LibreTextsw

7.7: Dielectric Waveguides, Optical Fibers, and Paraxial Beams

Now let us discuss electromagnetic wave propagation in dielectric waveguides. The simplest, step-index waveguide (see Figs. 23b
and 25) consists of an inner core and an outer shell (in the optical fiber technology lingo, called cladding) with a higher wave
propagation speed, i.e. a lower index of refraction:

ve>v_, lenyg<n_, ki<k., eipy<e_p_. (7.148)

at the same frequency. (In most cases the difference is achieved due to that in the electric permittivity, €, < e_, while magnetically
both materials are virtually passive: p_ ~ u4 = g , so that their refraction indices n., defined by Eq. (84), are very close to

(61[/50)1/

The basic idea of waveguide’s operation may be readily understood in the limit when the wavelength A is much smaller than the
characteristic size R of the core’s cross-section. In this “geometric optics” limit, at the distances of the order of A from the core-to-
cladding interface, which determines the wave reflection, we can neglect the interface’s curvature and approximate its geometry with
a plane. As we know from Sec. 4, if the angle 6 of the wave’s incidence on such an interface is larger than the critical value 6,
specified by Eq. (85), the wave is totally reflected. As a result, the waves launched into the fiber core at such “grazing” angles,
propagate inside the core, being repeatedly reflected from the cladding — see Fig. 25.

; T will limit my discussion to this approximation.)

“cladding” &, it,
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Fig. 7.25. Wave propagation in a thick optical fiber at 8 > 6. .

The most important type of dielectric waveguides is optical fibers.”” Due to a heroic technological effort during three decades
starting from the mid-1960s, the attenuation of such fibers has been decreased from the values of the order of 20 db/km (typical for a
window glass) to the fantastically low values about 0.2 db/km (meaning virtually perfect transparency of 10-km-long fiber
segments!), combined with the extremely low plane-wave (“chromatic”) dispersion below 10ps/km - nm."" In conjunction with the
development of inexpensive erbium-based quantum amplifiers, this breakthrough has enabled inter-city and inter-continental
(undersea), broadband"’ optical cables, which are the backbone of all the modern telecommunication infrastructure.

The only bad news is that these breakthroughs were achieved for just one kind of materials (silica-based glasses)’” within a very
narrow range of their chemical composition. As a result, the dielectric constants x4+ =€ /ey of the cladding and core of practical
optical fibers are both close to 2.2 (ny ~1.5) and hence very close to each other, so that the relative difference of the refraction
indices,

n_—-n, &/ —¢ - —eq
A= = ~ .14
n_ 1/2 2. (7.149)

is typically below 0.5%. This factor limits the fiber bandwidth. Indeed, let us use the geometric-optics picture to calculate the
number of quasi-plane-wave modes that may propagate in the fiber. For the complementary angle (Fig. 25)

195%—0, so that sinf = cos? (7.150)
Eq. (85) gives the following propagation condition:
cost > £ =1—A. (7.151)
n_

In the limit A << 1, when the incidence angles 6 >6. of all propagating waves are very close to /2, and hence the
complementary angles are small, we can keep only two first terms in the Taylor expansion of the left-hand side of Eq. (151) and get

D2 & 2A. (7.152)

(Even for the higher-end value A = 0.005, this critical angle is only ~0.1 radian, i.e. close to 5°.) Due to this smallness, we may
approximate the maximum transverse component of the wave vector as
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and use Eq. (147) to calculate the number N of propagating modes:
(7rR2) (ﬂ'sz/‘?mx)
(2m)?

(kt)max = F(Sin®)max ~ kmax = v2kA, (7.153)

N=~2 = (kR)2A. (7.154)

For typical values k =0.73 x 10" m™! (corresponding to the free-space wavelength Ay =n\ =27wn/k~1.3um), R=25um,
and A =0.005, this formula gives N ~ 150.

Now we can calculate the geometric dispersion of such a fiber, i.e. the difference of the mode propagation speed, which is commonly
characterized in terms of the difference between the wave delay times (traditionally measured in picoseconds per kilometer) of the
fastest and slowest modes. Within the geometric optics approximation, the difference of time delays of the fastest mode (with
k., = k) and the slowest mode (with k, = ksin@, ) at distance [ is

At=A <i) =A (kl> — LAk =LA —sing) = i(1 —"—+) _ LA (7.155)
w 14 14 14

v, w n_

For the example considered above, the TEM wave’s speed in the glass, v =c/n~2 x 10° m/s , and the geometric dispersion
At/l is close to 25ps/m, i.e. 25,000 ps/km. (This means, for example, that a 1-ns pulse, being distributed between the modes,
would spread to a ~25-ns pulse after passing a just 1-km fiber segment.) This result should be compared with the chromatic
dispersion mentioned above, below 10ps/km-nm, which gives dt/l is of the order of only 1,000 ps/km in the whole
communication band dA ~ 100 nm . Due to this high geometric dispersion, such relatively thick (2R ~ 50 nm) multi-mode fibers
are used for the transfer of signals power over only short distances below ~ 100 m. (As compensation, they may carry relatively
large power, beyond 10 mW.)

Long-range telecommunications are based on single-mode fibers, with thin cores (typically with diameters 2R ~ 5um, i. e. of the
order of A/ A'/?). For such structures, Eq. (154) yields N ~ 1, but in this case the geometric optics approximation is not
quantitatively valid, and for the fiber analysis, we should get back to the Maxwell equations. In particular, this analysis should take
into explicit account the evanescent wave in the cladding, because its penetration depth may be comparable with R."’

Since the cross-section of an optical fiber lacks metallic walls, the Maxwell equations describing them cannot be exactly satisfied
with either TEM-wave, or H-mode, or E-mode solutions. Instead, the fibers can carry the so-called HE and EH modes, with
both vectors H and E having longitudinal components simultaneously. In such modes, both E, and H, inside the core (p < R)
have a form similar to Eq. (141):

f- = fidn (kep) cosn (o — o), wherek? =k —k2 >0, and k> =w’e_p_, (7.156)

where the constant angles ¢y may be different for each field. On the other hand, for the evanescent wave in the cladding, we may
rewrite Egs. (101) as

(V2 —k2) fr =0, wheres?=k?—k2 >0, andk? =uw’c p,. (7.157)
Figure 26 illustrates these relations between ki, x¢, k,, and kL ; note that the following sum,
k2 + k2 =w? (e —ey) po = 2K°A, Universal relation between k; and x¢ (7.158)

is fixed (at a given frequency) and, for typical fibers, is very small (<< k2) . In particular, Fig. 26 shows that neither k; nor r;
can be larger than w[(e_ —e) po] /? = (2AA)'/2k . This means that the depth & =1/, of the wave penetration into the cladding
is at least 1/k(2A)Y2 = \/27(2A)"/2 >> \/2m. This is why the cladding layers in practical optical fibers are made as thick as

~ 50um, so that only a negligibly small tail of this evanescent wave field reaches their outer surfaces.

kZ _kf = wz(g_ — &)1y
A

' )
2 2
K‘I’ k:'
<
7
k’ k’ k* k?

Fig. 7.26. The relation between the transverse exponents k; and «; for waves in optical fibers.
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In the polar coordinates, Eq. (157) becomes

190 0 1 92 9
——— o= )|+t —k =0 7.159
[pr?p(pf?p) o IO (7-15)
- the equation to be compared with Eq. (139) for the circular metallic-wall waveguide. From Sec. 2.7 we know that the
eigenfunctions of Eq. (159) are the products of the sine and cosine functions of n¢ by a linear combination of the modified Bessel
functions I,, and K, shown in Fig. 2.22, now of the argument k;p. The fields have to vanish at p — oo, so that only the latter
functions (of the second kind) can participate in the solution:

f+ < Ky, (kep)cosn (o —pq) - (7.160)

Now we have to reconcile Egs. (156) and (160), using the boundary conditions at p = R for both longitudinal and transverse
components of both fields, with the latter components first calculated using Eqs. (121). Such a conceptually simple, but a bit bulky
calculation (which I am leaving for the reader’s exercise), yields a system of two linear, homogeneous equations for the complex
amplitudes FE; and Hj, which are compatible if

gL RKL (1 1K 2 (kK 1 1
BRI o N N (el AR 2 [P et Y (T I (7.161)
ke Jn ke Ky ki Jn ki Kp R\ k2 &} k2 K2
where the prime signs (as a rare exception in this series) denote the derivatives of each function over its full argument: k;p for J,,
and kyp for K, .

For any given frequency w, the system of equations (158) and (161) determines the values of k; and k¢, and hence k,. Actually,
for any n > 0, this system provides two different solutions: one corresponding to the so-called HE wave, with a larger ratio
E./H,, and the EH wave, with a smaller value of that ratio. For angular-symmetric modes with n =0 (for whom we might
naively expect the lowest cutoff frequency), the equations may be satisfied by the fields having just one non-zero longitudinal
component (either E, or H,), so that the HE modes are the usual E waves, while the EH modes are the H waves. For the H
modes, the characteristic equation is reduced to the requirement that the expression in the second parentheses on the left-hand side of
Eq. (161) is equal to zero. Using the Bessel function identities Jj = —J; and K| = —Kj, this equation may be rewritten in a
simpler form:
LAmR) 1 Ki(mR) (7.162)
kt J() (ktR) Kt K() (I‘itR)
Using the universal relation between k; and k; given by Eq. (158), we may plot both sides of Eq. (162) as functions of the same
argument, say, £ = k:R — see Fig. 27.
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Fig. 7.27. Two sides of the characteristic equation (162), plotted as functions of k: R, for two values of its dimensionless parameter:
¥ =8 (blue line) and ¥ =3 (red line). Note that according to Eq. (158), the argument of the functions Ko and K1 is

wR= v k?] " =7 )

The right-hand side of Eq. (162) depends not only on &, but also on the dimensionless parameter ¥  defined as the normalized right-
hand side of Eq. (158):

V2 =uw’(e. —e;) poR’ =~ 2AK: R’ (7.163)
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(According to Eq. (154), if ¥ >>1, it gives twice the number N of the fiber modes — the conclusion confirmed by Fig. 27, taking
into account that it describes only the H modes.) Since the ratio K7 /K is positive for all values of the functions’ argument (see,
e.g., the right panel of Fig. 2.22), the right-hand side of Eq. (162) is always negative, so that the equation may have solutions only in
the intervals where the ratio Jj /Jp is negative, i.e. at

o1 <ktR <&11, o2 <kiR <&1o,..., (7.164)

where &, is the m-th zero of the function J,,(€) — see Table 2.1. The right-hand side of the characteristic equation (162) diverges
at k;R— 0, i.e. at k,R — 7, so that no solutions are possible if ¥  is below the critical value 7, = &y; =~ 2.405. At this cutoff
point, Eq. (163) yields k+ =~ o1/ R(2A)1/ 2. Hence, the cutoff frequency of the lowest H mode corresponds to the TEM
wavelength

2R
Amax = —— (2A)Y/2 ~ 3.7TRAY?2, (7.165)
€o1
For typical parameters A =0.005 and R =2.5um, this result yields Apax ~ 0.65um, corresponding to the free-space
wavelength Ag ~ 1pym. A similar analysis of the first parentheses on the left-hand side of Eq. (161) shows that at A — 0, the

cutoff frequency for the E modes is similar.

This situation may look exactly like that in metallic-wall waveguides, with no waves possible at frequencies below w,, but this is
not so. The basic reason for the difference is that in the metallic waveguides, the approach to w. results in the divergence of the
longitudinal wavelength A, = 27 /k,. On the other hand, in dielectric waveguides, the approach leaves A, finite (k, — k. ).Due
to this difference, a certain linear superposition of HE and EH modes with n =1 can propagate at frequencies well below the
cutoff frequency for n =0, which we have just calculated.”* This mode, in the limit e, ~e_ (ie. A << 1) allows a very
interesting and simple description using the Cartesian (rather than polar) components of the fields, but still expressed as functions of
the polar coordinates p and ¢. The reason is that this mode is very close to a linearly polarized TEM wave. (Due to this reason, this
mode is referred to as LPy;.)

Let us select the x-axis parallel to the transverse component of the magnetic field vector at p =0, so that E,| p=0 = 0, but
E,| p=0 #0,and Hg,—0 #0, but Hyj,—0 = 0. The only suitable solutions of the 2D Helmholtz equation (that should be obeyed

not only by the z-components of the field, but also their x- and y-components) are proportional to Jy (k:p), with zero coefficients
for E; and H,,.

Now we can use the last two equations of Egs. (100) to calculate the longitudinal components of the fields:

OE.
zzﬁt%f:4%%LWmm% m:i%%%:4%MM@@mw, (7.167)
where I have used the following mathematical identities: J'g = —J1,8p/8x =z /p =cosp, and Op/0y =y/p=sing. As a
sanity check, we see that the longitudinal component or each field is a (legitimate!) eigenfunction of the type (141), with n=1.
Note also that if k; << k, (this relation is always true if A << 1 — see either Eq. (158) or Fig. 26), the longitudinal components of
the fields are much smaller than their transverse counterparts, so that the wave is indeed very close to the TEM one. Because of that,
the ratio of the electric and magnetic field amplitudes is also close to that in the TEM wave: Ey/Hy~Z_~Z, .

Now to satisfy the boundary conditions at the core-to-cladding interface ( p = R), we need to have a similar angular dependence of

these components at p > R. The longitudinal components of the fields are tangential to the interface and thus should be continuous.

Using the solutions similar to Eq. (160) with n =1, we get

L ki Ji(keR)
k. Ki (k:R)

ke Ji(kR
E, = EyK; (kip)sing, H,= —i—tMHOKl (kep)cosp, forp>R. (7.168)
k. Ki (kiR)

For the transverse components, we should require the continuity of the normal magnetic field pH,, for our simple field structure
equal to just pH, cos ¢, of the tangential electric field E; = E, sin¢, and of the normal component of D, =¢FE, =¢eE,cosyp .
Assuming that p_ = p, = g , and €, ~e_ .% we can satisfy these conditions with the following solutions:

Jo (k. R) o (kR)

E, =0, E,=—— FEK o H, =22 gk,  H.—0, forp>R ,
0 YT Ky (mR) 0 (kep) Ko (biR) 20 o (Kep) y=0 orp>R (7.169)

From here, we can calculate components from E, and H,, using the same approach as for p < R:
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1 OE, ;e Jo Jo (keR)
E, = = — < E K
ik, By k Ko (kR) " 1 (kp)sineg, (7.170)
1 OH. it Jo )HK (ktp) cos forp>R .
z —zk oz k Ko (miR) 0481 (Ktp ®, p =

These relations provide the same functional dependence of the fields as Egs. (167), i.e. the internal and external fields are
compatible, but their amplitudes at the interface coincide only if

J1 (k:R) . K (st R)
Jo (keR) " Ko (k:R)"

LPy; mode: characteristic equation k; (7.171)
This characteristic equation (which may be also derived from Eq. (161) with » =1 in the limit A — 0) looks close to Eq. (162),
but functionally is much different from it — see Fig. 28. Indeed, its right-hand side is always positive, and the left-hand side tends to
zero at k; R — 0. As a result, Eq. (171) may have a solution for arbitrary small values of the parameter ¥ defined by Eq. (163), i.e.
for arbitrary low frequencies (large wavelengths). This is why this mode is used in practical single-mode fibers: there are no other
modes with wavelength larger than Ay.x given by Eq. (165), so that they cannot be unintentionally excited on small
inhomogeneities of the fiber.

10]

RHS LHS

1
0 5 10

£=kR

Fig. 7.28. Two sides of the characteristic equation (171) for the LPy mode, plotted as a function of k:R, for two values of the
dimensionless parameter: ¥ = 8 (blue line) and ¥ =1 (red line).

- 10

It is easy to use the Bessel function approximations by the first terms of the Taylor expansions (2.132) and (2.157) to show that in
the limit ¥ — 0, k:R tends to zero much faster than k;R~ ¥ : kR — 2exp{—1/¥} << ¥ . This means that the scale
pc =1/k; of the radial distribution of the LPy; wave’s fields in the cladding becomes very large. In this limit, this mode may be
interpreted as a virtually TEM wave propagating in the cladding, just slightly deformed (and guided) by the fiber’s core. The
drawback of this feature is that it requires very thick cladding, to avoid energy losses in its outer (“buffer” and “jacket”) layers that
defend the silica layers from the elements, but lack their low optical absorption. Due to this reason, the core radius is usually selected
so that the parameter ¥ is just slightly less than the critical value ¥, = £y; ~ 2.4 for higher modes, thus ensuring the single-mode
operation.

In order to reduce the field spread into the cladding, the step-index fibers discussed above may be replaced with graded-index fibers
whose dielectric constant ¢ is gradually and slowly decreased from the center to the periphery.®® Keeping only the main two terms
in the Taylor expansion of the function ¢(p) at p =0, we may approximate such reduction as

e(p) ~e(0) (1-¢p?), (7.172)
where ¢ =—[(d%¢/dp?) / 2€]p:0 is a positive constant characterizing the fiber composition gradient.®” Moreover, if this constant
is sufficiently small (( << k2) , the field distribution across the fiber’s cross-section may be described by the same 2D Helmholtz
equation (101), but with a space-dependent transverse wave vector:"®

[Vi+ki(p)] f=0,
where (7.173)
B (p) =B (p) ~ 2 =k2(0) ~ 2(O)r?,  and K2(0) = we(0)uo.
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Surprisingly for such an axially-symmetric problem, because of its special dependence on the radius, this equation may be most
readily solved in the Cartesian coordinates. Indeed, rewriting it as

9 9, ) s o
_ — 174
e Jray2 +k2(0) —k°(0)¢ (z* +4°) | f =0, (7.174)

and separating the variables as f = X (z)Y (y), we get

1d2X 14
Y +k2(0) — K2 (0)¢ (z* +4%) =0, (7.175)

so that the functions X and Y obey similar differential equations, for example

d’X 2 2

ey + [k —K°(0)¢z°] X =0, (7.176)
with the separation constants satisfying the following condition:

k2 + k2 =k2(0) = k*(0) — k2. (7.177)

The ordinary differential equation (176) is well known from elementary quantum mechanics, because the stationary Schrodinger
equation for one of the most important basic quantum systems, a 1D harmonic oscillator, may be rewritten in this form. Its
eigenvalues are very simple:

(k2), =k(0)¢2(2n+1), (K2), =k(0)¢V*(2m+1), withn,m=0,1,2,..., (7.178)

but the corresponding eigenfunctions X,(z) and Y;,(y) are expressed via not quite elementary functions — the Hermite
polynomials.”” For most practical purposes, however, the lowest eigenfunctions X, (z) and Yp(y) are sufficient, because they
correspond to the lowest k, ,, and hence the lowest

[£2(0)] ., = (k2), + (K2), = 2k(0)¢?, (7.179)

T,y

and the lowest cutoff frequency. As may be readily verified by substitution to Eq. (176), the eigenfunctions corresponding to this
fundamental mode are also simple:

E(0)¢1/252
Xo(z) = const xexp{—(o)é—z}, (7.180)
and similarly for Y;(y), so that the field distribution follows the Gaussian function
E(0)¢Y/2p2 2
folp) = £o(0) exp{ —()é—p = £5(0) exp{—% } witha = 1/kY/2(0)¢Y/4, (7.181)
a

where a >>1/k(0) has the sense of the effective width of the field’s extension in the radial direction, normal to the wave
propagation axis z. This is the so-called Gaussian beam, very convenient for some applications.

The Gaussian beam (181) is just one example of the so-called paraxial beams, which may be represented as a result of modulation of
a plane wave with a wave number k, by an axially-symmetric envelope function f(p), where p ={z,y}, with a relatively large
effective radius a >> 1/k.”" Such beams give me a convenient opportunity to deliver on the promise made in Sec. 1: calculate the
angular momentum L of a circularly polarized wave, propagating in free space, and prove its fundamental relation to the wave’s
energy U. Let us start from the calculation of U for a paraxial beam (with an arbitrary, but spatially-localized envelope f) of the
circularly polarized waves, with the transverse electric field components given by Eq. (19):

E, =Eyf(p)cosy, E,=TFEf(p)sine, (7.182a)

where Ej is the real amplitude of the wave’s electric field at the propagation axis, ¥ = kz —wt + ¢ is its total phase, and the two
signs correspond to two possible directions of the circular polarization.”' According to Eq. (6), the corresponding transverse
components of the magnetic field are

H, = :I:Ef(p) siny, H,= ﬂf(p) cos . (7.182Db)
Zo Zo
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These expressions are sufficient to calculate the energy density (6.113) of the wave,’”

_ % (B2 +Ej) N o (HZ +Hy) _ eoE3f?  woEgf*
2 2 2 273

= EXf, (7.183)
and hence the full energy (per unit length in the direction z of the wave’s propagation) of the beam:

U= /udzr 5271'/ updp = 2meg B} f2pdp. (7.184)
0 0

However, the transverse fields (182) are insufficient to calculate a non-zero average of L. Indeed, following the angular moment’s
definition in mechanics,”” L =r x p , where p is a particle’s (linear) momentum, we may use Eq. (6.115) for the electromagnetic
field momentum’s density g in free

space, to define the field’s angular momentum’s density as

1 1
I=rxg=—rxS=—rx(ExH). EM field’s angular momentum (7.185)
c c

Let us use the familiar bac minus cab rule of the vector algebra’ to transform this expression to

1 1

I= 2 —[E(r-H)—-H(r-E)] = g{nz [E.(r-H)—H,(r-E)]+ [E;(r-H) —H;(r- E)]}. (7.186)
If the field is purely transverse (E, = H,=0), as it is in a strictly plane wave, the first square brackets in the last expression
vanish, while the second bracket gives an azimuthal component of 1, which oscillates in time, and vanishes at its time averaging.

(This is exactly the reason why I have not tried to calculate L at our first discussion of the circularly polarized waves in Sec. 1.)

Fortunately, our discussion of optical fibers, in particular, the derivation of Egs. (167), (168), and (170), gives us a clear clue on how
to resolve this paradox. If the envelope function f(p) differs from a constant, the transverse wave components (182) alone do not
satisfy the Maxwell equations (2b), which necessitate longitudinal components F, and H, of the fields, with”

oE, 0E, OE, OH, 0H, O0H,

_ _ ’ - — . 7.187
0z ox Oy 0z Oz Oy ( )

However, as these expressions show, if the envelope function f changes very slowly in the sense df/dp~ f/a <<kf, the
longitudinal components are very small and do not have a back effect on the transverse components. Hence, the above calculation of
U is still valid (asymptotically, at ka — 0), and we may still use Egs. (182) on the right-hand side of Egs. (187),

OE, 0 0 0H, E 0 0
% =Ey (—a—fcosd):t—f 1/}), % :Z_g( —f sin 1/)——fcos1/1) (7.188)

and integrate them over z as

E, Eof(gcoswi 8—£sin¢) de= 20 < f/cos¢d¢i i/simpdzb)

= %(—?s iny F —fcosz/))

Here the integration constant is taken for zero, because no wave field component may have a time-independent part. Integrating,
absolutely similarly, the second of Egs. (188), we get

(7.189a)

H,= e ( of s1/)——fs1n¢) (7.189Db)

With the same approximation, we may calculate the longitudinal (z—) component of 1, given by the first term of Eq. (186), keeping
only the dominating, transverse fields (182) in the scalar products:

l,=E,(r-H,)-H,(r-E\)=E, (¢H,+yH,)—H, (¢E, +yE,). (7.190)

Plugging in Egs. (182) and (189), and taking into account that in free space, k = w/c, and hence 1/Zyc?k = € /w, we get:

eE; [ 0f Of eoEj
(+15 +v3,) =+
w oz

By d(f?)
2w dp

Il
<
—
s
[V
SN—r
Il

L=F (7.191)

o(f)  a(f?) eo Ef
+9%, o TV oy + P

2w 2w
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Hence the total angular momentum of the beam (per unit length), is

o eoEZ oo d(f? eoEZ [r=o°
Lz:/lzd2r527r/ lzpdp:ZFﬂ'Q/ p2$dpzi;:7r&/ p2d (7). (7.192)
0 w 0 P w p=0

Taking this integral by parts, with the assumption that pf — 0 at p — 0 and p — oo (at it is true for the Gaussian beam (181) and
all realistic paraxial beams), we finally get

eoE?2 [ egE?2 [
L, =+ 0/ F2d (p?) = +£2n 2 0/ f2pdp. (7.193)
0

w 0 w

Now comparing this expression with Eq, (184), we see that remarkably, the ratio L,/U does not depend on the shape and the width
of the beam (and of course on the wave’s amplitude Ej), so these parameters are very simply and universally related:

U
L,=4+—. Angular momentum at circular polarization (7.194)
w

Since this relation is valid in the plane-wave limit a — oo, it may be attributed to plane waves as well, with the understanding that
in real life they always have some width (“aperture”) restriction.

As the reader certainly knows, in quantum mechanics the energy excitations of any harmonic oscillator of frequency w are
quantized in the units of Aw, while the internal angular momentum of a particle is quantized in the units of sh, where s is its spin.
In this context, the classical relation (194) is used in quantum electrodynamics as the basis for treating the electromagnetic field
excitation quanta (photons) as some sort of quantum particles with spin s=1. (Such integer spin also fits the Bose-Einstein
statistics of the electromagnetic radiation.)

Unfortunately, I do not have time for a further discussion of the (very interesting) physics of paraxial beams, but cannot help
noticing, at least in passing, the very curious effect of helical waves — the beams carrying not only the “spin” momentum (194), but
also an additional “orbital” angular momentum. The distribution of their energy in space is not monotonic, as it is in the Gaussian
beam (181), but reminds several threads twisted around the propagation axis — hence the term “helical”.”® Mathematically, their field
structure is described by the associate Laguerre polynomials — the same special functions that are used for the quantum-mechanical
description of hydrogen-like atoms.”” Presently there are efforts to use such beams for the so-called orbital angular momentum
(OAM) multiplexing for high-rate information transmission.”®
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