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6.9: Super-resolution
We have emphasised that evanescent waves set the ultimate limit to resolution in optics. In Chapter 2 it was explained that,
although within geometrical optics one can image a single point perfectly using conical surfaces, several points, let alone an
extended object, cannot be imaged perfectly. It was furthermore explained that when only paraxial rays are considered, i.e. within
Gaussian geometrical optics, perfect imaging of extended objects is possible. However, rays of which the angle with the optical
axis is large cause aberrations. But even when perfect imaging would be possible in geometrical optics, a real image can never be
perfect due to the fact that information contained in the amplitudes and phase of the evanescent waves cannot propagate. The
resolution that can be obtained with an optical system consisting of lenses is less than follows from considering the loss of
information due to evanescent waves because also propagating waves with spatial frequencies that are too large to be captured by
the optical system cannot contribute to the image. Therefore the image of a point object has the size

where  is the numerical aperture in image space, i.e. it is the sinus of half the opening angle of the cone extended by
the exit pupil at the Gaussian image point on the optical axis. This resolution limit is called the diffraction limit.

The size of the image of a point as given by the PSF in (6.7.15) is influenced by the magnification of the system. To characterise
the resolution of a diffraction-limited system, it is therefore better to consider the numerical aperture on the object side: 

. The value of  is the sinus of the half angle of the cone extended by the entrance pupil of the
system on the object point on the optical axis. This is the cone of wave vectors emitted by this object point that can contribute to
the image (they are "accepted" by the optical system). The larger the half angle of this cone, the higher the spatial frequencies that
can contribute and hence information about finer details of the object is transmitted.

It should be clear by now that beating the diffraction limit is extremely difficult. Nevertheless, a lot of research in optics has been
and still is directed towards realising this goal. Many attempts have been made, some successful, others not so, but, whether
successful or not, most were based on very ingenious ideas. To close this chapter on diffraction theory, we will give examples of
attempts to achieve what is called super-resolution.

Confocal microscopy. A focused spot is used to scan the object and the reflected field is imaged onto a small detector ("point
detector"). The resolution is roughly a factor  better than for normal imaging with full field of view using the same objective.
The higher resolution is achieved thanks to the illumination by oblique plane waves that are present in the spatial (Fourier)
spectrum of the illuminating spot. By illumination with plane waves under large angles of incidence, higher spatial frequencies
of the object which are under normal incidence not accepted by the objective, are now "folded back" into the cone of plane
waves accepted by the objective. The higher resolution comes at the prize of longer imaging time because of scanning. The
confocal microscope was invented by Marvin Minsky in 1957 .
The Perfect lens based on negative refraction. It can be shown that when a material has negative permittivity and negative
permeability, the phase velocity of a plane wave is opposite to the energy velocity. Furthermore, when a slab of such material
is surrounded by material with positive permittivity and positive permeability equal to the absolute values of the permittivity
and permeability of the slab, the reflection of all waves is zero for every angle of incidence and every state of polarisation.
Moreover, evanescent waves gain amplitude inside the slab and it turns out that there are two planes, one inside the slab and
one on the other side of it, where a perfect image of a point in front of the slab occurs. Note that the increase of amplitude of an
evanescent wave does not violate the conservation of energy, because an evanescent wave does not propagate energy in the
direction in which it is evanescent. The simple slab geometry which acts as a perfect lens was proposed by John Pendry in 
and presented in Figure . Unfortunately, a material with negative permittivity and negative permeability has not been
found in nature, although there seems to be no fundamental reason why it could not exist. Therefore, many researchers have
attempted to mimic such a material using conventional materials such as metals. There are, however, more fundamental reasons
why Pendry’s perfect lens will not work satisfactorily, even if the material would exist. We refer to the master course Advanced
Photonics for more details.
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Figure : Pendry’s perfect lens consists of a slab of a material with negative permittivity and negative permeability such that its
absolute values are equal to the positive permittivity and positive permeability of the surrounding medium. Points outside the slab
are imaged perfectly in two planes: one inside the slab and the other on the opposite side of the slab.

Hyperbolic materials. Hyperbolic materials are anisotropic, i.e. the phase velocity of a plane wave depends on the polarisation
and on the direction of the wave vector. The permittivity of an anisotropic material is a tensor (loosely speaking a (3,3)-matrix).
Normally the eigenvalues of the permittivity matrix are positive; however, in a hyperbolic material two eigenvalues are of equal
sign and the third has opposite sign. In such a medium all waves of the so-called extraordinary type of polarisation propagate,
no matter how high the spatial frequencies are. Hence, for the extraordinary state of polarisation evanescent waves do not exist
and therefore super-resolution and perfect imaging should be possible in such a medium. Natural hyperbolic media seem to
exist for a few frequencies in the mid-infrared. For visible wavelengths, materials with hyperbolic behaviour are too lossy to
give super-resolution. Therefore one tries to approximate hyperbolic media by so-called metamaterials which are made of very
thin metallic and dielectric layers, so that the effective permittivity has the desired hyperbolic property. The success of this idea
has, however, been moderate so far.
Nonlinear effects. When the refractive index of a material depends on the local electric field, the material is nonlinear. At
optical frequencies nonlinear effects are in general very small, but with a strong laser they can become significant. One effect is
self-focusing, where the refractive index is proportional to the local light intensity. The locally higher intensity causes an
increase of the refractive index, leading to a waveguiding effect due to which the beam focuses even more strongly. Hence the
focused beam becomes more and more narrow while propagating, until finally the material breaks down.
Stimulated Emission Depletion Microscopy (STED). This technique was invented by V. A. Okhonin in 1986 in the USSR
and was further developed by Stefan Hell and his co-workers in the nineties. Hell received the Nobel Prize in chemistry for his
work in 2014. STED is a non-linear technique with which super-resolution in fluorescence microscopy can be achieved. Images
made with a fluorescence microscope are blurred when the fluorescent molecules are very close together. In the STED
microscope a special trick is used to ensure that fluorescing molecules are sufficiently distant from each other, so that they can
be detected individually. To achieve this two focused spots are used: the first spot excites the molecules to a higher level. The
second spot is slightly red-shifted and has a doughnut shape (see Figure ). It causes decay of the excited molecules to the
lower level by stimulated emission (the excited state is depleted) Because of the doughnut shape of the second spot, the
molecule in the centre of the spot is not affected and will still fluorescence. Crucial is that a doughnut spot has a central dark
region which is very narrow i.e. it can be much smaller than the Airy spot and this is the reason for the super-resolution.

1. Every picture is made of waves - Sixty Symbols, 3: 33 to 7:15: Basic explanation of Fourier transforms.
2. Heisenberg’s Microscope - Sixty Symbols, 0:20 to 2:38: Basic explanation of the uncertainty principle (though in the

context of quantum physics).
3. E. Hecht, Optics, §7.4.4, subsection ’Fourier Analysis and Diffraction’.
4. J. Goodman, Introduction to Fourier Optics, §5.2.2: Several calculations on the Fourier transforming properties of lenses.
5. E. Hecht, Optics, , subsection ’Resolution of imaging systems’.
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Figure : Examples of composite materials consisting of thin (sub-wavelength) layers of metals and dielectrics. These artificial
materials are called metamaterials. (A. Poddubny, I. Iorsh, P. Belov, & Y. Kivshar, Hyperbolic metamaterials, Nat. Photon., 

.

Figure : Spot used for excitation (top left) and for depletion (top middle). Fluorescence signal top right. In the lower figure the
confocal image is compared to the STED image. (P.F. Rodriguez and al., Building a fast scanning stiumlated emission depletion
microscope, Materials Science (2012))
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