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2.2: Three Simple Examples
As the first, simplest example, consider a particle constrained to move along one axis (say,  ):

In this case, it is natural to consider  as the (only) generalized coordinate, and  as the generalized velocity, so that

Considering  as an independent variable, we get , and , so that Eq. (19) (the only Lagrange
equation in this case of the single degree of freedom!) yields

evidently the same result as the -component of the  Newton law with . This example is a good sanity check,
but it also shows that the Lagrange formalism does not provide too much advantage in this particular case.

Such an advantage is, however, evident for our testbed problem - see Figure 1. Indeed, taking the polar angle  for the (only)
generalized coordinate, we see that in this case, the kinetic energy depends not only on the generalized velocity but also on the
generalized coordinate: 9

Here it is especially important to remember that at substantiating the Lagrange equation,  and  have to be treated as independent
arguments of , so that

giving us the following equation of motion:

As a sanity check, at , Eq. (25) is reduced to the equation (1.18) of the usual pendulum:

We will explore the full dynamic equation (25) in more detail later, but please note how simple its derivation was - in comparison
with writing the 3D Newton law and then excluding the reaction force.

Next, though the Lagrangian formalism was derived from the Newton law for mechanical systems, the resulting equations (19) are
applicable to other dynamic systems, especially those for which the kinetic and potential energies may be readily expressed via
some generalized coordinates. As the simplest example, consider the well-known connection (Figure 4) of a capacitor with
capacitance  to an inductive coil with self-inductance  (Electrical engineers frequently call it the  tank circuit.)

Figure 2.4.  tank circuit.
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L ≡ T −U = −U(x, t).
m

2
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As the reader (hopefully :-) knows, at relatively low frequencies we may use the so-called lumped-circuit approximation, in which
the total energy of the system is the sum of two components, the electric energy  localized inside the capacitor, and the magnetic
energy  localized inside the inductance coil:

Since the electric current  through the coil and the electric charge  on the capacitor are connected by the charge continuity
equation  (evident from Figure 4), it is natural to declare the charge the generalized coordinate of the system, and the
current, its generalized velocity. With this choice, the electrostatic energy  may be treated as the potential energy  of the
system, and the magnetic energy , as its kinetic energy . With this attribution, we get

so that the Lagrange equation (19) becomes

Note, however, that the above choice of the generalized coordinate and velocity is not unique. Instead, one can use, as the
generalized coordinate, the magnetic flux  through the inductive coil, related to the common voltage  across the circuit (Figure
4) by Faraday’s induction law . With this choice,  becomes the generalized velocity,  should be
understood as the potential energy, and  treated as the kinetic energy. For this choice, the resulting Lagrange equation
of motion is equivalent to Eq. (29). If both parameters of the circuit,  and , are constant in time, Eq. (29) is just the harmonic
oscillator equation and describes sinusoidal oscillations with the frequency

This is of course a well-known result, which may be derived in a more standard way - by equating the voltage drops across the
capacitor  and the inductor . However, the Lagrangian approach is much more
convenient for more complex systems - for example, for the general description of the electromagnetic field and its interaction with
charged particles. 

 The above expression for  may be readily obtained either by the formal differentiation of Eq. (2)
over time, or just by noticing that the velocity vector has two perpendicular components: one (of magnitude  ) along the ring,
and another one (of magnitude  ) normal to the ring’s plane.

 A fancy font is used here to avoid any chance of confusion between the inductance and the Lagrange function.

 See, e.g., EM Secs.  and 9.8.
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