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10.1: General Principles of Angular Momentum

The three fundamental orbital angular momentum operators, L, Ly, and L., obey the commutation relations ([e8.6])—([e8.8]),
which can be written in the convenient vector form:

LxL=ikL. (10.1.1)

Likewise, the three funcdamental spin angular momentum operators, S, Sy, and S, obey the commutation relations ([e10.1x])—
(le10.2x]), which can also be written in vector form: that is,

S xS =ikS. (10.1.2)

Because the orbital angular momentum operators are associated with the electron’s motion through space, whereas the spin angular
momentum operators are associated with its internal motion, and these two types of motion are completely unrelated (i.e., they
correspond to different degrees of freedom—see Section [sfuncon]), it is reasonable to suppose that the two sets of operators
commute with one another: that is,

[Li, Sj] =0, (10.1.3)
where 7, =1, 2, 3 corresponds to z, y, 2, respectively.
Let us now consider the electron’s total angular momentum vector
J=L+S. (10.1.4)
We have
IxJ =(L+S)x(L+8)

=LxL+SxS+LxS+SXxL=LxL+Sx8S
=ihAL+ihS =ihlJ.

In other words,
JxJ=ihlJ. (10.1.5)

It is thus evident that the three funcdamental total angular momentum operators, J,, Jy, and J,, obey analogous commutation
relations to the corresponding orbital and spin angular momentum operators. It therefore follows that the total angular momentum
has similar properties to the orbital and spin angular momenta. For instance, it is only possible to simultaneously measure the
magnitude squared of the total angular momentum vector,

JEP=J2+ T2+ 02, (10.1.6)

together with a single Cartesian component. By convention, we shall always choose to measure J,. A simultaneous eigenstate of
J, and J ? satisfies

I jm; =M Rjm,,
T2 Yjm =5 (G+1) R ),

where the quantum number j can take positive integer, or half-integer, values, and the quantum number m; is restricted to the
following range of values:

—Jy—=j+1,-, =17 (10.1.7)
Now,
J?=(L+8)-(L+8S)=L*+8%+2L-S, (10.1.8)
which can also be written as
JP=L*+8*+2L,S.+L,. S +L_8,. (10.1.9)

We know that the operator L? commutes with itself, with all of the Cartesian components of L (and, hence, with the raising and
lowering operators L), and with all of the spin angular momentum operators. (See Section [s8.2].) It is therefore clear that
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[J% L*] =0. (10.1.10)
A similar argument allows us to also conclude that
[J2,82% =0. (10.1.11)

Now, the operator L, commutes with itself, with L?, with all of the spin angular momentum operators, but not with the raising and
lowering operators L. . (See Section [s8.2].) It follows that

[J2,L,] #0. (10.1.12)
Likewise, we can also show that

[J2,8,] #0. (10.1.13)
Finally, we have

J.=L,+85.,, (10.1.14)

where [J,, L.] =[J,, S.] =0.

Recalling that only commuting operators correspond to physical quantities that can be simultaneously measured (see Section
[smeas]), it follows, from the previous discussion, that there are two alternative sets of physical variables associated with angular
momentum that we can measure simultaneously. The first set correspond to the operators 12,582 L,,S,, and J,. The second set
correspond to the operators L2, S 2, J 2, and J,. In other words, we can always measure the magnitude squared of the orbital and
spin angular momentum vectors, together with the z-component of the total angular momentum vector. In addition, we can either
choose to measure the z-components of the orbital and spin angular momentum vectors, or the magnitude squared of the total
angular momentum vector.

Let ¢l(,ls);m,ms represent a simultaneous eigenstate of L?, S 2, L, and S, corresponding to the following eigenvalues:
L, =LA+ DR
S2 o =s(s+ RN
Lt i, =AY
S, =M B

It is easily seen that
1 1 1
JZ wl(,s);m,ms = (Lz + SZ) Ip;,s);m,ms = (m +m5) hz/)l(,s);m,ms
1
=m; hwl(,s);m,ms'
Hence,
m; =m+m;,. (10.1.15)

In other words, the quantum numbers controlling the z-components of the various angular momentum vectors can simply be added
algebraically.

. 2 . . . . .
mally, le . represent a simultaneous eigenstate o B , , dll - corresponding to the rollowing eigenvalues:
Finally, let 49{°) = represent It genstate of L2, S 2, J 2, and J ponding to the following eigenval

Ly =L+ R YD,

S Yy =5 (s R Y s

TRy =G DR
J: /l/)l(i‘);j,mj =m; m/)l(?s);j,mj‘
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