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1.6: Index Notation

You may be familiar with something called a det product, which is a way of multiplying two vectors together. By definition, the
dot product of two vectors @ and bis usually written as

G-b= agby +ayby +ab,.

If you are familiar with linear algebra, you may know that the previous expression can also be written as

1 0 0 b,
a-b=(ay ay a;)|0 1 0 by
0 0 1 b,

If you aren't familiar with matrix multiplication in linear algebra, you may instead think of it as
(_J:'b: Znija’lﬂ,
i,j=1
where
) Loi=g
i { 0, i#j
is called the metric of the space and where the indices 1-3 represent the spatial components. If you take the dot product of a vector

with itself, then you end up with the Pythagorean Theorem, which means that the metric essentially tells you how to find the length
of a line. More generally, the metric defines the rules of geometry.

# Definition: Metric

The metric is a function or matrix that can be used to determine the distance between two points. It can be thought of as
defining the rules of geometry.

What is the relevance of all this? Recall that the spacetime interval is defined as
AT? = AP — Az® — Ay® — A2,

which suggests that it can also be written as

1 0 0 0 At
0 -1 0 0 Az 3
AP =(At Az Ay A = Az Az 1.6.1
= wyZ)OO_loAy H;(]mxx (1.6.1)
0 0 0 -1 Az
where
L, p=v=0
Nuw = —1, /LZV:1,2,3 (162)
0, np#v

and where z° = ¢, 2! =z, 22 =y, and 2° = 2 (note that these are superscripts, not exponents).

Some texts use the opposite sign convention for the metric, where the time component is negative and the spatial components
are positive. Both sign conventions work, but some equations involving the metric will look different depending on which sign
convention you are using.

For the remainder of this book, we will assume the following conventions:
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1. If an index appears both "downstairs" and "upstairs," we can drop the summation symbol and assume the summation.
2. Roman letters such as i and j are for spatial components only.
3. Greek letters such as p and v are for all four spacetime components.

With this convention, the spacetime interval is
AT =, Azt Az”. (1.6.3)
The following rules and definitions will also be useful to us.

1. Any index that is not summed over is called a free index.

2. The free indices on both sides of an equation must be the same.

3. Indices can be renamed.

4. The same index can't appear downstairs more than once or upstairs more the once.

5. Any index can be lowered using the metric (by definition). For example, z,, = 7, x" .

6. u,ut = 1, where u* is the four-velocity. (See Box 1.6.1)

7. The inverse metric 1), is defined by 7,,7"*" = I, where I is the identity matrix (1's on the diagonal and 0's everywhere
else). (See Box 1.6.2)

? Exercise 1.6.1

How is a vector with downstairs index different from its upstairs counterpart?

Answer

One of our rules is that z,, = 7,z . Note that the sum only occurs over v, since that is the only index that appears both
downstairs and upstairs. The index y is called a free index because it can take on any value 0-3 (i.e. t, x, y, or z).

Ty = Nt + uo” + Nuya? + Mot

The result depends on the value of . Let's check each one.

Ty =nua’ + N’ +mys? +na” —
LTy = nztwt + Mo z” +7]acy33y =+ nle'z =—z"
Ty =N’ + Mya® + Nyyx? + 2 =Y
Gy = A S A =—z°

Thereforez, = (t -z -y —z).

Note that z,, is exactly the same as z* except that the signs of the spatial indices have been reversed. There is also nothing
special about z*; we could replace z* with any four-vector and the result would be that the vector with downstairs index
has the same components but with the signs of the spatial components reversed.

? Exercise 1.6.2

For each part below, indicate the indices that are free indices (or say "none").

a) a,,btc”

b) a,, b

C) Aapap, b co + G0y a0 b cg 4+ aguaqm b ey
d) a“”buab,,gc"cﬂ

Answer

a) none

b) p,
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0 a,pB and o

d) none

? Exercise 1.6.3

Which of the following violate the index rules?
a) at = b"cg
b) a*b,,,c” +m?2=0
c)atb,, = m?
C) Gog = a,“,bgb”ﬂ
Answer
a) Violates. Left side has on free index while right side has three.
b) No violation. The first time has no free indices, so it can be added to a scalar.
c) Violates. The left side has a free index while the right side does not.

d) Violates. « and 3 are free indices on both sides, but 3 is downstairs on one side and upstairs on the other.

? Box 1.6.1

Prove that u,u* = 1, where u is the four-velocity

? Box1.6.2
1 0 0 O
. . 0 -1 0 © - :
Show that the inverse metric n** = 0 0 1 0 | (Note that both indices are upstairs.)
0o 0 0 -1

This page titled 1.6: Index Notation is shared under a not declared license and was authored, remixed, and/or curated by Evan Halstead.

https://phys.libretexts.org/@go/page/44222



https://libretexts.org/
https://phys.libretexts.org/@go/page/44222?pdf
https://phys.libretexts.org/Courses/Skidmore_College/Introduction_to_General_Relativity/01%3A_Special_Relativity/1.06%3A_Index_Notation
https://phys.libretexts.org/Courses/Skidmore_College/Introduction_to_General_Relativity/01%3A_Special_Relativity/1.06%3A_Index_Notation?no-cache
https://www.skidmore.edu/physics/faculty/halstead.php

