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13.1: Chapter 1
Problem (1.1).
Two charges, each q=+1.6x107'° Coulombs, are located at (0,0,a) and at (0,0,-a) where a=1.0x10" meters.
(a) Calculate the electric field at the origin (0,0,0).
(Answ: the field is zero.)
(b) Calculate the electric field at (a,a,a).
(Answ: E= (6.07,6.07,1.96)x108 Volts/m.)

(c) An electron, q=-1.6x10"'° Coulombs, flies through the point (a,a,a) with the velocity v= vo(1,2,3) where vo= 10° m/sec. What
forces are exerted on the electron due to the two stationary charges?

(Answ: F= gE= (-9.71,-9.71,-3.14)x10"1! Newtons. There is no magnetic force.)
Problem (1.2).

At a certain moment a moving proton, q=+1.6x10"'° Coulombs, is located at (0,0,a) with velocity components vo(1,1,0) where
a=10" m. and v¢=10 m/sec. At the same moment a moving electron, g=-1.6x10"'® Coulombs, is located at (a,a,a) with velocity
components (0,108,0) m/sec.

(a) Calculate the electric and magnetic fields at the position of the electron due to the proton.
(Answ: E= (Eo,E(,0) where Eg= 5.09x108 V/m. and B= (0,0,0) because vpxE =0.)
(b) Calculate the force on the electron due to the electric field of the proton.
(Answ: F=(-Fg,-F(,0) where Fo= |q|E¢ =8.14x10""" N.)
(c) Calculate the force on the electron due to the magnetic field of the proton.
(Answ: F= VgecronXB = 0 N.)
(d) Calculate the electric and magnetic forces on the proton due to the fields generated by the electron.
Answ: The electric field at the position of the proton, R=(0,0,a), due to the electron at ¥r=(a,a,a) is given by

L
P

_ _ 19
= Ires (-1.6x107")

where p= R-r = (-a,-a,0)= - a(1,1,0), where a= 10° m.
Therefore
E=(5-09x10% (1,1,0).
The magnetic field at the position of the proton due to the motion of the electron is given by c?B= vxE, where the velocity of
the electron is v= 10(0,1,0) m/sec. c”B= (5.09x10'4)(0,0,-1) so B= (0.566x107?)(0,0,-1) Teslas.

The force on the proton due to the electric field is Fg= 8.15x10711(1,1,0) N. The force on the proton due to the magnetic field
is Fm= q(vpxB) = 0.906x1071%(-1,1,0) N.
Problem (1.3).
A particle having a velocity V=vu, carries a charge q; C and is located at the origin. A second particle, charge qj, is located at r=
au, + buy + cu,, and it has a velocity V,=vyu,.

Mo d192
et bvivyuy.

(a) Show that the force on charge #2 due to the magnetic field generated by charge #1 is Fo; =

(b) Show that the force on charge #1 due to the magnetic field generated by charge #2 is F15 = —Z—; qi;h aviyyuy . Notice that Fpy

does not equal -F;, so that Newton's law of the equality of forces of action and reaction is not obeyed in this case.
Answer (1.3).

(a) The electric field at the position of particle #2 due to particle #1 is
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1 q
= —(a, b, c).
4meg 13 (2, b c)

E2

The magnetic field at the position of particle #2 due to the motion of particle #1 is given by

I qwv
2 1
By =vi xEq = 0, —c,b),
€' B21 =V) 21 drey 13 (0,—c,b)
or
Ho d1V1
Boy = — 0,—c,b
n=7-"5 0,—¢b)
The magnetic force on particle #2 due to its motion is
4192017
Fom =q2 (v2 xBa1) = L} — Y (b,0,0).
dr  r
(b) The electric field at the position of particle #1 due to particle #2 is
1 q2
Eq =— —(a, b,
12 4meg 13 ( )

The magnetic field at the position of particle #1 due to the motion of particle #2 is given by

1 qpvy
e LU 0’ —a),
4mey 13 (c 2)

02B12 =Vay X E12 = —

or

Mo 92Vy
B12 = E 1'3 (C,O, —a).

The magnetic force on particle #1 due to its motion is

o q:192V1Vy

y— (0, a,0).

Fim =qy (vi XBya) =

Problem (1.4).

An electron carries a magnetic moment of [m|=9.27x1072* Joules/Tesla= 1 Bohr magneton. Suppose that this magnetic moment is
oriented along the z-axis as shown in the figure.

(a) At what angle 8 is the field measured by an observer at P a maximum?
(Answ: 0= £7/2.)

(b) If r= 1 micron (10°m.) what is the magnitude and direction of this maximum field?
(Answ: |B.«/= 18.54x10713 Teslas directed along +z).

(c) What is the minimum magnetic field? At what angle 8 does it occur, and what is the direction of the field?
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(Answ: |Bpin|= 9.27x10-13 Teslas directed along -z. The observer is at 8=0 or 7.)

Answer
M moar mouy _ Homo 3xz _ Homo 3yz _ komo [ 372 1
B—47T(3 = 3 ) therefore By 5 By=—7— 5 B:=— (r5 r3)'
mo 2 . . . .. Mo
B’ = (T? (1+3r_zz)) so B? is a maximum at x=0, y=0, z=r. B? is a minimum at z=0. Bminzﬂ‘;—ﬂr%.
Bmax = 2Bmin .

Problem (1.5).

The energy of interaction between two magnetic dipoles is given by - m;*B; or by - By*my where B; is the field generated at the
position of dipole #2 by dipole #1, and B, is the field at dipole #1 generated by dipole #2. Let these two magnetic dipoles be
separated by a constant distance R= 10°m (1 pm).

(a) Assume that the two dipoles are forced to remain parallel as shown in the figure. At what angle 8 is the interaction energy a
minimum? What is this minimum energy?

y

m;

_ 4o TN,
(Answ: 0=+ 7/2, Upin = —2 lﬂl{s d

(b) Assume that 6=0 in the figure, but that the two dipoles are free to rotate in the x-y plane. Let my|y = mjcosc; and myly = mysin
o . Similarly let mply = mpcosaz and mply = mpsina;. What will be the minimum energy configuration, and what will be the
minimum energy?

2 Homimsa ')

(Answ: a1 =ag =0orw. Uy, = e

Answer

15

(a By = Z—i ( Smuenr %) , x=Rcosf, y=Rsinf, z=0

HFo my _ Poomy
B,=%2 3sm€cos6 By = o L (3sin?0—-1) ,

4r 4r
therefore
U=-Bremy=—7752 (3sin®6-1).

This expression is clearly a minimum when sinf= +1.

(b) When 6=0 and r=(R,0,0) one finds

"
By, = - By, = —-L
Ix = Yms ly 4R
therefore
[om1ma . .
U=-myeB; =— ‘; = (2cosaq cosay —sinag sinag) .
T

This expression clearly has a minimum when cosa; =cosaiz =1 and sina; =sina; =0, ie. when a1 =a5= 0 or 7.
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Problem (1.6)

A proton and an electron are separated by 1012 m = d as shown in the sketch.

zh A,
|u

+ee —‘I—
j'i

(a) Calculate the strength of the electric field 1 micron (= 10" m) distant from a proton.

(b) Calculate the strength of the electric field a = 1 micron from the above pt dipole at r = at1,. What is the direction of this
electric field?

(c) Calculate the strength of the electric field a distance a = 1 micron from the dipole at the point r = —au, . What is the direction
of this electric field?

(d) Calculate the strength and direction of the electric field at r = at, where a = 1 micron.

(e) Calculate the strength and direction of the electric field for the above dipole at r = %a (G; +1,) and a= 1 micron.

N.B. 0, Gy, 0, are unit vectors along x,y,z.

Answer (1.6)
a) |E‘ = 4‘n]'-s(] 7'_62
1
Tre — 9 x10% = 1.6 x 10 **Coulombs
TEQ
r=10"%m
(9x109)(1.6x107")
Bl = o = 1440Volts/m .
b) For a point dipole Eq = ﬁ {@ - r%]

In this case p and r are both along z and hence parallel

=————>=(2x10"°%) x part (a)

So |Eqg| = 2.88 x 10 Volts/m and directed along z.
c) For this part p.r=-ed a

sincep=ed,

andr = —au,

therefore (p - r)r = ea®du1,
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go I _ ed o

N ;uz
=L |(3dg _edg )| = L 2d
and [Ed| = - ( e P uz) =g 3

or exactly the same as part (b). The electric field is also directed along z, just as in part (b).

(d) Here p.r=0 because p is directed along z whereas r is directed along x.

Therefore
-1
Ey= p/r3
47l'60
e 1 (d/a)
=— —(d/a)u,
47'('8() ’ a2

i.e. directed along —z and half as large as the electric field for a point along the dipole axis and a meters from the dipole.

~JEd| = 1.44 x 10”3 Volts/m

= edi s p.r—<&da
e p=eda, ..p rf\/§
r= % (v, +10,)
Ed= 1 3ed _ﬁx+ﬁz _ eda,
dmo | (V2)(V2) @ at

Eq=1 53 (i) —d.]
=5 (%) (&) Bacra)
So Ed is directed 18.4° from the xy plane and has the magnitude [Ed| = (1.58 x 10°) (1440) = 2.28 x 107 Volts/m.
Problem (1.7).

Show that the magnetic field at the center of a uniformly magnetized sphere containing a small hole at the center is zero. Uniform
magnetization means M is constant. Without loss of generality, one can take the magnetization to be directed along the z-axis, ie
M= M()llz.

(Hint: Add up all the contributions to the field at the center due to volume elements at a distance r from the center. In polar co-
ordinates d7= r?dr sin8d6 d¢, and dm = Mydru,.)

Answer (1.7).

If r= -xuy - yuy - zu, then mer = - Myd7z (remember that r is the vector drawn from the magnetic moment to the point of

observation).

B= %(@7%) , so that

B, =ML (322), B, =L (3y2),
BfME @),

Convert to polar co-ordinates and integrate over 8 from 0 to 7, and over ¢ from 0 to 27. All field components integrate to
zZero.

Problem (1.8),
The fields generated at the position r from a slowly moving, spinless, point charge are given by E = ﬁ TLS andcB =¥ xE .

Consider a particle moving in a circular orbit whose position at time t is given by a = a coswtuy +sinwt 1, .

(a) Show that the time averaged electric field seen by an observer at R = xiiy + Yy +z11, is given by < E, >= L( R ) to

4meg E
terms of order (a/R)>.

(b) Show that to lowest order in (a/R) the magnetic field observed at R is given by
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<Bp>=i 1 [3zR_E] (qaiw)

2
or since m = (&2‘”) 11, is the magnetic moment (jm|= I7ra® where I is the current in Amps)

m=g [ (%) m

1
copto

Answer (1.8)

and ¢2 =

z A

Wehaver+a=R
S“r=R-a
where R = X, + Y, +z1,
anda=acoswt Uy +asinwtiy
r? = (X —acoswt)? + (Y —asinwt)? + 22
r2=X2+Y2+272+a?—2aX coswt —2aY sinwt

orr? = R? {1 + (%)2 - 2;‘;(00 swt — 2;—Ys1nwt]

Keep only the lowest terms in (%) :

] 1/2

T%R[l— 2;‘;(coswt 2}‘;—Ysmwt

12

-3/2
% L [ 2“X coswt — ﬂs1nwt}
R R

l~1L [1 + 3“Xcoswt+ —Slnwt}
T R

Now multiply out and take time averages.
< coswt >=<sinwt >=<sinwt coswt >=0
< cos? wt >=<sin’wt >=1/2
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Notice that all terms proportional to a average to zero.

@@.. (Ep)= 47350 (%) . The correction terms are of order (%)2.

®B,=% (V xE)

v = % = —awsinwt U, +awcoswt Uy
~ 1 (_a \ [(vxR)—(vxa)] 3aX 3aY
B, = (47@) — 1t o Coswt + <pmsinwt

vxR=(awZ coswt) u,+ (awzsinwt)u, —[awY sinwt+awX coswt|u,
v xa=—alwi,
Multiply out the terms in B}, and take time averages. The result is
1 q 1 32’wXZ \ 1 32°wYZ | & 3a? 2 2 A 2, .5
(B,) = C—2(4MO) F{( e ) ay + ( D ) a,— — (;—R‘;) (X2+Y?) .+a wuz}

2 N .
36w 25 to obtain
2R?

1 q 1 3a’w cw \ A
<B,> () w{(3%) 7r-(%)a}
ZLUA

1 _ qa
Now = = E0ko and m = 5 U

add and subtract

Therefore (B,) = (£%) [M — m} .

R R’
Problem (1.9)

Given the following scalar functions, V, expressed in cylindrical polar co-ordinates. For each function calculate

(1) the components of grad V

V2V

(@) V=rCosb
(b)V=Inr
(V="

@v= %n"e , where n is an integer either positive or negative.

Answer (1.9)

(a) V=1Cosb.
grad V|, =cosf

grad V|, = —siné

These correspond to a unit vector along x!
ViV =0

(b) V=Inr.
gradV| =1
grad V], =0
V2V =0
V=22t
grad V|, = —<?

r2
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sin 6
gradVl], = —=3

V2V =0

(d) V= cos n0
gradv|, = —%ﬁ[w
grad V], = — 220

V2V =0 for any n.
Problem (1.10),

Given the following scalar functions V expressed in spherical polar co-ordinates. For each function calculate

(1) the components of grad V
(2) Vv

(@) V=rCosb

(b) V COS )

(V= r2(3COS29 -1)

(3 cos? 971)
3

@V =

T
eV= Coﬁ—n"e where n is a positive integer.

Answer (1.10)

v (F) e () e

V2V:%%(r2%)+ : (smﬂ‘w) 1

T 2sing 00
(a) V =rCosb
grad V|, = cos6
gradv|, = —sin@
grad V], =0
These correspond to a constant field 1.
V2V =0.
b))V = Cos [

gradV| = —2°—°se

3

grad V|, = —sing

3

grad V|, =0

Corresponds to a dipole field.

V2V =0.

() V=r? (3 cos? § — 1) gradVl L=
gradv|, = —6rsinfcosf

grad V|, =0

V2V =0

2 9—
@V = 30057‘30 1
gradv|, = —T% (3cos®6—1)

o () o

r2 sin’ 0 Bd)

2r (3 cos?f— 1)
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grad V|, = —%sin@cos@

grad V|, =0

ViV =0

(e) V = cosnf

grad V], = — 2=t

grad V|, = -7

grad V|, =0

V2V = ——2—(sinf cos(nd) + cosOsin(nf)) .
Problem (1.11)

Calculate the vector field B = curlA for the following fields, A.

(a) In cylindrical polar co-ordinates

Ar=0
A6=0
I
A, =— Ll Y
2
(b) In cylindrical polar co-ordinates
A =0
BoI‘
A= —
2
Az;=0

Ko ( mxr ~
(C)AZH( 3 ),wherem:mouz.

Show that in spherical polar co-ordinates if m = mgu, then A, = Ag = 0 and Ay = Z—;’r %;ng . This can be used to calculate curl
A.
Answer (1.11)
“ ~ N 1 04,
u. ruy u, ~
_ 118 8 8 |_| o4
@B=culA=215 5 o5 |= —%
0 0 A, 0

Az . _
But 3, =0.. B,=0

s
By = 27r
B,=0
The field due to a current I Amps flowing along a long wire oriented along z.

u, ray U, 04
1|8 i) d 0z
(b)B:CUﬂA:? or 09 0z | 1 9(rd,)
0 rd49 O roor
But%anndAgZ%
B, =0
By=0
B, =B,

This is the field inside an infinitely long solenoid.
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(C)A _ (mxr)

4 7'3
If m = mgu, this generates the field due to a magnetic dipole.

Form =mou, (mxr) isa vector in the ¢ direction having the magnitude m,rSin6.

A =0
Ay=0
_mmo
=i 2 sinf, (see the figure)

Z
A

r
0
-
m

u, riy rsinfag 1 A(rsin 0A,)

1 F) 9 9 r2sin 6 00
B=culA="0l5 % 3% |=|-—L. 0(sinfA,)

0 0 rsinfA, 0

. Mo 2myg cos 6
B=¢—"s

Mo myg sin O
Bg = H 3 ) B¢ - 0 .

Problem (1.12)

A water molecule is planar but the angle between the two oxygen-hydrogen bonds is 105" as shown in the sketch.

|

105°

H

(a) If the charge on the oxygen is twice the electronic charge i.e. -2|e| and the charge on each hydrogen is qy; = +|e|, calculate the
dipole moment of the molecule assuming an O-H bond length of 5 x 1071° m. [The measured dipole moment is p = 6.17 x 10°
Coulomb-m].

(b) If all of the dipoles in a cubic meter of water were aligned what would be the resulting density of electric dipoles |P|?

https://phys.libretexts.org/@go/page/25230
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Usep=6.17x 1030 cm.
Answer (1.12)
(a) The dipole moment is p = qd. In the H,O molecule q = 2|e| = (2)(1.60 x 10™*%) Coulombs or q = 3.2 x 10° C
The distance d = bcos(%) where b =5 x 10"'% m is the bond length; d = 3.04 x 1019 m
5 p = (3.2)(3.04) x 10%° Coulomb m = 9.74 x 10 Cm
Compared with experiment this is too large by ~ 15.7 times.
(b) The molar volume of H,O is 18 c.c.
. No. of moles in 1 m® = 10%18 = 5.56 x 10* moles.
. No. of molecules in 1 m® = (6.02 x 10%3)(5.56 x 10%) = 3.34 x 10°® molecules.
. [P| = (3.34 x 10%%)(6.17 x 10%) = 0.21 Coulombs/m?.
(This is very large--in fact H,O has no permanent dipole moment because the molecules are oriented at random).
Problem (1.13)

An iron atom in metallic iron carries a magnetic moment of 2.2 Bohr magnetons. (1 Bohr magneton, i, is pg = 9.27 x 102 Amp
m? ( = Joules/Tesla)). The density of iron is 7.87 gms/cc and its molecular weight is 55.85 gms. If all of the atomic moments were
aligned parallel what would be the magnetization per unit volume of iron? Compare this value with the observed internal magnetic
field of saturated iron at room temperature [B| = j1,[M]| = 2.15 Teslas = 2.15 Webers/m?.
Answer (1.13)

55.85

The molar volume of iron is e = 7.10cc.

The number of atoms in /m? is

N = (6.02 x 10%) (295) = 0.848 x 10*atoms/m? .
The magnetization/m3 M| = (N)(2.2) pg
M| = 0.173 x 107 Amps/m.

This would give an internal field [B| = p, [M] of [B| = (47 x 107)(0.173 x 107) = 2.17 Teslas.

This means that at room temperature the fraction of aligned spins in iron is g—}‘;’ =0.989 i.e. Very nearly completely aligned!

Problem (1.14)

\

Given a vector function F = xyti, + (3x —y?) @1, evaluate the line integral from P, to P, along
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a) the direct path (1).
b) the indirect path P; - A — P, (path (2)).
Answer (1.14)

The line P;P, can be written s = (31, + 311, ) + (30x +20y) L where L varies from L = 0 to L = 1. L= 0 corresponds to
Py (30 +31y) whereas L=1 corresponds to Py (611 +51y) .

So ds = (3ux +21uy) dL or dx= 3dL and dy= 2dL.
(@) Now F - ds = 3xy dL + 2(3x - y?) dL

f F. ds_fP (L= o) [3xy+6x 2y?] dL
But x = (3 + 3L) y = 3 + 2L along the line (components of S)
f}f;l F-ds= fol dL{3(3 +3L)(3+2L) +6(3 +3L)2(3 + 2L)2}
P 1
/ F.ds= / dL [27 + 39L+ 10L°]
P2 0

2
— 274 (137/6) = 222

(b) Along path (2)

/2F~ds:/6Fx(y:3)dx+/5Fy(x:6)dy
=3 /xdx+/ 18 y

98 47 263
—<2)(27)+36—3 36+(6> 6

The line integral is different for the two paths.

0
Therefore F is not a conservative field. Indeed, curl F = | 0 | and therefore curl F does not vanish everywhere.
3x
Problem (1.15),

Given the vector function E = yu, + xﬁy . Evaluate the line integral f 12 E-dL from P (2,1,-1) to P, (8,2,-1)
a) along the parabola x = 2y?,
b) along the straight line joining the two points.
¢) Is E a conservative vector field?

Answer (1.15)

a, 1, u, 0
|2 4 3 =
curl E = % o o 0 =0
y =z O (1-1)=0

Therefore E is a conservative vector field.

2
/EdL /Exdx+/ Eydy
1

/ydx+/ xdy

Buty = ,/z/2 x =2y along the parabola

(a)

https://phys.libretexts.org/@go/page/25230
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2 8 1/2
/ E.dL= [ & .,
1 2 42

8 2

/12yA{2}dy = \/?,’—XE

2%[25—22+14] =42/3 =14

2y3
+ 3

2 1

(b) Since curl E = 0 the line integral along the second path must also be equal to 14.
Check

Letr; =20, +10y, — 10, (the vector to P;)

Letry =81, +20y, —u, (the vector to P2).

Then any point on the straight line from P; to P, can be specified by L =ry + L (rs —r;) where L runs from L = 0 (P;) to
L=1(Py)

S L= (20, + 4y —1,) + (60, +1y)

dL = (6ux +uy) dL
E-dL =6ydL +xdL

However, along the st. lineLx=2+6Ly=1+L
E-dL=6(1+L) dL+(2+6L) dL=(8+12L) dL
Jo?E-dL= [, dl (8+12L)=8+6=14 Q.E.D.

This page titled 13.1: Chapter 1 is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by John F. Cochran and Bretislav
Heinrich.
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