LibreTextsm

6.7: Appendix I- Potts Model in One Dimension

Definition
The Potts model is defined by the Hamiltonian

H=-J) 6,,~h) 6, (6.7.1)

(ig) i

Here, the spin variables o, take values in the set {1,2,...,q}on each site. The equivalent of an external magnetic field in the Ising
case is a field h which prefers a particular value of o (c =1 in the above Hamiltonian). Once again, it is not possible to compute
the partition function on general lattices, however in one dimension we may once again find Z using the transfer matrix method.
Transfer matrix

On a ring of N sites, we have

Z=Tre Pt
_ Z o1 B0y | PHoy BTGy,
{on}
=Tr (RN) ,
where the g X ¢ transfer matrix R is given by

AU ifo =o' =1

. . eft ifo=0'#1
R, =M e¥ini s = { /2 ife=1ando’ #1 (6.7.2)
P2 ifo#lando’ =1
1 ifo#1lando’ #1ando #0o'.
In matrix form,
IR BR/2 Bh2 /2
eﬁh/2 eﬁJ 1 . 1
/2 1 ... 1
R= ‘ . ‘ . (6.7.3)
efh/2 1 1 coeefl 1
eBh/2 1 1 e 1 e
The matrix R has g eigenvalues A j» withj=1,...,q. The partition function for the Potts chain is then
q
Z=Y AN. (6.7.4)
=1

We can actually find the eigenvalues of R analytically. To this end, consider the vectors

1 e/
¢ = ? . p=(g—1+eM) 1 (6.7.5)
0 )
Then R may be written as
R= (e —1)1+ (¢—1+e™) [y)(¢|+ (e 1) (™ —1) | ¢) (9], (6.7.6)

where I is the g x ¢ identity matrix. When h = 0, we have a simpler form,
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R= (" —1)L+q|y){¥]. (6.7.7)
From this we can read off the eigenvalues:

A = 4+q-1
)‘j :eﬂJ_]- ’ je{za"'aq}a

since | 1 ) is an eigenvector with eigenvalue A = e*’ +¢—1 , and any vector orthogonal to | ¢ ) has eigenvalue A = e*/ —1 . The
partition function is then

Z2=(" +q-1)" +(@-1)(” -1)". (6.7.8)
In the thermodynamic limit N — oo, only the A; eigenvalue contributes, and we have
F(T,N,h=0)=—Nk,Tln (e//*7T +¢-1) for N — oo . (6.7.9)

When A is nonzero, the calculation becomes somewhat more tedious, but still relatively easy. The problem is that | ¢ ) and | ¢ ) are
not orthogonal, so we define

|x) = |¢>1__|1f;<|il>f> ) (6.7.10)
where
ebh 1/2

Now we have (x| ¢ ) =0, with (x| x)=1and (| ¢ ) =1, with
[¢)=v1-2a® [x)+z|¥). (6.7.12)

and the transfer matrix is then
R =(e" —1)1+ (q—1+€™) [¢)(¢|
+ (¥ —1)(e™ 1) [(1—m2)|x><x|+x2 | Y)W |+z /122 (Ix><¢|+|¢><x|)]

= (e —1) I+ l(q—1+eﬁh)—i—(eﬂ‘]—l)(eﬂh—l) (L)]I@b)(d)l

q—1+ebh

~1
-1 1) (L) ot
+ (¥ 1) (™ —1) (M

g—1+eh
which in the two-dimensional subspace spanned by | x ) and | ¢ ) is of the form

R (Z Z) . (6.7.13)

M =ayl+a-7
B ( a, +ag al—w2>
- . )
al—i—zaz a, —a,

P(/\):det ()\I[_M) :()\_ao)2_a%_a§_a§,

1/2
) (i),

Recall that for any 2 x 2 Hermitian matrix,

the characteristic polynomial is

(6.7.14)

and hence the eigenvalues are
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A, =ayE4/a+ai+al . (6.7.15)

For the transfer matrix of Equation 777, we obtain, after a little work,
1
AL :eﬁJ—l-i-E[q—l-l—eﬂh-l—(eﬂJ —1)(e™ —1)}

j:%\/ [q—1+eﬂh+(eﬂj—1)(eﬂh—1)}2—4(q—1)(eﬁ‘]—1)(eﬂh ~1)

There are g — 2 other eigenvalues, however, associated with the (¢—2) -dimensional subspace orthogonal to | x ) and | % ). Clearly
all these eigenvalues are given by

_ BT :
Aj=e 1 , j€{3,...,4q}. (6.7.16)
The partition function is then
Z=N+X+@-2)A, (6.7.17)

and in the thermodynamic limit N — oo the maximum eigenvalue A, dominates. Note that we recover the correct limit as A — 0.
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