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12.2: Rolling motion

In this section, we examine how to model the motion of an object that is rolling along a surface, such as the motion of a bicycle
wheel. Consider the motion of a wheel of radius, R, rotating with angular velocity, &, about an axis perpendicular to the wheel and
through its center of mass, as observed in the center of mass frame. This is illustrated in Figure 12.2.1

Vrat = wR

Figure 12.2.1: A wheel rotating with angular velocity & about an axis through its center of mass.
In the frame of reference of the center of mass, each point on the edge of the wheel has a velocity, ¥, due to rotation given by:
T)rot = Zz X ?

where 7 is a vector (of magnitude R) from the center of mass to the corresponding point on the edge of the wheel (shown in Figure
12.2.1for a point on the lower left of the wheel). The vector 7 is always perpendicular to &, so that the speed of all points on the
edge, as measured in the frame of reference of the center of mass, is the same:

Vpot = WR (12.2.1)
as illustrated in Figure 12.2.1

Now, suppose that the whole wheel is moving, as it rolls on the ground, such that the center of mass of the wheel moves with a
velocity, Ucyy, as illustrated in Figure 12.2.2

Vrat

Figure 12.2.2: A wheel rolling without slipping on the ground, with the center of mass moving with velocity v¢y;. The wheel is
shown at different instants in time, as the point shown in red moves around the center of mass.

In the frame of reference of the ground, each point on the edge of the wheel will have a velocity v given by:

v= "7rot + '?)CM
That is, in the frame reference of the ground, each point will have a velocity obtained by (vectorially) adding its velocity relative to
the center of mass, ¥y, and the velocity of the center of mass relative to the ground, ¥¢js. This is illustrated in Figure 12.2.2 for
one specific point, shown in red. The red vector corresponds to the velocity of the red point as the wheel rotates, and is obtained by

adding the velocity of the center of mass, Uo7, and the velocity, Uy, relative to the center of mass (shown as the dashed vector,
tangent to the edge of the wheel).

Consider, specifically, the instant in time when the red point is at the bottom of the wheel, where the wheel makes contact with the
ground. If the wheel is not slipping with respect to the ground, then the point is, at that instant, at rest relative to the ground. We
call this type of motion “rolling without slipping”; the point on the rotating object that is in contact with the ground is
instantaneously at rest relative to the ground. This is the scenario illustrated in Figure 12.2.2

For the point in contact with the ground, the vectors ¥y,; and Uy are anti-parallel, horizontal, and must sum to zero. Writing out
the horizontal component of the velocity of that point (choosing the positive direction to be in the direction of the velocity of the
center of mass):
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V= —Upot +vop =0
S Urot = VCM

and we find that, for rolling without slipping, the speed due to rotation about the center of mass has to be equal to the speed of the
center of mass. The speed due to rotation about the center of mass can be expressed using the angular velocity of the wheel about
the center of mass (Equation 12.2.1). For rolling without slipping, we thus have the following relationship between angular
velocity and the speed of the center of mass:

wR =veum (rolling without slipping) (12.2.2)

It makes sense for the angular velocity to be related to the speed of the center of mass. The faster the wheel rotates, the faster the
center of mass will move. If the wheel is slipping with respect to the ground, then the point of contact is no longer stationary
relative to the ground, and there is no relation between the angular velocity and the speed of the center of mass. For rolling with
slipping, imagine the motion of your bicycle wheel as you try to ride your bike on a slick sheet of ice.

For rolling without slipping, the magnitude of the linear acceleration of the center of mass, acys, is similarly related to the
magnitude of the angular acceleration of the wheel, a, about the center of mass:

- dUCM o d - dw
aom = =g = @i =Ry
C.acm = Ra

? Exercise 12.2.1
For rolling without slipping (Figure 12.2.2), the speed of the point on the wheel that is in contact with the ground is 0. What is
the speed of the point at the top of the wheel?

A. 0.

B. vour.
C. 2voyr.
D. None of the above.

Answer
C.

v/ Example 12.2.1
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Figure 12.2.3: A disk rolling without slipping down an incline.

Solution

A disk of mass M and radius R is placed on an incline at a height /& above the ground. The incline makes an angle § with
respect to the horizontal, as shown in Figure 12.2.3 If the disk starts at rest and rolls without slipping down the incline, what
speed will the center of mass have when the disk reaches the bottom of the incline? We can use the conservation of mechanical
energy to determine the speed of the center of mass at the bottom of the incline, as there are no non-conservative forces doing
work on the disk. If we choose to define gravitational potential energy such that it is zero at the bottom of the incline, we can
write the total mechanical energy of the disk at the top of the incline as:

E=K+U=(0)+Mgh

where the kinetic energy is zero, since the disk starts at rest'. At the bottom of the incline, the disk will have only kinetic
energy, since the potential energy at the bottom is defined to be zero. The kinetic energy of the disk will have a component
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from the rotation of the disk about the center of mass, with angular speed w, and a component from the translation of the center
of mass with speed v¢ps. The mechanical energy at the bottom of the incline is thus:

1 1
E =K' +U = K?"ot +Kt{mns + (0) = EICMW2 + EM'Uzm

Since the disk is rolling without slipping, its angular speed is related to the speed of center of mass:

Ve
R

The moment of inertia of the disk about its center of mass is given by:

1
Iou = EMRZ

We can thus write the mechanical energy at the bottom of the incline as:

1 1
E' = -Ioyw’ + =Mz,

2 2
1/1 2 1
—5(5MR) (22t)+ jarct,
3
= 4M'Ugm

Applying conservation of energy allows us to determine the speed of the center of mass at the bottom of the incline:

E=F
3 2
Mgh = ZMvcm

/4
S.UeMm = ggh

This example showed how we can use the conservation of energy to model the motion of an object that is rolling without

slipping. The constraint of rolling without slipping allowed for the angular speed of the object to be related to the speed of its
center of mass.

? Exercise 12.2.2

A hoop, a disk, and a sphere roll without slipping down an incline. If they are all released at the same time, in what order will
they arrive at the bottom?

Discussion

A. Hoop, disk, sphere.
B. Sphere, disk, hoop.
C. Disk, sphere, hoop.
D. Disk, hoop, sphere.

Answer
B.

The instantaneous axis of rotation

When an object is rolling without slipping, we can model its motion as the superposition of rotation about the center of mass and
translational motion of the center of mass, as in the previous section. However, because the point of contact between the rolling
object and the ground is stationary, we can also model the motion as if the object were instantaneously rotating with angular
velocity, @, about a stationary axis through the point of contact. That is, we can model the motion as rotation only, with no
translation, if we choose an axis of rotation through the point of contact between the ground and the wheel.
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We call the axis through the point of contact the “instantaneous axis of rotation”, since, instantaneously, it appears as if the whole
wheel is rotating about that point. This is illustrated in Figure 12.2.4 which shows, in red, the velocity vector for each point on the
edge of the wheel, relative to the instantaneous axis of rotation. Because the axis of rotation is fixed to the ground, the velocity of
each point about that axis of rotation corresponds to the same velocity relative to the ground that is depicted in Figure 12.2.2

Figure 12.2.4: A wheel that is rolling without slipping, as viewed if rotating about the instantaneous axis of rotation that passes
through the point of contact with the ground.

In particular, the angular velocity, &, about the instantaneous axis of rotation is the same as when we model the motion as
translation plus rotation about the center of mass ,as in the previous section. Indeed, relative to the instantaneous axis of rotation,
the center of mass must still have a velocity ¥cps, which is given by:
ECM =wx ’FC M
CS.VoM = wR
where 7y is the vector from the axis of rotation to the center of mass. This is the same condition for rolling without slipping that
we found before. Similarly, the velocity of any point on the wheel, relative to the ground, is given by:
V=W0XT

where 7 is the vector from the axis of rotation to the point of interest (shown in Figure 12.2.4 for the point on the right side of the
wheel). In particular, the velocity vector (in red) for any point is always perpendicular to the vector 7 for that point, which was not
necessarily obvious when modeling the motion as rotation plus translation, as in Figure 12.2.2

v/ Example 12.2.2
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Figure 12.2.5: A disk rolling without slipping down an incline.
A disk of mass M and radius R is placed on an incline at a height & above the ground. The incline makes an angle 6 with
respect to the horizontal, as shown in Figure 12.2.5 What is the angular acceleration of the disk, about an axis through its
center of mass, as it rolls without slipping down the slope?

Solution
In order to determine the angular acceleration of the disk about the center of mass, we need to model the forces that are exerted
on the disk. The forces exerted on the disk are:

1. fg, the weight of the disk, exerted downwards at the center of mass, with magnitude Mg.

2. N , a normal force perpendicular to the incline, exerted by the incline at the point of contact with the disk.

3. f 5, a force of static friction parallel to the incline, exerted by the incline at the point of contact with the disk. Without this
force, the disk would simply slide down the incline without rotating.

These forces are illustrated in Figure 12.2.6 along with the acceleration of the center of mass, and our choice of coordinate
system (we choose the x axis parallel to the acceleration of the center of mass, to facilitate applying Newton’s Second Law).
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Figure 12.2.6: The forces on the disk rolling without slipping down an incline.
The angular acceleration of the disk about the center of mass, a is given by Newton’s Second Law for rotational dynamics:

—ext -
Tez = ICMOt

where 7 is the net external torque on the disk about the center of mass (which will be in the negative z direction).

The only force that can exert a torque about the center of mass is the force of static friction. Gravity has a lever arm of zero and
the normal force is anti-parallel to the vector that goes from the center of mass to the point where the force is exerted. The net
torque about the center of mass is thus:

;ezt :Ffs ZFfS X fs = —Rfsi
The angular acceleration will thus be in the negative z direction, and the magnitude is given by:

Tet Rfs 2fs
o= =

Icy %MR2 " MR

However, we do not know the magnitude of the force of static friction. We can use the = and y components of Newton’s
Second Law to determine it (with acceleration of the center of mass in the x direction):

Y F, =F,sin0— f, = Macy
ZFy =N—-F;cos0=0

Because the disk is rolling without slipping, the acceleration of the center of mass is related to the angular acceleration of the
disk:

Aem, = R

The  component of Newton’s Second Law can thus be used to determine the magnitude of the force of static friction in terms
of the angular acceleration:

Mgsinf— f, = MaR
. fs =Mgsinf— MaR

We can then substitute out the force of friction from our previous formula for the angular acceleration:

o 2
MR
_ 2Mgsinf —2MaR _ 2gsin6 _9g
MR R
) 2gsinf
a=—op

Instead of modeling the motion of the disk as rotation about the center of mass and translation of the center of mass, we can
also model it about the instantaneous axis of rotation.

The angular acceleration about the instantaneous axis of rotation will be the same as the angular acceleration about the center
of mass. About the instantaneous axis of rotation, only the force of gravity can exert a torque, since the normal force and the
force of friction both have a lever arm of zero. The torque from the force of gravity, about the instantaneous axis of rotation is:

Ty =—FyRsinfz = —MgRsin6z
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The torque from the force of gravity is equal to the moment of inertia of the disk about the instantaneous axis of rotation, I,
multiplied by its angular acceleration:

T =7, = It
_a_Tg _ MgRsinf
I I

The moment of inertia about the instantaneous axis of rotation is easily found using the parallel axis theorem:
1 3
I=Icy+MR?= 5MR2 +MR? = EMRZ

This allows us to find the angular acceleration of the disk:
MgRsin@  MgRsin6
o = =
I % MR2

_ 2gsinf
- 3R

as we found previously, but in this case, we did not need to use Newton’s Second Law to determine the force of friction.

Discussion
We saw that we can model the dynamics of the rolling body using either an axis through the center of mass, or an axis through
the instantaneous axis of rotation. The latter was easier in this case, because it did not require using Newton’s Second Law.

By using an axis through the center of mass to model the motion of the disk, it was clear that the force of static friction is
required in order for the disk to rotate. Without the force of static friction, the disk would slide along the surface of the incline.
The disk could still rotate if there is a force of kinetic friction that causes a torque that rotates the disk. If the surface were
completely frictionless, the disk would simply slide down the incline, and we could model it as a sliding block. If the incline is
too steep the force of static friction is no longer sufficient to provide the necessary torque required for the angular acceleration
to be that which corresponds to rolling without slipping, and the disk would slip.

Footnotes

1. Technically, the potential energy should be taken for the height of the center of mass, which is a distance h¢pr = h + Rcosf
from the ground at the top of the incline, and a height h{,,, = R at the bottom of the incline. The net difference in height for the
center of mass is thus hoar — hipy, = h+ R(1 —cos#) . If we assume that h is much bigger than R, then this is negligible,
otherwise, that is what we should use instead of A for the potential energy.

This page titled 12.2: Rolling motion is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Ryan D. Martin,
Emma Neary, Joshua Rinaldo, and Olivia Woodman via source content that was edited to the style and standards of the LibreTexts platform.
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