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12.1: Rotational Kinetic Energy of an Object

In this section, we show how to define the rotational kinetic energy of an object that is rotating about a stationary axis in an inertial
frame of reference. Consider a solid object that is rotating about an axis with angular velocity, &, as depicted in Figure 12.1.1
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Figure 12.1.1: An object rotating about an axis that is perpendicular to the page.

We can model the object as being composed of many point particles, each with a mass m;, located at a position 7;, with velocity ¥;
relative to the axis of rotation. We choose a coordinate system whose origin is on the axis of rotation and whose z axis is co-linear
with the axis of rotation, as depicted in Figure 12.1.1

Each particle of mass m; in the object has a kinetic energy, K;:
1

We can sum the kinetic energy of each particle together to get the total rotational kinetic energy, K., of the object:

1
Krot — Z Emzvf
7

Although each particle will have a different velocity, v;, they will all have the same angular velocity, . For any particle, located a
distance 7; from the axis of rotation, their velocity is related to the angular velocity of the object by:

Uy =WXT;

Vi = wr;
where & and 7; are always perpendicular to each other, since w is out of the plane of the page. Furthermore, the velocity vector, v;,

will always be perpendicular to 7;, since all particles are moving in circles centerd about the axis of rotation. We can thus write the
total rotational kinetic energy of the object using the angular speed:

Kot = Z %mi'vf = Z %mﬂfaﬁ = %oﬁ Zmir?

1
= —Iu?
2
where we factored w and the one half out of the sum, as these are the same for each particle ;. We then recognized that the

remaining sum is simply the definition of the object’s moment of inertia about the axis:
— 2
I= Z mr;
i

Thus, the rotational kinetic energy of an object rotating with angular speed w about an axis that is stationary in an inertial frame of
reference is given by:

1
Ko = 51w2 (12.1.1)

where I is the object’s moment of inertia about that axis. The rotational kinetic energy is functionally very similar to the linear
kinetic energy; instead of mass, we use the moment of inertia, and instead of speed squared, we use angular speed squared.
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Work on a rotating object

We can calculate the work done by a force exerted on an object rotating about a stationary axis in an inertial frame of reference. Let

F be a force exerted at position, 7, relative to the axis of rotation at some instant in time, and let the force be exerted in the plane
perpendicular to the axis of rotation, as illustrated in Figure 12.1.2 Because the object is rotating about the given axis, only the
component of the force that is tangent to the circle about which the point where the force is exerted can do work (only the
component of the force that is parallel to the displacement can do work).

The work done by the force as the object rotates by a certain angle is given by:

W:/ﬁd:/ﬂm

where dl is a small displacement along the (circular) path followed by the point where the force is exerted, as illustrated in Figure
12.1.2 F'| is the component of F that is perpendicular to the vector, 7, from the axis of rotation to the location where the force is
exerted (F'| is the component of F' that is tangent to the circle).
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Figure 12.1.2: Calculating the work done by a force on a rotating object.
At some instant in time, when the force is exerted at position, 7, consider the scalar product between the torque from the force, 7,
and an infinitesimal angular displacement, df, about the axis of rotation:
S P 1., =
T-dd=(rxF)- —2r><dl
T

The vectors 7 and df are parallel to the axis of rotation (because F' and dl are in the plane perpendicular to the axis of rotation), so

their scalar product will be equal to the product of their magnitudes. The vector 7 x F' has a magnitude of:
FxF=rF,

where F'| is the component of the force tangent to the circle. The vector 7 x dl hasa magnitude:
P xdl =rdl

since 7 and dl are always perpendicular. The scalar product 7 - df is thus equal to:
Loz 1
T-db :TFJ__27'dl =F,dl
r
The work done by a force when an object rotates about an axis can thus be written in terms of its torque about that axis and the
corresponding angular displacement from 6; to 65:
62 .
W= T-f0 (12.1.2)
[

The net work done on an object through an angular displacement from 6; to 6, can thus be written using the net torque 7"
exerted on the object:

02 .
WW:/ 7. dg
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We can re-arrange this using Newton’s Second Law for rotational dynamics:
7 = Ia

do dwdf dw.

which allows us to write the integral over a change in angular velocity instead of angular displacement:

0, 5 6, d 5

net —net W
= . do = I . d9

" o /9 do”

_/wz Twdw = lIu.)2 — lIw2
o 2 2 2 1

where we used the fact that & are da are parallel. We thus find that the Work-Energy Theorem can also be applied to find the
change in rotational kinetic energy resulting from the net work done by a torque:

(23 N
Whnet — / 740 = AK,y; (12.1.3)
6

If a constant torque, 7, is exerted on an object that is rotating at constant angular velocity, &, then the rate at which that work is
being done is given by:
_awd ., = do o

T dd=T - — =70

P=w~a dt

This is very similar to the power, P = F'- v, with which a force does work on an object moving with constant velocity, except that
instead of force we use torque, and instead of velocity, we use angular velocity.

Total kinetic energy of an object

In the frame of reference of the center of mass, an object rotating about an axis through its center of mass with angular velocity, w,
will have rotational kinetic energy, K,.:, given by:

1
Krot - EICMW2

where Iy is the moment of inertia of the object about the axis through its center of mass.

We wish to determine the kinetic energy of the object in an inertial frame of reference where the object’s center of mass is moving
with a velocity Ue,; that is, in a frame where the axis of rotation is moving with the velocity of the center of mass. We model the
object as being composed of particles of mass, m;, each located at position, 7;, relative to the axis of rotation through the center of
mass. The velocity, ¥;, of a particle ¢, in this frame of reference, is given by:

’Bi =wX Fl + ’(70 M
where & x 7; is the velocity of the particle as seen in the center of mass (due to rotation). The kinetic energy of particle i, K, is
given by:

1 1
K;=-mv?

5™miv; = 5mi(V; - 0i)

where we expressed the speed of the particle squared using a scalar product of the velocity of the particle with itself. The total
kinetic energy of the object is found by summing the kinetic energies of all of the particles:
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Kit =Y Emi(vi ;)

1 L L4 [
=3 Zmi(w X T +Von) - (WX 7 +Von)
7

— % Zmz‘(&} X 7i) - (W x 7))+ % Zmi(BCM). (BCM)+Zmi(a} < 77) - (Beur)

7

1 1 . =
:EZmiw2r?+§Zmiv%M—i—Zmi(wxm).(vCM)
i i i
RSP S L
=g5ioemw +§ UCM—FZmi(wxri)‘(UCM)

where the first term is the rotational kinetic energy that we found earlier. The second term, called the “translational kinetic energy”,
can be thought of as the kinetic energy of the whole system with mass M = Y m; , due to the translational motion of the center of
mass. The last term is identically zero; we can re-order the scalar product and factor ¥¢ys out of the sum:

Zm,‘ ((:) X Fz) . (T)CM) = (ECM) . Zml(&’z X ?1)
i i
o I
= (venr) - Z m;v;
i
where v} =@ X 7; is the velocity of particle ¢ in the center of mass frame of reference. But the sum:
)
S i
i

is the numerator for the definition of the velocity of the center of mass, which, in the center of mass frame of reference is
identically zero!

Thus, the total kinetic energy of an object of mass, M, that is rotating about an axis through its center of mass with angular
velocity, w, and whose center of mass is moving with velocity, ¥¢yy, is given by:

1 1
Kot = Kot + Kirans = EICMW2+§M'U%M (1214)

The total kinetic energy can be thought of as the sum of the rotational and kinetic energies.
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