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5.5: Resistors in Parallel and Series

Up to this points we have mostly treated resistance as some general value in a given circuit or segment of a flow system, whether
fluid or electric. Sometimes, however, it is useful to look deeper at individual elements in a flow system which have high
resistance. In fluid circuits you might have section of a pipe with different resistance values. In an electric circuit, for example, we
often have more than one light bulb which act as resistors. These light bulbs might have difference resistance and they might be
wired in various way that we will shortly see. In addition, we have only considered a flow system, where there is only one possible
path for the current. Here we will consider more complex system where the current has multiple paths such as a fluid channel that
splits into several channels, or circuit wiring that allows current to flow along different wires.

Resistors in Series

When two or more resistors (whether they are electric elements or different section of a pipe) have the same amount of current
flowing through them, the resistors are in series. In other words, the current that flows through the first resistor follows the same
path to flow through the remaining resistors that are all in series. An example in Figure 5.5.1 below shows an electric circuit with
two resistors and an analogous fluid circuit where two sections of a pipe have different resistances.

Figure 5.5.1: Resistors in Series.

Our goal is to figure out how the individual resistances, R; and Ry, are related to the overall resistance of the entire circuit. This
combined resistance is known as the equivalent resistance. It implies that if we were to replace all the resistors with one equivalent
resistor it would have the same effect, or result in the same current, as the individual resistors. We assume that for both circuits
the resistance is zero elsewhere in the circuit, the wires or other sections of the pipe. Let us analyzing the electric circuit first
between points 1 and 2 and then between points 1 and 3:

Vo—Vi=—IR, (5.5.1)
Vs —Vo =—IR, (5.5.2)
Adding the two equation gives us the voltage drop across both resistors:
Vs —Vi =—I(R1+ Rs) (5.5.3)
Let us replace the two resistors by an equivalent resistor, R, as shown in the Figure 5.5.2 below.

Figure 5.5.2: Equivalent Resistance in Series.
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and combining Equations 5.5.3 and 5.5.4 we get the following expression for combing resistors in series:

Req =Ri+Ry (5.5.5)

Vs —Vi = —IR,, (5.5.4)

More generally, for an n number of resistors in series, the equivalent resistance is:

R :i:R,» (5.5.6)

Resistors in Parallel

There is another way in which resistors can be arranged in a circuit, known as parallel resistors as depicted in Figure
5.5.3 below. Once we understand how the current flows when resistors are in parallel, we will see advantages of wiring resistors in
this manner.

Figure 5.5.3: Resistors in Parallel.
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In the electric circuit in Figure 5.5.3 we see that a total current, I, reaching a point 1 after which there are two path for the
current to travel, either through resistor R; or resistor Rs. This location in a circuit where the current is able to split is known as a
junction. This circuit still describes steady-state electric flow, thus the current has to be constant. This implies that when the current
splits into two paths the sums of the currents in the individual paths have to add to the current coming in:

Lot =15 + 1> (5.5.7)

Likewise, the current coming out of the junction as points 2 has to equal to the current, I;,; that entered the junction at 1. In other
words, since current is conserved, the amount of current leaving the battery has to equal to the amount of current coming back to
the battery. This is analogously true to the fluid circuit where the current splits into two separate pipes at a junction 1 and
recombines at junction 2.

Another concept that could be applied here is the fact that when you apply the transport equation around the circuit as we did in
Section 5.4 the change in energy-density has to be zero around the entire circuit. If we applied this concept to the upper path
in Figure 5.5.3, following the current that goes through R;, we find that going this way, say from point 1, through R;, through the
battery, and back to point 1 give us:

—-AVi+€=0 (5.5.8)
Similarly, if we follow the lower path in Figure 5.5.3, from point 1, through R, through the battery, and back to point 1 we get:

AV, +£=0 (5.5.9)
Combining Equations 5.5.8and 5.5.9 we get:

AV; = AV, (5.5.10)

This bring us to the definition of parallel resistors:

1. The sum of the currents through each parallel resistor adds to the total current going into a junction where the current splits.
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2. The voltage drop across resistors that are in parallel is the same.

Our next goal is to figure out how to determine an equivalent resistance for parallel resistors. In other words, if we were to replace
two parallel resistors R; and Ry as shown in Figure 5.5.4 below by an equivalent resistor R.;, how would their resistances be
related?

Figure 5.5.4: Equivalent Resistance in Parallel.
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Rewriting Equation 5.5.101in terms of currents and resistances we find:
LR =DLR; (5.5.11)

This results tells us that the path with larger resistance will have smaller current and vice versa. Intuitively, it is logical that the path
that has least resistance will get more current. Think about the fluid circuit in Figure 5.5.3. When the fluid reaches the junction a
point 1, there are two paths to go. If one of the paths contains a narrow and mostly clogged pipe with high resistance, naturally,
majority of the fluid will choose the other path. This is consistent with the result in Equation 5.5.11

Figure 5.5.4 shows the replacement of parallel resistors R; and Ry with R,,. For resistors in series, the equivalent resistor has the
same current as the two original resistors. Here, for the same argument that led us to Equation 5.5.10, the voltage across the
equivalent resistors is the same as the voltage across the original parallel resistors.

The current that goes through R., is the same as the current that enters the junction in the original circuit. Using AV = —IR
to rewrite current conservation, I, = I; + I , in terms of voltage drops we get:

AV _ AV, AV,

5.5.12
Req Rl R2 ( )
Since the voltage drops are the same for both resistors and the equivalent resistor the above equation simplifies to:
1 1 1
—_—=— 4= 5.5.13
R, R @ R (5:5.13)
More generally, for an n number of resistors in parallel, the equivalent resistance is:
1 1
= — 5.5.14
RN (5.5.14)

Generalized Rules

Kirchhoff Loop Rule: for any complete loop in a circuit (no matter how complicated the path appears, and how many batteries and
resistors are in the loop), the total increase in potential caused by the emf of batteries or generators must equal the total voltage
drops caused by all resistors in the loop. This loop rule in electricity is a formal statement of energy-density conservation.
Mathematically the loop rule is written as:

AVip =Y =Y IR=0 (5.5.15)

Kirchhoff Junction Rule: the sum of currents going into a junction has to equal to the sum of currents coming out of a junction. This
junction rule in electricity is a formal statement of conservation of current. Mathematically the loop rule is written as:

S In = Lu (5.5.16)

Example 5.5.1

Shown below is a circuit with multiple resistors.
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Find the equivalent resistance, R, for this circuit.

Solution

Let's think about the path the current takes. After leaving the battery the first junction is after the 852 resistor. The current
splits and part of it goes through the 12§ resistor and part through the 52 resistor and back to the battery. The fraction of
current that went through the 12€) resistor meets another junction, such that part of that current goes through 15
resistor. Another part goes through the 20€), which also goes through the 1012 resistor. It is not always obvious in which
order to combine resistors, and sometimes there are several ways of doing it. One rule of thumb is if there is a resistor
parallel to multiple resistors in series, you need to combine the series resistors first. Thus, let us start with combining the

202 and the 10Q resistors, calling the combination R ¢, = 200 + 1082 = 30Q2. After this step the circuit simplified to the
following diagram.

8Q 12Q
N AN

= 593 15Q %309

Now recall the current split after the 12Q resistor, so the 15 resistor is parallel to the now combined 302 resistor. To make
it simpler to visualize since the 15 resistor is drawn in a diagonal manner, we can redraw the above circuit like this.

8Q 12Q
AN AN

8 — 59% 15Q 30Q

Now it is more clear that 152 and 3082 resistors are in parallel. Let us call their combined resistance, Ry ¢q:

11,11
Ry, 150 30Q 109
Ry ey = 100

The further simplified circuit looks like the following diagram.
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The 12€2 and 10Q resistors are in series, R3 ¢, = 120 + 1082 = 22Q. The simplified circuit now looks like this:

8Q
N

£ — 5Q§ 229%

Next, we see that 52 and 22} resistors are in parallel:

CH + ! =0.245 !
Rieq 50 220 T Q
Rycq=4.1Q
The diagram is now:
8Q2
N

And finally combing the two remaining resistor in series, we obtain the equivalent resistance of this circuit,
R =80+4.10 =12.1Q.

Special Cases

You must have heard the expression "short circuit" before, which you most likely associate with something going wrong with
electronics, possible leading to overheating and electric sparks. We will now describe what a "short circuit" is using our developed
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circuit analysis tools. Imagine that you initially built a circuit with a battery and either two light bulbs in series as in the left
diagram in Figure 5.5.5 or with two light bulbs in parallel as on the right diagram below (the circle with the curved line inside is a
standard symbol for a light bulb). While wiring these circuits by mistake an extra wire is added across a resistor as drawn below.

Figure 5.5.5: Shorted Resistor.
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Let us carefully what what happens in this case. We know that wire have nearly zero resistance, and as a result there is no voltage
drop across a wire. We also know that when things are wired in parallel, the voltage drops across each element are the same to
conserve energy. If the voltage drop across the wire is zero, that means that the voltage drop across the light bulb parallel to the
wire has to be zero as well. The only way for the voltage across a resistor to be zero is if there is no current going through that
resistor due to AV = —IR. Another way to look at this is to refer back to Equation \label{paths} which tells us the relative
currents when they are split at a junction. In this case, there is one path that has zero resistance, implying that all the current will go
through that path and none through the path with resistance.

This path of the current with the extra wire is depicted with arrows in each circuit in Figure 5.5.5. In the left circuit one of the light
bulbs with the wire across it will not be lit since all the current goes through the added wire. But all the current still goes through
the second light bulb to return to the battery. It is as if the added wire removed that light bulbs completely, leaving a simple circuit
with one lit light bulb. Thus, the first light bulb was shorted out. Also, an important thing to note is that when the wire is added the
value of the total current coming out of the battery changes since the equivalent resistance of the circuit decreases from,
R; + Ry tojust R;. A decrease in resistance means that the total current increased, since I = £/R,,. Since the current increased
more current will flow through the one lit light bulb, and it will be brighter compared to the original circuit since, P = I?R. The
more power dissipated through the light bulb, the brighter it will shine.

For the circuit on the right in Figure 5.5.5 the wire is again placed across one of the light bulbs. In this case the current has three
paths to chose from, the wire, and the two paths with a light bulb. Since current chooses the path with least resistance and the wire
has zero resistance, all of the current will go through the wire, and both light bulbs will not be lit. What we are left with is a battery
connected directly to a wire with extremely low resistance implying that the current is extremely high. This large current may result
in the wire heating up or even catching on fire, and is clearly not a safe situation. This is the scenario which is known as short
circuit.

The two scenarios below depict another situation where one of the light bulbs burns out.

Figure 5.5.6: Burnt Resistor.
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When a light bulb burns out, the connection is broken, and current can no longer flow along that path. In the circuit with two light
bulbs in series, the current only has one path, and since there is no longer a closed circuit, both light bulbs will not be lit. This is
reason that in old-fashioned Christmas lights the entire row of lights would not be lit if even just one light burnt out, making it
impossible to know easily which light to change. Now there are more clever mechanisms to deal with this problem.

In the circuit with parallel light bulbs, on the other hand, the current will still have a closed path with through the other light bulb as
shown in the figure. Thus, the unburned light bulb will stay lit. In addition, the burnt out light bulb will not change the brightness,
or power dissipated, of the second light bulb in the circuit with two parallel light bulbs. Why would this be since the total resistance
of the circuit changes from R/2 (if both light bulbs have equal resistance) to R. In the original circuit, the total current was
I =2&/R but it split in half, each light bulb getting a current of £/R. That is exactly the amount of current the lit light bulb
receives when the one of the light bulbs burns out, since the circuit is reduced to a simple circuit with a battery and a resistor. Or if
you simply apply the loop rule, you can see that the burning of one light bulb does not change the bottom loop, resulting in,

E-AV =0.
If batteries are hooked up in series, their internal resistance (if any) will add, just as do their emfs. For example, four "AA" cells of
1.5 volts each used in series used in some electronic device would have a total emf 6 volts, but will also have four times the internal

resistance of one cell. Because of its larger size, a “D” cell, while still having an emf of 1.5 V, will have considerable less internal
resistance than will a “AA” cell.

When similar size batteries are wired in parallel in a circuit, the voltage across each battery will be the same (since they are hooked
together with low resistance wire. The potential drop across each is the same. But their internal resistance and actual values of £,
will determine how much current gets into the rest of the circuit and how much is “wasted” “going around in circles” among the
batteries. In general, it is not a good idea to hook up batteries in parallel.
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