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22.2: Gyroscope

A toy gyroscope of mass m consists of a spinning flywheel mounted in a suspension frame that allows the flywheel’s axle to point
in any direction. One end of the axle is supported on a pylon a distance d from the center of mass of the gyroscope.

@t g7

—
e

Figure 22.2: a Toy Gyroscope

Choose polar coordinates so that the axle of the gyroscope flywheel is aligned along the r-axis and the vertical axis is the z -axis
(Figure 22.2 shows a schematic representation of the gyroscope).

d

V8 EATQ d :

S

>

>

[}

N

>

Dy -,

% =
] x
=

Sal
®

Figure 22.3 Angular rotations

The flywheel is spinning about its axis with a spin angular velocity,
— N
W, =wr
where w; is the radial component and w; > 0 for the case illustrated in Figure 22.2.

When we release the gyroscope it undergoes a very surprising motion. Instead of falling downward, the center of mass rotates
about a vertical axis that passes through the contact point S of the axle with the pylon with a precessional angular velocity
— -~ do -
Q=0k=—k
ot
where Q, =d6/dt is the z -component and 2, > 0 for the case illustrated in Figure 22.3. Therefore the angular velocity of the
flywheel is the sum of these two contributions
— N
P :33 +Q =w,r+Q.k
We shall study the special case where the magnitude of the precession component |2, | of the angular velocity is much less than the
magnitude of the spin component |w;| of the spin angular velocity, |2,| <<| ws, so that the magnitude of the angular velocity
|0 ~ |ws| and Q, and w, nearly constant. These assumptions are collectively called the gyroscopic approximation.

The force diagram for the gyroscope is shown in Figure 22.4. The gravitational force acts at the center of the mass and is directed

—9 . —e
downward, F = —mgk. There is also a contact force, F between the end of the axle and the pylon. It may seem that the contact
—¢ —v .
force, F has only an upward component, F = F,k, but as we shall soon see there must also be a radial inward component to
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the contact force, F = F,.r, with F;, <0 because the center of mass undergoes circular motion.
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Figure 22.4 Force and torque diagram for the gyroscope
The reason that the gyroscope does not fall down is that the vertical component of the contact force exactly balances the
gravitational force
F,—mg=0
What about the torque about the contact point .S ? The contact force acts at S so it does not contribute to the torque about .S ; only

the gravitational force contributes to the torque about .S’ (Figure 22.5b). The direction of the torque about S is given by

R — = . N R
T§= T S,em X F gravity = dF X mg(—k) =dmg0

and is in the positive @-direction. However we know that if there a non-zero torque about .S, then the angular momentum about S
must change in time, according to

%
. dLg
ST Ta

The angular momentum about the point S of the gyroscope is given by

— —sotbital ~ _yspin
Ls=Lg +Lg,

The orbital angular momentum about the point S is

—yothial N R 9
Ly =T 5cm XMV e =dr xmdQ2.0 =md-“ .k

The magnitude of the orbital angular momentum about S is nearly constant and the direction does not change. Therefore

d i)t)bitzad —
dt %

The spin angular momentum includes two terms. Recall that the flywheel undergoes two separate rotations about different axes. It

is spinning about the flywheel axis with spin angular velocity 33. As the flywheel precesses around the pivot point, the flywheel
_>
rotates about the z -axis with precessional angular velocity €2 (Figure 22.5). The spin angular momentum therefore is given by

_)Spin .

L, =Lwr+LQk
where I, is the moment of inertia with respect to the flywheel axis and I, is the moment of inertia with respect to the z -axis. If we
assume the axle is massless and the flywheel is uniform with radius R, then I, = (1/2)mR?. By the perpendicular axis theorem
I.=1I,+I,=2I, hencel, =(1/4)mR>.
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Figure 22.5: Rotations about center of mass of flywheel Figure 22.6 Spin angular momentum.
Recall that the gyroscopic approximation holds when |2, | << |w,| which implies that 1,9, << I,ws and therefore we can ignore
the contribution to the spin angular momentum from the rotation about the vertical axis, and so

—yspin
L., ~Igwsr

(The contribution to the spin angular momentum due to the rotation about the z -axis, I, k is nearly constant in both magnitude

. —
and direction so it does not change in time, d (IZsz) /dt ~ 0 . Therefore the angular momentum about S is approximately

— —yspin
Ls~L., =Inwsr

Our initial expectation that the gyroscope should fall downward due to the torque that the gravitational force exerts about the

contact point S leads to a violation of the torque law. If the center of mass did start to fall then the change in the spin angular

momentum, Afzn would point in the negative z -direction and that would contradict the vector aspect of Equation (22.2.6).

Instead of falling down, the angular momentum about the center of mass, E)Spm
spin

AE; is in the same direction as torque about S (Equation (22.2.5)), the positive -direction.

«m Must change direction such that the direction of

Recall that in our study of circular motion, we have already encountered several examples in which the direction of a constant
magnitude vector changes. We considered a point object of mass m moving in a circle of radius r . When we choose a coordinate

system with an origin at the center of the circle, the position vector r is directed radially outward. As the mass moves in a circle,
the position vector has a constant magnitude but changes in direction. The velocity vector is given by

%
- dr d, . de , 5
vV=—r= a(rr) —rEB =rw,0

and has direction that is perpendicular to the position vector (tangent to the circle), (Figure 22.7a)).
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Figure 22.7 (a) Rotating position and velocity vector; (b) velocity and acceleration vector for uniform circular motion

For uniform circular motion, the magnitude of the velocity is constant but the direction constantly changes and we found that the
acceleration is given by (Figure 22.7b)

d d - R N N
? = —_— = —(1)60) = ’UG—(—I‘) = Twzwz(—r) = —ngr

dt
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Note that we used the facts that

dr _ do g
dt — dt

do _ _dog
dt dtr

in Equations (22.2.13) and (22.2.14). We can apply the same reasoning to how the spin angular changes in time (Figure 22.8).

The time derivative of the spin angular momentum is given by

—yspin

dfs dL o, |25 |do . |2 - .
— Zo=|L 0.0 =I,w,0,0
dt dt ‘ emyws | ‘g ‘ om,ws @

where 0, =d6f/dt is the z -component and 2, > 0. The center of mass of the flywheel rotates about a vertical axis that passes
through the contact point .S of the axle with the pylon with a precessional angular velocity.

Q=0k=—k
Substitute Equations (22.2.16) and (22.2.5) into Equation (22.2.6) yielding

A |osin N
dmgl = ‘Lcm Q.0

Solving Equation (22.2.18) for the z -component of the precessional angular velocity of the gyroscope yields

_dmg  dmg
z ‘fspin I ws

view from above

Figure 22.8 Time changing direction of the spin angular momentum
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