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7.2: Time Dependent Maxwell's Equations

Start from Maxwell’s equations in the form

- OB
1(E) = —— 2.1
cwl(B) = =, (7.2.1)
div(B) =0,
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CllI‘l(B) = podT + po€o E,
div(E) = —pr,
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where
pr = py —div(P), (7.2.2)
and
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Jr=1J; +CUI1(M)+E' (7.2.3)

Recall that ps is the density of free charges, J ¢ is the free current density due to the motion of the free charges, P is the electric
dipole moment density, and M is the magnetic dipole density. It is presumed that the total charge density, pt , and the total current
density, J7, are prescribed functions of position and of time. The equation div(B) = 0 can be satisfied by setting

—

B = curl(A). (7.2.4)

because the divergence of any curl is equal to zero. The first of Equations (7.2.1) becomes, with the help of Equation (7.2.4),

curl(E) = —%cur (A') = —curl(%) )

where it has been assumed that the order of the space and time derivatives can be interchanged. It follows that the curl of the sum
of the electric field and the time derivative of the vector potential is zero,
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1| E+ — | =0. 7.2.5
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The curl of any gradient is zero so that the requirement Equation (7.2.5) can be satisfied by putting

. OA
E4+ == —_
+ En gradV,
or

. - A
E=—gradV——. 7.2.6
gradV - = (7.2.6)
The introduction of the vector potential, A, and the scalar potential, 17, enables one to satisfy the first two of Maxwell’s equations (

7.2.1). Write E and B in terms of the potentials in the second pair of Maxwell’s equations to obtain
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curl curl(;‘;) = ,uojT + € o (— grad — —
and

— -
_divgradV — 2 div(A) = L.
ot €0
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In cartesian co-ordinates, but only in cartesian co-ordinates, the vector operator curl curl can be written

9 —
curlcurl = —V* +grad div. (7.2.7)
Using Equation (7.2.7) one obtains
. p*°A o . oV .
—V2A+€0M0W —l—grad(div(A)—i—eguoE) = poJr. (7.2.8)

In order to completely specify a vector field one must give both its curl and its divergence. But at this point only the curl of A has

been fixed by the requirement that B = curl(A); one is still free to impose some constraint on the divergence of A. It is convenient
to choose the vector potential so that it satisfies the condition

div(A) + oo (%’) =0. (7.2.9)

This choice of div(;{) is called the Lorentz gauge. In the Lorentz gauge Equation (7.2.8) simplifies to become

- 2A -
V2A — oo = —olr, (7.2.10)

or in component form

2 02 Ax
VZAx — ooz = —Hodrl,,
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V2A, —eopo o — Mol
Similarly, if the last of Maxwell’s Equations (7.2.1) is combined with Equation (7.2.6) and with the Lorentz condition (7.2.9) one
finds
02V pr
V2V —gpg—- = — . 7.2.12
0H0 o2 @ ( )

Obviously, the four equations (7.2.11plus 7.2.12) are very similar and the form of a solution that satisfies one of them must also
satisfy the other three. (The fact that Ay, Ay, A,, V all satisfy equations of the same form is no accident: according to the special
theory of relativity these four quantities are related to the four components of a single vector in four-dimensional space-time).
Consider the homogeneous equation

aY
V2V — e o e 0;
or, since = 1/(eopo),
1 9’V
2 - '
VvV — 2 a2 =0. (7.2.13)
This equation is called the wave equation. A spherically symmetric solution that satisfies the wave equation is
ft—|[r/c
yo Bl 214

where f(x) is any function whatsoever. It is instructive to substitute the function (7.2.14) into the wave equation. Since the function
does not depend upon either of the angular co-ordinates, 8 or ¢, the Laplacian operator becomes

V2V = 19 (rza—v> :
T

Inserting the function (7.14) one obtains
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and therefore the wave equation (7.2.15) is satisfied by a potential function of the form Equation (7.2.14) where f(x) is an arbitrary
function of its argument, x. Apart from the appearance of the retarded time, tg = t — r/c, the form of Equation (7.2.14) is very
similar to the potential function for a point charge. It is therefore natural to suppose that the potential function that is generated by a
time-varying point charge q(t) located at the origin is given by

1 q(t—r/c)

e T (7.2.15)

V(r,t)

)

where the value of the charge at the retarded time must be used to calculate the potential at the time of observation, t: the retarded
time must be used in order to allow for the finite time required to propagate a signal from the charge to the observer at the speed of
light. The notion of a time-dependent charge is an unusual one: think of a tiny volume at the origin into which charge can flow with
time. Then the potential function (7.2.15) describes the contribution to the potential at the position of the observer due to the charge
in that tiny volume element at the origin. The potential function (7.2.15) goes
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Figure 7.2.1: A space and time dependent source charge density p(T,t) and a space and time dependent source current density
Jr(T,t) generate time dependent electric and magnetic fields at the position, P, of an observer.

over into the electrostatic potential for a point charge if the observer is so close to the origin that (r/c) can be neglected, or if the
charge q is independent of the time.

The elementary solution (7.2.15) of the wave equation can be used, together with the principle of superposition, to construct a
particular solution of the wave equation given a space and time varying distribution of charge density (see Figure (7.2.1)):

V(R, t /// P pr@tn) (7.2.16)
47('60 Space ‘R — 1‘|

where d7 is the element of volume and the retarded time is given by

ﬁ_—o
tn =t - il (7.2.17)

It may be helpful to write out Equation (7.2.16) explicitly in cartesian co-ordinates (see Figure (7.2.1):

) ) 7t
Ve(X,Y,Z, t) = // dxdydz pr (,y,2 tr)
47eg Spaae VvV X=x)2+(Y—y)2+(Z—2)?
where
Vv X=x)2+ (Y -y)?+(Z—2)?
tr =t — ’

If Equation (7.2.16) is the required solution of the inhomogeneous wave equation (7.2.12) for the potential function V(ﬁ, t), then
by analogy the solution of each of the three Equations (7.2.11) must have the same form. The particular solution for the vector

potential that is generated by the current density jT (t,t) is given by

Rt [ ], e 219

Here again tg is the retarded time. These solutions, which satisfy Maxwell’s equations for the case in which the charge and current
distributions depend upon time, have exactly the same form as the solution for the electrostatic potential, Equation (2.2.4), and the
solution for the magnetostatic vector potential, Equation (4.1.13), except that the retarded time must be used in the source terms.
The presence of the retarded time in the integrals makes the calculation of the scalar and vector potentials much more complicated
than the equivalent calculations for the static limit. It can be shown, after much work, that the potential functions (7.2.16) and (
7.2.18) satisfy the Lorentz condition, Equation (7.2.9).
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