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5.3: Nuclear Models

In the case of the simplest nucleus (the deuterium, with 1p-1n) we have been able to solve the time independent Schrodinger
equation from first principles and find the wavefunction and energy levels of the system —of course with some approximations,
simplifying for example the potential. If we try to do the same for larger nuclei, we soon would find some problems, as the number
of variables describing position and momentum increases quickly and the math problems become very complex.

Another difficulty stems from the fact that the exact nature of the nuclear force is not known, as there’s for example some evidence
that there exist also 3-body interactions, which have no classical analog and are difficult to study via scattering experiments.

Then, instead of trying to solve the problem exactly, starting from a microscopic description of the nucleus constituents, nuclear
scientists developed some models describing the nucleus. These models need to yield results that agree with the already known
nuclear properties and be able to predict new properties that can be measured in experiments. We are now going to review some of
these models.

Shell structure

The atomic shell model

You might already be familiar with the atomic shell model. In the atomic shell model, shells are defined based on the atomic
quantum numbers that can be calculated from the atomic Coulomb potential (and ensuing the eigenvalue equation) as given by the
nuclear’s protons.

Shells are filled by electrons in order of increasing energies, such that each orbital (level) can contain at most 2 electrons (by the
Pauli exclusion principle). The properties of atoms are then mostly determined by electrons in a non-completely filled shell. This
leads to a periodicity of atomic properties, such as the atomic radius and the ionization energy, that is reflected in the periodic table
of the elements. We have seen when solving for the hydrogen
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Figure 5.3.1: Atomic Radius vs Z. (CC BY-NC-ND; Paola Cappellaro)

atom that a quantum state is described by the quantum numbers: |1 = |n, [, m where n is the principle quantum number (that in the
hydrogen atom was giving the energy). [ is the angular momentum quantum number (or azimuthal quantum number ) and m the
magnetic quantum number. This last one is m = —1,...,l— 1,1 thus together with the spin quantum number, sets the degeneracy
of each orbital (determined by n and ! <n) to be D(I) =2(2l+1). Historically, the orbitals have been called with the
spectroscopic notation as follows:

1 01| 2 3 4 15| 6
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notation

D(1) 21610 14 [ 18|22 26
historic structure | heavy nuclei

The historical notations come from the description of the observed spectral lines:
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Figure 5.3.2: Ionization energy vs Z. (CC BY-NC-ND; Paola Cappellaro)

Orbitals (or energy eigenfunctions) are then collected into groups of similar energies (and similar properties). The degeneracy of
each orbital gives the following (cumulative) occupancy numbers for each one of the energy group:

|2, 10, 18, 36, 54, 70, 86|

Notice that these correspond to the well known groups in the periodic table.

There are some difficulties that arise when trying to adapt this model to the nucleus, in particular the fact that the potential is not
external to the particles, but created by themselves, and the fact that the size of the nucleons is much larger than the electrons, so
that it makes much less sense to speak of orbitals. Also, instead of having just one type of particle (the electron) obeying Pauli’s
exclusion principle, here matters are complicated because we need to fill shells with two types of particles, neutrons and protons.

In any case, there are some compelling experimental evidences that point in the direction of a shell model.

Evidence of nuclear shell structure: Two-nucleon separation energy

The two-nucleon separation energy (2p- or 2n-separation energy) is the equivalent of the ionization energy for atoms, where
nucleons are taken out in pair to account for a term in the nuclear potential that favor the pairing of nucleons. From this first set of
data we can infer that there exist shells with occupation numbers

[8, 20, 28, 50, 82, 126

These are called Magic numbers in nuclear physics. Comparing to the size of the atomic shells, we can see that the atomic magic
numbers are quite different from the nuclear ones (as expected since there are two-types of particles and other differences.) Only
the guiding principle is the same. The atomic shells are determined by solving the energy eigenvalue equation. We can attempt to
do the same for the nucleons.

Nucleons Hamiltonian

The Hamiltonian for the nucleus is a complex many-body Hamiltonian. The potential is the combination of the nuclear and
coulomb interaction:

H=Y PN Voo (F )+ Y ———

i< i< |“” mﬂ'

sum on protons only

There is not an external potential as for the electrons (where the protons create a strong external central potential for each electron).
We can still simplify this Hamiltonian by using mean field theory!!.
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11 This is a concept that is relevant in many other physical situations
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Figure 5.3.3: Top: Two-proton separation energies of isotones (constant N). Bottom: two-neutron separation energies of isotopes
(constant Z). On the x-axis: nucleon number. The sudden changes at the magic number are apparent. From Krane, fig 5.2

We can rewrite the Hamiltonian above by picking 1 nucleon, e.g. the 5% neutron:

n ﬁ] - -
%j = om, +ZVHM(|%’ _mj|)

i<y

or the k" proton:

~2
p S o
WP = 2’”]; +2Vnm(|wi—wk| Z
n

i<k i<k |"'3Z —

sum on protons only

then the total Hamiltonian is just the sum over these one-particle Hamiltonians:

H= > M+ ZH”

j (neutrons) k( protons )
The Hamiltonians #H; and HY describe a single nucleon subjected to a potential Vie (1Zj]) —  or
VI(|Z5]) = Vidue (1Z5]) +ch) . (|Z;]) for a proton. These potentials are the effect of all the other nucleons on the nucleon we
picked, and only their sum comes into play. The nucleon we focused on is then evolving in the mean field created by all the other
nucleons. Of course this is a simplification, because the field created by the other nucleons depends also on the 5 nucleon, since
this nucleon influences (for example) the position of the other nucleons. This kind of back-action is ignored in the mean-field
approximation, and we considered the mean-field potential as fixed (that is, given by nucleons with a fixed position).
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We then want to adopt a model for the mean-field Vn];w and Vci - Let’s start with the nuclear potential. We modeled the interaction
between two nucleons by a square well, with depth =V and range Ry. The range of the nuclear well is related to the nuclear radius,
which is known to depend on the nuclear mass number A, as R ~ 1.25AY/3fm. Then Vn];m is the sum of many of these square
wells, each with a different range (depending on the separation of the nucleons). The depth is instead almost constant at Vo =
50MeV, when we consider large-A nuclei (this correspond to

Figure 5.3.4: Potential obtained from the sum of many rectangular potential wells. Black, the potential range increases
proportionally to the number of nucleons considered. Red, R ~ A/3 . Blue, harmonic potential, that approximates the desired
potential. (CC BY-NC-ND; Paola Cappellaro)
the average strength of the total nucleon potential). What is the sum of many square wells? The potential smooths out. We can
approximate this with a parabolic potential. [Notice that for any continuous function, a minimum can always be approximated by a
parabolic function, since a minimum is such that the first derivative is zero]. This type of potential is useful because we can find an
analytical solution that will give us a classification of nuclear states. Of course, this is a crude approximation. This is the oscillator
potential model:

" 1).2
Now we need to consider the Coulomb potential for protons. The potential is given by: Viou = % [% - %] for r < Ry,
0

which is just the potential for a sphere of radius Rg containing a uniform charge (Z —1)e . Then we can write an effective (mean-
field, in the parabolic approximation) potential as

Ve (Yo _ 2D [ 3 (Z-De
¢ RZ 2R} ‘T2 R
= mwr? ="

_ 2

We defined here a modified nuclear square well potential V|| =V, % (Z Ri)e for protons, which is shallower than for neutrons.
. 2
Also, we defined the harmonic oscillator frequencies w? = % (% — (Zzég)e ) .
0

The proton well is thus slightly shallower and wider than the neutron well because of the Coulomb repulsion. This potential model
has limitations but it does predict the lower magic numbers.

The eigenvalues of the potential are given by the sum of the harmonic potential in 3D (as seen in recitation) and the square well:
3 !
Ey=hw| N+ 5 — VO .

(where we take V' = V, for the neutron).

Note that solving the equation for the harmonic oscillator potential is not equivalent to solve the full radial equation, where the
. 1141
centrifugal term h2%

r2

must be taken into account. We could have solved that total equation and found the energy eigenvalues

labeled by the radial and orbital quantum numbers. Comparing the two solutions, we find that the h.o. quantum number N can be
expressed in terms of the radial and orbital quantum numbers as

N=2(n—1)+I
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Sincel =0,1,...n—1 we have the selection rule for [ as a function of N : =N, N —2,... (with [ > 0). The degeneracy of
the Ey eigenvalues is then D'(N) =37, _y y o  (20+1)= %(N+1)(N+2) (ignoring spin) or D(N) = (N +1)(N +2)
when including the spin.

We can now use these quantum numbers to fill the nuclear levels. Notice that we have separate levels for neutrons and protons.
Then we can build a table of the levels occupations numbers, which predicts the first 3 magic numbers.

. Cumulative
N ! Spectr.oscoplc % D) | DV | of nucle-
Notation
ons#

0 1s 1 2 2

1 1 1p 3 6 8

21 0,2 |2s,1d 6 12 |20

31 1,3 |2p,1f 10 20 |40
410,2,4|3s,2d,1¢g 15 30 |70

For higher levels there are discrepancies thus we need a more precise model to obtain a more accurate prediction. The other
problem with the oscillator model is that it predicts only 4 levels to have lower energy than the 50MeV well potential (thus only 4

. . . 28V (Z-1)e? 2K22Vp .
bound energy levels). The separation between oscillator levels is in fact hw = 2 am ryreal Inserting the
miy, 0 methy

2(200MeVfm)" x50MeV 51.5A-1/3  Then the separation between oscillator levels is on the order

numerical values we find Aw = >
938MeV 1.25 fmA1/3)

of 10-20MeV.

Spin orbit interaction

In order to predict the higher magic numbers, we need to take into account other interactions between the nucleons. The first
interaction we analyze is the spin-orbit coupling.
The associated potential can be written as

1 R

ﬁvm(r)i.;

where 5 and! are spin and angular momentum operators for a single nucleon. This potential is to be added to the single-nucleon
mean-field potential seen before. We have seen previously that in the interaction between two nucleons there was a spin
component. This type of interaction motivates the form of the potential above (which again is to be taken in a mean-field picture).

We can calculate the dot product with the same trick already used:

{-5)= ; (Az 132 52) —%[j(j+1)l(l+1)%

~

where 3 is the total angular momentum for the nucleon. Since the spin of the nucleon is s = %, the possible values of j are
j=1£% .Thenj(j+1)—1(I+1)=(1£3) (I£5+1)—I(+1) ,andwe obtain

5 . B forj=1+1
<Z-§>={l2 .o

—(+1)%  forj=1-1
and the total potential is

Vo+Ves  forj=1+1
Vnuc = 1
VE) VsoJrT fOI‘jzl—%

Now recall that both Vj is negative and choose also Vi, negative. Then:
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o when the spin is aligned with the angular momentum (j =1+ % ) the potential becomes more negative, i.e. the well is deeper
and the state more tightly bound.
o when spin and angular momentum are anti-aligned the system’s energy is higher.

The energy levels are thus split by the spin-orbit coupling (see figure 5.3.5). This splitting is directly proportional to the angular
momentum [ (is larger for higher I): AE = 7‘2—2(2l +1) . The two states in the same energy configuration but with the spin aligned
or anti-aligned are called a doublet.

v/ Example 5.3.1

Consider the N = 3 h.o. level. The level 17/, is pushed far down (because of the high I). Then its energy is so different that it
makes a shell on its own. We had found that the occupation number up to N = 2 was 20 (the 3rd magic number). Then if we
take the degeneracy of , , we obtain the 4th magic number 28.

[Notice that since here j already includes the spin, D(j) =2j+1 .]

Since the 1 f7 /5 level now forms a shell on its own and it does not belong to the N = 3 shell anymore, the residual degeneracy
of N = 3 is just 12 instead of 20 as before. To this degeneracy, we might expect to have to add the lowest level of the N = 4
manifold. The highest I possible for N = 4 is obtained with 7 = 1 from the formula N =2(n—1)+1—1=4 (this would be
1g). Then the lowest level is for j=1+1/2=4+1/2 =9/2 with degeneracy D = 2(9/2 + 1) = 10. This new combined shell
comprises then 12 + 10 levels. In turns this gives us the magic number 50.

2Py,

2 -
P s,

Af 2P

Figure 5.3.5: The energy levels from the harmonic oscillator level (labeled by N) are first shifted by the angular momentum
potential (2p, 1f). Each 1 level is then split by the spin-orbit interaction, which pushes the energy up or down, depending on the
spin and angular momentum alignment (CC BY-NC-ND; Paola Cappellaro)
Using these same considerations, the splittings given by the spin-orbit coupling can account for all the magic numbers and
even predict a new one at 184:

o N=4,1g— 1gy7/5 and 1gg/5. Then we have 20 — 8 = 12 +D(9/2) = 10. From 28 we add another 22 to arrive at the magic
number 50.

e N=5,1h— 1hg/s and 1h;; /2. The shell thus combines the N = 4 levels not already included above, and the
D (1h11 /2) = 12 levels obtained from the N = 51h,; 5. The degeneracy of N = 4 was 30, from which we subtract the 10
levels included in N = 3. Then we have (30 —10) + D (1h11/2) =20+12 =32 . From 50 we add arrive at the magic
number 82.

e N=6,1i — 1iy; and 13 5. The shell thus have D(N =5) — D (1hy; ) + D (1i13/5) =42 —12+14 =44 levels
(D(N) = (N + 1)(N + 2)). The predicted magic number is then 126.

o N =7 1ji5/2 is added to the N = 6 shell, to give D(N = 6) — D (1i13/2) + D (1j15/2) =56 —14+16 =58 ,
predicting a yet not-observed 184 magic number.
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Figure 5.3.6: Shell Model prediction of the magic numbers. Level splittings due to h.o. levels, l-quantum number and spin-orbit
coupling. Notice that further variations in the position of the levels are actually present (see Krane Fig. 5.6). Here only the shiftings
leading to new shell groupings are shown. (CC BY-NC-ND; Paola Cappellaro)
These predictions do not depend on the exact shape of the square well potential, but only on the spin-orbit coupling and its relative
strength to the nuclear interaction Vj as set in the harmonic oscillator potential (we had seen that the separation between oscillator
levels was on the order of 10MeV.) In practice, if one studies in more detail the potential well, one finds that the oscillator levels
with higher [ are lowered with respect to the others, thus enhancing the gap created by the spin-orbit coupling.

The shell model that we have just presented is quite a simplified model. However it can make many predictions about the nuclide
properties. For example it predicts the nuclear spin and parity, the magnetic dipole moment and electric quadrupolar moment, and it
can even be used to calculate the probability of transitions from one state to another as a result of radioactive decay or nuclear
reactions.
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Image by MIT OpenCourseWare. After Krane.

Figure 5.3.7: Shell Model energy levels (from Krane Fig. 5.6). Left: Calculated energy levels based on potential. To the right of
each level are its capacity and cumulative number of nucleons up to that level. The spin-orbit interaction splits the levels with 1 > 0
into two new levels. Note that the shell effect is quite apparent, and magic numbers are reproduced exactly.

Spin pairing and valence nucleons

In the extreme shell model (or extreme independent particle model), the assumption is that only the last unpaired nucleon dictates
the properties of the nucleus. A better approximation would be to consider all the nucleons above a filled shell as contributing to
the properties of a nucleus. These nucleons are called the valence nucleons.

Properties that can be predicted by the characteristics of the valence nucleons include the magnetic dipole moment, the electric
quadrupole moment, the excited states and the spin-parity (as we will see). The shell model can be then used not only to predict
excited states, but also to calculate the rate of transitions from one state to another due to radioactive decay or nuclear reactions.

As the proton and neutron levels are filled the nucleons of each type pair off, yielding a zero angular momentum for the pair. This
pairing of nucleons implies the existence of a pairing force that lowers the energy of the system when the nucleons are paired-off.

Since the nucleons get paired-off, the total spin and parity of a nucleus is only given by the last unpaired nucleon(s) (which
reside(s) in the highest energy level). Specifically we can have either one neutron or one proton or a pair neutron-proton.

The parity for a single nucleon is (—1)’ , and the overall parity of a nucleus is the product of the single nucleon parity. (The parity
indicates if the wavefunction changes sign when changing the sign of the coordinates. This is of course dictated by the angular part
of the wavefunction — as in spherical coordinates Then if you look back at the angular wavefunction for a central potential it is
easy to see that the spherical harmonics change sign iff [ is odd).

The shell model with pairing force predicts a nuclear spin I = 0 and parity IT = even (or I = 0™) for all even-even nuclides.

Odd-Even nuclei

Despite its crudeness, the shell model with the spin-orbit correction describes well the spin and parity of all odd-A nuclei. In
particular, all odd-A nuclei will have half-integer spin (since the nucleons, being fermions, have half-integer spin).

https://phys.libretexts.org/@go/page/25719
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$807 and 7Oy. (of course 16O has spin zero and even parity because all the nucleons are paired). The first ({ }_{8}/{15}
\mathrm{O}_{7}\)) has an unpaired neutron in the p, / shell, than [ = 1, s = 1/2 and we would predict the isotope to have spin
1/2 and odd parity. The ground state of 51;709 instead has the last unpaired neutron in the ds /> shell, with [ =2 and s = 5/2, thus
implying a spin 5/2 with even parity. Both these predictions are confirmed by experiments.

v/ Example 5.3.3

These are even-odd nuclides (i.e. with A odd).

123

51 Obr2 has lprotonin 1 g; /5 :— %+

_>
123 g 7+
— 57Sbrz has lprotonin 1 gy :— 5 .
35 ; ., 3%
— 17Cl has lprotonin 1dz/ :— 5
. . +
— %ZS’L has 1 neutron in 2 sy /3 :— % .

— %ZS’L' has paired nucleons: — 07 .

v/ Example 5.3.4

There are some nuclides that seem to be exceptions:

— %Sbm has last proton in 2 dj ; instead of 1 g7 /5 :— g+ (details in the potential could account for the inversion of the
two level order)

— &37Sngs has last proton in 2f; , instead of 1 hg 5 :— %_
— ggBr44 has last neutron in 2p3 5 instead of 1f; 5 : — %7

— §g7Pb125. Here we invert 1i;3/5 with 3p; /2 This seems to be wrong because the 1i level must be quite more energetic than
the 3p one. However, when we move a neutron from the 3p to the 1i all the neutrons in the 1i level are now paired, thus

lowering the energy of this new configuration.

Odd-Odd nuclei

Only five stable nuclides contain both an odd number of protons and an odd number of neutrons: the first four odd-odd nuclides
%H, gLi, %0 B, and %4 N. These nuclides have two unpaired nucleons (or odd-odd nuclides), thus their spin is more complicated to
calculate. The total angular momentum can then take values between |j; — ja| and j; + ja .

Two processes are at play:

1. the nuclei tends to have the smallest angular momentum, and
2. the nucleon spins tend to align (this was the same effect that we saw for example in the deuteron In any case, the resultant

nuclear spin is going to be an integer number.

Nuclear Magnetic Resonance

The nuclear spin is important in chemical spectroscopy and medical imaging. The manipulation of nuclear spin by radiofrequency
waves is at the basis of nuclear magnetic resonance and of magnetic resonance imaging. Then, the spin property of a particular
isotope can be predicted when you know the number of neutrons and protons and the shell model. For example, it is easy to predict
that hydrogen, which is present in most of the living cells, will have spin 1/2. We already saw that deuteron instead has spin 1.
What about Carbon, which is also commonly found in biomolecules? %20 is of course and even-even nucleus, so we expect it to

have spin-0. é3C7 instead has one unpaired neutron. Then '3C has spin—%.
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Why can nuclear spin be manipulated by electromagnetic fields? To each spin there is an associated magnetic dipole, given by:

where ~yy is called the gyromagnetic ratio, g is the g-factor (that we are going to explain) and ppy is the nuclear magneton
uN = % ~3x10°% eV/T (with m the proton mass). The g factor is derived from a combination of the angular momentum g-
factor and the spin g-factor. For protons g; = 1, while it is g; = 0 for neutrons as they don’t have any charge. The spin g-factor can
be calculated by solving the relativistic quantum mechanics equation, so it is a property of the particles themselves (and a
dimensionless number). For protons and neutrons we have: g, , = 5.59 and g, ,, = —3.83.

In order to have an operational definition of the magnetic dipole associated to a given angular momentum, we define it to be the
expectation value of [ when the system is in the state with the maximum 2 angular momentum:

() = Bl +gus:) = B g + (02— 90)52)

Then under our assumptions j, = jh (and of course [, = hm, and s, = km; ) we have

(1) = 5 (it (g0 — 1) (52))

How can we calculate s,? There are two cases, either j =1+ % orj=1— % . And notice that we want to find the projection of .S
1S-7|J

in the state which is aligned with J, so we want the expectation value of i
J

. By replacing the operators with their expectation
values (in the case where j, = jh ), we obtain
(s.) :Jr% forj:lJr% .
—_h =71
(82) = —73 77 forj=1—3.
(thus we have a small correction due to the fact that we are taking an expectation value with respect to a tilted state and not the

usual state aligned with S,. Remember that the state is well defined in the coupled representation, so the uncoupled representation
states are no longer good eigenstates).

Finally the dipole is
.1 gs
() = pn |:9l (J— 2) + 9 ]

j(j+§) g 1
Jr1 2 G+l

forj:l—i—% and

(1) = pNgi |f]l

otherwise. Notice that the exact g-factor or gyromagnetic ratio of an isotope is difficult to calculate: this is just an approximation
based on the last unpaired nucleon model, interactions among all nucleons should in general be taken into account.

More complex structures

Other characteristics of the nuclear structure can be explained by more complex interactions and models. For example all even-
even nuclides present an anomalous 2* excited state (Since all even-even nuclides are 0* we have to look at the excited levels to
learn more about the spin configuration.) This is a hint that the properties of all nucleons play a role into defining the nuclear
structure. This is exactly the terms in the nucleons Hamiltonian that we had decided to neglect in first approximation. A different
model would then to consider all the nucleons (instead of a single nucleons in an external potential) and describe their property in a
collective way. This is similar to a liquid drop model. Then important properties will be the vibrations and rotations of this model.

A different approach is for example to consider not only the effects of the last unpaired nucleon but also all the nucleons outside the

last closed shell. For more details on these models, see Krane.

This page titled 5.3: Nuclear Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Paola Cappellaro
(MIT OpenCourseWare) via source content that was edited to the style and standards of the LibreTexts platform.
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