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13.7: Chapter 7
Problem (7.1)

In his original experiments on radio waves Hertz used two spheres approximately 0.5 meters in diameter and separated by
approximately 0.5 meters. These spheres were charged to a potential difference of 2x10° Volts; as a result one sphere carried a
charge of Q= +Q= 5.56x10% Coulombs, and the other sphere carried Q= -Q Coulombs. The two spheres were suddenly
connected together electrically by means of a spark gap (ionized air is an excellent conductor), and the charge oscillated forth and
back between the spheres at a frequency which was determined by the geometry but which was of the order of 100 MHz. You may
model this system as a point electric dipole oscillating at 100 MHz, where the dipole amplitude is Py= 2.78x10°® Coulomb-meters.

a. Calculate and compare the terms in the expressions for the electric and magnetic fields generated by an oscillating electric
dipole as measured at a point in the equatorial plane 1 meter from the dipole (6= 7/2).

b. Calculate and compare the terms in the expressions for the electric and magnetic fields generated by an oscillating electric
dipole as measured at a point in the equatorial plane 1 km from the dipole.

Answer (7.1)

1 P P
CBy = sin @ 2.
4d7eg CR2 2R

By=B,=0,

Atf = % E.= 0. For R= 1 meter, f= 108 Hz, o= 6.28x108 radians/sec

M 5 szs = 2.5 x 10* Volts/meter.
TED

) 461’—1{2 =5.2i x10*  Volts/meter
TE) C

3 ; EP&R = —1.1 x 10° Volts/meter
mEQ

Even at R= 1 meter the field is dominated by the radiation term.
By=-(3.7-17i)x 10 Teslas, i.e. approximately four times the earth's magnetic field.
(b) R= 1 km = 103 meters.

(1 L —25x 107°Volts/meter

47rEo R3 -

P, o102
) preri 5.2ix107*Volts/meter.

3) —L — — 110 Volts/meter

ey R

B, =-3.67 x 107 Teslas.
Notice that the radiation field is now much larger than the near field components.
Problem (7.2)

Consider a small current loop of radius b. It carries a current I(t) = I, sinwt. Calculate the electric and magnetic fields observed at a
point P located at R relative to the center of the current loop. There is no net charge density anywhere on the loop i.e. p; = 0.
Calculate A for the observer at R(X,Y,Z,t) and keep only the terms to lowest order in (b/R) both in the distance from an element dL
R

on the current loop and in the retarded time tp =t — c
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I=I0 Sin®t

Show that to first order in (b/R) the components of the vector potential are given by

Mo Y Sinw(t—R/c) wCosw(t—R/c)
ax= ) () (S
_ B0 oo X sinw(t—R/c)  wcosw(t—R/c)
Ay = g (7b"To) (R) ( R cR
or
B0 oy sinw(t—R/c) wcosw(t—R/c)
Ay = o (7rb Io) sinf ( R + CR
and

Ag=Ag =0. Also V = 0 because divA = 0.
Show that for very large R the fields are given by

(Mo 2y sinf d_“)I
Bo = (4#) (wb%) 2R (dﬁ)tR

B o o\ sinf [ d*I
B (42) =) (%)

where tp = (t — %) .
Answer (7.2)
Start from the general expression for the vector potential:

AR)— po [ J(r)dr
dr ) |R—r]|

In carrying out the integral the integrand vanishes except on the wire.

_ & I(tR)dl

AR
(R) 4r | |R—r|

Now d1l = bd ¢ [—sin¢u, + cos ¢u,]
and [R—r|° = (X —bcos¢)? + (Y —bsing)> + 2% = X2+ Y2+ Z2 — 2bX cos ¢ — 2bsin @Y + b2
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|R-x|=R[1- g end ]

Therefore

2
P L {1 +

bX cos ¢ n bY sin ¢ o sinw (£ — E n bX cos¢ n bY sin¢
47TR 0 C

R2 R? cR cR
But sin|w (t — %) +w] = coswdsinw (t — %) +sinwd cosw (t — %)

bX cos ¢ bY'sin ¢
cR cR

and wd << 1 i.e. of order % <<1

Here § =

thus coswd = 1

sinwd ~ wd
sin[w (t - %) —|—w6] =sinw (t - %) + wd cosw (t - %)
So

~poLb [P bXcos¢ bYsing
A= R 0 d¢$n¢{(1+ R R

[, ( R) ( R) (wbxcosqS wasinqS)]}
X [sinw|t—— | +cosw|t—— +
c c cR cR

The only terms which survive the integration over the angles are

s R
smw(t—?)

o= 0m) ()| ¢ o2 = -atm)

Similarly

_ #o b
471' R 0

Ay +ch0s¢+bYsm¢>]  ginw (t_§+bxcos¢+bYs1n¢>

R2 R2 cR cR
But sinw (t — % —|—5) = coswd sinw (t — %) +sinwd cosw (t - %)

~ (‘””XCOW 4 Wh¥sing ) cosw (t — %) +sinw (t - %)

" d¢ cos ¢ [1

cR cR

Ay = (ﬂ) (M) Ozwdgbcosqb{[l—i- I)X;%qb +M] sinw (t— 5)

47 R R? c
bX bY si
+ (e SR cosw (6 )
bX cos ¢ [ wbX cos ¢ wbY sin ¢ R
+— ( = T —=x )cosw(t—?)
bY sin¢ [ wbX cos ¢ wbY sin ¢ R
+ R? ( cR + cR )cosw(t—?)}

The only terms which survive the integration are

Ay = (§2) (omb”) (§) [ + Sreosw (t— £)] = a(X/R)

But
% =sinfcos ¢
% =sinfsin¢
and
Ax = —asinfsin¢

Ay =asinfcos¢
A, =0.
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Since
1, = (sinfcos ¢, sinfsin @, cos §)
Uy = (cosfcos ¢, cosfsing, —sinb)
u, = (—sing, cos ¢, 0),

then

A-4,=0, A-Gy)=0, and A-iGy;=oasinf.
By comparison with the above one finds

in — &
sme(td) (t—2)

Ay = (Z—fr) (I07rb2) sinf e = -

and A, = Ag=0.
Also V = 0. Let m, = Iymb?
u, ray rsinfu,
curl A = m % % %
0 0 rsinfA,
1 O(sinfAy)

rsin 6 20
— 1 B(TA¢)
r  or
0
1 9,
B = rsinf @(smﬁ 4)
; R
_ (Mo 2mgcosf | sinw (t_?) w R
_(471') R D et G

. R
4 . smw(t—?) R 2 . R
By = (4) m sinf T rcosw (t— 7)) —Spsinw (t—?)}
By =0
B, — 0Ay o ind w R W s R
¢——T——(E)mosm Fcosw(t—?)—ﬁsmw(t—?)
and E;, = Eg = 0.
For large R only the terms in 1/R are important.
By = (Z—;’r) 7b%sind (—%) Ipsinw (t — %)
_ (Mo \ mb’sing ( d*L
Bo - (47r) 2R (dtz )tn
Similarly
_ (M) mb’sing (421 s _
By =—(3) "% (dt2)tR e - By =—cB,
Problem (7.3).

A magnetic dipole transmitter consists of 10 turns of wire wound on a form whose radius is 10 cm. An alternating current whose
amplitude is 100 Amps and whose frequency is 100 MHz is passed through the coil.

(a) What is the maximum magnetic moment of the above coil?

(b) Assuming that the above coil can be approximated by a point magnetic dipole, calculate and compare the terms in the
expressions for the electric and magnetic fields generated by an oscillating magnetic dipole as measured at a point in the equatorial
plane 1 meter from the dipole (8= 7/2).

https://phys.libretexts.org/@go/page/25306



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/@go/page/25306?pdf

LibreTextsw

(c) Calculate and compare the terms in the expressions for the electric and magnetic fields generated by an oscillating magnetic
dipole as measured at a point in the equatorial plane 1 km from the dipole.

Answer (7.3)
(a) The maximum magnetic moment is m,= IA , or in this case m,= (1000)(.017)= 31.4 Amp.m?.

(b) The fields generated by an oscillating magnetic dipole are given by

B, = Z—O2cos¢9<mZ + M )

m R® cR?
Mo . m, Iilz Iﬁz
By = —sinf
0= 4ot (R3 +cR2 Jrc2R)
By, =0
_ Mo . Iilz II'iz
Ey =—c (Esm0<cR2 +C2R))
E.=Ey=0

For this problem 8= 7/2, Cos8=0 and Sinf=1. Also R= 1 meter and w= 27f = 6.28x108 radians/sec.

(1) j—;% =3.14 x 10 % Teslas

) & :‘j? = 6.58ix10 ®Teslas

since == = 2= = 65.80:

z =

3) Z_jr ;’R =—-13.78 x 10 %Teslas

since 71, = —w’m, = —1.24 x 10"Y , and E, = (4134 — 19704)Volts/meter.
(c) For R= 1 km = 10 meters

(1) 22t =3.14 10 " Teslas .

) & C‘{‘? — 6.58ix10 2 Teslas.

3) &

62; =—13.78 x 10 " Teslas , and E4 = (4.13 — 1.97ix10"*) Volts/meter.
Problem (7.4).

An electron is at rest at the origin of co-ordinates. It is suddenly given an acceleration of a = 1.76 x 107 m/sec? for 10"'4 seconds
after which it continues with a uniform velocity. This acceleration, which is directed along the z axis, was produced by a 1000 V
pulse applied across a gap of 1 mm at t = 0. An observer is located at X = 1 meter, Y= Z= 0 m.

(a) Make a sketch showing how the x-component of the electric field measured by the observer varies with time (observer's time--
his clock is synchronized with that at the origin).

(b) Ditto showing how E, varies with time.
Answer (7.4).

Think of putting both a stationary charge of +1.6x10'° C. and a stationary charge of - 1.6x10™! C. at the origin: the net
charge is zero so that these together add nothing to the fields. However, the + charge and the moving electron together form a
dipole p,= - qz(t) where q= 1.6x107'% C. The time varying dipole generates the fields

Dz Z.)z
2 cosf + —=
<R3 ch)

. P2 o) Pa
sin (—=+-—=+== |-
" ( R® cR? c2R)

1
E, =
471'60

Egz

47!'60

The left over static charge at the origin generates the static field
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Ex

at R= (1,0,0).

The time scale Ty for this problem is the time required for light to travel 1 m; To= 3.33x10" seconds. The velocity of the
electron after the acceleration is V= 1.76x10% m/sec. Therefore on the time scale of interest here the electron has moved only
VTo= 5.9x10® meters, thus the change in position is negligible compared with the observer distance of 1 m. over the time
scales of interest here (~107® secs., z= 1.76x107° m), one finds

p,=— (1.6 x107") (1.76 x 107°) = —2.82 x 10" **Cm.

Pz — _0.94x107%C.
c
p_; = —3.13x 10 "?C/m, during the acceleration.
c

These fields are directed along +z for an observer at R= (1,0,0). It is clear therefore that the acceleration spike in E, will be
very large compared with the other two terms in Eg.

The observer at (1,0,0) will see a steady field of E,= - 14.4x107'° V/m. An electric field spike will be observed beginning at
To= 3.33x107 secs after the impulse: this spike E,= 28.2x1071% V/m will last for 104 secs. After the spike has passed the
component E, will remain at the level of 8.46x10'> V/m. over the time scale of interest here. It is clear that this residual
component is very small compared with the radiation spike.

In summary: the acceleration field of 282 x 10 V/m which lasts 10™'4 seconds is directed along —1iy because the
charge is negative. Therefore for an observer at P(1,0,0) the electric field is directed along z. The acceleration begins at
t=0. However, the time required for the field to reach the observer is % =3.33x 107 seconds (a distance of 1 meter
at the velocity of light). Therefore at t = 3.33 x 10™ seconds the observer will see a transverse pulse which lasts 104

secs. This is superposed on a steady electric field of E, = -14.4x1071% V/m. (Steady on the time-scale of interest here.)

Ez A
2.82 nV/m
-14
- 10 secs.
| | .
0 2 4 Time
(nanoseconds)

Problem (7.5).
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A particle carrying a charge q revolves in a circle at a constant speed v = bw. This motion can be decomposed into two coupled
motions

r =bcoswt

y="bsinwt

Let b be very small compared with the distance to the observer so that this radiation source can be treated like two orthogonal point
dipoles gx and qy.

(a) Consider an observer at P = (R,0,0). Show that this observer will see a radiation field polarized along y and given by

_ gbw’sinw(t—R/c)
Ey = W Volts/m.

(b) Consider an observer at P = (0,R,0). Show that this observer will see a radiation field polarized along x and given by

_ qbw? cos w(t—R/C)
T 4meoc®R

Volts/m.

(c) Consider an observer at P = (0,0,R). Show that this observer will see circularly polarized light whose electric field components
are given by

gbw? cos w(t—R/c)
EX = 411'€0—C2R Volts / m.
Ey — M Volts /m.

4me,c2R
Answer (7.5).

This motion can be regarded as a superposition of two linear motions. The electric field (radiation field) amplitude produced
by an accelerated charge is given by
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A

0 - 0
Ey = 4;5 % = ﬁ p;rrl , a evaluated at tg = t - R/c For each of the above cases 0 = /2
o
— 9
Eg = dmeoc’t

The above results follow immediately since a, = -bw? coswt and ay = - bw? sinwt. The observer at (R,0,0) will see radiation
only due to py. The observer at (0,R,0) will see radiation only due to p,. The observer at (0,0,R) will see radiation from both
Px and py. The observer located along the z-axis will see circularly polarized radiation because if

Ex :Egcosw<t—%> ,

and
R
E, =Ejpsinw (t— —) ,
c
these two fields together form a vector of fixed magnitude Eq rotating at the angular frequency .

This page titled 13.7: Chapter 7 is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by John F. Cochran and Bretislav
Heinrich.
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