LibreTextsm

6.8: Specific Heat of the Ideal Fermion Gas
There is a “set of the pants” heuristic argument showing that at low temperatures,
Cv(T) %kBG(é'F) (kBT). (6.8.1)

This argument is not convincing in detail as far as the magnitude is concerned and, indeed, we will soon find that it is wrong by a
factor of m?3. On the other hand it is quite clear that the specific heat will increase linearly with T at low temperatures. From
equipartition, the classical result is

C{}:lassical — gNka (6.8.2)

and we expect this result to hold at high temperature. Thus our overall expectation is that the specific heat will behave as sketched
below.

How can we be more precise and rigorous? That is the burden of this section.

Reminders:
F(&= m (6.8.3)
Er = 27’; (373%)2/3 (6.8.4)
G(E) = \/;\/_ N—3—/2\/_ (6.8.5)

The expressions for N and E are

V 2m / 51/2
2h3

vV 2m / 63/2
w2h3

N(T,V,p) = /0 N G(E)F(E)dE=V

B(T,V, ) = /0 " G f(E)dE =V

Remember how to use these expressions: The first we will invert to find p(T, V, N), then we will plug this result into the second to
find E(T, V, N). As a preliminary, recognize that we can clean up some messy expressions in terms of the physically significant
constant &x by writing these two expressions as

1 o0
_ 37/2 12 4(€)de (6.8.6)
EZ7 o
E _ 3 1 o0 3/2
N =3 82/2 ; ECF(E)dE. (6.8.7)
In short, we must evaluate integrals like
o) 5(171
S ] .8.
/0 el&—m)/kpT 4 1 £ (6.8.8)

with the dimensions of [energy]®. To make these more mathematical and less physical, convert to the dimensionless quantities
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z=E/kpgT (6.8.9)
2o = p/kpT (6.8.10)
to find
o0 50‘_1 e
~er €= (ksT)" | ————du. 6.8.11
/0 e(&—n)/ksT 4 1 (ksT) /0 er—To 11 r ( )
Define the dimensionless integral
[ .,L,afl
A, (o) :/0 . (6.8.12)
so that
3 (kgT)*?
1= o742 (u/ksT) (6.8.13)
&p
E 3 (kgT)*?
N2 Asj2 (n/kpT). (6.8.14)
F

Let us pause before rushing forward. You might think that we should turn to Mathematica (or to a table of integrals) and try to
evaluate these integrals in terms of well-known functions like exponentials and Bessel functions. Even if we could do this, it
wouldn’t help: The result would just be an incomprehensible morass of functions, and to try to understand it we would need to,
among other things, look at the low-temperature limit and the high-temperature limit. Since we are particularly interested in the
low-temperature behavior, let’s just set out to find the low-temperature series in the first place. The meaning of “low temperature”
in this context is kT < p or 2o = /kpT > 1, so we suspect a series like
E(T):E(T:0)+%+E—22+---. (6.8.15)
0 Zj
Whenever we have previously searched for such a series (for example, when we investigated internal specific heat of the rigid
dumbbell, section 5.4, or the simple harmonic oscillator, problem 5.7) we had good luck using a Taylor series expansion about the
origin. In this case, any such technique is doomed to failure, for the following reason: We need a good approximation for the
function

(6.8.16)

a function that is very flat near the origin.

] % x

In fact, this function is so flat at the origin that, even if we kept dozens of terms in its Taylor series expansion about the origin, the
Taylor approximation would be quite poor.

#(x) first S0 terms of Taplar series
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Indeed, all of the action associated with this function happens near x = xy. (We saw earlier, in our heuristic discussion, that the low-
temperature specific heat was due entirely to promotion of a few electrons near the Fermi energy.) Thus an accurate low-
temperature approximation will necessarily involve expansions around x = xg, not around x = 0.

Arnold Sommerfeld was aware this situation and had the genius to recognize that a change in focus would solve the problem.
Specifically, the focus needs to change from the function g(x) to its derivative g'(x), because the derivative is very small for all x
except near x = x,, where the action is. In specific, he noted that

() = ———
g\Z) =" "7
(€m0 +1)°

1
(e~ (@=20)/2 4 glo—u0)/2) *

1
4 cosh®((z —z0) /2)

The last form makes clear the remarkable fact that g'(x) is even under reflections about x,. How can we use these facts about g'(x)
to solve integrals involving g(x)? Through integration by parts.

Ag (z) = /000 2 lg(z)dz

1 *© z

" da o cosh?((z —z9) /2) da

(6.8.17)
It’s now easy to plot the pieces of the integrand, and to see that the integrand nearly vanishes except near x = x;.

£(x) * (foro=1/2)

1
; cosh™{(x—x)2)

=

=
&

-

approx. 4kl

Because x* varies slowly near x = X, it makes sense to expand it in a Taylor series about x = Xo:

F(@) = (o) + 1 (20) (&~ 20) + 537" (20) (2~ 20) o
z® =z§ +azd " (z — ) +%a(a ~1)z0 % (x —xg) -

So

a:&

4aA, (SC()) = A Coshz((iL' _1170) /2) dm ( )

=z ” 1 z 4ozt ! ”
_0/0 cosh2((s:—w0)/2)d o /0 cosh?((z — z0) /2)

lozoz— 22 ” (m—x0)2 T
+2 (o= 1)ag /0 cosh2((:v—s:0)/2)d "

Let's think about how to evaluate integrals like

> (z —20)"
/0 cosh?((z —z) /2) de. (6.8.18)
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The denominator is even in the variable (x — xo), while the numerator is either even or odd in the variable (x — xp). If the lower limit
were —oo instead of 0, half of these integrals would vanish. . . an immense labor savings! Now, of course, the lower limit isn’t —oo,
but on the other hand if we extended the lower limit from 0 to —co, we wouldn’t pick up much error, because the integrand nearly
vanishes when x is negative. In fact, the error introduced is

" (z —20)" dz = ” (z —20)" dz — ” (z —z0)" dx 6.8.19
/40 cosh?((z —z0) /2) /700 cosh?((z —z) /2) /0 cosh?((z —z0) /2) ’ ( )

and the scale of this error is about the value of the integrand at x = 0, namely
(=zo)" n —z
— = (-=z 4e "),
cosh®(z0/2) ( 0) ( )
We could find more accurate approximations for this error, but there’s no need to. We know the error is of order e ™ and we’re
interested in case that &g >> 1. This error is utterly negligible. Remember that we expect an answer of the form

E, FE
0

and that (in the limit as xy — o) the error e is smaller than any of these terms. . . even smaller than E492/x*%. From now on we

will change the lower limit of integration from 0 to —co, with the understanding that this replacement will introduce a negligible
error. Thus, most of the remaining formulas in this section will show not equality, but rather “asymptotic equality”, denoted by the
symbol ~.

(Perhaps I’'m being too glib, because while this error is indeed small, I introduce it an infinite number of times. This is the kind of
problem you might want to take to your friendly neighborhood applied mathematician. These folks can usually solve the problem
more easily than you can and they often appreciate your bringing neat problems to them.)

Using these ideas, we write

:L.a

docdda (o) :/0 cosh?((z —z) /2) a
:mg‘/m ! dx —|—am8"1/oo (z ~ 20) dx
0 cosh®((z —xg) /2) 0 cosh?((z —x)/2)

~xd = 1 - OLSL'O[71 > (215 _:EU) -
e /—oo cosh?®((z —z) /2) dar oy /—oo cosh?((z — ) /2) d

L oia 11222 > (z —20)” PII
—|—2a(a 1) 0 /_oo cosh2((w—xo)/2) dz+

Because the integrals extend from —oo to +oo, it is easy to change the variable of integration to x — xg, and then symmetry dictates
that

foo &d(w—mo)zo for all odd n.

—00 cosh?((z—0)/2)

Using the substitution u = (x — x¢)/2, we have

du+---

* 1 4a(a—1)/°° u’ (6.8.21)

daA, (xo) = lZ/ du + 5

—o0 cosh?(u) x?

0 cosh?(u)

The first integral can be found in Dwight and is

ffo L du=2.

0 cosh?(u)

The secon is Gradshteyn 3.527.5, namely

0 w? d 2
u = .
ffoo cosh?(u) 6

Consequently
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A, (mo)z%lu%%‘(a—;l)jto (%)] (6.8.22)

Ty Ty

This is the desired series in powers of 1/xg. . . and surprisingly, all the odd powers vanish! This result is known as “the Sommerfeld
expansion”.

Now we apply this formula to equation (6.106) to obtain the function u(T):

3/2 2 [ fnT 2 EnT\ 4
%“3—/2 1+%(i> +O<L)
& 1 7
2 41 1
u3/2%5‘3/2 1_|_7r_2 kB_T +0O kB_T
F 8\ u 1

~2/3
prEp

4
1+—(—kBT) +O(—kBT)
8\ p %

4
=&r ll——(kBT> +0(—kBT)
12\ p I

This equation tells us a lot: It confirms that at T = 0, we have y = Ep. It confirms that at T increases from zero, the chemical
potential y decreases. However it doesn’t directly give us an expression for p(T) because p appears on both the left and right sides.
On the other hand, it does show us that i deviates from £ by an amount proportional to (kgT/i)?, which is small. How small?

ksT\* _ (kgT)?
( Z ) €F|: Q(kiTl; +O(kBT) } 2
(kBT)°

£r [1—%(’%) +0(’“BT)4]

2 2 2 4
:(kBT) +7T_(kBT) +0<kBT>
Er 6\ nu 1%
2 2 4
(—kBT> ~ (—kBT) +O(—kBT> (6.8.23)
I Er Er

kpT kpT\*
(9( B ) NO(L) (6.8.24)
7 Er
This gives us the desired formula for y as a function of T:
kpT kBT)4
TY=ép|1——| — ) +O(—
#T) Fl ( € ) ( Er
This result verifies our previous heuristic arguments: p(T) declines as the temperature increases, and it does so slowly (i.e. to
second order in kgT'/EF).

In other words, it is small in the sense that

and that

(6.8.25)

Now apply expansion (6.115) for A, to equation (6.107) to find the energy E(T, V, u):

5/2 2 2 4
Eu 1_|_5i kgT L0 kgT
5 ;/ 8 7 n

(6.8.26)

thq

Using equations (6.116) and (6.117):
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E 3 572 (kgT \’ kT \*
— = /L_ 1+ i 2B +0 2B
N b 53/2 8 Er Er
F
Now it’s time to plug p(T, V; N) into E(T, V, p) to find E(T, V, N): Use equation (6.118) for u(T, V, N), and find

ey e g () o)

2 2 4
5/2 57 (kgT kT
= 1 — — — —
&r [ 24(€F)+O(8F
Using (6.121) in (6.120) gives

3 572 [ kgT\> kT \*
N55F[1_ T ( gF) +0< SF)

=z

whence

or, for low temperatures.

(6.8.27)

(6.8.28)

(6.8.29)

(6.8.30)

(6.8.31)

Was all this worth it, just to get a factor of m¥3? Perhaps not, but our analysis gives us more than the factor. It gives us a better
understanding of the ideal fermion gas and a deeper appreciation for the significance of the thin “action region” near £ = € .
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