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9.2: The Wave Equation

As with all phenomena in classical mechanics, the motion of the particles in a wave, for instance the masses on springs in Figure
9.1.1, are governed by Newton’s laws of motion and the various force laws. In this section we will use these laws to derive an
equation of motion for the wave itself, which applies quite generally to wave phenomena. To do so, consider a series of particles of
equal mass m connected by springs of spring constant k, again as in Figure 9.1.1a, and assume that at rest the distance between any
two masses is h. Let the position of particle ¢ be x, and w the distance that particle is away from its rest position; then
U = Zrest — & 1 a function of both position z and time ¢. Suppose particle 7 has moved to the left, then it will feel a restoring force
to the right due to two sources: the compressed spring on its left, and the extended spring on its right.The total force to the right is

then given by:
Fi =Fip1i — Fi (9.2.1)
=k[u(z +h,t) —u(z,t)] — k[u(z,t) —u(z —h, t)] (9.2.2)
=k[u(z +h,t) —2u(z,t) +u(z — h,t)) (9.2.3)

Equation 9.2.3 gives the net force on particle ¢, which by Newton’s second law of motion (Equation 2.1.5) equals the particle’s
mass times its acceleration. The acceleration is the second time derivative of the position z,but since the equilibrium position is a
constant, it is also the second time derivative of the distance from the equilibrium position u(z, t), and we have:
0%u(z,t)

Fre :mT2, =klu(z +h,t) —2u(z,t) +u(z —h,t)] (9.2.4)
Equation 9.2.4 holds for particle ¢, but just as well for particle 2 + 1, or ¢ — 10. We can get an equation for N particles by simply
adding their individual equations, which we can do because these equations are linear.We thus find for a string of particles of length
L = Nh hand total mass M = Nm:

0?u(z,t) _ KL* u(z+h,t)—2u(z,t)+u(z—h,t)
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Figure 9.2.1: A sinusoidal transverse wave in space (a) and time (b). The distance between two successive maxima (or any two
successive points with equal phase is the wavelength A of the wave. The maximum displacement is the amplitude A, and the time it
takes a single point to go through a full oscillation is the period T .
Here K = k/N is the effective spring constant of the N springs in series. Now take a close look at the fraction on the right hand
side of Equation 9.2.5: if we take the limit A — 0, this is the second derivative of u(z, t) with respect to x. However, taking h to
zero also takes L to zero - which we can counteract by simultaneously taking N — oo, in such a way that their product L remains
the same. What we end up with is a string of infinitely many particles connected by infinitely many springs - so a continuum of
particles and springs, for which the equation of motion is given by the wave equation:
?u(x,t)  , 0%u(z,t)
=2
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(9.2.6)
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In Equation 9.2.6, vy, = KTLZ (sometimes also denoted by c) is the wave speed.

For a wave in a taut string, the one-dimensional description is accurate, and we can relate our quantities K, L and M to more
familiar properties of the string: its tension 7' = K L with the dimension of a force (this is simply Hooke’s law again) and its mass
per unit length y = % , SO we get

T
string L
In two or three dimensions, the spatial derivative in Equation 9.2.6 becomes a Laplacian operator, and the wave equation is given
by:
0?u(z,t) 5

As can be readily seen by writing Equation 9.2.8 in terms of spherical coordinates, if the wave is radial (i.e., only depends on the
distance to the source r, and not on the angle), the quantity ru(r) obeys the one-dimensional wave equation, so we can write down
the equation for u(r) immediately. An important application are sound waves, which spread uniformly in a uniform medium. To
find their speed, we characterize the medium in a similar fashion as we did for the string: we take the mass per unit volume, which
is simply the density p, and the medium’s bulk medulus, which is a measure for the medium’s resistance to compression (i.e., a
kind of three-dimensional analog of the spring constant), defined as:

dp _ dp

B=-V-%

v = 3, (9.2.9)

where p is the pressure (force per unit area) and V' the volume. The bulk modulus is also sometimes denoted as K. The dimensions
of the bulk modulus are those of a pressure, or force per unit area, and those of the density are mass per unit volume, so their ratio
has the dimension of a speed squared, and the speed of sound is given by:

B
_ 9.2.10
P ( )

Usound —

Equation 9.2.8 describes a wave characterized by a one-dimensional displacement (either longitudinal or transverse) in three
dimensions. In general a wave can have components of both, and the displacement itself becomes a vector quantity, w(z, t). In that
case the three-dimensional wave equation takes on a more complex form:

> l;if’t) = <B+§G> V(V-u(®,1)) - GV x (V x u(z, 1)) (9.2.11)

where f is the driving force (per unit volume), B again the bulk modulus, and G the material’s shear modulus. Equation 9.2.11is
used for the description of seismic waves in the Earth and the ultrasonic waves with which solid materials are probed for defects.
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