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5.18: Boundary Conditions on the Electric Flux Density (D)

In this section, we derive boundary conditions on the electric flux density D. The considerations are quite similar to those
encountered in the development of boundary conditions on the electric field intensity (E) in Section 5.17, so the reader may find it
useful to review that section before attempting this section. This section also assumes familiarity with the concepts of electric flux,
electric flux density, and Gauss’ Law; for a refresher, Sections 2.4 and 5.5 are suggested.

To begin, consider a region at which two otherwise-homogeneous media meet at an interface defined by the mathematical surface
S, as shown in Figure 5.18.1 Let one of these regions be a perfect electrical conductor (PEC).
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Figure 5.18.1 The component of D that is perpendicular to a perfectly-
conducting surface is equal to the charge density on the surface. (CC BY SA 4.0; K. Kikkeri)

In Section 5.17, we established that the tangential component of the electric field must be zero, and therefore, the electric field is
directed entirely in the direction perpendicular to the surface. We further know that the electric field within the conductor is
identically zero. Therefore, D at any point on S is entirely in the direction perpendicular to the surface and pointing into the non-
conducting medium. However, it is also possible to determine the magnitude of D. We shall demonstrate in this section that

At the surface of a perfect conductor, the magnitude of D is equal to the surface charge density p, (units of C/m?) at that
point.

The following equation expresses precisely the same idea, but includes the calculation of the perpendicular component as part of
the statement:

D -1 =p, (onPEC surface) (5.18.1)

where n is the normal to S pointing into the non-conducting region. (Note that the orientation of n is now important; we have
assumed n points into region 1, and we must now stick with this choice.) Before proceeding with the derivation, it may be useful to
note that this result is not surprising. The very definition of electric flux (Section 2.4) indicates that D should correspond in the
same way to a surface charge density. However, we can show this rigorously, and in the process we can generalize this result to the
more-general case in which neither of the two materials are PEC.

The desired more-general boundary condition may be obtained from the integral form of Gauss’ Law (Section 5.5), as illustrated in
Figure 5.18.2

region 2 Figure 5.18.2 Use of Gauss' Law to determine the boundary condition on D.
(CC BY SA 4.0; K. Kikkeri)
Let the surface of integration S’ take the form of closed cylinder centered at a point on the interface and for which the flat ends are

parallel to the surface and perpendicular to f. Let the radius of this cylinder be a, and let the length of the cylinder be 2h. From
Gauss’ Law we have
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where the “top” and “bottom” are in Regions 1 and 2, respectively, and Q. is the charge enclosed by S’. Now let us reduce h
and a together while (1) maintaining a constant ratio &/a < 1 and (2) keeping S " centered on S. Because h < a, the area of the
side can be made negligible relative to the area of the top and bottom. Then as h — 0 we are left with

D-ds+/ D-ds — Qena
top bottom

As the area of the top and bottom sides become infinitesimal, the variation in D over these areas becomes negligible. Now we have
simply:

D;- nAA +D,- (_ﬁ) AA— Qencl

where Dy and D5 are the electric flux density vectors in medium 1 and medium 2, respectively, and A A is the area of the top and
bottom sides. The above expression can be rewritten

Qencl
AA

Note that the left side of the equation must represent a actual, physical surface charge; this is apparent from dimensional analysis
and the fact that h is now infinitesimally small. Therefore:

ﬁ‘(Dl*DQ)*)

|8 (D1 —Dy) =p,

(5.18.2)

where, as noted above, n points into region 1. Summarizing:

Any discontinuity in the normal component of the electric flux density across the boundary between two material regions is
equal to the surface charge.

Now let us verify that this is consistent with our preliminary finding, in which Region 2 was a PEC. In that case Dy =0, so we see
that Equation 5.18.1 is satisfied, as expected. If neither Region 1 nor Region 2 is PEC and there is no surface charge on the
interface, then we find - (D; —Dy) =0 ; i.e.,

In the absence of surface charge, the normal component of the electric flux density must be continuous across the boundary.

Finally, we note that since D = ¢E, Equation 5.18.2implies the following boundary condition on E:
fl-(ElEl 7€2E2) = Ps (5183)

where €; and ey are the permittivities in Regions 1 and 2, respectively. The above equation illustrates one reason why we
sometimes prefer the “flux” interpretation of the electric field to the “field intensity” interpretation of the electric field.
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