LibreTextsw

3.5: Coordinate Systems and Components of a Vector (Part 2)

Polar Coordinates

To describe locations of points or vectors in a plane, we need two orthogonal directions. In the Cartesian coordinate system these
directions are given by unit vectors 7 and 3 along the x-axis and the y-axis, respectively. The Cartesian coordinate system is very
convenient to use in describing displacements and velocities of objects and the forces acting on them. However, it becomes
cumbersome when we need to describe the rotation of objects. When describing rotation, we usually work in the polar coordinate
system.

In the polar coordinate system, the location of point P in a plane is given by two pelar coordinates (Figure 3.5.1). The first polar
coordinate is the radial coordinate r, which is the distance of point P from the origin. The second polar coordinate is an angle ¢
that the radial vector makes with some chosen direction, usually the positive x-direction. In polar coordinates, angles are measured
in radians, or rads. The radial vector is attached at the orlgln and points away from the origin to point P. This radial direction is
described by a unit radial vector #. The second unit vector t is a vector orthogonal to the radial direction 7. The positive + ¢
direction indicates how the angle ¢ changes in the counterclockwise direction. In this way, a point P that has coordinates (x, y) in
the rectangular system can be described equivalently in the polar coordinate system by the two polar coordinates (r, ¢). Equation
2.4.13 is valid for any vector, so we can use it to express the x- and y-coordinates of vector 7. In this way, we obtain the connection
between the polar coordinates and rectangular coordinates of point P:

T =TrCcosy (3.5.1)
y=rsing e

y X=1rcos¢
y=rsing i T

0 %
Figure 3.5.1: Using polar coordinates, the unit vector 7 defines the positive direction along the radius r (radial direction) and,
orthogonal to it, the unit vector ¢ defines the positive direction of rotation by the angle ¢.

v Example 3.5.1: Polar Coordinates

A treasure hunter finds one silver coin at a location 20.0 m away from a dry well in the direction 20° north of east and finds
one gold coin at a location 10.0 m away from the well in the direction 20° north of west. What are the polar and rectangular
coordinates of these findings with respect to the well?

Strategy

The well marks the origin of the coordinate system and east is the +x-direction. We identify radial distances from the locations
to the origin, which are rg = 20.0 m (for the silver coin) and rg = 10.0 m (for the gold coin). To find the angular coordinates, we

convert 20° to radians: 20° = ’;828 = 3 We use Equation 3.5.1 to find the x- and y-coordinates of the coins.
Solution
The angular coordinate of the silver coin is ¢g = 3, whereas the angular coordinate of the gold coin is pg = 7 — % = %.

Hence, the polar coordinates of the silver coin are (rs, ©ps) = (20.0 m, 3) and those of the gold coin are (rg, ¢g) = (10.0 m,
\frac{8 \pi}{9}\)). We substitute these coordinates into Equation 3.5.1 to obtain rectangular coordinates. For the gold coin, the
coordinates are

{ %G =16 cos 6 = ( m)cos ™ & (ze,ye) = (—9.4 m, 3.4 m). (3.5.2)

Yo =rgsinpg = (10.0 m) sm— =34m
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For the silver coin, the coordinates are

frnd = 20,0 s == 18-9
{ zg =r5cosps = ( m)cos & mo_ (zs,ys) = (18.9 m,6.8 m). (3.5.3)

ys =rssinpg = (20.0 m)sin § =6.8 m

Vectors in Three Dimensions

To specify the location of a point in space, we need three coordinates (x, y, z), where coordinates x and y specify locations in a
plane, and coordinate z gives a vertical positions above or below the plane. Three-dimensional space has three orthogonal
directions, so we need not two but three unit vectors to define a three-dimensional coordinate system. In the Cartesian coordinate

system, the first two unit vectors are the unit vector of the x-axis ¢ and the unit vector of the y-axis 3 The third unit vector & is the
direction of the z-axis (Figure 3.5.2). The order in which the axes are labeled, which is the order in which the three unit vectors

appear, is important because it defines the orientation of the coordinate system. The order x-y-z, which is equivalent to the order i-

j- k defines the standard right-handed coordinate system (positive orientation).

zy

Figure 3.5.2: Three unit vectors define a Cartesian system in three-dimensional space. The order in which these unit vectors appear
defines the orientation of the coordinate system. The order shown here defines the right-handed orientation.

In three-dimensional space, vector A has three vector components the x-component A = Ay z which is the part of vector A along

the x-axis; the y-component A =A, ] which is the part of A along the y-axis; and the z-component A = A, k, which is the part
of the vector along the z-axis. A vector in three-dimensional space is the vector sum of its three vector components (Figure 3.5.3):

A=A i+Aj+Ak. (3.5.4)

If we know the coordinates of its origin b(xy, yb, zb) and of its end e(Xe Ve, Ze), its scalar components are obtained by taking their
differences: Ay and Ay are given by

{ A, =z.—xp
Ay =Ye —Yp-
and the z-component is given by
A, =2z, — 2. (3.5.5)

Magnitude A is obtained by generalizing Equation 2.4.8 to three dimensions:

A= Ja2 2. (3.5.6)

This expression for the vector magnitude comes from applying the Pythagorean theorem twice. As seen in Figure 3.5.3, the

diagonal in the xy-plane has length 4/ A% + A2 and its square adds to the square A,? to give A% Note that when the z-component

is zero, the vector lies entirely in the xy-plane and its description is reduced to two dimensions.
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Figure 3.5.3: A vector in three-dimensional space is the vector sum of its three vector components.

v Example 3.5.2: Takeoff of a Drone

During a takeoff of IAI Heron (Figure 3.5.4), its position with respect to a control tower is 100 m above the ground, 300 m to
the east, and 200 m to the north. One minute later, its position is 250 m above the ground, 1200 m to the east, and 2100 m to
the north. What is the drone’s displacement vector with respect to the control tower? What is the magnitude of its displacement
vector?

Figure 3.5.4: The drone IAI Heron in flight. (credit: SSgt Reynaldo Ramon, USAF)
Strategy

We take the origin of the Cartesian coordinate system as the control tower. The direction of the +x-axis is given by unit vector
1 to the east, the direction of the +y-axis is given by unit vector j to the north, and the direction of the +z-axis is given by unit

vector k, which points up from the ground. The drone’s first position is the origin (or, equivalently, the beginning) of the
displacement vector and its second position is the end of the displacement vector.

Solution
We identify b(300.0 m, 200.0 m, 100.0 m) and e(480.0 m, 370.0 m, 250.0m), and use Equation 2.4.4 and Equation 3.5.5 to find
the scalar components of the drone’s displacement vector:

D, =z, —x, =1200.0 m —300.0 m = 900.0 m,
D, =y. —y, =2100.0 m —200.0 m = 1900.0 m, (3.5.7)
D, =2z, —2,=250.0m—100.0 m =150 m.

We substitute these components into Equation 3.5.4 to find the displacement vector:
D=D, i+D, j+D, k=900.0 i +1900.0 j+150.0 k = (0.90 i +1.90 j+0.15 k) km. (3.5.8)

We substitute into Equation 3.5.6 to find the magnitude of the displacement:

D= \/Di + D2+ D2 =1/ (0.90 km)?® +(1.90 km)? +(0.15 km)? =4.44 k. (3.5.9)

If the average velocity vector of the drone in the displacement in Example 2.7 is % = (15.0 i+317 3 +25 I::) m/s, what is the
magnitude of the drone’s velocity vector?

https://phys.libretexts.org/@go/page/18115



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/@go/page/18115?pdf
https://phys.libretexts.org/Bookshelves/University_Physics/University_Physics_(OpenStax)/Book%3A_University_Physics_I_-_Mechanics_Sound_Oscillations_and_Waves_(OpenStax)/02%3A_Vectors/2.04%3A__Coordinate_Systems_and_Components_of_a_Vector_(Part_1)#Eq.+2.13

LibreTextsw

This page titled 3.5: Coordinate Systems and Components of a Vector (Part 2) is shared under a CC BY license and was authored, remixed, and/or
curated by OpenStax.

o 2.5: Coordinate Systems and Components of a Vector (Part 2) by OpenStax is licensed CC BY 4.0. Original source:

https://openstax.org/details/books/university-physics-volume-1.

https://phys.libretexts.org/@go/page/18115


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/@go/page/18115?pdf
https://phys.libretexts.org/Courses/Joliet_Junior_College/Physics_201_-_Fall_2019v2/Book%3A_Custom_Physics_textbook_for_JJC/03%3A_Vectors/3.05%3A__Coordinate_Systems_and_Components_of_a_Vector_(Part_2)
https://creativecommons.org/licenses/by/
https://openstax.org/
https://phys.libretexts.org/@go/page/3974
https://openstax.org/
https://creativecommons.org/licenses/by/4.0/
https://openstax.org/details/books/university-physics-volume-1

