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28.5: Worked Examples- Bernoulli’'s Equation

Example 28.5.1: Venturi Meter

Figure 28.8 shows a Venturi Meter, a device used to measure the speed of a fluid in a pipe. A fluid of density p; is flowing
through a pipe. A U-shaped tube partially filled with mercury of density p, lies underneath the points 1 and 2.

Figure 28.8: Venturi Meter

The cross-sectional areas of the pipe at points 1 and 2 are A; and A, respectively. Determine an expression for the flow speed
at the point 1 in terms of the cross-sectional areas A; and A,, and the difference in height h of the liquid levels of the two arms
of the U-shaped tube.
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Figure 28.8: Coordinate system for Venturi tube

We shall assume that the pressure and speed are constant in the cross-sectional areas A; and As. We also assume the fluid is
incompressible so the density py is constant throughout the tube. The two points 1 and 2 lie on the streamline passing through
the midpoint of the tube so they are at the same height. Using y; = y2 in Equation (28.4.8), the pressure and flow speeds at the
two points 1 and 2 are related by

1 1
b+ E,DfU% =P+ EPfU%

We can rewrite Equation (28.4.10) as
1

Pi—Py = py (v —v})

Let hl and h2 denote the heights of the liquid level in the arms of the U-shaped tube directly beneath points 1 and 2
respectively. Pascal’s Law relates the pressure difference between the two arms of the U-shaped tube according to in the left
arm of the U-shaped tube according to

Pbottom = Pl +Pfgd1 +pHggh1
In a similar fashion, the pressure at point 2 is given by

Poottom = P» +Pfgd2 +pHggh2
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Therefore, setting Equation (28.4.12) equal to Equation (28.4.13), we determine that the pressure difference on the two sides of
the U-shaped tube is

P, — P, =psg(da —di) + prgg (he — h1)
From Figure 28.8, dy +hs = d; + hy , therefore dy —d; = h; —hy = —h  We can rewrite Equation (28.4.14) as
P — P, = (pmy — py) gh
Substituting Equation (28.4.11) into Equation (28.4.15) yields

1
3P (v3 —v}) = (prg — py) gh

The mass continuity condition (Equation(28.3.5)) implies that v = (A;/A2) v; and so we can rewrite Equation (28.4.16) as

501 (41742’ 1) 02 = oty — s) g

We can now solve Equation (28.4.17) for the speed of the flow at point 1;

_J 2 (prg —ps) gh
v =

Py ((A1/A2)2 - 1)

Example 28.5.2: Water Pressure

A cylindrical water tower of diameter 3.0 m supplies water to a house. The level of water in the water tower is 35 m above the
point where the water enters the house through a pipe that has an inside diameter 5.1 cm. The intake pipe delivers water at a
maximum rate of 2.0 x 1073m?® - s~ . The pipe is connected to a narrower pipe leading to the second floor that has an inside
diameter 2.5 cm . What is the pressure and speed of the water in the narrower pipe at a point that is a height 5.0 m above the

level where the pipe enters the house?
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Figure 28.9: Example 28.2 (not to scale)
Solution

We shall assume that the water is an ideal fluid and that the flow is a steady flow and that the level of water in the water tower
is constantly maintained. Let’s choose three points, point 1 at the top of the water in the tower, point 2 where the water just
enters the house, and point 3 in the narrow pipe at a height ho = 5.0m above the level where the pipe enters the house.

We begin by applying Bernoulli’s Equation to the flow from the water tower at point 1, to where the water just enters the house
at point 2. Bernoulli’s equation (Equation (28.4.8)) tells us that
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1 1
Py +pgys + 5 pv} = Po+pgyn + 3 pv3

We assume that the speed of the water at the top of the tower is negligibly small due to the fact that the water level in the tower
is maintained at the same height and so we set v; = 0. The pressure at point 2 is then

Py=Pi+pg(y1 —ys) — %Pvg
In Equation (28.4.20) we use the value for the density of water
p=1.0x10°kg-m3\), thechangeinheightis\ ( (y; —ys2) = 35m,
and the pressure at the top of the water tower is

P, =1latm (28.5.1)

. The rate R that the water flows at point 1 satisfies R = Ajv; = m(d;/ 2)2111 . Therefore, the speed of the water at point 1 is

o= BUX 1070w 57 g 1074m st
w(dy /2)? 7(1.5m)?2
which is negligibly small and so we are justified in setting
v =0 (28.5.2)
. Similarly the speed of the water at point 2 is
R 20x10°m’ s

1

B S 5 5 =1.0m-s"
m(d2/2)° 7 (2.5 %10 2m)

We can substitute Equation (28.4.21) into Equation (28.4.22), yielding
vo = (df/d3) vy
a result which we will shortly find useful. Therefore the pressure at point 2 is
P, =1.01 x 10°Pa+ (1.0 x 10°%kg - m3) (9.8m-s72) (35m) — 1 (1.0 x 10°%kg - m~?) (1.0m-s7")°
P, =1.01 x 10°Pa+3.43 x 10°Pa—5.1 x 10?°Pa = 4.4 x 10°Pa

The dominant contribution is due to the height difference between the top of the water tower and the pipe entering the house.
The quantity (1/2)pv3 is called the dynamic pressure due to the fact that the water is moving. The amount of reduction in
pressure due to the fact that the water is moving at point 2 is given by

%pv% = %(1.0 x10°kg-m®) (1.0m-s ')’ =5.1 x 10°Pa

which is much smaller than the contributions from the other two terms.

We now apply Bernoulli’s Equation to the points 2 and 3,

1 1
Py + 5 pv} + pgys = Py + 5 pvi + pgys

Therefore the pressure at point 3 is

1
Py=Py+5p (v3 —v3) +pg (y2 —y3)

The change in height y» —y3 = —5.0m . The speed of the water at point 3 is

_ R _ 2.0x10%m?3.s7!

3 = > = =3.9m-s"
m(ds/2)"  m(1.27 x 10~*m)

Then the pressure at point 3 is
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P; = (4.4 x10°Pa) + 4 (1.0 x 10°kg-m~*) ((1.0m-s71)" = (3.9m-571)?)
— (1.0 x10°kg-m~3) (9.8m-s72) (5.0m)

= (4.4 x10°Pa) — (7.1 x 10°Pa) —4.9 x 10'Pa

=3.8 x10°Pa

Because the speed of the water at point 3 is much greater than at point 2, the dynamic pressure contribution at point 3 is much
larger than at point 2.
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