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4.5: Grand Canonical Ensemble (GCE)

Grand canonical distribution and partition function

Consider once again the situation depicted in Figure , where a system S is in contact with a world W, their union
U=WUS being called the ‘universe’. We assume that the system’s volume Vy is fixed, but otherwise it is allowed to exchange
energy and particle number with W. Hence, the system’s energy F and particle number Ng will fluctuate. We ask what is the
probability that S is in a state | n ) with energy E,, and particle number N,,. This is given by the ratio
Dy, (E; —E,, Ny —N,) AE
P, = lim
AE—0 D, (E,,N,)AE
\# of states accessible to W given that Ey = E,, and Ng = N,
B total \# of states in U

Then
InP, =InDy, (E, — E,, N, — N,)—InD,(E,, N,)

=1uD,,(E,,N,) D, (E,,N,)

B BlnDW(E, N) B alnDW(E, N)
" OF Y " ON =Py
N:NU N:NU
=—a—pE, +BuN, .
The constants 8 and p are given by
_ 6lnDW(E,N) 1
N OF BBy kT
N=NU
0lnDy, (E,N)
p= kT —— e,
N:NU

The quantity p has dimensions of energy and is called the chemical potential. Nota bene: Some texts define the ‘grand canonical

Hamiltonian’ K as
K=H-uN. (4.5.1)

Thus, P, = e~ e AE-~1N2)  Once again, the constant « is fixed by the requirement that 3 P, =1:

P, =

[m| ~

e AE—nNa) 0 BB,V u) = Ze’ﬁ(Ef"Nn) = Tr e AH-1N) — Ty 8K | (4.5.2)
n

Thus, the quantum mechanical grand canonical density matrix is given by
e K

e (4.5.3)
Tr e PK

é =
Note that [[), K ] = 0. The quantity Z(7", V, ) is called the grand partition function. It stands in relation to a corresponding free
energy in the usual way:
E(T,V,p) = e BUT, V) — Q=—k;TInZE, (4.5.4)
where Q(T, V, p) is the grand potential, also known as the Landau free energy. The dimensionless quantity z = e is called the
fugacity.

If [H , N ] =0, the grand potential may be expressed as a sum over contributions from each N sector, viz.
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E(T,V,n)=> "N Z(T,V,N). (4.5.5)
N

When there is more than one species, we have several chemical potentials {y, }, and accordingly we define

K=H-Y pN,, (4.5.6)

with 2 = Tr e #K as before.
Entropy and Gibbs-Duhem relation

In the GCE, the Boltzmann entropy is

S = —k, an InP,

- k> P, (m _BE, +ﬁuNn)

Q  (#H pd)

T T T °

which says
Q=E-TS-uN, (4.5.7)
where
E=) E,P,=Tr (0H)
N=Y N,P,=Tr (5N).
Therefore, Q(T, V, u) is a double Legendre transform of E(S, V, N), with
dQ=-SdT —pdV —Ndu, (4.5.8)

N N o0
S=—( = , =—| — , N=—— . 4.5.9
( or )V,p P ( ov )T,p, ( op )T,V ( )

Since Q(T,V, ) is an extensive quantity, we must be able to write Q& = Vw(T, u). We identify the function w(T, 1) as the
negative of the pressure:

which entails

1 % eiﬁ(Eni'uNn)

o0 kT (65)

v E \0V ), B4 oV
OF
=| = =—p(T, ).
Therefore,
Q=—-pV , p=p(T,u) (equationofstate)) . (4.5.10)

This is consistent with the result from thermodynamics that G=FE —TS+pV = uN . Taking the differential, we recover the
Gibbs-Duhem relation,

dQ=—-8dT —pdV —Ndu=—pdV —-Vdp = SdT—Vdp+Ndu=0. (4.5.11)

Generalized Susceptibilities in the GCE

We can appropriate the results from §°.2 and apply them, mutatis mutandis, to the GCE. Suppose we have a family of observables

{Qk} satisfying [Qk , ri] =0 and [I:IO, Qk} =0 and [Na, Qk] =0 for all k, ¥/, and a. Then for the grand canonical
Hamiltonian
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KN =Hy=Y pa N, =D X, Qy, (4.5.12)
a k
we have that

Q.0 T) = (0,) = —(%) A (4.5.13)
T, pta,

K #k
and we may define the matrix of generalized susceptibilities,

10Q, 1 9%°Q

= =—= . 4.5.14
X T 9N, TV 0x, 0N, (4.5.14)
Fluctuations in the GCE
Both energy and particle number fluctuate in the GCE. Let us compute the fluctuations in particle number. We have
. Tr Ne-#H-uN) 1 9
N =/ = ——— =——InE. (4.5.15)
Tr e BH-pN) B BIJ‘
Therefore,
1ON  Tr N e SN [ Tp e i)
B O Tre-fH-uN) Tr e-B(H-uN)
~2 ~
= (V) — ()"
Note now that
~2 A\ D
(N)=(N)" kT (0N kT
— =—= |5 =— Ky, (4.5.16)
(N N2\ Jry V

where k., is the isothermal compressibility. Note:

(%_N) _AN,T,V)  O(N,T,V)
n

vy 0wT,V)  8(V,T,n)
1
O(N,T,V) O(N,T,p) O(V,T,p) O(N,T,p)
T (N, T,p) O(V,T,p) O(N,T,n) o(V,T,n)
_ N? (av) N2

Y el d

Thus,

(AN)

nus _ [Ty (4.5.17)
N v

which again scales as V ~1/2.

Gibbs ensemble
Let the system’s particle number IV be fixed, but let it exchange energy and volume with the world W. Mutatis mutandis, we have
Dy (E, —E,,V;—V,) AEAV

P, = li li . 4.5.1
ABS0 AVS0 Dy, (E,,V;) AEAV (4.5.18)

Then
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P, =Dy, (E, ~E,,V,

v~ W) —InDy,(E,, V)

=Dy, (E;,V;)—InDy,(E,, V)

OlnDy (E,V OlnDy (E,V
_p, DBV O Dy (B V)
OFE U ov U
V:VU V:VU
=—a—BE,—BpV .
The constants 3 and p are given by
5= 0lnDy,(E,V) _ 1
OF =y kT
V:VU
OlnD,, (E,V
p gy D2PwEV))
ov U
V:VU
The corresponding partition function is
1 (o ¢]
Y(T,p,N)=Tr e PHPY) = 7 / dve ™ Z(T,V,N) = e PTPN) (4.5.19)
0
0

where V}, is a constant which has dimensions of volume. The factor bel in front of the integral renders Y dimensionless. Note that
G(Vy) =G(V,) +k;T1In(Vy/V,) , so the difference is not extensive and can be neglected in the thermodynamic limit. In other
words, it doesn’t matter what constant we choose for V, since it contributes subextensively to G. Moreover, in computing averages,
the constant V}, divides out in the ratio of numerator and denominator. Like the Helmholtz free energy, the Gibbs free energy
G(T,p, N) is also a double Legendre transform of the energy E(S,V, N), viz.

G=E-TS+pV
dG =—-SdT' +Vdp+pudN ,

oG oG oG
5:_(_) , V:+(_) , u=+(—> . 4.5.20
or J, O Jrn ON Jr, ( )

This page titled 4.5: Grand Canonical Ensemble (GCE) is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by
Daniel Arovas.
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