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7.2: Applications of Momentum Conservation

Collisions

Types of interaction where analysis of momentum is applied are known as collisions. But the word "collision" should not be taken
literally. From a physics perspective it means an interaction between objects. When you throw a ball, we can study the change of
momentum of you and the ball since an interaction occurred, but you would not call this event a "collision" in daily language. But
in physics we clump all these interactions as "collisions" when we want to analyze momentum. A collision can involve one object
which defines a system colliding with some external object from the environment or it may involve collisions of two or more
objects.

We want to analyze momentum conservation in the interval before and after the collision, similarly to the way we studied
conservation of energy over some interval by comparing the initial and final energies. Once a physical system is defined one can
determine whether the momentum will be conserved after a collision by observing whether external forces act on the system during
that interval. If there are no net force or a negligible net force, then momentum will be conserved. Otherwise, the momentum of the
system will change. The reverse is also true, if information about external forces is not known but momentum before and after the
collision is measured, one can determine whether an external net force was present by comparing initial and final momentum of the
system.

The next question we would like to ask is what happens to energy during a collision, specifically the kinetic energy of the
system. We learned from 7A that mechanical energy can be converted to thermal energy. For example, when a object falls to the
ground and comes to rest, its initial potential energy at some height is converted to kinetic energy as it falls, and then to thermal
energy when it hits the ground. However, a very elastic ball could bounce back up with kinetic energy almost exactly the same as
the kinetic energy it had before hitting the ground. In this case kinetic energy is conserved, since no mechanical energy is converted
to thermal.

Thus, another piece of information about collisions which is important is the conservation of kinetic energy. If the collision is
between two protons or two billiard balls, kinetic energy might be exactly or almost conserved. Collisions in which kinetic energy
is conserved are called elastic collisions. In most types of collisions, however, the interaction between two objects results in some
sort of deformation or friction between them converting some of kinetic energy to internal energy, which could be either thermal
energy resulting in a rise of temperature or bond energy in a case when bonds are broken. These types of collisions are known as
inelastic collisions. Below we will look at multiple example of different types of collisions. We will analyze system that consist of
one object and multiple object. At first we will focus on one-dimensional collisions, and then we will expand our analysis to two-
dimensional events.

One-Body Systems

A example of a system which consists of one object is shown below in Figure 7.2.1. In this scenario a cart moving to the right with
initial velocity, v;, collides with the wall after which it is moving to the left with some final velocity, —v;. Note, in one-
dimensional problems when vector quantities are involved, typically the arrow above the vector quantity is dropped, and only the
signs in front of the vector quantity, plus or minus, are used to specify the direction for a given convention. In this case for velocity
of a cart whose motion is in one-dimension, it can only move to the right or to left, and our convention states that velocity to the
right is positive, and to the left it is negative.

Figure 7.2.1: One Cart Collision

https://phys.libretexts.org/@go/page/51944



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/@go/page/51944?pdf
https://phys.libretexts.org/Courses/University_of_California_Davis/UCD%3A_Physics_7B_-_General_Physics/7%3A_Momentum/7.2%3A_Applications_of_Momentum_Conservation

LibreTextsw

before:

collision:

after:
Vf

We define the physical system here as the cart. Since the direction of its motion changed, regardless of the magnitude of the speed
after the collision, the cart's momentum is not conserved. Momentum is a vector quantity which is proportional to velocity, so even
if the cart bounced back with the same speed, the direction changed, so did the momentum. Another reason why we know that
momentum changed is that there was an external force during this interval which was exerted on the cart by the wall during the
collision. The force is external since the wall is not included in our physical system. Mathematically, applying the impulse-
momentum model from the previous section to this situation, we get:

Jewt =mAvV=—mvs —muy; (7.2.1)
To analyze conservation of kinetic energy, we need to compare the difference between initial and final energies:
1 9 1, 1
AKE =KE;—KE; zgmA(v )z;mvf—gmvi (7.2.2)

Let us now examine different cases of this type of collision.
Case 1: Elastic Collision

Assume that the cart from Figure 7.2.1 bounced back to the left with the same speed as its initial speed, which is define as speed,
v:

v=|v;| = |vy| (7.2.3)

Perhaps this happened because there is a spring attached to the cart which compressed during the collision, converting kinetic
energy to spring energy, and then converting back to kinetic energy as the spring returns to equilibrium when the cart separates
from the wall. Thus, we are assuming negligible conversion of mechanical energy to thermal energy. Thus, for this case, equation
7.2.1 becomes:

Jezt = mAv =m(—v) —mv=—2mv (7.2.4)

The result above tells us that the momentum of our system is not conserved and is equal to the external impulse which points to the
left and has a magnitude of 2mwv. We often depict collision problems with a momentum chart. Momentum charts are a visualization
tool which demonstrates the collision geometrically using arrows to represent momentum vectors. This tool will be especially
useful when dealing with systems which consist of two or more objects, when algebra become more cumbersome and the
momentum chart can act as a good tool to check for mathematical errors. Figure 7.2.2 below depicts a momentum chart for our
case 1.

Figure 7.2.2: Momentum Chart One Cart Elastic Collision
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System P+ Ap

= p,
Cart —> <« <«

mv -2my -mv

The momentum chart shows a connection between the initial and final momenta by converting difference to two vectors,
Ap=p F p; ,intoasum, p, +Ap =p # - The arrows depict both the direction (right or left), and the magnitude, since the arrow
for Ap is drawn twice as long. Below the arrows the algebraic expressions are written. Depending on the purpose of using
a momentum chart algebraic expressions are not always shown.

Equation 7.2.4 shows that the external impulse which equals to the change in momentum has twice the magnitude and points in the
opposite direction of initial momentum. A force diagram (or FBD) is also a useful tool for explaining the conservation of
momentum for a given situation. Figure 7.2.3 below shows the forces that act on the cart during the collision. The leftmost figure
below shows the cart all the forces that act on the cart at different locations. The forces are labeled with the "on by" notation. The
middle figure is a FBD, where the central dot represents the cart, and the force labels are abbreviated with their standard notations.
The leftmost diagram shows the net force, which is the sum of all the forces. The forces in the y-direction cancel since there is no
change in momentum in that direction. Thus, the only remaining force is the force by the wall, which is the net force.

Figure 7.2.3: FBD for a One Cart Collision

I:N
A
on cart by track
by wall ¢ ¢ Fnet ¢ ¢
by Earth M
on cart art
Yy Fg

Let us now check what type of collision this is by looking at conservation of energy. Kinetic energy is a scalar quantity independent
of direction of motion, so only the magnitude of velocity, the speed, of the system before and after the collision will matter. Using
Equation 7.2.2 and plugging in values of velocity for case 1 we get:

1 1
AKE = Emv2 — Emv2 =0 (7.2.5)

Since kinetic energy is conserved, case 1 describes an elastic collision.
Case 2: Inelastic Collision
For the next scenario, let us assume that after the collision the cart is traveling with half of its initial speed:
v=|v;| =2|vy] (7.2.6)
For this case equation 7.2.1 becomes:

v 3
Jeat fmA'vfm(fE) —mv=—gmu (7.2.7)

The momentum chart for this scenario will have the same directions but different magnitudes of momentum, as shown below.

Figure 7.2.4: Momentum Chart One Cart Inelastic Collision
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System P; + Ap = P
— < <
Cart mv -3/2mv -mv/2

In this case the change in kinetic energy is no longer zero. Plugging velocity values into Equation 7.2.2 we get:

1 v\2 1 3
AKE = — (_) —Zme? = —Zme? 2.
5™ 5 5 MY g MY (7.2.8)
Since kinetic energy is not conserved, case 2 describes an inelastic collision. The loss of kinetic energy is converted to thermal

energy which represents the increase in the random motion of particles in the wall and the cart due to the collision.

[ Example 7.2.1

A 0.4 kg ball is moving down at 5 m/s before it hits the floor. It bounces back up with kinetic energy of 0.8 J. Answer the
following questions:

a) Is this collision elastic or inelastic? If kinetic energy is not conserved, what is the change in thermal energy during the
collision?

b) Is momentum conserved? If not, calculate the total impulse on the ball during the collision with the floor.

Solution

To check whether the collision is elastic or inelastic, we need to calculate the change in kinetic energy.The initial kinetic
energy is:

1 1
KE; = 5mv} = - (0.4kg)(5m/s)* =5J

Since the final kinetic energy is less than 5 J, it is not conserved and the collision is inelastic. The decrease in kinetic energy
is equal to the increase in thermal energy, since total energy is conserved:

AKE+AEy =0
AKE=KE;—-KE; =0.8J —5J=—-4.2J

>

so the increase in thermal energy is 4.2 J.

b) Momentum is not conserved since the ball changes its velocity, both the speed and direction are different after the
collision. From kinetic energy we can find the final speed:

. — 2KE; 2><0.8J_2m/s
= m 0.4kg B

The change in momentum will equal to the impulse on the ball:

J = Ap =muvy —muy; :O.4kg[2m/s—(—5m/s)} =2.8Ns

In the equation above, we defined up as the positive direction and down as negative, such that the initial velocity is - 5 m/s
and the final velocity is + 2 m/s. The net impulse is in the positive direction, since it is due to the force by the floor pushing
on the ball in the positive upward direction.

Multiple-Body Systems

Another very common category of momentum conservation problems is studying collisions between multiple objects, such as
billiard balls, asteroids in space, or even automobile crashes. Often there are external forces acting on these multiple-body system,
such as friction with the road or track, or gravity. However, often the effects of the collision are dominant during a short time scale
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immediately after the collision, and the effects of forces such as friction can be neglected over a short time-frame. Thus, we often
idealize these situation and assume the momentum of the system is conserved. Of course, if we are discussing asteroids colliding in
empty outer space this is already an ideal situation where no external forces are present.

Case 1: Two-body Elastic Collision

Figure 7.2.5 below shows example of a two-body cart elastic collision. We assume that no external forces act on the two carts, and
both carts have the same mass, m. Cart A is initial moving to the right with speed v while cart B is stationary. After the collision,
cart A stops and transfers all of its momentum to cart B which moves to the right with the same speed v.

Figure 7.2.5: Two-Body Elastic Collision

v=0

before:

collision:

after:

Momentum is conserved because the initial momentum of the system equals to the final momentum of the two cart system:
Dijtot = MV; 4 + MV p =mv+ 0
Pftot =Mmuj a+mugp=0-+mv (7.2.9)
Thus,
Dijtot = Df tot (7.2.10)

The collision is elastic since kinetic energy is also conserved:

1
KE;ot =KE; o+ KE; p = Emv2 +0

1
KE} ot = KEf 2 +KEf,B:0+§mU2 (7.2.11)

Resulting in

KE; 1ot = KEj 101 (7.2.12)

The momentum chart below depicts this scenario using vector notation.

Figure 7.2.6: Two-Body Elastic Collision Momentum Chart
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System P+ Ap = Py

Cart A —> <«

mv -mv 0
CartB 0 —> —>
mv mv
Total i 0 E
mv mv

This momentum chart now has three rows, one for each object in the system and the third for the total momentum of the system.
For multiple-object momentum charts, not only the first two entries in each row must add up to the third entry in a given row, the
same is true for columns. When two objects describe the system, the first two entries in each column add up to the last entry in
column, labeled "total". The quantity Ap in the last row represents the total change in momentum of the system. When it is zero, as
in this example, it shows that the system's total momentum is conserved implying that no net external impulse acts on the system,
even though the momentum of individual objects that define the system can change.

Case 2: Two-body Inelastic Collision

In an inelastic collision between two objects kinetic energy is not conserved, so we can not equate initial and final kinetic energies.
A standard inelastic collision between two objects involves them colliding and changing their momentum after the collision which
results in some loss of kinetic energy. An interesting case occurs when the collision is when the objects stick together during the
collision, and thus both have the same final velocity after the collision. This is known as a perfectly inelastic collision. An
example is shown in Figure 7.2.7 below. In this scenario we also look at a case of having different masses. Cart B is three times
heavier than cart A. Initially, cart A is moving to the right with speed v and collides with a stationary cart B. The two carts stick
together and move to the right with some final speed vy.

Figure 7.2.7: Two-Body Inelastic Collision
v=0

before:

collision:

after:

Assuming that there are no net external force acting on the system, we can figure out the final speed of the two stuck carts using
momentum conservation. Let us use a momentum chart to guide us through this problem. The momentum chart can be filled out in
the following order:

o initial momentum is given: p; ot = P;, a4 +Ppi,p =muv~+0 . This fills out the first column.
o we set Apy,+ = 0 since there are no external forces acting on the two carts, Jypetexr =0.
o this implies that py 1ot = P; tot = mv, filling in the last entry in the bottom row.

o the final momentum of cart A is py 4 = muy, third entry in first row.
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« cart B has the same speed as cart A but triple the momentum since it has triple the mass of cart A: py g = 3muy, third entry in
second row.

o the individual values of Ap4 and App are calculated using Ap = ps — p;

Figure 7.2.8: Two-Body Inelastic Collision Momentum Chart

System Pt Ap = P
CartA W rﬁ? My m-:
CartB 0 v, 3:\:
Total E} 0 E}

Once we have the momentum chart filled out we can solve for vy by other using the third column:

muy +3muy = mu (7.2.13)
Resulting in:
v
V= — 7.2.14
=7 ( )

Or you can use the second column which states the the sum of the individual momentum changes must be equal to zero. The
middle column is also consistent with Newton's 3rd law of motion since each cart experiences an equal and opposite force (and
thus impulse) from the other cart. Below are force diagrams for each cart. The FBDs illustrate the 3rd law pair during this collision,
since each cart is experiences a force by the other cart with equal magnitude by in the opposite direction. The force due to gravity is
triple on cart B since it has triple the mass.

Figure 7.2.9: Two-Body Inelastic Collision Free-Body Diagrams
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To show that the collision is inelastic, we need to compare the final and initial kinetic energies:

1
KE;t =KE; o+ KE;p= Emv2 +0

1 2 1
KEj ot = KEfa+KEsp= §(m+3m)(%) :§mv2
1 2 1 2 3 2
AKE = KEf,tot"’_KEi,tot = gmv — §m’v = —gmv (7215)

If you think deeper about the examples we have see so far, one-body systems where momentum is not conserved and two-body
where momentum is conversed, you might ask whether momentum conservation depends on a particular physical situation. This
question goes back to the idea of defining a "system", which is an arbitrarily chosen particle or object or a collection of particles or
objects. As in 7A an open system defined an object or a collection of objects which interacted with the environment allowing heat
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and/or work to enter and leave the system, thus, changing the energy of the system. But we could always redefine the system to
include everything, i.e. the environment, in this case the system becomes closed, and energy of the system is always conserved.

Similarly, when calculating momentum conservation, we saw that an open system where momentum changed was one where there
was a net force exerted by the environment on the system. As for energy analysis, we can always include the environment in the
system, in which case it would become closed, with no external forces, and the only forces present being internal third-law pairs. In
this case momentum would be always conserved.

This idea at first thought has rather mind-blowing consequences. Imagine that a rock falls on the ground and we analyzed the rock
as an open system whose momentum changed when it fell and stopped on the ground, due to the force by the Earth on the
rock. However, if we included the Earth in the system, there would be no longer external forces acting on the rock-Earth system,
implying that the total momentum of this system has to be conserved. But this means that the collision of the rock "sticking" to the
ground would make the Earth move, as in the scenario described in Figure 7.2.7, where the rock would represent the
initially moving cart and the Earth is the stationary cart. This, of course, does not seem correct, we do not cause the Earth to
move back and forth as we bounce balls and throw objects on the ground. Let us take a closer look at what is happening here.
Applying Equation 7.2.13 (which helps us calculate the final speed due to a perfectly inelastic collision between two objects) to
this scenario we need to replace the mass of the initially moving cart with the mass of the rock, mpg, and the mass of the
stationary cart becomes the mass of the Earth, mg. Solving for final velocity, we find that:

Mpr

—EF (7.2.16)
mpg +mg

’Uf:

Since the mass of the Earth is so much bigger than the mass of the rock, the ratio of masses in the above equation is basically zero,
resulting in zero final velocity. So we saved the Earth from moving off into outer space by dropping a ball on the ground. The main
message to get from this fun digression is that it is momentum which is conserved, and not velocity. So even though by including
the Earth in the system we are seeing that the momentum of the Earth must changed due to this collision, its change of velocity is
negligible since its mass so much larger than the mass of the object with which it interacts. This is directly related to the truck and
bug example from the previous section, although the collision of the bug with the truck changes the momentum of the truck the
same way the ball changes the momentum of the Earth by landing on the ground, the truck keeps on going with the same velocity
as before the collision, since it is much heavier than the bug.

A good rule of thumb when choosing a system of objects which are interacting, is to include objects of similar size only. If you
include everything and some of those objects are much more massive than others, you will not learn anything interesting about the
massive objects since their motion will not change due to the interaction with the much smaller objects. Thus, it is more
informative to leave them out, and define an open system where the massive object become a source of an external force on our
selected system.

Example 7.2.2

Below is an illustration of a two balls colliding. Ball 1 on the left is initially moving to the right with speed, v, = 4m/s while
ball 2 is stationary. After the collision both balls are moving in opposite directions with some speeds as shown below. Ball 2 is
twice the mass of ball 1. Assume no external forces are acting on the two-balls, and the collision is elastic.

v=0
before: .—’ Vo

collision:

after: Vir 4_. Var
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a) Calculate v1 7 and vay.
b) Find the impulse on ball 1 by ball 2 and the impulse on ball 2 by ball 1, if the mass of ball 1 is 1.5 kg.

¢) if in another scenario the two ball stick together instead, find the final velocity. Assume the initial conditions are the same. Is
the collision elastic or inelastic? If inelastic, find the change in kinetic energy.

Solution
a) Since there are no external forces acting on the two balls, the momentum of the two-ball system is conserved:
mu, = 2muyy —mus ¢

The equation above has 2 unknowns, both final speeds. But we are also given that the collision is elastic, so kinetic energy is
conserved:

KE; = KE;
KEy; + KEy; = KEy ; + KEy;

1 1 1
Emv% +0= Emvff + E(2m)v§f

Now we have 2 equations with 2 unknowns, vy; and vyy. The initial velocity, v, is given but for now we will leave it as a
known variable. The conservation of momentum and kinetic energy conservation equations can be simplified by canceling
out common factors:

Vo = 2V9f — V17

v =2 st 2v2 f
The remaining steps in the solution are algebraic, let's use the first equation and plug into the second equation for v, :

(2va5 —v1p)? = v+ 203,
Squaring the left-hand side:
4v§f —4v2fvlf+v§f = Uff+2v§f
Canceling common terms on both sides and moving all the terms to the left-hand side we get:
2v§f —4vopv1p =0
Factoring common terms:
2uaf(vof —2v15) =0

The above equation has two solutions, one states that vy = 0. This cannot be true in this case since you are told that both
ball are moving after the collision. The other solution states that:

vy = 2vy5
So ball 2 is moving with twice the speed of ball one. To get a numerical result we need to relate the above result to initial
speed v, :
Vo = 2V — 1y = 4v1f —v1p = 3V1f
Solving for vy ¢:
v = % = Em/s

Which means that:

8
Vo =2v1f = gm/s
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b) The impulse on ball 1 by ball 2 is the change of momentum of ball 1:
Jon1by2 = Ap1 =muif —muyg = 1.5kg( — g —4)m/s =—-8Ns
The impulse on ball 2 by ball 1 is the change of momentum of ball 2:
Jon2by1 = Aps =2mury —0 =2 x 1.5kg x gm/s =8Ns

You can see that the two impulses are equal in magnitude and opposite in direction, which is consistent with Newton's 3rd
Law. It also shows that internal impulses cancel, so although the momentum of each individual object in a system consisting
of multiple objects changes, the total momentum is conserved, since there is no net impulse acting on the system. All internal
forces do not contribute to the total change of momentum of the entire system, in this case the two balls.

c) If the two ball stick together instead, then their final velocity has to be the same since they are moving together while
attached. Let us call this velocity v;. Momentum is still conserved, since no external forces act on the two
balls. Conservation of momentum for this case becomes:

mv, = muvy +2muvy = 3vy
This results in:

v :&z—m/s
777373

So both balls are moving to the right with speed of 4/3 m/s.

In this case since the balls stick together the collision is perfectly inelastic. The change in KE is:

AKE = KEf 10 — KE; 101

1 1
AKE = E(m +2m)v§ - Emvg
1 N2 1 1 1
AKE = 5(3m)(%) - 5mv3 = —gmvg = —§(1.5kg)(4m/s)2 =-8J

Two-Dimensional Collisions

We use the same impulse-momentum model to solve two-dimensional momentum conservation problems, except all the vectors are
no longer described with just a plus or minus sign specifying the direction of motion, but now have two components for each
spatial direction. Thus, although the physics is the same, the algebra become more cumbersome. The impulse-momentum model,

J ezt = Ap , written by components in 2D is:
Jezt,z = Apz
Jezt,y = Apy (7217)

So one physical collision can be treated independently in each spatial direction, as if you are solving two separate 1D collisions.
The only difference is the each component of given velocity describe the motion of the same object. Figure 7.2.10 is an example of
a perfectly inelastic 2D collision, where two balls with different masses moving in two-dimensions collide and stick together. We
assume no external forces are acting on the two-ball systems, thus the total momentum is conserved.

Figure 7.2.10: Two-Body Collision in 2D
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before: after:

._>V1,i V2,i

The momentum chart in Figure 7.2.11 illustrates an example of a momentum chart for the scenario. With the information given we
cannot exactly draw a momentum chart, since we do not know the relative masses and velocities of the two objects.

But this momentum chart demonstrates the basic ideas of a 2D perfectly inelastic collision:

o the sum of initial momenta of each object equals to the total initial momentum.

o the total initial momentum is equal to the total final momentum, since the change in total momentum is zero when there is no
net external impulse acting on the system in either spatial direction

o the individual final momenta for each object point in the same direction since they move together, but do not have the same
magnitude when their masses are different.

o the individual changes of momenta for each object are equal in magnitude and opposite in direction.

Figure 7.2.11: Two-Body Collision in 2D

-

System P, + AP =p

-+

Ball 1 —>

AN
Ball 2 '\ \
Total / 0 /

To solve for the final velocity of the two balls algebraically, we equate the initial and final total momentum, as we did for one-
dimensional examples:

N W

Ditot =D f tot (7.2.18)

The total momentum is a vector sum of the individual momenta of each ball:
Pi1+Pia=Dp1+Dro (7.2.19)
Alert .

When doing momentum conservation problem it is really important to label your masses and velocities. Otherwise, it become
very easy to loose track of variables and make mistakes. The masses should have subscripts specifying which objects you are
referring to, such as m; and ms. The velocities often have three labels, indicating the object, time period (before the collision or
after the collision), and the spatial direction. For example, the final velocity of object 2 in the y-direction can be labeled as

V2,f,y-

To sum the vectors we need to express each momentum by components. In the x-direction Figure 7.2.10 shows m; moving to the
right and my moving to the left initially. After the collision, both masses have a component of momentum in the positive x-
direction. Thus, Equation 7.2.19in the x-direction is:

Myv;1 +Mavi2, = (M1 +ma)vy, (7.2.20)

Note, the subscripts in Equation 7.2.2(: the initial velocity of m does not have an "x" subscript since all of its velocity is in the x-
direction so there is no reason to keep the x-component notation. When we were working with 1D examples at the start of this
section, we didn't carry the notation of direction along which the system was moving since it was understood that motion was
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happening in that one direction. The only distinction which was necessary is to specify right/left or up/down with a plus or minus
sign. Since ¥; 2 has both x- and y-components we need to specify that the momentum conservation equation in the x-direction
includes the x-component of this velocity, which is negative since ms is moving in the northwest direction (negative x- and
positive y-). For the final momentum, the velocity is the same for both masses, so there is no meaning to the subscripts "1" and "2",
thus it is left simply as v with the x-component included in this equation for the x-components.

In the y-direction Equation 7.2.19becomes:
Mav; 2.y = (M1 +my)vy, (7.2.21)

If your goal for to calculate the final velocity, assuming that you were given values of initial velocity and masses, you would solve
for each component of the final velocity using Equations 7.2.20and 7.2.21:

miv;1 +Mav;2

Vfgp =

5 my +my
mav;

20y (7.2.22)

Vfpy=——7
fy my +ma

After calculating the components you can use Pythagorean theorem and trigonometry to solve for the speed and the angle of the
final velocity.

To figure out the change in kinetic energy the concepts are the same as they were in 1D, since it is only the speeds of the objects
that matter, not the direction in which they travel. The change is kinetic energy for this example is:

1 1 1
AKE = KEj 0 — KB 100 = [5 (1 +ma o] - [Emlvzl + 5m2v22} (7.2.23)

In this particular example, as in appears in Figure 7.2.10 the combined mass system is moving in the northeast direction. However,
they can be other scenarios where the masses move in a different direction after the collision. The final velocity depends on the
initial velocities and masses. Let us think of an extreme example where both objects move with the same speed but ball 1 is much
heavier than ball 2. In this case the momentum of ball 1 will be much greater and the initial momentum of ball 2 will have very
little effect, so the final velocity of the two objects will be in the east direction. Think back to our truck and bug example. If m,
represented a moving truck and mg is a bug that landed on the truck and got stuck to its windshield, the truck would continue
moving with its initial momentum.

As another example, let us examine a situation where both masses are moving north (in the positive y-direction) after the collision.
If both have the same initial speed, and ball 2 is moving at a angle of 60° from the negative x-axis, let us figure out their ratio of
their masses in order for this to happen. Applying Equation 7.2.20to this scenario we get:

myv; —mav; cos60° =0 (7.2.24)

The right-hand side of the equation is zero since the final velocity does not have an x-component in this example, and we drop the
"1" and "2" subscripts from the initial velocity since the speed is the same for both balls. Solving for the ratio of the masses we get:

my ., 1
-1 _ - 2.2
; cos60 5 (7.2.25)

So ball 2 has to have weight double of ball 1, for them to stick and travel north. This result is independent of the initial speed.
To find the final speed we need to set up the equation for the y-direction. Equation 7.2.21 for this situation becomes:

mav; sin60° = (my +ma)vy (7.2.26)
So the final speed depends on the initial speed:
2
vp = — 21, 5in 60° = = v; 5in 60° (7.2.27)
mi +ms 3

This result shows that the final speed will depend on the initial speed of the two masses.

Example 7.2.3

An astronaut is drifting in space away from her spaceship with speed of 3 m/s and an angle of 30° from the positive x-axis as
shown below. She needs to get back to her spaceship in order to feed her dog, Cupcake. Using her physics knowledge, she takes
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off her heavy 20 kg backpack and throws it. After the throw the astronaut is traveling toward the spaceship at an angle of 50°
below the positive x-axis, and the backpack is moving straight in the y-direction. The astronaut weighs 70 kg. Assume no
external forces are present.

a) Find the speed of the backpack after the astronaut threw it and the speed of the astronaut as she approaches the spaceship, as
seen by Cupcake.

b) Find the impulse with which the astronaut threw the backpack. Express your answer in terms of magnitude and direction.

Solution

a) We want to define the system to include the astronaut and the backpack, since they initially travel together but after the
interaction (the throw), they move with different velocities. The total momentum of the system is conserved since no external
forces act on the astronaut-backpack system. This means that:

Aﬁtot =0
5i,tot = ﬁf,tot

The initial momentum is just the combined mass of the astronaut and backpack, since they are attached, multiplied by the
initial velocity:

ﬁi,tot = (ma+mp)v;

where m 4 is the mass of the astronaut, and mp is the mass of the backpack. By component the initial momentum is written
as:

Diz = (ma +mp)v; cos30°
Diy = (ma +mp)v; sin30°

Both components are positive since the initial velocity is in the northeast direction.The total final momentum includes the
individual momentum of the astronaut and backpack since they are no longer attached:

15f,tot = 13f,A +[’f,B =muUf,4+mpos B

The backpack's velocity only has a positive y-component after the throw. Simplifying the above equation and using the
information about the direction of astronaut's motion after the throw we get:

Df tot,z =M AV 4c0s50° +0
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Pf oty = —MAVF A sin50° + MpBUf B
Equating initial and final momentum in each direction we get:
my4 +mp)v; cos 30° = myv+ 4 cos b0’
1,
ma +mp)v; sin30° = —mgvr 4s5in50° +mpvsp
£, f

First we use the equation for the x-direction to calculate the final speed of the astronaut, since the equation in the y-direction
has two unknowns:
(ma+mp)v;cos30°  (90kg)(3m/s)cos30°

= = =5.20m/s
54 m4 cos50° (70kg) cos 50° /

Next we use the equation for the y-direction to calculate the final speed of the backpack:

(ma +mp)v; sin30° +m vy 4sin50° (90kg)(3m/s)sin30° + (70kg)(5.20m/s) sin50°
Vf,B= — = 20kg =20.Tm/s

b) The impulse on the backpack by the astronaut is equal to the change in the backpack's momentum:

—

JonBbyA =APp =Dy p—Dip
Using the results from a) and solving by component:
JonBby A, =Pf,z,B— Die,B =0 —mpv; g = —(20kg)(3m/s) cos30° = —52kgm /s
JonBby A,y = Pfy,B— Piy,B = MBVfy B— MBY;y 5= (20kg)(20.7m/s) — (20kg)(3m/s)sin30° = 384kgm /s
Combining results the magnitude of the impulse is:

| T onBya| = v/52° + 384 =387.5kgm/s (7.2.28)

And the angle is the 2nd quadrant (northwest):

§ = arctan (35—8;) —82.3° (7.2.29)
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