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13.7: Use of Conservation Laws
The gravitational force is conservative, so two point masses  and  separated by a distance  have a potential energy:

It is easily verified that differentiation recovers the gravitational force.

Figure :: Example of a hyperbolic orbit of a positive energy object passing by the sun. The sun sits at the focus of the
hyperbola. The quantity  is called the impact parameter.

The conservation of energy and angular momentum in planetary motions can be used to solve many practical problems involving
motion under the influence of gravity. For instance, suppose a bullet is shot straight upward from the surface of the moon. One
might ask what initial velocity is needed to insure that the bullet will escape from the gravity of the moon. Since total energy  is
conserved, the sum of the initial kinetic and potential energies must equal the sum of the final kinetic and potential energies:

For the bullet to escape the moon, its kinetic energy must remain positive no matter how far it gets from the moon. Since the
potential energy is always negative, asymptoting to zero at infinite distance (i. e.,   = 0), the minimum total energy consistent
with this condition is zero. For zero total energy we have

where  is the mass of the bullet,  is the mass of the moon,  is the radius of the moon, and   is the minimum initial
velocity required for the bullet to escape. Solving for   yields

This is called the escape velocity. Notice that the escape velocity from a given radius is a factor of 2  larger than the velocity
needed for a circular orbit at that radius.

An object is energetically bound to the sun if its kinetic plus potential energy is less than zero. In this case the object follows an
elliptical orbit around the sun as shown by Kepler. However, if the kinetic plus potential energy is zero, the object follows a
parabolic orbit, and if it is greater than zero, a hyperbolic orbit results. In the latter two cases the sun also resides at a focus of the
parabola or hyperbola. Figure : shows a typical hyperbolic orbit. The impact parameter, defined in this figure, is the closest
the object would have come to the center of the sun if it hadn’t been deflected by gravity.

Sometimes energy and angular momentum conservation can be used together to solve problems. For instance, suppose we know
the energy and angular momentum of an asteroid of mass  and we wish to infer the maximum and minimum distances of the
asteroid from the sun, the so-called aphelion and perihelion distances. Since the asteroid is gravitationally bound to the sun, it is
convenient to characterize the total energy by   = - , the so-called binding energy. If  is the orbital speed of the asteroid and 
is its distance from the sun, then the binding energy can be written in terms of the kinetic and potential energies:
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The magnitude of the angular momentum of the asteroid is  =  , where   is the tangential component of the asteroid’s
velocity. At aphelion and perihelion, the radial part of the velocity of the asteroid is zero and the speed equals the tangential
component of the velocity,  =  . Thus, at aphelion and perihelion we can eliminate  in favor of the angular momentum:

This can be rearranged into a quadratic equation

which can be solved to yield

The larger of the two solutions yields the aphelion value of the radius while the smaller yields the perihelion.

Equation  tells us something else interesting. The quantity inside the square root cannot be negative, which means that we
must have

In other words, for a given value of the binding energy  there is a maximum value for the angular momentum. This maximum
value makes the square root zero, which means that the aphelion and the perihelion are the same — i. e., the orbit is circular. Thus,
among all orbits with a given binding energy, the circular orbit has the maximum angular momentum.
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