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8.2: Damped Harmonic Oscillator
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Figure 8.2.1: Position as function of time for four types of oscillation: undamped (¢ = 0, blue), underdamped (0 < ¢ < 1, orange),
critically damped (¢ = 1, green) and overdamped (¢ > 1, red). In all cases the initial conditions are z(0) = 1 and v(0) = 0.
So far we’ve disregarded damping on our harmonic oscillators, which is of course not very realistic. The main source of damping
for a mass on a spring is due to drag of the mass when it moves through air (or any fluid, either gas or liquid). For relatively low
velocities, drag forces on an object scale linearly with the object’s velocity, as illustrated by Stokes’ law (Equation 2.2.5). For an

object of arbitrary shape moving through an arbitrary fluid we’ll write Fyag = —y, with +y the drag coefficient, and of course
opposing the direction of motion. Adding this to the spring force gives for the equation of motion of the damped harmonic
oscillator:

mi = —y& —kz (8.2.1)

We now have two numbers that determine the motion: the undamped frequency wg = +/k/m and the damping ratio
¢ =~/2+/mk. In terms of these parameters, we can rewrite Equation 8.2.1 as:

T +2(wot +wjz =0 (8.2.2)

The solution of Equation 8.2.2 depends strongly on the value of ¢, see Figure 8.2.1. We can find it? by substituting the Ansatz
z(t) = e, which gives a characteristic equation for \:

AN+ 2¢wod +wi =0 (8.2.3)

A= —CwpFwpy/¢(2—1 (8.2.4)

For ¢ < 1, there are two complex solutions for A, and we find that (¢) undergoes an oscillation with an exponentially decreasing
amplitude:

SO

z(t) = e ' [A cos(wqt) + Bsin(wat)] (8.2.5)

where wg = wg4/1 —¢? and A and B follow from the initial conditions. Because there is still an oscillation, this type of motion is
called underdamped. In contrast, if { > 1, the roots Ay in Equation &.2.4 are real, and we get qualitatively different, overdamped
behavior, in which x returns to 0 with an exponential decay without any oscillations:

z(t) = Ae™' + BeM ! = e [Ae + Be ] (8.2.6)

where € = wy+/¢2 —1 . Naturally the boundary case is when ¢ = 1, which is a critically damped oscillator - the fastest return to 0
without oscillations. Because in this case Equation &.2.4 only has one root, we again get a qualitatively different solution:

z(t) = (A+ Bt)e " (8.2.7)
The three different cases and the undamped oscillation are shown in Figure 8.2.1.

2 See appendix A.3.2 for the mathematical details on how to solve general equations of this type.
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