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1.3: Mean, Variance, and Standard Deviation

What is meant by the mean or average of a quantity? Suppose that we wish to calculate the average age of undergraduates at the
University of Texas at Austin. We could go to the central administration building and find out how many eighteen year-olds,
nineteen year-olds, et cetera, were currently enrolled. We would then write something like

N]_g X18+N]_9 X19+N20X20+

Average Age ~ 1.3.1
ge ng Nig+ Nig+ Noy+- - - ’ ( )
where Nig is the number of enrolled eighteen year-olds, et cetera. The probability that a randomly picked student is eighteen is
Nig
Py~ — 1.3.2
18 N, students ( )
where Ngtudents = IVN1g +N1g + Nog +- - - is the total number of enrolled students. (Actually, this definition is only accurate in

the limit that Ngtyqents iS Very large.) We can now see that the average age takes the form
Average Age ~ Pjg x 18 4+ Pyg X 19+ Pog x 20+ - - - . (1.3.3)

Finally, because there is nothing unique about the age distribution of students at UT Austin, for a general variable u, which can
take on any one of M possible values uy, ug, - - -, ups, with corresponding probabilities P(uq ), P(uz),- -, P(upr), the mean or
average value of u, which is denoted (u), is defined

(W)= > Plu;)u;. (1.3.4)

i=1,M

Suppose that f(u) is some function of u. Thus, for each of the M possible values of u, there is a corresponding value of f(u) that
occurs with the same probability. That is, f(u;) corresponds to u1, and occurs with the probability P(u;), and so on. It follows
from our previous definition that the mean value of f(u) is given by

(fw) =" P(u;) f(u). (1.3.5)

i=1,M

Suppose that f(u) and g(u) are two general functions of u. It follows that

(Fw)+g(u) = > Plw)[fw)+g(w) =Y Plu;) flu;)+ P(u;) g(u), (1.3.6)
i=1,M i=1,M i=1,M

(f(w) +g(uw) = (F(u)) + (g(u)). (1.3.7)
Finally, if ¢ is a general constant then it is clear that
(e f(u)) =c(f(u)). (1.3.8)

We now know how to define the mean value of the general variable, u. Let us consider how we might characterize the scatter
around the mean value. We could investigate the deviation of w from its mean value, (u), which is denoted

Au=u—(u). (1.3.9)
In fact, this is not a particularly interesting quantity because its average is obviously zero: that is,
(Au) = ((u—(u))) = (v) — (u) =0. (1.3.10)

This is another way of saying that the average deviation from the mean vanishes. A more interesting quantity is the square of the
deviation. The average value of this quantity,

((Au)*) = > Plu) (ui — (u))?, (1.3.11)

i=1,M

is usually called the variance. The variance is a positive real number, unless there is no scatter at all in the distribution, so that all
possible values of u correspond to the mean value, (u), in which case it takes the value zero. Note that
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{(u—(w)*) = ((u® —2u (u) +(u) *)) = (u?) =2 (u) (u) + (u) *, (1.3.12)
which yields the following useful relationship
(Auw)®) = (u®) — (u)*. (1.3.13)

The variance of u is proportional to the square of the scatter of w around its mean value. A more useful measure of the scatter is
given by the square root of the variance,

ou = [((Au)?)]"?, (1.3.14)

which is usually called the standard deviation of u. The standard deviation is essentially the width of the range over which w is
distributed around its mean value, (u).
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