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11.4: Worked Examples

Example 11.1 Relative Velocities of Two Moving Planes

An airplane A is traveling northeast with a speed of vy = 160m-s!. A second airplane B is traveling southeast with a speed of
_>

vp =200m-s~!. (a) Choose a coordinate system and write down an expression for the velocity of each airplane as vectors, V 5
— — —
and V g Carefully use unit vectors to express your answer. (b) Sketch the vectors V4 and Vg on your coordinate system. (c)

Find a vector expression that expresses the velocity of aircraft A as seen from an observer flying in aircraft B. Calculate this vector.
What is its magnitude and direction? Sketch it on your coordinate system.
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Figure 11.2 (b): Coordinate System

An observer at rest with respect to the ground defines a reference frame S. Choose a coordinate system shown in Figure 11.2b.
According to this observer, airplane A is moving with velocity v A = VA COS OAi +vp sin GAj , and airplane B is moving with
velocity 7]3 = v COS OBE +vp sinGBj . According to the information given in the problem airplane A flies northeast so
Oy =7/4 and airplane B flies southeast east so fp = —m/4. Thus 7A = (80v2m-s7!) it (80\/§m-s’1)3 and
Ve = (100y/2m-s71) i — (100y/2m-s71) j .

Consider a second observer moving along with airplane B, defining reference frame S' . What is the velocity of airplane A
according to this observer moving in airplane B ? The velocity of the observer moving along in airplane B with respect to an

- A ~

observer at rest on the ground is just the velocity of airplane B and is given by V = 73 =wvpg cosfpi+vpsinfgj . Using the
Law of Addition of Velocities, Equation (11.3.2), the velocity of airplane A with respect to an observer moving along with Airplane
B is given by
Y : . A : . A

va—V= (’UA cosOpi+uy smOAJ) — (vB cosfOpi+uvp s1nHBJ)

= (vs cosfp —vp cosbp) it (vasinfx —up sinﬁB)j

= ((80y2m-s") — (100y2m-s ")) i+ ((80v2m-s ") + (100y/2m-s ")) j.
=—(20y/2m-s") it (180\/§m-sfl) j
=, 1+, d

Figure 11.3 shows the velocity of airplane A with respect to airplane B in reference frame S’ .
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Figure 11.3 Airplane A as seen from observer in airplane B

The magnitude of velocity of airplane A as seen by an observer moving with airplane B is given by

[va] = (v3, + Yo s71)? s12) g1
A= (Vi T, = ((-20y2m-s)" + (180/2m-s!) —256m-s

The angle of velocity of airplane A as seen by an observer moving with airplane B is given by,

¢, =tan™! (v;ly/'v’Ax) =tan ' ((1802m-s') / (—20y/2m-s™'))
—tan ' (—9) = 180° —83.7° = 96.3°
Example 11.2 Relative Motion and Polar Coordinates
By relative velocity we mean velocity with respect to a specified coordinate system. (The term velocity, alone, is understood to be
relative to the observer’s coordinate system.) (a) A point is observed to have velocity {/') 4, relative to coordinate system A . What is

- =
its velocity relative to coordinate system B , which is displaced from system A by distance R? (R can change in time.) (b)
Particles a and b move in opposite directions around a circle with the magnitude of the angular velocity ® , as shown in Figure

11.4. At t = 0 they are both at the point ? =1 j where | is the radius of the circle. Find the velocity of a relativeto b .

>
2

Figure 11.5 Particles a and b moving relative to each other

Solution: (a) The position vectors are related by

— —
rg=r4s—R

The velocities are related by the taking derivatives, (law of addition of velocities Equation (11.3.2))

_>
- -
vp=v,4—V
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(b) Let’s choose two reference frames; frame B is centered at particle b, and frame A is centered at the center of the circle in Figure
11.5. Then the relative position vector between the origins of the two frames is given by

% ~
R=Ir

The position vector of particle a relative to frame A is given by
— N
r =Ir

The position vector of particle b in frame B can be found by substituting Equations (11.4.7) and (11.4.6) into Equation (11.4.4),

To=Ta-R—IF _If
We can decompose each of the unit vectors  and &’ with respect to the Cartesian unit vectors 1 andj (see Figure 11.5),
# = —sinfi +cost9j
# =sinfi + cos Oj
Then Equation (11.4.8) giving the position vector of particle b in frame B becomes
?B =1t — I =I(sinbi + cos 6} ) — I(— sin i + cos0j) = 2Isinbi
In order to find the velocity vector of particle a in frame B (i.e. with respect to particle b), differentiate Equation (11.4.11)

— d . ND dag. S
V= (21sin6)i = (2l cosh) i 2wl cos 01

Example 11.3 Recoil in Different Frames

A person of mass m; is standing on a cart of mass ms. Assume that the cart is free to move on its wheels without friction. The
person throws a ball of mass mg 8 with respect to the horizontal as measured by the person in the cart. The ball is thrown with a
speed vy with respect to the cart (Figure 11.6). (a) What is the final velocity of the ball as seen by an observer fixed to the ground?
(b) What is the final velocity of the cart as seen by an observer fixed to the ground? (c) With respect to the horizontal, what angle
the fixed observer see the ball leave the cart?
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Figure 11.6 Recoil of a person on cart due to thrown ball

Solution: a), b) Our reference frame will be that fixed to the ground. We shall take as our initial state that before the ball is thrown
(cart, ball, throwing person stationary) and our final state that after the ball is thrown. We are assuming that there is no friction, and
so there are no external forces acting in the horizontal direction. The initial x -component of the total momentum is zero,

Pz,0 =0 total

After the ball is thrown, the cart and person have a final momentum

g 3
Py cart =— (m2 +m1)vf, cart 1

as measured by the person on the ground, where vy ..+ = 0 is the speed of the person and cart. (The person’s center of mass will
move with respect to the cart while the ball is being thrown, but since we’re interested in velocities, not positions, we need only
assume that the person is at rest with respect to the cart after the ball is thrown.)
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The ball is thrown with a speed vy and at an angle 8 with respect to the horizontal as measured by the person in the cart. Therefore
the person in the cart throws the ball with velocity

-/ 3 . %
V f pall = o €os0i +vgsinfj

Because the cart is moving in the negative x -direction with speed vy ¢4y =0 just as the ball leaves the person’s hand, the x -
component of the velocity of the ball as measured by an observer on the ground is given by

Vzf, ball = Vo COS 0— Vf, cart

The ball appears to have a smaller x -component of the velocity according to the observer on the ground. The velocity of the ball as
measured by an observer on the ground is

— 2 <t
V #, ball = (V0 €080 — V¢, cart ) i +vg sinfj
The final momentum of the ball according to an observer on the ground is
_>

P f bl = M3 |(V0 €080~V can ) 1+p sinej}

The momentum flow diagram is shown in (Figure 11.7).
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Figure 11.7 Momentum flow diagram for recoil

Because the x -component of the momentum of the system is constant, we have that

0= (piﬂ,f)cart + (pzyf)ball
= - (m2 +ml) Vf, cart +mg ('UO cosf — VUf, cart )

We can solve Equation (11.4.19) for the final speed and velocity of the cart as measured by an observer on the ground,

msvy cos
Vf, cart =
! meo +my +ms
— 2 msvgcosf -
V f cart = Uf cart 1 = 1

me +mp +ms

Note that the y -component of the momentum is not constant because as the person is throwing the ball he or she is pushing off the
cart and the normal force with the ground exceeds the gravitational force so the net external force in the y -direction is non-zero.

Substituting Equation (11.4.20) into Equation (11.4.17) gives

— : . H
V f ball = (V9 COSO—Vf, cart ) i +vg sinbj

m+m : A

=—1 "2  (yycosh)i+(vysinh)]
my +mg +ms
_>

As a check, note that in the limit m3 << mj +ms , V f, ball has speed vy and is directed at an angle 6 above the horizontal; the
fact that the much more massive person-cart combination is free to move doesn’t affect the flight of the ball as seen by the fixed
observer. Also note that in the unrealistic limit m >> m; +my the ball is moving at a speed much smaller than vy as it leaves the
cart.
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¢) The angle ¢ at which the ball is thrown as seen by the observer on the ground is given by

6 — tan! (0f batt), vy sinf
(v, ball ), [(m1 +m2) / (m1 +mg +ms3)] v cosd

_ mp +mg +m
=tan || ———2""2 ) tan#
m1 +mo
For arbitrary values for the masses, the above expression will not reduce to a simplified form. However, we can see that

tan¢g >tanf for arbitrary masses, and that in the limit m3 <<mj+ms,¢ —6 and in the unrealistic limit
m3 > my +mgy, $ — 7/2 . Can you explain this last odd prediction?
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