rotation matrix: indeed, this will be crucial for
understanding Section 5.5 geometrically. See Note 5.3.3.

In this section, we study in detail the situation when two matrices behave similarly with respect to different coordinate systems.
In Section 5.4 and Section 5.5, we will show how to use eigenvalues and eigenvectors to find a simpler matrix that behaves like a
given matrix.

Similar Matrices

We begin with the algebraic definition of similarity.

& Definition 5.3.1: Similar

Two n X n matrices A and B are similar if there exists an invertible 7 x n matrix C' such that A = CBC ! .

v/ Example 5.3.1

The matrices

(—12 15) (3 0)
and
—10 13 0 -2
(—12 15)_(—2 3)(3 0)(—2 3)‘1
-10 13/ \1 -1/\o0 -2 1 -1) "’

are similar because

https://math.libretexts.org/@go/page/78590
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l as the reader can verify.

v/ Example 5.3.2
The matrices
3 0 and 1 0
0 -2 0 1
are not similar. Indeed, the second matrix is the identity matrix I, so if C' is any invertible 2 x 2 matrix, then

3 0
CLC'=cCcCc!'=I .
2 275(0 _2)

As in the above example, one can show that I,, is the only matrix that is similar to I,,, and likewise for any scalar multiple of I,.

X Note 5.3.1

Similarity is unrelated to row equivalence. Any invertible matrix is row equivalent to I,,, but I,, is the only matrix similar to
I,,. For instance,
2 1 1 0
and
0 2 0 1

As suggested by its name, similarity is what is called an equivalence relation. This means that it satisfies the following properties.

& Proposition 5.3.1

Let A, B, and C be n X n matrices.

are row equivalent but not similar.

1. Reflexivity: A is similar to itself.
2. Symmetry: if A is similar to B, then B is similar to A.
3. Transitivity: if A is similar to B and B is similar to C, then A is similar to C.

Proof
1. Taking C = I,, = I, , we have A = I, AI;'.
2. Suppose that A = CBC~! . Multiplying both sides on the left by C ! and on the right by C' gives

ctAc=Cc'(CBC')C=B.

Since (C~')™* =C, wehave B=C"1A(C~!)™!, so that B is similar to A.
3. Suppose that A= DBD~! and B= ECE~!. Subsituting for B and remembering that (DE) ™' = E-'! D! | we have

A=D(ECE")D' = (DE)C(DE)™!,

which shows that A is similar to C'.

v/ Example 5.3.3

The matrices

-12 15 3 0
and
(—10 13) (0 —2)

are similar, as we saw in Example 5.3.1. Likewise, the matrices

—12 15 —12 5
and
(—10 13) (—30 13)

GNU Free Documentation License https://math.libretexts.org/@go/page/78590


https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/78590?pdf

LibreTexts"

are similar because
-12 5\ (2 -1)\/-12 15\ (2 -1\~
-30 13) \2 1 -10 13)\2 1) °
~12 5 3 0
and
—30 13 0 -2

We conclude with an observation about similarity and powers of matrices.

& Fact5.3.1

Let A= CBC™!. Then for any n > 1, we have

It follows that

are similar to each other.

A" =CB"C.
Proof
First note that
A*=AA=(CBC')(CBC')=CB(C'C)BC' =CBI,BC* =CB*C".
Next we have
A*=A’A=(CB*C")(CBC')=CB*(C~'C)BC~' =CB*C'.

The pattern is clear.

v/ Example 5.3.4

Compute A% where

b
I

(5 3-G DEHE A

Solution
By the fact 5.3.1, we have

Am:(—2 3)(0 —1)100(—2 3>‘1
1 -1 1 0 1 -1 ’

) is a counterclockwise rotation by 90°. If we rotate by 90° four times, then we end up where we started.

0
The matrix ( 1

Hence rotating by 90° one hundred times is the identity transformation, so
qoo_ (2 3\ (1 0\ (-2 3 T (1o _
1 -1 01 1 -1 0 1

Geometry of Similar Matrices

Similarity is a very interesting construction when viewed geometrically. We will see that, roughly, similar matrices do the same
thing in different coordinate systems. The reader might want to review B-coordinates and nonstandard coordinate grids
in Section 2.8 before reading this subsection.

By conditions 4 and 5 of the invertible matrix theorem in Section 5.1, an n X n matrix C' is invertible if and only if its columns
vy, V2, -+, U, form a basis for R". This means we can speak of the B-coordinates of a vector in R", where B is the basis of
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columns of C. Recall that

c1 1
. | N (e
[z]ls=] . means x =cv;+cvst---+cppn=\| v, vy --- v,
Cn Cn
Since C is the matrix with columns vy, vs,---,v,, this says that x = C[z]s. Multiplying both sides by C~! gives

[z]s = C~'z. To summarize:

X Note 5.3.2

Let C be an invertible n X n matrix with columns vy, vg, - - -, Uy, and let B = {v1, va, - -, v, }, a basis for R”. Then for any
z in R", we have

Clz]g=z and C7lz =[z|z.

This says that C' changes from the B-coordinates to the usual coordinates, and C~! changes from the usual coordinates to the
B-coordinates.

Suppose that A = CBC~!. The above observation gives us another way of computing Az for a vector z in R". Recall that
CBC 'z =C(B(C'z)), so that multiplying CBC~! by z means first multiplying by C'~!, then by B, then by C. See
Example 3.4.10 in Section 3.4.

X Recipe: Computing Az in terms of B.

Suppose that A = CBC !, where C is an invertible matrix with columns vy, v, - -+, v,. Let B = {v;, v3,---,v,}, a basis
for R". Let = be a vector in R". To compute Az, one does the following:

1. Multiply = by C !, which changes to the B-coordinates: [z]z = C z.

2. Multiply this by B: B[z]g = BC 'z.

3. Interpreting this vector as a 3-coordinate vector, we multiply it by C' to change back to the usual coordinates:
Az = CBC~'z = CBz]s.

B-coordinates usual coordinates

multiply by ¢!

multiply by C

Figure 5.3.2

To summarize: if A = CBC !, then A and B do the same thing, only in different coordinate systems.

The following example is the heart of this section.

v/ Example 5.3.5

Consider the matrices

A= ) 200 5) o= )
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1
One can verify that A = CBC ™! : see Example 5.4.1 in Section 5.4. Let v; = ( . ) and vy = <

1 ) the columns of C, and
s u ,a

1

let B = {vy, vs}, a basis of R

The matrix B is diagonal: it scales the x-direction by a factor of 2 and the y-direction by a factor of —1.

Figure 5.3.3
To compute Az, first we multiply by C~! to find the B-coordinates of z, then we multiply by B, then we multiply by C' again.
0
For instance, let x= ( 3 >

-1
1. We see from the B-coordinate grid below that z= —wv;+wv, . Therefore, C ’1a::[m] B= ( 0 )

—2
2. Multiplying by B scales the coordinates: B[z |z= ( : )

3. Interpreting ( 1 ) as a B-coordinate vector, we multiply by C to get

—2 -3
Az=C (_1> :—2’01—’02: (_1> .

Of course, this vector lies at (—2, —1) on the B-coordinate grid.

B-coordinates usual coordinates

multiply by C™*

[-\']5

scale x by 2
scale y by —1 Ax

multiply by C

Figure 5.3.4

5
Now let x= % ( )
-3

1/2
1. We see from the B-coordinate grid that z= %vl +2v,. Therefore, C 1 z=[z|3= ( é )

1
2. Multiplying by B scales the coordinates: B[z |z= ( 5 )

1
3. Interpreting ( 9 ) as a B-coordinate vector, we multiply by C to get
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Az=C ( _12 ) =u; —2up= ( _31 ) :

This vector lies at (1, —2) on the B-coordinate grid.

B-coordinates usual coordinates

[x]lg | | multiply by C™*

scale x by 2
scale y by —1

multiply by C

Figure 5.3.5
To summarize:

e B scales the e;-direction by 2 and the ey-direction by —1.
e A scales the vy -direction by 2 and the vs-direction by —1.

C*l G

Figure 5.3.6
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Open Controls

5 _ [200 0.00 4 [050 150
= 0.00 —1.00 = [1.50 0.50
[-1.00] _ [-2.00 0.00 ~3.00
B\L 1.00 | = [-1.00 - {—2.00} X [—1.00}
Bix B> — Ax__A2
~ [roo 1.00
“ =100 —1.00

- vl o
A=CBC'! z=Clz]s .
K

Figure 5.3.7: The geometric relationship between the similar matrices A and B acting on R?. Click and drag the heads of
z and [z]p. Study this picture until you can reliably predict where the other three vectors will be after moving one of them: this
is the essence of the geometry of similar matrices.

v/ Example 5.3.6: Interactive: Another matrix similar to B

Consider the matrices

1/-8 -9 2 0 1/-1 -3
G G ) eH D)
5\ 6 13 0 -1 2\ 2 1
1 _
Then A'=C'B(C’)™!, as one can verify. Let v = l( 5 ) and v’2=%< 13), the columns of C’, and let

2

B’ = {v},v}}. Then A’ does the same thing as B, as in the previous example 5.3.5, except A’ uses the B’-coordinate system.
In other words:

e B scales the e;-direction by 2 and the e;-direction by —1.
o A’ scales the v/ -direction by 2 and the v}-direction by —1.
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B
/___N
Figure 5.3.8
Open Controls
2.00 0.00 . [-160 —1.80
2 [0.00 ~1.00 A=1120 260
-1.00] _ [-2.00 ~1.00 2.50
4 { 1.00} + 4.00} a [—0.50] & [—2.50]
b|h-l ' ] - ' ‘___:E,\."\
Blx]-B*—=
NAX
~0.50 —1.50
cE [ 100 0.50 ]
— T ]
A=CBC? z=C[z]s -
& |
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| Figure 5.3.9: The geometric relationship between the similar matrices A’ and B acting on R?. Click and drag the heads of z
and [z].

v/ Example 5.3.7: A matrix similar to a rotation matrix

Consider the matrices
=3 ) () e )
6\5 -7 1 0 1 1/2

One can verify that A= CBC ™! . Letv; = ( i ) and vy = 1 ( _11 ) , the columns of C, and let B = {v;, v, }, a basis of R2.

2

The matrix B rotates the plane counterclockwise by 90°.

Figure 5.3.10

To compute Az, first we multiply by C ! to find the B-coordinates of z, then we multiply by B, then we multiply by C' again.

For instance, let z= 2 ( 4 )
2\1

1. We see from the B-coordinate grid below that 2 =v; +v,. Therefore, C _196:[33] B= ( i )

-1
2. Multiplying by B rotates by 90°: B[z |z= ( . )

-1
3. Interpreting ( 1 ) as a B-coordinate vector, we multiply by C to get

Az=C (_11> :—vl—i—vz:%(_f) )
Of course, this vector lies at (—1, 1) on the B-coordinate grid.
B-coordinates usual coordinates
multiply by ¢!

B[A‘]g;v[-\']g /_\

> +——rotate by 90°

multiply by C

Figure 5.3.11

-1
Now let = % < )
-2
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—1/2
1. We see from the B-coordinate grid that z= —%vl —vy. Therefore, Clz=[z|5= ( { )

1
2. Multiplying by B rotates by 90°: Blz|z= ( 1/2 )

3. Interpreting ( ) as a B-coordinate vector, we multiply by C to get

1 1 1/79
Az=C (_1/2) 201—5v2: Z<3)

This vector lies at (1, — %) on the B-coordinate grid.

1
~1/2

B-coordinates usual coordinates

multiply by C™*

> +—rotate by 90°
;B[-‘db‘
[xXlgsr e PRI
multiply by C

Figure 5.3.12
To summarize:

o B rotates counterclockwise around the circle centered at the origin and passing through e; and es.
e A rotates counterclockwise around the ellipse centered at the origin and passing through v; and vs.

Figure 5.3.13
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Snap axes =i

Close Controls

0.00 —1.00 117 —2.83
B:L.oo 0.00 2 logs a7
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| 1.00 | T |-1.00 ~0.50| ~ |-1.50

! 1.00 0.50
A=CBC?' z=Clzls

fie [2.00 —0.50]

KA
& |

Figure 5.3.14 The geometric relationship between the similar matrices A and B acting on R?. Click and drag the heads of x
and [z]p.

To summarize and generalize the previous example:

X Note 5.3.3

Let

B:(Cf’se _S‘n0> c=|v w| A=CBCc?,
sinf  cosé | |

where C is assumed invertible. Then:

e B rotates the plane by an angle of  around the circle centered at the origin and passing through e; and e, in the direction
from e; to es.

e A rotates the plane by an angle of 6 around the ellipse centered at the origin and passing through v; and v, in the direction
from v to vs.
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’

~_A

Figure 5.3.15

v Example 5.3.8: Interactive: Similar 3 x 3 matrices

Consider the matrices

-1 0 0 -1 0 0 -1 1 0
A=| -1 0 2 B=|10 -1 0 C=11 11
-1 1 1 0 0 2 -1 0 1

Then A = CBC™!, as one can verify. Let vy, v, v3 be the columns of C, and let B = {vy, vy, v3}, a basis of R®. Then A
does the same thing as B, except A uses the B-coordinate system. In other words:

e B scales the ej, es-plane by —1 and the e3-direction by 2.
o A scales the vy, vo-plane by —1 and the v3-direction by 2.
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Open Controls

~1.00 0.00 0.00 ~1.00 0.00 0.00
B= 000 -100 0.00 A= |-100 0.00 2.00
0.00  0.00 2.00 ~1.00 1.00 1.00
[—1.00} 1.00 [2.00] [—2.00
B | 1.00 [i=H-1.00 A 13.00] = |+6.00
‘L."_%_t’.iniJ 6.00 [4.00] [5.00
~1.00 1.00 0.00
C={100 1.00 1.00
~1.00 0.00 1.00
A=CBC' z=Clz]s —
& |

Figure 5.3.16: The geometric relationship between the similar matrices A and B acting on R3. Click and drag the heads of x
and [z]p.

Eigenvalues of Similar Matrices

Since similar matrices behave in the same way with respect to different coordinate systems, we should expect their eigenvalues and
eigenvectors to be closely related.

& Fact5.3.2

Similar matrices have the same characteristic polynomial.

Proof

Suppose that A = CBC~!, where A, B, C are n x n_matrices. We calculate

A-)I, =CBC - xcct=cBct-cxct
=CBC'-CM,C'=C(B\I,)C L.

Therefore,
det(A —M\I,) = det(C(B—AIL,,)C ') = det(C) det(B — \I,,) det(C) ! =det(B— \IL,).

Here we have used the multiplicativity property Proposition 4.1.3 in Section 4.1 and its Corollary 4.1.2 in Section 4.1.

Since the eigenvalues of a matrix are the roots of its characteristic polynomial, we have shown:
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Similar matrices have the same eigenvalues.

By Theorem 5.2.2 in Section 5.2, similar matrices also have the same trace and determinant.

X Note 5.3.5

The converse of fact 5.3.2is false. Indeed, the matrices

(01) = (o 1)

both have the characteristic polynomial f(\) = (A — 1)2 , but they are not similar, because the only matrix that is similar to I5
is I5 itself.

Given that similar matrices have the same eigenvalues, one might guess that they have the same eigenvectors as well. Upon
reflection, this is not what one should expect: indeed, the eigenvectors should only match up after changing from one coordinate
system to another. This is the content of the next fact, remembering that C' and C ' change between the usual coordinates and the
B-coordinates.

& Fact5.3.3

Suppose that A = CBC ! . Then

visaneigenvectorof A = C~lvisaneigenvector of B
vis an eigenvector of B — Cwis an eigenvector of A.

The eigenvalues of v/C v or v/Cuv are the same.

Proof

Suppose that v is an eigenvector of A with eigenvalue A, so that Av = Av. Then
B(C7'v) =CH(CBC1v) =C7(Av) = C 1 hv= A(C1v),

so that C~'v is an eigenvector of B with eigenvalue . Likewise if v is an eigenvector of B with eigenvalue ), then
Bv = A\v, and we have

A(Cw) = (CBC 1) Cv=CBv=C(\v) = A\(Cv),

so that C'v is an eigenvalue of A with eigenvalue .

If A=CBC™!, then C! takes the A-eigenspace of A to the A-eigenspace of B, and C takes the A-eigenspace of B to the
A-eigenspace of A.

v/ Example 5.3.9

We continue with the above example 5.3.5: let

A= ) 200 %) o= )

so A=CBC™'.Letv; = (1) al'ld’U2:( .

) , the columns of C'. Recall that:

e B scales the e;-direction by 2 and the ey-direction by —1.
e A scales the vy -direction by 2 and the v, -direction by —1.
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This means that the z-axis is the 2-eigenspace of B, and the y-axis is the —1-eigenspace of B; likewise, the “v; -axis” is the 2-
eigenspace of A, and the “vy-axis” is the —1-eigenspace of A. This is consistent with the fact 5.3.3, as multiplication by C'

changes e; into C'e; = vy and es into Ces = vs.

&

- -

. e
-\é_h}mgegspace

- 4

Figure 5.3.17

Figure 5.3.18 The eigenspaces of A are the lines through v, and vs, These are the images under C of the coordinate axes,
which are the eigenspaces of B.

v Example 5.3.10: Interactive: Another matrix similar to B

Continuing with Example 5.3.6, let
1/-8 -9 2 0 1/-1 -3

Al — B = Cl = - y
5\ 6 13 0 -1 2\ 2 1

https://math.libretexts.org/@go/page/78590
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—1 -3
soA'=C'B(C')" . Letvf =1 ( ) and v} = 1 ( ) , the columns of C’. Then:
2 1
e B scales the e;-direction by 2 and the ey-direction by —1.
o A’ scales the v/ -direction by 2 and the v}-direction by —1.

As before, the z-axis is the 2-eigenspace of B, and the y-axis is the —1-eigenspace of B; likewise, the “v/ -axis” is the 2-
eigenspace of A’, and the “v)-axis” is the —1-eigenspace of A’. This is consistent with fact 5.3.3, as multiplication by
C' changes e; into C'e; = v and ey into C'ey =v),.

Figure 5.3.19

-1.60 —1.80( |L.00f [-5.20
12201 2,60 ;\]0 ~ | 6.40

This is the -1.00-eigenspace

This is the 2.00-eigenspace
»

Figure 5.3.20: The eigenspaces of A’ are the lines through v and v}. These are the images under C’ of the coordinate axes,
which are the eigenspaces of B.
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v Example 5.3.11: Interactive: Similar 3 x 3 matrices

Continuing with Example 5.3.8, let

-1 0 0 -1 0 0 -1 1 0
A=|-1 0 B=|1 0 -1 0 cC=|1 1 ,
-1 1 1 0 0 2 -1

so A=CBC-1. Let vy, v3, v3 by the columns of C. Then:

e B scales the ej, eo-plane by —1 and the e3-direction by 2.
e A scales the vy, vo-plane by —1 and the v3-direction by 2.

In other words, the xy-plane is the —1-eigenspace of B, and the z-axis is the 2-eigenspace of B; likewise, the “vy, vs-
plane” is the —1-eigenspace of A, and the “vs-axis” is the 2-eigenspace of A. This is consistent with fact 5.3.3, as
multiplication by C' changes e; into Ce; = vy, e into Ces = vs, and ez into Ceg = v3.

—1.00 0.00 0.00-| 1.00-‘ |-—1.UU]
—1.00 0.00 2.00; 12.00{ =} 5.00
100 100 1.00] |3.00] | 400 |
This is the -1.00-eigenspace

This is the 2.00-eigenspace

Figure 5.3.21: The —1-eigenspace of A is the green plane, and the 2-eigenspace of A is the violet line. These are the images
under C of the zy-plane and the z-axis, respectively, which are the eigenspaces of B.

This page titled 5.3: Similarity is shared under a GNU EFree Documentation License 1.3 license and was authored, remixed, and/or curated by Dan
Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

6: Orthogonality
Let us recall one last time the structure of this book:

1. Solve the matrix equation Az =b.
2. Solve the matrix equation Az = Az, where A is a number.
3. Approximately solve the matrix equation Az = b.

We have now come to the third part.

Approximately solve the matrix equation Az = b.

Finding approximate solutions of equations generally requires computing the closest vector on a subspace to a given vector. This
becomes an orthogonality problem: one needs to know which vectors are perpendicular to the subspace.

a
closest point

Figure 6.1

First we will define orthogonality and learn to find orthogonal complements of subspaces in Section 6.1 and Section 6.2. The core
of this chapter is Section 6.3, in which we discuss the orthogonal projection of a vector onto a subspace; this is a method of
calculating the closest vector on a subspace to a given vector. These calculations become easier in the presence of an orthogonal
set, as we will see in Section 6.4. In Section 6.5 we will present the least-squares method of approximately solving systems of
equations, and we will give applications to data modeling.

v/ Example 6.1

In data modeling, one often asks: “what line is my data supposed to lie on?” This can be solved using a simple application of
the least-squares method.

Figure 6.2
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Gauss invented the method of least squares to find a best-fit ellipse: he correctly predicted the (elliptical) orbit of the asteroid
Ceres as it passed behind the sun in 1801.

Figure 6.3

6.1: Dot Products and Orthogonality
6.2: Orthogonal Complements

6.3: Orthogonal Projection

6.4: Orthogonal Sets

6.5: The Method of Least Squares

This page titled 6: Orthogonality is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated by
Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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6.1: Dot Products and Orthogonality

4b Learning Objectives

1. Understand the relationship between the dot product, length, and distance.

2. Understand the relationship between the dot product and orthogonality.

3. Vocabulary words: dot product, length, distance, unit vector, unit vector in the direction of x.
4. Essential vocabulary word: orthogonal.

In this chapter, it will be necessary to find the closest point on a subspace to a given point, like so:

L

s

1
closest point

Figure 6.1.1
The closest point has the property that the difference between the two points is orthogonal, or perpendicular, to the subspace. For
this reason, we need to develop notions of orthogonality, length, and distance.
The Dot Product

The basic construction in this section is the dot product, which measures angles between vectors and computes the length of a
vector.

# Definition 6.1.1: Dot Product

The dot product of two vectors z, yin R" is

1 Y1
Z2 Y2

zTy=1 .11 . = T1Y1 +T2Y2 + -+ TpYn-
T, Yn

Thinking of 2, y as column vectors, this is the same as z” .

For example,

1 4 4
2]-[5]=(1 2 3)|5|=14+2.5+3.6=32.
3 6 6

Notice that the dot product of two vectors is a scalar.

You can do arithmetic with dot products mostly as usual, as long as you remember you can only dot two vectors together, and that
the result is a scalar.

X Note 6.1.1: Properties of the Dot Product

Let z, y, zbe vectors in R" and let ¢ be a scalar.

1. Commutativity: * -y =y - T .
2. Distributivity with addition: (z +y)-z=x-z2+y-z .
3. Distributivity with scalar multiplication: (cz) -y =c(z-y) .

GNU Free Documentation License https://math.libretexts.org/@go/page/70212



https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70212?pdf
https://math.libretexts.org/Bookshelves/Linear_Algebra/Interactive_Linear_Algebra_(Margalit_and_Rabinoff)/06%3A_Orthogonality/6.01%3A_Dot_Products_and_Orthogonality

LibreTexts"

The dot product of a vector with itself is an important special case:

T1 1
T2 T2

::c%—l—w%—i—---—i—w%.
Tn Tn

Therefore, for any vector x, we have:

e z-22>0
e z-x=0 <= x=0.

This leads to a good definition of length.

& Fact6.1.1

The length of a vector z in R" is the number

lz||=vz - z=4/ 22 +22+ - +23.

It is easy to see why this is true for vectors in R?, by the Pythagorean theorem.

)

7 e

X 2>

Figure 6.1.1

For vectors in R3, one can check that ||z || really is the length of x, although now this requires two applications of the Pythagorean
theorem.

Note that the length of a vector is the length of the arrow; if we think in terms of points, then the length is its distance from the
origin.

v/ Example 6.1.1

Suppose that ||z|| =2, ||y|| =3,and z -y = —4. What is ||2z + 3y||?

Solution
We compute

12z +3y|?> = (2z+3y)- (2z +3y)
=4z-z+6zx-y+6x-y+9y-y
— 4|z +9]|y|l* +122 -y
=4-44+9-9—-12-4=49.

Hence |2z 4+ 3y|| = /49 =7.
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& Fact6.1.2

If z is a vector and c is a scalar, then ||cz|| = || - ||z]||.
This says that scaling a vector by ¢ scales its length by |c|. For example,

(E)-B 1)

Now that we have a good notion of length, we can define the distance between points in R". Recall that the difference between two
points &, y is naturally a vector, namely, the vector y — 2 pointing from z to y.

& Definition 6.1.2: Distance

The distance between two points x, yin R" is the length of the vector from, Note 2.1.2 in Section 2.1, z to y:

dist(z,y) = |ly — z||-

v/ Example 6.1.2

Find the distance from (1, 2) to (4, 4).

Solution
Letz =(1,2) and y = (4,4). Then

aist(z,) = Iy sl = |(3) | - VI - v

Qe

Figure 6.1.2

Vectors with length 1 are very common in applications, so we give them a name.

# Definition 6.1.3: Unit Vector

A unit vector is a vector z with length ||z|| = /z -z =1.

The standard coordinate vectors, Note 3.3.2 in Section 3.3, €1, €3, €3, . . . are unit vectors:

1
||e1||:H 0|ll=v12+0%+0% =1.
0

For any nonzero vector , there is a unique unit vector pointing in the same direction. It is obtained by dividing by the length of x.
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& Fact6.1.3

Let z be a nonzero vector in R"™. The unit vector in the direction of x is the vector z /|| z|}

This is in fact a unit vector (noting that ||z|| is a positive number, so [1/||z||| = 1/||z|):
x 1
= el =1
[l =]

v/ Example 6.1.3

. . . . 3
What is the unit vector u in the direction of z = ( 4 ?

Solution
We divide by the length of x:

g~ v a) 75(a) - (6s):

Figure 6.1.3

Orthogonal Vectors

In this section, we show how the dot product can be used to define orthogonality, i.e., when two vectors are perpendicular to each
other.

# Definition 6.1.4: Orthogonal and Perpendicular

Two vectors x, y in R™ are orthogonal or perpendicular if z -y =0.

Notation: z | y meansz-y =0.

Since 0 - x = 0 for any vector x, the zero vector is orthogonal to every vector in R”.

We motivate the above definition using the law of cosines in R2. In our language, the law of cosines asserts that if z,y are two
nonzero vectors, and if a > 0 is the angle between them, then

2 2 2
ly —2|” = llz]" + [[y]” = 2]z [ly]| cos .
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Figure 6.1.4

In particular, @ = 90° if and only if cos(c) = 0, which happens if and only if ||y —z||? = ||z||* + ||y||? . Therefore,

z and y are perpendicular <= ||z|®+ ||y = ||y —z|?
— zztyy=@y—z) (y—=)
— z-zty-y=y-ytx-z-—-2c-y
— z-y=0.

To reiterate:

zly <= zy=0 < |ly—z|’=lzl+Iyl*

v/ Example 6.1.4

1
Find all vectors orthogonal tov= | 1
-1
Solution
We have to find all vectors z such that « - v = 0 . This means solving the equation
x
O=z-v=|xo || 1 | =21+T2—2x3.
I3 —1
The parametric form for the solution set is 1 = —x 4+ 3, so the parametric vector form of the general solution is
Iy -1 1
r= |29 | =2 1 +x3| 0
I3 0 1
Therefore, the answer is the plane
-1 1
Span 11],10
0 1
For instance,
-1 -1
1 1 1 because 1 =0
-1 0 -1
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Find all vectors orthogonal to both v = 1 andw= |1
-1

Solution
We have to solve the system of two homogeneous equations

Iy 1

0 =z-v=| 2 |- 1 =x1+22 — 23
I3 -1
Iy 1

0 =z-w=|a2 || 1| =214+22+23.
T3 1

In matrix form:

1 1 -1\ RREF /71 1 0
E— 5
1 1 1 0 01

The parametric vector form of the solution set is

Iy -1
T9 = T2
T3 0
Therefore, the answer is the line
-1
Span 1
0
For instance,
-1 -1
1 =0 and 1 =0
-1 0

X Remark: Angle between two vectors

More generally, the law of cosines gives a formula for the angle o between two nonzero vectors:

2[|z|llyll cos(a) = llz|* + llyll* — lly —=|*
=z-z+y-y—(y—=) (y—=2)
=z-z+y-y—y-y—x-c+2zc-y
=2z-y

— a=cos™! (&)
[EANET]

In higher dimensions, we take this to be the definition of the angle between z and y.

This page titled 6.1: Dot Products and Orthogonality is shared under a GNU Free Documentation License 1.3 license and was authored, remixed,
and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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6.2: Orthogonal Complements

€0 Learning Objectives

1. Understand the basic properties of orthogonal complements.

2. Learn to compute the orthogonal complement of a subspace.

3. Recipes: shortcuts for computing the orthogonal complements of common subspaces.
4. Picture: orthogonal complements in R? and R?.

5. Theorem: row rank equals column rank.

6. Vocabulary words: orthogonal complement, row space.

It will be important to compute the set of all vectors that are orthogonal to a given set of vectors. It turns out that a vector is
orthogonal to a set of vectors if and only if it is orthogonal to the span of those vectors, which is a subspace, so we restrict
ourselves to the case of subspaces.

Definition of the Orthogonal Complement

Taking the orthogonal complement is an operation that is performed on subspaces.

# Definition 6.2.1: Orthogonal Complement

Let W be a subspace of R". Its orthogonal complement is the subspace
Wt ={vinR" |v-w=0forallwinW}.
The symbol W+ is sometimes read “W perp.”

This is the set of all vectors v in R" that are orthogonal to all of the vectors in W. We will show below 15 that W is indeed a
subspace.

X Note 6.2.1

We now have two similar-looking pieces of notation:

AT is the transpose of a matrix A.

W is the orthogonal complement of a subspace W.

Try not to confuse the two.

Pictures of orthogonal complements

The orthogonal complement of a line W through the origin in RR? is the perpendicular line T/ .

we /W

Figure 6.2.1
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v/ Example 6.2.1: Interactive: Orthogonal complements in R?

The subspace Span{v} is aline.
Close Controls

The orthogonal complement of Span{v{ 1s a line.

v 224

Figure 6.2.2: The orthogonal complement of the line spanned by v is the perpendicular line. Click and drag the head of v to
move it.

The orthogonal complement of a line W in R? is the perpendicular plane TV .

Figure 6.2.3

v Example 6.2.2: Interactive: Orthogonal complements in R3
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- -]
The subspace Span{v} is a line.
Yy ~

Close Controls

The orthogonal complement of Span{v} 1s a plane.

v [ &

Figure 6.2.4: The orthogonal complement of the line spanned by v is the perpendicular plane. Click and drag the head of v to
move it.

The orthogonal complement of a plane W in R? is the perpendicular line 17/ .

..]'/V'_

)y -

y

Figure 6.2.5

v Example 6.2.3: Interactive: Orthogonal complements in R3
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The subspace Span{v, w} is aplar
Close Controls

v K2

Figure 6.2.6: The orthogonal complement of the plane spanned by v, w is the perpendicular line. Click and drag the heads of
v, w to change the plane.

We see in the above pictures that (W)t =W.

v/ Example 6.2.4

The orthogonal complement of R" is {0}, since the zero vector is the only vector that is orthogonal to all of the vectors in R".

For the same reason, we have {0}+ =R™.

Computing Orthogonal Complements

Since any subspace is a span, the following proposition gives a recipe for computing the orthogonal complement of any subspace.
However, below we will give several shortcuts for computing the orthogonal complements of other common kinds of subspaces—in
particular, null spaces. To compute the orthogonal complement of a general subspace, usually it is best to rewrite the subspace as
the column space or null space of a matrix, as in Note 2.6.3 in Section 2.6.

& Proposition 6.2.1: The Orthogonal Complement of a Column Space

Let A be a matrix and let W = Col(A). Then
Wt =Nul(AT).
Proof

To justify the first equality, we need to show that a vector z is perpendicular to the all of the vectors in W if and only if it is
perpendicular only to wi,vs,...,vn. Since the v; are contained in W, we really only have to show that if
-V =x-vs =---=2z v, =0, thenz is perpendicular to every vector v in W. Indeed, any vector in W has the form
v=cv; +covs +- -+, forsuitable scalars ¢, ¢, . . ., Cpy,y SO

z-v =z (cruy +cava+- - +Cnm)

=ci(z-v1)+eca(z-ve)+---+em(T-vn)
=C1(0)+62(0)+' . +Cm(0) =0.
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Therefore, z is in W .

TO prove the SeCOl‘ld equallty, we let
’UT
1

_
Uy

A:
S

By the row-column rule for matrix multiplication Definition 2.3.3 in Section 2.3, for any vector z in R" we have

/U{’$ v T
vgz Vg T
Az = =
vhe Um - T
Therefore, z is in Nul(A) if and only if  is perpendicular to each vector vy, v, . . . , Un,
Since column spaces are the same as spans, we can rephrase the proposition as follows. Let vy, va, . . . , U, be vectors in R", and let
W = Span{v;, v, ..., vy }. Then
T
[P
1 v
W— = {all vectors orthogonal to each vy, vo, ..., vm} = Nul )
ol

Again, it is important to be able to go easily back and forth between spans and column spaces. If you are handed a span, you can

apply the proposition once you have rewritten your span as a column space.
By the proposition, computing the orthogonal complement of a span means solving a system of linear equations. For example, if

-2

v =

1
7 Vg =
2 1

then Span{ v, va } is the solution set of the homogeneous linear system associated to the matrix

(e )53 0

Y S
Uy

This is the solution set of the system of equations
{ r 4+ Tz + 223 = 0

—2z1 + 3xzy + z3

v/ Example 6.2.5

Compute W+, where
1 —2
W = Span 71,

2 1
Solution
According to Proposition 6.2.1, we need to compute the null space of the matrix

( 1 7 2) RREF (1 0 —1/17)
e .
-2 3 1 0 1 5/17

https://math.libretexts.org/@go/page/70213
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The free variable is z3, so the parametric form of the solution set is 1 = z3/17, 2o = —5x3/17, and the parametric vector
form is

Ty 1/17

9 =3 —5/17

T3 1

Scaling by a factor of 17, we see that

1
W+ = Span -5
17
‘We can check our work:
1 1 -2 1
-5 1]1=0 3 -5 1=0
2 17 1 17

v/ Example 6.2.6
1

Find all vectors orthogonal to v = 1
-1

Solution
According to Proposition 6.2.1, we need to compute the null space of the matrix

A=(—v—)=(1 1 -1).

This matrix is in reduced-row echelon form. The parametric form for the solution set is ;1 = —x3 + 3, so the parametric
vector form of the general solution is

Iy -1 1
T=\| 122 | =22 1 | +x3
I3 0 1
Therefore, the answer is the plane
-1 1
Span 11],10
0 1
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. =2
The subspace Span{v} is a line.

Close Controls
The orthogonal complement of Span{v} 1s

K2

Figure 6.2.7: The set of all vectors perpendicular to v.

v/ Example 6.2.7

Compute

L
Span 1
-1
Solution

According to Proposition 6.2.1, we need to compute the null space of the matrix

1 1 -1\ RREF (1 1 0
A= N .
11 1 00 1

The parametric vector form of the solution is

Iy -1
T = T2 1
T3
Therefore, the answer is the line
-1
Span 1
0
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The subspace Span{v, w} is a plang
Close Controls

The orthogonal complement of Span{v, w| 1s

RA

Figure 6.2.8: The orthogonal complement of the plane spanned by v = (1,1,—1) and w = (1,1, 1).

In order to find shortcuts for computing orthogonal complements, we need the following basic facts. Looking back the the above
examples, all of these facts should be believable.

& Fact 6.2.1: Facts about Orthogonal Complements

Let W be a subspace of R". Then:
1. W+ is also a subspace of R".
2.(WhHt=w.

3. dim(W) + dim(W+) = n.

Proof

For the first assertion, we verify the three defining properties of subspaces, Definition 2.6.2 in Section 2.6.

1. The zero vector is in W because the zero vector is orthogonal to every vector in R”.
2. Letu,vbein W' ,sou-z =0 andv-z =0 for every vector z in W. We must verify that (u +v)-z =0 for every
z in W. Indeed, we have

(ut+v)-z=u-z+v-2=0+0=0.

3. Letu bein W, sou-z =0 forevery z in W, and let c be a scalar. We must verify that (cu) -z =0 for every z in
W . Indeed, we have

(cu)-z=c(u-z)=c0=0.

Next we prove the third assertion. Let v, va, . . . , U, be a basis for W, so m = dim(W), and let vp1, U2, .-,V be a
basis for W+, so k—m = dim(W ') . We need to show k = n. First we claim that {v1, V2, ..., Vm, Vmils Umi2, - - Uk}
is linearly independent. Suppose that cjv; +covy+---+crvp =0 . Let w=cjv1 +cova+::+Cnvm and

W = Cri1Vms1 + Cmi2Vmas +- - +cpvg, sow isin W, w' isin W', and w+w =0 . Then w = —w'’ is in both W
and W+, which implies w is perpendicular to itself. In particular, w-w = 0, so w = 0, and hence w' = 0. Therefore, all
coefficients ¢; are equal to zero, because {v1,va, . ..,V }and {vmi1, Umia, - - - , Uk are linearly independent.

It follows from the previous paragraph that & < n . Suppose that k¥ < n . Then the matrix
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has more columns than rows (it is “wide”), so its null space is nonzero by Note 3.2.1 in Section 3.2. Let « be a nonzero
vector in Nul(A). Then

T

v T V1T
vl Vg T
0 = Am = ) =
vfa: VT
by the row-column rule for matrix multiplication Definition 2.3.3 in  Section 2.3. Since
VT =Vy T =-+-=0y, -x=0, Iitfollows from Proposition 6.2.1that z is in W, and similarly, z is in (W*)*. As
above, this implies z is orthogonal to itself, which contradicts our assumption that = is nonzero. Therefore, k =n, as

desired.

Finally, we prove the second assertion. Clearly W is contained in (W 1)": this says that everything in W is perpendicular
to the set of all vectors perpendicular to everything in W. Let m = dim(W). By 3, we have dim(W') =n—m, so
dim((W+)%) =n—(n—m) =m . The only m-dimensional subspace of (W)~ is all of (W)*,so (W+): =W.

See subsection Pictures of orthogonal complements, for pictures of the second property. As for the third: for example, if W is a (2-
dimensional) plane in R*, then W is another (2-dimensional) plane. Explicitly, we have

T z 1 T 0

1 y |, Y 0 y |1

Span{ej,ex} = ) inR ; 0 =0and ) 0 =0
w w 0 w 0
0
= 0 inR* = Span{es,es}:

z
w

the orthogonal complement of the zy-plane is the zw-plane.

# Definition 6.2.2: Row Space

The row space of a matrix A is the span of the rows of A, and is denoted Row (A).

If A is an m X n matrix, then the rows of A are vectors with n entries, so Row(A) is a subspace of R". Equivalently, since the
rows of A are the columns of AT, the row space of A is the column space of A7

Row(A) = Col(AT).
We showed in the above Proposition 6.2.3 that if A has rows v{, vg, ..., vk then
Row(A)" = Span{vy, v, . .., v, " =Nul(A).
Taking orthogonal complements of both sides and using the second fact 6.2.1 gives

Row(A) = Nul(4)™".

Replacing A by AT and remembering that Row(A) = Col(A7T) gives
Col(A)* =Nul(4T) and Col(4)=Nul(AT)*.
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To summarize:

X Recipe: Shortcuts for Computing Orthogonal Complements

For any vectors vy, v, . - . , U, We have
— T
— ol
Span{vl,vg,...,vm}l = Nul )
e
For any matrix A, we have
Row(A)+ =Nul(4) Nul(4)* =Row(4)
Col(A)* =Nul(AT) Nul(AT)* = Col(A).

As mentioned in the beginning of this subsection, in order to compute the orthogonal complement of a general subspace, usually it
is best to rewrite the subspace as the column space or null space of a matrix.

v Example 6.2.8: Orthogonal complement of a subspace

Compute the orthogonal complement of the subspace
W ={(z,y,2) inR?| 3z +2y = z}.

Solution

Rewriting, we see that W is the solution set of the system of equations 3z +2y —z =0, i.e., the null space of the matrix
A=(3 2 —1). Therefore,

3
W+ =Row(A) = Span 2
-1
No row reduction was needed!
v/ Example 6.2.9: Orthogonal complement of an eigenspace
Find the orthogonal complement of the 5-eigenspace of the matrix
2 4 -1
A= 3 2 0
-2 4 3
Solution
The 5-eigenspace is
-3 4 -1
W =Nul(A—-53)=Nul| 3 -3 o0 |,
-2 4 =2
o)
-3 4 -1 -3 3 —2
Wt=Row| 3 -3 0 | =Span 4 1,1 -3, 4
-2 4 =2 -1 0 -2
These vectors are necessarily linearly dependent (why)?
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Row rank and Column Rank

Suppose that A is an m X n matrix. Let us refer to the dimensions of Col(A) and Row (A) as the row rank and the column rank of
A (note that the column rank of A is the same as the rank of A). The next theorem says that the row and column ranks are the
same. This is surprising for a couple of reasons. First, Row(A) lies in R” and Col(A) lies in R™. Also, the theorem implies that A
and AT have the same number of pivots, even though the reduced row echelon forms of A and AT have nothing to do with each

other otherwise.

& Theorem 6.2.1

Let A be a matrix. Then the row rank of A is equal to the column rank of A.

Proof

By Theorem 2.9.1 in Section 2.9, we have
dim Col(A) 4 dim Nul(A4) = n.
On the other hand the third fact 6.2.1says that
dim Nul(4)* 4 dim Nul(4) =n,
which implies dim Col(A) = dim Nul(A)*. Since Nul(A4)* = Row(A), we have
dim Col(A4) = dimRow(A4),

as desired.

In particular, by Corollary 2.7.1 in Section 2.7 both the row rank and the column rank are equal to the number of pivots of A.

This page titled 6.2: Orthogonal Complements is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or
curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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6.3: Orthogonal Projection

4b Learning Objectives

1. Understand the orthogonal decomposition of a vector with respect to a subspace.

2. Understand the relationship between orthogonal decomposition and orthogonal projection.

3. Understand the relationship between orthogonal decomposition and the closest vector on / distance to a subspace.

4. Learn the basic properties of orthogonal projections as linear transformations and as matrix transformations.

5. Recipes: orthogonal projection onto a line, orthogonal decomposition by solving a system of equations, orthogonal
projection via a complicated matrix product.

6. Pictures: orthogonal decomposition, orthogonal projection.

7. Vocabulary words: orthogonal decomposition, orthogonal projection.

Let W be a subspace of R" and let « be a vector in R". In this section, we will learn to compute the closest vector zy to  in W.
The vector zyy is called the orthogonal projection of x onto W. This is exactly what we will use to almost solve matrix equations,
as discussed in the introduction to Chapter 6.

Orthogonal Decomposition

We begin by fixing some notation.

& Definition 6.3.1; Notation

Let W be a subspace of R™ and let « be a vector in R™. We denote the closest vector to x on W by xyy.

To say that zyy is the closest vector to  on W means that the difference  — xy is orthogonal to the vectors in W':

Figure 6.3.1

In other words, if zy;. =2 —zw, then we have & = zy +y, ., where zy is in W and xy,. is in W, The first order of
business is to prove that the closest vector always exists.

& Theorem 6.3.1: Orthogonal Decomposition

Let W be a subspace of R™ and let « be a vector in R™. Then we can write  uniquely as
T=zTw + Tyt

where zyy is the closest vector to  on W and z;,. isin W-.

Proof
Let m = dim(W), so n—m = dim(W=) by Fact 6.2.1 in Section 6.2. Let vy, vs, ..., v, be a basis for W and let
Um+1y Um+t2, - - - ,Up be a basis for WL, We showed in the proof of this Fact 6.2.1 in Section 6.2 that
{v1,v2, -+ Um, Um+1, Um+2, - - - , Un }is linearly independent, so it forms a basis for R". Therefore, we can write

&= (e1v1+ -+ Cn¥m) +(Cni1Umil + - +Caln) = Tw +Tppu,

where zy =c1v1 +- - + U and Ty = Cri1Vmi1 +- - + U, . Since xyy, 1 is orthogonal to W, the vector zyy is
the closest vector to  on W, so this proves that such a decomposition exists.
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As for uniqueness, suppose that
T=zw +TyL =yw + Yyt
for zw, yw in W and zy;,1, yy,1 in W . Rearranging gives
Tw —Yw =Yyt — Ty L-

Since W and W are subspaces, the left side of the equation is in W and the right side is in W *. Therefore, 2y —yw is
in W and in W+, so it is orthogonal to itself, which implies 2y —yy = 0 . Hence 2y =y and ZyyL = YyrL, which
proves uniqueness.

# Definition 6.3.2: Orthogonal Decomposition and Orthogonal Projection

Let W be a subspace of R" and let = be a vector in R". The expression
T =Tw +TyL

for zyy in W and zy;, . in W, is called the orthogonal decomposition of = with respect to W, and the closest vector zyy is
the orthogonal projection of x onto W.

Since zyy is the closest vector on W to x, the distance from x to the subspace W is the length of the vector from xyy to z, i.e., the
length of ;. . To restate:

X Note 6.3.1: Closest Vector and Distance

Let W be a subspace of R" and let z be a vector in R".

o The orthogonal projection zyy is the closest vector to = in W.
o The distance from 2 to W is ||z, ||.

v/ Example 6.3.1: Orthogonal decomposition with respect to the zy-plane

Let W be the zy-plane in Rs, so W+ is the z-axis. It is easy to compute the orthogonal decomposition of a vector with respect
to this W:

:}wwz

SR O N =

—_— Tw = xWL:

QO o e W
0 OO0 W o o

We see that the orthogonal decomposition in this case expresses a vector in terms of a “horizontal” component (in the zy-
plane) and a “vertical” component (on the z-axis).

X

(]

le
4

Figure 6.3.2
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Open Controls

Iy e I

BBl AN

X 5/\?_

%W,

KA

Figure 6.3.3: Orthogonal decomposition of a vector with respect to the zy-plane in R®. Note that 2y is in the zy-plane and
@y, is in the z-axis. Click and drag the head of the vector z to see how the orthogonal decomposition changes.

v/ Example 6.3.2: Orthogonal decomposition of a vector in W

If z is in a subspace W, then the closest vector to = in W is itself, so £ = zy and z};;» = 0. Conversely, if £ =z then z is
contained in W because xy is contained in W.

v Example 6.3.3: Orthogonal decomposition of a vector in W+

If W is a subspace and z is in W, then the orthogonal decomposition of z is = 0 4, where 0 is in W and z is in W*. It
follows that zy = 0. Conversely, if zyr =0 then the orthogonal decomposition of z is £ =zw +zy,. =0+xy1, so
T =azp. isin W+,

v Example 6.3.4: Interactive: Orthogonal decomposition in R?
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—1.00

LibreTexts*
(5] - [0

K2

v
Figure 6.3.4: Orthogonal decomposition of a vector with respect to a line W in R?. Note that zy; is in W and ;= is in the
line perpendicular to W. Click and drag the head of the vector  to see how the orthogonal decomposition changes.

Open Controls

v Example 6.3.5: Interactive: Orthogonal decomposition in R?

1

1

l

|

-110]  [-110]  [0.00
2.00 | = | 1.67 | + [0.33
150 | |-030] [180]

R?

v
Figure 6.3.5: Orthogonal decomposition of a vector with respect to a plane W in R3. Note that 2y, is in W and Zyyo is in the
line perpendicular to W. Click and drag the head of the vector x to see how the orthogonal decomposition changes.
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v/ Example 6.3.6: Interactive: Orthogonal decomposition in R3

Open Controls

—~1.10 {0.00] [ 1.10
2.00 | = [2.20 -0.20
1.50 0.40 [ 1.10

|

v xJ

Figure 6.3.6: Orthogonal decomposition of a vector with respect to a line W in R®. Note that zy is in W and xy, 1 is in the
plane perpendicular to W. Click and drag the head of the vector x to see how the orthogonal decomposition changes.

Now we turn to the problem of computing zy and zy,+. Of course, since zy,+ = —xw, really all we need is to compute xyy.
The following theorem gives a method for computing the orthogonal projection onto a column space. To compute the orthogonal
projection onto a general subspace, usually it is best to rewrite the subspace as the column space of a matrix, as in Note 2.6.3 in

Section 2.6.

& Theorem6.3.2

Let A be an m X n matrix, let W = Col(A), and let x be a vector in R™. Then the matrix equation
ATAc=A"z
in the unknown vector ¢ is consistent, and zy is equal to Ac for any solution c.

Proof

Let & = xw + . be the orthogonal decomposition with respect to W. By definition zy lies in W = Col(A) and so
there is a vector ¢ in R™ with Ac = zy . Choose any such vector c. We know that z —zy =z — Ac lies in WL, which is
equal to Nul(A”) by Recipe: Shortcuts for Computing Orthogonal Complements in Section 6.2, We thus have

0=AT(x— Ac) = ATz — AT Ac
and so
AT Ac= ATz,

This exactly means that AT Ac = AT« is consistent. If ¢ is any solution to AT Ac = ATz then by reversing the above

logic, we conclude that zy = Ac.
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v/ Example 6.3.7: Orthogonal Projection onto a Line

Let L =Span{u} be a line in R” and let  be a vector in R"”. By Theorem 6.3.2, to find z; we must solve the matrix
equation uTuc = uT z, where we regard u as an n x 1 matrix (the column space of this matrix is exactly L!). But uTu = u - u
andu’z =u-z,s0c=(u-z)/(u-u) is a solution of uTuc =uTz, and hence z;, =uc=(u-z)/(u-u)u.

Figure 6.3.7
To reiterate:
X Recipe: Orthogonal Projection onto a Line
If L = Span{u} is a line, then
uU-T
zp=——u and z;. =z —2x
U-Uu

for any vector x.

X Remark: Simple proof for the formula for projection onto a line

In the special case where we are projecting a vector z in R" onto a line L = Span{u}, our formula for the projection can be
derived very directly and simply. The vector a7 is a multiple of u, say zp =cu. This multiple is chosen so that
x —x =z —cu is perpendicular to u, as in the following picture.

Figure 6.3.8

In other words,
(x —cu)-u=0.

Using the distributive property for the dot product and isolating the variable c gives us that

u-z
c=——

uU-u
and so
U-T

Tp=cu=—1u.
uU-U
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v/ Example 6.3.8: Projection onto a line in R?

—6
4

3

5)» and find the distance from  to L.

Compute the orthogonal projection of z = (7,”) onto the line L spanned by u = (

Solution
First we find

T-u —18+8 /3 10 /3 1 [ —48
T = u = = —— Tyl =TT —T[ = — .
uU-u 9+4 2 13\ 2 13\ 72
The distance from z to L is

1
Tri|| = ——=+/48%+72% ~ 6.656.
I 13

Figure 6.3.9

:
_[<23—-T300 |
Sl [ F7] I il P

i |l[-6.00] N-2.31]]| _
b= [0 (X350 - 000

K2

[T 2

Figure 6.3.10: Distance from the line L.

v Example 6.3.9: Projection onto a line in R?

Let
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-2 -1
xr = 3 U= 1 5
-1

and let L be the line spanned by w. Compute 7, and mf

Solution
-1 -2
Tou 2+3-1 _é B _l 5
e T 1+1+1 3 T =¥V = g

Open Controls

Figure 6.3.11: Orthogonal projection onto the line L.

When A is a matrix with more than one column, computing the orthogonal projection of  onto W = Col(A) means solving the
matrix equation A7 Ac = ATz In other words, we can compute the closest vector by solving a system of linear equations. To be
explicit, we state Theorem 6.3.2 as a recipe:

X Recipe: Compute an Orthogonal Decomposition

Let W be a subspace of R™. Here is a method to compute the orthogonal decomposition of a vector « with respect to W:

0. Rewrite W as the column space of a matrix A. In other words, find a a spanning set for W, and let A be the matrix with
those columns.

1. Compute the matrix AT A and the vector ATz.

2. Form the augmented matrix for the matrix equation AT Ac = ATz in the unknown vector c, and row reduce.

3. This equation is always consistent; choose one solution c. Then

Tw = Ac Tyl =T —Tw.
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v/ Example 6.3.10: Projection onto the zy-plane

Use Theorem 6.3.2 to compute the orthogonal decomposition of a vector with respect to the zy-plane in R3.

Solution
A basis for the xy-plane is given by the two standard coordinate vectors
1 0
er=10 ea=11
0 0
Let A be the matrix with columns eq, es:
1 0
A=10 1
0 0
Then
1 Z1
10 1 00
ATA:( >:I2 AT T2 :( ) Io :<:L‘1)
01 0 1 0 T2
z3 z3
It follows that the unique solution ¢ of AT Ac = I,c = ATz is given by the first two coordinates of x, so
1 0 x1 0
x x
wW:A( 1): 0 1 ( 1): T zwir=z—zw =] 0
2 00/ " 0 o3

We have recovered this Example 6.3.1.

v Example 6.3.11: Projection onto a plane in R?

Let

—_
8
|

W = Span 01,

Compute zy and the distance from x to W.

Solution
We have to solve the matrix equation AT Ac = ATz, where

A =
We have

MA:<21> M@:(”).
1 9 3

We form an augmented matrix and row reduce:
2 1|-2 RREF 1 0|-7/3 1 (-7)
- — c=— -
1 2|3 0 1] 8/3 3\ 8

It follows that
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1 (1 2
.’L'W:AC:§ 8 -’I?WL:.’B—.’L'Wzg —2
7 2
The distance from x to W is
1
lzw || = 5\/ 4+4+4 ~1.155.

Open Controls

3.00 2.33

1.00 [0.33]
2.00] = [2.67| +
233 | 067

v
[ os ]

Figure 6.3.12: Orthogonal projection onto the plane W.

v Example 6.3.12: Projection onto another plane in R?

Let
Iy 1
W = 9 1 —2x9 =23 and z=1|1
T3 1

Compute xyy.

Solution

Method 1: First we need to find a spanning set for W. We notice that W is the solution set of the homogeneous equation
1 —2zy—23=0, soW =Nul(1 —2 —1).Weknow how to compute a basis for a null space: we row reduce and find
the parametric vector form. The matrix (1 —2 —1) is already in reduced row echelon form. The parametric form is
1 = 22 +x3, so the parametric vector form is

Iy 2 1
Ty | =22 |1 | +23] 0],
T3 0 1
and hence a basis for V' is given by
2 1
11,10
0 1
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We let A be the matrix whose columns are our basis vectors:

A=

O =N
[ I

Hence Col(A) =Nul(1 -2 -1)=W.

Now we can continue with step 1 of the recipe. We compute

ATA=(5 2) AT:r:(3).
9 9 9

We write the linear system AT Ac = ATz as an augmented matrix and row reduce:
5 2|3 RREF 1 0/|1/3
E— o
2 2|2 0 1]2/3

2 1
zw=Ac=\|1 0
01

Hence we can take ¢ = (;ﬁ), o)

=
1.00 - [132] [ “‘.3_,3]
voo| ~ [oss] | oss |
||
| L
| i‘/é\ffj el
KA

Figure 6.3.13: Orthogonal projection onto the plane W.

Method 2: In this case, it is easier to compute z;. . Indeed, since W =Nul(1 -2 —1), the orthogonal complement is
the line

1
V=W""=Col| -2
1

Using the formula for projection onto a line, Example 6.3.7, gives
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1 1
' -2 1 1
1 —1 ) 1 _2
xTr =X = —_ = -
wemE 1 1 3
-1
—2 —2
-1 -1
Hence we have
-1 4
1 1
Tw=x—zTyr =11 —g 2 .=§ 1],
1 1 2
as above.
Let
1 0 0
W = Span v , L , ! T = 1
— 0 1 3
0 -1 -1 4
Compute the orthogonal decomposition of = with respect to W.
Solution
We have to solve the matrix equation AT Ac = ATz, where
1
A 0 1
-1 0
0o -1 -1
We compute
2 0 0 -3
ATA=|0 2 2 Alz=| 3
0 2 4 0
We form an augmented matrix and row reduce:
2 0 0| — RREF 1 0 0f-3/2 1 -3
02 2(-3|——] 0 1 0| -3 — c= 5 —6
0 2 4|0 0 0 1| 3/2 3
It follows that
0 0
-3 115
mW:Ac:E . ./L'WLZE .
3 5

In the context of the above recipe, if we start with a basis of W, then it turns out that the square matrix AT A is automatically
invertible! (It is always the case that AT A is square and the equation AT Ac = ATz is consistent, but AT A need not be invertible

in general.)
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Let A be an m X n matrix with linearly independent columns and let W = Col(A). Then the n x n matrix AT A is invertible,
and for all vectors z in R, we have

aw =AATA) AT .

Proof

We will show that Nul(AZ A) = {0}, which implies invertibility by Theorem 5.1.1 in Section 5.1. Suppose that
AT Ac=0. Then AT Ac = AT0, so Oy = Ac by Theorem 6.3.2 But Oy = 0 (the orthogonal decomposition of the zero
vector is just 0 =0+0), so Ac =0, and therefore ¢ is in Nul(A4). Since the columns of A are linearly independent, we
have ¢ =0, so Nul(AT A) =0, as desired.

Let = be a vector in R” and let ¢ be a solution of ATAc=ATz. Then c=(ATA) ATz, <o
zw =Ac=A(ATA) ATz .

The corollary applies in particular to the case where we have a subspace W of R™, and a basis v1, va, . . . , v, for W. To apply the
corollary, we take A to be the m X n matrix with columns vy, ve, . .. , Uy,.

v/ Example 6.3.14: Computing a projection

Continuing with the above Example 6.3.11 let

1 1 1
W = Span 01l,11 z=| xy
-1 0 T3

Compute zy using the formula zy = A(ATA) 1 ATz,

Solution
Clearly the spanning vectors are noncollinear, so according to Corollary 6.3.1, we have zy = A(ATA)~* ATz, where

1 1
A= 0 1
-1 0
We compute
1 _
ata— (2 1) o arar21( 2 1),
1 2 3\-1 2
o)
1 1 T1
1/2 -1 1 0 -1
=A(ATA) AT = 1] =
2w = A(ATA) AT 0 s\-1 2 /)\11 0/ ™
-1 0 z3
1 2 1 -1 T 1 2x1 + T9g — T3
:g 1 2 1 T :g T + 25132 I x3
-1 1 2 T3 —-x1 -+ T2 + 23

So, for example, if z = (1, 0, 0), this formula tells us that zy = (2,1, —1).

Orthogonal Projection

In this subsection, we change perspective and think of the orthogonal projection xy as a function of x. This function turns out to be
a linear transformation with many nice properties, and is a good example of a linear transformation which is not originally defined
as a matrix transformation.
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& Proposition 6.3.1: Properties of Orthogonal Projections

Let W be a subspace of R", and define T: R® — R™ by T'(z) = zy . Then:

1. T is a linear transformation.
2.T(z) =z if and only if  is in W.
3.T(x) =0 if and only if z is in W=.
4.ToT=T.

5. The range of T is W.

Proof

1. We have to verify the defining properties of linearity, Definition 3.3.1 in Section 3.3. Let z, y be vectors in R", and let
r=xw+xy, andy =yw +yy . be their orthogonal decompositions. Since W and W are subspaces, the sums
zw +yw and ;. +yy. are in W and W, respectively. Therefore, the orthogonal decomposition of  +y is
(xw +yw) + (@1 +yy1), so

T(x+y) = (z+y)w =zw +yw =T(z)+T(y).

Now let ¢ be a scalar. Then czy is in W and czy;, 1 is in W, so the orthogonal decomposition of cz is czy + CTyyrL,
and therefore,

T(cz) = (cx)w = caxw = cT'(z).

Since T satisfies the two defining properties, Definition 3.3.1 in Section 3.3, it is a linear transformation.

2. See Example 6.3.2

3. See Example 6.3.3

4. For any z in R™ the vector T'(z) isin W,so T o T(z) =T (T (z)) =T(x) by 2. Any vector z in W is in the range
of T', because T'(z) =z for such vectors. On the other hand, for any vector = in R" the output 7'(z) = zw is in W,
so W is the range of T'.

We compute the standard matrix of the orthogonal projection in the same way as for any other transformation, Theorem 3.3.1 in
Section 3.3: by evaluating on the standard coordinate vectors. In this case, this means projecting the standard coordinate vectors
onto the subspace.

v/ Example 6.3.15: Matrix of a projection

Let L be the line in R spanned by the vector u = (3), and define T: R? — R? by T'(z) = =, . Compute the standard matrix
BforT.

Solution
The columns of B are T'(e;) = (e1)r and T'(e2) = (e2)r . We have

(e1) _u-e _i 3

VEET e YT 1l 1/9 6
— B:— .

(e) _ u-ée u—i 3 13\ 6 4

VLT T 13\ 2

v/ Example 6.3.16: Matrix of a projection

Let L be the line in R? spanned by the vector

and define T: R* — R® by T'(z) = z, . Compute the standard matrix B for T'.
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Solution
The columns of B are T'(e1) = (e1)r, T'(e2) = (e2)r, and T'(e3) = (e3) . We have
-1
_ e L
(e1)r = vu VT3 1
1
-1 1 -1 -1
(ea)p =22 -1 — =il 1 1
VLT -3 3
1 -1 1 1
-1
(e5)1 = u-es 1 1
YL T 3
1
v/ Example 6.3.17: Matrix of a projection
Continuing with Example 6.3.11, let
1 1
W = Span 0 ],11 ,
-1 0

and define T: R* — R® by T'(z) = zy . Compute the standard matrix B for 7.

Solution
The columns of B are T'(e1) = (e1)w, T'(e2) = (e2)w, and T'(e3) = (e3)w . Let
1 1
A=] 0 1
-1 0

To compute each (e; )y, we solve the matrix equation AT Ac = ATe; for ¢, then use the equality (e;)w = Ac. First we note
that

ATA:<2 1); ATei:theithcolumnofAT:(l L _1>.
1 2 11 0

For e;, we form an augmented matrix and row reduce:
2 1|1 \ RREF 10

e
1 2|1 0 1

We do the same for es:
0 RREF 10
—
1 0 1

2 1
1 2

2) = (1) -

2/3 2/3
and for e3:
(2 1] -1 )E( 10 —2/3) . (el)W:A(_z/?’)_l —11
1 2|0 0 1] 1/3 1/3 3
It follows that
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2 1 -1

le 1 2 1
3

-1 1 2

In the previous Example 6.3.17, we could have used the fact that

1
-1
forms a basis for W, so that
1 1
T(z) =aw = [A(ATA)'AT]z for A= 0 1
-1 0

by the Corollary 6.3.1. In this case, we have already expressed 7" as a matrix transformation with matrix A(AT A)~! AT, See this
Example 6.3.14

Let W be a subspace of R" with basis vy, va, ..., vy, and let A be the matrix with columns v, v2, . . . , V. Then the standard
matrix for T'(z) = zy is

A(ATA) AT,

We can translate the above properties of orthogonal projections, Proposition 6.3.1, into properties of the associated standard matrix.

& Proposition 6.3.2: Properties of Projection Matrices

Let W be a subspace of R", define T: R™ — R™ by T'(x) = zy, and let B be the standard matrix for T". Then:

1. Col(B) =W.
2. Nul(B) =W'.
3.B>=B.

4.1f W # {0}, then 1 is an eigenvalue of B and the 1-eigenspace for B is W.

5.1f W # R"™, then 0 is an eigenvalue of B and the 0-eigenspace for B is W .

6. B is similar to the diagonal matrix with m ones and n — m zeros on the diagonal, where m = dim(W).
Proof

The first four assertions are translations of properties 5, 3, 4, and 2 from Proposition 6.3.2 respectively, using this Note
3.1.1 in Section 3.1 and Theorem 3.4.1 in Section 3.4. The fifth assertion is equivalent to the second, by Fact 5.1.2 in
Section 5.1.

For the final assertion, we showed in the proof of this Theorem 6.3.1 that there is a basis of R® of the form
{v1, - s UmsUmtly---,Vn},where {v,..., vy} is a basis for W and {v41, ..., v, } is a basis for W. Each v; is an
eigenvector of B: indeed, for ¢ < m we have

By, =T(v;)=v;=1-v;
because v; is in W, and for i > m we have

B’Ui:T(’Ui)ZOZO'Ui

because v; is in W . Therefore, we have found a basis of eigenvectors, with associated eigenvalues 1,...,1,0,...,0(m
ones and n —m zeros). Now we use Theorem 5.4.1 in Section 5.4.
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We emphasize that the properties of projection matrices, Proposition 6.3.2, would be very hard to prove in terms of matrices. By
translating all of the statements into statements about linear transformations, they become much more transparent. For example,
consider the projection matrix we found in Example 6.3.17. Just by looking at the matrix it is not at all obvious that when you
square the matrix you get the same matrix back.

v/ Example 6.3.18

Continuing with above Example 6.3.17, we showed that

2 1 -1
B= 1 1 2 1
3
-1 1 2
is the standard matrix of the orthogonal projection onto

1 1
W = Span 0,11
-1 0

One can verify by hand that B2 = B (try it!). We compute W as the null space of

(1 0 —1) RREF (1 0 —1)
E— o
1 1 0 01 1

The free variable is x3, and the parametric form is ; = 3, x5 = —23, so that
1
W+ =Span -1
1

It follows that B has eigenvectors

1 1 1
0 |, 11, -1
-1 0 1
with eigenvalues 1, 1, 0,respectively, so that
1 1 1 100 1 1 1\
B=|10 1 -1 01 0 0 1 -1
-1 0 1 0 0 0 -1 0 1

As we saw in Example 6.3.18 if you are willing to compute bases for W and W, then this provides a third way of finding

the standard matrix B for projection onto W: indeed, if {v1, va, . .., vy, }is a basis for W and {vy, 41, U2, - - - , Upn } iS a basis
for W+, then
1 0 0 0
o -1
| AY P VA |
B = V1 V2 Un 0 0 0 0 V1 (%1 Un )
| | s | |
0 --- 00 --- 0

where the middle matrix in the product is the diagonal matrix with m ones and n —m zeros on the diagonal. However, since
you already have a basis for W, it is faster to multiply out the expression A(AT A)~! AT as in Corollary 6.3.1.
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Let W be a subspace of R", and let  be a vector in R™. The reflection of x over W is defined to be the vector
refy(z) = —2zy,..

In other words, to find refy () one starts at , then moves to & — 2y, =y, then continues in the same direction one more
time, to end on the opposite side of W.

refy (x)

Figure 6.3.14
Since zy, . =« — Ty, we also have
refyy () == —2(z —zw) = 22w — 2.
We leave it to the reader to check using the definition that:

1. refW o refW = Ian .
2. The 1-eigenspace of refy; is W, and the —1-eigenspace of refy is W=.
3. refyy is similar to the diagonal matrix with m = dim(W) ones on the diagonal and n — m negative ones.

This page titled 6.3: Orthogonal Projection is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or

curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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6.4: Orthogonal Sets

4b Learning Objectives

1. Understand which is the best method to use to compute an orthogonal projection in a given situation.

2. Recipes: an orthonormal set from an orthogonal set, Projection Formula, B-coordinates when B is an orthogonal set, Gram—
Schmidt process.

3. Vocabulary words: orthogonal set, orthonormal set.

In this section, we give a formula for orthogonal projection that is considerably simpler than the one in Section 6.3, in that it does
not require row reduction or matrix inversion. However, this formula, called the Projection Formula, only works in the presence of
an orthogonal basis. We will also present the Gram—Schmidt process for turning an arbitrary basis into an orthogonal one.
Orthogonal Sets and the Projection Formula

Computations involving projections tend to be much easier in the presence of an orthogonal set of vectors.

# Definition 6.4.1: Orthogonal and Orthonormal

A set of nonzero vectors {uy, ug,- -+, un} is called orthogonal if u; -u; =0 whenever i # j. It is orthonormal if it is
orthogonal, and in addition u; -u; =1 foralli =1, 2,.-.,m.

In other words, a set of vectors is orthogonal if different vectors in the set are perpendicular to each other. An orthonormal set is an
orthogonal set of unit vectors, Definition 6.1.3 in Section 6.1.

v/ Example 6.4.1

The standard coordinate vectors in R™ always form an orthonormal set. For instance, in R? we check that

1 0 1 0 0 0
0 1]1=0 0f-{0}=0 11-{0]=0.
0 0 0 1 0 1

Sincee;-e; =1 forall i =1, 2, 3, this shows that {e;1, es, e3} is orthonormal.

-

€=

v

€

€1
Figure 6.4.1
v/ Example 6.4.2
Is this set orthogonal? Is it orthonormal?
1 1
B= s —21,1 0
1 -1

Solution
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We check that
1 1 1
-2 1=0 0 =0 —2 0 =0
1 -1 1 -1

Therefore, B is orthogonal.

Figure 6.4.2

The set B is not orthonormal because, for instance,

1| =3#1
1

However, we can make it orthonormal by replacing each vector by the unit vector in the direction of, Fact 6.1.3 in Section 6.1,
each vector:

1 1 1

N S R

1 1

is orthonormal.

We saw in the previous example that it is easy to produce an orthonormal set of vectors from an orthogonal one by replacing each
vector with the unit vector in the same direction.

X Recipe: An Orthonormal Set from an Orthogonal Set

If {v1, va, -, U, }is an orthogonal set of vectors, then

{ v Uy U, }
o] ” [lw2ll” 7 [loml|

is an orthonormal set.

v/ Example 6.4.3

Let a, b be scalars, and let

Is B ={u1, uy} orthogonal?

Solution
We only have to check that
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(‘Z) : (_ab) = —ab+ab=0.

Therefore, {u;, uy} is orthogonal, unlessa =b=0.

v/ Example 6.4.4: Non-Example

Is this set orthogonal?
1 1 1
B = 9 _2 ) _1
1 -1
Solution
This set is not orthogonal because
1 1
1]-]-1]=1-1-1=-1#0.
1 -1
We will see how to product an orthogonal set from B in the subsection: The Gram-Schmidt Process.

A nice property enjoyed by orthogonal sets is that they are automatically linearly independent.

& Fact 6.4.1

An orthogonal set is linearly independent. Therefore, it is a basis for its span.

Proof

Suppose that {u1, ug, - -, un, }is orthogonal. We need to show that the equation

clug +cous + - - -+, =0
has only the trivial solution ¢; =¢3 =+ =¢;, =0 . Taking the dot product of both sides of this equation with ul gives

0=u;-0 =wuy-(crus +couz+- - +cnim)
=ci(ur-ur)+ea(ur-u2)+- - +cm(ur - um)
:cl(ul -ul)

because u; -u; =0 for i >1. Since u #0 we have uj -u; #0, so ¢; =0. Similarly, taking the dot product with wu;
shows that each ¢; = 0, as desired.

One advantage of working with orthogonal sets is that it gives a simple formula for the orthogonal projection, Definition 6.3.2 in
Section 6.3, of a vector.

& Theorem 6.4.1: Projection Formula

Let W be a subspace of R™, and let {u;, ug,---,uy,} be an orthogonal basis for W. Then for any vector z in R", the
orthogonal projection of x onto W is given by the formula
T - Uy T - U T-u
Tw = u1 + Ug +- -+ i
Uy - Uy Uz - U2 Um * Um
Proof
Let
T - Uy T - Us T U
= + ug+- -+ " Uy
U - U U - U2 Um, * Um
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This vector is contained in W because it is a linear combination of w3, us, - - -, u,,. Hence we just need to show that z —y
isin W+, i.e, thatu; - (x —y) =0 foreachi =1, 2,---, m. For u;, we have

T - Uy T - U T - Uy,
ul-(m—y) =up-|x— Uy — Uy —++» — ————Upy,
U - UL U - U2 U * Um
T-u

=uy-T— 1(u1-u1)—0—---—0
1
=0.

A similar calculation shows that u; - (z —y) =0 for each i, so z —y is in W, as desired.

If {w1, ug,- -, Up }is an orthonormal basis for W, then the denominators u; - u; =1 go away, so the projection formula becomes
even simpler:

v/ Example 6.4.5

Suppose that L = Span{u} is a line. The set {«} is an orthogonal basis for L, so the Projection Formula says that for any
vector x, we have

zw = (z-u)ug + (- ug)ug + -« - + (T - U ) Upy.

T-u
T = ——u,
uU-u

as in Example 6.3.7 in Section 6.3. See also Example 6.3.8 in Section 6.3 and Example 6.3.9 in Section 6.3.

Suppose that {u;, ug, -, Uy, } is an orthogonal basis for a subspace W, and let L; = Span{u;} for eachi=1, 2,---,m. Then

we see that for any vector x, we have
T Uy T - Uy T Uy
Tw = Uz + U+ Uy
Uy - U1 Uz - U2 U, * U
=&, +ar, +---+er,

In other words, for an orthogonal basis, the projection of  onto W is the sum of the projections onto the lines spanned by the basis
vectors. In this sense, projection onto a line is the most important example of an orthogonal projection.

v/ Example 6.4.6: Projection onto the zy-Plane

Continuing with Example 6.3.1 in Section 6.3 and Example 6.3.10 in Section 6.3, use the projection formula, Theorem 6.4.1to
compute the orthogonal projection of a vector onto the zy-plane in R3.

Solution
A basis for the zy-plane is given by the two standard coordinate vectors

1 0
e = 0 ey = 1
0 0

The set {e1, ez} is orthogonal, so for any vector z = (z1, 2, x3), we have

Ea

€T -ep €T - e
Tw = e+ ey =x1e1 +x2e3 = | T2
e;-e1 [SHRN ) 0
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[l = o [ooo] 4+ 000 200
] looo] |

TW =
| 0.00 0.00 0.00

K2

Figure 6.4.3: Orthogonal projection of a vector onto the zy-plane in R%. Note that 2y is the sum of the projections of x onto
the e; - and e-coordinate axes (shown in orange and brown, respectively).

v Example 6.4.7: Projection onto a Plane in R3

Let
1 1 2
W = Span 0 |,11 z=1| 3
-1 1 -2
Find zw and xy - .
Solution
The vectors
1 1
Uy = 0 U =
-1 1
are orthogonal, so we can use the Projection Formula:
4 1 3
T U T - U
Tw = 1 u, + 2 u==—| 0 + = = 1
Uy - Uy u U2 2 3
-1 -1
Then we have
-1
Tyl =T —Tw = 2
-1
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Open Controls

3.00 .( .00
b SR

P

Figure 6.4.4: Orthogonal projection of a vector onto the plane W. Note that zyy is the sum of the projections of  onto the
lines spanned by u; and uy (shown in orange and brown, respectively).

v/ Example 6.4.8: Projection onto a 3-Space in R*

Let
1 0 1 0
0 1 1 1
W = Span , , T =
-1 0 1 3
0 -1 1 4
Compute xyy, and find the distance from z to W.
Solution
The vectors
1 0 1
0 1 1
U = Uy = uz =
o 2 0 A
0 -1 1

are orthogonal, so we can use the Projection Formula:

https://math.libretexts.org/@go/page/70215
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T Uy T - U TUus
rw — Uu,
Uy - U U9 - U us - us
1 0 1 1
=31 0 -3 1 811 111
"o a2 o | TT| T2
0 -1 1 7
-1
.’L'WL =T —Tw = l 1
21 -1
1
The distance from x to W is
1
||wL|| = 5\/ 1+1+141 =1.
Now let W be a subspace of R™ with orthogonal basis B = {v1, v, -, vn}, and let z be a vector in W. Then = zw, so by
the projection formula, Theorem 6.4.1, we have
v =y = U u+ T - Uy u2+‘.‘+Mum‘
Uy - U U2 - U2 Um = Um

This gives us a way of expressing x as a linear combination of the basis vectors in B: we have computed the B-coordinates,
Definition 2.8.1 in Section 2.8, of  without row reducing!

Let W be a subspace of R™ with orthogonal basis B = {v;, va, - -, v, } and let z be a vector in W. Then

T-up XUy T Up,
(2l = .

Uy UL U U Uy * Uy,

As with orthogonal projections, if {u1, ua, - -, um }is an orthonormal basis of W, then the formula is even simpler:

[Zlp=(z-u1, T-ug, -, T Up).

v Example 6.4.9: Computing Coordinates with Respect to an Orthogonal Basis

Find the B-coordinates of x, where

Solution

Since

form an orthogonal basis of R?, we have

T-u; T-Us 3-2 3-2 6 3
[m]B: | = 9 5 5 =295 ) °
U UL U2 UL 1°42° (—4)2+2 5 10
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Uy

Uy

Figure 6.4.5

0.00

T = projy ($) == [3_00

|

{

1.007
2.00

2.00

‘ +0.30

e

Figure 6.4.6: Computing B-coordinates using the Projection Formula.

The following example shows that the Projection Formula does in fact require an orthogonal basis.

v/ Example 6.4.10: Non-Example: A Non-Orthogonal Basis

Consider the basis B = {v;, v} of R?, where

o=(30) = (2)

1
This is not orthogonal because vy -vo =2—1=1#0 .Letz = ( | > Let us try to compute £ = Tp> using the Projection

Formula with respect to the basis B:

R oo v - 17/4\—1/2) 5\ 2] \ 87/85

Since & = zp:, we see that the Projection Formula does not compute the orthogonal projection in this case. Geometrically, the
projections of x onto the lines spanned by v; and vs do not sum to x, as we can see from the picture.
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(o)

xSpa|1{112}

Figure 6.4.7

1O —=—— 00 1.001 |1
T [1.00] 7 035 { -i'}‘:“.ﬂJ it [2.00] ~ (102

R?

Figure 6.4.8 When v; and v, are not orthogonal, then x> = z is not necessarily equal to the sum (red) of the projections
(orange and brown) of z onto the lines spanned by v; and vs.

X Note 6.4.1

You need an orthogonal basis to use the Projection Formula.

The Gram-Schmidt Process

We saw in the previous subsection that orthogonal projections and B-coordinates are much easier to compute in the presence of

an orthogonal basis for a subspace. In this subsection, we give a method, called the Gram—Schmidt Process, for computing an
orthogonal basis of a subspace.
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& Theorem 6.4.2: The Gram-Schmidt Process

Let vy, v2, -, Uy, be a basis for a subspace W of R"™. Define:

1. Uy = V1
_ _ v2-UL
2. uy = (’UZ)Span{ul}A =v2— Uy Uy Uy
_ _ U3y V3 U
3.uz = (7)3)Spam{u1,u2}L =T ww upuy 2
m—1 I
— — _ m %
M. um = ((Um)Smn{u1,uz,~~~,um—1}l = Um 2—21 w4
Then {uy, ug, - -, un }is an orthogonal basis for the same subspace W.
Proof
First we claim that each w; is in W, and in fact that w; is in Span{v;, va,---,v; } Clearly u; = v; is in Span{v; }. Then

uy is a linear combination of u; and vy, which are both in Span{v, v2}, so us is in Span{v;, v, } as well. Similarly, us is
a linear combination of w;, uy, and vs, which are all in Span{v;, va, v3}, so ug is in Span{v;, vs, v3}. Continuing in

this way, we see that each u; is in Span{v;, vs,- -, v; }
Now we claim that {1, 2, -, Uy} is an orthogonal set. Let 1 <¢ < j <m . Then u; = (vj)span{uh wsye g1} SO DY
definition w; is orthogonal to every vector in Span{u;, us, - -, u;_1 }. In particular, u; is orthogonal to u;.
We still have to prove that each w; is nonzero. Clearly u; =wv; #0. Suppose that w; =0. Then
(vi)span{ul, e = 0, which means that v; is in Span{uj, ug,--,u;—1} But each wuj, ug,---,u;—; is in
Span{wvy, vs,---,v;_1 } by the first paragraph, so v; is in Span{v;, vs,---,v;_1 }. This contradicts the increasing span
criterion Theorem 2.5.2 in Section 2.5; therefore, u; must be nonzero.
The previous two paragraphs justify the use of the projection formula, Theorem 6.4.1 in the equalities

i1

Vi - Uj
(vi)Span{ul, u2,---,ui,1}l =V — ('Ui)Span{ul, Uy yUi 1} Ui — Z . Uj

= ey
in the statement of the theorem.
Since {u1, ug, - -, un }is an orthogonal set, it is linearly independent. Thus it is a set of m linearly independent vectors in
W, so it is a basis for W by the basis theorem, Theorem 2.7.3 in Section 2.7. Similarly, for every ¢, we saw that the set
{u1, ug,--+,u;}is contained in the i-dimensional subspace Span{v;, va,- -+, v;}, so {u1, ug,- -+, u;} is an orthogonal

basis for Span{v;, vs,- -, v; }

v/ Example 6.4.11: Two Vectors

Find an orthogonal basis {u;, us} for W = Span{v;, v, }, where

1 1
v = 1 Vo = 1
0 1
Solution
We run Gram-Schmidt: first take u; = vy, then
1 1 0
Vg - U1 2
Up = V2 — u=|1]--11]1=10
Uy - Up 2
1 0 1

Then {1, us} is an orthogonal basis for W indeed, it is clear that u; - ug =0 .

Geometrically, we are simply replacing v, with the part of v, that is perpendicular to line Ly = Span{v; }:
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; Va
Uy = (VQ)LIl o
—
L_i_,d_——)_'_'d___)_—'d_ v‘] = U.l
Figure 6.4.9

v Example 6.4.12: Three Vectors

Find an orthogonal basis {u;, ug, us} for W = Span{v;, vs, v3} = R3?, where

1 1 3
vi=11 vo=11 v3=11
0 1 1
Solution
We run Gram-Schmidt:
1
lLui=v1=1]1
0
1 1 0
2.’U,z =1)2=Zj:ZII’U/1= 1 —% 1 = 0
1 0 1

U3 - Uy U3 - U2
ug = vg — uy —

1 U2
Uy - Ul U9 - U
3 1 0 1
b - 0]=1-1
= 5 = —
1 0 1 0

Then {u;, ug, us} is an orthogonal basis for W: indeed, we have

U1'U2:0 ul-u3:0 u2~U3:0.
Geometrically, once we have wu; and wup, we replace w3 by the part that is orthogonal to
Wy = Span{u;, us} = Span{vy, vs}:
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Figure 6.4.10

v/ Example 6.4.13: Three Vectors in R*

Find an orthogonal basis {u, ug, ug} for W = Span{v;, vs, vs}, where

1 -1 4
1 4 —2
v = 1 Vg = 4 V3 = _9
1 -1 0
Solution
We run Gram—-Schmidt:
1
1. Uy =01 = !
1
1
-1 1 —5/2
) 4 1 5/2
2. Uy = vy — Zii uy = 4 - % 1 = 5;2
-1 1 —5/2
U3 - U1 V3 - U2
Uz =v3 — - Uy — iy Up
4 1 —5/2 2
5 [ 2| of1r] —20]s2]| |[o
2| 2af1| 25|52 | | o0
0 1 —5/2 —2

Then {u;, ug, ug} is an orthogonal basis for W.
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We saw in the proof of the Gram—Schmidt Process that for every i between 1 and m, the set {uy, ua,---,u;}is a an orthogonal
basis for Span{vy, va, -+, v; }.

If we had started with a spanning set {vy, va,- -+, vn } which is linearly dependent, then for some 4, the vector v; is in
Span{v;, vs, -+, v;_1 } by the increasing span criterion, Theorem 2.5.2 in Section 2.5. Hence

0=

(vi)Span{m, Vg, v b = (vi)Span{m, ug, - wi b = U

X Note 6.4.2

You can use the Gram—Schmidt Process to produce an orthogonal basis from any spanning set: if some u; = 0, just throw away
u; and v;, and continue.

This page titled 6.4: Orthogonal Sets is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or curated

by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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6.5: The Method of Least Squares

4b Learning Objectives

1. Learn examples of best-fit problems.

2. Learn to turn a best-fit problem into a least-squares problem.
3. Recipe: find a least-squares solution (two ways). solution.

4. Picture: geometry of a least-squares solution.

5. Vocabulary words: least-squares solution.

In this section, we answer the following important question:

I Suppose that Az = b does not have a solution. What is the best approximate solution?
For our purposes, the best approximate solution is called the least-squares solution. We will present two methods for finding least-

squares solutions, and we will give several applications to best-fit problems.

Least-Squares Solutions

We begin by clarifying exactly what we will mean by a “best approximate solution” to an inconsistent matrix equation Az = b.

# Definition 6.5.1: Least-Squares Solution

Let A be an m x n matrix and let b be a vector in R™. A least-squares solution of the matrix equation Az = b is a vector Z in
R" such that

dist(b, Az) < dist(b, Ax)

for all other vectors x in R”.

Recall that dist(v, w) = |[v—w]| is the distance, Definition 6.1.2 in Section 6.1, between the vectors v and w. The term “least
squares” comes from the fact that dist(b, Az) = ||b — Az|| is the square root of the sum of the squares of the entries of the vector
b— Az . So a least-squares solution minimizes the sum of the squares of the differences between the entries of Az and b. In other
words, a least-squares solution solves the equation Az = b as closely as possible, in the sense that the sum of the squares of the
difference b — Az is minimized.

Least Squares: Picture

Suppose that the equation Az = b is inconsistent. Recall from Note 2.3.6 in Section 2.3 that the column space of A is the set of all
other vectors ¢ such that Az = ¢ is consistent. In other words, Col(A) is the set of all vectors of the form Axz. Hence, the closest
vector, Note 6.3.1 in Section 6.3, of the form Az to b is the orthogonal projection of b onto Col(A). This is denoted bool(4),
following Definition 6.3.1 in Section 6.3.

Ax
L ]
2 0
b—AX = bCDI{A)J. o
¥ ColA
Figure 6.5.1
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A least-squares solution of Az = b is a solution  of the consistent equation Az = bgq)( 4)

If Az =b is consistent, then bgoy(4) = b, so that a least-squares solution is the same as a usual solution.

Where is & in this picture? If vy, v, . .., v, are the columns of A, then

Z
2o
A=A | | =¢1vi+2v2+ - +Tpun.
Zy
Hence the entries of & are the “coordinates” of bc,l(4) with respect to the spanning set {vy,vs, ..., vn} of Col(A). (They are
honest B-coordinates if the columns of A are linearly independent.)

b

b *ASE -_— bCOl(AJl

o~

XaVy 2"
& ColA
AX = begya)
Figure 6.5.2
—1.10v; +1.00 v = bC‘olt,_ﬂ
_7 |'D.00 L107 449 1.10 ]
Ar = [1.00 0.00 100 | = —1.10} = bcoi(4)
looo —0.20] L " | 0.20)
&
b Col(A) | "2»—.

—

Figure 6.5.3: The violet plane is Col(A). The closest that Az can get to b is the closest vector on Col(A) to b, which is the
orthogonal projection bcey4) (in blue). The vectors vy, v, are the columns of A, and the coefficients of z are the lengths of the

green lines. Click and drag b to move it.

We learned to solve this kind of orthogonal projection problem in Section 6.3.
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Let A be an m x n matrix and let b be a vector in R™. The least-squares solutions of Az = b are the solutions of the matrix
equation

AT Az = ATb
Proof

By Theorem 6.3.2 in Section 6.3, if Z is a solution of the matrix equation A" Az = ATb, then Az is equal to by 4). We
argued above that a least-squares solution of Az =b is a solution of Az = bgo](4).

In particular, finding a least-squares solution means solving a consistent system of linear equations. We can translate the above
theorem into a recipe:

X Recipe 1: Compute a Least-Squares Solution

Let A be an m x n matrix and let b be a vector in R”™. Here is a method for computing a least-squares solution of Az = b:

1. Compute the matrix AT A and the vector ATb.
2. Form the augmented matrix for the matrix equation AT Az = A”b, and row reduce.
3. This equation is always consistent, and any solution Z is a least-squares solution.

To reiterate: once you have found a least-squares solution & of Az = b, then bg, 4) is equal to AZ.

v/ Example 6.5.1

Find the least-squares solutions of Az = b where:

01 6
A=11 1 b=10
2 1 0

What quantity is being minimized?

Solution
We have
01
1 2
ATA:(? 1 1) L1 :<§ 2)
2 1
and

6
o= (11 ) o]=(5):
111/, 6

We form an augmented matrix and row reduce:
0 RREF 1
—
6 0

5 3
3 3

Therefore, the only least-squares solution is z = (3”).

o

—_

This solution minimizes the distance from A# to b, i.e., the sum of the squares of the entries of
b—AiZb—bca(A):bCOl(A)L . In this case, we have
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6 5 1
o—Az||=|[o |- 2 |||=Il| -2 |||=/12+(-2)2+1% =+/6.
0 il 1

Therefore, beoi(4) = AZ is 4/6 units from b.

In the following picture, vy, vo are the columns of A:

ColA
Figure 6.5.4
—3.00 I=E 5.00 Vs = b(fgl{,l)
0.00 1.00 /200 5.00
A7 = 11.00 1.00 {5' 00} = 1 2.00 | = bca(a)
2.00 1.00 o —1.[][]J -
B b
" 5°Gol(A)

Figure 6.5.5: The violet plane is Col(A). The closest that Az can get to b is the closest vector on Col(A)to b, which is the
orthogonal projection bcgy) (in blue). The vectors vi,v2 are the columns of A, and the coefficients of z are the B-
coordinates of bggi(4) , where B = {v1,v,} . lengths of the green lines.

v/ Example 6.5.2

Find the least-squares solutions of Az = b where:
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2 0 1
A= -1 1 b=1] 0
0 2 -1
Solution
We have
2
2 -1 -1
(50000
o 1 2 -1 5
0
and

1
av= (2 Do )=(3):
0 1 2 =)

-1
We form an augmented matrix and row reduce:
1/3
-1/3 |-

5 —1]|2 \ RREF (1 0
—
-1 5 |-2 01

Therefore, the only least-squares solution is £ = % (_11)

0.33v; — 0.33 v3 = beyia)
[ 2.00 0.00 0.33 0.67
Ar = {—1.00 1.00 {0%} = | —0.67| = bcoai(n)
L 000 200] 0% | 067
| !
| 7
|
b ép’ﬂ\’f
.-'!Tj;E-._

Figure 6.5.6: The red plane is Col(A). The closest that Az can get to b is the closest vector on Col(A) to b, which is the
orthogonal projection bcgy4) (in blue). The vectors vy,v are the columns of A, and the coefficients of z are the B-
coordinates of bggi(4) , where B = {v1,v;} . lengths of the green lines.

The reader may have noticed that we have been careful to say “the least-squares solutions” in the plural, and “a least-squares
solution” using the indefinite article. This is because a least-squares solution need not be unique: indeed, if the columns of A are
linearly dependent, then Az = bCOl( 4) has infinitely many solutions. The following theorem, which gives equivalent criteria for
uniqueness, is an analogue of Corollary 6.3.1 in Section 6.3.
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Let A be an m x n matrix and let b be a vector in R™. The following are equivalent:

1. Az = b has a unique least-squares solution.
2. The columns of A are linearly independent.
3. AT A is invertible.

In this case, the least-squares solution is
&= (ATA) " Ab.

Proof

The set of least-squares solutions of Az =b is the solution set of the consistent equation AT Az = ATb, which is a
translate of the solution set of the homogeneous equation AT Az = 0. Since AT A is a square matrix, the equivalence of 1
and 3 follows from Theorem 5.1.1 in Section 5.1. The set of least squares-solutions is also the solution set of the consistent
equation Az = bco(4), which has a unique solution if and only if the columns of A are linearly independent by Recipe:
Checking Linear Independence in Section 2.5.

v/ Example 6.5.3: Infinitely many least-squares solutions

Find the least-squares solutions of Az = b where:

1 0 1 6
A=|1 1 -1 b=10
1 2 -3 0
Solution
We have
3 3 -3 6
ATA=| 3 5 -7 ATb=| 0
-3 -7 11 6
We form an augmented matrix and row reduce:
3 3 316 RREF 1 0 1 5
3 5 710 |——1]1 0 1 -2]-3
-3 -7 11 |6 0 0 O 0
The free variable is x3, so the solution set is
T = —23 + 5 parametric R Lt -1 5
T9 = 223 — 3 ——— T=| 29 | =73 2 |+ -3
vector form
T3 = T3 T3 1 0

For example, taking £3 =0 and x3 =1 gives the least-squares solutions

5 4
z=| -3 and z=| -1
0 1

Geometrically, we see that the columns vy, v9, v3 of A are coplanar:
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Vo

V1

V3

|
=

bCol[AJ

ColA

Figure 6.5.7

Therefore, there are many ways of writing bcol(4) as a linear combination of vy, v, v3.

3.17 g ] il 0.67 Ua -+ 1.83 g — b(?o[{_—l)

1.00 0.00 1.00 3.17] 5.00
A= 11.00 1.00 ~1.00; [0.67| = | 2.00 | =beo(a)
1.00 2.00 —3.00 1.83J —1.{}0J

Figure 6.5.8: The three columns of A are coplanar, so there are many least-squares solutions. (The demo picks one solution
when you move b.)

As usual, calculations involving projections become easier in the presence of an orthogonal set. Indeed, if A is an m X n matrix

with orthogonal columns uy, ug, . . . , U, then we can use the Theorem 6.4.1 in Section 6.4 to write
(b-u1)/(ur - u1)
b-u b-u b-u (b-ug)/(uz-uz)
bol(4) = ——— Ut + ——— Uy ++ -+ ——— 1y = A .
Up - U Ug - U Um * Um

(b ) (i - )

Note that the least-squares solution is unique in this case, since an orthogonal set is linearly independent, Fact 6.4.1 in Section 6.4.
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X Recipe 2: Compute a Least-Squares Solution

Let A be an m x n matrix with orthogonal columns uy,us, ..., U, and let b be a vector in R™. Then the least-squares

solution of Az = b is the vector
. b-uy b-us b-u,
Ti= , Y ey .
Uy - Ul U9 * U U, * Um

This formula is particularly useful in the sciences, as matrices with orthogonal columns often arise in nature.

v/ Example 6.5.4

Find the least-squares solution of Ax = b where:

1 0 1 0
A— 0 1 1 b— 1
-1 0 1 3
0 -1 1 4

Solution
Let ug, ug, ug be the columns of A. These form an orthogonal set, so

.’i_ b-u1 b-’U,Q b"u,g o -3 -3 8
T \ugcwg ) uecus useus ) \ 27 274

Compare Example 6.4.8 in Section 6.4.

Il
|
N w
|
| w
()
N———

Best-Fit Problems

In this subsection we give an application of the method of least squares to data modeling. We begin with a basic example.

v Example 6.5.5: Best-Fit Line

Suppose that we have measured three data points

(0,6), (1,0), (2,0),

and that our model for these data asserts that the points should lie on a line. Of course, these three points do not actually lie on
a single line, but this could be due to errors in our measurement. How do we predict which line they are supposed to lie on?

https://math.libretexts.org/@go/page/79396
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II(O, 6)

(2,0)

(1,0)

Figure 6.5.9

The general equation for a (non-vertical) line is
y=Mz+B.

If our three data points were to lie on this line, then the following equations would be satisfied:

6 =M-0+B
0=M-1+B (6.5.1)
0=M-2+B.

In order to find the best-fit line, we try to solve the above equations in the unknowns M and B. As the three points do not
actually lie on a line, there is no actual solution, so instead we compute a least-squares solution.

Putting our linear equations into matrix form, we are trying to solve Az = b for

0 1 6
M
A=11 1 = b=
T <B> 0
2 1 0

We solved this least-squares problem in Example 6.5.1: the only least-squares solution to Az =b is & = () = (), so the
best-fit line is

y=—3x+5.
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u(O’ 6)

2
\

%

E

X
L3 1)

(2,0)

(170)

Figure 6.5.10

What exactly is the line y = f(z) = —3z +5 minimizing? The least-squares solution & minimizes the sum of the squares of
the entries of the vector b — A& . The vector b is the left-hand side of (6.5.1), and

—3(0)+5 £(0)
A (_53) =| -3()+5 | =] f(1)
—3(2)+5 f2)

In other words, Az is the vector whose entries are the y-coordinates of the graph of the line at the values of z we specified in
our data points, and b is the vector whose entries are the y-coordinates of those data points. The difference b — A% is the
vertical distance of the graph from the data points:

0,6)
L ]
—1
L
W
b
g
A
()
2
\@o
RORNE

Figure 6.5.11
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6 3 -1
b—Az=1| 0 —A<_5)= 2
0 -1

The best-fit line minimizes the sum of the squares of these vertical distances.

v/ Example 6.5.6: Interactive: Best-fit line

Best-fit equation: f(J:) =-3.00z -f— 5.00
Quantity minimized:  6.00 = 1.002 + 172.002 + 1.002

v

Figure 6.5.12: The best-fit line minimizes the sum of the squares of the vertical distances (violet). Click and drag the points to
see how the best-fit line changes.

v/ Example 6.5.7: Best-fit parabola

Find the parabola that best approximates the data points

(_17 1/2)7 (1a _1)’ (27 _1/2)’ (37 2)'

-

3,2

(-1,1/2)

(2,—-1/2)
1,21
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What quantity is being minimized?

Figure 6.5.13

Solution
The general equation for a parabola is

y=Bz?+Cz+D.

If the four points were to lie on this parabola, then the following equations would be satisfied:

B(-1)?+C(-1)+D
B(1)?+C(1)+D
(
(

B(2)?+C(2)+D (6.5.2)
B(3)2+C(3)+D.

MMI!—‘,..[\DI

We treat this as a system of equations in the unknowns B, C, D. In matrix form, we can write this as Az = b for

1 -1 1 1/2
1 1 1 B -1
4 2 1 D -1/2
9 3 1 2
We find a least-squares solution by multiplying both sides by the transpose:
99 35 15 31/2
ATA=1[35 15 5 ATv=1 172 |,
15 5 4 1
then forming an augmented matrix and row reducing:
99 35 15|31/2 RREF 1 0 0 53/88 53/88
35 15 5 | 7/2 —— | 0 1 0/[-379/440 = z=| —379/440
15 5 4 1 0 0 1| —41/44 —41/44
The best-fit parabola is
53 , 379 41
Y=12=

88" 440" 44’
Multiplying through by 88, we can write this as

88y =53z 2—$m—82
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379
88y =53x%— ?x—&?

(3,2)

(—1,0.5)

\ (1,—1) *(2,—0.5)

Figure 6.5.14

Now we consider what exactly the parabola y = f(z) is minimizing. The least-squares solution # minimizes the sum of the
squares of the entries of the vector b — A . The vector b is the left-hand side of (6.5.2), and

§( ) 40( 1) f(=1)
s | wO- i—ﬁ(n _|
By - 0~ £(2)
#6746 - )

In other words, Az is the vector whose entries are the y—coordinates of the graph of the parabola at the values of  we specified
in our data points, and b is the vector whose entries are the y-coordinates of those data points. The difference b — A% is the
vertical distance of the graph from the data points:

88y=53x2—°—29x—82
21
220
7
220
14
\\J/(_E
21
11
Figure 6.5.15
1/2 —7/22
/1 53/88 217/11([)]
b—Az=| | -4 —379/440 | = /
-1/2 AL /aa —14/55
2 —41/ 21/220

The best-fit parabola minimizes the sum of the squares of these vertical distances.
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\ : /
Best-fitequation:  f(x) ;’\0.60 x> — 0.86z — 0.93 /
11

N —0.032+0.19% + —0.25% + 0.}02

Quantity minimized: ().

N

Figure 6.5.16: The best-fit parabola minimizes the sum of the squares of the vertical distances (violet). Click and drag the
points to see how the best-fit parabola changes.

v Example 6.5.8: Best-fit linear function

Find the linear function f(z, y) that best approximates the following data:

1 0 0
0 1 1
-1 0 3
0] -1 4

What quantity is being minimized?

Solution
The general equation for a linear function in two variables is

f(z,y) =Bz +Cy+D.
We want to solve the following system of equations in the unknowns B, C, D:

B(1)+C(0)+D =0

B(0)+C(1)+D =1
B(-1)+C(0)+D =3 (6.5.3)
B(0)+C(-1)+D =4

In matrix form, we can write this as Az = b for

1 0 1 5 0
11 1

A= 01 0 1 z=|¢ b= 3
0 -1 1 D 4
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We observe that the columns w1, us, us of A are orthogonal, so we can use Recipe 2: Compute a Least-Squares Solution:

s (bwm buw bu ) (-3 -8 8\ (3 3,
S \wu upeuy ugeug )\ 27 274) 27 227

We find a least-squares solution by multiplying both sides by the transpose:

2 00 -3
ATA=10 2 0 ATp =] -3
0 0 4 8

The matrix AT A is diagonal (do you see why that happened?), so it is easy to solve the equation AT Az = ATb:

200 -8\ . (100 -3/2 —3/2
020 —3|]—|010 —32|=d=]|-3/2
004 38 001 2 2

Therefore, the best-fit linear equation is

3 3
flz,y) = —5% -5yt

Here is a picture of the graph of f(z,y):

(0,—1,4) f(=1,0)

f( 0 1) (—1,;0, 3)

©.1.1)
ALY fay

(1,0,0)

Figure 6.5.17

Now we consider what quantity is being minimized by the function f(z, y). The least-squares solution & minimizes the sum of
the squares of the entries of the vector b — AZ . The vector b is the right-hand side of (6.5.3), and
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%(1) — %(0) + 2 f(l,())
e | 2@ - 5@ + 2] | f01)
-3 - 20 + 2 f(=1,0)
-0 - §n + 2) O

In other words, Az is the vector whose entries are the values of f evaluated on the points (z,y) we specified in our data table,
and b is the vector whose entries are the desired values of f evaluated at those points. The difference b — Az is the vertical
distance of the graph from the data points, as indicated in the above picture. The best-fit linear function minimizes the sum of
these vertical distances.

Best-fitequation: f(z,y) = —1.50z — 1.50y + 2.00
Quantity minimized:  1.00 = —0.50% -~ 0.50% + —0.50% + 0.50°

Figure 6.5.18: The best-fit linear function minimizes the sum of the squares of the vertical distances (violet). Click and drag
the points to see how the best-fit linear function changes.

All of the above examples have the following form: some number of data points (z, y) are specified, and we want to find a function

y = B1g1(x) + Baga(x) ++ - + Brgm(z)

that best approximates these points, where g1, g2, - . . , g, are fixed functions of z. Indeed, in the best-fit line example we had
g1(z) = and go(z) = 1; in the best-fit parabola example we had g;(z) = z%, go(2) =z, and g3(z) = 1; and in the best-fit
linear function example we had g1 (z1,2) = 21, g2(21,%2) = 22, and gs(z1,z2) =1 (in this example we take z to be a vector
with two entries). We evaluate the above equation on the given data points to obtain a system of linear equations in the unknowns
Bi, By, ..., B,,—once we evaluate the g;, they just become numbers, so it does not matter what they are—and we find the least-
squares solution. The resulting best-fit function minimizes the sum of the squares of the vertical distances from the graph of
y = f(x) to our original data points.

To emphasize that the nature of the functions g; really is irrelevant, consider the following example.

v/ Example 6.5.9: Best-fit trigonometric function

What is the best-fit function of the form

y =B+ C cos(z)+ Dsin(z) + E cos(2z) + F sin(2z) + G cos(3z) + H sin(3z)

passing through the points
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() (3)(55)- (5)- () (5): (55)- G)- (B

-
(3,2)
(0,1)
L ]
(_13'5)
L ]
(3,9
L]
(25_'5) (4,_1)
L] L L]
(—4,—1) (2:—1]
(-2,51.5)
Figure 6.5.19
Solution
We want to solve the system of equations
-1 = B + Ccos(—4) + Dsin(—4) + Ecos(—8) + Fsin(—8) + Gcos(—12) + Hsin(—12)
0 = B + Ccos(—3) + Dsin(—3) + Ecos(—6) + Fsin(—6) + Gcos(—9) +  Hsin(—9)
-15 = B + C(Ccos(—2) + Dsin(—2) + Ecos(—4) + Fsin(—4) + Gcos(—6) +  Hsin(—6)
05 = B + Ccos(—1) + Dsin(-1) + Fcos(—-2) + Fsin(—2) + Gcos(—-3) + Hsin(-3)
1 = B 4+ Ccos(0) + Dsin(0) + Ecos(0) +  Fsin(0) + Gceos(0) + H sin(0)
-1 = B + Ccos(l) + Dsin(l) + Ecos(2) +  Fsin(2) + Gceos(3) + Hsin(3)
—05 = B 4+ Ccos(2) + Dsin(2) + Ecos(4) +  Fsin(4) + Gcos(6) + H sin(6)
2 = B + Ccos(3) + Dsin(3) + Ecos(6) +  Fsin(6) + Gceos(9) + Hsin(9)
-1 = B + Ccos(4) + Dsin(4) + Ecos(8) + Fsin(8) +  Gcos(12) + Hsin(12)

All of the terms in these equations are numbers, except for the unknowns B, C, D, E, F, G, H:

-1 B — 0.6536C + 0.7568D — 0.1455E — 0.9894F + 0.8439G + 0.5366H
0 = B — 0.9900C - 0.1411D + 0.9602E + 0.2794F — 0.9111G - 0.4121H
—-15 = B — 04161C - 0.9093D — 0.6536E + 0.7568F + 0.9602G + 0.2794H
0.5 = B + 0.5403C — 0.8415D — 0.4161E — 0.9093F — 0.9900G - 0.1411H
1 = B + c 4 E < G
-1 = B + 0.5403C + 0.8415D — 0.4161E + 0.9093F — 0.9900G + 0.1411H
-0.5 = B — 0.4161C + 0.9093D — 0.6536E — 0.7568F + 0.9602G — 0.2794H
2 = B — 0.9900C + 0.1411D + 0.9602E — 0.2794F — 0.9111G + 0.4121H
=lIl B — 0.6536C — 0.7568D — 0.1455E + 0.9894F + 0.8439G — 0.5366H.

Hence we want to solve the least-squares problem

1 -0.6536 0.7568 —0.1455 —0.9894 0.8439 0.5366 =ll
1 —-0.9900 —-0.1411 0.9602 0.2794 —-0.9111 -0.4121 B 0
1 -0.4161 -0.9093 —-0.6536  0.7568 0.9602 0.2794 c -1.5
1 0.5403 -0.8415 -0.4161 -0.9093 -0.9900 -0.1411 D 0.5
1 1 0 1 0 1 0 E | = 1
1 0.5403 0.8415 —-0.4161  0.9093 —-0.9900 0.1411 F =l|
1 -0.4161 0.9093 -0.6536 —0.7568  0.9602 —0.2794 G -0.5
1 -0.9900 0.1411 0.9602 -0.2794 —-0.9111 0.4121 H 2
1 -0.6536 —0.7568 —0.1455 0.9894 0.8439 —0.5366 =l|
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We find the least-squares solution with the aid of a computer:

—0.1435
0.2611
—0.2337
1.116
—0.5997
—0.2767
0.1076

>
Q

Therefore, the best-fit function is

y ~—0.1435+0.2611 cos(z) —0.2337 sin(z) + 1.116 cos(2z) — 0.5997 sin(2x)
—0.2767 cos(3z) +0.1076 sin(3z).

.
(3,2)
(0,1)
(-3,0)
.
—4.—1) 1,—1)
(—2,—1.5)
ya—0.14+ 026 cos(x)—0.23sin(x) + 1.11 cos{2x) — 0.60sin{2x) — 0.28 cos(3x ) + 0.11 sin(3x)

Figure 6.5.20

As in the previous examples, the best-fit function minimizes the sum of the squares of the vertical distances from the graph of
y = f(x) to the data points.

Best-fit equation:

f(z) = —0.14 + 0.26 cos(z) — 0.23 sin(z) + 1.12 cos(2z) — 0.60 sin(2z) -

Quantity minimized:

2.28 = —0.76% + —0.74% + —0.04% + —0.03% + 0.04% + —0.082 + 0.54 +

8
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Figure 6.5.21: The best-fit function minimizes the sum of the squares of the vertical distances (violet). Click and drag the
points to see how the best-fit function changes.

The next example has a somewhat different flavor from the previous ones.

v/ Example 6.5.10: Best-fit ellipse

Find the best-fit ellipse through the points

(Oa 2)7 (2a 1)a (17 _1)v (_17 _2)v (_3a 1)a (_1a _1)'

(0,2)
—3.1
(=3,1) i .
e(1,-1)
(-1,22)

Figure 6.5.22
What quantity is being minimized?

Solution
The general equation for an ellipse (actually, for a nondegenerate conic section) is

2® + By’ + Czy+ Dz + Ey+ F =0.

This is an implicit equation: the ellipse is the set of all solutions of the equation, just like the unit circle is the set of solutions of
z? +y? = 1. To say that our data points lie on the ellipse means that the above equation is satisfied for the given values of z

and y:
(0° + BE? + CO@ + DO + E@2 + F = 0
(2)2 + B(1)? + c2)@) + D) + B + F =10
(1 + B(-1? + C()(-1) + D) + B(-1) + F = 0 (6.5.4)
(-1)? + B(-2)> + C(-1)@) + D(-1) + E(-2) + F = 0
(=37 + B’ + O(31) + D(B) + B + F =0
(<12 + B(-1? + C(-1)(-1) + D(-1) + E(-1) + F = 0.

To put this in matrix form, we move the constant terms to the right-hand side of the equals sign; then we can write this as
Az =b for
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4 0 1 B 0
1 2 2 1 1 —4
1 1 1 1 1 ¢ 1
A= B B z=| D b=|
4 2 -1 -2 1 E -1
1 -3 — —
3 3 1 1 7 9
1 1 -1 -1 1 -1
We compute
36 7 -5 0 12 —19
7T 19 9 -5 1 17
ATA=] -5 9 16 1 -2 ATb=1] 20
0 -5 1 12 0 -9
12 1 -2 0 6 —16
We form an augmented matrix and row reduce:
36 7 -5 0 12|-19 1 0 0 0 0| 405/266
7T 19 9 -5 1 17 RREF 01 0 0 0 —89/133
-5 9 16 1 -—-2( 20 —— ] 0 0 1 0 0 201/133
0 -5 1 12 0| -9 0 0 0 1 0|-123/266
12 1 -2 0 6 | —16 0 0 0 0 1|-687/133

The least-squares solution is

405,266
—89/133
= 201/133 |,
—123/266
—687/133

so the best-fit ellipse is

S s G
2667

Multiplying through by 266, we can write this as

L 201 133 68T
133797 133" " 2667 133

26622 +405y% — 1782y +402x — 123y — 1374 = 0.

2)

(0?
—3,1
| ﬁ @D

(-1,-2)

266x% +405y2—178xy +402x — 123y — 1374 =0
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Now we consider the question of what quantity is minimized by this ellipse. The least-squares solution & minimizes the sum of
the squares of the entries of the vector b — A%, or equivalently, of AZ —b. The vector —b contains the constant terms of the
left-hand sides of (6.5.4), and

Figure 6.5.23

s2(2)? - 8—3(0)(2) + ) - Epe - =&
(1) - 220 + ;e - 2u - &
Sn =A== ﬁ( =) += =) = #HE) = 55
See(1)? 2-3)1) + (-3 - 21 - &
o(-1)? - o (-1)(-1) + (-1) - $2(-1) - &

contains the rest of the terms on the left-hand side of (6.5.4). Therefore, the entries of Az —b are the quantities obtained by
evaluating the function
405 , 89 201 123 687

2 b e T
F@y)=a"+ 506y~ 133"+ 133° ~ 266Y ~ 133

on the given data points.

If our data points actually lay on the ellipse defined by f(z,y) =0, then evaluating f(z,y) on our data points would always
yield zero, so Az —b would be the zero vector. This is not the case; instead, AZ —b contains the actual values of f(z,y)
when evaluated on our data points. The quantity being minimized is the sum of the squares of these values:

minimized=
f(O’ 2)2 +f(2a 1)2 +f(17 _1)2 +f(_17 _2)2 +f(_3a 1)2 +f(_17 _1)2-

One way to visualize this is as follows. We can put this best-fit problem into the framework of Example 6.5.8 by asking to find
an equation of the form

f(z,y)=2*+By*+Czy+ Dz +Ey+F

which best approximates the data table

z| y|flzy)
ol 2] o
2| 1| o
1|-1] o
—1|-2] o
3| 1| o
~1]-1| o.

The resulting function minimizes the sum of the squares of the vertical distances from these data points (0, 2,0), (2,1,0), ...,
which lie on the zy-plane, to the graph of f(z, y).
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Best-fit equation: 0 = z° + 1.52¢* — 0.6Tzy + 1.51z — 0.46y — 5.17
Quantity minimized:  23.68 = 0.00% + 1.58% + 0.002 + 0.00% + 2.37% + 3.95°

Grapn Zerg set

Figure 6.5.24: The best-fit ellipse minimizes the sum of the squares of the vertical distances (violet) from the points (z,y,0) to
the graph of f(z,y) on the left. The ellipse itself is the zero set of f(z,y), on the right. Click and drag the points on the right
to see how the best-fit ellipse changes. Can you arrange the points so that the best-fit conic section is actually a hyperbola?

Gauss invented the method of least squares to find a best-fit ellipse: he correctly predicted the (elliptical) orbit of the asteroid
Ceres as it passed behind the sun in 1801.

This page titled 6.5: The Method of Least Squares is shared under a GNU EFree Documentation License 1.3 license and was authored, remixed,

and/or curated by Dan Margalit & Joseph Rabinoff via source content that was edited to the style and standards of the LibreTexts platform.
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7: Appendix
7.1: A - Complex Numbers
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7.1: A - Complex Numbers

In this Appendix we give a brief review of the arithmetic and basic properties of the complex numbers.

0 -1
A =
1 0
has characteristic polynomial f(\) = A2 +1 . A zero of this function is a square root of —1. If we want this polynomial to have a
root, then we have to use a larger number system: we need to declare by fiat that there exists a square root of —1.

As motivation, notice that the rotation matrix

# Definition 7.1.1: Imaginary Number and Complex Number

1. The imaginary number i is defined to satisfy the equation i* = —1.
2. A complex number is a number of the form a + bz, where a, b are real numbers.

The set of all complex numbers is denoted C.

The real numbers are just the complex numbers of the form a + 07, so that R is contained in C.

We can identify C with R? by a +bi <— (}) . So when we draw a picture of C, we draw the plane:

A

9

~

real axis—

[ ]
. . . 1—i
imaginary axis———

Figure 7.1.1

X Note 7.1.1: Arithmetic of Complex Numbers

We can perform all of the usual arithmetic operations on complex numbers: add, subtract, multiply, divide, absolute value.
There is also an important new operation called complex conjugation.

e Addition is performed component-wise:
(a+bi)+(c+di)=(a+c)+ (b+d)i.
e Multiplication is performed using distributivity and > = —1:
(a+bi)(c+di) = ac+adi +bci + bdi® = (ac — bd) + (ad + be)i.
e Complex conjugation replaces ¢ with —¢, and is denoted with a bar:

a+bi =a—bi.

The number a + b7 is called the complex conjugate of a +bi. One checks that for any two complex numbers z, w, we
have

z+w=z+w and zw=12z-w.

Also, (a+bi)(a—bi) =a® +b?, so 2z is a nonnegative real number for any complex number 2.

« The absolute value of a complex number  is the real number | 2| = v/ 22

la+bi| = v a® +b°.
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One checks that |zw| = |2| - |w].
e Division by a nonzero real number proceeds component-wise:

a+bi a b,

===

C Cc c

e Division by a nonzero complex number requires multiplying the numerator and denominator by the complex conjugate of
the denominator:
Z 2w 2w
wooww
For example,
1+i (1+4)2 1+2i+44?

1—i 124 (—1)2 2

e The real and imaginary parts of a complex number are

R(a+bi)=a J(a+bi) =b.

The point of introducing complex numbers is to find roots of polynomials. It turns out that introducing ¢ is sufficent to find the
roots of any polynomial.

& Theorem 7.1.1: Fundamental Theorem of Algebra

Every polynomial of degree n has exactly n (real and) complex roots, counted with multiplicity.

Equivalently, if f(z) = 2" +a, 12" 1 +---+a1x +ay isa polynomial of degree n, then f factors as
f(@)=(z—M)(@—A2)-- (. —An)

for (not necessarily distinct) complex numbers Aj, Az, . .., Ap.

-
The quadratic formula gives the roots of a degree-2 polynomial, real or complex:

—bEVb:—4
f(@)=2>+bz+c — m:fc.
For example, if f(z) = 2? —v/2z +1, then
2++/-2 2 1+34
_ VBT A A3
2 2 V2

Note that if b, c are real numbers, then the two roots are complex conjugates.

A complex number z is real if and only if z = Z . This leads to the following observation.

X Note 7.1.3

If £ is a polynomial with real coefficients, and if X is a complex root of £, then so is A:

0 :f()\) = )\"—Fan_l)\"_l qFooe +a1)\+ag

—7) —n—1 —
= +an_1)\ +---+a1)\+a0:f()\).

Therefore, complex roots of real polynomials come in conjugate pairs.
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=
A real cubic polynomial has either three real roots, or one real root and a conjugate pair of complex roots.

For example, f(z) =23 —x =z (xz —1)(xz +1) has three real roots; its graph looks like this:

Figure 7.1.2
On the other hand, the polynomial

gz)=2> -5+ —5=(x—5)(2>+1)= (& —5)(x+i)(x —1)

has one real root at 5 and a conjugate pair of complex roots =¢. Its graph looks like this:

Figure 7.1.3

This page titled 7.1: A - Complex Numbers is shared under a GNU Free Documentation License 1.3 license and was authored, remixed, and/or
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7.2: B - Notation

The following table defines the notation used in this book. Page numbers or references refer to the first appearance of each symbol.

Symbol
0
R

Span{vi, va, -, vk}

{z | condition}
m X . matrix
Col(A)
Nul(A4)
dimV
rank(A)
nullity(A)

T: R" - R™

Ian

€1, €2, "

Cij
adj(4)
vol(P)
vol(A4)

GNU Free Documentation License

Description
The number zero
The real numbers
Real n-space

Row 7 of a matrix
A vector

The zero vector

Span of vectors

Set builder notation

Size of a matrix

Column space

Null space

Dimension of a subspace
The rank of a matrix
The nullity of a matrix

Transformation with the domain R™ and
codomain R™

Identity transformation
Standard Coordinate Vectors
n X n identity matrix

The ¢, j entry of a matrix
The zero transformation
The zero matrix

Inverse of a matrix

Inverse of a transformation
The determinant of a matrix
Transpose of a matrix
Minor of a matrix

Cofactor of a matrix
Adjugate matrix

Volume of a region

Volume of the parallelepiped of a matrix

Location

Paragraph in Section 1.1
Paragraph in Section 1.1
Definition 1.1.4 in Section 1.1

Item in Section 1.2
Paragraph in Section 2.1

Paragraph in Section 2.1
Definition 2.2.2 in Section 2.2
Note 2.2.3 in Section 2.2
Note 2.3.1 in Section 2.3
Definition 2.6.3 in Section 2.6
Definition 2.6.3 in Section 2.6
Definition 2.7.2 in Section 2.7
Definition 2.9.1 in Section 2.9

Definition 2.9.1 in Section 2.9

Definition 3.1.1 in Section 3.1

Definition 3.1.2 in Section 3.1
Note 3.3.2 in Section 3.3
Definition 3.3.2 in Section 3.3
Definition 3.4.2 in Section 3.4
Paragraph in Section 3.4
Paragraph in Section 3.4
Definition 3.5.1 in Section 3.5
Definition 3.5.3 in Section 3.5
Definition 4.1.1 in Section 4.1
Definition 4.1.3 in Section 4.1
Definition 4.2.1 in Section 4.2
Definition 4.2.1 in Section 4.2
Paragraph in Section 4.2
Theorem 4.3.1 in Section 4.3

Theorem 4.3.1 in Section 4.3
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Symbol
7($)

Tr(A)
R(v)
J(v)
z-y
zly
Wt
Row(A)
Tw
Bl
C
R(z)
J(2)

Description

The image of a region under a
transformation

Trace of a matrix

Real part of a complex vector
Imaginary part of a complex vector
Dot product of two vectors

z is orthogonal to y

Orthogonal complement of a subspace
Row space of a matrix

Orthogonal projection of  onto W
Orthogonal part of « with respect to W
The complex numbers

Complex conjugate

Real part of a complex number

Imaginary part of a complex number

Location

Paragraph in Section 4.3

Definition 5.2.2 in Section 5.2
Paragraph in Section 5.5
Paragraph in Section 5.5
Definition 6.1.1 in Section 6.1
Paragraph in Section 6.1
Definition 6.2.1 in Section 6.2
Definition 6.2.2 in Section 6.2
Definition 6.3.2 in Section 6.3
Definition 6.3.2 in Section 6.3
Definition 7.1.1 in Section 7.1
Item in Section 7.1

Item in Section 7.1

Item in Section 7.1
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GNU Free Documentation License
Appendix D GNU Free Documentation License

Version 1.3, 3 November 2008
Copyright © 2000, 2001, 2002, 2007, 2008 Free Software Foundation, Inc. < >

Everyone is permitted to copy and distribute verbatim copies of this license document, but changing it is not allowed.

0. PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful document “free” in the sense of freedom:
to assure everyone the effective freedom to copy and redistribute it, with or without modifying it, either commercially or
noncommercially. Secondarily, this License preserves for the author and publisher a way to get credit for their work, while not
being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must themselves be free in the same
sense. It complements the GNU General Public License, which is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free software needs free documentation: a
free program should come with manuals providing the same freedoms that the software does. But this License is not limited to
software manuals; it can be used for any textual work, regardless of subject matter or whether it is published as a printed book. We
recommend this License principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed by the copyright holder saying it
can be distributed under the terms of this License. Such a notice grants a world-wide, royalty-free license, unlimited in duration, to
use that work under the conditions stated herein. The “Document”, below, refers to any such manual or work. Any member of the
public is a licensee, and is addressed as “you”. You accept the license if you copy, modify or distribute the work in a way requiring
permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion of it, either copied verbatim, or with
modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals exclusively with the relationship
of the publishers or authors of the Document to the Document’s overall subject (or to related matters) and contains nothing that
could fall directly within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary Section
may not explain any mathematics.) The relationship could be a matter of historical connection with the subject or with related
matters, or of legal, commercial, philosophical, ethical or political position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being those of Invariant Sections, in the
notice that says that the Document is released under this License. If a section does not fit the above definition of Secondary then it
is not allowed to be designated as Invariant. The Document may contain zero Invariant Sections. If the Document does not identify
any Invariant Sections then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or Back-Cover Texts, in the notice that
says that the Document is released under this License. A Front-Cover Text may be at most 5 words, and a Back-Cover Text may be
at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format whose specification is available to
the general public, that is suitable for revising the document straightforwardly with generic text editors or (for images composed of
pixels) generic paint programs or (for drawings) some widely available drawing editor, and that is suitable for input to text
formatters or for automatic translation to a variety of formats suitable for input to text formatters. A copy made in an otherwise
Transparent file format whose markup, or absence of markup, has been arranged to thwart or discourage subsequent modification
by readers is not Transparent. An image format is not Transparent if used for any substantial amount of text. A copy that is not
“Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo input format, LaTeX input
format, SGML or XML using a publicly available DTD, and standard-conforming simple HTML, PostScript or PDF designed for
human modification. Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary
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formats that can be read and edited only by proprietary word processors, SGML or XML for which the DTD and/or processing
tools are not generally available, and the machine-generated HTML, PostScript or PDF produced by some word processors for
output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as are needed to hold, legibly, the
material this License requires to appear in the title page. For works in formats which do not have any title page as such, “Title
Page” means the text near the most prominent appearance of the work’s title, preceding the beginning of the body of the text.

The “publisher” means any person or entity that distributes copies of the Document to the public.

A section “Entitled XYZ” means a named subunit of the Document whose title either is precisely XYZ or contains XYZ in
parentheses following text that translates XYZ in another language. (Here XYZ stands for a specific section name mentioned
below, such as “Acknowledgements”, “Dedications”, “Endorsements”, or “History”.) To “Preserve the Title” of such a section
when you modify the Document means that it remains a section “Entitled XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this License applies to the Document. These
Warranty Disclaimers are considered to be included by reference in this License, but only as regards disclaiming warranties: any
other implication that these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or noncommercially, provided that this License,
the copyright notices, and the license notice saying this License applies to the Document are reproduced in all copies, and that you
add no other conditions whatsoever to those of this License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may accept compensation in exchange for copies. If you
distribute a large enough number of copies you must also follow the conditions in section 3.

You may also lend copies, under the same conditions stated above, and you may publicly display copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the Document, numbering more than 100,
and the Document’s license notice requires Cover Texts, you must enclose the copies in covers that carry, clearly and legibly, all
these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also clearly
and legibly identify you as the publisher of these copies. The front cover must present the full title with all words of the title
equally prominent and visible. You may add other material on the covers in addition. Copying with changes limited to the covers,
as long as they preserve the title of the Document and satisfy these conditions, can be treated as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first ones listed (as many as fit reasonably)
on the actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must either include a machine-readable
Transparent copy along with each Opaque copy, or state in or with each Opaque copy a computer-network location from which the
general network-using public has access to download using public-standard network protocols a complete Transparent copy of the
Document, free of added material. If you use the latter option, you must take reasonably prudent steps, when you begin distribution
of Opaque copies in quantity, to ensure that this Transparent copy will remain thus accessible at the stated location until at least one
year after the last time you distribute an Opaque copy (directly or through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before redistributing any large number of
copies, to give them a chance to provide you with an updated version of the Document.

4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of sections 2 and 3 above, provided that
you release the Modified Version under precisely this License, with the Modified Version filling the role of the Document, thus
licensing distribution and modification of the Modified Version to whoever possesses a copy of it. In addition, you must do these
things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document, and from those of previous versions
(which should, if there were any, be listed in the History section of the Document). You may use the same title as a previous
version if the original publisher of that version gives permission.
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2. List on the Title Page, as authors, one or more persons or entities responsible for authorship of the modifications in the
Modified Version, together with at least five of the principal authors of the Document (all of its principal authors, if it has fewer
than five), unless they release you from this requirement.

. State on the Title page the name of the publisher of the Modified Version, as the publisher.
. Preserve all the copyright notices of the Document.

. Add an appropriate copyright notice for your modifications adjacent to the other copyright notices.

D U1 A W

. Include, immediately after the copyright notices, a license notice giving the public permission to use the Modified Version
under the terms of this License, in the form shown in the Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts given in the Document’s license
notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating at least the title, year, new authors, and
publisher of the Modified Version as given on the Title Page. If there is no section Entitled “History” in the Document, create
one stating the title, year, authors, and publisher of the Document as given on its Title Page, then add an item describing the
Modified Version as stated in the previous sentence.

10. Preserve the network location, if any, given in the Document for public access to a Transparent copy of the Document, and
likewise the network locations given in the Document for previous versions it was based on. These may be placed in the
“History” section. You may omit a network location for a work that was published at least four years before the Document
itself, or if the original publisher of the version it refers to gives permission.

11. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the section, and preserve in the section all
the substance and tone of each of the contributor acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their titles. Section numbers or the equivalent
are not considered part of the section titles.

13. Delete any section Entitled “Endorsements”. Such a section may not be included in the Modified Version.
14. Do not retitle any existing section to be Entitled “Endorsements™ or to conflict in title with any Invariant Section.
15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary Sections and contain no
material copied from the Document, you may at your option designate some or all of these sections as invariant. To do this, add
their titles to the list of Invariant Sections in the Modified Version’s license notice. These titles must be distinct from any other
section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements of your Modified Version by
various parties — for example, statements of peer review or that the text has been approved by an organization as the authoritative
definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25 words as a Back-Cover Text, to the
end of the list of Cover Texts in the Modified Version. Only one passage of Front-Cover Text and one of Back-Cover Text may be
added by (or through arrangements made by) any one entity. If the Document already includes a cover text for the same cover,
previously added by you or by arrangement made by the same entity you are acting on behalf of, you may not add another; but you
may replace the old one, on explicit permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use their names for publicity for or to
assert or imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the terms defined in section 4 above for
modified versions, provided that you include in the combination all of the Invariant Sections of all of the original documents,
unmodified, and list them all as Invariant Sections of your combined work in its license notice, and that you preserve all their
Warranty Disclaimers.
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The combined work need only contain one copy of this License, and multiple identical Invariant Sections may be replaced with a
single copy. If there are multiple Invariant Sections with the same name but different contents, make the title of each such section
unique by adding at the end of it, in parentheses, the name of the original author or publisher of that section if known, or else a
unique number. Make the same adjustment to the section titles in the list of Invariant Sections in the license notice of the combined
work.

In the combination, you must combine any sections Entitled “History” in the various original documents, forming one section
Entitled “History”; likewise combine any sections Entitled “Acknowledgements”, and any sections Entitled “Dedications”. You
must delete all sections Entitled “Endorsements”.

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under this License, and replace the individual
copies of this License in the various documents with a single copy that is included in the collection, provided that you follow the
rules of this License for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under this License, provided you insert a
copy of this License into the extracted document, and follow this License in all other respects regarding verbatim copying of that
document.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents or works, in or on a volume of a
storage or distribution medium, is called an “aggregate” if the copyright resulting from the compilation is not used to limit the legal
rights of the compilation’s users beyond what the individual works permit. When the Document is included in an aggregate, this
License does not apply to the other works in the aggregate which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the Document, then if the Document is less than one half
of the entire aggregate, the Document’s Cover Texts may be placed on covers that bracket the Document within the aggregate, or
the electronic equivalent of covers if the Document is in electronic form. Otherwise they must appear on printed covers that bracket
the whole aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Document under the terms of section 4.
Replacing Invariant Sections with translations requires special permission from their copyright holders, but you may include
translations of some or all Invariant Sections in addition to the original versions of these Invariant Sections. You may include a
translation of this License, and all the license notices in the Document, and any Warranty Disclaimers, provided that you also
include the original English version of this License and the original versions of those notices and disclaimers. In case of a
disagreement between the translation and the original version of this License or a notice or disclaimer, the original version will
prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the requirement (section 4) to Preserve
its Title (section 1) will typically require changing the actual title.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except as expressly provided under this License. Any attempt
otherwise to copy, modify, sublicense, or distribute it is void, and will automatically terminate your rights under this License.

However, if you cease all violation of this License, then your license from a particular copyright holder is reinstated (a)
provisionally, unless and until the copyright holder explicitly and finally terminates your license, and (b) permanently, if the
copyright holder fails to notify you of the violation by some reasonable means prior to 60 days after the cessation.

Moreover, your license from a particular copyright holder is reinstated permanently if the copyright holder notifies you of the
violation by some reasonable means, this is the first time you have received notice of violation of this License (for any work) from
that copyright holder, and you cure the violation prior to 30 days after your receipt of the notice.

Termination of your rights under this section does not terminate the licenses of parties who have received copies or rights from you
under this License. If your rights have been terminated and not permanently reinstated, receipt of a copy of some or all of the same
material does not give you any rights to use it.
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10. FUTURE REVISIONS OF THIS LICENSE
The Free Software Foundation may publish new, revised versions of the GNU Free Documentation License from time to time.
Such new versions will be similar in spirit to the present version, but may differ in detail to address new problems or concerns. See

Each version of the License is given a distinguishing version number. If the Document specifies that a particular numbered version
of this License “or any later version” applies to it, you have the option of following the terms and conditions either of that specified
version or of any later version that has been published (not as a draft) by the Free Software Foundation. If the Document does not
specify a version number of this License, you may choose any version ever published (not as a draft) by the Free Software
Foundation. If the Document specifies that a proxy can decide which future versions of this License can be used, that proxy’s
public statement of acceptance of a version permanently authorizes you to choose that version for the Document.

11. RELICENSING

“Massive Multiauthor Collaboration Site” (or “MMC Site”) means any World Wide Web server that publishes copyrightable works
and also provides prominent facilities for anybody to edit those works. A public wiki that anybody can edit is an example of such a
server. A “Massive Multiauthor Collaboration” (or “MMC”) contained in the site means any set of copyrightable works thus
published on the MMC site.

“CC-BY-SA” means the Creative Commons Attribution-Share Alike 3.0 license published by Creative Commons Corporation, a
not-for-profit corporation with a principal place of business in San Francisco, California, as well as future copyleft versions of that
license published by that same organization.

“Incorporate” means to publish or republish a Document, in whole or in part, as part of another Document.

An MMC is “eligible for relicensing” if it is licensed under this License, and if all works that were first published under this
License somewhere other than this MMC, and subsequently incorporated in whole or in part into the MMC, (1) had no cover texts
or invariant sections, and (2) were thus incorporated prior to November 1, 2008.

The operator of an MMC Site may republish an MMC contained in the site under CC-BY-SA on the same site at any time before
August 1, 2009, provided the MMC is eligible for relicensing.

ADDENDUM: How to use this License for your documents
To use this License in a document you have written, include a copy of the License in the document and put the following copyright
and license notices just after the title page:

Copyright (C) YEAR YOUR NAME.

Permission is granted to copy, distribute and/or modify this document
under the terms of the GNU Free Documentation License, Version 1.3

or any later version published by the Free Software Foundation;

with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts.
A copy of the license is included in the section entitled "GNU

Free Documentation License".

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with... Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the
Front-Cover Texts being LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three, merge those two alternatives to suit the
situation.

If your document contains nontrivial examples of program code, we recommend releasing these examples in parallel under your
choice of free software license, such as the GNU General Public License, to permit their use in free software.
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7.5: Index

Index Index

\ cB-coordinates

change of basis matrix, Subsection
computing

row reduction, Section

with respect to an orthogonal basis, Subsection
definition of, Definition

informally, Paragraph

labeling points, Section

nonstandard grid, Section

Algebraic multiplicity

and diagonalizability, Theorem

and geometric multiplicity, Theorem
definition of, Definition

equals one, Subsection

of similar matrices, Theorem
Approximate solution. See Least-squares
Augmented matrix. See Matrix

Basis

and orthogonal projection, Corollary
basis theorem, Theorem

coordinates with respect to see \ cB-coordinates
definition of, Subsection

infinitely many, Subsection

making orthogonal, Theorem

of R", Example Subsection

of a column space, Theorem

of a null space, Theorem

of a span, Paragraphs

span of an orthogonal set, Fact
uniqueness with respect to, Fact
Best-fit problem, Subsection

best-fit ellipse, Example

best-fit line, Subsection

best-fit linear equation, Example
best-fit parabola, Example

best-fit trigonometric function, Example
general setup, Paragraph

Block Diagonalization Theorem, Theorem
Characteristic polynomial

and eigenvalues, Theorem

definition of, Definition

factoring by hand, Paragraphs

form of, Theorem

of a 2 X 2 matrix, Paragraphs

of similar matrices, Theorem
Codomain. See Transformation
Cofactor. See Matrix

Color space, Example

Column rank. See Rank

Column Space

orthogonal complement of, Proposition
Column space

and invertibility, Theorem

and rank see Rank

basis of see Basis

definition of, Definition
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is a subspace, Paragraph

is row space of transpose, Paragraph

of an orthogonal projection, Proposition
orthogonal complement of, Subsection

range of a transformation, Subsection

versus the solution set, Subsection

Column span. See Column space

Complex conjugation. See Complex numbers
Complex eigenvalue

2 X 2 matrices

and rotation-scaling matrices, Theorem

and rotation-scaling matrices, computing, Subsection
different rotation-scaling matrices, Paragraph
dynamics of, Note 1\)">Example Example Example
geometry of, Subsection

3 X 3 matrices

dynamics of, Example

conjugate pairs, Subsection

existence of, Subsection

Complex numbers

absolute value, [tem

arithmetic of, Note

conjugation, [tem

definition of, Definition

real and imaginary parts of, Item

vectors, Paragraph

Consistent. See System of linear equations
Cramer’s rule, Theorem

and computing inverses, Theorem
Determinant

alternative defining properties of, Remark
and column operations, Corollary

and computing inverses, Theorem

and powers of matrices, Corollary

and row operations, Subsection

and volumes, Theorem

computation of

cofactor expansion, Theorem

row reduction, Subsection

defining properties of, Subsection

existence and uniqueness of, Theorem
identity matrix, Subsection

invertibility property, Proposition Theorem
methods of computation, Subsection
multilinearity property, Proposition
multiplicativity property, Proposition

and volumes, Remark

of a 2 x 2 matrix, Definition Subsection Subsection
of a 3 x 3 matrix, Subsection

of similar matrices, Paragraph

properties of, Subsection

transpose property, Proposition

Diagonal

see Matrix, Definition

Diagonalizability

algebraic-geometric multiplicity criterion, Theorem
criterion, Theorem

criterion for similarity, Paragraphs

definition of, Definition
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diagonal matrices, Subsection Example
distinct eigenvalues, Subsection
dynamics of, 1,\,\lambda_2\lt1\)">Example 1,\,\lambda_2| > 1\)">Example Example Example
geometry of, Subsection

is unrelated to invertibility, Subsection
of 2 x 2 matrices, Subsection

of 3 X 3 matrices, Example

of a projection matrix, Proposition
order of eigenvalues, Note

powers of, Paragraphs

projection, Example

recipe, Subsection

shear, Example

similar matrices, Subsection

worked example, Subsection
Difference equation, Definition
Dilation, Example Example Example
eigenvectors of, Example

inverse of, Example Example
Dimension

definition of, Subsection

of a column space, Definition

of a null space, Definition

of a solution set, Subsection Subsection
of an orthogonal complement, Fact
Domain. See Transformation

Dot product

and angles, Remark

and distance, Definition

and length, Fact

definition of, Definition

properties of, Note

Eigenspace

and the null space, Fact

computation, Subsection

definition of, Definition

is a solution set, Paragraph

is a subspace, Paragraph

of a projection matrix, Proposition

of similar matrices, Subsection
orthogonal complement of, Example
Eigenvalue

algebraic multiplicity of see Algebraic multiplicity
and diagonalizability, Subsection

and invertibility, Theorem

and stochastic matrices, Fact

and the characteristic polynomial see Characteristic polynomial
complex see Complex eigenvalue
definition of, Subsection

eigenvector for, Subsection

geometric multiplicity of see Geometric multiplicity
identity matrix, Example

maximum number of, Subsection

of a projection matrix, Proposition

of a triangular matrix, Corollary

of similar matrices, Subsection

zero, Fact

Eigenvector

and collinearity, Paragraph

GNU Free Documentation License https://math.libretexts.org/@go/page/70221



https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70221?pdf

LibreTexts"

and diagonalizability, Theorem

and stochastic matrices, Definition
computation, Subsection

trick for 2 x 2 matrices, Note

definition of, Subsection

eigenvalue for, Subsection

identity matrix, Example

linear independence of, Fact

of a projection matrix, Proposition

of similar matrices, Theorem

Elimination method, Subsection

Ellipse

area of see Volume

best-fit problem, Example

Equation of linear dependence. See Linear independence
Free variable, Definition

Function. See Transformation
Fundamental theorem of algebra, Theorem
Gaussian elimination. See Row reduction
Geometric multiplicity

and algebraic multiplicity, Theorem

and diagonalizability, Theorem

definition of, Definition

of similar matrices, Theorem

Google PageRank

Google Matrix, Definition

eigenvector of, Subsection

importance matrix, Definition

eigenvector of, Subsection

importance rule, Definition

Gram-Schmidt Process, Theorem
detecting linear dependence, Subsection
Homogeneous. See System of linear equations
Identity matrix

and identity transformation, Example

and matrix multiplication, Note

and standard coordinate vectors, Definition
as a function, Example

as a matrix transformation, FExample
definition of, Definition

determinant of, Subsection

eigenvalues of, Example

eigenvectors of, Example

similarity, Paragraph

Identity transformation

and composition, Note

and identity matrix, Example

definition of, Definition

Imaginary number. See Complex numbers
Imaginary part. See Complex numbers
Implicit equation, Subsection Note
Inconsistent. See System of linear equations
Increasing span criterion. See Linear independence
Inhomogeneous. See System of linear equations
Invertible matrix

and invertible transformation, Theorem
basic facts, Fact

computation

2 X 2 case, Proposition
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in general, Theorem

using Cramer’ rule, Theorem

definition of, Definition

determinant of, Proposition Theorem
inverse of, Item

invertible matrix theorem, Theorem
solving linear systems with, Theorem
Invertible matrix theorem, Theorem Theorem
Invertible transformation

and invertible matrices, Theorem Theorem
definition of, Definition

one-to-one and onto, Proposition
Least-squares

and Az = b\ co1(4), Paragraphs
computation of

complicated matrix formula, Theorem
Projection Formula, Subsection

row reduction, Theorem Subsection
definition of, Definition

picture of, Paragraphs

uniqueness of, Theorem

Line

dimension-1 solution set, Subsection Subsection
geometric definition of, Definition
number line, Subsection

orthogonal projection onto, Subsection Subsection
parametric form of, Subsection

Linear combination

collinear vectors, picture of, Subsection
definition of, Definition

single vector, picture of, Subsection

two vectors, picture of, Example

Linear dependence. See Linear independence
Linear dependence relation. See Linear independence
Linear equation

definition of, Definition

system of see System of linear equations
Linear Independence

basic facts, Fact

equation of linear dependence, Paragraph
increasing span criterion, Theorem

linear dependence relation, Paragraph
pictures of, Subsection

verifying, Subsection

wide matrices, Subsection

Linear independence

and determinants, Corollary

and invertibility, Theorem

definition of, Subsection

of an orthogonal set, Fact

verifying

with Gram—-Schmidt, Subsection

Linear transformation

addition of see Transformation

and volumes see Matrix transformation
are matrix transformations, Subsection
basic facts, Fact

composition of see Transformation

and matrix multiplication, Theorem
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linearity of, Theorem

definition of, Definition

dictionary, Note

invertible see Invertible transformation
scalar multiplication of see Transformation
standard matrix of, Theorem

orthogonal projection, Paragraph

verifying nonlinearity, Example

when defined by a formula, Paragraph
Lower-triangular

see Matrix, Definition

Matrix

addition of, Definition

as a function Paragraph; Matrix transformation
augmented, Paragraphs

cofactor of, Definition

and determinants, Theorem

sign of, Paragraph

definition of, Paragraphs

determinant of see Determinant

diagonal entries of, Definition

inverse of see Invertible matrix

invertible see Invertible matrix
lower-triangular, Definition

determinant of, Proposition

eigenvalues of, Corollary

minor of, Definition

multiplication see Matrix multiplication
nullity of see Nullity

parallelepiped determined by, Theorem
product with vector see Matrix-vector product
projection see Orthogonal projection, standard matrix of
rank of see Rank

rotation-scaling see Rotation-scaling matrix
scalar multiplication of, Definition

similar see Similarity; Similarity

size of, Subsection

stochastic see Stochastic matrix

trace of, Definition

similar matrices, Paragraph

transpose of, Definition

and products, Fact

determinant of, Proposition
upper-triangular, Definition

determinant of, Proposition

eigenvalues of, Corollary

Matrix equation

always consistent, Theorem

and invertibility, Theorem

definition of, Definition

equivalence with vector equation, Note
solving with the inverse matrix, Theorem
spans and consistency, Subsection

Matrix multiplication

and composition of transformations, Theorem
and the matrix-vector product, Paragraph
associativity of, Note

caveats, Subsection

definition of, Definition

GNU Free Documentation License https://math.libretexts.org/@go/page/70221



https://libretexts.org/
https://www.gnu.org/licenses/fdl-1.3.en.html
https://math.libretexts.org/@go/page/70221?pdf

LibreTexts"

determinant of, Proposition

inverse of, Item

noncommutativity of, Example

order of operations, Example

powers, Paragraph

and diagonalizability, Paragraphs

and similarity, Fact Fact

properties of, Note

row-column rule, Paragraphs

size of matrices, Subsection

Matrix transformation

addition of see Transformation

and volumes, Theorem

codomain of, Subsection

composition of see Linear transformation; Transformation
definition of, Definition

dictionary, Note

domain of, Subsection

invertible see Invertible transformation
linearity of, Paragraph

of R?, Example

one-to-one criteria, Theorem

onto criteria, Theorem

range of, Subsection

scalar multiplication of see Transformation
tall matrices, Note

wide matrices, Note

Matrix-vector product

and matrix multiplication, Paragraph
definition of, Definition

row-column rule, Paragraphs

with standard coordinate vectors, Fact
Minor. See Matrix

Multiplicity

algebraic see Algebraic multiplicity
geometric see Geometric multiplicity
Nontrivial solution. See System of linear equations
Null space

and invertibility, Theorem

basis of see Basis

computing, Subsection

definition of, Definition

is a solution set, Subsection

is a subspace, Subsection

is the 0-eigenspace, Fact

of an orthogonal projection, Proposition
orthogonal complement of, Subsection
Nullity, Definition

rank theorem, Theorem

One-to-one

and invertibility, Theorem

criteria for matrix transformations, Theorem
definition of, Definition

equivalent formulations, Paragraph
finding two vectors with the same image, Paragraph
functions of one variable, Fxample
negation of, Paragraph

square matrices, Note

versus onto, Paragraph
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wide matrices, Note

Onto

and invertibility, Theorem

criteria for matrix transformations, Theorem
definition of, Definition

equivalent formulations, Paragraph
finding a vector not in the range, Paragraph
functions of one variable, Example
negation of, Paragraph

square matrices, Note

tall matrices, Note

versus one-to-one, Paragraph
Orthogonal complement

basic facts, Fact

computation of, Subsection

definition of, Definition

dimension of, Fact

of a column space, Proposition Subsection
of a null space, Subsection

of a row space, Subsection

of a span, Paragraph Subsection

of an eigenspace, Example

orthogonal complement of, Fact
pictures of, Paragraphs

system of linear equations, Paragraph
Orthogonal decomposition. See Orthogonal projection
Orthogonal projection

and \ cB-coordinates, Subsection

as a transformation, Subsection
composed with itself, Proposition
computation of

complicated matrix formula, Corollary
Projection Formula, Theorem

row reduction, Theorem Subsection
definition of, Definition

distance from, Subsection

eigenvectors of, Example

existence of, Theorem

is the closest vector, Subsection
linearity of, Proposition

of a vector in W, Example

of a vector in W+, Example

onto a column space, Paragraphs

onto a line, Subsection Subsection

onto the zy-plane, Example Example Example
noninvertibility of, Example

properties of, Proposition

range of, Proposition

standard matrix of, Paragraph

column space of, Proposition
complicated matrix formula, Subsection
diagonalizability of, Proposition
eigenvalues of, Proposition
eigenvectors of, Proposition
noninvertibility of, Proposition

null space of, Proposition

properties of, Proposition

square of, Proposition

Orthogonal set
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and \ cB-coordinates, Subsection

and least squares, Subsection

definition of, Definition

linear independence of, Fact

making orthonormal, Subsection

necessity of, Subsection

orthonormality of, Definition

standard coordinate vectors, Subsection
producing from a basis, Theorem
Orthogonality

and the Pythagorean theorem, Subsection
definition of, Definition

zero vector, Subsection

Orthonormal set. See Orthogonal set
Parallelepiped

definition of, Definition

flat, Note

parallelogram, Subsection

area of, Subsection

volume of, Theorem

Parallelogram. See Parallelepiped
Parameterized equation, Note

Parametric form, Subsection Subsection
Parametric vector form

of a homogeneous equation, Subsection Subsection
of an inhomogeneous equation, Paragraph
particular solution, Subsection

Particular solution. See Parametric vector form
Perron—Frobenius theorem, Theorem

Pivot, Definition

Pivot position, Definition

Plane

zy-plane, Subsection

dimension-2 solution set, Subsection Subsection
geometric definition of, Definition
parametric form of, Subsection

Point, Definition

distance between, Definition

Polynomial

characteristic see Characteristic polynomial
complex roots, Theorem

conjugate roots, Appendix

cubic, Appendix

factoring by hand, Paragraphs

quadratic, Appendix

rational roots, Fact

Power of a matrix. See Matrix multiplication
Projection. See Orthogonal projection
diagonalizability of, Example

Projection Formula, Theorem

Projection matrix. See Orthogonal projection, standard matrix of
QR codes, Example

Quadratic formula, Appendix

Range. See Transformation

Rank, Definition

rank theorem, Theorem

row and column, Subsection

Rational Root Theorem, Fact

Real n-space, Definition
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as a subspace of itself, Subsection

point of, Definition

Real numbers \ R, Paragraph Subsection
Real part. See Complex numbers

Red Box, Subsection Subsection Subsection
Reduced row echelon form, Definition

and invertibility, Theorem

Reflection

eigenspaces of, Example

eigenvectors of, Subsection

in general, Remark

over the y-axis, Example Example

inverse of, Example Example

Rotation

composition of, Example

counterclockwise by 45°, Example Example
counterclockwise by 90°, Example Example
counterclockwise by 8, Example
eigenvectors of, Example
non-diagonalizability of, Example
Rotation-scaling matrix

and complex eigenvalues, Theorem
computing the angle, Subsection

definition of, Definition

structure of, Proposition

Rotation-Scaling Theorem, Theorem

Row echelon form, Definition

Row equivalence, Definition

Row operations, Paragraphs

and determinants, Subsection

replacement, Item

scaling, [tem

swap, ltem

Row rank. See Rank

Row reduction

algorithm, Algorithm

computing determinants, Subsection
picture of, Paragraph

Row replacement. See Row operations, replacement
Row space

definition of, Definition

is column space of transpose, Paragraph
orthogonal complement of, Subsection
Row vector. See Vector

Scale. See Dilation; Row operations, scaling
Set builder notation, Note

Shear

eigenvectors of, Example

in the z-direction, Example Example
multiplicities, Example
non-diagonalizability of, Example
Similarity

action on a vector, Subsection

and eigenspaces, Subsection

and eigenvalues, Subsection

and eigenvectors, Theorem

and multiplicities, Theorem

and powers, Fact Fact

and the characteristic polynomial, Theorem
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and the determinant, Paragraph

and the trace, Paragraph

definition of, Definition Definition
equivalence relation, Proposition

geometry of, Subsection

identity matrix, Paragraph

of 2 x 2 matrices, Remark

of diagonal matrices, Example

of diagonalizable matrices, Paragraphs

to a diagonal matrix see Diagonalizability
worked example, Subsection

Solution. See System of linear equations
Solution set

definition of, Definition

of a homogeneous system is a null space, Subsection
of a homogeneous system is a span, Subsection
picture of, Subsection

size of, Subsection

translate of a span, Subsection

versus the column space, Subsection

Space

R®, Subsection

color space, Example

dimension-3 solution set, Subsection Subsection
Span

basis of see Basis

definition of, Subsection

is a subspace, Theorem

orthogonal complement of, Paragraph Subsection
pictures of, Paragraphs

Standard coordinate vectors

and matrix columns, Fact

are unit vectors, Paragraph

columns of the identity matrix, Definition
definition of, Subsection

orthonormality of, Subsection

picture of, Paragraph

Standard matrix. See Linear transformation
Steady state. See Stochastic matrix
Stochastic matrix

definition of, Definition

eigenvalues of, Fact

long-term behavior of, Theorem

picture of, Figure Figure

steady state of, Definition

computing, Subsection Subsection

sum of entries of vector, Subsection

Subset

definition of, Definition

set builder notation, Note

versus subspace, Subsection

Subspace

and spans, Theorem

definition of, Definition

is a span, Theorem

orthogonal complement of see Orthogonal complement
real n-space, Subsection

versus subset, Subsection

writing as column or null space, Paragraphs
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zero, Subsection

Superposition principle, Paragraph
System of linear equations

consistent, Definition

picture of, Note

span criterion, Note Subsection
definition of, Paragraph

four ways of writing, Note
homogeneous, Definition

trivial solution, Subsection
inconsistent, Definition

picture of, Figure

RREF criterion, Theorem
inhomogeneous, Definition

nontrivial solution, Subsection

and free variables, Observation

and invertibility, Theorem

finding, Subsection

number of solutions of, Subsection
parametric form of see Parametric form
parametric vector form of see Parametric vector form
particular solution of see Parametric vector form
solution of, Definition

solving with the inverse matrix, Theorem
trivial solution, Subsection

and invertibility, Theorem

Tall matrix. See Matrix transformation
Trace. See Matrix

Transformation

addition of, Definition

as a machine, Paragraph

associated to a matrix see Matrix transformation
codomain of, Definition

composition of, Definition
noncommutativity of, Subsection

order of operations, Example

definition of, Definition

domain of, Definition

identity see Identity transformation
invertible see Invertible transformation
linear see Linear transformation

of one variable, Example

of several variables, Example
one-to-one see One-to-one

onto see Onto

range of, Definition

scalar multiplication of, Definition
Transpose. See Matrix

Triangle

area of see Volume

Trivial solution. See System of linear equations
Unit cube, Subsection

Unit vector

and orthonormality, Definition
definition of, Definition

in the direction of a vector, Fact
standard coordinate vectors, Paragraph
Upper-triangular

see Matrix, Definition
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Vector

addition, Item

parallelogram law, Paragraphs

angle between, Remark

definition of, Definition

distance between, Definition

length of, Fact

linear combination of see Linear combination
orthogonal see Orthogonality

product with matrix see Matrix-vector product
real and imaginary parts of, Paragraph

row vector, Definition

product with column vector, Definition

scalar multiplication, Item

picture of, Paragraphs

subtraction

picture of, Paragraphs

unit vector see Unit vector

unit vector in the direction of, Fact

Vector equation

consistent see System of linear equations, consistent
definition of, Definition

equivalence with matrix equation, Note
equivalence with system of equations, Paragraph
inconsistent see System of linear equations, inconsistent
solving, Subsection

Volume

and length, Subsection

of a parallelepiped, Theorem

of aregion, Theorem

of a triangle, Example

of an ellipse, Example

signed, Remark

Wide matrix. See Linear independence; Matrix transformation
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