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1.3: Redshifts

We introduced an expanding spacetime in the previous chapter. Now we begin to work out observational consequences of living in
such a spacetime. In this and the next few chapters we will derive Hubble's Law, v = Hyd . In fact, we will derive a more general
version of it valid for arbitrarily large distances.

Here we continue to work with just one spatial dimension. Assuming a homogeneous universe we have the same invariant distance
rule as before:

ds? = —c*dt? +a®(t)dz?. (1.3.1)

We derive in this chapter how the wavelength of light stretches over time, due to the expansion of the universe. This is called the
cosmological redshift. We will find that the cosmological redshift is a very simple function of the scale factor at the time of
emission divided by the scale factor at the time of reception. In other words, redshift tells us how much the universe expanded since
light left the object we are observing.

In general, whether its origin is the expansion of space or the motion of an object, redshift is a quantification of the stretching of the
wavelength of light. We use the symbol z to denote redshift and define it as:

zZ= ()\received - )\emitted)/Aemitte& (132)

We see in the figure below (from NASA and Space Telescope Science Institute) some model spectra of galaxies with redshifts of
10, 11, and 12. One can see in the image that the same spectral features appear at longer wavelengths as the redshift increases.
These features all had the same wavelength when emitted, but those wavelengths get stretched by the expansion to longer
wavelengths. The further away the objects, the greater the stretching that occurs. We will explore this relationship between distance
and redshift in chapter 1.7

SPIRAL GALAXY A

REDSHIFT: 10
AGE: 480 Million Years
DISTANCE: 13.2 Billion Light-Years

SPIRAL GALAXY B

REDSHIFT: 11
AGE: 420 Million Years
DISTANCE: 13.3 Billion Light-Years

SPIRAL GALAXY C
REDSHIFT: 17
AGE: 370 Million Years
DISTANCE: 13.4 Billion Light-Years
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Next we want to derive the relationship between redshift and expansion for light that leaves an object at rest at time ¢. and is
observed today by an observer at rest at time ¢,.. To help us get there we will first introduce what we call "conformal time" and then
discuss the value of the invariant distance on paths traveled by light.
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By "at rest" we mean at rest in the coordinate system that has an invariant distance of the form in Equation 1.3.1. This frame is

called "cosmic rest." Note that for a frame that is moving with respect to cosmic rest, slices of constant time would be different,
and we'd no longer have this simple form where the scale factor only depends on the time coordinate.

Conformal Time

You will recall from the previous chapter that in an expanding spacetime, light does not travel on straight lines. For calculational
purposes, as we will see, it would be nicer if it did move on straight lines. Well, with a change of coordinates, it can! For this
purpose, we introduce a coordinate called "conformal time." The conformal time, 7, is defined via dn = dt/a(t). In a conformal
time diagram, for the expanding spacetime with which we have been working, light trajectories are straight lines. We will find that
this is a very useful property.

Exercise 3.1.1: Given a spacetime described by Equation 1.3.1, work out the invariant distance specified for 7, « labeling
instead of ¢, z labeling. You should find ds® = a?(n)[—c?dn® +dz?] where by a(n) we just mean a(t(n)). Note that a(n) is
simply shorthand for a(¢(n)).

Answer
Substituting in dt = a(t)dn to Equation 5.2 and factoring out a®(¢) gives us
ds* = —c*a’(t)[dn® +dz?].

Assuming a one-to-one correspondence between ¢ and 7 (which one would have in an expanding universe given definition
of dn) we can use a(n) = a(t(n)) in its place and write

ds® = a®(n)|—c*dn® + dz?]

Beware: in previous versions of this textbook we used 7 for conformal time and it's possible that in some places we still have the
old notation. I found that the use of 7 caused some confusion for students because they have seen that used before for proper time,
and these are not the same thing.

The Invariant Distance for Light Trajectories

The invariant distance for a path taken by a photon is always zero. You know this is true in special relativity where
ds? = —c?dt? +dx? . Light always travels at the speed of light, so we always have dx = dcdt, which in turn ensures that
ds? = —c2dt? + c2dt? =0 . To see that this is true more generally, first note that for an observer at rest in a given coordinate
system, and given our physical interpretation of the invariant distance, the equation for the invariant distance can always be written
schematically in terms of the trajectory of a moving object as

ds? = —c*(infinitesimal time elapsed)? + (infinitesimal spatial distance traversed)?

where by "infinitesimal time elapsed" we mean as measured by a clock that is not moving in the given coordinate system and by
"infinitesimal spatial distance traveled" we mean as measured by a ruler that is not moving in the given coordinate system. You can
immediately see that this is true in two steps. First, consider a purely spatial separation (in the given coordinate system). The
invariant distance rule then tells you that the invariant distance squared is the square of the distance between the two points as
measured by a ruler at rest in that coordinate system. This verifies the second term on the right-hand side of the above equation.
Second, consider a purely temporal separation. The invariant distance rule tells you that the square of the invariant distance divided
by —c? gives the square of the time elapsed on a clock moving between these two points. This verifies the first term on the right-
hand side of the above equation.

You know that in the special theory of relativity that all observers see light moving at speed c. A version of this is true in general
relativity. We just have to be careful to state it more locally. In the general theory, any observer seeing light pass right by them
(through their location), will see it traveling with speed c. Since this is true for all observers, it is also true for an observer at rest in
the given coordinate system, so they will see (infinitesimal spacial distance traversed) = c¢x (infinitesimal time elapsed). Putting
this together with the above schematic equation for ds? we see that for a light trajectory, ds®> =0.
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Exercise 3.2.1: Draw how light rays move on a plot of z vs. 77 assuming our homogeneous expanding spacetime with one
spatial dimension. Start from ds2 = 0 to find the relationship between dn and dz, then draw a trajectory consistent with that
relationship.

Answer

cT

=

The theoretical relationship between redshift and scale factor history

We are all set up now to show, through the next three exercises, how redshift is related to the expansion that occurs between the
time of emission of the light ., and the time of reception of the light, ¢,. We will find the following very simple relationship stating
that the wavelength has been increased by exactly the same factor by which the scale factor has increased; i.e.,

14+z=X/X =a(ty)/a(te)- (1.3.3)

Exercise 3.3.1: Show that if At, is the time interval between emitted light pulses (as measured by a stationary observer
located where the emission is happening) and if At, is the time interval between reception of first pulse and second pulse (as
measured by a stationary observer located where the reception is occurring) then At,/At. = a(t.)/a(te). To do so, use
conformal time defined by dn =dt/a(t) and draw the pulse trajectories on an z vs. ) diagram. By stationary observer we
mean one that is at a constant value of z; i.e., is at rest in the cosmic rest frame. You can assume that At, and At. are very
short time scales compared to the time scale over which a(t) changes appreciably. Practical applications of this result often
have a(t) changing on billion-year time scales and the Ats shorter than nanoseconds so this assumption is well justified!

https://phys.libretexts.org/@go/page/88061



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/@go/page/88061?pdf

LibreTextsm

Answer

v, /
T. - S
T1

%

w

]

ls]

g

<

=]

—_—

=1

i}

w
T -
e2
T S T e R
e1

P
Xt Xscieve X

It's clear from the graphic that A7, = A7,. We can integrate up d= = dt/a(t) by approximating a(t) as constant over
these short time intervals to get A7 = At/a(t). Then we can easily see that A¢, /At = a(t,)/a(t.).

Exercise 3.4.1: Imagine propagation of electromagnetic waves. Use the above result to show that the wavelength of the waves
emitted at time ¢, and observed at time ¢, is stretched so that:

zZ= ()\received - )\emitted)/)\emitted = a(tr)/a(te) -1

Hint: think about what happens to the period of the wave first, and then go from that to wavelength using the fact that
wavelength is proportional to period.

Answer

Imagine successive crests of a single wave. Map one crest, and then the subsequent one, separated in time by the period of
the emitted wave T, on to the two pulses you considered in the previous exercise. The time between the pulses upon
emission is At, =T, . The time between the reception of the first pulse and reception of the second pulse is the period of
the wave upon reception T, = At, = (a(t,)/a(t.))Ate = (a(t.)/a(te))T. . Wavelength is proportional to period so we
also have A\, = (a(t,)/a(t.))Ae or

We already know that z = (Areceived — Aemitted)/ Aemitted » SO We €an rewrite it as
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Exercise 3.5.1: The most distant object for which a redshift has been measured is called a gamma-ray burst and it has a
redshift of z = 8.2. By what factor has the universe expanded since light left that object?

Answer

The universe has expanded by a factor

a(t,)/a(te) =14+2=1+8.2=9.2.

We have just worked out the amazing fact that if we can identify a spectral line and measure its wavelength, then we can directly
determine how much the universe has expanded since light left the object. Rearranging the result from Exercise 2.2.1 a little we can
express this amazing fact as an equation:

14+z=X/Ae =alt;)/a(te). (1.3.4)

Look again at the figure above and notice that the more distant the object, the higher the redshift. This is because the more distant
the object, the more time it took light to get to us from the object, and therefore the smaller the scale factor was at the time the light
left the object, t..

Before closing this section, we remind the reader of how redshifts due to the Dopper effect are related to speed -- a result we will
use later in deriving Hubble's Law. If a source is moving away from you at speed v and emitting pulses with period 7', then the
second pulse has to travel a distance vT" further to get to you than was the case for the first pulse. So it's arrival will be delayed by a
time vT'/c. Thus the period for the arriving pulses is T'(1 +wv/c). Since wavelength is proportional to period this means the
wavelength is stretched by a factor of 1 + v/c, which means, by definition of the redshift z, that z = v/c. Note that our derivation
has ignored the effect of relativistic time dilation. If the source had period T' at rest, then if it were moving with speed v with
respect to us, in our frame the period would be stretched to vI' and so the complete expression for z from the Doppler effect is
14+ 2z=+(1+wv/c) . But we are only interested in this expression for small v/¢, for which vy ~ 1.

Summary

1. In an expanding homogeneous and isotropic universe, the ratio between the wavelength of light emitted by an observer at
cosmic rest, A, at time . and the wavelength as measured by an observer at cosmic rest A, at time ¢, is given by

1+2z=XM/Ae =alt;)/a(te) (1.3.5)

where a(t) is the scale factor at time ¢ and the above equation defines the redshift z. We can think of this as the wavelength
stretching with the expansion.

2. In a non-expanding universe, a source moving away from an observer with v/c < 1 has its light redshifted (wavelength
stretched) by

Ar/Ae =14v/c (1.3.6)

which is the normal Doppler effect you have studied before. What this implies is that if we interpret a small redshift z caused by
the expansion of space as due to an ordinary motion-induced Dopper effect we will set z = v/c . We will use this relationship
later in our derivation of Hubble's Law: v = Hyd . The next thing we need for Hubble's law is how to measure distances, and
how those measurements depend on theoretical quantities.

Additional Resources

You can look at images and spectra of galaxies in the Sloan Digital Sky Survey here. The spectra include identification of emission
and absorption lines (with the atoms or ions responsible for them) and measurements of the redshift. To find the spectra and
images, look for the table and click on the Object ID.

Quasar absorption line systems have particularly interesting spectra. You can read about them here.
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HOMEWORK Problems

Problem 1.3.1

A phenomenon closely related to cosmological redshift is cosmological time delay. Light signals arriving from events at the
same location, but separated in time so one happens at t. and the other at ¢, + dt. , are separated by a larger time interval,
d0t, > 0t . Derive how 6t,/dt. depends on a(t,)/a(t.). Use a conformal time diagram as part of your derivation. You can
assume dt, and dt, are both much smaller than time scales over which a(t) changes appreciably.

Problem 1.3.2

A supernova is observed today to take 20 days to reach peak brightness from the beginning of the explosion. It has a redshift of
z=1. At the location of the supernova, back when the explosion occurred, how many days did it take to go from beginning of
explosion to peak brightness?

This page titled 1.3: Redshifts is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by L.loyd Knox.

¢ 1.36: The Simplest Expanding Spacetime by Lloyd Knox is licensed CC BY 4.0.
e 1.37: Redshifts by Lloyd Knox is licensed CC BY 4.0.

e 2.5: S05. Spacetime - SOLUTIONS by Lloyd Knox is licensed CC BY 4.0.

e 2.6: S06. Redshifts - SOLUTIONS by Lloyd Knox is licensed CC BY 4.0.

https://phys.libretexts.org/@go/page/88061



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/@go/page/88061?pdf
https://phys.libretexts.org/Courses/University_of_California_Davis/Physics_156%3A_A_Cosmology_Workbook/01%3A_Workbook/1.03%3A_Redshifts
https://creativecommons.org/licenses/by/4.0
http://physics.ucdavis.edu/people/faculty/lloyd-knox
https://phys.libretexts.org/@go/page/5376
http://physics.ucdavis.edu/people/faculty/lloyd-knox
https://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/@go/page/5375
http://physics.ucdavis.edu/people/faculty/lloyd-knox
https://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/@go/page/3923
http://physics.ucdavis.edu/people/faculty/lloyd-knox
https://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/@go/page/6546
http://physics.ucdavis.edu/people/faculty/lloyd-knox
https://creativecommons.org/licenses/by/4.0/

