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8.3: The Measurement Process

Suppose I know my wave function at time ¢ = 0 is the sum of the two lowest-energy harmonic oscillator wave functions,
1

V2

The introduction of the time independent wave function was through the separation ¥, (z,t) = e~ B/t &n(z). Together with the
superposition for time-dependent wave functions, we find

¥(z,0) = —=[¢o(x) +¢1 ()] - (8.3.1)

(e, t) = % o (x)e T +¢1(x)e*i%wt] . (8.3.2)

The expectation value of H , i.e., the expectation value of the energy is
N 1

The interpretation of probilities now gets more complicated. If we measure the energy, we don't expect an outcome Ej, since there
is no ¢35 component in the wave functon. We do expect Ey = %hw or By = %hw with 50% propability, which leads to the right

average. Actually simple mathematics shows that the result for the expectation value was just that, (E) = %Eg + %El .

We can generalise this result to stating that if

o0

P(z,t) :ch(t)qbn(x), (8.3.4)

n=0

where ¢, () are the eigenfunctions of an (Hermitean) operator O,

then
(0) = io: len (), (8.3.6)
n=>0

s A . . . 2 .
and the probability that the outcome of a measurement of O at time ty is o, is |c,(t)|”. Here we use orthogonality and
completeness of the eigenfunctions of Hermitean operators.

Repeated measurements

If we measure E once and we find E; as outcome we know that the system is in the ¢ th eigenstate of the Hamiltonian. That
certainty means that if we measure the energy again we must find E; again. This is called the "collapse of the wave function":
before the first measurement we couldn't predict the outcome of the experiment, but the first measurements prepares the wave
function of the system in one particuliar state, and there is only one component left!

Now what happens if we measure two different observables? Say, at 12 o'clock we measure the position of a particle, and a little
later its momentum. How do these measurements relate? Measuring & to be zy makes the wavefunction collapse to  (z —zg),
whatever it was before. Now mathematically it can be shown that

§(x—m) = L / @m0 gy (8.3.7)

21 J_ o

Incompatible operators

The reason is that  and p are so-called incompatible operators, where
b # p! (8.3.8)

The way to show this is to calculate

(pz —2zp)f(z) = [p, 2] f () (8.3.9)
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for arbitrary f(z). A little algebra shows that

5.815@) = 3 (42¢) £@)
= 2 ()
In operatorial notation,
[5,3] = 24, (8.3.10)

(3

where the operator 1, which multiplies by 1, i.e., changes f(z) into itself, is usually not written.
The reason these are now called "incompatible operators" is that an eigenfunction of one operator is not one of the other: if

Z¢(z) = zop(x), then
#(z) = 20p(z) ~ 2 4(2) (5.3.11)

If ¢(z) was also an eigenstate of p with eigenvalue py we find the contradiction zopy = zopg — % .

Now what happens if we initially measure & = xy with finite acuracy Az ? This means that the wave function collapses to a
Gaussian form,

o(z) ocexp(—(m—xo)z/Ax2) (8.3.12)
It can be shown that
exp(—(w —:I:())Z/A:L'z) :/ dke'® e~ ke exp(—1/4k2Am2) (8.3.13)

from which we read off that Ap = h/(2Az), and thus we conclude that at best
AzAp="Hh/2 (8.3.14)

which is the celeberated Heisenberg uncertainty relation.
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