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B36: The Biot-Savart Law

The Biot-Savart Law provides us with a way to find the magnetic field at an empty point in space, let’s call it point P, due to
current in wire. The idea behind the Biot-Savart Law is that each infinitesimal element of the current-carrying wire makes an
infinitesimal contribution to the magnetic field at the empty point in space. Once you find each contribution, all you have to do is
add them all up. Of course, there are an infinite number of contributions to the magnetic field at point P and each one is a vector,
so, we are talking about an infinite sum of vectors. This business should seem familiar to you. You did this kind of thing when you
were calculating the electric field back in Chapter 30 The Electric Field Due to a Continuous Distribution of Charge on a Line.
The idea is similar, but here, of course, we are talking about magnetism.

The Biot-Savart Law gives the infinitesimal contribution to the magnetic field at point P due to an infinitesimal element of the
current-carrying wire. The following diagram helps to illustrate just what the Biot-Savart Law tells us.
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The Biot-Savart Law states that:
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The Biot-Savart Law represents a powerful straightforward method of calculating the magnetic field due to a current distribution.

]
Calculate the magnetic field due to a long straight wire carrying a current I along the z axis in the positive z direction. Treat
the wire as extending to infinity in both directions.
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Each infinitesimal element of the current-carrying conductor makes a contribution d B to the total magnetic field at point P

The 7 vector extends from the infinitesimal element at (0, 0, ") to point P at (z, y, 2).
7= (zi+yj+2k)—2k

F=zi+yj+(z—2)k

The magnitude of 7 is thus:
r= \/wz +y*+(z—2)?

— — ~
The dl vector points in the +z direction so it can be expressed as dl = dz'k

%
With these expressions for 7, r, and dl substituted into the Biot-Savart Law,

— —
= e Idlxr

dB=—
47 93

we obtain:
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Let’s work on this a component at a time. For the 2 component, we have:

kol dz
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[.1:2 +y? + (z—z’)2]3/2

Integrating over z’ from —oo to oo yields:

I o0 dz'
B = _%y/_oo 32
{aﬂ +y2+(z—z’)2}

I’'m going to go with the following variable substitution:
U=2—2
du =—dz?, so, dz' =du
Upper Limit: Evaluating u = 2 — 2’ at 2’ = oo yields —oo for the upper limit of integration.
Lower Limit: Evaluating u = z— 2’ at 2’ = —oo yields oo for the upper limit of integration.

So, our integral becomes:

ol *© —du
sz_ljl y/ 2 1,21 2
T oo (22 4y? 4 u?)?/?

I choose to use one of the minus signs to interchange the limits of integration:

tol /°° du
Bz =———Y
Ar 7 oo (22 +y? +u?)3/2
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Using f W = \/sz from your formula sheet; and; identifying 2 +y* as a“, and, w as the  appearing on the formula

sheet, we obtain:
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Now, I need to take the limit of that expression as u goes to oo and again as u goes to —oo. To facilitate that, I want to factor a u
out of the square root in the denominator. But, I have to be careful. The expression /u? +x2 +y2 , which is equivalent to

\/ (z—2')2+x2+y? is a distance. That means it is inherently positive, whether u (or z’ for that matter) is positive or negative.
So, when I factor w out of the square root, I’m going to have to use absolute value signs. For the denominator:
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Now for the y component. Recall that we had:
- I dz' - I dz' 5
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But, except for the replacement of —y by z, this is the same expression that we had for dB, . And those, (the —y in the expression
for d B, and the z in the expression for d B, ), are, as far as the integration over z’ goes, constants, out front. They don’t affect the
integration, they just “go along for the ride.” So, we can use our B, result for B, if we just replace the —y, in our expression for
B,., with z. In other words, without having to go through the entire integration process again, we have:

Lol 1
B = -
VT or Va2 +1y2
Since we have no z component in our expression
= I dz - I dz -
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B itself must have no z component.

Substituting our results for B,, By, and B, into i, 3’, k expression for é, (Namely, B= B,i+ By3' + le; ), we have:

o ol 1 & ol 1~ -
B=— _ ——j+0k
27rya:2+y22 27r:r$2+y23+

- lJfoI 1 2 ~

B= —(~yt+=z

27”c2+y2(y J)

The quantity 2® +%? is just 72, the square of the distance that point P is from the current carrying wire (recall that we are finding
the magnetic field due to a wire, with a current I, that extends along the 2z axis from —oo to 00)

I1, .
a — (—yi+zj)

B
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Furthermore, the vector (—y; —&—:1:3) has magnitude /(—y)? +2? = V22 +y2 =7 . Hence, the unit vector 4p in the same
direction as (—yi +z ) is given by

N —yi+zxj Ys  To
Uup=——"—"—"=——1+—]

r r
and, expressed as its magnitude times the unit vector in its direction, the vector (—yf + wﬁ) can be written as:
(—yi+zj)=rup

Substituting (—y; + w}) = rup into our expression B= ’;": rlz (—y; + w}) yields:

1

Note that the magnitude of B obtained here, namely B = % +» is identical to the magnitude obtained using the integral form of

Ampere’s Law. The direction up = —%; + %3 for the magnetic field at any point P having coordinates (z, y, 2), is also the same
as, “the magnetic field extends in circles about that wire, in that sense of rotation (counterclockwise or clockwise) which is
consistent with the right hand rule for something curly something straight with the something straight being the current and the
something curly being the magnetic field.”

This page titled B36: The Biot-Savart Law is shared under a CC BY-SA 2.5 license and was authored, remixed, and/or curated by Jeffrey W.
Schnick via source content that was edited to the style and standards of the LibreTexts platform.

@ 0 @ B36.4 https://phys.libretexts.org/@go/page/9128



https://libretexts.org/
https://creativecommons.org/licenses/by-sa/2.5/
https://phys.libretexts.org/@go/page/9128?pdf
https://phys.libretexts.org/Bookshelves/University_Physics/Calculus-Based_Physics_(Schnick)/Volume_B%3A_Electricity_Magnetism_and_Optics/B36%3A_The_Biot-Savart_Law
https://creativecommons.org/licenses/by-sa/2.5
https://www.anselm.edu/faculty-staff-directory/jeffrey-schnick
http://www.cbphysics.org/

