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13.12: Appendix 13A Work Done on a System of Two Particles

We shall show that the work done by an internal force in changing a system of two particles of masses m; and m; respectively
from an initial state A to a final state B is equal to
W. = l (v2 — 2 )
c=3 1 \Vp ‘A
where v% is the square of the relative velocity in state B, vi is the square of the relative velocity in state A, and
p=mimy/ (my+msz).

Consider two bodies 1 and 2 and an interaction pair of forces shown in Figure 13A.1.
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Figure 13A.1 System of two bodies interacting

We choose a coordinate system shown in Figure 13A.2.
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Figure 13A.2 Coordinate system for two-body interaction

Newton’s Second Law applied to body 1 is

T,
Fyi=my 7D
and applied to body 2 is
= 42T,
Fio=m 7D
Divide each side of Equation (13.1.2) by m,
f‘)2,1 B d2?1
my dt?
and divide each side of Equation (13.1.3) by ma,
E>1,2 _d? T,
My dt?
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Subtract Equation (13.1.5) from Equation (13.1.4) yielding

— — _
Fo1 Fip &7, 4T, d’ry
my my  di2 de2 — di2

— - = R = = . . .
where ry; = r;— ry.UseNewton’s Third Law F3; = —F 5 on the left hand side of Equation (13.1.6) to obtain
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(L, L) _d&x 27, d*rs
PP\my Tmy ) a2 A2 de

The quantity d2?1,2 /dt? is the relative acceleration of body 1 with respect to body 2.

Define

The quantity p is known as the reduced mass of the system. Equation (13.1.7) now takes the form

— dz?)z’l
For1=p a2

The work done in the system in displacing the two masses from an initial state A to a final state B is given by

B_> B_)
W:/ Fz,l-d?1+/ Fip-dr,
A A

Recall by the work energy theorem that the LHS is the work done on the system,

B_ B _
W:/ Foi-dr, +/ Fipdry=AK
A A
From Newton’s Third Law, the sum in Equation (13.1.10) becomes

B_) B_> B_>
W= / Fo,- drl—/ Fg,l.d?}:/ Fz,l-(d?l—d?Z)z/ Foi-dra;
A A A

where d?Z,l is the relative displacement of the two bodies. We can now substitute Newton’s Second Law, Equation (13.1.9), for
the relative acceleration into Equation (13.1.12),

W= / Foi-dr /B d2r21-d? - /B PX1 dra dt
S P> MR N TaE T

N
. . . d o
where we have used the relation between the differential elements dry ; = %dt . The product rule for derivatives of the scalar

product of a vector with itself is given for this case by

1d d?2,1 d?2,1 _d2?2,1 d?2,1
2dt\ dt dt 42 dt

Substitute Equation (13.1.14) into Equation (13.1.13), which then becomes

W /Bld d?2,1 d?Z,l gt
B A AN dt

Equation (13.1.15) is now the integral of an exact derivative, yielding
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_)
where V5 ; is the relative velocity between the two bodies. It’s important to note that in the above derivation had we exchanged the
roles of body 1 and 2 i.e. 1 —+2 and 2 — 1 we would have obtained the identical result because

— —
Fio=—-Fy,

— — — —
rjiag=rog—rj;=—raj
— — — —
dl‘lyz :d(rg—rl):—dr
— —

Vi2=—"Va1

Equation (13.1.16) implies that the work done is the change in the kinetic energy of the system, which we can write in terms of the
reduced mass and the change in the square of relative speed of the two objects
AK =y (v —02)
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