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5.3: Dynamics of Rotating Objects

Rolling Without Slipping and Pulleys
A very large number of the mechanical energy conservation problems we will do involve the relation we discussed previously that relates rotational
motion to linear motion. Specifically we will apply this to what is referred to as rolling without slipping, or perfect rolling. There are two reasons this
is an important condition to understand:

When two surfaces slip across each other, thermal energy is the result. So when an object rolls without slipping, there may be static friction
present, but there is no kinetic friction, which means that no thermal energy is produced and mechanical energy is conserved.
When a round object rolls perfectly, the distance it travels in a straight line is directly related to the angle through which it rotates.

We’ll keep the first observation in mind for later, but right now let’s focus on the second condition:

Figure 5.3.1 – Perfect Rolling

The linear distance traveled equals the arclength of the shaded region if the wheel is rolling without slipping, so we have:

Imagine now that instead of this being a wheel, it is a spool that is unwinding. Then the blue line represents string that is coming off the spool. We
can therefore conclude that the relation  also applies to the linear speed of a rope that is either unraveling from a rotating spool or passing
over a turning pulley.

Total Kinetic Energy as a Sum of Linear and Rotational
It’s time we considered the case of an object whose center of mass is moving while it rotates. Let’s start with a simple case of two rocks of different
masses attached by a string:

Figure 5.3.2 – Unbalanced Dumbell Spinning as It Moves

This system is rotating as its center of mass moves in a straight line (assume there is no gravity present). We are given its rotational speed  and the
velocity of its center of mass, and wish to answer the question, "How much kinetic energy does this system possess at the moment depicted in the
diagram?"

We could easily answer this question if we knew the speeds of the two rocks, but we are not given those numbers. We have to extract them from what
is given, and this requires some thought. We know three things that get us to this answer:

The velocity of a rock relative to us equals its velocity relative to the center of mass, plus the velocity of the center of mass (see Section 1.8 for a
refresher).
The center of mass lies at the point two-thirds of the distance from  to .
The rotational velocities of both rocks are the same, but the linear velocities relative to the center of mass depend upon their distances from the
center of mass according to the usual .

Let us label the bottom rock as #1, and the top rock as #2. Putting the first and third conditions together first gives us:

x = arclength = Rθ ⇒ v= = R = Rω
dx

dt

dθ

dt
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The sign of the second term in each equation is determined by whether the rotational motion adds to or takes away from the linear motion of the
center of mass. Next we invoke the second condition. The fact that the center of mass is two-thirds of the distance from  to  means:

Putting all of the above into the kinetic energy of the system gives an expression for the total kinetic energy in terms of the values given. Collecting
terms proportional to the squares of center of mass velocity and angular velocity gives:

The  in the first term is the total mass of the system, so the first term is the kinetic energy of system if was not spinning. That means that the
second term is the amount of kinetic energy added to the system by virtue of its spinning. The part of the second term in parentheses looks
suspiciously like a rotational inertia, and in fact it equals the rotational inertia of the system about its center of mass:

This turns out to be a completely general rule for the kinetic energy of an object that is rotating as its center of mass moves:

Exercise
Show the same result (Equation 5.3.6) for two general point masses  and  separated by an unknown distance (call their distances from the
center of mass  and ), this time using the moment in time when  is directly in front of  (i.e. the line joining them is horizontal).

Solution

At the moment when the two masses form a horizontal line, their linear motions due to rotation are perpendicular to the center of mass motion.
Determining their total speeds is therefore a simple application of the Pythagorean theorem, and the result follows surprisingly quickly:

Now plug this into the kinetic energy for the system as the sum of the kinetic energies of the two masses:

While the above equation is generally true for any object, if the object is rotating about a fixed point, the expression for total KE can be simpler to
write. Specifically, it is what we have written before, in terms of the rotational inertia about the fixed point:

It's not hard to show that this is equivalent to Equation 5.3.6. Assuming the fixed point is not the center of mass (or the assertion is proved trivially),
then let’s call the distance from the center of mass to the fixed point “ .” The center of mass is following a circular path of radius  around the fixed
point, which means we can relate the linear velocity of the center of mass to its angular velocity around the fixed point:

Putting this into our center-of-mass energy equation gives:

Where in the final step we employed the parallel-axis theorem.

Analyze This
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The Blort Corporation makes a special widget that consists of a uniform disk pivoted around an axle at the end of a rod of negligible mass, which
in turn rotates about its other end. This widget has two settings: It can be set in the "locked" position so that the disk does not rotate around its
axle, or the "free" position so that the disk rotates frictionlessly about the axle. The difference these settings have on the motion of the disk as the
rod rotates is depicted in the figure below.

Analysis

If we call the mass of the disk , the radius of the disk , the length of the rod , and the rate at which the rod is rotating , we can compute
the kinetic energies of these two settings. In the case of the free setting, the disk is simply moving in a circle without rotating, so it has only the
linear component of kinetic energy:

For the locked axle case, we can find the energy two ways. The first is to treat the rod + disk as a single rigid object (which of course it is),
with a fixed point for the rotation. The rod has no mass, but we can find the moment of inertia of this rigid object using the parallel-axis
theorem:

Alternatively, we can use the linear + rotational form of kinetic energy, and the same result as this is attained. To use this method, one needs to
figure out the rotational speed of the disk. It's not immediately obvious that it is the same as the rotational speed of the rod, so consider this: In
one full revolution of the rod with the locked axle, the disk also makes exactly one full revolution. So the rotational rate of the disk is also .

What is clear about this result is that for the same rotational speed for the rod, a different amount of kinetic energy is in the system for the two
settings. The way we put energy into a system is to do work on it, so it appears that to achieve the same rotational speed of the rod, more work
is required for the locked setting than for the free setting.

Mechanical Energy Conservation with Perfect Rolling
Let's put together what we have concluded so far in this section. We begin by noting that two cylinders with equal masses do not possess the same
rotational inertia about their central axes if one is hollow and the other is solid. Now imagine rolling both of these cylinders (without slipping) down
an inclined plane. Can you guess which one would reach the bottom of the incline with the greater speed? The main point to be made here is that the
energy that comes from gravitational PE goes into KE, but now the KE has two different forms: linear and rotational. The linear and angular speeds
are directly related through the "no slipping" condition, so the energy will convert into the two forms of kinetic energy in a fixed ratio. We will soon
see how the rotational inertia affects the ratio, but it seems clear that the hollow cylinder puts more of its energy into rotation (for the same velocity)
than the solid cylinder. This would seem to indicate that the hollow will have the same kinetic energy as the solid cylinder only if it is turning (and
therefore moving) more slowly.

It's easy to trick oneself in such situations, so let's solve the math carefully to be sure.

Figure 5.3.3 – Comparing Hollow and Solid Cylinder Rolling Dynamics
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We will work both problems in parallel, to make the difference more evident. Start with mechanical energy conservation from the top of the plane to
the bottom. We can invoke this because without slipping there is no rubbing, which means no mechanical energy is converted to thermal energy.

If we choose the zero point of potential energy to be the bottom of the incline, the initial and final potential energies in both cases are  and zero,
respectively. The initial kinetic energy is zero in both cases, and the final kinetic energy is the sum of the linear and rotational kinetic energies
(Equation 5.3.6):

So in fact the solid cylinder is moving faster than the hollow one, as we predicted. What is especially interesting is that with the perfect rolling
condition in place, the masses and radii of the cylinders are irrelevant! We are used to final speeds of objects accelerated by gravity being independent
of the mass, but here we see that when we impose perfect rolling, the radius also plays no role, but the distribution of the mass within the cylinder is
all that matters.

Alert
As we are discussing mechanical energy conservation again, it is a good time to remind ourselves that our conclusions only tell us how to compare
speeds before and after – what goes on between these two moments and direction of motion are lost bits of information. This is as true now that
rotation is involved as it was when it wasn't. For example, if we were to race the two cylinders down identical ramps, then naturally the solid
cylinder would get to the bottom first, since they both start at rest and accelerate at constant rates. The object with the faster final speed must have
taken less time to get to the bottom because it had a greater average velocity. The math shown above doesn't take into account the paths the two
cylinders take, so if the ramps are not identical (but still result in the same height change), the conclusion about speeds at the bottom is the same
as before, but the winner of the race may not be the solid cylinder!

Analyze This
A solid uniform sphere starts from rest and rolls down a flat ramp without slipping. 

Analysis

ΔKE+ΔP = 0 ⇒ K +P = K +PEgrav Eo Eo Ef Ef (5.3.10)
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Calling the height that the sphere descends , we can compute its final speed using mechanical energy conservation. Following the usual
method of including both the linear and rotational kinetic energy, we get:

The moment of inertia of a solid sphere is , so putting this in and noting that perfect rolling means , we have:

Another thing we can note in the analysis is that the free-body diagram of the sphere never changes during its time on the ramp, so its
acceleration must remain constant. With a constant linear  acceleration, and the starting and ending speeds, we  can  possibly  extract more
information from kinematics equations.

Analyze This
A solid and a hollow sphere roll without slipping simultaneously (one behind the other) down a ramp and around a loop-de-loop. The radii of the
spheres are negligible compared to the radius of the loop.

Analysis

The rolling-without-slipping condition relates the linear speeds of the spheres to their rotational speeds according to . This results in
an amount of kinetic energy for each sphere that is different for a given linear speed, because they have different moments of inertia:

The typical thing to think about in cases where a loop-de-loop is involved whether the object has enough speed to make it around. With the
spheres having very small radii, they are essentially moving in a circular path with a radius equal to that of the loop as they go around. In
order to make it around, they have to be barely moving fast enough that the gravitational force is providing all the pull necessary to keep them
going in a circle at the top of the loop – any faster and there would be normal force from the loop, and any slower and the sphere would fall off
the loop. This condition therefore requires that the sphere has speed of:

Massive Spools
Another example that falls into this same category of mechanical energy conservation with perfect rolling is a falling mass unwinding a massive
spool. Let's assume the spool is frictionless and is a uniform disk, and determine the speed of the falling block after it has dropped a known distance.
We are also assuming – as always – that the string is massless, but we should also point out that it is very thin, so that its departure from the spool
does not reduce the radius of the spool.

Figure 5.3.4 – Falling Block Unwinds Spool
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Once again, we can solve this using mechanical energy conservation, as there are no non-conservative forces present. What is new here is that some
of the potential energy lost by the block as it drops goes into the rotational kinetic energy of the spool. The math is strikingly similar to the rolling
cylinder case above:

Analyze This
One end of a massless rope is wound around a uniform solid cylinder, while the other end passes over a massless, frictionless pulley and is
attached to a hanging block, as in the diagram below. The block is released from rest, pulling the cylinder along the horizontal surface such that it
rolls without slipping.

Analysis

The amount that the block falls equals the distance traveled by the cylinder plus the length of rope that unwinds from it. Since the cylinder rolls
without slipping, the amount that unwinds is also equal to the distance it travels, so the sum of the distance traveled by the cylinder and the
rope unwound is just double the distance that the cylinder travels. Therefore, the speed of the block is at all times twice the linear speed of the
cylinder.

With no non-conservative forces present, the mechanical energy of the system is conserved, so subscripting the masses and velocities with 'b'
for block, and 'c' for cylinder, we get:

We know the rotational inertia of the cylinder in terms of its mass and radius, that the block moves twice as fast as the cylinder, and that the
cylinder rolls without slipping. Putting all of these constraints into the equation above gives us our answer:

Solving for the speed of the cylinder (and the speed of the block is twice this much):
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The linear acceleration of the block and spool are constant, so knowing the final velocity allows us to use kinematics equations if we are given
additional information.

Massive Pulleys
The result for this example may remind you of an assumption we made long ago regarding pulleys. We have always assumed that they were
frictionless and massless. We said that the result of these assumptions was that the tension for the rope was the same everywhere (namely on both
sides of the pulley). We are now equipped to look at what happens if the pulley has mass. We'll do so with a simple model physical system. In Figure
5.3.5, the hanging block accelerates as it falls, linearly accelerating the block on the frictionless horizontal surface and rotationally accelerating the
pulley in the process.

Figure 5.3.5 – Effect of a Massive Pulley on Rope Tension

We are interested in comparing the tension force by the rope on both sides of this pulley, so let's use the work-energy theorem, which takes into
account the forces. Treating each block as a separate system, on which the tension in each end of the rope performs work (and gravity does work on
block #2 as well), and noting that both move at the same speed at all times, we have:

Let's compare the two tensions by computing the difference:

For the tensions to be equal, all of the gravitational potential energy lost by the falling block must go into the two blocks. But we now know that a
massive pulley will have kinetic energy. Let's add the pulley's increase in kinetic energy to both sides of the equation, and invoke mechanical energy
conservation:

The tensions can only be equal when the rotational inertia of the pulley is zero, which means it must be massless.

Analyze This
Two disks are cut out of the same material, as shown in the diagram below. They are pivoted around stationary axles such that the two disks lie in
the vertical plane, with their outer rims pinching a massless rope between them. The rope is pulled downward, causing both disks to turn without
the rope slipping.
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Analysis

Let's call the radii of the large disk   and of the small disk . We are given that they are made of the same uniform material, so their masses
are proportional to their areas, which means their masses have the following ratio:

The ratio of their moments of inertia can therefore also be written in terms of their radii:

When the rope is pulled, the disks don't slip, which means that their edges are moving at the same linear speed. Because of the perfect rolling
condition, this means that they do not rotate at the same angular speed, and the ratios of these speeds is also expressible in terms of the ratio of
radii:

Digression: Energy Storage
One of the big issues today with green energy like solar and wind-generated electricity, is storage. The advantage to fossil fuel production of
electricity is that we can produce it whenever we like, but for solar and wind power, we are at the mercy of when the sun shines or the wind blows.
So storing the energy generated from these green sources is of paramount importance. Batteries are coming along, but they have their own
environmental issues (lithium mining, waste when they degrade, etc.), so other means of storage are sought.

There are many ideas that have been put forth, such as using spare electricity to pump water above a dam so that it can be released when needed;
pressurizing tanks of air with spare electricity, then allowing the pressurized air to drive a generator later; and using spare electricity to
desalinate water, followed by using the osmotic pressure between the new fresh water and the salty water to drive a generator. But possibly the
best idea (which has been around a long time) is to simply store the energy in the form of kinetic energy – spin a flywheel. A flywheel is just a disk
created for the sole purpose of spinning so that it holds kinetic energy until it can be used later. The idea is for the spare electricity to get this thing
spinning (with as little friction as possible), so that later when we need the energy back, the flywheel can be connected to a generator and the
kinetic energy can be converted back into electrical energy. The beauty of this idea is in its simplicity – it is inexpensive and scalable. And
reducing the friction to a very low value is something we can do quite well with today’s technology (think maglev and evacuated chambers). In
order to be as efficient with our use of space as possible, and so that we don’t reach rotational speeds that are insanely high, we will of course
want flywheels with very large rotational inertias.

Swinging Around Fixed Points
There is one other common physical situation involving mechanical energy conservation and rotation that needs to be addressed. If a rigid extended
object is pivoted around a fixed point that is not the center of mass, and it is allowed to swing around that pivot under the influence of gravity, then
how do we use mechanical energy conservation to describe its motion? Specifically, as the object swings, some points of the object may move
upward (increasing gravitational potential energy), while others may swing downward (decreasing gravitational potential energy). How can we deal
with the overall change in gravitational potential energy in such a case?

The answer will likely be unsurprising. Write the change of potential energy of the whole object as the sum of the potential energies of each tiny mass
that makes up the object, and the result follows immediately:
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where  is the mass of the whole object and  is the change in height of the center of mass of the object.

Analyze This
One end of a uniform metal thin rod is welded to the outer edge of a metal disk. The masses of these two objects are the same, and the length of the
rod is equal to the diameter of the disk. The disk is suspended on a frictionless axle positioned at its center, and the rod is released from rest from a
horizontal orientation and allowed to swing down to the vertical position.

Analysis

This system experiences a loss of gravitational potential energy during this swing, which can be measured in two different ways. First, we can
just use the method above, where we find the center of mass of the whole system before and after, and use its full mass and that drop. In this
case, with the length of rod equaling the diameter of the disk, the center of mass of the rod is a distance  (the radius of the disk) from the weld
point. The center of mass of the disk is also this distance from the weld point, and since the masses of the disk and rod are equal, the weld point
must be its center of mass. This point drops a distance of , so the loss of potential energy (with  defined as the mass of each object) is just:

A second way to do this, which may be a bit simpler to use, is to note that the center of mass of the rod drops a distance , while the center of
mass of the disk does not change at all, giving the same potential energy change:

This potential energy becomes kinetic energy. The object swings around a fixed point, so we can compute the moment of inertia about the fixed
point and use the usual formula. To get this moment of inertia, we'll need the additivity of moments of inertia and the parallel axis theorem.
The disk about the axle has a well-known moment of inertia. To get the contribution of the rod, we use its moment of inertia about its center of
mass, and displace it a distance of  using the parallel axis theorem:

Putting this into the energy conservation equation and solving for the angular speed of the swing at the bottom of the arc gives:
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