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7.2: Kinetic energy and the work energy theorem

At this point, you should be comfortable calculating the net work done on an object upon which several forces are exerted. As we
saw in the previous section, the net work done on an object is connected to the object's acceleration; if the net force on the object is
zero, then the net work done and acceleration are also zero. In this section, we derive a new quantity, kinetic energy, which allows
us to connect the work done on an object with its change in speed. This will allow us to describe motion using only scalar
quantities. Like the definition of work, the following derivation appears to "come out of thin air". Remember, though, that theorists
have tried all sorts of mathematical tricks to reformulate Newton's Theory, and this is the one that worked.

—net ,_, . . .
Consider the most general case of an object of mass m acted upon by a net force, F (7), which can vary in magnitude and
direction. We wish to calculate the net work done on the object as it moves along an arbitrary path between two points, A and B, in

space, as shown in Figure 7.2.1. The instantaneous acceleration of the object, a, is shown along with an "element of the path", dI .
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Figure 7.2.1: An object moving along an arbitrary path between points A and B that is acted upon by a net force F'

The net work done on the object can be written:
B —
Wnet :/ Fnet (F) .dl
A

and is in general a difficult integral to evaluate for an arbitrary path. Our goal is to find a way to evaluate this integral by finding a
function, K, with the property that:

B
/ F"(7).dl =Kp—Ky4
A

That is, we will only have to evaluate K at the end points of the path in order to determine the value of the integral. In this way, the
function K is akin to an anti-derivative.

In order to determine the form for the function K, we start by noting that, by using Newton's Second Law, we can write the integral
for work in terms of the acceleration of the object:

ZI*:" :ﬁMt =ma

B . B . B .
/ Fret (7).« dl :/ mZi-dlzm/ a-dl
A A A

where we assumed that the mass of the object does not change along the path and can thus be factored out of the integral. Consider
the scalar product of the acceleration, @, and the path element, di = dxZ +dyg +dzZ , written in terms of the velocity vector:
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Any of the terms in the sum can be re-arranged so that the time derivative acts on the element of path (dx, dy, or dz) instead of the
velocity, for example:

dv, dx
7 dzr = Edvz

where we recognize that fl—: = v, . We can thus write the scalar product between the acceleration vector and the path element as:

- dv, Uy dv,
adl—dtd+dtd+dd
d:c dy d
= vpdv, + vydvy +v,dv,

The integral for the net work done can be written as:

W net :/ Fret (7). dl = m/ (vpdvy +vydvy +v,dv,)

—m/ vzdvz—I—m/ vydvy—i—m/ v,dv,

which corresponds to the sum of three integrals over the three independent components of the velocity vector. The components of
the velocity vector are functions that change over the path and have fixed values at either end of the path. Let the velocity vector of
the object at point A be 74 = (Vaz, v AysV 4.) and the velocity vector at point B be vp = (VB VBy, vp,). The integral over, say,

the 2 component of velocity is then:
UBe
m/ v, dv, —m/ v, dvy —m[—vz]
VAz

1
= 5 (sz —’012%)

We can thus write the net work integral as:

Wwnet *m/ vmdeer/ vydverm/ v,dv,

m(v}, —v% NS 2m(vBy—v2 )+ 2m(sz—'vAz)

N[~ N

1
~m(vy, +v}, +v%,)

m(szz +szy +U2Bz) - 9

1 1

= §mv2B — Emvi

where we recognized that the magnitude (squared) of the velocity is given by vi = viw + "’?41/ + 'vzlz . We have thus arrived at our
desired result; namely, we have found a function of speed, K(v), that when evaluated at the endpoints of the path allows us to

calculate the net work done on the object over that path:

1
K(v)= Emv2 (7.2.1)
That is, if you know the speed at the start of the path, v4, and the speed at the end of the path, vp, then the net work done on the

object along the path between A and B is given by:
=AK =K(vp) — K(v,) (7.2.2)

We call K(v) the "kinetic energy" of the object. We can say that the net work done on an object in going from A to B is equal to
its change in kinetic energy (final kinetic energy minus initial kinetic energy). It is important to note that we defined kinetic energy
in a way that it is equal to the net work done. You may have already seen kinetic energy from past introductions to physics as a
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quantity that is just given; here, we instead derived a function that has the desired property of being equal to the net work done and
called it "kinetic energy".

The relation between the net work done and the change in kinetic energy is called the "Work-Energy Theorem" (or Work-Energy
Principle). It is the connection that we were looking for between the dynamics (the forces from which we calculate work) and the
kinematics (the change in kinetic energy). Unlike Newton's Second Law, which relates two vector quantities (the vector sum of the
forces and the acceleration vector), the Work-Energy Theorem relates two scalar quantities to each other (work and kinetic energy).
Although we introduced the kinetic energy as a way to calculate the integral for the net work, if you know the value of the net work
done on an object, then the Work-Energy Theorem can be used to calculate the change in speed of the object.

Most importantly, the Work-Energy theorem introduces the concept of "energy". As we will see in later chapters, there are other
forms of energy in addition to work and kinetic energy. The Work-Energy Theorem is the starting point for the idea that you can
convert one form of energy into another. The Work-Energy Theorem tells us how a force, by doing work, can provide kinetic
energy to an object or remove kinetic energy from an object.

v/ Example 7.2.1

A net work of W was done on an object of mass m that started at rest. What is the speed of the object after the work has been
done on the object?

Solution
Using the Work-Energy Theorem:
1 1
W = §mv; — Emv?
where v; is the initial speed of the object and vy is its final speed. Since the initial speed is zero, we can easily find the final
speed:
2w

=\

v/ Example 7.2.2

A block is pressed against the free end of a horizontal spring with spring constant, k, so as to compress the spring by a distance
D relative to its rest length, as shown in Figure 7.2.2. The other end of the spring is fixed to a wall.

Figure 7.2.2: A block is pressed against a horizontal spring so as to compress the spring by a distance D relative to its rest
length.

If the block is released from rest and there is no friction between the block and the horizontal surface, what is the speed of the
block when it leaves the spring?

Solution

This is the same problem that we presented in Chapter 6 in Example 6.2.2, where we solved a differential equation to find the
speed.

Our first step is to calculate the net work done on the object in going from = —D to = 0 (which corresponds to when the

object leaves the spring, as discussed in Example 6.2.2). The forces on the object are:
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1. I*:"g, its weight, with magnitude mg.
2. N, the normal force exerted by the ground.
3. F'(z), the force from the spring, with magnitude kz.

Both the normal force and weight are perpendicular to the displacement, so they will do no work. The net work done is thus the
work done by the spring, which we calculated in Example 7.1.1 to be:

1
W =Wp = Esz

By the Work-Energy Theorem, this is equal to the change in kinetic energy. Noting that the object started at rest (v; =0), the
final speed vy is found to be:

1 1 1
wret = §mv§c = Em'u? = Emv?c -0
1 1
—kD? = —muv?
2 f
kD2
v = 4] 2
! m

v/ Example 7.2.3

A block is pressed against the free end of a horizontal spring with spring constant, k, so as to compress the spring by a distance
D relative to its rest length, as shown in Figure 7.2.3. The other end of the spring is fixed to a wall.

Figure 7.2.3: A block is pressed against a horizontal spring so as to compress the spring by a distance D relative to its rest
length.

If the block is released from rest and the coefficient of kinetic friction between the block and the horizontal surface is g, what
is the speed of the block when it leaves the spring?

Solution
This is the same example as the previous one, but with kinetic friction. The forces on the block are:

1. ﬁg, its weight, with magnitude mg.
2. N , the normal force exerted by the ground on the block.
3. 1*:"(90), the force from the spring, with magnitude kz.
4, f 1> the force of kinetic friction, with magnitude p; N .
Both the normal force and weight are perpendicular to the displacement, so they will do no work. Furthermore, since the

acceleration in the vertical direction is zero, the normal force will have the same magnitude as the weight (N =mg). The
magnitude of the force of kinetic friction is thus f = uxmg. The net work done will be the sum of the work done by the

spring, W, and the work done by friction, W:
W =Wg +W;

We have already determined the work done by the spring:
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1
Wg = EkDZ

The work done by the force of kinetic friction will be negative (since it is in the direction opposite of the motion) and is given
by:

Wi =fi-d =—fiD=—pmgD

Applying the work energy theorem, and noting that the block started at rest (v; = 0), the final speed vy is found to be:

1 1
net __ —— Y - 2
W _WF—l—Wf = 2mvf 2mvi

Lo _1
EkD — prmgD = Emvf

| kD?
LUy = - —2urgD

We can think of this in terms of the concept of energy. The spring does positive work on the block, and so it increases its
kinetic energy. Friction does negative work on the block, decreasing its kinetic energy. Only the spring is "introducing" energy
into the block, as friction is removing that energy by doing negative work. Another way to think about it is that the spring is
inputting energy; some of that energy goes into increasing the kinetic energy of the block, and some of it is lost by friction. The
energy that is lost to friction can be thought of as "thermal energy" (heat) that goes up into heating the block and the surface.
Indeed, if you rub your hand against the table, you will notice that it gets warmer; you are losing some of the energy introduced
to your hand by the work done by your arm into heating up the table and your hand! This shows that we can think about
modeling friction using thermal energy rather than a force.

Discussion:

This page titled 7.2: Kinetic energy and the work energy theorem is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
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