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21.3: Translational and Rotational Equations of Motion
For a system of particles, the torque about a point .S can be written as
N -
5= (FixE)
i=1
where we have assumed that all internal torques cancel in pairs. Let choose the point S to be the origin of the reference frame O ,

_>
then ?S,Cm = R, (Figure 21.1). (You may want to recall the main properties of the center of mass reference frame by reviewing
Chapter 15.2.1.)
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Figure 21.1 Torque diagram for center of mass reference frame

We can now apply ?S,i = ?S,cm + ?cm,i to Equation (21.3.1) yielding

et XL = NN — = SR N
?5 :Z(rs,iXFi>:Z<(rcm,i+rcm,i)XFi>:Z(rs,cmXFi>+Z<rcm,iXFi>

i=1 i=1

The term

in Equation (21.3.2) corresponds to the external torque about the point .S where all the external forces act at the center of mass
(Figure 21.2).
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Figure 21.2 Torque diagram for “point-like” particle located at center of mass
The term,
N
—ext — =
Tem :Z (rcm,ix Fz)
i=1

is the sum of the torques on the individual particles in the center of mass reference frame. If we assume that all internal torques
cancel in pairs, then

https://phys.libretexts.org/@go/page/25643



https://libretexts.org/
https://phys.libretexts.org/@go/page/25643?pdf
https://phys.libretexts.org/Bookshelves/Classical_Mechanics/Classical_Mechanics_(Dourmashkin)/21%3A_Rigid_Body_Dynamics_About_a_Fixed_Axis/21.03%3A_Translational_and_Rotational_Equations_of_Motion

LibreTextsm
N ext
7_:?1: = Z (?cm,i X E‘)z )

We conclude that the external torque about the point S’ can be decomposed into two pieces,

—ext _ —ext —ext
Ts = S,em + cm

We showed in Chapter 20.3 that

N
e —sys — —
Ly =TrSemXP +§ T emi XMV emyi
i=1

where the first term in Equation (21.3.7) is the orbital angular momentum of the center of mass about the point S

—yorbital —ysyS

L S =TrgsmmXP
and the second term in Equation (21.3.7) is the spin angular momentum about the center of mass (independent of the point S)
_yspin N . .
Lg :Z (rcmﬂ- xmvcm,i>
i=1
The angular momentum about the point S can therefore be decomposed into two terms

_ySys _)orbital _>spin
Ly =Ly +Lg

Recall that that we have previously shown that it is always true that

—38ys
7—_»ext _ dL S
s dt

Therefore we can therefore substitute Equation (21.3.6) on the LHS of Equation (21.3.11) and substitute Equation (21.3.10) on the
RHS of Equation (21.3.11) yielding as

—sotbial —yspin
—ext —ext dL S dL S
TSem T Tem = dt + dt

We shall now show that Equation (21.3.12) can also be decomposed in two separate conditions. We begin by analyzing the first
term on the RHS of Equation (21.3.12). We differentiate Equation (21.3.8) and find that

—yobital
dL S d — —8ys
it E( ¥ Siem X P )
We apply the vector identity
d - = dA — — dB
—(AxB)=—xB+A x—
g (AXB) =T xBrAxg
to Equation (21.3.13) yielding
—sorbital s —
dLS _drS,cmX—) +? xdpsys
dt dr P T TS Xy

The first term in Equation (21.3.21) is zero because

—

dI‘SCm N — — —
5 total

— X Py = Ve xm" Vg = 0

Therefore the time derivative of the orbital angular momentum about a point .S, Equation (21.3.15), becomes
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—sorbital N
dL S - ?) % d P Sys
a8 T a

In Equation (21.3.17), the time derivative of the momentum of the system is the external force,

_>eXt dB)SyS
Tdt

The expression in Equation (21.3.17) then becomes the first of our relations

—yorbital
dL S - e —ext
—dt —rscmXF :TS,cm

Thus the time derivative of the orbital angular momentum about the point S is equal to the external torque about the point S where
all the external forces act at the center of mass, (we treat the system as a point-like particle located at the center of mass).

We now consider the second term on the RHS of Equation (21.3.12), the time derivative of the spin angular momentum about the
center of mass. We differentiate Equation (21.3.9),
—ysin

N
dI;f - %; (?C’"’i % m";}”"*")

We again use the product rule for taking the time derivatives of a vector product (Equation (21.3.14)). Then Equation (21.3.20) the
becomes

—yspin

dL N,/ dr e N d
df = Z (% X mi7m,i> +¥ (?c’mz X E(m17m1)>

i=1

The first term in Equation (21.3.21) is zero because

N d_) ) N
T emyi — — —
Z dt XMy Veni | = Z Vem,i XM Vemi | =

i=1 i=1

_)
0

Therefore the time derivative of the spin angular momentum about the center of mass, Equation (21.3.21), becomes

—yspin
L5 S (T L (¥ )
dt - - cm,i dt i ¥V em,i
The force, acting on an element of mass m;, is
g d —
Fi=— (mi ch,i)

The expression in Equation (21.3.23) then becomes

_>spin

dL N o/ —
df :Z(rm7ixFi)

i=1

— =\ . o ) i
The term, Zfi 1 ( T om,i X FZ> is the sum of the torques on the individual particles in the center of mass reference frame. If we

again assume that all internal torques cancel in pairs, Equation (21.3.25) may be expressed as
—ssin

N t N
dLg o g ?ex o —ext  —ext
T Z Tems X B = ZTcm,i =Tem

i=1

which is the second of our two relations.
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Summary

For a system of particles, there are two conditions that always hold (Equations (21.3.19) and (21.3.26)) when we calculate the

torque about a point S ; we treat the system as a point-like particle located at the center of mass of the system. All the external

—sext
forces F act at the center of mass. We calculate the orbital angular momentum of the center of mass and determine its time

derivative and then apply

—sotbial
t
s
S,cm ,cm dt

In addition, we calculate the torque about the center of mass due to all the forces acting on the particles in the center of mass
reference frame. We calculate the time derivative of the angular momentum of the system with respect to the center of mass in the
center of mass reference frame and then apply

N —sspin
t

—»ext_z g ‘Xf‘)ex _chm

Tem = T cmyi 7 - dt
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