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17.3: Torque

Definition of Torque about a Point

%
In order to understand the dynamics of a rotating rigid body we will introduce a new quantity, the torque. Let a force F p with

g — -
magnitude F' = | F p| act at a point P. Let r g p be the vector from the point S to a point P, with magnitude r = ’ rs, p) . The

%
angle between the vectors ?5’ pand F is 8 with [0 <6 <] (Figure 17.9).

Figure 17.9 Torque about a point S due to a force acting at a point P

%
The torque about a point S due to force F p acting at P , is defined by

_)

. —
TS = I‘SPXFP

%
The magnitude of the torque about a point S due to force F p acting at P, is given by
Tg =|7g| =7Fsinf

The SI units for torque are [N'm]. The direction of the torque is perpendicular to the plane formed by the vectors ?57 p and

%
Fp (for [0 <8 <)), and by definition points in the direction of the unit normal vector to the plane nggg as shown in Figure
17.10.

Figure 17.10 Vector direction for the torque

Figure 17.11 shows the two different ways of defining height and base for a parallelogram defined by the vectors

N ey
r g,p and mathbfFp.
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Figure 17.11 Area of the torque parallelogram.

%
Letr, =rsinf and F| = F'sin6 be the component of the force F p that is perpendicular to the line passing from the point S to
P . (Recall the angle 6 has a range of values 0 < 0 <7 sobothr, >0 and F| > 0. Then the area of the parallelogram defined by

— —
r s pand F p is given by
Area =7¢=r, F =rF| =rFsinf

We can interpret the quantity ~, as follows.

-::11

g e

moment arm

—a line of action of force
Figure 17.12 The moment arm about the point S and line of action of force passing through the point P
We begin by drawing the line of action of the force F) p. This is a straight line passing through P , parallel to the direction of the
force F)p. Draw a perpendicular to this line of action that passes through the _p)oint S (Figure 17.12). The length of this

perpendicular, 7, = rsin#, is called the moment arm about the point S of the force F p.

You should keep in mind three important properties of torque:

_>
1. The torque is zero if the vectors ?5, pand F p are parallel (8 = 0) or anti-parallel (§ = ).

2. Torque is a vector whose direction and magnitude depend on the choice of a point S about which the torque is calculated.

_>
3. The direction of torque is perpendicular to the plane formed by the two vectors, F p and r = ‘?37 p’ (the vector from the point

S to a point P ).
Alternative Approach to Assigning a Sign Convention for Torque

= —
In the case where all of the forces F'; and position vectors r ; p are coplanar (or zero), we can, instead of referring to the direction
of torque, assign a purely algebraic positive or negative sign to torque according to the following convention. We note that the arc
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in Figure 17.13a circles in counterclockwise direction. (Figures 17.13a and 17.13b use the simplifying assumption, for the purpose

g —
of the figure only, that the two vectors in question, F p and r g p are perpendicular. The point S about which torques are
calculated is not shown.)

FP = o ﬁp ﬁ2
+ N N ®
© +/
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Figure 17.13 (a) Positive torque out of plane, (b) positive torque into plane
We can associate with this counterclockwise orientation a unit normal vector n according to the right-hand rule: curl your right

hand fingers in the counterclockwise direction and your right thumb will then point in the n; direction (Figure 17.13a). The arc in
Figure 17.13b circles in the clockwise direction, and we associate this orientation with the unit normal ns.

It’s important to note that the terms “clockwise” and “counterclockwise” might be different for different observers. For instance, if

= —
the plane containing F p and r g p is, horizontal, an observer above the plane and an observer below the plane would disagree
on the two terms. For a vertical plane, the directions that two observers on opposite sides of the plane would be mirror images of
each other, and so again the observers would disagree.

1. Suppose we choose counterclockwise as positive. Then we assign a positive sign for the component of the torque when the

. N . .. s > - — = | .
torque is in the same direction as the unit normal ny, i.e. 7= r gpx Fp =+ ‘ r Svp) F p|n; (Figure 17.13a).

2. Suppose we choose clockwise as positive. Then we assign a negative sign for the component of the torque in Figure 17.13b

- ) ) A, s = = e =
because the torque is directed opposite to the unit normal ny, i.e. 7¢=r gpx Fp = — ‘ rsg, p’ Fp|ny .
Example 17.6 Torque and Vector Product

~ — - ~ —
Consider two vectors ? pr=2xiwithz >0and F = F,i+ F;k with F;, >0and F, >0 Calculate the torque ? prx F.

I .~ A R
Solution: We calculate the vector product noting that in a right handed choice of unit vectors, i xi = 0 and i xk = —j

— = 3 : ; : : : ; 3
rprx F =zix (le +sz) = (:cl Xle) + (.’Bl X sz) =—zF,j
Because £ > 0 and F, > 0 the direction of the vector product is in the negative y - direction.

Example 17.7 Calculating Torque

In Figure 17.14, a force of magnitude F is applied to one end of a lever of length L. What is the magnitude and direction of the
torque about the point S?
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Figure 17.15 Coordinate system
Solution: Choose units vectors such that i x j =k , with i pointing to the right andj pointing up (Figure 17.15). The torque about
the point S is given by 75 = ?S,F X E) where ?SF = Lcosfi +Lsin0_i and E) = fFj then
7s = (Lcosfi+ Lsinfj) x —Fj = —FLcos bk
Example 17.8 Torque and the Ankle
A person of mass m is crouching with their weight evenly distributed on both tiptoes. The free-body force diagram on the skeletal
part of the foot is shown in Figure 17.16. The normal force ﬁ acts at the contact point between the foot and the ground. In this

— —
position, the tibia acts on the foot at the point S with a force F' of an unknown magnitude F' = | F | and makes an unknown angle
B with the vertical. This force acts on the ankle a horizontal distance s from the point where the foot contacts the floor. The

Achilles tendon also acts on the foot and is under considerable tension with magnitude 7' = |E‘>| and acts at an angle o with the
horizontal as shown in the figure. The tendon acts on the ankle a horizontal distance b from the point S where the tibia acts on the
foot. You may ignore the weight of the foot. Let g be the gravitational constant. Compute the torque about the point .S’ due to (a) the
tendon force on the foot; (b) the force of the tibia on the foot; (c) the normal force of the floor on the foot.

gt positive torque

Figure 17.16 Force diagram and coordinate system for ankle

Solution: (a) We shall first calculate the torque due to the force of the Achilles tendon on the ankle. The tendon force has the vector

— ~ A
decomposition T =T cosai+Tsinaj
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%
Figure 17.17 Torque diagram for tendon force on ankle Figure 17.18 Torque diagram for normal force on ankle r sn

The vector from the point S to the point of action of the force is given by ?S,T = —bi (Figure 17.17). Therefore the torque due to

_)
the force of the tendon T on the ankle about the point .S’ is then

- — =t A 3 .2 .

Tsr=rgrXx T =—-bix(Tcosai+Tsinaj)=—-bTsinak
(b) The torque diagram for the normal force is shown in Figure 17.18. The vector from the point S to the point where the normal
force acts on the foot is given by T N = (i - hj) . Because the weight is evenly distributed on the two feet, the normal force on

— . .
one foot is equal to half the weight, or N = (1/2)mg. The normal force is therefore given by N = Nj = (1/2)mgj . Therefore
the torque of the normal force about the point S is

Fon=TsnyxNj=((i-hj)xNj=sNk=(1/2)smgk

_>
(c) The force F' that the tibia exerts on the ankle will make no contribution to the torque about this point S since the tibia force
. — -
acts at the point S and therefore the vector r g = 0 .
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