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24.10: Symmetries, Other Axes, the Parallel Axis Theorem

If a body has an axis of symmetry, the center of mass must be on that axis, and it is a principal axis of inertia. To prove the center of
mass statement, note that the body is made up of pairs of equal mass particles on opposite sides of the axis, each pair having its
center of mass on the axis, and the body’s center of mass is that of all these pairs centers of mass, all of which are on the axis.

Taking this axis to be the x axis, symmetry means that for each particle at (z, y, z) there is one of equal mass at (z, —y, —z), so the
off-diagonal terms in the x row and column, — > mzy, — > mazzall add up to zero, meaning this is indeed a principal axis.

~

The moment of inertia about an arbitrary axis through the center of mass, in the direction of the unit vector b is
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Y om (F —(F-b)Q) —b Ib="b21, +b2I, +b2L. (24.10.1)

The inertia tensor about some origin O’ located at position a relative to the center of mass is easily found to be
I, = I, + M (a®6y — a;ay,) (24.10.2)

In particular, we have the parallel axis theorem: the moment of inertia about any axis through some point O’ equals that about the
parallel axis through the center of mass O plus M ai, where a, is the perpendicular distance between the axes.
Exercise: check this!
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