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28.4: The Asymmetrical Top

Here we’ll generalize the above equations and argument to the general case of three different moments of inertia about the three
principal axes. That is,

B BB
I I I3 (28.4.1)
L+ L3+ L3 =L17
We’ll take
Is>1,>1 (2842)

From the limitations on energy for given angular momentum, the maximum sphere radius is the maximum semimajor axis of the
ellipsoid, the ellipsoid touches the sphere at its two extreme poles. For a slightly smaller sphere, the lines of intersection arte two
small ellipses centered at the poles, evidently the major axis will go around this elliptical cone in fixed space. At the other extreme,
the minimum allowed angular momentum for a given energy, the sphere is entirely inside the ellipsoid except that it touches at the
ends of the shortest axes. Again, for a top with slightly more angular momentum, it will precess (elliptically) around this minimum
axis.

In both these cases, spin about the axis is stable against small perturbations. This is not the case for spin about the middle axis —
for that energy, the intersection of the sphere and ellipsoid does not reduce to two points.

The equations for pure spin about the middle axis can be written
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These equations define the points common to the sphere and the ellipsoid at this energy.

Figure 28.4.1: Contours of constant angular momentum on a constant-energy ellipsoidal surface, viewed along the intermediate
axis.

Subtracting the second from the first, we find
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with solutions
Li=+4cLs, c=hL(I3—5L)/L(I,—1I) (28.4.5)
So for this energy and total angular momentum squared, the intersection of the sphere and ellipsoid is in two planes, both
containing the intermediate axis. This means that any perturbation of this motion will send the system along one of these paths, or a

trajectory close to it—in other words, it will deviate far from its original motion, in contrast to spin about either of the other two
axes.

In all cases, the path followed by E, the intersection of the sphere and the ellipsoid, is closed, so the angular momentum cycles
back to its original value, in periodic motion. Landau calculates the period, a straightforward (but too lengthy to repeat here)
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solution of Euler’s equations, giving elliptic functions. Actually, the top does not return to its original configuration: the angular
momentum returns, but the top has a different angular position about its axis. Landau states this (Berry like?) result, but refers to
Whittaker for the derivation.
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