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9.4: Appendix 9A The Gravitational Field of a Spherical Shell of Matter .

When analyzing gravitational interactions between uniform spherical bodies we assumed we could treat each sphere as a point-like
mass located at the center of the sphere and then use the Universal Law of Gravitation to determine the force between the two point
like objects. We shall now justify that assumption. For simplicity we only need to consider the interaction between a spherical
object and a point-like mass. We would like to determine the gravitational force on the point-like object of mass m; due to the
gravitational interaction with a solid uniform sphere of mass my and radius R . In order to determine the force law we shall first
consider the interaction between the point-like object and a uniform spherical shell of mass m, and radius R . We will show that:

1) The gravitational force acting on a point-like object of mass m; located a distance r > R from the center of a uniform spherical
shell of mass m, and radius R is the same force that would arise if all the mass of the shell were placed at the center of the shell.

2) The gravitational force on an object of mass m; placed inside a spherical shell of matter is zero.

The force law summarizes these results:
-G™™r, r>R
™
_)
0, r<R
where r is the unit vector located at the position of the object and pointing radially away from the center of the shell.

For a uniform spherical distribution of matter, we can divide the sphere into thin shells. Then the force between the point-like
object and each shell is the same as if all the mass of the shell were placed at the center of the shell. Then we add up all the
contributions of the shells (integration), the spherical distribution can be treated as point-like object located at the center of the
sphere justifying our assumption.

Thus it suffices to analyze the case of the spherical shell. We shall first divide the shell into small area elements and calculate the
gravitational force on the point-like object due to one element of the shell and then add the forces due to all these elements via
integration.

We begin by choosing a coordinate system. Choose our z -axis to be directed from the center of the sphere to the position of the
object, at position ? =zk , so that z > 0 (Figure 9A.1 shows the object lying outside the shell with z > R)
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Figure 9A.1 Object lying outside shell with z > R

Choose spherical coordinates as shown in Figure 9A.2.
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Figure 9A.2 Spherical coordinates
For a point on the surface of a sphere of radius r = R, the Cartesian coordinates are related to the spherical coordinates by
x = Rsinfcos ¢
y = Rsinfsin¢
z= Rcosf
where 0 <9 <7 and 0 < ¢ < 27.

Note that the angle 0 in Figure 9A.2 and Equations (9.A.1) is not the same as that in plane polar coordinates or cylindrical
coordinates. The angle 6 is known as the colatitude, the complement of the latitude. We now choose a small area element shown in

Figure 9A.3.
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Figure 9A.3 Infinitesimal area element

The infinitesimal area element on the surface of the shell is given by
da = R*sin0d0d¢
Then the mass dm contained in that element is
dm = oda = o R’ sin0dfd¢
where ¢ is the surface mass density given by

o =m,/4nR?
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The gravitational force F g4, ,, on the object of mass m that lies outside the shell due to the infinitesimal piece of the shell (with
mass dm ) is shown in Figure 9A.4.
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Figure 9A.4 Force on a point-like object due to piece of shell
The contribution from the piece with mass dm to the gravitational force on the object of mass m; that lies outside the shell has a

component pointing in the negative k-direction and a component pointing radially away from the z -axis. By symmetry there is
another mass element with the same differential mass dm’ = dm on the other side of the shell with same co-latitude 8 but with ¢
replaced by ¢ + ; this replacement changes the sign of x and y in Equations (9.A.1) but leaves z unchanged. This other mass
element produces a gravitational force that exactly cancels the radial component of the force pointing away from the z -axis.
Therefore the sum of the forces of these differential mass elements on the object has only a component in the negative k-direction
(Figure 9A.5).
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Figure 9A.5 Symmetric cancellation of components of force

Therefore we need only the z -component vector of the force due to the piece of the shell on the point-like object.
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Figure 9A.6 Geometry for calculating the force due to piece of shell.

From the geometry of the set-up (Figure 9A.6) we see that

dm

% ~ A~
(dFs,l) =dFk = —G’m1 cosak
z Ta
Thus
dF, = -G midm coscr — Gmymy cos o sinfdfde
h A %

The integral of the force over the surface is then

b=mp=2m dm cos o Gms 0 mp=2m cosa sin 0d0d¢
= —Gm1 5 =
$=0 r ¢=0 sl

sl

The ¢-integral is straightforward yielding

Gms m?:n / cos a sin 6d6
2 6=0

From Figure 9A.6 we can use the law of cosines in two different ways

r2 = R?+4 2% —2Rzcosf

R? =22 ""7’?1 —2rs12c0801
Differentiating the first expression in (9.A.5), with R and z constant yields,
2rs1drs1 = 2Rzsin0do

Hence

Ts1
sin0df = —=
Rz

and from the second expression in (9.A.5) we have that

cosa = [(2* — R?) +r%]

2Ts,1
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We now have everything we need in terms of 7 ;.

For the case when z > R, 7, varies from z — R to z + R. Substituting Equations (9.A.7) and (9.A.8) into Equation (9.A.3) and
using the limits for the definite integral yields

Gmsm€=7r cos asin @
F, = ——/ do
2 6=0
_ Gmems LT gy e ] L Tetdr
2 2z J..r Ts1 51 7‘3,1 Rz
G 1 z+R dr ' z+R
-GSy [T [
2 2Rz —R 7'5’1 z—R
No tables should be needed for these; the result is
z+R
7 Gmym; 1 (2 — R?) N
= — T
z 2 2Rz? Ts1 51
’ z—R
Gmysm, 1
= —(z—R)+(z+R)+2R
e [(=B)+(:+ R)+2R
_ Gmgm,
22

For the case when z < R, 7, varies from R —zto R + z . Then the integral is

R+2z
o Gmgmi 1 | (2> - R?) o
z — 2 2RZ2 To1 5,1 o
Gmgsm;, 1
_ _Ts SR [-(z—R)—(2+ R)+27]

=0

So we have demonstrated the proposition that for a point-like object located on the z - axis a distance z from the center of a
spherical shell, the gravitational force on the point like object is given by

- -Gz >R
F,u(r)= 2
0,2<R

This proves the result that the gravitational force inside the shell is zero and the gravitational force outside the shell is equivalent to
putting all the mass at the center of the shell.
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