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22.4: Worked Examples
Example 22.3 Tilted Toy Gyroscope

A wheel is at one end of an axle of length d . The axle is pivoted at an angle ¢ with respect to the vertical. The wheel is set into
motion so that it executes uniform precession; that is, the wheel’s center of mass moves with uniform circular motion with z -
component of precessional angular velocity €2,. The wheel has mass m and moment of inertia I, about its center of mass. Its spin
angular velocity &, has magnitude w, and is directed as shown in Figure 22.21. Assume that the gyroscope approximation holds,
|Q.] << ws. Neglect the mass of the axle. What is the z -component of the precessional angular velocity €2, ? Does the gyroscope
rotate clockwise or counterclockwise about the vertical axis (as seen from above)?
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Figure 22.21 Example 22.3
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Solution: The gravitational force acts at the center of mass and is directed downward, F = —mgk Let S denote the contact point

between the pylon and the axle. The contact force between the pylon and the axle is acting at S so it does not contribute to the
torque about S. Only the gravitational force contributes to the torque. Let’s choose cylindrical coordinates. The torque about S is

Tg= ?57cm X ?g = (dsin ¢f + d cos gk) x mg(—k) = mgd sin ¢@
which is into the page in Figure 22.21. Because we are assuming that |2,| << ws we only consider contribution from the spinning
about the flywheel axle to the spin angular momentum,
Z))s = —w, sin ¢T — w, cos ngl:t
The spin angular momentum has a vertical and radial component,

—yspin

L, = —Imw,singt — Inw, cos gk

We assume that the spin angular velocity w; is constant. As the wheel precesses, the time derivative of the spin angular momentum
arises from the change in the direction of the radial component of the spin angular momentum,

sin P
%fcm = —Tnws sincbill—; = —Tnws sin¢%é
where we used the fact that
di_ o
dt dt
The z -component of the angular velocity of the flywheel about the vertical axis is defined to be
df
Q, = s
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Therefore the rate of change of the spin angular momentum is then
d —yspin
7 Lem

The torque about S induces the spin angular momentum about S to change,

= —I.nwysin (,zSQzé

—yspin
L
dt

Now substitute Equation (22.4.1) for the torque about S, and Equation (22.4.7) for the rate of change of the spin angular
momentum into Equation (22.4.8), yielding

mgd squO = —Inws sin P2, 6
Solving Equation (22.2.18) for the z -component of the precessional angular velocity of the gyroscope yields

Q= dmg

Inws

The z -component of the precessmnal angular velocity is independent of the angle ¢ Because 2, <0, the direction of the

precessional angular velocity, Q= Q, k is in the negative z -direction. That means that the gyroscope precesses in the clockwise
direction when seen from above (Figure 21.22).

view from
above

Figure 21.22 Precessional angular velocity of tilted gyroscope as seen from above

Both the torque and the time derivative of the spin angular momentum point in the @-direction indicating that the gyroscope will
precess clockwise when seen from above in agreement with the calculation that 2, < 0.

Example 22.4 Gyroscope on Rotating Platform

A gyroscope consists of an axle of negligible mass and a disk of mass M and radius R mounted on a platform that rotates with
angular speed 2. The gyroscope is spinning with angular speed w. Forces F, and F} act on the gyroscopic mounts. What are the
magnitudes of the forces F, and F} (Figure 22.22)? You may assume that the moment of inertia of the gyroscope about an axis
passing through the center of mass normal to the plane of the disk is given by I,
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Figure 22.22 Example 22.4

Solution: Figure 22.23 shows a choice of coordinate system and force diagram on the gyroscope.
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Figure 22.23 Free-body force diagram
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The vertical forces sum to zero since there is no vertical motion
F,+F,—Mg=0
Using the coordinate system depicted in the Figure 22.23, torque about the center of mass is

Tn=d(F,—F)0

The spin angular momentum is (gyroscopic approximation)

—yspin
L., ~Ijwr

Looking down on the gyroscope from above (Figure 2.23), the radial component of the angular momentum about the center of
mass is rotating counterclockwise.
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Figure 22.24 Change in angular momentum

—yspin R
During a very short time interval At, the change in the spin angular momentum is AL ., = I, wA00 (Figure 22.24). Taking

limits we have that

—yspin —yspin
dL ., AL, A - do -
= li = lim I, w—0 = I .,w—6
dt A0 A Atso AL g
We can now apply the torque law
—yspin
R dL
Ton =G
Substitute Equations (22.4.12) and (22.4.14) into Equation (22.4.15) and just taking the component of the resulting vector equation

yields
d(Fy— Fp) = Inw,
We can divide Equation (22.4.16) by the quantity d yielding

Icmwgz
d

We can now use Equations (22.4.17) and (22.4.11) to solve for the forces F, and Fj

1 T
Fa:—(Mg+$)

F,—F=

2 d
1 T,
Fy==( Mg— —m
b 2( 9774 )

Note that if 2, = Mgd/I.,w then F, =0 and one could remove the right hand support in the Figure 22.22. The simple pivoted
gyroscope that we already analyzed Section 22.2 satisfied this condition. The forces we just found are the forces that the mounts
must exert on the gyroscope in order to cause it to move in the desired direction. It is important to understand that the gyroscope is
exerting equal and opposite forces on the mounts, i.e. the structure that is holding it. This is a manifestation of Newton’s Third
Law.

Example 22.5 Grain Mill

In a mill, grain is ground by a massive wheel that rolls without slipping in a circle on a flat horizontal millstone driven by a vertical
shaft. The rolling wheel has mass M , radius b and is constrained to roll in a horizontal circle of radius R at angular speed Q (Figure
22.25). The wheel pushes down on the lower millstone with a force equal to twice its weight (normal force). The mass of the axle
of the wheel can be neglected. What is the precessional angular frequency Q ?
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Figure 22.25 Example 22.5

Solution: Figure 22.5 shows the pivot point along with some convenient coordinate axes. For rolling without slipping, the speed of
the center of mass of the wheel is related to the angular spin speed by

Vem = bw

Also the speed of the center of mass is related to the angular speed about the vertical axis associated with the circular motion of the
center of mass by

Vem = RS}
Therefore equating Equations (22.4.20) and (22.4.21) we have that
w=0QR/b
Assuming a uniform millwheel, I, = (1/2)Mb?, the magnitude of the horizontal component of the spin angular momentum
about the center of mass is
; 1., 1
Lin =Imw = §Mb w= EQMRb

—yspin
The horizontal component of L, is directed inward, and in vector form is given by

—»spin QMRb
L

—— #

cm

The axle exerts both a force and torque on the wheel, and this force and torque would be quite complicated. That’s why we
consider the forces and torques on the axle/wheel combination. The normal force of the wheel on the ground is equal in magnitude
to Ny, ¢ = 2mg so the third-law counterpart; the normal force of the ground on the wheel has the same magnitude Ng = 2mg

%
The joint (or hinge) at point P therefore must exert a force F' g a on the end of the axle that has two components, an inward force

_)
F'5 to maintain the circular motion and a downward force F'; to reflect that the upward normal force is larger in magnitude than
the weight (Figure 22.26).
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Figure 22.26 Free-body force diagram on wheel

%
About point P, Fy, exerts no torque. The normal force exerts a torque of magnitude Ng w R = 2mgR, directed out of the page,
or, in vector form, 7 p,Nn = —2mgRO The weight exerts a toque of magnitude mgR , directed into the page, or, in vector form,

TPmg = mgR@ . The torque about P is then
Tp= FP,N +7_"P,mg = —2ngé —i—ngé = —ngé

As the wheel rolls, the horizontal component of the angular momentum about the center of mass will rotate, and the inward-
directed vector will change in the negative @-direction. The angular momentum about the point P has orbital and spin
decomposition

— —sotbial ~ _yspin
L,=L, +L_,
The orbital angular momentum about the point P is
—yorbital . . R
Lp =T pon XMV ey, = RE xmbQO = mRbQk
The magnitude of the orbital angular momentum about P is nearly constant and the direction does not change. Therefore

dforbital
p —
@
Therefore the change in angular momentum about the point P is
— sin
dL, dL, d/QmRb
at  dt :E( 2 (_r))

1 R
= S OmRbQ(-0)

where we used Equation (22.4.24) for the magnitude of the horizontal component of the angular momentum about the center of
mass. This is consistent with the torque about P pointing out of the plane of Figure 22.26. We can now apply the rotational equation
of motion,

%
dLp
dt
Substitute Equations(22.4.25) and (22.4.29) into Equation (22.4.30) yielding

7p=

R 1 R
mgR(—0) = §Q2mRb(—0)
We can now solve Equation (22.4.31) for the angular speed about the vertical axis

_ /%
=%
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