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4.6: Statistical Ensembles from Maximum Entropy

The basic principle: maximize the entropy,

S=—k; Yy P,InP,. (4.6.1)
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We maximize S subject to the single constraint

C=> P,-1=0. (4.6.2)

We implement the constraint C' = 0 with a Lagrange multiplier, A = k, X, writing
S*=8—k;\C, (4.6.3)
and freely extremizing over the distribution { P, } and the Lagrange multiplier A. Thus,
05* =65 —kzA0C —k; C oA
=~k Y [P+ 14 A|6P, —k, CoA =0,

We conclude that C = 0 and that
InP, =—(1+2), (4.6.4)

and we fix A by the normalization condition ), P, = 1. This gives

Po=g Q:;@(E—i—AE—En)@(En—E). (4.6.5)

Note that €2 is the number of states with energies between E and F + AFE .
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We maximize S subject to the two constraints

01:ZPn—1=0 , C2:ZEnPn—E:O. (4.6.6)

We now have two Lagrange multipliers. We write
S*=8-ky»_X\C;, (4.6.7)
and we freely extremize over { P} and {C} }. We therefore have
2
88" =88 —ks Y (A +X En) 6P, —ks »_ C;0);
n j=1
= ks 3 [Py 14X 2y Bo 0Py — ks Y C; 03, =0.
n

Thus, C; =C, =0 and

InP, =—(1+X\+X\E,) . (4.6.8)
We define \, = 8 and we fix A; by normalization. This yields
1
P== e Pl Z= zn: e B (4.6.9)
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We maximize S subject to the three constraints
C,=Y Pi-1=0 , Cy=)» E,P,-E=0 , Cy=» N,P,—-N=0. (4.6.10)
We now have three Lagrange multipliers. We write
3
S*=8-ky»_X\C;, (4.6.11)
j=1

and hence

3
68" =068—ky Y (M +XN Ent A3 Ny) 0P, —ky > C;0);

n j=1
3
= —hy > [P+ 1A 2y By 2 Na [P,y D €60, =0.
n j=1
Thus, C; =C, =C; =0 and
InP,=—(14XA +XE, + A N,) . (4.6.12)

We define A, = 8 and A\; = —fu, and we fix A; by normalization. This yields

P, = L AEN) | m_ 3 e AN (4.6.13)
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