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12.1: Preliminary Analysis

Suppose that at £ = 0 the state of the system is represented by

0)=>" cmtm, (12.1.1)

where the ¢, are complex numbers. Thus, the initial state is some linear superposition of the unperturbed energy eigenstates. In the
absence of the time-dependent perturbation, the time evolution of the system is simply (see Section [sstat])

:Zcm exp(—i Ep t/h) . (12.1.2)

Now, the probability of finding the system in state n at time ¢ is

Po(t) = (ult)|* = len exp(—i Bn t/R)]* = |ea]* = Pa(0), (12.1.3)
because the unperturbed eigenstates are assumed to be orthonormal: that is,
(n|m) = dpm- (12.1.4)

Clearly, with H; = 0, the probability of finding the system in state 1,, at time ¢ is exactly the same as the probability of finding the
system in this state at the initial time, t = 0. However, with H; # 0, we expect the P,—and, hence, the ¢,—to vary with time.
Thus, we can write

Zcm exp(—i B t/B)tom, (12.1.5)

where P, (t) = |c,(¢)| 2 Here, we have carefully separated the fast phase oscillation of the eigenstates, which depends on the
unperturbed Hamiltonian, from the slow variation of the amplitudes ¢, (¢), which depends entirely on the perturbation (i.e., ¢, is
constant in time if H; =0). Note that in Equation ([e13.7]) the eigenstates 1), are time-independent (they are actually the
eigenstates of Hj evaluated at the initial time, ¢ = 0).

The time-dependent Schrodinger equation [see Equation ([etimed])] yields

oY(t
1 220 ey o) = (Ho -+ 1 ()] 1) (12.1.6)
Now, it follows from Equation ([e13.7]) that
(Ho+Hi)$ =Y cn exp(—i Ep t/B)(Em + H1) . (12.1.7)
We also have
0 de, .
ih% :; ( hdL +cm Em) exp(—i B, t/h)m, (12.1.8)

because the 1), are time-independent. According to Equation ([e13.8]), we can equate the right-hand sides of the previous two
equations to obtain

Zihdd—c:lexp( iE,t/h)Y Zcm exp(—i Ep, t/R)Hy ¥y, (12.1.9)

m

Projecting out the component of the previous equation which is proportional to 1),,, using Equation ([e13.6]), we obtain

dcn

ZH"W exp(1wnm t)em(t), (12.1.10)

where
H,m(t) = (n|Hi(t)|m), (12.1.11)

and
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Suppose that there are N linearly independent eigenstates of the unperturbed Hamiltonian. According to Equations ([e13.12]), the
time dependence of the set of N coefficients c,, which specify the probabilities of finding the system in these eigenstates at time ¢,
is determined by N coupled first-order differential equations. Note that Equations ([e13.12]) are exact—we have made no
approximations at this stage. Unfortunately, we cannot generally find exact solutions to these equations. Instead, we have to obtain
approximate solutions via suitable expansions in small quantities. However, for the particuilarly simple case of a two-state system
(i.e., N =2), it is actually possible to solve Equations ([e13.12]) without approximation. This solution is of great practical
importance.

(12.1.12)
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