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5.9: Precession and Nutation
The action of a torque causes a change in angular momentum, as expressed by Equation 5.7.1. A special case arises when the
torque is perpendicular to the angular momentum: in that case the change affects only the direction of the angular momentum
vector, not its magnitude. Since the torque is given by the cross product of the arm and the force, this case arises when the angular
momentum is parallel to either arm or force, or more generally, lies in the plane spanned by the force and arm. As a result, the
angular momentum vector may start rotating about a fixed axis, a process known as precession. Due to the action of a second force
(with associated torque), the angle between the angular momentum vector and the fixed axis (which we’ll call the z-axis) may also
change, a process known as nutation.

Figure : Precession of a spinning top. The top rotates about an axis which makes an angle  with the vertical z-axis. The
angular momentum of the top is parallel to the rotation vector. The arm between the pivot (where the top touches the supporting
surface) and the center of mass is parallel to the angular momentum as well. Consequently, the torque of the gravitational force
(which as always is pointed downward from the center of mass) is perpendicular to the angular momentum, and causes it to precess
about the z-axis with a precession frequency .

The simplest example of a precessing system is that of a rotationally symmetric top, spinning about an axis that is not the vertical z-
axis, (Figure ). In this case, the arm of gravitational force (pointing from the pivot at the origin to the center of mass of the
top) is parallel to the angular momentum, which itself is parallel to the rotation vector, as . The torque of gravity is thus
perpendicular to the angular momentum. If we call the angle between  and the z-axis , and work in cylindrical coordinates 

, we can write  is the projection of  on the xy-plane, and  is the radial unit
vector in the xy-plane (i.e., ). The gravitational torque is then given by:

where  is the arm pointing from the origin to the center of mass, r its length, and  the angular unit vector in the xy-plane (i.e., 
). For the time derivative of , we get:

where we used (Equation A.8)

Equating  and , we find that , and

Equation  gives us the frequency of the precession about the z-axis. The associated precession rotation vector is given by 
.

Where precession, in terms of the angles used in this section, represents a change in , nutation is associated with a change in the
tilt angle . It comes about in several cases, most commonly due to the action of a second force, and often results in a periodic
motion (hence the name nutation, ‘nodding’). One example is the change in the Earth’s axis. As the axis is not perpendicular to the
plane of Earth’s orbit (it presently makes an angle of about 23.4◦), gravity from the sun exerts a net torque on the Earth’s rotation
axis, causing it to precess with a period of about 25000 years. Consequently, the current polar star will only remain the polar star
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= r × = mgr sinϕτZ FZ θ̂ (5.9.1)

r θ̂

= −sinθ +cosθθ̂ x̂ ŷ L
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for a couple of centuries. Due to the torques exerted by the moon and the other planets, the Earth’s axis also nutates - with
amplitudes from arcseconds to a few degrees, and periods that range widely, from 18.6 years due to the gravitational pull of the
moon up to millennia due to other effects.
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