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5.2: Constants of Motion

When studying the Schwarzschild metric, we used the geodesic equation to determine constants of motion, which in turn gave us
hints about how particles move. Let's repeat the process for the Kerr metric. As a reminder, the geodesic equation is
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Also, for the sake of simplicity, for the remainder of this section will we look only at motion in the equatorial plane (6 =90° ).

You can show (see Box 5.2.1) that setting 1 =t leads to
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and that setting u = ¢ (see Box 5.2.2) leads to
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Using these to determine the exact motion of particles is mathematically challenging. We can, however, use them to make some
broad claims. The most interesting claim that I am going to make is that particles released from rest can end up moving around the
central mass; this is called frame dragging. You will demonstrate the plausibility of this claim in the following exercises.

? Exercise 5.2.1

A rock is released from rest very far away from a spinning black hole. Argue that Bxer 1 and that 2 =0,
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Answer
Very far away, lim 1 — M _q , lim WMa _ ,and lim 4t _ 1 If the rock is released from rest, then & _ 0 at that
r—00 3 rooo T oo AT dt
moment. We then end up with
E err
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and
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? Exercise 5.2.2
Egs. 5.2.1and 5.2.2 can be combined to yield
E 2M LKen'
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Argue that a rock released from rest from very far away from a spinning black hole will inevitably end up moving in the ¢
direction.

Answer

By substituting % =1 and % =0, we get

ds 2Ma/r

P

dr wﬁ-(l—%) (r2+a2+%) '
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As long as r > 2M , then the denominator will be positive and % will have the same sign as a. In other words, the rock

will always end up moving around the black hole in the same direction as the spin of the black hole.

. . . . dé . .
Set 4 = 0 in the geodesic equation and use it to show that ( — %) j—: + 2]:[“ d—f is constant. (If you are wondering how we

make the leap to calling it energy specifically, just set a =0 to see that it reduces to the energy per unit mass for the
Schwarzschild metric.)

2
2Ma ) 4 _2Ma dt o4 constant. (As before, simply

Set 4 = ¢ in the geodesic equation and use it to show that (r2 +a? + =z .

set a = 0 to see how we justify calling this angular momentum per unit mass.)

. . err d . . err d
Equation 5.2.1 can be written as Bicerr gt % + gwd—f , and Equation 5.2.2 can be written as L% = Gip % + g¢¢d—f . Solve

m
5 5 d 5 5 5 5
the latter for —;l: , then substitute into the former. Solve for —df using algebra, then substitute the appropriate expressions for gy

and g4 to prove Equation 5.2.3,

This page titled 5.2: Constants of Motion is shared under a not declared license and was authored, remixed, and/or curated by Evan Halstead.

https://phys.libretexts.org/@go/page/43244



https://libretexts.org/
https://phys.libretexts.org/@go/page/43244?pdf
https://phys.libretexts.org/Courses/Skidmore_College/Introduction_to_General_Relativity/05%3A_Spinning_Black_Holes/5.02%3A_Constants_of_Motion
https://phys.libretexts.org/Courses/Skidmore_College/Introduction_to_General_Relativity/05%3A_Spinning_Black_Holes/5.02%3A_Constants_of_Motion?no-cache
https://www.skidmore.edu/physics/faculty/halstead.php

