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11.13: Quantities of Rotational Kinematics

learning objectives

e Assess the relationship between radians the the revolution of a CD

When objects rotate about some axis—for example, when the CD (compact disc) rotates about its center—each point in the object
follows a circular arc. Consider a line from the center of the CD to its edge. Each pit used to record sound along this line moves
through the same angle in the same amount of time. The rotation angle is the amount of rotation, and is analogous to linear
distance. We define the rotation angle A# to be the ratio of the arc length to the radius of curvature:

Af =45 (illustrated in ).

Rotation Angle: All points on a CD travel in circular arcs. The pits along a line from the center to the edge all move through the
same angle A in a time At.

In mathematics, the angle of rotation (or angular position ) is a measurement of the amount (i.e., the angle) that a figure is rotated
about a fixed point (often the center of a circle, as shown in ).
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Angle 0 and Arc Length s: The radius of a circle is rotated through an angle A. The arc length As is described on the
circumference.

The arc length As is the distance traveled along a circular path. r is the radius of curvature of the circular path. We know that for

one complete revolution, the arc length is the circumference of a circle of radius r. The circumference of a circle is 2nr. Thus, for
one complete revolution the rotation angle is:
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=2r. (11.13.1)
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This result is the basis for defining the units used to measure rotation angles to be radians (rad), defined so that:
2w rad = 1 revolution. (11.13.2)

If Af = 27 rad, then the CD has made one complete revolution, and every point on the CD is back at its original position. Because
there are 360° in a circle or one revolution, the relationship between radians and degrees is thus 27 rad = 360, so that:

lrad= 360

—57.3°. (11.13.3)

Angular Velocity, Omega

Angular velocity w is the rate of change of an angle, mathematically defined as w = 2—? .

learning objectives

o Examine how fast an object is rotating based on angular velocity

To examine how fast an object is rotating, we define angular velocity o as the rate of change of an angle. In symbols, this is
A6
At’
where an angular rotation A takes place in a time At. The greater the rotation angle in a given amount of time, the greater the
angular velocity. The units for angular velocity are radians per second (rad/s).

w =

(11.13.4)

Angular velocity o is analogous to linear velocity v. To find the precise relationship between angular and linear velocity, we again

consider a pit on the rotating CD. This pit moves an arc length As in a time At, and so it has a linear velocity v = % .
(As) o o . . (r-Af) A0
From Af = “— we see that As =1- Af . Substituting this into the expression for v gives v = @) — r(E) =rw.

We can write this relationship in two different ways: v =rw orw = T.

The first relationship states that the linear velocity v is proportional to the distance from the center of rotation, thus it is largest for a
point on the rim (largest r), as you might expect. We can also call this linear speed v of a point on the rim the tangential speed. The
second relationship can be illustrated by considering the tire of a moving car, as shown in the picture below. Note that the speed of
the point at the center of the tire is the same as the speed v of the car. The faster the car moves, the faster the tire spins—large v
means a large ®, because v=rw. Similarly, a larger-radius tire rotating at the same angular velocity () will produce a greater linear
speed (v) for the car.

Angular Velocity: A car moving at a velocity v to the right has a tire rotating with an angular velocity w. The speed of the tread of
the tire relative to the axle is v, the same as if the car were jacked up. Thus the car moves forward at linear velocity v=rw, where r is
the tire radius. A larger angular velocity for the tire means a greater velocity for the car.
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Angular Acceleration, Alpha

Aw

Angular acceleration is the rate of change of angular velocity, expressed mathematically as o = A

learning objectives

o Explain the relationship between angular acceleration and angular velocity

Angular acceleration is the rate of change of angular velocity. In SI units, it is measured in radians per second squared (rad/s?), and
is usually denoted by the Greek letter alpha ().

Consider the following situations in which angular velocity is not constant: when a skater pulls in her arms, when a child starts up a
merry-go-round from rest, or when a computer’s hard disk slows to a halt when switched off. In all these cases, there is an angular
acceleration in which ww changes. The faster the change occurs, the greater the angular acceleration. Angular acceleration is
defined as the rate of change of angular velocity. In equation form, angular acceleration is expressed as follows:

Aw
a=—
At

where Aw is the change in angular velocity and At is the change in time. The units of angular acceleration are (rad/s)/s, or rad/s?.
If ww increases, then aa is positive. If ww decreases, then o« is negative.

(11.13.5)

It is useful to know how linear and angular acceleration are related. In circular motion, there is acceleration that is tangent to the
circle at the point of interest (as seen in the diagram below). This acceleration is called tangential acceleration, a;.

Tangential acceleration: In circular motion, acceleration can occur as the magnitude of the velocity changes: a is tangent to the
motion. This acceleration is called tangential acceleration.

Tangential acceleration refers to changes in the magnitude of velocity but not its direction. In circular motion, centripetal
acceleration, a,, refers to changes in the direction of the velocity but not its magnitude. An object undergoing circular motion
experiences centripetal acceleration (as seen in the diagram below.) Thus, a; and a, are perpendicular and independent of one
another. Tangential acceleration a, is directly related to the angular acceleration and is linked to an increase or decrease in the
velocity (but not its direction).
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a, affects magnitude
a, affects direction

Centripetal Acceleration: Centripetal acceleration occurs as the direction of velocity changes; it is perpendicular to the circular
motion. Centripetal and tangential acceleration are thus perpendicular to each other.

Key Points

e The arc length As is the distance traveled along a circular path. r is the radius of curvature of the circular path.

o The rotation angle is the amount of rotation and is analogous to linear distance. We define the rotation angle A6 to be the ratio
of the arc length to the radius of curvature: Af = % .

o For one complete revolution the rotation angle is 2m.

o The greater the rotation angle in a given amount of time, the greater the angular velocity.

o Angular velocity  is analogous to linear velocity v.

e We can write the relationship between linear velocity and angular velocity in two different ways: v =rw or w = % .

o The faster the change in angular velocity occurs, the greater the angular acceleration.

o In circular motion, linear acceleration is tangent to the circle at the point of interest, and is called tangential acceleration.

o In circular motion, centripetal acceleration refers to changes in the direction of the velocity but not its magnitude. An object
undergoing circular motion experiences centripetal acceleration.

Key Terms

o Angular position: The angle in radians (degrees, revolutions) through which a point or line has been rotated in a specified
sense about a specified axis.

o angular velocity: A vector quantity describing an object in circular motion; its magnitude is equal to the speed of the particle
and the direction is perpendicular to the plane of its circular motion.

o angular acceleration: The rate of change of angular velocity, often represented by «.

» tangential acceleration: The acceleration in a direction tangent to the circle at the point of interest in circular motion.
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