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1.1: Introduction to Radiation Theory

An understanding of any discipline must include a familiarity with and understanding of the words used within that discipline, and
the theory of radiation is no exception. The theory of radiation includes such words as radiant flux, intensity, irradiance, radiance,
exitance, source function and several others, and it is necessary to understand the meanings of these quantities and the relations
between them. The meanings of most of the more commonly encountered quantities and the symbols recommended to represent
them have been agreed upon and standardized by a number of bodies, including the International Union of Pure and Applied
Physics, the International Commission on Radiation Units and Measurement, the American Illuminating Engineering Society, the
Royal Society of London and the International Standards Organization. It is rather unfortunate that many astronomers appear not to
follow these conventions, and frequent usages of words such as "flux" and "intensity", and the symbols and units used for them, are
found in astronomical literature that differ substantially from usage that is standard in most other disciplines within the physical
sciences.

In this chapter I use the standard terms, but I point out when necessary where astronomical usage sometimes differs. In particular I
shall discuss the astronomical usage of the words "intensity" and "flux" (which differs from standard usage) in sections 1.12 and
1.14 . Standard usage also calls for ST units, although the older CGS units are still to be found in astronomical writings. Except
when dealing with electrical units, this usually gives rise to little difficulty to anyone who is aware that 1 watt = 107erg s~!.
Where electrical units are concerned, the situation is much less simple.
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1.2: Radiant Flux or Radiant Power, ¢ ¢ or P

This is simply the rate at which energy is radiated from a source, in watts.

It is particularly unfortunate that, even with this most fundamental of concepts, astronomical usage is often different. When
describing the radiant power of stars, it is customary for astronomers to use the word luminosity, and the symbol L. In standard
usage, the symbol L is generally used for the quantity known as radiance, while in astronomical custom, the word "flux" has yet a
different meaning. Particle physicists use the word “luminosity” in yet another quite different sense.

The radiant power ("luminosity") of the Sun is 3.85 x 10%°W.
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1.3: Variation with Frequency or Wavelength

The radiant flux per unit frequency interval can be denoted by ®, W Hz !, or per unit wavelength interval by ®, W m™!. The
relations between them are

2 A2
5= Lo 0= Na, (13.1)
C Cc

It is useful to use a subscript ¥ or A to denote "per unit frequency or wavelength interval", but parentheses, for example a(v) or
a(A), to denote the value of a quantity at a given frequency or wavelength. In some contexts, where great clarity and precision of
meaning are needed, it may not be overkill to use both, the symbol I,,(v), for example, for the radiant intensity per unit frequency
interval at frequency v.

We shall be defining a number of quantities such as flux, intensity, radiance, etc., and establishing relations between them. In many
cases, we shall omit any subscripts, and assume that we are discussing the relevant quantities integrated over all wavelengths.
Nevertheless, very often the several relations between the various quantities will be equally valid if the quantities are subscripted
with v or A.

The same applies to quantities that are weighted according to wavelength-dependent instrumental sensitivities and filters to define a
luminous flux, which is weighted according to the photopic wavelength sensitivity of a defined standard human eye. The unit of
luminous flux is the lumen. The number of lumens in a watt of monochromatic radiation depends on the wavelength (it is zero
outside the range of sensitivity of the eye!), and for heterochromatic radiation the conversion between lumens and watts requires
some careful computation. The number of lumens generated by a lightbulb per watt of power input is called the luminous
efficiency of the lightbulb. This may seem at first to be a topic of very remote interest, if any, to astronomers, but those who would
observe the faintest and most distant galaxies may well at some time in their careers have occasion to discuss the luminous
efficiencies of lighting fixtures in the constant struggle against light pollution of the skies.

The topic of lumens versus watts is a complex and specialist one, and we do not discuss it further here, except for one brief remark.
When dealing with visible radiation weighted according to the wavelength sensitivity of the eye, instead of the terms radiant flux,
radiant intensity, irradiance and radiance, the corresponding terms that are used become luminous flux (expressed in lumens rather
than watts), luminous intensity, illuminance and luminance. Further discussion of these topics can be found in section 1.10 and
1.12.
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1.4: Radiant Intensity, |

Not all bodies radiate isotropically, and a word is needed to describe how much energy is radiated in different directions. One can
imagine, for example, that a rapidly-rotating star might be nonspherical in shape, and will not radiate isotropically. The intensity of
a source towards a particular direction specified by spherical coordinates (6, ¢) is the radiant flux radiated per unit solid angle in
that direction. It is expressed in W sr™!, and the standard symbol is I. In astronomical custom, the word "intensity" and the
symbol I are commonly used to describe a very different concept, to which we shall return later.

When dealing with visible radiation, we use the phrase luminous intensity rather than radiant intensity, and the unit is a lumen per
steradian, or a candela. At one time, the standard of luminous intensity was taken to be that of a candle of defined design, though
the present-day candela (which is one of the fundamental units of the SI system of units) has a different and more precise
definition, to be described in section 1.12. The candela and the old standard candle are of roughly the same luminous intensity.
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1.5: "Per unit"

We have so far on three occasions used the phrase "per unit", as in flux per unit frequency interval, per unit wavelength interval,
and per unit solid angle. It may not be out of place to reflect briefly on the meaning of "per unit".

The word density in physics is usually defined as "mass per unit volume" and is expressed in kilograms per cubic metre. But do we
really mean the mass contained within a volume of a cubic metre? A cubic metre is, after all, a rather large volume, and the density
of a substance may well vary greatly from point to point within that volume. Density, in the language of thermodynamics, is an
intensive quantity, and it is defined at a point. What we really mean is the following. If the mass within a volume 8V is dm, the
average density in that volume is ém /§V. The density at a point is

om dm
lim —,i.e.—. 1.5.1
oo oV Sy (1.5.1)
Perhaps the short phrase "per unit mass" does not describe this concept with precision, but it is difficult to find an equally short

phrase that does so, and the somewhat loose usage does not usually lead to serious misunderstanding.

Likewise, @, is described as the flux "per unit wavelength interval", expressed in W m . But does it really mean the flux radiated
in the absurdly large wavelength interval of a metre? Let §® be the flux radiated in a wavelength interval §A. Then
0® d®

(I))\ = lim

5}\_)03;1.6.5. (152)

Intensity is flux "per unit solid solid angle", expressed in watts per steradian. Again a steradian is a very large angle. What is
actually meant is the following. If §® is the flux radiated into an elemental solid angle dw (which, in spherical coordinates, is
sinf 56 6¢ ) then the average intensity over the solid angle dw is §® /dw. The intensity in a particular direction (6, ® ) is

0P
im —. 1.5.3
fw—0 dw ( )
That is,
d®
I=—. (1.5.4)
dw
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1.6: Relation between Flux and Intensity
For an isotropic radiator,
b =4nrl. (1.6.1)

For an anisotropic radiator

o :/Idw, (1.6.2)

the integral to be taken over an entire sphere. Expressed in spherical coordinates, this is

27 ™
® = /0 /0 1(6, ) sin 6d6dep. (1.6.3)

If the intensity is axially symmetric (i.e. does not depend on the azimuthal coordinate ¢ ) equation 1.6.3 becomes
& —2r / 1(6) sin 6. (1.6.4)
0

These relations apply equally to subscripted flux and intensity and to luminous flux and luminous intensity.
Example:
Suppose that the intensity of a light bulb varies with direction as
I1(6) =0.51(0)(1 +cos®) (1.6.5)
(Note the use of parentheses to mean "at angle 6 ".)

Draw this (preferably accurately by computer - it is a cardioid), and see whether it is reasonable for a light bulb. Note also that, if
you put § =0 in equation 1.6.5, you get I(6) = I(0).

Show that the total radiant flux is related to the forward intensity by
& =2rx1(0) (1.6.6)

and also that the flux radiated between § =0 and 8 = /2 is

o = %ﬂ(u). (1.6.7)
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1.7: Absolute Magnitude

The subject of magnitude scales in astronomy is an extensive one, which is not pursued at length here. It may be useful, however,
to see how magnitude is related to flux and intensity. In the standard usage of the word flux, in the sense that we have used it
hitherto in this chapter, flux is related to absolute magnitude or to intensity, according to

My, — My =2.5log(®1/®) (1.7.1)
or

My — M, =2.5log(I1/15) (1.7.2)
That is, the difference in magnitudes of two stars is related to the logarithm of the ratio of their radiant fluxes or intensities.

If we elect to define the zero point of the magnitude scale by assigning the magnitude zero to a star of a specified value of its
radiant flux in watts or intensity in watts per steradian, equations 1.7.1 and 1.7.2 can be written

M =M,—2.5log® (1.7.3)
or to its intensity by
M =My —2.5logI (1.7.4)

If by ® and I we are referring to flux and intensity integrated over all wavelengths, the absolute magnitudes in equations 1.7.1 to
1.7.4 are referred to as absolute bolometric magnitudes. Practical difficulties dictate that the setting of the zero points of the various
magnitude scales are not quite as straightforward as arbitrarily assigning numerical values to the constants My and M’ and I do
not pursue the subject further here, other than to point out that My and M," must be related by

My = My —2.5log 4m = My — 2.748. (1.7.5)
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1.8: Normal Flux Density F
The rate of passage of energy per unit area normal to the direction of energy flow is the normal flux density, expressed in W m~2.

If a point source of radiation is radiating isotropically, the radiant flux being ®, the normal flux density at a distance r will be &
divided by the area of a sphere of radius . That is

F =&/(4nr?) (1.8.1)

If the source of radiation is not isotropic (or even if it is) we can express the normal flux density in some direction at distance r in
terms of the intensity in that direction:

F=1I/r" (1.8.2)

That is, the normal flux density from a point source falls off inversely with the square of the distance.
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1.9: Apparent Magnitude

Although it is not the purpose of this chapter to discuss astronomical magnitude scales in detail, it should be evident that, just as
intensity is related to absolute magnitude (both being intrinsic properties of a star, independent of the distance of an observer), so
normal flux density is related to apparent magnitude, and they both depend on the distance of observer from star. The relationship
is

mo —MmMy :2.510g(F1/F2) (191)
We could in principle set the zero point of the scale by writing
m=mgy —2.51log F (1.9.2)

and assigning a numerical value to my, so that there would then be a one-to-one correspondence between normal flux density in
W m 2 and apparent magnitude. If we are dealing with normal flux density integrated over all wavelengths, the corresponding
magnitude is called the apparent bolometric magnitude.
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1.10: Irradiance E

Suppose that some surface is being irradiated from a point source of radiation of intensity I W sr~! at a distance . The normal
flux density ("normal" meaning normal to the direction of propagation), as we have seen, is I/r2. If the surface being irradiated is
inclined so that its normal is inclined at an angle  to the line joining it to the point source of radiation, the rate at which radiant
energy is falling on unit area of the surface will be I cos 6/72.

In any case, the rate at which radiant energy is falling upon unit area of a surface is called the irradiance of that surface. It is
denoted by the symbol E, and the units are W m 2. In the simple geometry that we have described, the relation between the
intensity of the source and the irradiance of the surface is

E = (Icosf)/r? (1.10.1)

If we are dealing with visible radiation, the number of lumens falling per unit area on a plane surface is called the illuminance, and
is expressed in lumens per square metre, or lux. Recall that a lumen is the SI unit of luminous flux, and the candela is the unit of
luminous intensity, and that an isotropic point source of light radiating with a luminous intensity of I cd (that is, I lm sr~') emits a
total luminous flux of 47 lm. The relation between the illuminance of a surface and the luminous intensity of a source of light is
the same as the relation between irradiance and radiant intensity, namely, equation 1.10.1, or, if the surface is being illuminated
normally, equation 1.8.2. If the luminous intensity of a source of light in some direction is one candela, the irradiance of a point on
a surface that is closest to the source is 1lm m~2 if the distance is one metre, 1lm cm ™2 if the distance is one cm, and 1lm ft2 if
the distance is one foot. A lumen per square metre is a lux, and a lumen per square cm is a phot. A lumen per square foot is often
(usually!) given the extraordinary name of a "foot-candle". This is a most illogical misuse of language, and is mentioned here only
because the term is still in frequent use in non-scientific circles. Lumen, candela and lux are, respectively, the SI units of luminous
flux, luminous intensity and illuminance. Phot and "foot-candle" are non-SI units of illuminance. The exact definition of the
candela will be given in section 1.12; the lumen and lux are derived from the candela. Those who are curious about other strange-
sounding units encountered in the quantitative measurement of the visible portion of radiation will also find the definition of "stilb"
in section 1.12.

? Example 1.10.1

A table is being illuminated by a light bulb fixed at a distance h vertically above the table. The fixture is such that the socket is
above the bulb, and the luminous intensity of the bulb varies as

16) = %1(0)(1 +cosb) (1.10.2)

where 6 is the angle from the downward vertical from the bulb. Show that the illuminance at a point on the table at an angular
distance @ from the sub-bulb point is

E(0) = %E(O) (cos® 6+ cos* ) (1.10.3)

For what angle 6 does the irradiance fall to half of the illuminance at the sub-bulb point??

? Example 1.10.2

If the table in the above problem is a circular table whose radius subtends an angle « at the bulb, show that the flux that it
intercepts is

®(a) =7I(0) (1 —cosa+%sin2a) (1.10.4)

What is this if @ =0 and if o — 7/2 ? Is this what you would expect? (Compare equation 1.6.7.)
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1.11: Exitance M

The exitance of an extended surface is the rate at which it is radiating energy (in all directions) per unit area. The usual symbol is
M and the units are W m~2. It is an intrinsic property of the radiating surface and is not dependent on the position of an observer.

Most readers will be aware that some property of a black body is equal to oT"%. Technically it is the exitance (integrated over all
wavelengths, with no subscript on the M) that is equal to T4, so that, in our notation, the Stefan-Boltzmann law would be written

M =oT*, (1.11.1)

where o has the value 5.7 x 107 8W m 2K *.

Likewise the familiar Planck equation for a black body:

27hc?
My=—— 1.11.2
AT (ehe/kT —1) ( )

gives the exitance per unit wavelength interval.
The word "emittance" is an older word for what is now called exitance.

The emissivity of a radiating surface is the ratio of its exitance at a given wavelength and temperature to the exitance of a black
body at that wavelength and temperature.
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1.12: Radiance L

The concept of exitance does nothing to describe a situation in which the brightness of an extended radiating (or reflecting) surface
appears to vary with the direction from which it is viewed. For example, the centre of the solar disc is brighter than the limb (which
is viewed at an oblique angle), particularly at shorter wavelengths, and the Moon is much brighter at full phase than at first or last
quarter.

There are two concepts we can use to describe the directional properties of an extended radiating surface. I shall call them radiance
L, and "surface brightness" B. I first define them, and then I determine the relationship between them. Please keep in mind the
meaning of "per unit", or, as it is written in the next sentence, "from unit".

The radiance L of an extended source is the irradiance of an observer from unit solid angle of the extended source. It is an intrinsic
property of the source and is independent of the distance of any observer. This is because, while irradiance of an observer falls off
inversely as the square of the distance, the area included in unit solid angle increases as the square of the distance of the observer.
While the radiance does not depend on the distance of the observer, it may well depend on the direction (8,¢ ) from which the
observer views the surface.

The surface brightness B of an extended source is the intensity (i.e. flux emitted into unit solid angle) from unit projected area of
the source. "Projected" here means projected on a plane that is normal to the line joining the observer to a point on the surface. The
solid angle referred to here is subtended at a point on the surface. Like radiance, surface brightness is a property intrinsic to the
source and is independent of the distance (but not the direction) to the observer.

These concepts may become clearer as I try to explain the relationship between them. This I shall do by supposing that the surface
brightness of a point on the surface is B in some direction; and I shall calculate the irradiance of an observer in that direction from
unit solid angle around the point.

In figure 1.1 I draw an elemental area and the vector d A representing that area. In some direction making an angle with the normal
to dA, the area projected on a plane at right angles to that direction is § A cosf. We suppose the surface brightness to be B, and,
since surface brightness is defined to be intensity per unit projected area, the intensity in the direction of interest is B§A cos@. The
irradiance of an observer at a distance 7 from the elemental area is E = 6I/r? = B§A cosf/r? . But A cosf/r? is the solid
angle dw subtended by the elemental area at the observer. Therefore, by definition, § E/dw is L, the radiance. Thus L = B. We see,
then, that radiance L and surface brightness B are one and the same thing. Henceforth we can use the one term radiance and the
one symbol L for either, and either definition will suffice to define radiance.

di=BdAcos 0

FIGUREI1
In the figure the surface brightness at some point on a surface in a direction that makes an angle 6 with the normal is B. The
intensity radiated in that direction by an element of area dA is dI = Bd A cos . The irradiance of a surface at a distance r away is
dE =dI/r*> = BdAcos6/r* . But dAcos/r* = dw, the solid angle subtended by d A. But the radiance L of a point on the right
hand surface is the irradiance of the point in the left hand surface from unit solid angle of the former. Thus L = B, and we see that
the two definitions, namely surface brightness and radiance, are equivalent, and will henceforth be called just radiance.

Radio astronomers usually use the term "surface brightness". In the literature of stellar atmospheres, however, the term used for
radiance is often "specific intensity" or even just "intensity" and the symbol used is I. This is clearly a quite different usage of the
word intensity and the symbol I that we have used hitherto. The use of the adjective "specific" does little to help, since in most
contexts in physics, the adjective "specific" is understood to mean "per unit mass". It is obviously of great importance, in both
reading and writing on the subject of stellar atmospheres, to be very clear as to the meaning intended by such terms as "intensity".

The radiance per unit frequency interval of a black body is often given the symbol B,, and the radiance per unit wavelength
interval is given the symbol B). We shall see later that these are related to the blackbody exitance functions (see equation 1.11.2
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for M) by M,, =nB, and M) =B, . Likewise the integrated (over all wavelengths) radiance of a black body is sometimes
written in the form B = aT*. Here a = o/, o being the Stefan-Boltzmann constant used in equation 1.11.1. (But see also section
1.17.)

Summary so far: The concepts "radiance" and "surface brightness", for which we started by using separate symbols, L and B, are
identical, and the single name radiance and the single symbol L suffice, as also will either definition. The symbol B can now be
reserved specifically for the radiance of a black body.

Although perhaps not of immediate interest to astronomers other than those concerned with light pollution, I now discuss the
corresponding terms used when dealing with visible light. Instead of the terms radiant flux, radiant intensity, irradiance and
radiance, the terms used are luminous flux, luminous intensity, illuminance and luminance. (This is the origin of the symbol L used
for luminance and for radiance.) Luminous flux is expressed in lumens. Luminous intensity is expressed in lumens per steradian or

25r—1 or luxsr !, or

candela. Tlluminance is expressed in lumens per square metre, or lux. Luminance is expressed in Im m™
cdm 2 or nit. The standard of luminous intensity was at one time the intensity of light from a candle of specified design burning
at a specified rate. It has long been replaced by the candela, whose intensity is indeed roughly that of the former standard candle.
The candela, when first introduced, was intended to be a unit of luminous intensity, equal approximately in magnitude to that of the
former "standard candle", but making no reference to an actual real candle; it was defined such that the luminance of a black body
at the temperature of melting platinum (2042 K) was exactly 600,000 cd m 2 Since 1979 we have gone one step further,
recognizing that obtaining and measuring the radiation from a black body at the temperature of melting platinum is a matter of
some practical difficulty, and the current definition of the candela makes no mention of platinum or of a black body, and the
candela is defined in such a manner that if a source of monochromatic radiation of frequency 5.4 x 10'*Hz has a radiant intensity
of 1/683 W sr~! in that direction, then the luminous intensity is one candela. The reader may well ask what if the source in not
monochromatic, or what if it is monochromatic but of a different frequency? Although it is not the intention here to treat this topic
thoroughly, the answer, roughly, is that scientists involved in the field have prepared a table of a standard "photopic" relative
sensitivity of a "standard" photopic human eye, normalized to unity at its maximum sensitivity at 5.4 x 10**Hz (about 555 nm).
For the conversion between watts and lumens for monochromatic light of wavelength other than 555 nm, one must multiply the
conversion at 555 nm by the tabular value of the sensitivity at the wavelength in question. To calculate the luminance of a
heterochromatic source, it is necessary to integrate over all wavelengths the product of the radiance per unit wavelength interval
times the tabular value of the photopic sensitivity curve.

We have mentioned the word "photopic". The retina of the eye has two types of receptor cells, known, presumably from their
shape, as "rods" and "cones". At high levels of illuminance, the cones predominate, but at low levels, the cones are quite
insensitive, and the rods predominate. The sensitivity curve of the cones is called the "photopic" sensitivity, and that of the rods
(which peaks at a shorter wavelengths than the cones) is the "scotopic" sensitivity. It is the standard photopic curve that defines the
conversion between radiance and luminance.

I make one last remark on this topic. Namely , together with the metre, kilogram, second, kelvin, ampére and mole, the candela is
one of the fundamental base units of the Systéme International des Unités. The lumen, lux and nit are also SI units, but the phot is
not. The SI unit of luminance is the nit, although in practice this word is rarely heard (lux st ! or cdm™? serve). The non-SI unit
known as the stilb is a luminance of one candela per square centimetre.
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1.13: Lambertian Surface

A lambertian radiating surface [Johann Heinrich Lambert 1728 - 1777] is one whose intensity varies with angle according to
Lambert's Law;

I(6) =1(0) cosé. (1.13.1)

1(0)
A 1(6)

FIGUREI.2

Consider a small element A of a lambertian radiating surface, such that the intensity radiated by this element in the normal
direction is I(0), and the normal radiance is therefore I(6)/dA. The radiance at angle 6 is the intensity divided by the projected
area:

1(0)cos®  I(0)
dAcosf  6A
Thus the radiance of a lambertian radiating surface is independent of the angle from which it is viewed. Lambertian surfaces radiate

isotropically. The radiance of a black body is lambertian. Since the Sun exhibits limb-darkening; the Sun is not a black body, nor is
it lambertian.

(1.13.2)

For a reflecting surface to be lambertian, it is required that the radiance be independent not only of the angle from which it is
viewed, but also of the angle from which it is irradiated (or illuminated). In discussing the properties of reflecting surfaces, one
often distinguishes between two extreme cases. At the one hand is the perfectly diffusing lambertian surface; blotting paper is
sometimes cited as a near lambertian example. The other extreme is the perfectly reflecting surface, or specular reflection (Latin
speculum, a mirror), in which the angle of reflection equals the angle of incidence. It might be noted that expensive textbooks are
often printed on specularly reflecting paper and are difficult to read, whereas inexpensive textbooks are often printed on paper that
is approximately lambertian and are consequently easy to read.

The full description of the reflecting properties of a surface requires a bidirectional reflectance distribution function, which is a
function of the direction (6;, ¢; ) of the incident light and the direction of the reflected (scattered) (,, ¢,) light. Also included in
the theory are the several albedoes (normal, geometric and Bond). These concepts are of great importance in the study of planetary
physics, but are not pursued further here. Some further details may be found, for example, in Lester, P. L., McCall, M. L. and
Tatum, J. B., J. Roy. Astron. Soc. Can ., 73, 233 (1979).
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1.14: Relations between Flux, Intensity, Exitance, Irradiance

In this section T am going to ask, and answer, three questions.

i. (See figure 1.3 )

1(6,9)

FIGUREIL3

A point source of light has an intensity that varies with direction as I (6, ¢). What is the radiant flux radiated into the hemisphere
0 < /27 This is easy; we already answered it for a complete sphere in equation 1.6.3. For a hemisphere, the answer is

2 pw/2
¢ = / / 1(0, ¢) sin0dbd . (1.14.1)
0o Jo
ii. At a certain point on an extended plane radiating surface, the radiance is L(6, ¢). What is the emergent exitance M at that point?

1(6,9) = L(8,9)cos 084

dA
FIGUREI.4

Consider an elemental area §A (see figure 1.4). The intensity I(6, ¢) radiated in the direction (6, ¢) is the radiance times the
projected area cos 6 § A. Therefore the radiant power or flux radiated by the element into the hemisphere is

27
0 = / / L(6, ) cosOsin0dOdpd A, (1.14.2)

and therefore the exitance is

27
M= / / L(6, ¢) cosOsin 6dbd o (1.14.3)

iii. A point O is at the centre of the base of a hollow radiating hemisphere whose radiance in the direction (6, ¢) is L(0, ¢). What is
the irradiance at that point O ? (See figure 1.5.)

84=a’ sin 0808

FIGURELS5

Consider an elemental area a? sinf 66 §¢ on the inside of the hemisphere at a point where the radiance is L(6, ¢) (figure 1.5). The
intensity radiated towards O is the radiance times the area:
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81(0, ¢) = L(0, $)a’ sin 06066 (1.14.4)
The irradiance at O from this elemental area is (see equation (1.10.1)
61(6 0
SE = Lﬁ“’s = L(6, ¢) cos Bsin 0505, (1.14.5)
a

and so the irradiance at O from the entire hemisphere is

2w pw/2
E :/ / L(6, ) cosOsin0505¢. (1.14.6)
o Jo

The same would apply for any shape of inverted bowl - or even an infinite plane radiating surface (see figure 1.6.)

S Led)

_}/E = equation 1.14.6

FIGUREIL6
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1.15: A=t B

There are several occasions in radiation theory in which one quantity is equal to 7 times another, the two quantities being related by
an equation of the form A = wB. I can think of three, and they are all related to the three questions asked and answered in section
1.14.

If the source in question i of Section 1.14 is an element of a lambertian surface, then (6, ¢) is given by Equation 1.13.1, and in
that case Equation 1.14.1 becomes

6 =1(0) (115.1)
If the element § A in question ii is lambertian, L is independent of 6 and f , and equation 1.14.3 becomes
M=xL (1.15.2)

This, then is the very important relation between the exitance and the radiance of a lambertian surface. It is easy to remember
which way round it is if you think of the units in which M and L are expressed and think of 7 as a solid angle.

If the hemisphere of question iii is uniformly lambertian (for example, if the sky is uniformly dull and cloudy) then L is the same
everywhere in the sky, and the irradiance is

E=nL (1.15.3)
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1.16: Radiation Density (u)

This is merely the radiation energy density per unit volume, expressed in J m~2, and usually given the symbol w.

This page titled 1.16: Radiation Density (u) is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum
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1.17: Radiation Density and Irradiance

/ sin 849 do \
0/

FIGUREL7

Figure 1.7 shows a hemisphere filled with radiation, the energy density being « J m—3. The motion of the photons is presumed to be
isotropic, and all are moving at speed c. The centre of the base of the hemisphere, O, is being irradiated - i.e. bombarded with
photons coming from all directions. How is the irradiance E at O related to the energy density? How much energy per unit area is
arriving at O per unit time? I shall show that the answer is

E—uc/d. (117.1)
Photons are arriving at O from all directions, but only a fraction
sin 6605 ¢
—_— 1.17.2
ym ( )

are coming from directions within the elemental solid angle between 6 and 6+ §6 and ¢ and ¢ + §¢.

If there are n photons per unit volume, the rate at which photons (moving at speed c) are passing through an elemental area A at O
from directions within the elemental solid angle sin 8§60¢ is

sin 6600¢
4

(This is because the elemental area presents a projected area § A cos @ to the photons arriving from that particular direction.)

X ncdA cosb. (1.17.3)

The rate at which photons arrive per unit area (divide by d A) from the entire hemisphere above (integrate) is

/2”/"/2 ncsinf cos 0dfd¢p (1.17.4)
0 0 4m o
The rate at which energy arrives per unit area from the hemisphere above is
2m ™2 ucsinf cosfdbd
/ / ucsnreos ¢ =uc/4, (1.17.5)
0 0 47'('

which was to be demonstrated (Quod Erat Demonstrandum)

A more careful argument should convince the reader that it does not matter if all the photons do not carry the same energy. Just
divide the population of photons into groups having different energies. The total energy is the sum of the energies of all the
photons, whether these are equal or not.

I mentioned in section 1.12 that Stefan's law is sometimes written L = aT'#, where a is Stefan's constant divided by 7. It is also

sometimes written u = a T'*, and in this case a = 4¢ /c.
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1.18: Radiation Pressure (P)

Photons carry momentum h /A and hence exert pressure. Pressure is rate of change of momentum (i.e. force) per unit area.

The pressure P exerted by radiation (in N m 2, or Pa) is related to the energy density u of radiation (in J m~3) by

P=2u (1.18.1)
P=u (1.18.2)
P=u/3 (1.18.3)
or
P=u/6 (1.18.4)

depending on the circumstances!

First, we may imagine a parallel beam of photons that have come a long way from their original source. For example, they might be
photons that have arrived at a comet from the Sun, and they are about to push material out from the comet to form the tail of the
comet. Each of them is travelling with speed c. We suppose that there are n of them per unit volume, and therefore the number of
them per unit area arriving per unit time is nc. Each of them carries momentum A /. [As in section 1.17 they need not all carry the
same momentum. The total momentum is the sum of each.] The rate of arrival of momentum per unit area is nhe/A = nhv. But
hv is the energy of each photon, so the rate of arrival of momentum per unit area is equal to the energy density. (Verify that these
are dimensionally similar.) If all the photons stick (i.e. if they are absorbed), the rate of change of momentum per unit area (i.e. the
pressure) is just equal to the energy density (Equation 1.18.2); but if they are reflected elastically, the rate of change of momentum
per unit area is twice the energy density (Equation 1.18.1).

If the radiation is isotropic, the situation is different. The radiation may be approximately isotropic deep in the atmosphere of a star,
though I fancy not completely isotropic, because there is sure to be a temperature gradient in the atmosphere. I suppose for the
radiation to be truly isotropic, you'd have to go to the very center of the star.

We'll start from Equation 1.17.4, which gives the rate at which photons arrive at a point per unit area. ("at a point per unit area"?
This makes sense only if you bear in mind the meaning of "per unit"!) If the energy of each photon is E, the momentum of each is
E/c. (This is the relation, from special relativity, between the energy and momentum of a particle of zero rest mass.) However, it is
the normal component of the momentum which contributes to the pressure, and the normal component of each photon is
(E cos@)/c. The rate at which this normal component of momentum arrives per unit area is found by multiplying the integrand in
Equation 1.17.4 by this. Bearing in mind that nE is the energy density u, we obtain

2 pm/2
= / sinf cos® 0 dfde. (1.18.5)
47 0 0
The pressure on the surface is the rate at which the normal component of this momentum is changing. If the photons stick, this is
u 2r  pw/2
— / sinfcos? § dfd¢ = u /6. (1.18.6)
47 0 0
But if they bounce, it is twice this, or u /3.
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CHAPTER OVERVIEW

2: Blackbody Radiation

This chapter briefly summarizes some of the formulas and theorems associated with blackbody radiation. A small point of style is
that when the word "blackbody" is used as an adjective, it is usually written as a single unhyphenated word, as in "blackbody
radiation"; whereas when "body" is used as a noun and "black" as an adjective, two separate words are used. Thus a black body
emits blackbody radiation. The Sun radiates energy only very approximately like a black body. The radiation from the Sun is only
very approximately blackbody radiation.

2.1: Absorptance, and the Definition of a Black Body

2.2: Radiation within a cavity enclosure

2.3: Kirchhoff's Law

2.4: An aperture as a black body

2.5: Planck's Equation

2.6: Wien's Law

2.7: Stefan's Law (The Stefan-Boltzmann Law)

2.8: A Thermodynamical Argument

2.9: Dimensionless forms of Planck's equation

2.10: Derivation of Wien's and Stefan's Laws
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2.1: Absorptance, and the Definition of a Black Body

If a body is irradiated with radiation of wavelength A, and a fraction a(\) of that radiation is absorbed, the remainder being either
reflected or transmitted, a(A) is called the absorptance at wavelength A. Note that A is written in parentheses, to mean "at
wavelength A", not as a subscript, which would mean "per unit wavelength interval". The fractions of the radiation reflected and
transmitted are, respectively, the reflectance and the transmittance. The sum of the absorptance, reflectance and transmittance is
unity, unless you can think of anything else that might happen to the radiation.

A body for which a(A) =1 for all wavelengths is a black body.
A body for which a has the same value for all wavelengths, but less than unity, is a grey body.

(Caution: We may meet the word "absorbance" later. It is not the same as absorptance.)
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2.2: Radiation within a cavity enclosure

Consider two cavities at the same temperature. We'll suppose that the two cavities can be connected by a "door" that can be opened
or closed to allow or to deny the passage of radiation between the cavities. We'll suppose that the walls of one cavity are bright and
shiny with an absorptance close to zero, and the walls of the other cavity are dull and black with an absorptance close to unity.
We'll also suppose that, because of the difference in nature of the walls of the two cavities, the radiation density in one is greater
than in the other. Let us open the door for a moment. Radiation will flow in both directions, but there will be a net flow of radiation
from the high-radiation-density cavity to the low-radiation-density cavity. As a consequence, the temperature of one cavity will rise
and the temperature of the other will fall. The (now) hotter cavity can then be used as a source and the (now) colder cavity can be
used as a sink in order to operate a heat engine which can then do external work, such work, for example, to be used for repeatedly
opening and closing the door separating the two cavities. We have thus constructed a perpetual motion machine that can continue to
do work without the expenditure of energy.

From this absurdity, we can conclude that, despite the difference in nature of the walls of the two cavities (which were initially at
the same temperature), the radiation densities within the two cavities must be equal. We deduce the important principle that the
radiation density inside an enclosure is determined solely by the temperature and is independent of the nature of the walls of the
enclosure.
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2.3: Kirchhoff's Law

Kirchhoff's law, as well as his studies with Bunsen (who invented the Bunsen burner for the purpose) showing that every element
has its characteristic spectrum, represents one of the most important achievements of mid-nineteenth century physics and
chemistry. The principal results were published in 1859, the same year as Darwin's The Origin of Species, and it has been claimed
that the publication of Kirchhoff's law was at least as influential in the advance of science as the Darwinian theory of evolution. It
is therefore distressing that so few people can achieve the triple task of spelling his name, pronouncing it correctly, and properly
stating his law. Kirchhoff and Bunsen laid the foundations of quantitative and qualitative spectroscopy.

Imagine an enclosure filled with radiation at some temperature such that the energy density per unit wavelength interval at
wavelength A is uy (). Here I have used a subscript and parentheses, according to the convention described in Section 1.3, but, to
avoid excessive pedantry, I shall henceforth omit the parentheses and write just w). Imagine that there is some object, a football,
perhaps, levitating in the middle of the enclosure and consequently being irradiated from all sides. The irradiance, in fact, per unit
wavelength interval, is given by Equation 1.17.1

E) =uyc/4 (2.4.1)
If the absorptance at wavelength A is a(), the body will absorb energy per unit area per unit wavelength interval at a rate a(A)E}.

The body will become warm, and it will radiate energy. Let the rate at which it radiates energy per unit area per unit wavelength
interval (i.e. the exitance) be M. When the body and the enclosure have reached an equilibrium state, the rates of absorption and
emission of radiant energy will be equal:

M)\ :a()\)E)\. (242)

But E and w are related through Equation 2.4.1, and u is independent of the nature of the surface (of the walls of the enclosure or
of any body within it), and so we see that the ratio of the exitance to the absorptance of any surface is independent of the nature of
the surface. This is Kirchhoff's Law. (In popular parlance, "good emitters are good absorbers".) The ratio is a function only of
temperature and wavelength. For a black body, the absorptance is unity, and the exitance is then the Planck function.
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2.4: An aperture as a black body

We consider an enclosure at some temperature and consequently filled with radiation of density u) per unit wavelength interval.
The inside walls of the enclosure are being irradiated at a rate given by Equation 2.4.1. Now pierce a small hole in the side of the
enclosure. Radiation will now pour out of the enclosure at a rate per unit area that is equal to the rate at which the walls are being
radiated from within. In other words the exitance of the radiation emanating from the hole is the same as the irradiance within. Now
irradiate the hole from outside. The radiation will enter the hole, and very little of it will get out again; the smaller the hole, the
more nearly will all of the energy directed at the hole fail to get out again. The hole therefore absorbs like a black body, and
therefore, by Kirchhoff's law, it also radiates like a black body. Put another way, a black body will radiate in the same way as will a
small hole pierced in the side of an enclosure. Sometimes, indeed, a warm box with a small hole in it is used to emulate blackbody
radiation and thus to calibrate the sensitivity of a radio telescope.
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2.5: Planck's Equation

The importance of Planck's equation in the early birth of quantum theory is well known. Its theoretical derivation is dealt with in
courses on statistical mechanics. In this section I merely give the relevant equations for reference.

Planck's equation can be given in various ways, and here I present four. All will be given in terms of exitance. The radiance is the
exitance divided by 7.(Equation 1.15.2.). The four forms are as follows, in which I have made use of equations 1.3.1 and the
expression hv = hc/ A for the energy of a single photon.

The rate of emission of energy per unit area per unit time (i.e. the exitance) per unit wavelength interval:

Ci

My=—F7""""— 2.6.1
A P\ (eKl/)\T _ 1) ( )
The rate of emission of photons per unit area per unit time per unit wavelength interval:
Cy
Ny = 2.6.2
AT s (KT —1) ( )
The rate of emission of energy per unit area per unit time (i.e. the exitance) per unit frequency interval:
031/3
The rate of emission of photons per unit area per unit time per unit frequency interval:
C41/2
The constants are:
C, = 2mhe? = 3.7418 x1076W m? (2.6.5)
C, = 27 = 1.8837x10°ms™! (2.6.6)
C; = 27h/c? = 4.6323 x10 kgs (2.6.7) (2.5.1)
C, = 2n/@ = 6.9910x 10 "m2s? (2.6.8) o
Ky, = he/k = 1.4388x102mK (2.6.9)
Ky = h/k = 4.7992x101sK (2.6.10)
Symbols:
h = Planck’s constant
k = Boltzmann’s constant
¢ = speed of light (2.5.2)

T = temperature
A = wavelength
v = frequency
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2.6: Wien's Law

The wavelengths or frequencies at which these functions reach a maximum, and what these maximum values are, can be found by
differentiation of these functions. They do not all come to a maximum at the same wavelength. For the four Planck functions
discussed in Section 2.6 (Equations 2.6.1- 2.6.4), the wavelengths or frequencies at which the maxima occur are given by:

For Equation 2.6.1:

A=Wy/T (2.6.1)
For Equation 2.6.2:

A=W,/T (2.6.2)
For Equation 2.6.3:

v=W5T (2.6.3)
For Equation 2.6.4:

v=W,T (2.6.4)

Any of these equations (but more usually the first one) may be referred to as Wien's law.

The constants are

W, = % (n=1,2) (2.6.5)
W, =2 (n=3,4) (2.6.6)
where the x,, are the solutions of
T, =(6-n)(1—e ™) (2.6.7)
and have the values
x; =4.965114 (2.6.8

x5 = 3.920690 (2.6.9
3 = 2.821439 (2.6.10
x4 =1.593624 (2.6.11
The Wien constants then have the values
Wy =2.8978 x10° mK
W, =3.6697 x 10> m K
W =5.8790 x 10" Hz K
Wi =3.3206 x 10" Hz K !

The maximum ordinates of the functions are given by

The constants A,, are given by
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A= (n=3,4) (2.6.21)
where the y,, are dimensionless numbers defined by
Y = efl_nl (2.6.22)
That is,
y1 =21.20144 (2.6.23)
yo =4.779841 (2.6.24)
y3 =1.421435 (2.6.25)
ys = 0.6476102 (2.6.26)
The constants A,, therefore have the values
A;=1.2867x10° Wm 2K °m™! (2.6.27)
Ay =2.1011 x 10Y” phs'm 2K *m™! (2.6.28)
A3 =5.9568 x 1071 Wm 2K 3Hz! (2.6.29)
Ay =1.9657x10* phs 'm 2K ?Hz! (2.6.30)

This page titled 2.6: Wien's Law is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via source
content that was edited to the style and standards of the LibreTexts platform.

https://phys.libretexts.org/@go/page/8014



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://phys.libretexts.org/@go/page/8014?pdf
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/02%3A_Blackbody_Radiation/2.06%3A_Wien's_Law
https://creativecommons.org/licenses/by-nc/4.0
https://www.astro.uvic.ca/~tatum/celmechs.html
http://orca.phys.uvic.ca/~tatum/stellatm.html

LibreTextsw

2.7: Stefan's Law (The Stefan-Boltzmann Law)

The total exitance integrated over all wavelengths or frequencies can be found by integrating Equations 2.6.1 - 2.6.4. Integration of
2.6.1 over wavelengths or of 2.6.3 over frequencies each, of course, gives the same result:

M =oT* (2.7.1)
where

2o k4
o= ——
15h3¢?

Equation 2.7.1is Stefan's Law, or the Stefan-Boltzmann law, and o is Stefan's constant.

=5.6705x 1078 W m2K* (2.7.2)

Integration of Equation 2.6.2 over wavelengths or of 2.6.4 over frequencies each, of course, gives the same result:
N =pT? (2.7.3)
where

4m((3)k3
p= % = 1.5205 x 10~ phs'm 2K~ (2.7.4)

Here ¢(3) is the Riemann zeta-function:
1\ /1\* (1)’
3)=1+ <5> + (§> + <Z) +...=1.202057 (2.7.5)
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2.8: A Thermodynamical Argument

I have pointed out that Wien's and Stefan's laws can be derived by differentiation and integration respectively of Planck's equation.
Readers should try that for themselves if only to convince themselves that neither is particularly easy, nor indeed is the derivation
of Planck's equation to begin with. Those who succeed may justifiably congratulate themselves. Those who fail may console
themselves with the thought that Stefan's law was derived from a simple thermodynamical argument long before the derivation of
Planck's equation, and it is not necessary to know Planck's equation, let alone how to differentiate it or integrate it, in order to
arrive at Stefan's law. You do, however, have to know a little thermodynamics.

Among the plethora of thermodynamical relations is to be found one that reads:

(%), (%), »

The derivation is usually started by writing entropy as a function of volume and temperature, and the derivation is commonly found
as a preliminary to the derivation of the Joule effect for a nonideal gas. When Equation 2.8.1 is applied to the equation of state of a
non-ideal gas (for example a van der Waals gas), it can be used to calculate the drop in temperature during a Joule expansion. We
wish to apply it, however, to radiation in an enclosure.

We assume that the radiation is isotropic and in a steady state. Under such conditions, photons will presumably bounce rather than
stick at the walls, otherwise they would rapidly become depleted - or, if they are absorbed, others are being emitted at the same
rate. Either way, the radiation pressure is given by Equation 1.18.3, i.e. P =u/3. The energy density depends only on the
temperature and not on the volume; therefore the term (OU/AV ) on the left hand side of equation 2.9.1 is just the energy density
u. And since the pressure is u/3, the term (0P /0Ty is %(du /dT)y.

Equation 2.8.1 therefore becomes

T ([ du U
or
du

which yields Stefan's law upon integration.
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2.9: Dimensionless forms of Planck's equation

The Planck functions (of wavelength or frequency and temperature) can be collapsed on to dimensionless functions of a single
variable if we express the exitance in units of the maximum exitance, and the wavelength or frequency in units of the wavelength
or frequency at which the maximum occurs. Equations 2.7.1-4 and 16-20 will be needed to achieve this, and the reader might enjoy
doing it as a challenge. (I said "might".) The results are

M, = L S (2.10.1)

)‘_,\S(em/z\_l) .10.

ba

Ny=—"—— 2.10.2
TN (emr 1) ( )
Y (2.10.3)

v exrsv — ]_ : :

b4l/2
N, =— 2.10.4
—— (2.10.4)
where

b,=€¢"—-1 (n=1,2,3,4) (2.10.5)

The numerical values of x,, are given in equations 2.7.8-11, and the values of b,, are

by = 142.32492 (2.10.6)
by = 49.435253 (2.10.7)
by =15.801016 (2.10.8)
by = 3.9215536 (2.10.9)

The numbers z, y,, b, are independent of the values of any physical constants such as h, ¢ or k, and will not change as our
knowledge of these values improves. These functions, which are independent of temperature, are drawn in figures 11.1,2,3,4 shown
at the end of this chapter.

Example

Here is an example to show the use of the dimensionless functions to calculate the blackbody radiance quickly. What is the
radiance per unit wavelength of a 5000 K black body at 400 nm? You may prefer to calculate this directly from equation 2.6.1, but
let's try it using the dimensionless form. From equation 2.7.1 we find that the wavelength at which maximum exitance per unit
wavelength occurs is 579.56 nm, and therefore our dimensionless wavelength to be inserted into equation 2.10.1 is 0.6902. This
gives a radiance per unit wavelength interval (in units of the maximum) of 0.6832. But equation 2.7.16 gives the maximum
radiance per unit wavelength interval as 4.0178 x 10'* Wm™2m™' and therefore the radiance at 400 nm is
2.745 x 10 Wm’m L.

I don't think there is much point in integrating the dimensionless functions 2.10.1-4 over all wavelengths and frequencies, but, for

the record:
*° 71'4331
Myd\ = =1.52080 2.10.10
/0 15y ( )
o0 2¢(3
/ Nydr= ZB)T2 4 g7199 (2.10.11)
0 Y2
[e9) 7.(.4
/ M,dv = —1.61924 (2.10.12)
0 15z3y3
© 2
/ Nydv = 266) 5 39946 (2.10.13)
0 TaY4
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Figure II.1. Blackbody exitance per unit wavelength interval. The equation is equation 2.10.1, with constants given by equations

2.10.6 and 2.7.8. The maximum value is given by equations 2.7.16 and 2.7.27. It occurs at a wavelength given by equations 2.7.1
and 2.7.12.

o ﬂji IJ |j5 é 2?5 3 3‘5 £
wavelength
Figure II.2. Blackbody photon exitance per unit wavelength interval. The equation is equation 2.10.2 with constants given by

equations 2.10.7 and 2.7.9. The maximum value is given by equations 2.7.17 and 2.7.28. It occurs at a wavelength given by
equations 2.7.2 and 2.7.13.
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Figure II.3. Blackbody radiance per unit frequency interval. The equation is equation 2.10.3 with constants given by equations
2.10.8 and 2.7.10. The maximum value is given by equations 2.7.18 and 2.7.29. It occurs at a frequency given by equations 2.7.3
and 2.7.14.
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Figure I1.4. Blackbody photon radiance per unit frequency interval. The equation is equation 2.10.4 with constants given by
equations 2.10.9 and 2.7.11. The maximum value is given by equations 2.7.19 and 2.7 30. It occurs at a frequency given by
equations 2.7.4 and 2.7.15.
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2.10: Derivation of Wien's and Stefan's Laws

Wien's and Stefan's Laws are found, respectively, by differentiation and integration of Planck's equation. Neither of these is
particularly easy, and they are not found in every textbook. Therefore, I derive them here.

Wien's Law

Planck's equation for the exitance per unit wavelength interval (equation 2.6.1) is

M 1
F:m, (2.11.1)

in which I have omitted some subscripts. Differentiation gives

1 dM 1 4 K/AT 5 K K/\T
el S P SN R VIS . 2.11.2
C dA (eK/AT_1)2 [ (e )+ T )€ ( )

M is greatest when this is zero; that is, when

z=5(1—e"), (2.11.3)
where
K
T=—. (2.11.4)
AT
Hence, with equation 2.6.9, the wavelength at which M is a maximum, is given by
hc
— . 2.11.5
kzT ( )

The maximum value of M is found be substituting this vale of A back into Planck's equation, to arrive at equation 2.7.16. The
corresponding versions of Wien's Law appropriate to the other version's of Planck's equation are found similarly.

Stefan's Law

Integration of Planck's equation to arrive at Stefan's law is a bit more tricky.

It should be clear that f0°° Myd\ = f0°° M,dv, and therefore I choose to integrate the easier of the functions, namely M,,. To
integrate M, the first thing we would do anyway would be to make the substitution v = ¢/ .

Planck's equation for the blackbody exitance per unit frequency interval is

* iy
M,=C —_— 2.11.6
3/0 eKaw/T _ 1 ( )

Let z = Kov/T; then

M, = (2.11.7)

2rkiT /°° z3dx
C2h3 0 et — 1 ’

And, except for the numerical value of the integral, we already have Stefan's law. The integral can be evaluated numerically, but
not without difficulty, and there is an analytical solution for it.

Consider the indefinite integral and integrate it by parts:

3
/ ef” iwl =z%In(1—e™) —3/:02 In(1— e ®)dx -+ const. (2.10.1)

Now put the limits in:

o) 3 [+
/ ;d"“'l :—3/ 22In(1—e)da. (2.10.2)
0 - 0
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Write down the Maclaurin expansion of the integrand:

) Sd 00 1 1
/ ; d 23/ 2 <e_z+§e_zz+§e-sw+m>dx (2.10.3)
0 - 0

and integrate term by term to obtain

* z3d 1 1
/ L or =6(l+—+—+...>. (2.11.8)
0

1 1
We must now evaluate 1 + - + —4—|—. ..
2

> 1
The series > —— is the Riemann ¢-function. For m = 1, it diverges. For m = 3, 5, 7, etc., it has to be evaluated numerically. For
1 n

m = 2,4, 6, etc., the sums can be written explicitly in terms of 7. For example:

2

¢(2)= %, (2.10.4)
4

C(4) = %, (2.10.5)
71.6

¢(6) = 915 (2.10.6)

One of the stages necessary in evaluating the {-function is to derive the infinite product

sil;:ﬂ' e ll_ (%aﬂ ll_ (%aﬂ (2.11.9)

If we can do that, we are more than halfway there.

Let's start by considering the Fourier expansion of cos 6z:

o0
cos Oz =Za" cosnz (2.11.10)
0

In Equation 2.11.10n is an integer, 6 not necessarily so; we shall suppose that 8 is some number between 0 and 1. There is no
need to consider any sine terms, because cos 6z is an even function of z. We work out what the Fourier coefficients are in the usual

way, to get
n 20sin O
As usual, and for the usual reason, a is an exception:
sin O
= . 2.11.12
aw="0 (211.12)
We have therefore arrived at the Fourier expansion of cos 6z:
20sinfr [ 1 cos T cos2x cos3z
coseac:T(Tez— PRET +02_22 e ) (2.11.13)
Put £ = 7 and rearrange slightly:
1 1 1
71'cot€7r—5=20<92_12 +02_22 +) (2.11.14)

Since we are assuming that  is some number between 0 and 1, we shall re-write this so that the denominators are all positive:

260 20

7 cotOm —

= —.. 2.11.1
0 1°-6 2°—¢ ( 2
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Now multiply both sides by df and integrate from # = 0 to § = «. The integration must be done with care. The indefinite integral
sinfr

of the left hand side is Insinfm —1In6#+ constant , i.e. ln<

sinam . sin
ln( ) — lim ln( ) .
a —0 0

sin
The limit of the second term is In, so the definite integral is ln(

. 12_ 2 22_ 2
In( 228 o[ —2 ) 4| —2 )+ (2.11.16)
T 12 22

On taking the antilogarithm, we arrive at the required infinite product:

siz:ﬂ I [1_ (%Q)Z] [1 B (%aﬂ (2.11.17)

Now expand this as a power series in a?:

) +constant. The definite integral between 0 and a is

m
). Integrating the right hand side is a bit easier, so we

arrive at

sinam 6

=1+ () + () + )

2.11.18
o + ( )

The first one is easy, but subsequent ones rapidly get more difficult, but you do have to get at least as far as a*.

Now compare this expansion with the ordinary Maclaurin expansion:

2 4
sinar T o9 Ty
o —1—3!04 +5!a (2.11.19)
and we arrive at the correct expressions for the Riemann ¢-functions. We then get for Stefan's law:
2okt
= T* =oT*, 2.11.20
15h3c ( )

where o = 5.6705 x 1078 W m 2K %.

Questions

Finally, now that you have struggled through Riemann’s zeta-function, let’s just make sure that you have understood the really
simple stuff, so here are a couple of easy questions — and you won’t have to bother with zeta-functions.

1. By what factor should the temperature of a black body be increased so that
a) The integrated radiance (over all frequencies) is doubled?
b) The frequency at which its radiance is greatest is doubled?
¢) The spectral radiance per unit wavelength interval at its wavelength of maximum spectral radiance is doubled?
2. A block of shiny silver (absorptance = 0.23) has a bubble inside it of radius 2.2cm, and it is held at a temperature of 1200K.
A block of dull black carbon (absorptance = 0.86) has a bubble inside it of radius 4.3cm, and it is held at a temperature of 2300K,
Calculate the ratio

Integrated radiation energy density inside the carbon bubble

2.10.7
Integrated radiation energy density insdie the silver bubble ( )

Answers. 1. a) 1.189 b) 2.000 c) 1.149
2.13.5

This page titled 2.10: Derivation of Wien's and Stefan's Laws is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated
by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.

@ 0 g 2.10.3 https://phys.libretexts.org/@go/page/8021



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://phys.libretexts.org/@go/page/8021?pdf
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/02%3A_Blackbody_Radiation/2.10%3A_Derivation_of_Wien's_and_Stefan's_Laws
https://creativecommons.org/licenses/by-nc/4.0
https://www.astro.uvic.ca/~tatum/celmechs.html
http://orca.phys.uvic.ca/~tatum/stellatm.html

LibreTextsw

3: The Exponential Integral Function

Sooner or later (in particular in the next chapter) in the study of stellar atmospheres, we have need of the exponential integral
function. This brief chapter contains nothing about stellar atmospheres or even astronomy, but it describes just as much as we need
to know about the exponential integral function. It is not intended as a thorough exposition of everything that could be written
about the function.

The exponential integral function of order n, written as a function of a variable a, is defined as

Ea(a) = /looz’"e’”dm. (3.1)

I shall restrict myself to cases where n is a non-negative integer and a is a non-negative real variable. For stellar atmosphere theory
in the next chapter we shall have need of n up to and including 3.

Let us start by seeing what the values of the functions are when a = 0. We have

o0
E,.(0) :/ z "dx (3.2)
1
and this is infinite for n = 0 and for n = 1. For larger n itis 1/(n —1).
Thus E()(O) =00, El(O) =00, E2(0) =1, E3(0) = % s E4(0) = % , etc.
Thereafter the functions (of whatever order) decrease monotonically as a increases, approaching zero asymptotically for large a.

The function Ey(a) is easy to evaluate. It is

oo e*(l
Eo(a) = / e dg = & (3.3)

1 a
The evaluation of the exponential integral function for n >0 is less easy but it can be done by numerical (e.g. Simpson)
integration. The upper limit of the integral in equation 3.1 is infinite, but this difficulty can be overcome by means of the
substitution y = 1/z, from which the equation becomes

1
En(O):/0 y"2e Vdy. (3.4)

Since both limits are finite, this can now in principle be integrated numerically in a straightforward way, for example by Simpson's
rule or similar algorithm, except that, at the lower limit, a/y is infinite and it is necessary first to determine the limit of the
integrand as y — 0, which is zero.

There is, however, a way of evaluating the exponential integral function for n > 2 without the necessity of numerical integration.
Consider, for example,

o0
E,1(a)= / (e dy, (3.5)
1
If this is integrated (very carefully!) by parts, we arrive at
1
E"+1 ((1) = Z [6711 — aE'n (a)] . (36)

Thus from this recurrence relation, once we have evaluated F1 (a), we can evaluate E»(a) and hence Es3(a) and so on.

The recurrence relation 3.6, however, holds only for n > 1 (as will become apparent during the careful partial integration), so there
is no getting around the numerical integration for n = 1. Furthermore, for small values of a the functions for n =0 or 1 become
very large, becoming infinite as @ — 0, which makes them very sensitive when trying to compute the next function up. Thus for
small a or for constructing a table it may in the end be less trouble to take the bull by the horns and integrate them all numerically.

It will afford good programming practice to prepare a table of E,(a) for a =0 to 2, in steps of 0.01, for n =0, 1, 2, 3. The table
should ideally have five columns, the first being the 201 values of a, and the remaining four being E,, (a), n =1 to 4. A graph of
these functions is shown in figure ITI.1.
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In practice, in performing the calculations for figure III.1, this is what I found. The function for n = 0 was easy; it is given simply
by equation 3.3. For n = 1, I integrated by Simpson's rule; 100 intervals in y was adequate to compute the function to nine decimal
places. The function for n =2 was unexpectedly difficult. The recurrence relation 3.6 was not useful at small a, as discussed
above. I therefore attempted to integrate it using Simpson's rule, yet, although the function is, on the face of it, very simple:

Ey(a) = /0 Lealvay, (3.7)

Simpson's rule seemed inadequate to compute the function precisely even with as many as 1000 intervals in y. Neither the
recurrence relation nor numerical integration was without problems! I had no difficulty, however, with integrating the function with
n = 3, and so I then used the recurrence relation backwards to calculate the function for n = 2 and all was well.
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FIGUREIIL.1
The exponential integral function
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4.1: Introduction

In previous chapters we have used the definitions and symbols of the quantities in radiation theory as recommended by various
bodies. We mentioned that, in the context of the special needs of stellar atmosphere theory, usage sometimes differs from the
standard. In this chapter we introduce the definitions and symbols that are commonly used in stellar atmosphere theory, and we
continue to use the astronomical usage henceforth.

In a later paragraph you will be asked to imagine a "horizontal" surface in the atmosphere of a star. Lest you are thinking of a star
as a large, ball-shaped thing, and the word "horizontal" is puzzling, let me say that, at least for the time being, I am considering a
"shallow" atmosphere; that is, an atmosphere whose depth is very small compared with the radius of the star. To that extent, the
atmosphere can be considered as a plane parallel atmosphere. This will not do for a greatly extended atmosphere, such as that of an
M supergiant; as to whether it is an appropriate model for a star like the Sun, remind yourself how sharply-defined the limb of the
Sun is, and hence how rapidly the atmosphere becomes opaque.
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content that was edited to the style and standards of the LibreTexts platform.
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4.2: Luminosity

The most important differences between "standard" and "astrophysical" usages are in the meanings of flux and intensity. What we
have hitherto called the "radiant flux" ® of a source of radiation, expressed in watts, is generally called by astronomers, when
describing the radiant flux from an entire star, the luminosity of the star, and the symbol used is L. While this can be expressed in
watts, it is commonly expressed in units of the luminosity of the Sun, which is 3.85 x 10*6watts.
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4.3: Specific Intensity

Instead of the word "radiance", for which we have hitherto used the symbol L, the name commonly used in the context of stellar
atmosphere theory is specific intensity and the symbol used is I. In most branches of physics, the word "specific" is used to mean
"per unit mass", but that meaning is not intended in the present context. It might be noted that the word "specific" is often omitted,
so that what we have hitherto called "radiance" L is now "intensity" I. Note also that this in not the same as what is meant in
"standard" usage by "intensity", for which the symbol, in standard usage, is also I. In this and subsequent chapters, I shall always
include the word "specific".

The quantity we have in earlier chapters called "radiance" was used to describe the brightness of an extended radiating surface, and
the new term "specific intensity" can equally be used in a similar context. More often, however, you may need to imagine yourself
embedded somewhere within a stellar atmosphere and you are looking around to see the watts per square metre per steradian
arriving at you from various directions.
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4.4: Flux

The word "flux" in the context of stellar atmosphere theory differs from the "flux" of standard terminology. The symbol used is F’,
occasionally but not always printed in a special font. Let us imagine a horizontal surface embedded somewhere in a stellar
atmosphere. It is being irradiated from below and above, but rather more from below than from above. Let us concentrate our
attention for the time being on the radiation that is coming up from below. The rate of arrival of radiant energy per unit area from
below from all directions would, in "standard" nomenclature, have been called the irradiance. After passage through the surface, it
would be called the exitance. Now, using the nomenclature of stellar atmosphere theory, we call the rate of upward passage of
radiant energy per unit area through a horizontal surface within the atmosphere the upward or the outward flux. The symbol is F',
(sometimes printed in a special font), and the SI units would be W m~2. Likewise, the rate of passage of radiant energy per unit
area from above to below is the downward or inward flux, F_. The net upward flux is

F=F,—F.. (4.4.1)

If you are standing upright, F'. is the irradiance of the soles of your feet, while F_ is the irradiance of the top of your head. If we
measure the spherical angle € from a downwardly-directed z-axis, then, following equation 1.14.5, we have

F. —/277/ 1(0, ¢) cosBsin 6 dfdo (4.4.2)
27
F_ —/ / 1(6, ¢) cosOsin 6 dodd (4.4.3)
2 pr
F=F —-F_ = /0 /0 1(0, ¢) cosOsin b dfdo, (4.4.4)
which is sometimes written for short
F= | Icosf dw (4.4.5)
or just
/Icos@dw (4.4.6)

At the surface of the star (if there is such a thing!) F.. =0, so that F' = F, = «I. This is the same as equation 1.15.2. At the
centre of the star, I is isotropic and F' = 0.

This page titled 4.4: Flux is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via source content

that was edited to the style and standards of the LibreTexts platform.

https://phys.libretexts.org/@go/page/6667



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://phys.libretexts.org/@go/page/6667?pdf
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/04%3A_Flux_Specific_Intensity_and_other_Astrophysical_Terms/4.04%3A_Flux
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/04%3A_Flux_Specific_Intensity_and_other_Astrophysical_Terms/4.04%3A_Flux
https://creativecommons.org/licenses/by-nc/4.0
https://www.astro.uvic.ca/~tatum/celmechs.html
http://orca.phys.uvic.ca/~tatum/stellatm.html

LibreTextsw

4.5: Mean Specific Intensity

Look around you again from your position somewhere in the middle of a stellar atmosphere. The specific intensity around you is
not isotropic. It is quite large in the sky above you, but is much greater if you look towards the hell at your feet. The mean specific
intensity J around the complete 47 steradians around you is

27 ™
J= L / I(6) sin 6 dod¢ (4.5.1)
47'(' 0 0
or, for short
J= ! Id (4.5.2)
=In w. 5.

At the centre of the star, where the specific intensity is isotropic, J = I .
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4.6: Radiation Pressure

Recall equation 1.18.5 and the conditions for which it is valid. It was derived for isotropic radiation. In the atmosphere, radiation is
not isotropic; there is a net flux of radiation outwards. Therefore the radiation density must go inside the integral sign. We can also
write the equation in terms of specific intensity, making use of equations 1.15.3 and 1.17.1. The equation for the radiation pressure
then becomes

1
pP= —/ I cos? 0 dw, (4.6.1)
C Jar

where by now we are used to the abbreviated notation.

If the radiation is isotropic, this is not zero; it is 47/(3c¢). In the expressions for J and for P, the power of cos@ is even (0 and 2
respectively) and one can see both physically and mathematically that neither of them is zero for isotropic radiation. One the other
hand, the expression for F' has an odd power of cosf, and it is therefore zero for isotropic radiation, as expected.
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4.7: Other Integrals

Other integrals occurring in the theory of stellar atmospheres are (using the abbreviated notation)

1
H:—/ICOSOdw:F/(47r) (4.7.1)
4
=0 if isotropic (4.7.2)
1
K= /Icos2 fdw = cP/(4r) (4.7.3)
= J/3 if isotropic. (4.7.4)

The SI units for F are W m 2. For I, J, H, K they are W m 2 sr!. For P they are Pa.
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4.8: Emission Coefficient

This is the intensity emitted per unit volume of a gas. In this definition, the word “intensity” (without being preceded by the word
“specific”) is intended to mean what is meant in section 1.4. The symbol used for emission coefficient is j, and the SI units are
Wsrtm™,

The mass emission coefficient j,, is the intensity per unit mass, and is related to the volume emission coefficient by 7 = pj,, . Not
all authors are equally clear as to whether they are referring to a volume or a mass emission coefficient.
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5.1: Introduction

As radiation struggles to make its way upwards through a stellar atmosphere, it may be weakened by absorption and scattering.
The combined effect of absorption and scattering is called extinction. Scattering may simply be by reflection from dust particles. If
the radiation interacts with an atom, the atom may be excited to a higher energy level and almost immediately (typically on a time-
scale of nanoseconds) the atom drops down to its original level and emits a photon of the same frequency as the one it absorbed.
Such a process - temporary absorption followed almost immediately by re-emission without change in wavelength - is probably
best described in the present context as scattering. Individual atoms in a stellar atmosphere generally radiate dipole radiation;
however, since many randomly oriented atoms take place in the process, the scattering can be regarded as isotropic. If, however, the
excited atom collides with another atom before re-emission, the collision may be super-elastic; as the atom falls to a lower state, the
energy it gives up, instead of being radiated as a photon, goes to kinetic energy of the colliding atoms. The radiation has been
converted to kinetic energy. This process is absorption.

This page titled 5.1: Introduction is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via source
content that was edited to the style and standards of the LibreTexts platform.

https://phys.libretexts.org/@go/page/6671



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://phys.libretexts.org/@go/page/6671?pdf
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/05%3A_Absorption_Scattering_Extinction_and_the_Equation_of_Transfer/5.01%3A_Introduction
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/05%3A_Absorption_Scattering_Extinction_and_the_Equation_of_Transfer/5.01%3A_Introduction
https://creativecommons.org/licenses/by-nc/4.0
https://www.astro.uvic.ca/~tatum/celmechs.html
http://orca.phys.uvic.ca/~tatum/stellatm.html

LibreTextsw

5.2: Absorption

To start with, let us suppose that the predominating mechanism is absorption with no scattering. We can define a linear absorption
coefficient o as follows. Let the specific intensity at some level in an atmosphere be I. At a level in the atmosphere higher by a
distance dz, the specific intensity has dropped, as a result of absorption, to I +dI. (Here dI, by the convention of differential
calculus, means the increase in I, and it is in this case negative. The quantity —dz, which is positive, is the decrease in I.) The
linear absorption coefficient « is defined such that the fractional decrease in the specific intensity over a distance dz is given by

—# =adz (5.2.1)

The coefficient is of dimension L' and the SI unit is m . In general, o will depend on frequency or wavelength, and, at a
particular wavelength, the Equation would be written

dl,
L,

=a(v)dz (5.2.2)

If Equation 5.2.1 is integrated over a finite distance, for a slab of atmosphere, say, between = 0, where the specific intensity is
I°, and z = X, where the specific intensity is I, it becomes

[=10 exp[—/oxa(m)d:c] (5.2.3)

And if « is uniform and not a function of x, this becomes
I =1exp(—aX) (5.2.4)
Now let &, = a/n, so that Equation 5.2.1 becomes
—dI/I = ayndzx (5.2.5)

and Equation 5.2.4 becomes I = I° exp(—a,nX), where n is the number of atoms per unit volume. Then «, is the atomic

absorption coefficient, or atomic absorption cross-section. It is of dimension L? and the SI unit is m?.

In a similar manner, we can define a,,, = o/ p, where p is the mass density, as the mass absorption coefficient, with corresponding
modifications in all the other equations. It is of dimension L2M ! and the SI unit is kag_l .

We might also mention here that in laboratory chemistry, one comes across the word absorbance of a solution. This is the linear
absorption coefficient divided by the concentration of the solute. While this word in not usually encountered in stellar atmosphere
theory, it is mentioned here partly because it is very similar in concept to the several concepts discussed in this section, and also
because of the similarity of the word to the rather different absorptance defined in Chapter 2. In chemical texts, the exponential
decrease of intensity with distance is often referred to as the Lambert-Beer Law, or simply as Lambert's Law. This is mentioned
here merely to point out that this is not at all related to the Lambert's Law discussed in Chapter 1.
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5.3: Scattering, Extinction and Opacity

If the predominating mechanism is scattering with no absorption, we can define in a similar manner linear, atomic and mass
scattering coefficients, using the symbol o rather than «. For the physical distinction between absorption and scattering, see
Section 5.1. And if both absorption and scattering are important, we can define linear, atomic and mass extinction coefficients,
using the symbol &, where

k=a+o. (5.3.1)

All the foregoing equations are valid, whether we use linear, atomic or mass absorption, scattering or extinction coefficients, and
whether we refer to radiation integrated over all frequencies or whether at a particular wavelength or within a specified wavelength
range.

The mass extinction coefficient is generally referred to as the opacity.
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5.4: Optical Depth

The product of linear extinction coefficient and distance, or, more properly, if the extinction coefficient varies with distance, the
integral of the extinction coefficient with respect to distance,

T:/ro(m)dw (5.4.1)
is the optical depth, or optical thickness, T. It is dimensionless. Specific intensity falls off with optical depth as
I=1%". (5.4.2)

Thus optical depth can also be defined by In(I°/I). While the optical depth In(I°/I) is generally used to describe how opaque a
stellar atmosphere or an interstellar cloud is, when describing how opaque a filter is, one generally uses log;,(1°/I), which is
called the density d of the filter. Density is 0.4343times optical depth. If a star is hidden behind a cloud of optical depth 7 it will be
dimmed by 1.0867 magnitudes. If it is hidden behind a filter of density d it will be dimmed by 2.5d magnitudes. The reader is
encouraged to verify these assertions.
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5.5: The Equation of Transfer

The equation of transfer deals with the transfer of radiation through an atmosphere that is simultaneously absorbing, scattering and
emitting.

dx

(V)
I o(vV) | I, +dl,
Jv

FIGURE V.1

Suppose that, between x and x + dx the absorption coefficient and the scattering coefficient at frequency v are a(v) and o (v), and
the emission coefficient per unit frequency interval is j,dv. In this interval, suppose that the specific intensity per unit frequency
interval increases from I, to I, +dI, (dI, might be positive or negative). The specific intensity will be reduced by absorption and
scattering and increased by emission. Thus:

dI, =—[La()+I,0)—j,(v)|dz. (5.5.1)

This is one form - the most basic form - of the equation of transfer. Notice that & and o do not have a subscript.
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5.6: The Source Function (Die Ergiebigkeit)

This is the ratio of the emission coefficient to the extinction coefficient. A review of the dimensions of these will show that the
dimensions of source function are the same as that of specific intensity, namely W m~2 sr~! (perhaps per unit wavelength or
frequency interval). The usual symbol is S. Thus

Jv v
aw)+o(v) k() (5.6.1)

v =

Imagine a slice of gas of thickness dz. Multiply the numerator and denominator of the right hind side of equation 5.6.1 by dz.
Observe that the numerator is now the specific intensity (radiance) of the slice, while the denominator is its optical thickness. Thus
an alternative definition of source function is specific intensity per unit optical thickness. Later, we shall evaluate the source
function in an atmosphere in which the extinction is pure absorption, in which it is purely scattering, and in which it is a bit of each.
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5.7: A Series of Problems

I am now going to embark upon a series of problems that at first sight may appear to be not very relevant to stellar atmospheres, but
the reader is urged to be patient and look at them, partly because they make use of many of the ideas encountered up to this point,
and also because they culminate in determining how the flux and the mean specific intensity in an atmosphere increase with optical
depth in terms of the source function.

Problem 1

An infinite plane radiating surface has a uniform specific intensity (radiance) I. What is the flux (irradiance) at a point P, situated
at a height A above the surface?

We have already answered that question in equation 1.15.3, and the answer, which, unsurprisingly since the plane is infinite in
extent, is independent of h, is 7w, so let's get on with

Problem 2

Same as Problem 1, except that this time the space between the radiating plane and the point P is filled with a uniform gas of
absorption coefficient a. The specific intensity (radiance) of the surface, we are told, is, following astrophysical custom, I.
Unfortunately I shall also be compelled to make use of "intensity" in the "standard" sense of Chapter 1, and for that I shall use the
symbol J.

FIGURE V.2

The elemental area is r dr d¢, or, since r = htan, it is h? tan@sec? §dfd¢ . The intensity of the elemental area towards P is the
specific intensity (radiance) times the projected area:

dJ = Ih*tanfsec® 0 d¢ cosd (5.7.1)
If there were no absorption, the irradiance of P by the elemental area would be
dJ cos 8/ (h? sec? 0), (5.7.2)
which becomes
Isinfcosfdfde. (5.7.3)

—7sect \where 7 = ah . Therefore the irradiance of P by the elemental area is

But it is reduced by absorption by a factor e
Ie ™% sinfcos O df de. (5.7.4)
For the irradiance at P (or "flux" in the astrophysics sense) by the entire infinite plane we integrate from ¢ =0 to 2rand # =0 to
/2, to obtain
/2
27rI/ e 7 sin f cos OdO (5.7.5)
0

If we now write £ = sec 6, this becomes

Irradiance at P = 2w 1 E5(7), (5.7.6)
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and we hope that the reader has not forgotten the meaning of Fj5 - if you have, as the game of snakes and ladders would say, Go
back to Chapter 3. Note that, at 7 = 0, this becomes 71, as expected.

P

0

s Radiance § 5t “\Ssec B &

FIGURE V.3

A point P is situated at a height h above an infinite plane slice of gas of optical thickness §7 and source function S. There is
nothing between P and the slice of gas. What is the flux (irradiance) at P?

At first glance this appears to be identical to Problem 1, except that the specific intensity of the slice is S§t. However, a more
careful look at the diagram will reveal that the specific intensity of the slice is by no means uniform. It is darkest directly below P,
and, when P looks farther from his nadir, the slice gets brighter and brighter, being S sec @ §t at an angle 6. The upwards flux
("irradiance") at P is therefore

/2
F, = 27r55t/ secfcosfsinf df = 2w.Sot (5.7.7)
0

Same as Problem 3, except that this time we'll place an absorbing gas of optical thickness ¢ between P and the slice dt.

~tsech)

Radiance S 5t ¢ Radiance § &f scc ¢

FIGURE V.4

In that case the flux (irradiance) at P from an element at an angle 6 is reduced by e *5¢? and consequently the flux at P from the
entire slice is

m/2
F, = 27rS5t/ sec @ cosfsinf df = 2w S6t. (5.7.8)
0

If we write z = sec 8, we very soon see that this is
Flux (irradiance) at P = 2n.S6tEx (t) (5.7.9)
Problem 5 (an important result in atmosphere theory)

Now consider a point P at an optical depth 7 in a stellar atmosphere. (The use of the word "depth" will imply that 7 is measured
downwards from the surface towards the centre of the star.) We shall assume a plane parallel atmosphere i.e. a shallow atmosphere,
or one than is shallow compared with the radius of the star, or we are not going to go very deep into the atmosphere. The point P is
embedded in an absorbing, scattering, emitting gas. The flux coming up from below is equal to contributions from all the slices
beneath P, fromt =7 tot = 00

o0
F. = 27r/ S(t)Ey(t —7)dt (5.7.10)
The flux pouring down from above is the contribution from all the slices above, fromt =0 tot =7 :

Fo—2r / " S(t) B (r —t)dt (5.7.11)
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The net upward flux at a point P at an optical depth 7 in an absorbing, scattering, emitting atmosphere is

F(r)=2n [ / " S(t)Bs(t —7)dt /0 " S(t) By (r — t)dt (5.7.1)

The integral H is just 1/(4)times this.

The reader is now asked to find the integrals J(7) and K7). These should be given in the form of integrals that include a source
function S(¢) and an exponential integral function E(t —7) or E(7 —t). It is important to get the argument the right way round.
One way is right; the other is wrong.

Problem 6

This is an easier problem, though the result is nevertheless important.

T dt t

Sdt Se™'dt

FIGURE V.5

Figure V.5 shows a slab of gas of optical thickness 7. The observer is supposed to be to the right of the slab, and optical depth is
measured from the right hand face of the slab towards the left. At an optical depth ¢ within the slab is a slice of optical thickness
dt. The slab is supposed to have a uniform source function S throughout. Source function is specific intensity per unit optical
thickness, so the specific intensity of the slice is Sdt. The emergent intensity from this slice, by the time that it reaches the right
hand surface of the slab, is Se~*dt. The emergent specific intensity of the entire slab is the sum of the contributions of all such
slices throughout the slab; that is fOT Se—tdt. If the source function is uniform throughout the slab, so that S is not a function of ¢,
we find that the emergent specific intensity of the slab is

I=S(1-e) (5.7.2)

Problem. A quantity of hot gas is held in a box 50 cm long. The emission coefficient of the gas is 0.06 W sr'm™3 and the
extinction coefficient is 0.025 cm™!. What is the emergent specific intensity (radiance)? (I make it 1.71 x 1072 W m 2sr! )
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5.8: Source function in scattering and absorbing atmospheres

Suppose that at some point in a stellar atmosphere the mean specific intensity per unit frequency interval surrounding it is J,,. If all
of the radiation arriving at that point is isotropically scattered, the emission coefficient j, will simply be o (v)J,. But from equation
5.6.1 we see that in a purely scattering atmosphere, the ratio of j, to o(v) is the source function. Thus we see that, for an
atmosphere in which the extinction is due solely to scattering, the source function is just

S, =J,. (5.8.1)

If on the other hand the extinction is all due to absorption, we have S, = j,/a(v). If we multiply top and bottom by dz, the
numerator will be dI,,, the increase in the specific intensity in a distance dz, while the denominator is the absorptance in a layer of
thickness dz. Thus the source function in a purely absorbing atmosphere is the ratio of the specific intensity to the absorptance. But
this ratio is the same for all surfaces, including that of a black body, for which the absorptance is unity. Thus in an atmosphere in
which the extinction is due solely to absorption, the source function is equal to the specific intensity (radiance) of a black body, for
which we shall use the symbol B. For a purely absorbing atmosphere, we have

S, =B,. (5.8.2)

In an atmosphere in which extinction is by both scattering and absorption the source function is a linear combination of equations
5.8.1and 5.8.2, in proportion to the relative importance of the two processes:
a(v) a(v)

S e s S ey oy s o £ (5.8.3)
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5.9: More on the Equation of Transfer

Refer to equation 5.5.1. We see from what had been subsequently discussed that [a(v)-+o(v)]de =dr(v) and that
Jvdz = d71(v). Therefore

dl,
dr(v)

=8,—1, (5.9.1)

and this is another form of the equation of transfer.

Now consider a spherical star with a shallow atmosphere ("plane parallel atmosphere"). In figure V.6, radial distance r is measured
radially outwards from the centre of the star. Optical depth is measured from outside towards the centre of the star. The thickness of
the layer is dr. The coordinate z is measured from the centre of the star towards the observer, and the path length through the
atmosphere in that direction at angle 8 is dz = drsec 6 . The equation of transfer can be written

dI,(0) = —[k(v)I,(0) — j,]dz. (5.9.2)
Now k(v)dz = —secOdr(v) and j, = k(v)S, . Therefore
dr,(0
cosf © =1,00)-S, (5.9.3)
dr(v)
This is yet another form of the equation of transfer. The quantity cos @ is often written u, so that equation 5.9.3 is often written
dl,(0
m «(0) =1,0) -8, (5.9.4)
dr(v)

FIGURE V.6

Let us do 4—17r §dw to each term in equation 5.9.4 By § I mean integrate over 47 steradians. In spherical coordinates

dw = sin8dfBd¢ . We obtain
1 [dL(9) 1 1
E]{T(V)cosedw = in }{I,,dw in %S,,dw (595)

The left hand side is dH,, /d7(v) and the first term on the right hand side is J,.. (See the definitions - equations 4.5.2 and 4.7.1.) In
the case of isotropic scattering, the source function is isotropic so that, in this case
dH,
dr(v)

=J,-S,, (5.9.6)

and this is another form of the equation of transfer.

On the other hand, if we do ﬁ f cos @dw to each term in equation 5.15, we obtain
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1 dI,(0 1 1
—j{ﬁcos2 Odw = —f[,,cos@dw——j{S,, cos fdw (5.9.7)
4w J dr(v) 4r 4
In the case of isotropic scattering the last integral is zero, so that
dK,
=H,, (5.9.8)
dr(v)

and this is yet another form of the equation of transfer.

Now H,, is independent of optical depth (why? - in a plane parallel atmosphere, this just expresses the fact that the flux (watts per
square metre) is conserved), so we can integrate equation 5.9.8 to obtain

K, = H,7(v) + constant (5.9.9)
Note also that H, = F,, /(4), and, if the radiation is isotropic, K,, = J,,/3 so that,
3F,7(v
J, = —4;( ) 4 1,0) (5.9.10)

where J,(0) is the mean specific intensity (radiance) at the surface, which is half the specific intensity at the surface (since the
radiance of the sky above the surface is zero). Thus

7,(0) = %I,,(O) —F,)(27) (5.9.11)
Therefore
gy, = 5—; (1 + %T(I/)) (5.9.12)

This shows, to this degree of approximation (which includes the approximation that the radiation in the atmosphere is isotropic -
which can be the case exactly only at the centre of the star) how the mean specific intensity increases with optical depth.

Let T be the temperature at optical depth 7.

Let T be the surface temperature.

Let T be the effective temperature, defined by F(0) = o T;,
We also have 7J = ¢T* and 7J(0) = 0T = 1 F.

From these we find the following relations between these temperatures:

3 1 3
T = (1 - 57) Ty = 5 (1 +57) T4 (5.9.13)
2 1
T = T*==T¢4 5.9.14
0 243m 2 e ( )
4 _ 4 _ 4
Ti=53.1" =20 (5.9.15)

Note also that T = Tegr at 7=2/3,and T =Tj at 7 =0.

This page titled 5.9: More on the Equation of Transfer is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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CHAPTER OVERVIEW

6: Limb Darkening
Limb darkening is an optical effect seen in stars (including the Sun), where the center part of the disk appears brighter than the
edge or limb of the image.

Topic hierarchy

6.1: Introduction. The Empirical Limb-darkening

6.2: Simple Models of the Atmosphere to Explain Limb Darkening

Thumbnail: A filtered image of the Sun in visible light, showing the limb-darkening effect as a dimmer luminosity towards the
edge or limb of the solar disk. The image was taken during the 2012 transit of Venus (seen here as the dark spot at the upper right).
(CC BY 2.5; Brocken Inaglory).
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6.1: Introduction. The Empirical Limb-darkening

The Sun is not equally bright all over, but it is darkened towards the limb. The effect is more pronounced at the blue end of the
spectrum and less pronounced at the red. A reasonably good empirical representation of the form of the limb darkening is given by
an equation for the specific intensity of the form

I(r) = I(0) ll—u (1— a2a_2’"2>] (6.1.1)

Here, a is the radius of the solar disc, r is radial distance from the center of the disc and w is the limb darkening coefficient. This is
often written in terms of 6 (see Figure VI.1) or of u = cos@:

I(6) =1(0)[1—u(1—cosb)] (6.1.2)
=I(0)[1 —u(1 — p)] (6.1.3)
¢ , To observer
9 >

FIGURE VI.1

Whether written in the form of Equation 6.1.10or 6.1.3, I(0) is the specific intensity at the center of the disc. The specific intensity
at the limb (where r =a or § =90° )is I(0)(1 —u). The limb darkening coefficient can be written as
I(center) — I(limb)

u= T (conten) . (6.1.4)

Equation 6.1.1 is shown in graphical form in figure VI.2 for different values of the limb darkening coefficient.

1

1(r)/1(0)
o
o

FIGURE VI.2. Equation 6.1.1 for six limb darkening coefficients, from the lowest curve upwards,
© =1.0,0.8,0.6,0.4,0.2 and 0.0The "curve" for the last of these (no limb darkening) is formed from three of the boundary lines.
The curve for w =1 is a circle. The radius of the disc is taken to be 1, r = 0 is the center of the disc and r = +£1 is the limb.

Limb-darkening is much greater in the violet and near ultraviolet than in the red. For example, at a wavelength of 600 nm,
u = 0.56, whereas at 320 nm u = 0.95.

A slightly better empirical representation of the limb darkening can be obtained with two parameters, »' and v':

I(0) =I(0) [1—/(1—cosf) —v'sin’ 6] (6.1.5)
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Why is the Sun darkened towards the limb?

We may perhaps imagine that the surface of the Sun radiates like a black body with uniform lambertian radiance, but it is
surrounded by an absorbing atmosphere. Light from near the limb has to traverse a greater length of atmosphere than light from
near the center of the disk and this accounts for the limb darkening. If that is the explanation, we should be able to calculate what
form of limb darkening to expect, and see how well it agrees with what is observed. If the agreement is only moderately good,
perhaps we could assume that the atmosphere is not only an absorbing atmosphere, but it also emits radiation of its own, and we
could see if we could adjust the ratio of emission to extinction (the source function) to obtain good agreement with the model and
the observations. Or perhaps, rather than thinking of a uniform radiating surface sharply separated from a surrounding atmosphere,
we may imagine that there is no such sharp boundary, but, rather, the density and temperature of the solar gases increase
continuously with depth. In that case, suppose that we can see everywhere to a given optical depth, say to 7 = 1. Near the limb, an
optical depth of unity does not take us very deep (in terms of kilometers) into the atmosphere, because we are looking almost
tangentially at the surface of the Sun, so we reach only relatively high levels in the atmosphere where the temperature is relatively
cool. Near the center, on the other hand, where we are peering down perpendicularly into the Sun, an optical depth of one reaches
deep down (in terms of kilometers) to places where the atmosphere is very hot. Thus the center appears brighter than the limb.

At any rate, the point is that, by making precise measurements of the form of the limb darkening and comparing these
measurements with the predictions of different models, we should in principle be able to deduce something about the run of density
and temperature with optical depth in the atmosphere.

One practical difficulty of doing this is that it turns out that it is necessary to make quite precise measurements of the exact form of
the limb darkening very close to the limb to be able to distinguish convincingly between different models.

Are there any prospects of being able to measure the limb darkening of stars other than the Sun? The future will tell whether
advances in technology, such as adaptive optics, may enable us to observe the limb darkening of other stars directly. Other methods
are possible. For example, the detailed light curve of an eclipsing binary star undoubtedly gives us information on the limb
darkening of the star that is being eclipsed. There are many factors that affect the form of the light curve of an eclipsing binary star,
and the detailed interpretation of light curves is not at all easy - but no one ever claimed that astronomy was easy. In principle lunar
or asteroidal occultations of stars might enable us to determine the limb darkening of a star. Another possible method is from a
careful examination of the line profiles in the spectrum of a rotating star. If a star is of uniform brightness and is rotating rapidly,
the intensity profiles of its spectrum lines are broadened and have a semi-elliptical profile. However, if the star is darkened towards
the limb, the line profile is affected. If the star's disk is completely limb darkened (u = 1, so that the specific intensity at the limb is
zero), it is an interesting exercise to show that the line profile is parabolic. For intermediate limb darkening, the profile is neither
elliptical nor parabolic; an exact analysis of its shape could in principle tell us the limb darkening coefficient.

This page titled 6.1: Introduction. The Empirical Limb-darkening is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or
curated by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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6.2: Simple Models of the Atmosphere to Explain Limb Darkening

1. The Sun consists of a spherical body emitting continuous blackbody radiation of radiance (specific intensity) B, surrounded by a
shallow ("'plane parallel") atmosphere which absorbs light and is of optical thickness 7(1’) but does not emit. See figure VI.3.

1,(0)=B, exp[—r(v) secG]

1,(0)=B, exp[-1()]

Black body, radiance By

T Absorbing atmosphere,
optical thickness ©
FIGURE VI.3
The emergent specific intensity at the centre of the disc is
I,(0)=B,e ™™ (6.2.1)
and at a position on the disc given by 6 is
I,(9) = B, e ") sect (6.2.2)
so that the limb darkening is given by
L,(0) = I,(0)e "®)(sec6-1) (6.2.3)

If the limb darkening is indeed like this, then a graph of In[I,,(6)/I,,(8)] versus 1 — sec § will be a straight line whose slope will be
the optical thickness of the atmosphere. However, in practice such a graph does not yield a straight line, and a comparison of
Equation 6.2.3, which is shown in figure VI.4, with the observed limb darkening shown in figure VI.2, suggests that this is not at
all a promising model.
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FIGURE V1.4

Equation 6.2.3 for four values of the optical thickness 7 of the atmosphere. The curves are drawn for 7 = 0.2, 0.4, 0.6and 0.8. The
curves do not greatly resemble the empirical, observed curves of figure VI.2, suggesting that this is not a very good atmospheric
model.

2. This second model is similar to the first model, except that the atmosphere emits radiation as well as absorbing it. We suppose
that the surface of the Sun is a black body of specific intensity B;. The subscript 1 refers to the surface of the Sun. I have omitted a
subscript v. The argument is the same whether we are dealing with the specific intensity per unit frequency interval (Planck
function) or the integrated specific intensity (Stefan's law). Suppose that the atmosphere, of optical thickness 7, is an emitting,
absorbing atmosphere, of source function Bs, being a Planck function corresponding to a cooler temperature than the surface. The
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emergent specific intensity will be the sum of the emergent intensity of the atmosphere (see Equation 5.7.2) and the specific
intensity of the surface reduced by its passage through the atmosphere. At the centre of the disc, this will be

I(0)=Bie "+ By (1—e™) (6.2.4)
and at a position € on the disc it will be
I(0) = Bie 7% + By (1 —e 7%7) (6.2.5)
and so the limb darkening will be given by

I1(6)  (Bi—Bsy)e ™’ + By
I(O) o (B]_ — BQ)e*T +Bz (626)

In attempting to find a good fit between Equation 6.2.6 and the observed limb darkening, we now have two adjustable parameters,
7 and the ratio By/Bj. In figure VI.5 we show the limb darkening for 7 =0.5,1.0, 1.5 and 2.0 for a representative ratio
B,y /By =0.5. If we are dealing with radiation integrated over all wavelengths, this would imply an atmospheric temperature equal
to (0.5)1/4 = 0.84 times the surface temperature. There is no combination of the two parameters that gives a limb darkening very
similar to the observed limb darkening, so this model is not a specially good one.

L L L L
=1 -0.8 -0.6 -0.4 -0.2 Q 02 0.4 06 08 1

FIGURE VL5
Equation 6.2.6 for By/B; = 0.5, and 7 = 0.5, 1.0, 1.5and 2.0.

3. In this model we do not assume a hard and fast photosphere surrounded by an atmosphere of uniform source function; rather, we
suppose that the source function varies continuously with depth. In figure VI.6 we draw two levels in the atmosphere, at optical
depths 7 and 7+ d7. The reader should recall that we are dealing only with a "plane parallel" atmosphere - i.e. one that is shallow
compared with the radius of the star. The geometric distance between the two levels is therefore much exaggerated in the figure.

T

T+ dt

» 5(1)secBdt

"+ Source function S(t)

FIGURE VI.6

The source function of the shell between optical depths 7 and 7+ d7 is S(7). In the direction 6 the radiance (specific intensity) of
an elemental shell of optical thickness dr is S(7)sec6dr.. (I have not explicitly indicated in this expression the dependence on
frequency or wavelength of the source function or optical depth.) By the time the radiation from this shell reaches the outermost
part of the atmosphere (i.e. where 7 = 0), it has been reduced by a factor e~7s¢¢?_ The specific intensity resulting from the addition
of all such elemental shells is

I(6) = secd / S(r)e " dr (6.2.7)
0

This important Equation, attributed to Karl Schwarzschild, gives the limb darkening as a function of the way in which the source
function varies with optical depth. The usual situation is that it is the limb darkening that is known and it is required to find S(7),
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so that Equation 6.2.7 has to be solved as an integral Equation. This, however, is not as difficult as it may first appear because it
will be noticed that if we write s = sec 8, the Equation is merely a Laplace Transform:

I(s) = sL[S(7)] (6.2.8)
so that the source function is the inverse Laplace transform of the limb darkening.

If we assume that the source function can be expressed as a polynomial in the optical depth:
S(r) =1(0) (ao +a17'—|-a27'2...) (6.2.9)
we find for the limb darkening (remembering that 1/s = cos )
I(0) =I(0) (ag + a1 cos 0+ 2ay cos 6...) (6.2.10)

If we compare this with the empirical limb darkening Equation 6.1.3 we find the a coefficients in terms of the limb darkening
coefficients, as follows:

ap=1—u -0/ (6.2.11)

ay =1 (6.2.12)
1,

az = ov (6.2.13)

If we extend this analysis a little further, we find that if the source function is given by

S(7) :I(O)iam'n (6.2.14)
0

the limb darkening is

1(6) :I(o)iunm (6.2.15)

where = cos @ and it is left to the reader to determine a general relation between the a,, and the u,,.

? Exercise 6.2.1

If the limb darkening is given by Equation 777, calculate the mean specific intensity (radiance) I over the solar disc in terms
of I(0) and w. If the limb darkening is given by Equation 777, what is the mean specific intensity in terms of 7(0), «’ and v'?
This is an important calculation because if, for example, you need to calculate the irradiance of a planet or a comet by the Sun,
the intensity of the Sun is the mean radiance times the projected area of the solar disc

This page titled 6.2: Simple Models of the Atmosphere to Explain Limb Darkening is shared under a CC BY-NC 4.0 license and was authored,
remixed, and/or curated by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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7.1: Introduction

Atomic spectroscopy is, of course, a vast subject, and there is no intention in this brief chapter of attempting to cover such a huge
field with any degree of completeness, and it is not intended to serve as a formal course in spectroscopy. For such a task a thousand
pages would make a good start. The aim, rather, is to summarize some of the words and ideas sufficiently for the occasional needs
of the student of stellar atmospheres. For that reason this short chapter has a mere 26 sections.

Wavelengths of spectrum lines in the visible region of the spectrum were traditionally expressed in angstrom units (A) after the
nineteenth century Swedish spectroscopist Anders Angstrom, one A being 107'm. Today, it is recommended to use nanometres (
nm) for visible light or micrometres (um) for infrared. 1nm =10 A =102um =10""m. The older word micron is
synonymous with micrometre, and should be avoided, as should the isolated abbreviation y. The usual symbol for wavelength is .

Wavenumber is the reciprocal of wavelength; that is, it is the number of waves per metre. The usual symbol is o, although 7 is
! is often used. The extraordinary illiteracy "a
line of 15376 wavenumbers" is heard regrettably often. What is intended is presumably "a line of wavenumber 15376 cm™!." The
kayser was an unofficial unit formerly seen for wavenumber, equal to 1 cm™!. As some wag once remarked: "The Kaiser (kayser)
is dead!"

sometimes seen. In SI units, wavenumber would be expressed in m !, although cm™

It is customary to quote wavelengths below 200 nm as wavelengths in vacuo, but wavelengths above 200 nm in "standard air".
Wavenumbers are usually quoted as wavenumbers in vacuo, whether the wavelength is longer or shorter than 200 nm. Suggestions
are made from time to time to abandon this confusing convention; in any case it is incumbent upon any writer who quotes a
wavelength or wavenumber to state explicitly whether s/he is referring to a vacuum or to standard air, and not to assume that this
will be obvious to the reader. Note that, in using the formula 171 A\; =naAs =mngA3 used for overlapping orders, the wavelength
concerned is neither the vacuum nor the standard air wavelength; rather it is the wavelength in the actual air inside the
spectrograph.

If T use the symbols A\ and o¢ for vacuum wavelength and wavenumber and A and o for wavelength and wavenumber in standard
air, the relation between \ and oy is

A=— (7.1.1)

"Standard air" is a mythical substance whose refractive index n is given by

240603.0  1599.7
2 + 27
130 —02  38.9 o2

(n—1).10" = 834.213 + (7.1.2)
where oy is in yum~!. This corresponds closely to that of dry air at a pressure of 760 mm Hg and temperature 15°C containing
0.03% by volume of carbon dioxide.

To calculate A given oy is straightforward. To calculate o given A requires iteration. Thus the reader, as an exercise, should try to
calculate the vacuum wavenumber of a line of standard air wavelength 555.5 nm. In any case, the reader who expects to be dealing
with wavelengths and wavenumbers fairly often should write a small computer or calculator program that allows the calculation to
go either way.

Frequency is the number of waves per second, and is expressed in hertz (Hz) or MHz or GHz, as appropriate. The usual symbol is
v, although f is also seen. Although wavelength and wavenumber change as light moves from one medium to another, frequency
does not. The relation between frequency, speed and wavelength is

c=vXg (7.1.3)
where c is the speed in vacuo, which has the defined value 2.997 924 58 x 10°m s 1.

A spectrum line results from a transition between two energy levels of an atom The frequency of the radiation involved is related to
the difference in energy levels by the familiar relation

hv = AE, (7.1.4)

where h is Planck's constant, 6.626075 x 10734 J s. If the energy levels are expressed in joules, this will give the frequency in Hz.
This is not how it is usually done, however. What is usually tabulated in energy level tables is E/(hc), in units of cm™!. This
quantity is known as the term value T of the level. Equation 7.1.4 then becomes
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Thus the vacuum wavenumber is simply the difference between the two tabulated term values.

In some contexts it may also be convenient to express energy levels in electron volts, 1 eV being 1.60217733 x 10717, Energy
levels of neutral atoms are typically of the order of a few eV. The energy required to ionize an atom from its ground level is called
the ionization energy, and its SI unit would be the joule. However, one usually quotes the ionization energy in eV, or the ionization
potential in volts.

It may be remarked that sometimes one hears the process of formation of a spectrum line as one in which an "electron" jumps from
one energy level to another. This is quite wrong. It is true that there is an adjustment of the way in which the electrons are
distributed around the atomic nucleus, but what is tabulated in tables of atomic energy levels or drawn in energy level diagrams is
the energy of the atom, and in equation 7.1.4 AFE is the change in energy of the atom. This includes the kinetic energy of all the
particles in the atom as well as the mutual potential energy between the particles.

We have seen that the wavenumber of a line is equal to the difference between the term values of the two levels involved in its
formation. Thus, if we know the term values of two levels, it is a trivial matter to calculate the wavenumber of the line connecting
them. In spectroscopic analysis the problem is very often the converse - you have measured the wavenumbers of several spectrum
lines; can you from these calculate the term values of the levels involved? For example, here are four (entirely hypothetical and
artificially concocted for this problem) vacuum wavenumbers, in pgm™—!:

1.96643
2.11741
2.28629
2.43727

The reader who is interested on spectroscopy, or in crossword puzzles or jigsaw puzzles, is very strongly urged to calculate the term
values of the four levels involved with these lines, and to see whether this can or cannot be done without ambiguity from these data
alone. Of course, you may object that there are six ways in which four levels can be joined in pairs, and therefore I should have
given you the wavenumbers of six lines. Well, sorry to be unsympathetic, but perhaps two of the lines are two faint to be seen, or
they may be forbidden by selection rules, or their wavelengths might be out of the range covered by your instrument. In any case, I
have told you that four levels are involved, which is more information that you would have if you had just measured the
wavenumbers of these lines from a spectrum that you had obtained in the laboratory. And at least I have helped by converting
standard air wavelengths to vacuum wavenumbers. The exercise will give some appreciation of some of the difficulties in

spectroscopic analysis.

In the early days of spectroscopy, in addition to flames and discharge tubes, common spectroscopic sources included arcs and
sparks. In an arc, two electrodes with a hundred or so volts across them are touched, and then drawn apart, and an arc forms. In a
spark, the potential difference across the electrodes is some thousands of volts, and it is not necessary to touch the electrodes
together; rather, the electrical insulation of the air breaks down and a spark flies from one electrode to the other. It was noticed that
the arc spectrum was usually very different from the spark spectrum, the former often being referred to as the "first" spectrum and
the latter as the "second" spectrum. If the electrodes were, for example, of carbon, the arc or first spectrum would be denoted by C I
and the spark or second spectrum by C II. It has long been known now that the "first" spectrum is mostly that of the neutral atom,
and the "second" spectrum mostly that of the singly-charged ion. Since the atom and the ion have different electronic structures, the
two spectra are very different. Today, we use the symbols C I, or Fe I, or Zr I, etc., to denote the spectrum of the neutral atom,
regardless of the source, and C 1T, C III, C IV, etc., to denote the spectra of the singly-, doubly- triply-ionized atoms, C*, C**,
C*** , etc. There are 4278 possible spectra of the first 92 elements to investigate, and many more if one adds the transuranic
elements, so there is no want of spectra to study.

Hydrogen, of course, has only one spectrum, denoted by H I, since ionized hydrogen is merely a proton. The regions in space
where hydrogen is mostly ionized are known to astronomers as "H II regions". Strictly, this is a misnomer, for there is no "second
spectrum" of hydrogen, and a better term would be "H" regions", but the term "H II regions" is by now so firmly entrenched that it
is unlikely to change. It is particularly ironic that the spectrum exhibited by an "H II region" is that of neutral hydrogen (e.g. the
well-known Balmer series), as electrons and protons recombine and drop down the energy level ladder. On the other hand, apart
from the 21 cm line in the radio region, the excitation temperature in regions where hydrogen is mostly neutral (and hence called,
equally wrongly, "H I regions") is far too low to show the typical spectrum of neutral hydrogen, such as the Balmer series. Thus it
can be accurately said that "H II regions" show the spectrum of H I, and "H I regions" do not. Lest it be thought that this is

@ 0 g 7.1.2 https://phys.libretexts.org/@go/page/6685


https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://phys.libretexts.org/@go/page/6685?pdf

LibreTextsw

unnecessary pedantry, it should be made clear at the outset that the science of spectroscopy, like those of celestial mechanics or
quantum mechanics, is one in which meticulous accuracy and precision of ideas is an absolute necessity, and there is no room for
vagueness, imprecision, or improper usage of terms. Those who would venture into spectroscopy would do well to note this from
the beginning.

This page titled 7.1: Introduction is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via source
content that was edited to the style and standards of the LibreTexts platform.
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7.2: A Very Brief History of Spectroscopy

Perhaps the first quantitative investigation that can be said to have a direct bearing on the science of spectroscopy would be the
discovery of Snel's law of refraction in about 1621. I am not certain, but I believe the original spelling of the Dutch mathematician
who discovered the law was Willebrod Snel or Willebrord Snel, whose name was latinized in accordance with the custom of
learned scholars of the day to Snellius, and later anglicized to the more familiar spelling Snell.

Sir Isaac Newton's experiments were described in his Opticks of 1704. A most attractive illustration of the experiment, described in
a work by Voltaire, is reproduced in Condon and Shortly's famous Theory of Atomic Spectra (1935). Newton showed that sunlight
is dispersed by a prism into a band of colours, and the colours are recombined into white light when passed through an oppositely-
oriented second prism. The infrared spectrum was discovered by Sir William Herschel in 1800 by placing thermometers beyond the
red end of the visible spectrum. Johann Ritter the following year (and independently Wollaston) discovered the ultraviolet
spectrum. In the period 1800-1803 Thomas Young demonstrated the wave nature of light with his famous double slit experiment,
and he correctly explained the colours of thin films using the undulatory theory. Using Newton's measurements of this
phenomenon, Young computed the wavelengths of Newton's seven colours and obtained the range 424 to 675 nm. In 1802 William
Wollaston discovered dark lines in the solar spectrum, but attached little significance to them.

In 1814 Joseph Fraunhofer, a superb instrument maker, made a detailed examination of the solar spectrum; he made a map of 700
of the lines we now refer to as "Fraunhofer lines". (Spectrum lines in general are sometimes described as "Fraunhofer lines", but
the term should correctly be restricted to the dark lines in the solar spectrum.) In 1817 he observed the first stellar spectra with an
objective prism. He noted that planetary spectra resembled the solar spectrum, while many stellar spectra differed. Although the
phenomenon of diffraction had been described as early as 1665 by Grimaldi, and Young had explained double-slit diffraction,
Fraunhofer constructed the first diffraction grating by winding wires on two finely-cut parallel screws. With these gratings he
measured the first wavelengths of spectrum lines, obtaining 588.7 for the line he had labelled D. We now know that this line is a
close pair of lines of Na I, whose modern wavelengths are 589.0 and 589.6 nm. That different chemical elements produce their own
characteristic spectra was noted by several investigators, including Sir John Herschel, (son of Sir William), Fox Talbot (pioneer in
photography), Sir Charles Wheatstone (of Wheatstone Bridge fame), Anders Angstrom (after whom the now obsolete unit the
angstrom, A, was named), and Jean Bernard Foucault (famous for his pendulum but also for many important studies in physical
optics, including the speed of light) and especially by Kirchhoff and Bunsen. The fundamental quantitative law known as
Kirchhoff's Law (see Chapter 2, section 2.4) was announced in 1859, and Kirchhoff and Bunsen conducted their extensive
examination of the spectra of several elements. They correctly explained the origin of the solar Fraunhofer lines, investigated the
chemical composition of the solar atmosphere, and laid the basic foundations of spectrochemical analysis. In 1868 Angstrém
published wavelengths of about 1000 solar Fraunhofer lines. In the 1870s, Rowland started to produce diffraction gratings of
unparalleled quality and published extensive lists of solar wavelengths. New elements were being discovered spectroscopically:

Cs, Rb, Tl (1860-61); In (1863); He (1868 - in the chromosphere of the solar spectrum at the instants of second and third contact of
a solar eclipse, by Lockyer); Ga (1875); Tm (1870); Nd, Pr (1885); Sm, Ho (1886); Lu, Yb (1907).

Michelson measured the wavelength of three Cd I lines with great precision in 1893, and Fabry and Pérot measured the
wavelengths of other lines in terms of the Cd I standards. For many years the wavelength of a cadmium lines was used as a basis
for the definition of the metre.

Although the existence of ultraviolet radiation had been detected by Richter, the first person actually to see an ultraviolet (UV)
spectrum was Sir George Stokes (of viscosity and fluorescence fame), using a quartz prism (ordinary glass absorbs UV) and a
fluorescent uranium phosphate screen. In 1906 Lyman made extensive investigations into ultraviolet spectra, including the
hydrogen series now known as the Lyman series. Langley invented the bolometer in 1881, paving the way to the investigation of
infrared spectra by Paschen. Balmer published his well-known formula for the wavelengths of the hydrogen Balmer series in 1885.
Zeeman discovered magnetic splitting in 1896. Bohr's theory of the hydrogen atom appeared in 1913, and the wave mechanics of
Schrodinger was developed in the mid 1920s.
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7.3: The Hydrogen Spectrum

In 1885, J. J. Balmer, a lecturer in a ladies' college in Switzerland, devised a simple formula relating the wavelengths of the lines in
the visible region of the atomic hydrogen spectrum to the natural numbers, and these lines have since been referred to as the
Balmer series and have been denoted by Ha, HS, H7,...,starting at the long wavelength end. The standard air wavelengths in nm
and the vacuum wavenumbers in pum™ are as follows:

A oo
nm um_l
Ho 656.28 1.5233
HB  486.13 2.0565 (7.3.1)

Hy  434.05 2.3032
HS  410.17 2.4373
He  397.01 2.5181

The series eventually converges to a series limit, the Balmer limit, at a standard air wavelength of 364.60 nm or a vacuum
wavenumber of 2.7420 ym~L. In the way in which Balmer's formula is usually written today, the vacuum wavenumbers of the
lines in the Balmer series are given by

1 1
oo=R|-——|,n=3,4,5... (7.3.2)
4 n?
n being 3, 4, 5, etc., for Ha, HB, H~, etc. The number R is called the Rydberg constant for hydrogen, and has the value
10.9679 pm=L

Later, a similar series, to be named the Lyman series, was discovered in the ultraviolet, and several similar series were found in the
infrared, named after Paschen, Brackett, Pfund, Humphreys, Hansen and Strong, and successively less famous people. Indeed in the
radio region of the spectrum there are series named just for numbers; thus we may talk about the 109« line.

A single formula can be used to generate the wavenumbers of the lines in each of these series:

1 1
00=R<—2——2),n2:n1+1,n1+2,... (733)
Ty

Here ny =1, 2, 3,4,5,6...for the Lyman, Balmer, Paschen, Brackett, Pfund, Humphreys... series.

Similar (not identical) spectra are observed for other hydrogen-like atoms, such as He', Lit™, Be*'™, etc., the Rydberg
constants for these atoms being different from the Rydberg constant for hydrogen. Deuterium and tritium have very similar spectra
and their Rydberg constants are very close to that of the 1 H atom.

Each "line" of the hydrogen spectrum, in fact, has fine structure, which is not easily seen and usually needs carefully designed
experiments to observe it. This fine structure need not trouble us at present, but we shall later be obliged to consider it. An
interesting historical story connected with the fine structure of hydrogen is that the quantity 2 / (4mephc) plays a prominent role in
the theory that describes it. This quantity, which is a dimensionless pure number, is called the fine structure constant a, and the
reciprocal of its value is close to the prime number 137. Sir Arthur Eddington, one of the greatest figures in astrophysics in the
early twentieth century, had an interest in possible connections between the fundamental constants of physics and the natural
numbers, and became almost obsessed with the notion that the reciprocal of the fine structure constant should be exactly 137, even
insisting on hanging his hat on a conference hall coatpeg number 137.

This page titled 7.3: The Hydrogen Spectrum is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy
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7.4: The Bohr Model of Hydrogen-like Atoms

The model proposed in 1913 by the Danish physicist Niels Bohr (and later further developed by Arnold Sommerfeld) to describe
the hydrogen spectrum was of great importance in the historical development of atomic theory. Even though it is very different
from the modern description of an atom, it is difficult to avoid a summary of it in any introductory description of spectroscopy. In
the simplest form, we could describe a model of an electron moving around a proton in a circular orbit. Here, however, we shall
include in the theory such hydrogenlike atoms as He™, Li**, Be™ ™™ etc. Furthermore, we shall not suppose that the electron
moves around the nucleus; rather we assume that the nucleus has a charge Ze (Z = atomic number) and mass M, and the electron
has a mass m, and the electron and nucleus move around their common centre of mass.

In Bohr's original model it was assumed that the electron could move round only in certain circular orbits (he and Sommerfeld later
included the possibility of elliptic orbits in order to explain fine structure) such that the angular momentum is an integral multiple
of Planck's constant divided by 2. [The symbol A is short for h/(27) and is a quantum unit of angular momentum.] This was an
empirical assumption made only because it correctly predicted the appearance of the hydrogen spectrum.

Let us suppose that the hydrogen-like atom has a nucleus of charge +Ze and mass M, and the electron has charge —e and mass
m, and that the distance between them is a. The distance of the nucleus from the centre of mass is ma/(M +m) and the distance
of the electron from the centre of mass is Ma/(M +m) . We'll suppose that the speed of the electron in its orbit around the centre
of mass is v. It may not be immediately obvious, and the reader should take the trouble to derive it, that the angular momentum of
the system is mwa. Bohr's first assumption, then is that

mua = nh, (7.4.1)
where n is an integer.

The Coulomb force on the electron is equal to its mass times its centripetal acceleration:

Ze2 2
£ - . (7.4.2)
drega®  Ma/(M +m)
If you eliminate v from these, you obtain an expression for the radius of the nth orbit:
4 h2 2
= mo—n, (7.4.3)
Ze*u
where
mM
=—. 7.4.4
b= m +M ( )

The quantity represented by the symbol p is called the reduced mass of the electron. It is slightly less than the actual mass of the
electron. In the hydrogen atom, in which the nucleus is just a proton, the ratio M /m is about 1836, so that u = 0.99946m. For
heavier hydrogen-like atoms it is closer to m.

Notice that the radius depends on n2, so that, for example, the radius of the n =2 orbit is four times that of the » =1 orbit. The
reader should now calculate the radius of the first Bohr orbit for hydrogen. It should come to about 0.053 nm, so that the diameter
of the hydrogen atom in its ground state is a little over one angstrom. Logically, I suppose, the symbol a; should be used for the
first Bohr orbit, but in practice the usual symbol used is ag. If you wish to calculate the radius of the first Bohr orbit for some other
hydrogen-like atom, such as D, or He", or muonic hydrogen, note that for such atoms the only things that are different are the
masses or charges or both, so there is no need to repeat the tedious calculations that you have already done for hydrogen. It would
also be of interest to calculate the radius of the orbit with n = 109, in view of the observation of the radio line 109« mentioned in
section 7.3.

By eliminating a rather than v from equations 7.4.1 and 7.4.2 you could get an explicit expression for the speed of the electron in
its orbit. Alternatively you can simply calculate v from equation 7.4.2 now that you know a. You should, for interest, calculate v,
the speed of the electron in the first Bohr orbit, and see how large a fraction it is of the speed of light and hence to what extent our
nonrelativistic analysis so far has been. You should also calculate the frequency of the orbital electron - i.e. how many times per
second it orbits the nucleus. The explicit expression for v is
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MZe?

The energy of the atom is the sum of the mutual potential energy between nucleus and electron and the orbital kinetic energies of
the two particles. That is:

Ze? 1 5, 1 mo\ 2
E=- = SM(Z2) 7.4.6
4mega + 2mv + 2 M ( )
If we make use of equation 7.4.2 this becomes
m(M+m)® 1 2
E=— + =mv? 4+ = —?
M 2 M
1 M+mY\ ,
2 M
Then, making use of equation 7.4.5, we obtain for the energy
Z2et 1
jo—— (7.4.7)

 2(4meg)2h2 n?’

In deriving this expression for the energy, we had taken the potential energy to be zero at infinite separation of proton and nucleus,
which is a frequent convention in electrostatics. That is, the energy level we have calculated for a bound orbit is expressed relative
to the energy of ionized hydrogen. Hence the energy of all bound orbits is negative. In tables of atomic energy levels, however, it is
more usual to take the energy of the ground state (n = 1) to be zero. In that case the energy levels are given by

__pze 1
B = et (1 - n2) . (7.4.8)

Further, as explained in section 7.1, it is customary to tabulate term values T rather than energy levels, and this is achieved by

dividing by hc. Thus

Z%et 1

T:L-G——). (7.4.9)
2(4meg)?h%he n?

The expression before the large parentheses is called the Rydberg constant for the atom in question. For hydrogen (*H : Z=1),
it has the value 1.09679 x 10'm .

If we put Z =1 and p = m the resulting expression is called the Rydberg constant for a hydrogen nucleus of infinite mass; it is the
expression one would arrive at if one neglected the motion of the nucleus. It is one of the physical constants whose value is known
with greatest precision, its value being

R, =1.097 3731534 x10'm*.

(The gravitational constant G is probably the least precisely known.)

The term value equal to 1.097 373 153 4 x 10"m™", or the corresponding energy, which is 2.1799 x 107'8J or 13.61 €V, is
called a rydberg.

We can use equation 7.4.9 now to calculate the term values for the hydrogen atom. We use, of course, the Rydberg constant for the
real hydrogen atom, not for infinite mass. We obtain:

n T (um'')
o0 10.9679
6 10.6632
5 10.5292
4 10.2824
3 9.7492
2 8.2259
1 0.0000
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Notice the large gap between n =1 and n = 2, which corresponds to the line Lyman-a 75% of the way from the ground level (
n = 1) to the ionization limit (n = co). The level n = 3 is 89% of the way, and n =4 is 94% of the way.

You can now calculate the vacuum wavenumbers (and standard air or vacuum wavelengths) for all the series. The lower level for
the Lyman series is n =1, so the wavenumbers of the lines are just equal to the term values of the higher levels. The vacuum
wavelengths of the Lyman lines, as well as the series limit, are therefore:

Lya 121.57 nm
Ly 102.57
Lyy 97.25
Lyd 94.97
Lye 93.78
Limit 91.18

The Lyman series limit corresponds to an ionization potential of 13.59 volts.

The lower level of the Balmer series is n = 2, so you can now verify the wavelengths and wavenumbers given in section 7.2. In a
similar manner, you can calculate the wavelengths of the several infrared series.

Should you wish to calculate the wavelengths of corresponding lines in the spectra of other hydrogenlike atoms, such as D, or He™*
or muonic hydrogen, all you need do is to put the appropriate values of Z and p in the expression for the Rydberg constant (see
equation 7.4.9). The wavelengths of corresponding lines in the spectrum of deuterium are close to, but not exactly equal to, those
of 'H. The reader is strongly urged to calculate the term values for He*. Then draw two energy level diagrams, to scale, side-by-
side, for H and He ™, positioning them so that n = 1 for H is at the same horizontal level as n = 2 for He ™. Please do this - it will
take only a few minutes with pencil and paper, but it would take me all day to try and do it on this computer. In any case, you will
understand it far better if you do it yourself. You will find that, for He*, n =1 lies a long, long way below n = 2. The wavelength
of the line, which corresponds to Ly «, is 30.38nm. You will find that the ionization potential for He™ is 54.4 volts. You will find
that the levels n = 2, 4, 6 of He™ nearly coincide with the levels n = 1, 2, 3 of H, but that the odd-numbered levels of He™ fall in
between. The He IT series whose lower level is n =3 is called the Fowler series, and the wavelength of its first member is
468.6 nm. (The reference in which I looked this up did not say whether this was the vacuum or the standard air wavelength.
Please, always, when you are writing your scientific material, be absolutely explicit about this; you cannot expect the reader to
guess. For the time being, however, you have enough information to calculate the term values for He' and hence to calculate the
vacuum wavenumber and the standard air wavelength yourself.) The series for which the lower level is n =4 is called the
Pickering series. You should be able to calculate the following standard air wavelengths:

656.02 nm
541.16
485.94
454.17
433.87
419.99
410.01

You will notice that half of these coincide closely with lines in the Balmer series of H I. These lines are important in the spectra of
O stars.

The Bohr theory has been remarkably successful in enabling you to calculate the energy levels, wavelengths and series limits for
hydrogenlike atoms, and consequently no apology need be offered for discussing it in such detail. Yet it has its limitations. It does
not explain the fine structure (which we have yet to describe) that can be observed in hydrogenlike spectra, and is inadequate to
deal with the spectra of more complex atoms, in which the "fine structure" is by no means as "fine" as it is in hydrogen. True, Bohr
and Sommerfeld managed to refine the theory with some success by including the possibility of elliptical orbits. Yet a more
unsatisfying aspect of Bohr theory is not so much its weakness in dealing with fine structure, but is the somewhat arbitrary and ad
hoc nature of its assumptions. In classical electromagnetic theory, an electron in orbit around a proton will radiate away energy and
will rapidly spiral in towards the nucleus. And the assumption that the only orbits possible are those in which the angular
momentum of the system is an integral number of times &/ (27), while it successfully predicts the spectrum, hardly explains it.
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The development of wave mechanics not only copes better with fine structure, but the quantization of energy levels appears
naturally and without the need for ad hoc assumptions.

This page titled 7.4: The Bohr Model of Hydrogen-like Atoms is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated
by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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7.5: One-dimensional Waves in a Stretched String

The last sentence in the previous section may strike you as rather odd, because one sometimes has the impression that quantum
mechanics is replete with ad hoc assumptions, peppered as it is with various quantum numbers which can assume only integral
values for some mysterious reason that no one can understand. Therefore, before moving on to wave mechanics as applied to
atomic spectra, it will be useful to remind ourselves of some aspects of the behaviour of waves in a taut, stretched string. By doing
this, we may be able to take some of the "mystery" out of quantum mechanics, and to see that many of its assumptions are my no
means ad hoc, and arise rather naturally from the elementary theory of waves.

We'll start by imagining a long, taut string, which is constrained so that it can vibrate only in a single plane. Let us suppose that it
suffers a brief disturbance, such as by being struck or plucked. In that case a wave (not necessarily periodic) of the form

\I/l :fl(xfct) (751)

will travel down the string to the right (positive z-direction) with speed c (this is not intended to mean the speed of light - just the
speed at which waves are propagated in the string, which depends on its mass per unit length and its tension), and another wave

v, :fg(:L‘ +Ct) (752)

will move to the left. The symbol ¥ is just the transverse displacement of the string. It can easily be verified by direct substitution
that either of these satisfies a differential Equation of the form

0’V 9%V
2
= . 7.5.3
Oz2 ot? ( )
Indeed it is also easy to verify that any linear combination such as
U =A fi(z —ct)+ B fa(z +ct) (7.5.4)

also satisfies the differential Equation. Since Equation 7.5.3 is a second-order differential equation, there are just two arbitrary
constants of integration, and, since there are two arbitrary constants in Equation 7.5.4., the latter is the most general solution of the
different Equation. The differential Equation is the general differential Equation for a wave in one dimension. Two points are worth
noting. One, there is no minus sign in it. Two, if your memory fails you, you can easily determine which side of the Equation the ¢?
is on by considering the dimensions.

If the function is periodic, it can be represented as the sum of a number (perhaps an infinite number) of sine and cosine terms with
frequencies related to each other by rational fractions. Even if the function is not periodic, it can still be represented by sine and
cosine functions, except that in this case there is a continuous distribution of component frequencies. The distribution of component
frequencies is then the Fourier transform of the wave profile. (If you are shaky with Fourier transforms, do not worry - I promise
not to mention them again in this chapter.) Because of this, I shall assume all waves to be sinusoidal functions.

Let us now assume that the string is fixed at both ends. (Until this point I had not mentioned whether the ends of the string were
fixed or not, although I had said that the string was taut. I suppose it would be possible for those of mathematical bent to imagine a
taut string of infinite length, though my imagination begins to falter after the first few parsecs.) If a sine wave travels down the
string, when it reaches the end it reverses its direction, and it does so again at the other end. What happens is that you end up with
two waves travelling in opposite directions:

¥ = asink(z—ct)+asink(z +ct) (7.5.5)
= asin(kz — wt) + asin(kz + wt).
Here k is the propagation constant 27/ and w is the angular frequency 27v.
By a trigonometric identity this can be written:
¥ = 2q coswtsinkz. (7.5.6)

This is a stationary sin wave (sin kz) whose amplitude (2a coswt) varies periodically with time. In other words, it is a stationary or
standing wave system. Notice particularly that a stationary or standing wave system is represented by the product of a function of
space and a function of time:

U(x,t) =P(x). x(t). (7.5.7)
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Because the string is fixed at both ends (these are fixed boundary conditions) the only possible wavelengths are such that there is a
node at each fixed end, and consequently there can only be an integral number of antinodes or half wavelengths along the length of
the string. If the length of the string is [, the fundamental mode of vibration has a wavelength 2/ and a fundamental frequency of
¢/(21). Other modes (the higher harmonics) are equal to an integral number of times this fundamental frequency; that is nc/(21),
where n is an integer. Note that the introduction of this number n, which is restricted to integral values (a "quantum number", if
you will) is a consequence of the fixed boundary conditions.

Which modes are excited and with what relative amplitudes depends upon the initial conditions — that is, on whether the string is
plucked (initially ¥ #£ 0, = 0) or struck (initially ¥ =0, ¥ #0), and where it was plucked or struck. It would require some
skill and practice (ask any musician) to excite only one vibrational mode, unless you managed to get the initial conditions exactly
right, and the general motion is a linear superposition of the normal modes.

I'll mention just one more thing here, which you should recall if you have studied waves at all, namely that the energy of a wave of
a given frequency is proportional to the square of its amplitude.

Volumes could be written about the vibrations of a stretched string. I would ask the reader to take notice especially of these four
points.

1. A stationary solution is the product of a function of space and a function of time.

2. Restriction to a discrete set of frequencies involving an integral number is a consequence of fixed boundary conditions.
3. The general motion is a linear combination of the normal modes.

4. The energy of a wave is proportional to the square of its amplitude.

This page titled 7.5: One-dimensional Waves in a Stretched String is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or
curated by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.

https://phys.libretexts.org/@go/page/6689



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://phys.libretexts.org/@go/page/6689?pdf
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/07%3A_Atomic_Spectroscopy/7.05%3A_One-dimensional_Waves_in_a_Stretched_String
https://creativecommons.org/licenses/by-nc/4.0
https://www.astro.uvic.ca/~tatum/celmechs.html
http://orca.phys.uvic.ca/~tatum/stellatm.html

LibreTextsw

7.6: Vibrations of a Uniform Sphere

This is a three-dimensional problem and the wave equation is
AVIU =1, (7.6.1)

The wave-function here, ¥, which is a function of the coordinates and the time, can be thought of as the density of the sphere; it
describes how the density of the sphere is varying in space and with time.

In problems of spherical symmetry it is convenient to write this in spherical coordinates. The expression for V? in spherical
coordinates is fairly lengthy. You have probably not memorized it, but you will have seen it or know where to look it up. Stationary
solutions are of the form

\If('r, 0’¢§t) :¢(T, 0, d’)X(t) (7.6.2)

Is it necessary to know the mathematical details of these functions? Probably not if it is not your intention to have a career in
theoretical spectroscopy. If you are going to have a career in theoretical spectroscopy, it probably wouldn't hurt to do the detailed
calculation - but in practice a great deal of calculation can be and is done without reference to the detailed algebra; all that is
necessary to know and become familiar with are the properties of the functions and how they react to the several operators
encountered in quantum mechanics. At this stage, we are just looking at some general principles, and need not worry about the
details of the algebra, which can be fairly involved.

The spherical coordinates 7, 6, ¢ are independent variables, and consequently the timeindependent part of the wave function can be
written as the product of three functions:

P(r,0,6) = R(r). ©(6). (). (7.6.3)

Again, it is not immediately necessary to know the detailed forms of these functions - you will find them in various books on
physics or chemistry or spectroscopy. The simplest is ® - it is a simple sinusoidal function, usually written as e =™ . The function
© is a bit more complicated and it involves things called Legendre polynomials. The function R involves somewhat less-familiar
polynomials called I.aguerre polynomials. But there are boundary conditions. Thus ¢ goes only from 0 to 27, and in that interval
there can only be an integral number of half waves. Likewise, 6 goes only from 0 to 7, and 7 goes only from 0 to a, where a is the
radius of the sphere. All three of these functions have integral "quantum numbers" associated with them. There is nothing
mysterious about this, nor is it necessary to see the detailed algebra to see why this must be so; it is one of the inevitable constraints
of fixed boundary conditions. The function R, the radial part of the wavefunction, has associated with it an integer n, which can
take only integral values 1, 2. 3, .. .. The function ©, the meridional wavefunction, has associated with it an integer [, which, for a
given radial function (i.e. a given value of n) can have only the n different integral values 0, 1, 2, ... ... n —1. Finally, the
function @, the azimuthal wavefunction, has associated with it an integer m, which, for a given meridional function (i.e. a given
value of [) can have only the 2] 41 different integral values —I, —1+1, ... 0, ...l—1, [ . Thus for a given n, the number of
possible wavefunctions is

n—1
Z2l+1.
0

You will have to remember how to sum arithmetic series in order to evaluate this, so please do so. The answer is n2.

When I first came across these quantum numbers, it was in connection with the wave mechanics of the hydrogen atom, and I
thought there was something very mysterious about atomic physics. I was reassured only rather later - as I hope you will be
reassured now - that the introduction of these quantum numbers is nothing to do with some special mysterious properties of atoms,
but comes quite naturally out of the classical theory of vibrating spheres. Indeed, if you come to think about it, it would be very
difficult indeed to believe that the wavefunctions of vibrating spheres did not involve numbers that had to be integers with
restrictions on them.

The time-independent part of the wavefunction can be written:

wlmn (T', 07 ¢) - Rnl (T) ®lm (0) q’m (¢) (764)
Often the angular parts of the wavefunction are combined into a single function:
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The functions Y, are known as spherical harmonics.

When performing various manipulations on the wavefunctions, very often all that happens is that you end up with a similar
function but with different values of the integers ("quantum numbers"). Anyone who does a lot of such calculations soon gets used
to this, and consequently, rather than write out the rather lengthy functions in full, what is done is merely to list the quantum
number of a function between two special symbols known as a "ket". (That's one half of a bracket.) Thus a wavefunction may be
written merely as |lmn). This is done frequently in the quantum mechanics of atoms. I have never seen it done in other, more
"classical" branches of physics, but I see no reason why it should not be done, and I dare say that it is in some circles.

The problem of a vibrating sphere of uniform density is fairly straightforward. Similar problems face geophysicists or planetary
scientists when discussing the interiors of the Earth or the Moon or other planets, or astrophysicists studying "helioseismology" or
"asteroseismology" - except that you have to remember there that you are not dealing with uniform spheres.

This page titled 7.6: Vibrations of a Uniform Sphere is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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7.7: The Wave Nature of the Electron

In 1906 Barkla had shown that when "soft" (relatively long wavelength, low-energy) x-rays were scattered by carbon, they
exhibited polarization phenomena in just the way one would expect if they were transverse waves. In 1913 the father-and-son team
of W.H and W.L. Bragg had performed their experiments on the diffraction and interference of x-rays by crystals, and they showed
that x-rays behaved just as one would expect for short wavelength electromagnetic waves. In 1919, Compton carried out his
famous experiments on the scattering of x-rays by light atoms, including carbon, though he used higher energy ("harder") x-rays
than in Barkla's experiments. Some of the x-rays were scattered without change of wavelength, as expected from classical
Thomson scattering theory, and the wave nature of x-rays appeared to be very firmly established. Yet not all of the x-rays were
scattered thus. Indeed when the scattering was from a light element such as carbon most of the scattered x-rays were found to have
a longer wavelength than the incident x-rays. Most readers will be familiar with at least the broad outline of these experiments, and
how Compton showed that the phenomenon could most easily be explained if, instead of being treated as waves of wavelength A,
they were treated as though they were particles of momentum h/X. Thus x-rays appeared to have a "wave-particle duality", their
behaviour in some circumstances being better treated as a wave phenomenon, and in others as though they were particles.

In 1924 de Broglie speculated that perhaps the electron, hitherto regarded, following the initial experiments in 1897 of J. J.
Thomson, as a particle, might also exhibit "wave-particle duality" and in some circumstances, rather than be treated as a particle of
momentum p might better be described as a wave of wavelength h /p. During the 1920s Davisson and Germer indeed did scattering
experiments, in which electrons were scattered from a nickel crystal, and they found that electrons were selectively scattered in a
particular direction just as they would if they were waves, and in a rather similar manner to the Bragg scattering of x-rays. Thus
indeed it seemed that electrons, while in some circumstances behaving like particles, in others behaved like waves.

De Broglie went further and suggested that, if electrons could be described as waves, then perhaps in a Bohr circular orbit, the
electron waves formed a standing wave system with an integral number of waves around the orbit:

nA =2mr. (7.7.1)
Then, if A = h/(mv), we have
mur =nh/(2), (7.7.2)

thus neatly "explaining" Bohr's otherwise ad hoc assumption, described by equation 7.4.1. From a modern point of view this
"explanation" may look somewhat quaint, and little less "ad hoc" than Bohr's original assumption. One might also think that
perhaps there should have been an integral number of half-wavelengths in a Bohr orbit. Yet it portended more interesting things to
come. For example, one is reminded of the spherical harmonics in the solution to the vibrating sphere described in section 7.6, in
which there is an integral number of antinodes between ¢ =0 and ¢ = 2.

For those who appreciate the difference between the phase velocity and the group velocity of a wave, we mention here that an
electron moves with the group velocity of the wave that describes its behaviour.

We should also mention that the wave description of a particle is not, of course, restricted to an electron, but it can be used to
describe the behaviour of any particle.

Finally, the equation p = h /A can also conveniently be written
p =k, (7.7.3)
where h=h/(27) and k is the propagation constant 27/ The propagation constant can also be written in the form k = w/v,

since w = 27v = 2wv/A = kv.
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7.8: Schrodinger's Equation

If the behaviour of an electron can be described as if it were a wave, then it can presumably be described by the wave Equation:

VIO =, (7.8.1)
Here v is the speed of the electron, or, rather, the group velocity of its wave manifestation.
Periodic solutions for ¥ are given by ¥ = —w?¥ , and, since w = kv, Equation 7.8.1 can be written in the form
V20 + kT = 0. (7.8.2)

The total energy FE is the sum of the kinetic and potential energies T'+ V', and the kinetic energy is p*/(2m). This, of course, is
the nonrelativistic form for the kinetic energy, and you can judge for yourself from the calculation you did just before we arrived at
Equation 7.4.5 to what extent this is or is not justified. If, instead of p you substitute the de Broglie expression in the form of
Equation 7.7.3, you arrive at Schrédinger's Equation:

v2\11+2—m(E—V)\11=0 (7.8.3)
D .8.
To describe the behaviour of a particle in any particular situation in which it finds itself -.e.g. if it found itself confined to the
interior of a box, or attached to the end of a spring, or circling around a proton - we have to put in the Equation how V' depends on
the coordinates. The stationary states of an atom, i.e. its energy levels, are described by standing, rather than progressive, waves,
and we have seen that standing waves are described as a product of a function of space and a function of time:

Y(z,y,%t) =¥(2,y, 2). x(t)- (7.8.4)
If you put this into Equation 7.8.3 (all you have to do is to note that V2% = xV2¢ and that ¥ = 1)), you find that the time-
independent part of Schrodinger's Equation satisfies
2m
iz
When we are dealing with time-varying situations - for example, when an atom is interacting with an electromagnetic wave (light),

we must use the full Schrédinger Equation 7.8.3. When dealing with stationary states (i.e. energy levels), we deal with the time-
independent Equation 7.8.5.

Vip+ —(E—-V)=0. (7.8.5)

Let's suppose for a moment that we are discussing not something complicated like a hydrogen atom, but just a particle moving
steadily along the x-axis with momentum p,.. We'll try and describe it as a progressive wave function of the form

¥ = constant x e/(k#—«1) (7.8.6)
(That's just a compressed way of writing a cos(kz — wt) + bsin(kz — wt) .) This means that

ov 0%

5 = —w¥ and —— = —K. (7.8.7)
Now let us use , E=hv =hw and p=h/A =hk as well as the (nonrelativistic, note) relation between kinetic energy and
momentum E = p?/(2m), and we arrive at

N

ith—— =

ot  2m ot

FV(z,t)0. (7.8.8)

In three dimensions (i.e. if the particle were not restricted to the z axis but were moving in some arbitrary direction in space), this
appears as:

. 2
ih = —;—mVQ‘II—i-V(:r,y,z; t)W. (7.8.9)

This is referred to as Schrodinger's Time-dependent Equation.
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7.9: Solution of Schrédinger's Time-independent Equation for the Hydrogen Atom

The Schrédinger equation is best written and solved for atoms in spherical coordinates. The expression for V? is spherical
coordinates is lengthy and can be found mathematical and many physics or chemistry texts. I am not going to reproduce it here.
The expression for the potential energy of a hydrogen-like atom to be substituted for V' in Schrodinger's equation is

Ze?

V=g (7.9.1)

The full solution of the equation, written out in all its glory, is impressive to behold, and it can be seen in several texts - but I am
not going to write it out just yet. This is not because it is not important, nor to discourage those who would like actually to work
through the algebra and the calculus in detail to arrive at the result. Indeed I would encourage those who are interested to do so.
Rather, however, I want to make some points about the solution that could be overlooked if one gets too heavily bogged down in
the details of the algebra. The solution is, unsurprisingly, quite similar to the solution for a vibrating solid discussed in Section 7.6,
to which you will probably want to refer from time to time.

Since the spherical coordinates 7, , ¢ are independent variables, physically meaningful solutions are those in which ¥ (r, 8, ¢) is
a product of separate functions of r, # and ¢. Upon integration of the equation, constants of integration appear, and, as in the
solution for the vibrations of a sphere, these constants are restricted to integral values and for the same reasons described in section
7.6. Thus the wavefunctions can be written as

YVnim(7, 0, &) = Ry (7). O (60). D1, (). (7.9.2)

The quantum numbers are subject to the same restrictions as in section 7.6. That is, n is a positive integer; [ is a nonnegative
integer that can have any of the n integral values from 0 to n —1; m is an integer that can have any of the 2]+ 1 integral values
from —I to +1. For a given n there are n? possible combinations of [ and m, a result that you found shortly before you reached
equation 7.6.4.

The only function that I shall write out explicitly is the function ®,,(¢). It is periodic with an integral number of antinodes between
0 and 27 and is usually written as a complex number:

P =em, (7.9.3)

(You will recall that e = cosz +isinz, and the ease with which this relation allows us to deal with trigonometric functions.)
Because @ is usually written as a complex number, v is also necessarily complex.

Now in section 7.5 we discussed waves in a stretched string, and in that section the function ¥(x,¢) was merely the transverse
displacement of the string. It will be convenient to recall that, for a given frequency, the energy of the wave is proportional to the
square of its amplitude. In section 7.6 we discussed the vibrations of a sphere, and in that case ¥(z, y, 2; t) is the density, and how
it varies in space and time. For a standing wave, ¢)(z, y, z) is the time-averaged mean density and how it varies with position. What
meaning can be given to ¥ or to 1) when we are discussing the wave mechanics of a particle, or, in particular, the wavefunction that
describes an electron in orbit around a proton? The interpretation that was given by Max Born is as follows. We'll start with the
time-independent stationary solution v and we'll recall that we are writing it as a complex number. Born gives no immediate
physical interpretation of 1); rather, he suggests the following physical interpretation of the real quantity ¥i*, where the asterisk
denotes the complex conjugate. Let d7 denote an element of volume. (In rectangular coordinates, d= would be merely dzdydz; in
spherical coordinates, which we are using in our description of the hydrogen atom, d7 = 72 sin8drdfd¢ .) Then ¥1p*dr is the
probability that the electron is in that volume element d7. Thus * is the probability density function that describes the position
of the electron, and v itself is the probability amplitude. Likewise, in a time-varying situation, ¥¢*drdt is the probability that, in a
time interval dt, the electron is in the volume element d7.

Since yvy*dr is a probability — i.e. a dimensionless number — it follows that 1) is a dimensioned quantity, having dimensions
L3/2, and therefore when its numerical value is to be given it is essential that the units (in SI, m3/ %) be explicitly stated.
Likewise the dimensions of ¥ are L 3/2T~1/2 and the SI units are m—3/2s=1/2,

If 9 is a solution of Schrodinger's time-independent equation, that any constant multiple of v is also a solution. However, in view
of the interpretation of 11)* as a probability, the constant multiplier that is chosen, the so-called normalization constant, is chosen
such as to satisfy
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/0 i /0 i /0 " v sin 6drdéde — 1. (7.9.4)

This just means that the probability that the electron is somewhere is unity. The function v is a complicated function of the
coordinates and the quantum numbers, and the normalization constant is also a complicated function of the quantum numbers. For
many purposes it is not necessary to know the exact form of the function, and I am tempted not to show the function at all. T shall
now, however, write out in full the normalized wavefunction for hydrogen, though I do so for just two reasons. One is to give
myself some practice with the equation editor of the computer program that I am using to prepare this document. The other is just
to reassure the reader that there does indeed exist an actual mathematical expression for the function, even if we shall rarely, if ever
in this chapter, have occasion to use it. The function, then, is
2Zr\'! _z
. (—) -e ™ (7.9.5)

nagon

4(n—1-1)123
[(n+1)"3n*a}

ime —
Yirn (1,0, @) = € 20+ 1) |m|)!

|m . |m| .
=7 20+ m))! sin™ 6- P (cos0)

27r
20+1
i (na0> '

Here P and L are the associated Legendre and Laguerre polynomials respectively, and ay is given by equation 7.4.3 with
n=1, Z=1 and . =m; that is, 0.0529 nm You might at least like to check that the dimensions of 1 are correct. Obviously I
have not shown how to derive this solution of the Schrodinger equation; mathematicians are paid good money to do things like
that. T just wanted to show that a solution really does exist, and what it means.

The specific equations for @, (¢), ©im (), Ry (r) and their squares, and graphical drawings of them, for particular values of the
quantum numbers, are given in many books. I do not do so here. I do make some remarks concerning them. For example some of
the drawings of the function [@(0)]2 have various pleasing shapes, such as, for example, something that resembles a figure 8. It
must not be thought, however, that such a figure represents the orbit that the electron pursues around the nucleus. Nor must it be
thought that the drawing represents a volume of space within which an electron is confined. It represents a polar diagram showing
the angular dependence of the probability density. Thus the probability that the electron is within angular distances 6 and 8+ d6 of
the z-axis is equal to [©(6)]? times the solid angle subtended (at the nucleus) by the zone between @ and @-+d@, which is
27sinf df. Likewise the probability that the distance of the electron from the nucleus is between 7 and 7 and 7+ dr is [R(r)]?
times the volume of the shell of radii 7 and 7+ dr, which is 47r2dr. It might be noted that the radial function for n =1 goes
through a maximum at a distance from the nucleus of » = ag, the radius of the first Bohr orbit.

Although I have not reproduced the individual radial, meridional and azimuthal functions for particular values of the quantum
numbers, this is not because they are not important, and those who have books that list those functions and show graphs of them
will probably like to pore over them - but I hope they will do so with a greater understanding and appreciation of them following
my brief remarks above.

? Exercise 7.9.1

Exercise: What are the dimensions and SI units of the functions R, ©, and 7

The wavefunction 7.9.5is a complicated one. However, it is found by experience that many of the mathematical operations that are
performed on it during the course of quantum mechanical calculations result in a very similar function, of the same form but with
perhaps different values of the quantum numbers. Sometimes all that results is the very same function, with the same quantum
numbers, except that the operation results merely in multiplying the function by a constant. In the latter case, the wavefunction is
called an eigenfunction of the operator concerned, and the multiplier is the corresponding eigenvalue. We shall meet some
examples of each. Because of this circumstance, it is often convenient, instead of writing out equation 7.9.5 in full every time,
merely to list the quantum numbers of the function inside a "ket". Thus the right hand side of equation 7.9.5 may be written instead
merely as |lmn). With practice (and usually with only a little practice) it becomes possible to manipulate these kets very quickly
indeed. (It might be remarked that, if the practice is allowed to lapse, the skills also lapse!)

This page titled 7.9: Solution of Schrodinger's Time-independent Equation for the Hydrogen Atom is shared under a CC BY-NC 4.0 license and
was authored, remixed, and/or curated by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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7.10: Operators, Eigenfunctions and Eigenvalues

Sooner or later any books on quantum mechanics will bring in these words. There will also be discussions about whether certain
pairs of operators do or do not commute. What is this all about?

Recall that Schrodinger's Equation is equation 7.8.5, and, for hydrogenlike atoms we use the Equation 7.9.1 for the potential
energy. We might like to solve Equation 7.8.5 to find the wavefunctions. In fact mathematically-minded people have already done
that for us, and I have reproduced the result as Equation 7.9.5. We might well also be interested to know the value of the total
energy E for a given eigenfunction. Equation 7.8.5 can be rearranged to read:

2
(Vh—v2) Y = Ey. (7.10.1)
2m

This tells us that, if we operate on the wavefunction with the expression in parentheses, the result of the operation is that you end
up merely with the same function, multiplied by E. Seen thus, we have an eigenvalue problem. The solution of the Schrodinger
equation is tantamount to seeking a function that is an eigenfunction of the operator in parentheses. The operator in parentheses, for
reasons that are as obvious to me as they doubtless would have been to the nineteenth century Scottish-Irish mathematician Sir
William Hamilton, is called the hamiltonian operator H. Thus Equation 7.10.1 can be written as

Hy = Ep. (7.10.2)

If we choose, instead of writing out the wavefunction in full, merely to list its quantum number inside a ket, Schrodinger's equation,
written in operator-ket form becomes

Hlimn) = E|lmn). (7.10.3)

And what do we get for the eigenvalue of the hamiltonian operator operating on the hydrogenlike eigenfunction? We'll leave it to
the mathematically inclined to work through the algebraic details, but what we get is the very same expression, Equation 7.4.7, that
we got for the energy levels in Section 7.4 when we were dealing with the Bohr model - but this time without the arbitrary Bohr
assumptions. This is exciting stuff! (Before we get too carried away, however, we'll note that, like the original Bohr model with
circular orbits, this model predicts that the energy levels depend solely upon the one quantum number n. Fine structure of the lines,
however, visible only with difficulty in hydrogenlike atoms, but much more obvious in more complex spectra, suggests that this
isn't quite good enough yet. But we still don't deny that it is exciting so far.)

I hope this may have taken some of the mystery out of it - though there is a little more to come.

I used to love attending graduate oral examinations. After the candidate had presented his research with great confidence, one of
my favorite questions would be: "What is the significance of pairs of operators that commute?" In case you ever find yourself in the
same predicament, I shall try to explain here. Everyone knows what commuting operators are. If two operators A and B commute,
then it doesn't matter in which order they are performed - you get the same result either way. That is, ABy = BA%. That is, the
commutator of the two operators, AB — BA, or, as it is often written, [A, B], is zero. So much anyone knows. But that is not the
question. The question is: What is the significance of two operators that commute? Why are commutating pairs of operators of
special interest? The significance is as follows:

If two operators commute, then there exists a function that is simultaneously an
eigenfunction of each; conversely if a function is simultaneously an eigenfunction of two
operators, then these two operators necessarily commute.

This is so easy to see that it is almost a truism. For example, let 1) be a function that is simultaneously an eigenfunction of two
operators A and B, so that Ay = a and By = biy. Then

ABy = Abyy = bAY = bayy = aby) (7.10.1)
and
BAy = Bay = aBy = aby. (QE.D.)

It therefore immediately becomes of interest to know whether there are any operators that commute with the hamiltonian operator,
because then the wavefunction 7.9.5 will be an eigenfunction of these operators, too, and we'll want to know the corresponding
eigenvalues. And any operators that commute with the hamiltonian operator will also commute with each other, and all will have
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equation 7.9.5 as an eigenfunction. (I interject the remark here that the word "hamiltonian" is an adjective, and like similar
adjectives named after scientists, such as "newtonian", "gaussian", etc., is best written with a small initial letter. Some speakers also
treat the word as if it were a noun, talking about "the hamiltonian". This is an illiteracy similar to talking about "a spiral" or "an
elliptical” or "a binary", or, as is heard in bird-watching circles, "an Orange-crowned". I hope the reader will not perpetuate such a

degradation of the English language, and will always refer to "the hamiltonian operator".)

Let us return briefly to the wavefunction that describes a moving particle discussed at the end of section 7.8, and specifically to the
time-dependent equation 7.8.9. The total energy of such a particle is the sum of its kinetic and potential energies, which, in
nonrelativistic terms, is given by

E=-—4V. (7.10.4)
m

If we compare this with equation 7.8.9 we see that we can write this in operator form if we replace E by the operator ih% and p
by the operator —¢AV (or, in one dimension, p, by fiha%).
(The minus sign for p is chosen to ensure that 1 is a periodic rather than an exponentially expanding function of .)

Now let us return to the hydrogen atom and ask ourselves what is the orbital angular momentum 1 of the electron. The angular
momentum of a particle with respect to an origin (i.e. the nucleus) is defined by 1 =r x p , where p is the linear momentum and r
is the position vector with respect to the origin. In rectangular coordinates it is easy to write down the components of this vector

product:
le = yp. — 2py, (7.10.5)
ly = zp; —xp;, (7.10.6)
I, =xpy, —yp,. (7.10.7)
Writing these equations in operator form, we have:
I, =—ih (y% —zaﬁy) (7.10.8)

and similar expressions for the operators ly and l,. Do any two of these commute? Try I; and ly. You'll find very soon that they do
not commute, and in fact you should get

[k, ly] = inl, (7.10.9)
and two similar relations obtained by cyclic permutation of the subscripts. Indeed in the context of quantum mechanics any
operator satisfying a relation like 7.10.9is defined as being an angular momentum operator.

We have been using spherical coordinates to study the hydrogen atom, so the next thing we shall want to do will be to express the
operators 1, , 1, and 1, in spherical coordinates. This will take a little time, but if you do this, you will obtain two rather complicated
expressions for the first two, but the third one turns out to be very simple:

0
I, =—ith—. 7.10.10
= —ihg (7.10.10)
Now look at the wavefunction 7.9.5. Is this by any chance an eigenfunction for the operator 7.10.1(? By golly — it is, too! Just
carry out that simple operation, and you will immediately find that

I,|lmn) = m|lmn). (7.10.11)

In writing this equation, we are expressing angular momentum in units of k. Since |lmn) is an eigenfunction of the hamiltonian
operator as well as of the z-component of the angular momentum operator, 1, and H must commute.

We have just found that the function |lmn) is an eigenfunction of the operator 1, and that the operator has the eigenvalue m, a
number that, for a given [ can have any of the 2] + 1 integral values from —I to +1.

If you are still holding on to the idea of a hydrogen atom being a proton surrounded by an electron moving in circular or elliptical
orbits around it, you will conclude that the only orbits possible are those that are oriented in such a manner that the z-component of
the angular momentum must be an integral number of times #, and you will be entirely mystified by this magical picture. Seen
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from the point of view of wave mechanics, however, there is nothing at all mysterious about it, and indeed it is precisely what one
would expect. All we are saying is that the distribution of electrons around the nucleus is described by a probability amplitude
function that must have an integral number of antinodes in the interval ¢ =0 to 27, in exactly the same way that we describe the
vibrations of a sphere. It is all very natural and just to be expected.

I shall not go further into the algebra, which you can either do yourself (it is very straightforward) or refer to books on quantum
mechanics, but if you write out in full the operator I? (and you can work in either rectangular or spherical coordinates) you will
soon find that it commutes with 1, and hence also with H, and hence |lmn) is an eigenfunction of it, too. The corresponding
eigenvalue takes a bit more algebra, but the result, after a bit of work, is

[Imn) = I(141)|lmn). (7.10.12)
As before, we are expressing angular momentum in units of A.

There is much, much more of this fascinating stuff, but I'll just pause here to summarize the results.

The energy levels are given by equation 7.4.7, just as predicted from the Bohr model. They involve only the one quantum number
(often called the "principal" quantum number) n, which can have any nonnegative integral value. Orbital angular momentum can
take the values 4/I(I+ 1) k, where, for a given n, [ can have the n integral values from 0 to n — 1. The z-component of angular
momentum can have, for a given value of [, the 2/ + 1 integral values from —I to +I. For a given value of n there is a total of n?
possible combinations of [ and m.

This page titled 7.10: Operators, Eigenfunctions and Eigenvalues is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or
curated by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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7.11: Spin

The model described in section 7.10 describes the hydrogen spectrum quite well, and, though it is much heavier mathematically
than the Bohr model, it is much more satisfying because it does not have the ad hoc assumptions of the Bohr model. It is still not
good enough, though. It predicts that all of the n? wavefunctions with a given value of n have the same energy, because the
expression for the energy included only the single quantum number 7. Careful measurements show, however, that the Balmer lines
have fine structure, and consequently the energy levels have some fine structure and hence the energy is not a function of n alone.
The fine structure is much more obvious in more complex atoms, so the form of the Schrodinger equation we have seen so far is
inadequate to explain this structure. At the theoretical level, we obviously used the nonrelativistic expression p®/(2m) for the
kinetic energy. This is good enough except for precise measurements, when it is necessary to use the correct relativistic expression.

This short chapter is not a textbook or formal course in quantum mechanics, and its intention is little more than to introduce the
various words and ideas that are used in spectroscopy. At this stage, then, although there is a strong temptation to delve deeper into
quantum mechanics and pursue further the ideas that we have started, I am merely going to summarize some of the results and the
ways in which spectra are described. Anyone who wants to pursue the quantum theory of spectra further and in detail will sooner or
later come across some quite forbidding terms, such as Clebsch-Gordan coefficients, Racah algebra, 3-j and 6-j symbols, and
tensorial harmonics. What these are concerned with is the algebra of combining the wavefunctions of two or more electrons and
calculating the resulting angular momenta. The 3-j and 6-j symbols are parentheses or braces in which various quantum numbers
are displayed, and they are manipulated according to certain rules as two or more wavefunctions are combined. It is in fact great
fun to use them, and you can do stupendous calculations at enormous speed and with very little thought - but only after you have
overcome the initial steep learning process and only if you keep in constant practice. If you programme the manipulations for a
computer to deal with, not only are the calculations done even faster, but it doesn't matter if you are out of practice - the computer's
memory will not lapse!

It is found that the complete wavefunction that describes an electron bound in an atom requires not just three, but four quantum
numbers. There are the three quantum numbers that we are already familiar with - n, [ and m, except that the third of these now
bears a subscript and is written m;. The energy of a wavefunction depends mostly on n, but there is a small dependence also on .
Orbital angular momentum, in units of &, is 4/I(l+1) and its z-component is m;. The additional quantum number necessary to
describe an electron bound to an atom is denoted by the symbol ms, and it can take either of two values, +1/2 and —1/2. For a
given value of n, therefore, there are now 2n? combinations of the quantum numbers - i.e. 2n? wavefunctions. (Recall that, before
we introduced the concept of electron spin, we had predicted just n> wavefunctions for a given n. See the discussion immediately
following equation 7.9.2.)

In terms of a mechanical model of the electron, it is convenient to associate the extra quantum number with a spin angular
momentum of the electron. The spin angular momentum of an electron, in units of A, is s(s + 1) , where s has the only value
1 / 2. In other words, the spin angular momentum of an electron, in units of h, is 3 / 2. Its z-component is my; that is, 41 / 2 or
-1/2.

The concept that an electron has an intrinsic spin and that its z-component is +1/2 or —1/2 arose not only from a study of spectra
(including especially the splitting of lines when the source is placed in a magnetic field, known as the Zeeman effect) but also from
the famous experiment of Stern and Gerlach in 1922. The totality of evidence from spectroscopy plus the Stern-Gerlach experiment
led Goudsmit and Uhlenbeck in 1925 to propose formally that an electron has an intrinsic magnetic moment, and certainly if we
think of an electron as a spinning electric charge we would indeed expect it to have a magnetic moment. A magnetic dipole may
experience a torque if it is placed in a uniform magnetic field, but it will experience no net force. However, if a magnetic dipole is
placed in a nonuniform magnetic field - i.e. a field with a pronounced spatial gradient in its strength, then it will indeed experience
a force, and this is important in understanding the Stern-Gerlach experiment. Stern and Gerlach directed a beam of "electrons" (I'll
explain the quote marks shortly) between the poles of a strong magnet in which one of the pole pieces was specially shaped so that
the "electrons" passed through a region in which there was not only a strong transverse magnetic field but also a large transverse
magnetic field gradient. One might have expected the beam to become broadened as the many electrons were attracted one way or
another and to varying degrees, depending on the orientation of their magnetic moments to the field gradient. In fact the beam was
split into two, with one half being pulled in the direction of the field gradient, and the other half being pushed in the opposite
direction. This is because there were only two possible directions of the magnetic moment vector. (As a matter of experimental
detail it was not actually a beam of electrons that Stern and Gerlach used. This would have completely spoiled the experiment,
because an electron is electrically charged and an electron beam would have been deflected by the Lorentz force far more than by
the effect of the field gradient on the dipole moment. As far as I recall they actually used a beam of silver atoms. These were not
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accelerated in a particle accelerator of any sort (after all, they are neutral) but were just vaporized in an oven, and a beam was
selected by means of two small apertures between the oven and the magnet. The silver atom has a number of paired electrons (with
no resultant magnetic moment) plus a lone, unpaired electron in the outer shell, and this was the electron that supplied the magnetic
moment.)

In some atoms the orbital angular momentum 1 and the spin angular momentum s are more strongly coupled to each other than
they are to the z-axis. In that case m; and m,, are no longer "good quantum numbers". The total angular momentum of the electron
(orbit and spin combined) is given the symbol j. Its magnitude, in units of A, is 4/j(j+1) and its z-component is called m. In that
case the four "good quantum numbers" that describe the electron are n, [, j and m rather than n, I, m;, mg. Intermediate cases are
possible, but we'll worry about that later. In any case the wavefunction that describes an electron is described by four quantum
numbers, and of course no two wavefunctions (and hence no two electrons bound in an atom) have the same set of four quantum
numbers. (If we return briefly to the vibrating sphere, each mode of vibration is described by three quantum numbers. It makes no
sense to talk about two different modes having the same set of three quantum numbers.) The truism that no two electrons bound in
an atom have the same set of four quantum numbers is called Pauli's Exclusion Principle.

This page titled 7.11: Spin is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via source
content that was edited to the style and standards of the LibreTexts platform.
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7.12: Electron Configurations

The several electrons that surround an atomic nucleus will have various orbital angular momenta - that is, each electron will have a
certain value of the orbital angular momentum quantum number I.

An electron with [ = 0 is called an s electron.

An electron with [ =1 is called a p electron.

An electron with [ = 2 is called a d electron.

An electron with [ = 3 is called an f electron.
This curious and admittedly illogical notation derives from the early study of the spectra of the alkali (e.g. Na, K) and alkali earth
(e.g. Mg, Ca) elements in which four series of lines were noted, which, at the time, were called the "Sharp", "Principal", "Diffuse"
and "Fundamental" series. Only later, when atomic structure was better understood, were these series associated with what we now
know to be electrons with [ =0, 1,2, 3. (San Francisco Police Department, SFPD, is NOT a good mnemonic to use in trying the
remember them.) After | = 2, the letters go g, h, 1, k... etc., j being omitted.

An electron with, for example, [ =1, is often described as being "in a p-orbital". Bear in mind, however, the meaning of the shapes
described by the wavefunctions as discussed in section 9.

Electrons with n =1, 2, 3, 4, etc., are said to be in the "K, L, M, N, etc. " shells. This almost as curious and not very logical
notation derives from the early study of x-ray spectra, in which various observed absorption edges or groups of emission lines were
labelled K, L, M, N, etc., and, with subsequent knowledge, these have since been associated with electrons with the principal
quantum number being 1, 2, 3, 4. Presumably, since it wasn't initially known which xray absorption edge would ultimately prove to
be the "first" one, it made good sense to start the notation somewhere near the middle of the alphabet.

The restrictions on the values of the quantum numbers together with the Pauli exclusion principle enable us to understand the
electron configurations of the atoms. For example the electron configuration of copper, Cu, in its ground state is

15%2572p°35%3p%3d" 04s (7.12.1)

This is usually pronounced, including by myself, "one-s-squared, two-s-squared, two-p-to-thesixth..." etc, but we shall soon see
that this is certainly not how it ought to be pronounced, and I shall not discourage the reader who wants to do it properly, while I
continue with my slovenly ways.

What it means is as follows:

The 1 refers to electrons with n = 1; that is to K -shell electrons. The notation s? that follows indicates that there are two s-
electrons; that is, two electrons with zero orbital angular momentum. (In a Bohr-Sommerfeld model presumably they'd either have
to be motionless, or else move two and fro in a straight line through the nucleus! We don't have that difficulty in a wave-
mechanical model.) Now recall than [ can have integral values only up to m — 1, so that the only electrons possible in the K -shell
are s-electrons with [ = 0. Consequently the only possible value of m; is zero. There are the two possible values for m,, however,
namely +1/2 and —1/2 so two s-electrons (but no more than two) are possible in the K -shell. Thus the K -shell is full, and the
quantum numbers for the two K -shell electrons are:

n | my m

10 0 +1/2 (7.12.2)

10 0 -1/2

Next we come to 2s22p%. This indicates that there are two s-electrons in the L-shell and six p-electrons in the L-shell. Let's look at
their quantum numbers:
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n I m myg

2 0 0 +1/2
2 0 0 -1/2
2 1 -1 +1/2 (7123
2 1 -1 -1/2
2 1 0 +1/2
2 1 0 -1/2
2 1 1 +1/2
2 1 1 -1/2

And so on, and so on and so on... Many physics and chemistry books give the configurations of the ground states of all the atoms
in the periodic table, and such tables are well worth careful study. Recall that, for a given n, [ can take values only up to n —1, so
that, for example, the N -shell (n = 3) can have only s, p, and d electrons. Within a given shell, there can be only two s-electrons,
six p-electrons, ten d-electrons, 2(21 + 1) electrons with orbital angular momentum quantum number I. A given shell can hold only
2n? electrons each having its unique set of four quantum numbers. You will observe that copper, in its ground configuration, has
full K, L, and M shells, plus one outer electron in its /N shell.

As said at the beginning of this chapter, we expect only to introduce some of the words and ideas encountered in spectroscopy.
Careful study of more detailed textbooks will be necessary, and I strongly recommend trying yourself to build up the ground
configurations of at least the first 30 elements, up to zinc. Compare your efforts with tables in the books, and you will find that the
ground configurations of a very few of the first thirty elements may not be exactly what you predicted.
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7.13: LS-coupling

Each of the several electrons in an atom has an orbital angular momentum 1 and a spin angular momentum s, and there are
numerous conceivable ways in which the various angular momenta can be coupled together to result in the total electronic angular
momentum of the atom. (The total angular momentum of the atom may also include a small contribution from the nucleus. This
contribution is usually quite tiny, but measurable. We'll ignore it for the time being; in any case, many nuclides (including most of
those that have even numbers of protons and neutrons) have zero nuclear spin.

One of the simplest coupling schemes is called LS-coupling (or sometimes Russell-Saunders coupling). In this scheme (which may
be regarded as one extreme of a host of conceivable coupling schemes), all the orbital angular momenta 1 of the several electrons
are strongly coupled together to form the total electronic orbital angular momentum of the atom, which is denoted by L. This can
be represented symbolically by

Y 1=L. (7.13.1)

The summation indicated is a vector summation.
The magnitude of L is /L(L+ 1) k, and L can have nonnegative integral values, 0, 1, 2, 3, etc.

Similarly, all the spin angular momenta s of the several electrons are strongly coupled together to form the total electronic spin
angular momentum of the atom, which is denoted by S. This can be represented symbolically by

) s=8 (7.13.2)

The magnitude of S is 1/S(S+1) h. If there is an even number of electrons in the atom, S can have nonnegative integral values.
If there is an odd number of electrons in the atoms, the value of S is a positive odd integral number times 1/2, such as
1/2,3/2, 5/2... etc.

The total electronic orbital angular momentum of the atom, L, then couples weakly to the total electronic spin angular momentum
of the atom, S, to form the total (orbital plus spin) electronic angular momentum of the atom, denoted by J. This is denoted
symbolically by

L+S=J (7.13.3)

The magnitude of J is y/J(J + 1) A. If there is an even number of electrons, J can take any of the 2 min {L, S} + 1 nonnegative
integral values from |L — S| to L+ 5. If there is an odd number of electrons, J can have any of the 2 min{L, S} +1 odd-half-
integral values from |L — S| to L+ S. The z-component of J is MA. If J is integral (i.e. if there is an even number of electrons),
M can have any of the 2J 41 integral values from —J to +J. If J is odd-half-integral, M can have any of the 2J+1 odd-half-
integral values from —J to +J.

In many of the lighter elements near the beginning of the periodic table, the coupling of the angular momenta is close to that of
ideal LS-coupling. There are appreciable departures from this simple scheme higher up in the periodic table. We shall discuss other
coupling schemes a little later.
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7.14: States, Levels, Terms, Polyads, etc.

An electron configuration is a listing of the number of electrons in each shell and the orbital angular momentum of each. We gave
an example of the lowest electron configuration of CuI in section 7.12.

For a given electron configuration it is possible to predict the several (many) eigenfunctions that can exist. I shall not show how to
do this, but I shall list, by way of example, the quantum numbers of the eigenfunctions that can arise from two p electrons in the
same shell (i.e. having the same principal quantum number n.) If two p electrons are in the same shell, they are referred to as
"equivalent" p-electrons, and the electron configuration is written p?. If they are in different shells (have different n) they are
"nonequivalent" electrons, and the configuration is written p.p. We are going to deal, then with two equivalent p-electrons, p°.
Without proof, T now list the 15 possible combinations of quantum numbers LSJM of the 15 states that arise from this
configuration.

L S J M Term Level
1 0 0 0 0 18 1S,
2 1 1 0 0 3P,
3 1 1 1 -1
4 1 1 1 0 3P
5 1 1 1 1
6 1 1 2 2 e
7 1 1 2 -1
8 1 1 2 0 3P,
9 1 1 2 1
10 1 1 2 2
11 2 0 2 -2
12 2 0 2 -1
13 2 0 2 0 'D 'D,
14 2 0 2 1
15 2 0 2 2
L N J M Term Level

1 0 0 0 0 s IS,

2 1 1 0 0 Py

3 1 1 J

4 1 1 1 0 *p,

5 1 1 1 1

p

6 1 1 2 2

7 1 1 2 -1

8 1 1 2 0 °p,

9 1 1 2 1

10 1 1 2 2

11
12
13
14
15

ip,

RN
cocooo
SNSRI S I S
f=]
o

In principle we could write out in full the complete wavefunction for each of these states, though it is simpler to write the
wavefunction in the form of a ket|LSJM), in which we merely list the quantum numbers - because most of the operators
encountered in quantum mechanics when acting upon the spherical harmonics result in similar functions with at most a change in
the quantum numbers. Thus the wavefunction for the first state in the list above would be written merely as |0000), and the
wavefunction for the last one would be written |2022).

https://phys.libretexts.org/@go/page/8915



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://phys.libretexts.org/@go/page/8915?pdf
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/07%3A_Atomic_Spectroscopy/7.14%3A_States%2C_Levels%2C_Terms%2C_Polyads%2C_etc.

LibreTextsw

The totality of states with the same values of L and .S is called a term. Thus the nine states 2 to 10 all have the same values of L
and S and they comprise a term. The five states 11 to 15 also have the same values of L and S, and they also comprise a term.
There is only one state with L =0 and S = 0. This is a term that contains only one state.

A term is denoted by the letter S, P, D, F, G, H, I, K ,... according to whether its L-value is 0,1, 2, 3,4, 5, 6, 7.... The value of
25 +1 is written as an upper left superscript. Thus the three terms are as follows:

State 1: 15
States 2 - 10: 5p (7.14.1)
States 11 - 15: 1D

These terms are generally pronounced "singlet-S, triplet-P , singlet-D".

The totality of states with the same values of L, S, and J is called a level. Thus the term 3P has three levels, denoted by 3Py, 3P
and 3P, in which the value of J is written as a bottom right subscript.

Except in the presence of an external magnetic or electric field, all states belonging to a given level have the same energy, and on
an energy level diagram they would appear as a single horizontal line. The number of states in a given level is 2J+1 and this is
called the degeneracy d of the level.

The number of levels in a term (see discussion following equation 7.13.3) is 2min {L, S} + 1. This is called the multiplicity g of
the term. In all of the terms discussed above arising from the configuration p?, S is less than or equal to L, and therefore the
multiplicity of these terms is 25 + 1, which is equal to the upper left superscript. Consider, however, the terms 3S and °P, which
occur in some other configurations. In these two cases, L < S, so the multiplicity is 2L + 1. For 3S we have S =1 and L = 0; the
multiplicity is 1 and the only level in the term has J = 1. For P, we have S =2 and L = 1; the multiplicity is 3 and the three
levels are 5P 5 5. Nevertheless it is customary to pronounce these terms "triplet-S, quintet-P".

The statistical weight w of a level or a term is the number of states in it. The statistical weight of a level is the same as its
degeneracy, and is 2J+ 1. The statistical weight of a term is the sum of the degeneracies of its constituent levels, and is
(2L+1)(25+1), regardless of the relative sizes of L and S. You should verify this for each of the levels and terms in the
configuration p?. The symbol o, by the way, is a form of the Greek letter pi, and resembles the way in which pi is written in

handwriting.
L+S

Exercise. Show that Y (2J+1)=(2L+1)(2S+1) regardless of the relative sizes of L and S.
|L-5]|

The reader might note that not all authors retain the distinction between degeneracy, multiplicity and statistical weight, or the
symbols I am using to represent them. In particular, the symbol g is (regrettably) often used for the statistical weight or degeneracy
of a level. It is not always clear what concept is being represented by a given symbol, and it is important in your own writing
always to make it clear yourself and never to assume that your readers will understand what you intend if you not make it clear.
Please also do not refer to the upper left superscript of a term as its "multiplicity". The multiplicity is 2min { L, S} 4 1; the upper
left superscript is 25+ 1.

Parentage. We'll try to understand this word by means of an example, and we'll consider the neutral vanadium atom. The spectrum
of vanadium is quite complex, and there are many lowlying terms. For example, among the many terms whose term values are
within 3 ym ™! of the ground level are four ®D terms. These are terms with S = % , L =2 The multiplicity of such a term is 5, the
J-values being %, %, %, %, %. The ground configuration of V7 is K L3s23p®3d34s?. Here I have abbreviated the first ten electrons
in the configuration with the letters KL, to indicate full K and L shells. In fact in the present discussion, I am not going to be
specially interested in the first 18 electrons, and I am going to indicate the ground configuration merely by 3d®4s?. In fact, none of
the four ®D terms under discussion comes from this configuration. They all come from excited configurations. Specifically, in

order of increasing energy, the configurations of these four ®D terms are:
3d%4s
3d34s4p
3d*4p
3d34s4p

(7.14.2)

You will notice that two of them (the second and fourth) arise from the same configuration.
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Let us consider how the several D terms arise. Consider the first of them. The configuration 3d* of T4 1 (titanium is the element
just before vanadium in the periodic table) gives rise to a great many terms (I believe it gives rise to 16 terms). In particular there is
a 5D term. If you now add a 4s electron (to turn titanium into vanadium) to the °D term of Ti 1, this gives rise to two V  terms,
one of which is the first of our ®D terms of interest. The D term of the Ti | 3d* configuration is called the parent of this term, and,
to make this clear, the configuration of the first V 1 5D term is written

3d* (°D) 4s (7.14.3)
In a similar manner, the configurations of the other three ®D terms of V  with their parents indicated are
3d*4s (°F) 4p
3d* (5D) 4p (7.14.4)
3d*4s (°P) 4p

Many terms of V 1 have the same parent. Thus 3d* (5D) is parent to eight terms in the lowest 3 um ™ of term value. The totality
of terms having the same parent is called a polyad.

Parity. The wavefunction that describes a particular term has the property that if it is inverted through the origin (this means, in
spherical coordinates, that # and ¢ are replaced by m — 6 and 7+ ¢ respectively) the wavefunction is either unchanged or just
changes in sign. In the former case the term is said to be of even parity; in the latter case it is of odd parity. This may sound like a
rather obscure wavemechanical nicety, bit it is of sufficient importance to a working spectroscopist that he or she needs to know the
parity of each term. Because of this it is usual (in fact essential) to indicate a term of odd parity by means of the upper right
superscript ©. Terms of odd parity, for example, might be written 3P°, 4S°, etc. It is easy to know (if not to understand why) a
given term has odd or even parity. If the (scalar) sum of the I-values of the configuration from which a term arises is even, the
parity is even; if it is odd, the parity is odd. When we earlier considered the terms arising from p?, all the terms had even parity,
because the sum of the [-values of the two p electrons is 2.

The reason why a working spectroscopist needs to know the parity of a term will become evident later in section 7.24 on selection

rules.
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7.15: Components, Lines, Multiplets, etc.

An atom can make a transition from one level to another. This may be as a result of a collision with another atom. If one (or both)
of the colliding atoms moves to a higher energy level, there will be a loss of kinetic energy; the collision is inelastic. If one (or
both) moves to a lower level, there will be a gain in kinetic energy; the collision is superelastic. We are concerned here, however,
with transitions from one level to another involving absorption or emission of radiation (or of a photon, depending on whether you
prefer to think of light as waves or as particles). If a photon is absorbed and the atom moves up to a higher energy level, the process
is called photoexcitation and an absorption line is formed. If an atom falls down to a lower level it may emit a photon of
appropriate frequency or wavenumber (hv = AE or o = AT); this is radiative de-excitation. It is possible for a photon of the
right frequency (hv = AT) actually to stimulate a downward transition, thus amplifying the intensity of the original photon. This
process is called light amplification by stimulated emission of radiation, generally abbreviated to laser. In any case, although the
transition from one level to another may well result in a change of electron configuration, the energy levels concerned are those of
the atom, and it is the atom, not "the electron" that makes a transition between energy levels. This point was discussed in section
7.1.

However, we have seen that a level (defined by LSJ) in fact consists of several (2J 4+ 1) states, all of which in the absence of an
external magnetic or electric field, have the same energy. Evidently a line must be the totality of several transitions connecting the
several states of which the two levels are composed. In the presence of a magnetic field (for example, in a sunspot) the various
states within a level become separated in energy, and consequently the several components of a line become separated in
wavelength. This is the Zeeman effect. These is a somewhat similar effect in the presence of an electric field, known as the Stark
effect. However, stellar atmospheres are typically highly ionized plasmas and hence good electrical conductors that cannot sustain
high electric potential differences, thus the Stark effect is not often met with in stellar atmosphere except on a microscopic scale
when atom-atom interactions may give rise to Stark broadening of spectrum lines.

Before we proceed, just a reminder. A term is defined by LS. A term comprises 2 min{L, S} 41 levels, each defined by LSJ. A
level comprises 2J 41 states, each defined by LSJM.

Now for some more definitions. A (Zeeman) component is a transition between two states. (In most contexts, the two states will
belong to different levels.)

A line is the totality of components connecting two levels. (In many, but not all, contexts, the two levels will belong to different
terms.) Imagine two levels, one with J =2 (and hence five states) and the other with J = 3 ( and hence seven states). In principle
there are 35 ways of connecting one of the five states in one level with one of the seven states in the other. In practice, the actual
number of transitions possible is rather less than this, since some of the transitions have zero probability. This will be discussed
later in section 7.24 on selection rules.

A multiplet is the totality of lines connecting two terms. Imagine two terms, for example a P term and a °D term. The former has
three levels, the latter five. (Exercise: What are the J-values for each?) In principle there are 15 ways of connecting one of the three
levels of the former with one of the five of the latter. In practice, the selection rules (see later) preclude several of these.

In atomic spectroscopy, it is customary to indicate a line by writing the two levels with a dash between them, and the lower level is
written first, whether the line is in emission of absorption. For example, a line might be °P,—5Dj. If you want to specify an
absorption line, you could use — rather than a dash, or < if you want to specify an emission line. In molecular spectroscopy it is
customary to write the upper state first. A multiplet in atomic spectroscopy would be written >P—°D.

The totality of terms connecting two polyads is a supermultiplet.

The totality of terms connecting two configurations is a transition array.
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7.16: Return to the Hydrogen Atom

We have until now talked about the "levels" n =1, 2, 3... of hydrogen, and the Lyman and Balmer "lines" connecting them. This
nomenclature is now suspect.

In its lowest configuration the sole electron in hydrogen is in the K -shell and has n = 1. The only possible l-value is zero, and
hence the lowest configuration in hydrogen is 1s. This single electron has I =0 and s =1/2, and hence for the atom L =0 and
S =1/2. Thus the only term in the K-shell is 28, and this has but a single level, 2.5} /2. (We are not considering here the very
small contribution made by the spin of the nucleus; this is unimportant for most contexts in optical spectroscopy, but is important -
VERY important - in the microwave region.)

In the L-shell, n =2, and hence the electron can be in an s-orbital or a p-orbital. (See section 7.12 to recall the phrase "the
electron is in a p-orbital".) That is, the configuration can be 2s or 2p. In either case, of course, s =1/2, so that the two possible
terms in the L-shell are 2S (with one level, 2S; /2) and 2P (with two levels, 2P /2 and 2p, /2)-

I leave it up to the honour and integrity of the reader to convince him/herself that the possible configurations for n = 3 are 3s, 3p
or 3d. There are three terms: %S, 2P and 2D, 5 levels (write down the J-levels of each) and 18 states.

In brief, although we have hitherto talked about the n =1, 2, 3 levels, this is all right for n =1, but n =2 is three levels in two
terms, and n = 3 is five levels in three terms.

The term values of the nine levels included in n = 1, 2 and 3 are as follows, in um™!. I have also written out the statistical weight
2J+1 of each level.

3d2D% 9.7492342 6
3d2D% 9.7492306 4
3p2P°g 9.7492306 4
3323% 9.7492208 2

3p 2P 9.7492198 2
2
(7.16.1)
2p 2P% 8.2259272 4
2

25281 8.2258942 2
2

2p 2P9 8.2258907 2
2

1s28: 0.0000000 2
2

Notice that the statistical weights of the K, L and M shells (n = 1,2, 3) are, respectively, 2, 8 and 18 - i.e 2n?, as explained in
section 7.11. In section 7.9 (see especially immediately following equation 7.9.2), before the introduction of electron spin, we had
deduced that the statistical weight of each shell was just n?; the introduction of electron spin has doubled that.

So just how many transitions are there in the "line" Ha? We cannot answer that until we have familiarized ourselves with the
selection rules, but I make it that Ha comprises three transition arrays, three multiplets, seven lines, and I'm not sure just how
many components! We'll come back to this in section 7.24..
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7.17: How to recognize LS-coupling

LS-coupling is in practice a good approximation in light atoms, but there are appreciable departures from LS-coupling in the
heavier atoms. Generally the several lines in a multiplet in LS-coupling are fairly close together in wavelength for LS-coupling,
but, as departures from LS-coupling become more pronounced, the lines in a multiplet may become more widely separated and
may appear in quite different parts of the spectrum.

In LS-coupling, multiplets always connect terms with the same value of S. Thus, while 3D — 3P would be "allowed" for LS-
coupling, D — P would not. AS =0 is a necessary condition for LS-coupling, but is not a sufficient condition. Thus while a
multiplet with AS # 0 certainly indicates departure from LS-coupling, AS =0 by no means guarantees that you have L.S-
coupling. In spectroscopy, the term "forbidden" generally refers to transitions that are forbidden to electric dipole radiation.
Transitions that are forbidden merely to LS-coupling are usually referred to as "semi-forbidden", or as "intersystem" or
"intercombination” transitions. We shall have more on selection rules in section 7.24.

The energies, or term values, of the levels (each defined by LSJ) within a term are given, for LS-coupling, by a simple formula:
1
T=ZalJ(J+1) = L(L+1) - S(S+1)]. (7.17.1)

Here a is the spin-orbit coupling coefficient, whose value depends on the electron configuration. What is the separation in term
values between two adjacent levels, say between level J and J —1 ? Evidently (if you apply equation 7.17.1) it is just aJ. Hence
Landé's Interval Rule, which is a good test for LS-coupling: The separation between two adjacent levels within a term is
proportional to the larger of the two J-values involved. For example, in the K L3s(2S5)3p® P° term of Mg 1 (the first excited term
above the ground term), the separation between the J =2 and J =1 levels is 4.07 mm ™, while the separation between J =1
and J =0 is 2.01 mm™. Landé's rule is approximately satisfied, showing that the term conforms closely, but not exactly, to LS-
coupling. It is true that for doublet terms (and all the terms in Na ; and K 1 for example, are doublets) this is not of much help,
since there is only one interval. There are, however, other indications. For example, the value of the spin-orbit coupling coefficient
can be calculated from LS-theory, though I do not do that here. Further, the relative intensities of the several lines within a
multiplet (or indeed of multiplets within a polyad) can be predicted from LS-theory and compared with what is actually observed.
We discuss intensities in a later chapter.

The spin-orbit coupling coefficient a can be positive or negative. If it is positive, the level within a term with the largest J lies
highest; such a term is called a normal term, though terms with negative a are in fact just as common as "normal" terms. If a is
negative, the level with largest J lies lowest, and the term is called an inverted term. Within a shell (such as the L-shell) all the s
electrons may be referred to as a subshell, and all the p electrons are another subshell. The subshell of s electrons can hold at most
two electrons; the subshell of p electrons can hold at most six electrons. If the outermost subshell (i.e. the electrons responsible for
the optical spectrum) is less than half full, @ is positive and the terms are normal. If it is more than half full, a is negative and the
terms are inverted. If the subshell is exactly half full, @ is small, the term is compact and may be either normal or inverted. For
example in Al 1, the term 3p? 4P (which has three levels - write down their J-values) is normal. There are only two p electrons out
of six allowed in that subshell, so the subshell is less than half full. The term 2s2p4 4P of O 1 has four p electrons, so the subshell
is more than half full, and the term is inverted. The term 2s522p> 2P° of the same atom has a subshell that is exactly half full. The
term happens to be normal, but the two levels are separated by only 0.15 mm ™, which is relatively quite tiny.
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7.18: Hyperfine Structure

The levels and lines of many atoms have a hyperfine structure that is detectable only with high resolution, which may require not
only interferometry but also a low temperature and low pressure source so that the intrinsic line width is small. Part of this very fine
structure is due to the existence of several isotopes, and is not technically what is ordinarily meant by hyperfine structure, but is
better referred to as isotope effects, which are dealt with in section 7.19. Hyperfine structure proper arises from the existence of
nuclear spin, and it is this aspect that is dealt with in this section.

Protons and neutrons, the constituents of an atomic nucleus, collectively known as "nucleons", have, like the electron, a spin of
1/2. That is to say, they possess an angular momentum

(%+1)n:%\/§n (7.18.1)

N~

oriented such that the component in some direction can have only one of the two values i%h. Consequently a nucleus with an
even number of nucleons must have an integral spin (which might be zero) while a nucleus with an odd number of nucleons must
have an integral-plus-half spin, which cannot be zero. The spin quantum number of a nucleus is denoted by the symbol I. The
magnitude of the nuclear angular momentum is m h. Tt should be noted that different isotopes of a given element in
general have different nuclear spins and consequently different hyperfine structure.

Whether the electrons in an atom are coupled by LS or jj or intermediate coupling, the coupling between the electrons is much
stronger than the weak coupling between electrons and nucleus. Thus, in considering the coupling between the electrons and the
nucleus, J can usually be regarded as a "good quantum number". To determine the total angular momentum of an atom, we have to
add (vectorially, and by the rules of quantum mechanics) the nuclear angular momentum I to the electronic angular momentum J.
This forms the total angular momentum of the atom, including nuclear spin, denoted by the symbol F':

F=J+L (7.18.1)

This equation is very similar to equation 7.13.3, except that, in equation 7.13.3, although S can be either integral or integral-plus-
one-half, L is integral; whereas, in equation 7.18.1 both J and I have the possibility of being either integral or integral-plus-one-
half. In any case, there are 2min {I, J} +1 values of F, going from |J—1I| to J+1.If J+ I is integral, all values of F are
integral; and if J+ I is integral-plus-one-half, so are all values of F'. The magnitude of F is /F(F +1)h.

The nature of the interaction between J and I is the same as that between L and S in LS-coupling, and consequently the spacing
of the term values of the hyperfine levels is similar to that described by equation 7.17.1 for the spacing of the levels within a term
for LS-coupling namely:

T %b[F(F—i—l)—J(J—H)—I(I+1)], (7.18.2)

except that b << a. Landé's interval rule is obeyed; that is to say, the separation of two hyperfine levels within a level is
proportional to the larger of the two F'-values involved.. There are similar selection rules for transitions between the hyperfine
levels of one level and those of another, namely AF and AJ =0, +1 (0 +> 0) forbidden , and (naturally!) AI = 0. Calculating
the spacings and intensities in the hyperfine structure of a line is precisely like calculating the spacings and intensities of the lines
within a multiplet in LS-coupling.

For nuclei with zero spin, the quantum number M was associated with the vector J, which was oriented such that its z-component
was Mh, where M could have any of the 2J+1 values from —J to +J. (We are here describing the situation in the quasi-
mechanical descriptive vector model, rather than in terms of the possible eigenvalues of the quantum-mechanical operators, which
supplies the real reason for the restricted values of the quantum numbers.) With nuclear spin, however, the quantum number M is
associated with the vector F', which is oriented such that its z-component is Mh, where M can have any of the 2F +1 values
from —F to +F, these values being integral or integral-plus-one-half according to whether F' is integral or integral-plus-onehalf.
Thus each level is split into 2min{J, I} +1 hyperfine levels, and each hyperfine level is (2F 4 1)-fold degenerate. Thus the
statistical weight of a level is (2I4+1)(2J+1). (For a derivation of this, recall the Exercise in Section 7.14 concerning the
statistical weight of a term in LS-coupling.)

If the nuclear spin is zero, the statistical weight of a level is the same as its degeneracy, namely just 2J -+ 1. For nonzero nuclear
spin, the correct expression for the statistical weight is (21 +1)(2J+1) . Nevertheless, the statistical weight is often treated as
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though it were merely 2J + 1, and indeed there are many contexts in which this can be safely done. We shall return to this in
Chapter 9 when discussing the Boltzmann and Saha equations.

Hyperfine structure of spectrum lines is not often evident in the visible spectrum of stars. Generally the resolution is too poor and
the lines are so broadened by high temperature as to mask any hyperfine structure. However, the nuclear spin of, for example, the
51V (vanadium) atom is I = 7/2, and the hyperfine structure of the lines, even if not fully resolved, is sufficient to make the lines
noticeably broad. In the radio region, the most famous line of all is the 21-cm line of atomic hydrogen, and this involves hyperfine
structure. The ground term of H 1 is 1s 2S, which consists of the single level 2.5} /2. This level has J = % . The nuclear spin (spin
of a proton) is I = %, so the level is split into two hyperfine levels with 7' =0 and 1. The 21-cm line is the transition between
these two hyperfine levels. The transition is forbidden to electric dipole radiation (there is no parity change) and so it involves
magnetic dipole radiation. It is therefore intrinsically a very weak line, but there is an awful lot of space out there with an awful lot
of hydrogen in it.

This page titled 7.18: Hyperfine Structure is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum
via source content that was edited to the style and standards of the LibreTexts platform.
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7.19: Isotope effects

The existence of different isotopes of an element gives rise to what could be called hyperfine structure, except that we are
restricting the use of the term hyperfine structure to the splitting caused by nuclear spin. There are two quite different isotope
effects, which I refer to as the mass effect and the volume effect.

The effect of different isotopic masses is to displace the centre of mass between nucleus and electrons a small amount. In the

hydrogen atom, for example, the term values (neglecting fine structure and referring to the Bohr model) are given by equation
Mm
M+m
matter to calculate the energy levels and Balmer wavelengths of D, He™, Li*™, etc., merely by exchanging the reduced mass in H

by the reduced mass in the other species. I commend this exercise to the reader. For example, by how much does the wavelength of
Ha differ in the spectra of ordinary hydrogen and deuterium? For more complex atoms, the calculation of the isotope shift is more
difficult, but the basic reason for the shift is the same.

7.4.9, in which the expression for the Rydberg constant includes the reduced mass p = of the electron. It becomes a simple

It might well be thought that isotope shifts would be greatest for very light atoms, but would be negligible for heavier atoms,
because the displacement of the position of the centres of mass in different isotopes of a heavy atoms such as, for example, iron,
would be negligible. This is indeed the case for the mass isotope effect. It comes as something of a surprise, therefore, to learn that
there are significant isotope shifts between isotopes of quite massive isotopes, such as lead, cadmium, gold, mercury, promethium
and osmium, and that such shifts have even been observed in stellar spectra. The shift is a result of the relatively large volumes of
these nuclei. There is no need to go into the detailed theory of the volume effect here, though it is at least useful to know of its
existence and, to some extent, its cause. An allowed electric dipole line always involves a transition between two levels belonging
to different configurations, and the volume effect is most marked for those transitions in which the two configurations have
different numbers of s-electrons. These are electrons with zero orbital spin angular momentum, and, in the Bohr-Sommerfeld
atomic model (mentioned briefly in section 7.4), these orbits would be ellipses that have degenerated into straight lines through the
nucleus. In other words, we can understand that the volume effect is related to the penetration of the nuclei by s-electrons, and we
can see why the effect is most marked in the largest nuclei.

This page titled 7.19: Isotope effects is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via
source content that was edited to the style and standards of the LibreTexts platform.
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7.20: Orbiting and Spinning Charges

In the next section, section 7.21, we are going to look at the Zeeman effect, which is the symmetric splitting of spectrum lines in a
magnetic field. Before we get to that, however, it will be useful to review some elementary principles of classical mechanics and
electromagnetism in relation to orbiting and spinning electric charges. In particular, an orbiting or a spinning electric charge has
angular momentum and also a magnetic moment. In this section we shall calculate both of these quantities for an orbiting charge
and for a spinning charge. In particular we shall calculate for each the ratio of the magnetic moment to the angular momentum for
each. This quantity should be called the magnetogyric ratio, though for some reason some people refer to it, entirely illogically, as
the “gyromagnetic” ratio.

We shall start by considering a point electric charge of mass m and charge e moving with speed v in a circle of radius a. It is
elementary classical mechanics that its angular momentum is muva. This may be seen either by thinking of angular momentum as
synonymous with moment of momentum (in which case the moment of momentum is mv times a) or thinking of angular
momentum as Iw (in which case it is ma? times v/a). The dimensions of angular momentum are ML?T~?, and the SI units are
conveniently expressed as J s (joule seconds). You should check that the dimensions of J s are correct.

Before calculating the magnetic moment, it is worth while to consider what is meant by magnetic moment. This is because there
are several different ways in which magnetic moment could be defined (I can think of twelve plausible definitions!) and it by no
means clear what different authors think that they mean by the term. I shall use the following concept (which is standard SI). If a
magnet is placed in an external magnetic field B (of which the SI unit is tesla), the magnet will in general experience a torque. (I
say "in general" because if the magnetic moment is parallel or antiparallel to the field, there will be no torque.) The magnitude of
the torque depends on the orientation of the magnet with respect to the torque. There are two particular directions (opposite to each
other - i.e. differing by 180° ) in which the torque is a maximum. Definition: The magnetic dipole moment is the maximum torque
experienced in unit magnetic field B. It is a vector quantity, and I propose to use the symbol g for it, or x for its magnitude, unless
contexts arise in which p might be confused with something else (such as permeability, for example). I shall warn if I need to use
an alternative symbol. With that definition, the expression for the torque 7 on a magnet of moment g in a external field B is

T=pxB (7.20.1)

This equation alone will not define g uniquely, for (if you have experienced solutions of vector equations before) the equation
cannot be solved uniquely for p. However, in concert with the definition given in the italicized sentence above, the magnetic
moment is defined uniquely and without ambiguity. The SI unit is N'm T~*. (J T~! would also do in principle, except that joule
does not suggest the concept of torque as well as N m does.) An example is usually given in introductory electricity courses for the
torque on a plane, current-carrying coil, in which it is shown that the magnetic moment in that case is equal to the current times the
area of the coil (times the number of turns if there are more than one). Thus equivalent and fully acceptable SI units are A m?. The
dimensions of magnetic moment are IL2. (It will be noted that magnetic moment is often quoted in other units such as T m® or
G cm?. If not actually wrong, these must describe dimensionally different definitions of what is meant by magnetic moment.
T m?, for example, is not dimensionally the same as N m T1. 1 do not pursue this aspect here; I have given the standard SI
treatment.)

With that introduction, we can now move to calculate the magnetic moment of a point electric charge e moving with speed v in a
circle of radius a. The effective current is the charge divided by the period of the orbit, which is e + (27a/v) = ev/(2ma) . The
area of the circle is a2, so the magnetic moment is eav/ 2.

The ratio of the magnetic moment to the angular momentum, i.e. the magnetogyric ratio, is 5=. The SI unit is C kg™ '. For an
electron moving in a circle (of whatever radius and at whatever speed) its magnitude is 8.794 x 10'°C kgfl.

What about a spinning sphere of finite radius? Well, if the charge and the mass are both uniformly distributed throughout the
sphere, or if they are not uniformly distributed but charge and mass are equally distributed throughout the sphere, then the
magnetogyric ratio is again just 3=, because every little element of the spinning sphere can be considered to be a point charge
moving in a circle.

But what if the charge and mass densities are distributed differently? For example, if the sphere were a charged metal sphere, in
which the mass is distributed uniformly through the sphere, but the charge is confined to the surface? In this case you would expect
the magnetogyric ratio to be a good deal greater than % - == You will probably find it easy to calculate the angular momentum of a
uniform sphere of mass m and radius a spinning at angular speed w. It will be slightly more difficult, but a very good exercise, to
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work out the magnetic moment, assuming that all the charge is on the surface. You should find that the magnetogyric ratio is % c,
which, as expected, is a good deal larger than % - < From this it might be anticipated that, if we could somehow measure (perhaps
from the Zeeman effect) the magnetogyric ratio of an electron (which, indeed, we can, and with quite extraordinary precision) we
can get some information about how mass and charge are distributed throughout the electron. In fact it turns out that the
magnetogyric ratio of a spinning electron is very close to e/m. This suggests not only that the charge is distributed near to the
surface but that the mass is concentrated near to the centre. Is this true? It is true that we can measure the magnetogyric ratio
spectroscopically, and it is true that it turns out to be very close to e/m. Whether deducing from this that an electron is a sphere in
which the charge is held near the surface and the mass is centrally concentrated is a bit more problematical. It is not necessarily
"wrong", but it may not be a very useful model to describe other properties of the electron beyond its magnetogyric ratio. Particle
physicists generally regard an electron as a "lepton" without any discernible internal structure. Perhaps physics cannot say what an
electron (or anything else) really "is"; we can describe its observable properties and use whatever models appear best to describe
these and to predict its behaviour.

I move now to the question of what is the potential energy of a magnet of moment g when it is situated in a magnetic field B.
When the angle between g and B is 6, there is a torque on the magnet of magnitude uBsin6 (see equation 7.20.1)). The work
needed to increase 6 by df is pBsinfdf, and the work needed to go from 6 to 65 is therefore pB(cosf; — cosfs), which is the
difference in potential energy between the two positions. We may choose the zero level for potential energy where we will. If, for
example, we choose the potential energy to be zero when g and B are parallel, the potential energy at angle 8 is pB(1 —cosf) . If,
on the other hand, we choose the potential energy to be zero when g and B are at right angles to each other (as is very often done),
the potential energy at angle 6 is —uB cos6, or —p « B . With this convention, the potential energy is —uB, 0 or +uB for g and
B parallel, perpendicular or antiparallel.

One last topic before proceeding to the Zeeman effect. Those who have studied classical mechanics will appreciate that if a
spinning body, of angular momentum L is subjected to an external torque 7, it will precess with an angular speed €2, and the three
vectors are related by

T=0xL. (7.20.2)

Again, those familiar with vector equations will note that this equation cannot be solved uniquely for €2, because we don't know the
angle between 7 and L. If, however, we are dealing with a nonvertical top spinning on a table, the torque is at right angles to the
angular momentum vector and the rate of precession is mgl/ L, where [ is the distance between the bottom of the top (sorry for the
choice of words) and the centre of mass. (Those who are very familiar with the theory of the top, will recognize that we are here
referring to the rate of true or pseudo regular precession, after nutational motion has been damped out - but there is no need for
such niceties here.)

Now consider a spinning magnet whose magnetic moment is g& and whose angular momentum is L. Suppose it is placed in a

magnetic field B. It now experiences a torque 7 = & X B . The result of this is that, regardless of the angle between L and B, L

will precess around B at an angular speed pB/ L. That is to say, at an angular speed equal to B times the magnetogyric ratio. In the
B

case of a particle of charge e and mass m moving in a circle the angular speed of precession is ;—m This is called the Larmor
eB

4m™m

angular speed, and
will be in Hz.

is the Larmor frequency. If e, B and m are expressed in C, T and kg respectively, the Larmor frequency

This page titled 7.20: Orbiting and Spinning Charges is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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7.21: Zeeman effect

When a hot gas which is emitting or absorbing spectrum lines is placed in a magnetic field, the lines become split into several
components. This is known as the Zeeman effect, discovered in 1896 by the Dutch spectroscopist P. Zeeman.

If we start by thinking of an atom with zero nuclear spin, it will be recalled that every energy level except those with J =10 is
degenerate. That is, there are 2J + 1 wavefunctions, or eigenstates, or just states, each described by a quantum number M, which
goes from —J to +J, and each of these states has exactly the same energy. When the atom is placed in an external magnetic field,
this degeneracy is removed, and each state has a slightly different energy. This happens to both levels involved in the formation of
a line (unless one of the levels has J = 0), with the result that the line that joins the two levels is split up into a number of
components. It will be recalled that a line joins two levels. In a similar manner a (Zeeman) component joins two states. Just as a
multiplet is the totality of lines joining two terms, so a line is the totality of components joining two levels. In the absence of a
magnetic field, all the states within a level have the same energy, and all the components that make up a line have the same
wavelength. A term is described by LS. Its multiplicity is 2min {L, S} 41 and its statistical weight is (2L +1)(25+1) . A level
is described by LSJ. Its degeneracy and statistical weight are 2J+ 1. A state is described by LSJM. It is not degenerate; its
statistical weight is 1.

In sections 9,10, and 11 of this chapter, I went to some trouble to persuade you that an electron is not a hard, spinning sphere that
moves in a circular orbit around a nucleus. Rather I described electrons in terms of wavefunctions that describe the probability
amplitude, and quantum numbers were eigenvalues of certain operators and were restricted to certain values as a result of boundary
conditions. What model we use to describe the behaviour of atoms depends on our purpose, and, if our purpose was to obtain
expertise in the intricacies of quantum mechanical calculations, we would have to become heavily involved in the algebra of kets,
operators and eigenfunctions. Our present purpose, however, is to become acquainted in a rather descriptive way with spectroscopy,
and in describing Zeeman phenomena without the intention of performing quantum mechanical calculations. It will be convenient
to revert to a model of an electron, if not as a hard, spinning, orbiting particle, at least as an entity that possesses the attributes of
orbital and spin angular momentum and consequently also of magnetic moment.

In particular, we recall that an orbiting electron has an orbital angular momentum /1(I+1) k, where k= h/(27) has the value
1.055 x 10**J s. Now, if we take the magnetogyric ratio of an orbiting electron to be e/(2m), the magnetic moment of an

eh
orbiting electron is y/I(I+1) - o (Those who object to this simple treatment - and there are some rather obvious objections -
m

will have no alternative but to do a proper quantum mechanical derivation, though the result is the same.) In any case, the quantity

eh
o unit of magnetic moment, is called the Bohr magneton, and its value is 9.274 x 10 2* Nm T or A m?. I shall use the
m

symbol pp to indicate the Bohr magneton. Thus the orbital angular momentum of an electron is 4/I(I+1) k& and its magnetic
moment is 4/I(l+1) up The magnetogyric ratio of an orbiting electron (not taking into account the contribution to angular
momentum and magnetic moment from its spin) is up/h=e/(2m) =8.794 x 10!° C kg™, or, if we agree to express angular
momentum in units of A and magnetic moment in units of Bohr magnetons, the magnetogyric ratio of an orbiting electron (still
taking no account of the contributions of spin) is 1. The spin angular momentum of an electron is /s(s+1) k, where s =1/2,
and its magnetic moment is (very close to) 2,/s(s+ 1) A, so that its magnetogyric ratio is just e/m, or, in units of x and A, it is 2.
(The exact value of the magnetogyric ratio, in units of ppg/Hh, is a little more than 2, and is one of the most precisely-known of the
fundamental physical constants. Its value in the year 2000 is given as 2.002 319 304 374.)

In discussion of the Zeeman effect, we shall need to know the magnetogyric ratio of the atom in a given level, since this determines
the way in which the levels are split in a magnetic field. The ratio of the magnetic moment in units of pp to the angular momentum
in units of h is known as the Landé splitting factor, and is generally denoted by the symbol g. It is the magnetogyric ratio in units
of e/(2m), or 8.794 x 10'° C kgfl. The magnetogyric ratio, or Landé splitting factor, of an atom in a given level depends on the
angle between the vectors L and S and hence on their resultant J, and , though I do not do it here, it is not difficult to show that, in
the case of LS-coupling, the Landé splitting factor has the value

JJT+1)+8(S+1)—L(L+1)

—1
g=1+ 2J(J+1)

(7.21.1)

(This formula is calculated using the approximate value 2 for the magnetogyric ratio of the electron rather than the more accurate
2.00232 More accurately, it should be written
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JJ+1)+S(S+1)—L(L+1)

—1+1.00232
g 2J(J+1)

(7.21.2)

Formulas for the g-factor for other coupling schemes are available, but I do not give them here, since in practice the coupling
between electron angular momenta in complex atoms is usually intermediate between idealized extremes, and the calculation has to
be done numerically. In many of the lightest atoms, however, pure LS-coupling is a good approximation. The g-value can be found
experimentally from observations of the Zeeman effect, and, in addition to Landé's interval rule mentioned earlier, this affords
another good indication of how close a level is to LS-coupling.

Problem. The °P; — 5D line of Fep at 617.33 nmis often used to investigate magnetic fields in sunspots. The strongest line of
the multiplet that includes this line is °P3 — °Dj . Calculate the g-factor for each of the four levels mentioned.

A small point to be made is as follows. From what we have said, the magnetic moment of an atom (excluding nuclear spin, if any)
is of magnitude u = gup+/J(J+1) . (This follows from the definition of g, which is the ratio of the magnetic moment in units of
the Bohr magneton - i.e. u/pp - to the angular momentum in units of %.) In vector form this must be written g = —gupJ , where
J is a dimensionless vector of magnitude /J(J+1) and the minus sign arises because of the negative electron charge, the
magnetic moment and angular momentum vectors being oppositely directed.

When the Zeeman effect was first investigated, lines were observed to be split into just three components, and this was referred to
as the normal Zeeman effect. Later, more complex patterns were observed, and this was referred to as the anomalous Zeeman
effect. As we now understand it, the so-called "normal" Zeeman effect is merely the Zeeman effect observed on lines joining levels
with spin S = 0, which have a simpler Zeeman pattern than other lines. In addition to the Stern-Gerlach experiment, it was the
study of "anomalous" Zeeman splitting that gave rise to the discovery of electron spin.

We are now in a position to start looking at how energy levels are split in the presence of a magnetic field. Let us consider, for
example, a 'P; level (I, S, J=1,0,1). The Landé factor is 1. (Note that for any level in which S = 0 and therefore in which J
and L are necessarily equal, Equation 7.21.1(or 7.21.2) shows thatg=1.)

The magnetic moment is g = —gupJ = —pupJ . The energy of a magnet is a magnetic field is —p- B, so in this case it is
ppJd-B.ButJ-B is equal to B times the component of J in the direction of B, which is M. Thus the energy of the state M in
the magnetic field is g M B. There are three values of M (—1, 0, 1). The splitting of the level into its three states is linearly
proportional to the magnetic field B, and the separation between adjacent states is pupB.

If we consider a 'Ds level, again g =1, and the states have just the same spacing, except that this time there are five states, with
M = -2 to +2.

Now consider the line !P; — D, . This is the totality of all transitions connecting the three states in the one to the five states in the
other. Not all transitions are possible, however, so there are not fifteen components to the line. Selection rules (to be dealt with in
Section 7.24) limit the only possible transitions to those for which AM =0 or £1. Figure VII.1 shows the energy levels of the
eight states and the nine possible transitions that connect them.

It will be seen that the nine components are in three groups of three, and that, because the spacings in the two levels are the same
(which in turn is a result of S = 0), all three lines in a given group have exactly the same wavelength (although I have drawn them
slightly separated). Consequently, you will see in the spectrum apparently only three Zeeman components, the full
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nine not being completely separated. This is what was called the "normal" Zeeman effect. However, as soon as S # 0, the g-values

of the two levels will be different, spacings of the states in the two levels will be different, all the components will be fully

separated, and we see the "anomalous" Zeeman effect, although there is nothing really at all anomalous about it. In a sense, the

"normal" Zeeman effect is exceptional. In figure VII.2 I have drawn, schematically (with wavelength increasing linearly to the

right), the Zeeman pattern for 2S 1— 2p 3 . The splitting factors for the P and S levels are, respectively, 2 and 4/3. It happens
2 2

that in this case all six Zeeman components are equally spaced, though this is not always the case; the exact pattern of Zeeman
components varies from line to line

M
32
) 12
P
i 12
Y)
12
2
Sln‘?
-112
AM -1 0 +1

FIGURE VII.2

This page titled 7.21: Zeeman effect is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via
source content that was edited to the style and standards of the LibreTexts platform.
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7.22: Paschen-Back Effect

The description I have given so far of the way in which a level is split up and the states are separated in a magnetic field is good for
relatively weak magnetic fields, but begins to break down for strong fields. What do I mean by "weak" and "strong"? The type of
splitting I have described starts to break down when the energy separation of the states of a level becomes comparable to the
separation of the levels within a multiplet. Stated otherwise, it breaks down when the strength of the coupling between J and B
becomes comparable to the strength of the coupling between L and S. At that stage, the coupling between L and S breaks down,
and J ceases to be a "good quantum number". L and S become separately coupled to, and precess separately around, B. The
components of L and S in the direction of B, in units of &, are My, and Mg, with possible values from —L to +L and —S to +S.
respectively. The interaction energies between L and B and between S and B, are, respectively, ug My B and 2ugMgB, and
there will also be a relatively small remanent spin-orbit interaction between L and S, represented by AM Mg, so the total
interaction energy, which determines the splitting of the level into separate states, is (My, +2Mg)upB+ AMp Mg . This gives
rise to a quite different pattern of splitting of the levels into their constituent states, and consequently a quite different pattern of the
splitting of a line into its components. This is the Paschen-Back effect. The Landé splitting factor can then no longer be defined as
the ratio of the magnetic moment in Bohr magnetons to the angular momentum in units of A. L and S are no longer coupled to
each other, and J is no longer a good quantum number. Rather, the g-factor is the ratio of the sum of the components of the orbital
and spin magnetic moments in the direction of B to the sum of the components of the orbital and spin angular momenta in that
direction. That is

_ My +2Mg

— . 7.22.1
9= "3 T M, ( )

? Exercise 7.22.1

The first excited term of Mg is a 3P, term. The separation in term values between the levels J =0 and J =1 is 20 cm™*
and between J =1 and J =2 is 40 cm™!, so that the multiplet evidently conforms to Landé's interval rule and hence to
LS-coupling. How large a magnetic field, in tesla, would be necessary so that splitting of the states within the 3P(1’ level is
20 cm1?

(I make it about 29 T, which is a very strong field.)

Problem. On a sheet of graph paper, draw the three levels of a 3P multiplet. Choose a scale so that the spin-orbit coupling
coefficient (equation 7.17.1) @ = one inch, so that the energy levels of the three levels of the term are at —2, —1 and +1 inches.
The J =0 level has only one state, and the g-values for the other two levels are each 1.5. Now apply a weak magnetic field, thus
separating the states, and to the right of your zero-field energy level diagram of the three levels draw the energy levels for the nine
states, such that the separation between adjacent states is one tenth of an inch. The J =0 level, of course, is not split. The other
two levels are split into three and five states. Mark the value of M against each state. (We have previously used the symbol M,
but in the present context, let's call it My so as to be able to distinguish it from M}, and Mg.) You now have the Zeeman effect.
Now apply a strong field. Since S and L are each 1, the projections of each can be —1, 0, + 1, so there are nine combinations of
My, and Mg. For each of these, calculate (M}, +2Mg)upB+ AM; Mg supposing that (on the scale of your graph) ugB =4
inches and A = 0.2 inches. Here, I'll do it:

M Ms (M +2Ms)upB+AM My J My
1 1 12.2 2 2

1 0 8.0 21

1 -1 38 20

0 1 4.0 1 1

0 0.0 1 0

0 -1 -4.0 2 -1
-1 1 -4.2 00
-1 0 -8.0 1 -1
-1 -1 -11.8 2 -2

These are the energies of the states in the Paschen-Back effect, so you can now draw them on your graph paper. Leave a gap of a
couple of inches between the Zeeman energies and the Paschen-Back energies. You may be interested to know how the Zeeman
states correlate with the Paschen-Back states. Well, a given value of M correlates with the same value of Mg+ M7, , and that
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gives you two of the correlations without ambiguity. For the rest, I have tabulated, in the last column above, the J and M values
of the Zeeman state that correlates with each Paschen-Back state. You can now join each Zeeman state to its corresponding
Paschen-Back state with a straight line. You can think of the horizontal scale as being increasing magnetic field. In reality, although
the Zeeman splitting starts out by increasing linearly with magnetic field, it is not linear all the way to the corresponding Paschen-
Back states; the detailed calculation has to be done numerically.

Of course, in very strong magnetic fields, even the coupling between the several Is to form L and the several ss to form S breaks
down, and the individual 1s and ss couple strongly with B. You then have to be careful to be sure that no two electrons have the
same set of values of n, I, m;, mg.. This complete breakdown of the coupling of the several angular momenta to each other in
favour of coupling to the magnetic field is called the complete Paschen-Back effect - but that's another story, which I don't deal with
here.

This page titled 7.22: Paschen-Back Effect is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum
via source content that was edited to the style and standards of the LibreTexts platform.
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7.23: Zeeman effect with nuclear spin

So far, I have described the splitting of the states within a level J on the assumption that there is no nuclear spin. Now I move to
the case of an atom with nuclear spin I. We have seen in section 7.18, equation 7.18.1, that the electronic angular momentum J
combines with the nuclear spin angular momentum I to form the total angular momentum F for the atom, and we have seen, in
equation 7.18.2, how the term values of the resulting hyperfine levels are spaced. Let us consider a level J =1 in an atom whose
nuclear spin is I = 1. The hyperfine levels are then spaced in exactly the same manner as the levels are placed in a 3P term (
L =1,5=1). Draw the three hyperfine levels on your graph paper, with the F' =0, 1, 2 hyperfine levels at —0.2, —0.1 and
+4-0.1 inches respectively. Now, if you apply a very small magnetic field, each hyperfine level will be split up into 2F +1 equally-
spaced states. But you must now bear in mind that the coupling between J and I is exceedingly weak (i.e. the spacings between the
hyperfine levels is exceedingly small), so this Zeeman effect will obtain for only very tiny magnetic fields indeed. As soon as the
magnetic field is at all appreciable, J and I uncouple from each other and they then couple independently with B to form a
Paschen-Back effect. Does this make life unbearably complicated? As it turns out - not at all! The separation of the states is given
by exactly the same sort of expression as for the Paschen-Back effect earlier described, namely (M + g My)upB+ AM ;M ,
except that the nuclear g-factor is not 2 as in the case of the electron, but is of order 10~3. This makes a world of difference to the
way the states are separated. Let us calculate the term values, as we did before with the Paschen-Back effect, and we'll use the same
field strength as before so that g B is represented by 4 inches, but this time, purely for illustrative purposes, we'll put gr = 0.002
and A = 0.0002 inches. The result of the calculation (which you should carry out yourself - it is very quick with a programmable
calculator, though tedious without) is as follows:

M; M (M, +g,M,u,B+AM ,M, F Mg
1 1 4.01 2 2
1 0 0.01 2 1
1 -1 -3.99 2 0
0 1 4.00 11
0 0.00 1 0
0 -1 ~4.00 2 -1
| 1 3.99 0 0
-1 0 -0.01 1 -1
. I | -4.01 2 2

Now please do draw these out on your graph paper. You will find that the states are spaced in three widely-separated groups of
three, with three closely-separated states in each group. You will not appreciate exactly what is happening unless you actually draw
it out. But , if you do, you will see that, if your resolution is such that you cannot resolve the hyperfine structure in the zero-field
situation, and you are unaware of or do not care about the nuclear spin, and you think that you have but a single level with J =1,
when you apply a magnetic field what happens is this: you will find that this level is apparently split into three "states" (which you
cannot resolve into their several genuine states), and it will appear that you have a perfectly ordinary Zeeman effect in which the
nuclear spin plays no role at all. Only with high-resolution, cold-source, interferometric resolution will you see the hyperfine
structure of each component into hyperfine components.

This page titled 7.23: Zeeman effect with nuclear spin is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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7.24: Selection rules

It will be recalled that a multiplet is the totality of transitions between two terms. For example, *P — 3D° is the multiplet
connecting the two terms 3P and 3D°. Each term has three levels, and therefore there are nine ways of connecting the levels of one
term with the other, each transition resulting in a line. But in fact only six of these transitions are "allowed" or "permitted", the
remaining three being "forbidden". This is because of certain "selection rules", or restrictions in the way some of the quantum
number can change. Likewise there are restrictions on the number of multiplets that can connect the terms of two polyads, or on the
number of Zeeman components that can connect the states of two levels. In all of these situations there are selection rules that
restrict certain quantum numbers from changing by other than certain amounts. In this section we shall try to understand in a
qualitative way how such selection rules arise. We shall list the various selection rules, and see how this will affect the number of
lines in a multiplet, or the number of components in a line.

Everyone knows that when an electric dipole oscillates it radiates an electromagnetic wave. Likewise, if a dipole, rather than
periodically oscillating, suddenly undergoes a change in its electric dipole moment — for example, if the distance between two
opposite electric charges suddenly changes — a pulse of electromagnetic radiation will be radiated. While the radiation from a
single atom will be radiated like that of a dipole, in a gas with enormous numbers of atoms oriented in completely random
directions, the radiation will appear isotropic.

One reasonable way of explaining how an atom radiates a pulse (a quantum) of electromagnetic radiation when it changes from one
state to another is that its dipole moment changes, and the energy radiated is related to the change in its dipole moment. Indeed in
quantum mechanics, the amount of energy radiated when an atom changes from one state to another is determined by the square of
a quantity known as the transition moment:

/ PYrupidr. (7.24.1)

Here d7 is the usual volume element, and v is the wavefunction of the initial state. g is the dipole moment operator, which
depends on the positions of all the electrons in the atom. 1/1; is the conjugate of the wavefunction of the final state. Those who have
lots of practice in performing such calculations are experienced enough to know that the effect of the dipole moment operator is
merely to produce a similar wavefunction with perhaps some changes in the quantum numbers. Therefore, in order to save writing
out the complete expression for the wavefunction in full, they merely list the quantum numbers of the initial wavefunction in a ket,
and of the conjugate of the final function in a bra, thus:

(L'S'J'M'|p|LSTM). (7.24.2)

Again, those who do such calculations daily for a living soon recognize, from the very symmetries of the wavefunctions (group
theory) and without having to worry greatly about the details of the functions, that this transition moment is zero unless there are
certain relations between the initial and final quantum numbers. It is those transitions that result in a nonzero transition moment
that are "allowed". If the transition moment is zero, which it is except for certain combinations of initial and final quantum
numbers, the transition is "forbidden".

For example, if we are discussing the possible Zeeman components of a line, the only "allowed" transitions - i.e. the only nonzero
transition moments - are those in which the initial and final values of M are either equal or differ by 1. We say that the "selection
rule" for the Zeeman effect is . AM =0, -1 We already took account of this restriction in drawing figures VII.1 and VIL.2. In
the former, instead of 15 possible components, there are only nine with nonzero transition moments and which satisfy the selection
rule, and in figure VII.2 there are only six rather than eight.

Actually, when observing the Zeeman effect, if we view the light from a direction perpendicular to the magnetic field, we see that
the components with AM =0 are plane polarized parallel to the magnetic field, and are called the p-components, and the ones
with AM = 41 are plane polarized perpendicular to the magnetic field, and are called the s-components (German senkrecht -
perpendicular). (It may appear that the symbols s and p, especially the former, are by now doing more than their fair share of
work.) If the spectrum is viewed from a direction along the magnetic field, the s-components will be found to be circularly
polarized in opposite senses, while the p-components are not visible at all.

Just as the number of Zeeman components of a line is limited by the selection rule AM =0, £1 in a similar manner the number of
possible lines in a multiplet is limited by a selection rule AJ = 0,41 (0 <+ 0 forbidden). I already mentioned that a 3P — 3D°
multiplet has just six lines rather than nine. Figure VII.3 shows the possible transitions. (Unlike figures VII.1 and VII.2, in which
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the horizontal scale was linear in wavelength with wavelength increasing to the right, the horizontal scale in figure VII.3 has no
significance.)
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FIGURE VII.3

It may be that a line, or a component, is forbidden to dipole radiation and that, if p is the electric dipole moment operator, the
transition moment is zero. However, if we substitute for the dipole moment operator the operator for electric quadrupole or
magnetic dipole moment, the transition moment is not zero. In that case a transition that is forbidden to electric dipole (E1)
radiation may be permitted to electric quadrupole (E2) or magnetic dipole (M1) radiation. E2 and M1 transitions are very weak
and are rarely observed under laboratory conditions (though they occur in astronomical sources for reasons that will be explained
later). Therefore lines that are forbidden to electric dipole radiation are generally referred to merely as "forbidden" lines - even
though they are not actually forbidden to E2 or M1 radiation. The carrier (atom) for a forbidden line is often written in brackets.
For example, there is an E2 line in the spectrum of the aurora at 557.7 nm arising from the neutral oxygen atom, so the line is said
to be a line of [O1].

Some multiplets are forbidden to electric dipole radiation only if the terms concerned conform strictly to LS-coupling, but may be
allowed for electric dipole radiation if there are departures from LS-coupling. Such transitions are "semi-forbidden", and the
carrier is sometimes written between a bracket and a parenthesis. Thus there is a semi-forbidden line at 345.3 nm due to [Aly). For
LS-coupling, electric dipole radiation is allowed only if AS = 0. That is to say, transitions are allowed between two triplet terms,
or between two singlet terms, but not between a triplet or a singlet. (In this connection I am referring to a S term as a "triplet"
term, even though it has just one level.) Not everyone uses this bracket-parenthesis convention.

In the neutral helium atom, there are singlet terms and triplet terms. LS-coupling is the norm, and, because of this, there are no
transitions between any of the singlet terms and a triplet term. Indeed, it is as if there are two entirely independent sets of terms and
two spectra, and indeed the singlet terms and the triplet terms are sometimes referred to as "para-helium" and "ortho-helium"
respectively. Under such circumstances it is difficult (or impossible in the absence of additional independent evidence) to know the
relative energies of the triplet and singlet terms, or to know which is the ground term of the atom — although we do now know that
the ground term of helium is a 3S term.

Neutral calcium also has a set of singlet terms and a set of triplet terms, but there are departures from L.S-coupling, and there are
multiplets that connect singlet with triplet terms and vice versa. Such multiplets are called "intercombination" or "intersystem"
multiplets. For example the line at 657.3 nm is a member of a 1S — 3P° multiplet of [Cay).

Here is a list of the various selection rules I can think of. I haven’t included nuclear spin, but you may deduce what the rules are,
given that the coupling between electron angular momentum and nuclear spin is generally pure JI-coupling (analogous to LS-
coupling).

For Electric Dipole Transitions. Transitions take place between terms of different configurations, such that the l-value of one
electron must change by +1. It follows that allowed transitions are between terms of opposite parity. Lines within a multiplet are
subject to the selection rule AJ =0, +1, except that 0 to 0 is forbidden. (These rules break down for electric dipole radiation in
the presence of a strong external electric field, which need not concern us here, but needs to be considered with respect to the Stark
effect.) Zeeman components of a line are subject to the selection rule §M = 0, +1.

For LS-coupling, there are the following additional constraints. AS = 0; that is to say, intersystem transitions are forbidden
to electric dipole radiation. They are "semi-forbidden". AL =0, 41, except that 0 to 0 is forbidden. Thus S— S°,
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S— D°, P— F° multiplets would all be indicative of departures from LS-coupling. Transitions must also take place
between terms of common parentage.

For Magnetic Dipole Transitions. Transitions take place between terms of a single configuration, and hence between terms of the
same parity. Lines within a multiplet are subject to the selection rule AJ =0, 41, except that 0 to 0 is forbidden. Zeeman
components of a line are subject to the selection rule AM =0, +1, except that AJ and AM cannot both be zero.

For LS-coupling there are the additional constraints AS =0 and AL =0.

For Electric Quadrupole Transitions. Transitions take place either between terms of the same configuration or between
configurations in which the [-value of one electron changes by +2. In either case this implies that transitions take place between
terms of the same parity. Lines within a multiplet are subject to the selection rule AJ=0, +1, +£2 , except that
0-0, % - %, 0—1 and 1—0 are forbidden. This implies that J' +J" must be at least 2. Zeeman components of a line are
subject to the selection rule AM =0, +1, +2 .

For LS-coupling there are the additional constraints AS=0 and AL=0, +1, £2, except that
AL=0-0,0—-1,1—0 are forbidden. Transitions must also take place between terms of common parentage.

Exercise. In section 7.16 I listed the first ten levels for the hydrogen atom - i.e. the levels in the first three shells. T also asserted that

Ho comprises three transition arrays, three multiplets, seven lines and an unspecified number of Zeeman components. Now that

you are familiar with selection rules, you are in a position to verify this. Therefore, as an exercise, list all of the arrays, multiplets

and lines comprising He. (You should assume L.S-coupling; obviously with just one electron there is no distinction between LS-

and jj-coupling.) For example, 2p — 3d is one array. 2p >P° —3d 2D is a multiplet. 2p 2P0§ —3d?D; is a line. In the table in
2 2

section 7.16, I have listed the statistical weight of each level. For each level, list the possible M values, and then, using the Zeeman
selection rules, determine how many Zeeman components there are for each level, and therefore for Ha as a whole. How many of
the Zeeman components have distinct wavelengths?

In the above exercise, perhaps you ignored the effect of nuclear spin. Now include nuclear spin (I =1/2). You will see now that
each of the eight levels involved in the formation of He is split into two hyperfine levels with different values of F'. Now, how
many hyperfine and Zeeman are there?

Now answer the same questions with deuterium. One might hope that the deuterium nucleus (the "deuteron") has zero nuclear spin
- but no such luck, for the spin of the deuteron is I = 1. Thus most of the levels are composed of three hyperfine levels. (Why did I
say "most"? Some of the levels have just two hyperfine levels, don't they? Do you see why?) How many hyperfine and Zeeman
components are allowed by the selection rules?

Of course, natural hydrogen includes both 'H and a very small amount of 2H, and the spectra of both will be exhibited. Truly Ho
is a much more complicated "line" than we envisaged in section 7.3! To add to the complication, we must not forget that under
terrestrial conditions, hydrogen is molecular, and there are three possible isotopomers - Hy, HD and D5 - and those familiar with
molecular spectra will recall that there are obvious differences between the spectra of homonuclear and heteronuclear molecules.
One could clearly spend a lifetime studying the spectrum of hydrogen!

This page titled 7.24: Selection rules is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via
source content that was edited to the style and standards of the LibreTexts platform.
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7.25: Some forbidden lines worth knowing

The states in the ground level of an atom are the only stable states. Atoms may be raised to higher levels by collisions, but these
excited states are not very stable, and an atom in an excited state will very soon de-excite by radiative emission of a photon.
Lifetimes in the excited states are typically of the order of nanoseconds. However, the probability of de-excitation by emission of
magnetic dipole or electric quadrupole radiation is much smaller than that for electric dipole radiation, and the lifetimes of excited
states for M1 or E2 radiation may be seconds or even minutes. Such states are called metastable states. In normal laboratory
conditions the interval between interatomic collisions (or collisions with the wall of the containing vessel) is very much shorter
than the mean lifetime of a metastable level. (You can work out the inter-collision time from kinetic theory of gases.) Thus an atom
will be knocked out of a metastable level by collision long before it has had a chance to emit M1 or E2 radiation. This is not so in
very thin gases in some astronomical sources, such as the aurora or in emission nebulae. In such milieus collisions are few and far
between, giving ample time for M1 or E2 radiative de-excitation.

It is worth noting, however, that the condition for the successful emission of M1 or E2 radiation is not quite as simple as supposing
that the mean lifetime of a metastable level must be less than the intercollision interval. A collision may be inelastic, in which case
some of the kinetic energy is absorbed and the metastable atom makes an upward transition; or it may be superelastic, in which
case the metastable atoms undergoes a radiationless downward transition, the excess energy going to increase the kinetic energy of
the colliding particle; or the collision may be elastic, in which case there is no change in kinetic energy and the metastable atom
remains in its metastable state. In order to determine the condition for emission or non-emission of "forbidden" radiation, it is
necessary to take account of the probability of these several processes. In practice the probability that a collision will be inelastic or
superelastic may be quite small, so that very few collisions result in removing an atom from its metastable state. Thus it is quite
possible for M1 or E2 lines to be observed even if the mean time between collisions is appreciably less than the mean lifetime of a
metastable state — though under laboratory conditions, the collision frequency is altogether far too high. In astronomical sources
where "forbidden" lines can be emitted, they are still very weak — but we have the advantage of being able to look through sources
of vast extent.

Now that we understand how forbidden lines can be observed in astronomical sources, I give some examples of a few forbidden
lines worth knowing.

The first three terms of O are indicated schematically in figure VIIL.4. They arise from the same p* configuration, so the *P term
is an inverted term and none of the transitions are E1. The transitions I have drawn are all "forbidden". I have drawn E2 transitions
as continuous lines and M1 transitions as dashed lines. You should verify this by reference to the selection rules.

J
's 0

FIGURE VII.4

Starting from the left, the first two lines are at 297.2and 557.7 nm. The mean lifetime of the 'Sy level is of order about a second.
The branching ratio is such that the ultraviolet M1 (dashed) transition is very much less likely than the green E2 transition at
557.5 nm. This green transition is usually the strongest auroral line, and you can even see that it is greenish in colour. The next
time you look at an aurora you can reflect that electric quadrupole radiation is entering your eye! What a thrill! The 557.7 nm line
also occurs in the short-lived trains left by meteors. The two dashed (magnetic dipole) lines at the right are at 636.3 and 630.0 nm,
and are red. The mean lifetime of the 1D, level is more than a minute, and they also appear in the auroral spectrum, but much
higher in the atmosphere, where the inter-collision time is longer. When you look at an aurora you can usually see a red glow
higher than the green glow. You are seeing magnetic dipole as well as electric quadrupole radiation!

There are several somewhat similar magnetic dipole and electric quadrupole lines involving the first three terms of the spectra of
[Onl, [Om], [N1], [Nu], [Nm], which occur in the spectra of emission nebulae, including planetary nebulae. In figure VIL5 I
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illustrate just three lines of [O ). The configuration of all terms is p? and so the ®P term is not inverted. The transitions
3Py — 'Dy and ®P, — D, (notice - no parity change) are at 500.7 and 495.9 nm and are among the strongest observed in
nebulae, and are often denoted by N; and Ny, although they have nothing whatever to do with nitrogen, the letter N presumably
signifying "nebular". I would strongly discourage such notation. The transition !Dy — 1S is at 436.3 nm. Before these lines were
understood, they were referred to as "nebulium".

J

ls 0
lD 2
: 2
3p 1

FIGURE VIL5

Before the spectrum of the solar corona was understood, the emission lines from the corona were ascribed to "coronium", but it is
now known that they are "forbidden" lines from highly-ionized metals. The separation between levels within a single term is very
large for highly-ionized atoms, and many of the observed lines in the coronal spectrum are magnetic dipole lines connecting two
levels within the same term. For example, one of the strongest of the coronal lines, the green line at 530.3 nm, arises from the ion
Fe'®' - that is to say the spectrum [Fexrv]. This is isoelectronic with the neutral aluminium atom, and the ground term of the
KL3s*('S)3p configuration is a normal P° term with two levels - J=1 and 2. In Al; the separation in term value of these
levels is only 112 cm~1, but they are much more widely spaced in Fe xry so that, in this spectrum, the wavelength of 2P% — 2P
2

2
is 530.3 nm.

The last example is the famous 21-cm transition of neutral hydrogen, Hy. Here, the lowest level is 2S 1 , which is the one and only
2

level is the ground term, 2S. The level is split into two hyperfine levels as a result of the interaction between the total electronic

angular momentum (J = %) and the nuclear spin (I = % ), the F-values of the two hyperfine levels being 0 and 1. The 21-cm line
is a magnetic dipole transition between these two hyperfine levels. The nuclear spin of deuterium is I =1, and consequently the
ground level of deuterium is split into hyperfine levels with F' = % and % A transition between these two is predicted at 92 cm,

but apparently there is as yet no unambiguous detection of it from an astronomical source.

This page titled 7.25: Some forbidden lines worth knowing is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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7.26: Stark Effect

The Stark effect concerns the separation of the states within a level as the result of the application of an external electric field, and
the consequent splitting of lines into Stark components. The atmosphere of a star, being hot and highly ionized, is an electrical
conductor and consequently cannot sustain electric potential gradients (fields). Thus the splitting of a line into its Stark components
is not normally observed in stellar atmospheres, and for that reason I am not going into a detailed description of it or the theory of
the effect here. There are just two small points that are probably worth mentioning.

The first point concerns the Balmer series of Hy. The details of the Stark pattern vary from line to line in the series, but it happens
that in every even member of the series, that is to say H3, HJ, etc., there is no central, undisplaced Stark component. Under some
circumstances, even if the hydrogen lines are broad and the Stark components are unresolved, this may result in a small dip at the
top of an emission line, or a small bump at the bottom of an emission line. There are other effects (see the chapter on line profiles)
that can result in a dip at the top of an emission line or a bump at the bottom of an absorption line, but if the cause is Stark splitting,
this may be recognized in that it affects only the even members of the Balmer series, and not the odd members (Ha, H~, etc.).

The second point is that, although a stellar atmosphere cannot sustain a large macroscopic electric field, when two atoms approach
each other in a near-collision, each induces a temporary electric dipole on the other. (This is the origin of the van der Waals forces,
which fall off inversely as the sixth power of the interatomic distance.) The resulting electric field of one atom on the other, and the
other on the one, results in a general broadening of the lines, often asymmetrically, as a result of Stark effect, and this effect
obviously increases with pressure and is one of the components of the phenomenon of pressure broadening, to be discussed in a
later chapter.

This page titled 7.26: Stark Effect is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via
source content that was edited to the style and standards of the LibreTexts platform.
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8.1: Introduction

A measurement of the strength of a spectrum line can in principle enable us to determine the number of atoms in the initial level of
the transition that produces it. For an emission line, that initial level is the upper level of the transition; for an absorption line it is
the lower level. In order to determine the total number of atoms (in all energy levels) in the source, it is necessary to know, in
addition to the number of atoms in a particular level, how the atoms are distributed, or partitioned, among their numerous energy
levels. This is what Boltzmann's equation is concerned with. But even this will tell us only how many atoms there are in a
particular ionization stage. If we are to determine the total abundance of a given element, we must also know how the atoms are
distributed among their several ionization stages. This is what Saha's equation is concerned with.

This page titled 8.1: Introduction is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via source
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8.2: Stirling's Approximation. Lagrangian Multipliers.

In the derivation of Boltzmann's equation, we shall have occasion to make use of a result in mathematics known as Stirling's
approximation for the factorial of a very large number, and we shall also need to make use of a mathematical device known as
Lagrangian multipliers. These two mathematical topics are described in this section.

8.2i Stirling's Approximation
Stirling's approximation is

InN!'2NInN —N. (8.2.1)
Its derivation is not always given in discussions of Boltzmann's equation, and I therefore offer one here.

The gamma function is defined as

[o.¢]
T(z+1) :/ t"e ' dt (8.2.2)
0
or, what amounts to the same thing,
o0
I'(z) :/ t* e tdt. (8.2.3)
0
In either case it is easy to derive, by integration by parts, the recursion formula
D(z+1) =z (z). (8.2.4)
If x is a positive integer, IV, this amounts to
T'(N+1)=NL (8.2.5)

I shall start from equation 8.2.2. It is easy to show, by differentiation with respect to ¢, that the integrand t*e~* has a maximum
value of (z/e)® where ¢t = . I am therefore going to divide both sides of the equation by this maximum value, so that the new
integrand is a function that has a maximum value of 1 where ¢t = z:

(%)ZI‘(:L’—&-I) :/Ooo <%)xe(tz)dt. (8.2.6)

Now make a small change of variable. Let s =t —x , so that

(%)wr(m“) :/_:o (1+i)z€_sd5:/_:o f(s)ds. (8.2.7)

Bearing in mind that we aim to obtain an approximation for large values of z, let us try to obtain an expansion of f(s) as a series in
s/x. A convenient way of obtaining this is to take the logarithm of the integrand:

lnf(s):mln(l—l—%) —s, (8.2.8)

and. provided that |s| < z, the Maclaurin expansion is

Inf(s) = ( - % (%)2+. ) —s. (8.2.9)

8|w®

If x is sufficiently large, this becomes

In f(s) =—;—, (8.2.10)

so that

(i)zr(x+1)=/wexp<—;—i)ds. (8.2.11)
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While this integral is not particularly easy, it is at least well known (it occurs in the theory of the gaussian distribution, for
example), and its value is /27r. Thus we have, for large x,

r(z+1)=(2) voma (8.2.12)
e
or, if z is an integer,
N\Y
N!= (—) V27N (8.2.13)
e
On taking logarithms of both sides, we obtain
1
InN!= (N—l— E) InN — N +In+/2m, (8.2.14)
or, since N is large:
InN!'2NInN —N. (8.2.15)
For very large IV (i.e. if In N >> 1), we can make the further approximation
InN!'=NInN (8.2.16)
or
log N! = Nlog N. (8.2.17)

Any of equations 8.2.12 - 17 may be referred to as Stirling's approximation.
The largest value of N for which my hand calculator will return N! is 69. For this, it gives

InN!=226.2, NInN—N =223.2. (8.2.1)

For very large numbers, the approximation will be much better. The extreme approximation represented by equations 8.2.16 or
8.2.17, however, becomes reasonable only for unreasonably large numbers, such as the number of protons in the Universe. We
shall be making use of the much better approximation equation 8.2.15 which does not require such unimaginably huge numbers.

For smaller numbers that we commonly deal with in spectroscopy (where we are typically dealing with the number of atoms in a
sample of gas) the following approximation is remarkably good:

1 1
| — - _ I
InN! <N+2)lnN N+ 12N+1n\/27r (8.2.18)

This almost the same as equation 8.2.14, except that, in deriving it, I have taken to expansion of equation 8.2.9 to one more term.
Thus, to eight significant figures, 20! = 2.4329020 x 10'® while equation 8.2.18results in 2.432 902 9 x 10'8.

8.2ii Lagrangian Multipliers

This topic concerns the problem of determining where a function of several variables is a maximum (or a minimum) where the
variables are not independent but are connected by one or more functional relations.

Let ) = ¢(z, y, z) be some function of z, y and z. Then, if z, y and z are independent variables, one would ordinarily understand
that, where 9 is a maximum, the derivatives are zero:

A4 L ) (8.2.19)

However, if #, y and z are not completely independent, but are related by some constraining equation such as f(z,y, z) =0, the
situation is slightly less simple. An example from thermodynamics comes to mind. Entropy, S, is a function of state:
S=S(P,V,T). However, for a particular substance, P, V and T are related by an equation of state. In effect, we cannot
determine S for the system at any point in P, V, T space, but we are restricted to explore only on the two-dimensional surface
represented by the equation of state.
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We return now to our function . If we move by infinitesimal displacements dz, dy, dz from a point where v is a maximum, the
corresponding changes in both v and f will be zero, and therefore both of the following equations must be satisfied:

o oy oY

dyp = %dz—l—a—ydy—kadz:m (8.2.20)
_of of of .
df = 8wdm+ 8ydy+ 8zdz_0' (8.2.21)

Consequently any linear combination of ¢ and f, such as ¢ =1+ Af, where X is an arbitrary constant, also satisfies a similar
equation. The constant A is sometimes called an "undetermined multiplier" or a "Lagrangian multiplier", although often some
additional information in an actual problem enables the constant to be identified - and we shall see an example of this in the
derivation of Boltzmann's equation.

In summary, the conditions that ¢ is a maximum if z, y and z are related by a functional constraint f(z,y, z) = 0 are

0 0 o
> 8z

e =% By 0, (8.2.22)

where g =9+ Af.

Of course, if 1) is a function of many variables x;, x5 . . ., not just three, and the variables are subject to several constraints, such as
f=0,9g=0, h=0...,etc, where f, g, h, etc., are functions connecting all or some of the variables, the conditions for %) to be
a maximum (or minimum) are

o of dg oh

— + A= —+v—+...=0, +=1,2,3,... 8.2.23
8$i+ 3.’131 +u8mi +V833i+ ’ ! T ( )

This page titled 8.2: Stirling's Approximation. Lagrangian Multipliers. is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or
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8.3: Some Thermodynamics and Statistical Mechanics

Besides needing to know Stirling's approximation and the method of Lagrangian multipliers, before we can embark upon
Boltzmann's equation we also need to remind ourselves of two small results from thermodynamics and statistical mechanics. I
mention these only briefly here, with barely adequate explanations. Fuller treatments are given in courses or books on
thermodynamics and statistical mechanics. If you are rusty on these topics, or perhaps have never studied them thoroughly, the only
consequence is that you may not be able fully to understand the derivation of Boltzmann's equation. This will not matter a great
deal and should not deter you from reading subsequent sections. It is more important to understand what Boltzmann's equation
means and how to apply it, and this can be done even if you have missed some of the details of its derivation.

Most readers will either understand this section very well and will not need prolonged explanation, or will not understand it at all,
and will be happy to skip over it. Therefore, for brevity's sake, I do little more than quote the results, and I do not even explain
what many of the symbols mean.

Those who are familiar with thermodynamics will have no difficulty in recalling

dU =TdS — PdV. (8.3.1)

The result that we shall be needing in Section 8.4 is (9U/0S),, = T', or more likely its reciprocal:

(gg>v:%' (8.3.2)

The relation we need from statistical mechanics is Boltzmann's relation between entropy and thermodynamic probability. Suppose
we have an assembly of IV particles that can be distributed or "partitioned" among m distinct states. If X is the number of ways in
which this partition can be achieved, Boltzmann's equation for the entropy (indeed, his conception of entropy) is

S=kInX. (8.3.3)

Here, k is Boltzmann's constant, 1.38 x 10723 J K. Those who remember having seen this before might just like to be reminded
of the gist of the argument leading to it. It presupposes some functional relation between S and X, and it notes that, if you have
several assemblies, the total "X" for the ensemble as a whole is the product of the X's of the individual assemblies, whereas the
total entropy is the sum of the individual entropies, and therefore the entropy must be proportional to the logarithm of the number
of possible configurations.

That was very brief, but it will do for the purposes of Section 8.4.

This page titled 8.3: Some Thermodynamics and Statistical Mechanics is shared under a CC BY-NC 4.0 license and was authored, remixed,
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8.4: Boltzmann's Equation

If we have a large number of atoms in a hot, dense gas, the atoms will constantly be experiencing collisions with each other,
leading to excitation to the various possible energy levels. Collisional excitation will be followed, typically on timescales of the
order of nanoseconds, by radiative deexcitation. If the temperature and pressure remain constant, there will exist a sort of dynamic
equilibrium between collisional excitations and radiative de-excitations, leading to a certain distribution of the atoms among their
various energy levels. Most of the atoms will be in low-lying levels; the number of atoms in higher levels will decrease
exponentially with energy level. The lower the temperature, the faster will be the population drop at the higher levels. Only at very
high temperatures will high-lying energy levels be occupied by an appreciable number of atoms. Boltzmann's Equation shows just
what the distribution of the atoms will be among the various energy levels as a function of energy and temperature.

Let's imagine a box (constant volume) holding /N atoms, each of which has m possible energy levels. Suppose that there are IV;
atoms in energy level E;. The total number NV of atoms is given by

N:im. (8.4.1)
=1

Here, 7 is a running integer going from 1 to m, including j as one of them.

The total internal energy U of the system is
U=> NE;. (8.4.2)

We now need to establish how many ways there are of arranging N atoms such that there are N7 in the first energy level, N, in the
second, and so on. We shall denote this number by X. To some, it will be intuitive that

X= : . (8.4.3)
NiINpl. ... Nil...... N,,!
That is,
N!
X: W. (8.4.4)
i=1*Vi

I don't find it immediately obvious myself, and I am happier with at least a minimal proof. Thus, the number of ways in which Ny
N

atoms can be chosen from N to occupy the first level is (N ), where the parentheses denote the usual binomial coefficient. For
1

each of these ways, we need to know the number of ways in which N5 atoms can be chosen from the remaining N — IV; . This is,
—N; N—-N; )

< N
of course,
2 N,

). Thus the number of ways of populating the first two levels is (JJ\\; > (
1

On continuing with this argument, we eventually arrive at

K (M) (VRN (RN (V) a9

If the binomial coefficients are written out in full (do it - don't just take my word for it), there will be lots of cancellations and you
almost immediately arrive at Equation &.4.3.

We now need to know the most probable partition - i.e. the most probable numbers N7, N, etc. The most probable partition is the
one that maximizes X with respect to each of the N; - subject to the constraints represented by Equations 8.4.1and 8.4.2,

Mathematically it is easier to maximize In X, which amounts to the same thing. Taking the logarithm of Equation 8.4.3, we obtain
InX=InN!-1nN;!—InNy!—... (8.4.6)

Apply Stirling's approximation to the factorials of all the variables. (You'll see in a moment that it won't matter whether or not you
also apply it to the constant term In N!) We obtain

InX ~InN!— (N1 111N1 —Nl) — (N2 111N2 —Nz)—. . (847)
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Let us now maximize In X with respect to one of the variables, for example IV}, in a manner that is consistent with the constraints
of Equations &.4.1 and 8.4.2. Using the method of Lagrangian multipliers, we obtain, for the most probable occupation number of
the jth level, the condition

OlnX ON oUu

aN, +>\8Nj +“6Nj =0. (8.4.8)
Upon carrying out the differentiations, we obtain
—InN;+A+uE; =0. (8.4.9)
That is to say:
N; =M = gerds, (8.4.10)

What now remains is to identify the Lagrangian multipliers A (or C' = e*) and . Multiply both sides of Equation .4.9 by N;.
Recall that 7 is a running subscript going from 1 to m, and that j is one particular value of . Therefore now change the subscript
from j to %, and sum from ¢ = 1 to m, and Equation 8.4.9 now becomes

— Y  NilnN; + AN +pU =0, (8.4.11)
i=1

where we have made use of Equations 8.4.1 and &.4.2. From Equation &.4.7, we see that

~) NilnN;=InX-InN!-N, (8.4.12)
i=1
so that
InX=InN!—(A+1)N —puU. (8.4.13)
Now apply Equation 8.3.3, followed by Equation 8.3.2, and we immediately make the identification
- (8.4.14)
u= T 4.
Thus Equation 8.4.10becomes
N; = Ce Bl (D), (8.4.15)
We still have to determine C'. If we change the subscript in Equation 8.4.15from j to 4 and sum from 1 to m, we immediately find
that
N
C=—""—"7]+7—. 8.4.16
> e—Ei/ (kT) ( )
Thus

N, e B/GT)
NS omn (8.4.17)

where I have omitted the summation limits (1 and m) as understood..

However, there is one factor we have not yet considered. Most energy levels in an atom are degenerate; that is to say there are
several states with the same energy. Therefore, to find the population of a level, we have to add together the populations of the
constituent states. Thus each term in Equation &.4.17 must be multiplied by the statistical weight o of the level. (This is
unfortunately often given the symbol g. See section 7.14 for the distinction between d, g and w. The symbol w is a form of the

Greek letter pi.) Thus we arrive at Boltzmann's Equation:
Nj Wje_Ej/(kT)

R E— 8.4.18
N Y e B/(D) ( )

The denominator of the expression is called the partition function (die Zustandsumme). It is often given the symbol w or Q) or Z.
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The statistical weight of a level of an atom with zero nuclear spin is 2J + 1. If the nuclear spin is I, the statistical weight of a level
is (21 +1)(2J +1) . However, the same factor 2] + 1 occurs in the numerator and in every term of the denominator of equation
8.4.18 and it therefore cancels out from top and bottom. Consequently, in working with Boltzmann's equation, under most
circumstances it is not necessary to be concerned about whether the atom has any nuclear spin, and the statistical weight of each
level in equation 8.4.18 can usually be safely taken to be (2J +1).

In equation 8.4.18 we have compared the number of atoms in level j with the number of atoms in all level. We can also compare

the number of atoms in level j with the number in the ground level 0:
N, e Bi/(D)
F; =t - (8.4.19)

Or we could compare the number in level 2 to the number in level 1, where “2” represent any two level, 2 lying higher than 1:

Ny _ @2 (85 /(hT) _ 2 b/ (KT) (8.4.20)

N, w1

This page titled 8.4: Boltzmann's Equation is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum
via source content that was edited to the style and standards of the LibreTexts platform.
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8.5: Some Comments on Partition Functions

The topics we discuss in this section are

i. Divergence of partition functions.
ii. Metals and nonmetals.
iii. Product of partition functions.
iv. Particles in a box.

i. Divergence of Partition Functions

We can perhaps start by computing the partition function of atomic hydrogen. We have seen that each "level" (technically each
shell) of hydrogen is actually a group of several terms, and that the total number of states in the shell - i.e. its statistical weight - is
2n2. See section 7.16. If we include nuclear spin, the statistical weight of each shell is actually 4n2 for ordinary hydrogen and 6n2
for deuterium. However, as agreed in section 8.4, we need not be concerned with nuclear spin, and we can take the statistical
weight of each shell to be 2n2. The energy levels are given by equation 7.4.8:

1
E = const. x (1—) , (8.5.1)
2
n
but how many "levels" are there? That is, what is the upper limit m of the sum in the partition function? Our first response is that
there are an infinite number of energy levels converging towards the ionization limit at 13.6 eV. The same is true of other atoms;
they, too, have infinite series of Rydberg levels. Evidently to calculate the partition function, we have to sum an infinite series, in
this case, the series being

i%f eXP[ (1%> /(kT)]- (8.5.2)

We can take anything that does not contain n outside the summation symbol and absorb it in the constant, and so we have to
evaluate the sum

21:11 exP(n%T . (8.5.3)

Now we all remember that there are several tests to determine whether or not a series converges, and that, during an exam, all the
tests that we remember fail, and the one test that we need is the one and only test that we cannot remember or never understood.
Here is our chance now - Determine whether the above series converges or diverges!

I'll let you pause for a while you do that.

Darn it! The series diverges! The partition function is infinite! Although the uppermost "levels" have a high excitation potential and
therefore cannot individually have high occupation numbers, there is an infinite number of them. The atoms are partitioned among
an infinite number of levels, and the probability of any individual level being occupied approaches zero! Disaster!

This is a difficult subject, and not one in which I can claim much expertise, but a qualitative explanation goes something like this.
The Coulomb potential of an isolated electric charge (in the present case we are thinking of the hydrogen nucleus; for heavier
atoms we are thinking of the atom less the outermost, optical electron) is hyperbolic, approaching the ionization limit
asymptotically, becoming horizontal as r — oo if you draw a graph of the potential. In a partially ionized gas (which includes all
stellar atmospheres) there are numerous charged particles - electrons and ions, and they all interact with one another. If two charged
particles approach each other, the electric potential in the space between them becomes slightly lowered beneath the theoretical
zero potential for an isolated charge. This is all one needs to resolve the difficulty. The ionization potential is lowered just a little
(the exact amount will depend on the density of charged particles) and this eliminates the infinite number of Rydberg levels just
beneath the ionization limit. There remains then a finite number of levels, and a finite number of terms in the partition function.

We do not, for our present purpose, necessarily need to know the exact amount of the lowering of the ionization potential, or how
many "levels" remain, because we soon find that after the first few levels, the occupation numbers rapidly decrease and do not
contribute much to the partition function. Where we choose to terminate the summation depends on the temperature and the
precision we hope to achieve. Try calculating, for example, exp(—E/(kT)) for E =10 eV and T' = 20,000 K. This should give
you some idea.
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Here is another insightful semiclassical guide. Consider the electron orbits in a Bohr model of the hydrogen atom. The radii of the
orbits increase as n2. There comes a time when this radius becomes comparable to the average nearest-neighbour distance between
atoms. If we assume an ideal gas equation of state, P = NkT', where NV is the number of atoms per unit volume, we might take the
nearest-neighbour distance to be NV ~1/3 and we could equate this to the radius of the largest existing Bohr orbit. Presumably this
will limit the number of Balmer lines we could see in a stellar atmosphere, and it will also tell us where to cut off the summation in
calculating the partition function. Radio astronomers observe transitions involving very large quantum numbers - e.g. H 109¢.
Presumably these come from hydrogen atoms in a region of space where the nearest neighbour distance is large enough the permit

the existence of Bohr orbits of high quantum number.

ii. Metals and Nonmetals

There is a difference between calculating the partition functions of metals and of nonmetals - but first it is necessary to say what I
mean by a "metal". It would be difficult to find two chemists or two physicists or two engineers who would agree on the exact
definition of a metal. Among astronomers, however, there is near unanimity: the periodic table comprises hydrogen, helium, and all
the remaining elements are "metals". This is a distressing misuse of the English language, and I strongly discourage it. I should
make it plain that in this section - indeed in this chapter or book - this is not what I mean when I write the word "metal". Although,
as I say, few scientists would agree on the precise definition, if I say "a metal is an element which, in the solid state, is hard, shiny,
and conducts electricity", I should not be far off the mark. Almost everyone will find some immediate objection to that definition -
but it is still not far off the mark, and certainly much better than the astronomers' "any element other than hydrogen and helium". In
brief, elements that we think of in everyday life as being metals - such as iron, zinc, titanium, copper, lead, vanadium, tin, and so on
- are metals. Neon, argon, chlorine, carbon, germanium, are not. From the spectroscopic point of view, a metal is characterized by
having many, many energy levels, including many not far above the ground level. The calculation of the partition function is long
and tedious, because so many levels, especially low-lying levels, must be taken into account. In the old days when these
calculations were done by hand calculator, the levels were taken term by term, the statistical weight of each term being
(25+1)(2L+1) . The partition functions are fairly sensitive to temperature. Nonmetals, on the other hand, are characterized by
typically having a large gap between the ground term and the first excited term. Consequently, the Boltzmann factors for terms
other than the ground term are small, and, as a result, the partition function of a nonmetal is, to a good approximation, merely equal
to the statistical weight of the ground term - and it hardly changes with temperature.

Now here is a question I used to enjoy asking students, both graduate and undergraduate. I would take particular pleasure in asking
graduate students during a thesis defence. Think of a fairly hot star, such as Vega - say its temperature is something like 20,000 K
You will recall having seen the spectrum if Vega - it shows a beautiful development of the Balmer series of hydrogen. Obviously
many of the higher "levels" are excited in the hot atmosphere; not all of neutral hydrogen atoms are still in the ground "level". The
question is: At 20,000 K, what fraction of the neutral hydrogen atoms in the atmosphere remain in the ground "level"? And, just to
make it clear that I was not expecting detailed precise calculations, I would give the question as a "multiple-choice" question, with
just three alternatives:

(a) Nearly all of them?
(b) About half of them?
(c) Hardly any of them?

Usually answers would be pretty evenly divided among the three. Have a go at it yourself. All the information you need is to be
found in this chapter and chapter 7. It is important that you should have some feeling for the answer.

You will probably also be asking yourself how many of the hydrogen atoms are neutral, and how many are ionized. We shall come
back to that when we have discussed Saha's equation. The answer will depend not only on the temperature but also on the pressure.

iii. Product of Partition Functions

In some systems, the total energy may be made up of several different sources of energy. Consider, for example, a simple diatomic
molecule. Its energy may be the sum of the electronic excitation energy, energy of vibration, and kinetic energy of rotation. If these
several sources of energy are independent of each other, the total energy will be merely the sum of the separate contributions:

Eiot. = Eel. + Eyiv. + Ero.. (8.5.4)

In practice, for real molecules, this is just a first approximation - in reality, there is some interaction between the several
contributions to the energy, but the intention here is not to get bogged down in the finer details of molecular structure but merely to
make a small point concerning partition functions, as follows. Provided that the several energy contributions are independent and
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do not interact significantly and the energies are consequently additive, the total wavefunction is the product of the three
wavefunctions:

"ﬁ = 1;[Jel.'lpvibﬂ;brot. (855)

Here vyip. and Ey;p,. are the wavefunctions and energy levels for a simple harmonic oscillator and .. and E.o. are the
wavefunctions and energy levels of a rigid rotator. It will be easily understood that a molecule cannot simultaneously be a rigid
rotator and a harmonic oscillator, which is why equations 8.5.4 and 8.5.5 are just first approximations. However, the vibrations of a
molecule are generally far faster than the relatively slow and ponderous rotations, and electron motions are faster still, so the first
approximation is not too bad. More to the point for our present purpose is that every term of the partition function is of the form
e E/(T) " and consequently, if the total energy is the sum of the individual contributions, as in equation 8.5.4, the total partition
function is the product of the partition functions of the individual contributions:

U = Uel. Uyib. Urot. (856)

The extent to which this approximation is valid in real molecules is not the main subject of discussion here. I merely wished to
establish that, provided equation 8.5.4 holds, then equation &.5.6 follows.

iv. Particles in a Box

The reader may vaguely remember studying, in an introductory quantum mechanics course, perhaps without quite knowing why,
something called "particle in a box". This was actually useful, and we shall need it before proceeding to the next section. Perhaps
the topic would better have been called "waves in a box", because it was the wavefunctions that describe the wave aspect of a
particle that were under discussion. If the particle (and its associated wave) is confined in a box, the wavefunctions are restricted to
functions that have an integral number of antinodes between opposite walls, and consequently the energy levels can have only
discrete values - another example of the inevitability of discrete energy levels resulting from boundary constraints. If the box is a
cube of side a, the energy levels are given by
h’ 2,2 2
Enonn, = Sma? (n2 +nl+n?). (8.5.7)

Problem: Verify that the above expression has the dimensions of energy.

If we have many particles in a box, we may be interested to know how the numerous particles are distributed or partitioned among
the energy levels. In other words, we need to know the partition function, which is just

h? (n% +n +n§)

%%;e){p T 8ma2kT : (8.5.8)

If the box is very large, the energy levels are very close together and almost continuous. (If the box is infinitely large, there are no
boundary constraints and hence there is a continuum of possible energies). If the levels are almost continuous, we can replace the
summations with integrals:

o oo [ h? (nl +nj +n?)
Partition function = / / / exp|— dnzdnydn,
o Jo Jo

8ma?kT
00 2, 2 3
[ ol e
0 8ma2kT
3
2 kT ?
(%) v, (8.5.9)

where V = a3 is the volume of the box. We shall need this result in section 8.6.

Problem: What are the dimensions of the expression 8.5.9?

This page titled 8.5: Some Comments on Partition Functions is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated
by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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8.6: Saha's Equation

Consider the reversible reaction
A=A"+e, (8.6.1)

where A is a neutral atom and A" its first ion. Let Ny, N;, N, be the numbers of neutral atoms, ions and electrons respectively,
held in a box of volume V. Then

N.N;

N = S(T, P) (8.6.2)

is the Saha function. It is a function of temperature and pressure, high temperature favouring ionization and high pressure favouring
recombination. (Students of chemistry will recognize this as an application of Le Chatelier's principle.) The equation tells us the
relative numbers of the three types of particle (i.e. the degree of ionization) in an equilibrium situation when the number of
ionizations per second is equal to the number of recombinations per second.

Now the number of particles in a given energy level is proportional to the Boltzmann factor for that level, and the total number of
particles is proportional to the sum of the Boltzmann factors for all the levels - i.e. to the partition function. Thus, using the symbol
Q to denote partition functions, we have, for Saha's equation:

NeNi . QEQi
Ny Qo

The partition function is the sum of the Boltzmann factors over all the states, translational and internal (electronic). The total
energy of a particle is the sum of its translational and internal energies, so that total partition function is the product of its
translational and internal partition functions, for which we shall use the symbol u. Therefore

(8.6.3)

3
N.N; 2mmkT\ 2 _ uqu;
= ( e ) vt (8.6.4)
Here m = m,;T , which is very little different from m..

The internal partition function of the electron is merely its statistical weight 2s+1 =2 . In calculating the internal partition
functions of the atom and ion, it is, of course, essential to measure all energies from the same level - the ground level of the neutral
atom, for example. You would not be so foolish, of course, as to calculate the partition function of the atom by using, in the
Boltzmann sum, the energies of each level above the ground level of the atom, and then calculate the partition function of the ion
by using the energies above some quite different level, such as the energy of the ground stage of the ion, would you? Most of us
probably would be so foolish; we should, of course, add yx; (the ionization energy) to each level of the ion. If we do calculate the
partition function of the ion using energies above the ground level of the ion, we must then multiply the result, u;, by e Xi/*T.
Being even more careful, we should remember, from section 8.5, that the ionization energy is in practice lowered by a small
amount Ay;. Finally, let us now use the symbol 7 to denote number of particles per unit volume (so that n = N/V, and on no
account to be confused with the quantum numbers 7 used in section 8.5) and we arrive at the usual form for Saha's equation:

3
nen; [ 2mrmkT > 2u, (xi —Ax:)
ny ( B2 ) o exp(— kT ’ (8.6:5)

It might be noted that Ay; is a function of n., which leads to a slight complication in the computation of Saha's equation, which
we shall encounter in one of the problems that follow.

It should be remarked that Saha's equation played an extremely important role in the understanding of the stellar spectral sequence.
As is well known, the sequence of spectral types OBAFG... is a result of the degree of ionization and excitation of the elements as
a function of temperature, and the difference in the degree of ionization between main sequence stars and giants of a given
temperature is the result of the higher degree of ionization in the relatively low pressure atmospheres of the giant stars. This could
not be understood at a quantitative level until the development of Saha's equation and its application to stellar atmospheres by Saha,
Fowler, Milne and Payne (later Payne-Gaposhkin) in the 1920s.

Problems.

Problem 1. Verify that equation 8.6.5 balances dimensionally.
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Problem 2. In the bad old days, we did calculations using logarithm tables! You probably will never have to do that, but this
exercise will nevertheless turn out to be useful. Show that Saha's equation can be written as

V.- AV,
T

NNy

log A+§logT+logﬁB< (8.6.6)
2 U

ng
and determine the numerical value of the constants A and B if n is expressed in m 3, T'is in K, V; is the ionization potential in
volts, and logarithms are common logarithms (i.e. to the base 10). I make them A =21.68 and B = 5039.7. It is common also to
write equation 8.6.6 in the form

logw =27.24— —loge—&—log& -0V, — AV;), (8.6.7)
) 2 Ug

in which 6 = 5039.7/T.

Problem 3. You are going to calculate the Saha function for hydrogen, and so you need the partition functions for the electron, the
neutral hydrogen atom and the hydrogen ion. The electron is easy. Its spin is 1/2, so its partition function is 2, as already discussed
and indeed already incorporated into Saha's equation. The partition function for neutral hydrogen can be taken to be the statistical
weight of its n = 1 shell, which is 2n? = 2. Now what about the statistical weight of the hydrogen ion? The hydrogen ion is a
proton, which has spin = 1/2. Therefore, as for the electron, should the partition function be 2? The answer is no! When
calculating the Saha equation for hydrogen, you should take the partition function of the proton to be 1. This probably seems
entirely illogical and you are probably quite sure that I am wrong. But before coming to this conclusion, read again the last
paragraph of section 8.4 and the first paragraph of section 8.5i. You can include the effect of the proton spin provided that you take
it into account for both H and H*. If you insist that the statistical weight of the proton is 2, you must also insist that the statistical
weight of the n = 1 shell of H is 4n? = 4. As with the Boltzmann equation, you usually need not be concerned with nuclear spin -
it cancels out in u; /ug. There is nothing, however, to cancel out the factor 2 for the electron partition function.

Problem 4. A kilogram of water is contained is a box of volume one cubic metre. The box is made of material that won't melt or
vaporize. (!) Draw a graph showing, as a function of temperature, from 10,000 K to 20,000 K the logarithm of the numbers per
unit volume of each of the species e, H, H", 0,0". (Assume there are no higher ionization stages, and no molecules.)

This is going to be difficult, and will involve some computation. The first thing you are going to need to do is to calculate the Saha
functions of the species involved as a function of temperature., and for this, you will need the partition functions . For the electron,
the partition function is 2 and is already incorporated in the Saha equation. As discussed in Problem 3, the partition function of H*
should be taken to be 1, and, as for the electron, it is mercifully independent of temperature. For neutral H, the statistical weight of
the ground shell is 2, and, as you will already have discovered if you carried out the little calculation in section 8.5ii, you can
probably take this to be the partition function at all temperatures between 10,000 and 20,000 K. The ground term of neutral
oxygen is P, and the first excited term is 'D at a term value of 15868 cm™!. Probably only the ground term contributes
appreciably to the partition function, but you might want to check that. The ground term of O II is *S° and the first excited term is
a long way up. Thus, for all species, you can probably take the partition function to be the statistical weight of the ground term and
independent of temperature. You are very lucky that I did not throw a metal into the mix!

The ionization limits of H and O are at 101678 and 109837 cm ™! respectively. We don't yet know by how much, Ay; the
ionization energy is lowered, so we'll ignore A; to begin with. You now have enough information to calculate the Saha functions
for hydrogen and for oxygen as a function of temperature.

We have been asked to calculate the numbers of five species and we are therefore going to need four equations. We started with one
kilogram of water. We know that 18 grams of water contain A molecules, where A is Avogadro's number. (You may want to look
up the exact molar mass of HyO.) Thus, we started with 1000 A /18molecules. Let's call that number N.

Now see if you agree with the following five equations.

Ny + Ny =2N (8.6.8)
No+Ny =N (8.6.9)
Ny + Ny =N, (8.6.10)
NNy = VSuNy (8.6.11)
N.Ny. =VSoNo (8.6.12)
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We do indeed have five equations in the five unknowns, and all other quantities in the equations are known. The first two express
the stoichiometry of the water molecule. The third expresses electrical neutrality. The last two are Saha's equations for hydrogen
and oxygen. They five equations are not very difficult equations, although the last two are nonlinear, which makes them slightly
awkward. We can make them a little easier. I am going to re-write them:

N +Nyg. —2N =0 (8.6.13)

No+Nyi —N=0 (8.6.14)
Ny +Ny. =N, =0 (8.6.15)
VSuNg — N.Nyg+ =0 (8.6.16)
VSoNo — N.Ng: =0 (8.6.17)

If we now, just for the moment, suppose that N, is a quantity whose value is known. In that case, equations 8.6.13to 8.6.17would
comprise five linear equations in just four unknowns. The condition for these equations to be consistent is that the determinant of
the coefficients and the constant terms be zero:

1 1 0 0 -2N
o o0 1 1 -N
o 1 0 1 -N.|=0 (8.6.18)
VSy -N. 0 0 0
0 0 VS, -N, 0

If I have done my algebra right (you might like to check this), this is a cubic equation in N,:
N2 +V(So +Su)N2+V[VSuSo — (285 + So)N|N, —3V2SgSoN = 0. (8.6.19)

You can now solve this for IN.. Remember, however, that, in calculating the Saha functions, you ignored the lowering of the
ionization potential AV}, so what you have found is but a first approximation for N,. This is a function of the electron density. One
rather old formula, due to Unsold, is

AV; =7 x107°nY?, (8.6.20)

where V; is in volts and n. (= N, /V) is in m™ (indicating that the lowering of the potential is proportional to the distance between
the charged particles.). If you can find a more recent and perhaps better formula, by all means use it. You can use your first
approximation for n. to calculate the Saha functions, and then repeat the entire calculation and continue to iterate until you obtain
an acceptably small change in n.. It is probable that only one iteration will be necessary. Having found n. (and NV,) it is then
straightforward to find the remaining unknowns from equation 8.6.13to 8.6.17 Just make sure that you make use of all five
equations as a check for arithmetic mistakes.

Problem 5. A bottle of methyl cyanate CH3CNO is held in a cylinder with a movable piston such that the pressure remains
constant at one pascal. Heat it up to some temperature at which you can assume that the only species present are electrons and the
neutral atoms and singly ionized stages of C, H, O and N - i.e. no higher ionization stages and no molecules. The cylinder and
piston are not allowed to melt - they are required only to provide constant pressure conditions, in contrast to the previous problem
in which you had a constant volume. You have nine unknowns, and you will need nine equations. In this problem you are asked
merely to write down the nine required equations, not necessarily to solve them unless you particularly want to. There will be Saha
equations for each element, an equation expressing electrical neutrality, and four equations reflecting the stoichiometry. You may
assume the ideal gas equation P = nkT.
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8.7: The Negative Hydrogen lon

The word "ion" in the gas phase is often thought of as the positively charged remnant of an atom that has lost one or more
electrons. However, any electrically charged atom (or molecule or radical), whether positively charged (as a result of loss of an
electron) or negatively charged (having an additional electron) can correctly be called an "ion". In this section, we are interested in
the negative hydrogen ion, H™, a bound system consisting of a proton and two electrons.

The formation of such an ion can be qualitatively described, in classical terms, as follows. A hydrogen atom, consisting of a proton
and an electron, is approached by a second electron. The electric field of the second electron (which falls off with distance as r2)
induces a dipole moment in the neutral hydrogen atom, with the two electrons then being at opposite sides of the proton. The
induced dipole moment is proportional to the electric field of the polarizing electron, and hence to 7~2. The second electron now
finds itself immersed in the electric field of the dipole that it has itself induced in the neutral H atom, and can be captured by it. The
field of the dipole falls is proportional to p/r%, where p, the induced dipole moment, is already proportional to 2. Thus the force
between the neutral (but dipolar) hydrogen atom and the intruding second electron falls off as 7>, and the second electron moves
in a potential varying as 7 *. Because of this, the energy level structure of H™ is very different from that of H. In H, the potential
falls off as 7~!, which results in the familiar infinite Rydberg series of levels. For a potential of the form »", if n > 1 the
Schrodinger equation predicts a finite number of bound levels below the ionization limit, and, in the case of H™, there is just one
bound level, and it is a mere 0.7 eV below the ionization limit. The 0.7 €V can be called the ionization potential of the H™ ion or
the electron dffinity of the H atom. Perhaps the latter term is preferable, because it is a little odd to refer to removing an electron
from the H™ ion (so that it is then no longer an ion) as "ionization"! As Professor Joad might have said: "It all depends what you
mean by 'ionization. In any case, an electron can easily be removed from H™ either by a mild collision or by any photon of
(vacuum) wavelength shorter than about 1771 nm.

In the solar atmosphere, most hydrogen atoms are neutral and have the electron in the n =1 shell (K shell). Only a few are in the
form of H* or H™. (I am not sure offhand which is more numerous, H" or H™ - that would make a good lunchtime discussion.)
But because H™ is so readily stripped of an electron by almost any old photon, H™ makes an appreciable contribution to the
continuous opacity of the solar atmosphere. The continuous absorption can be either by "bf" (bound-free) transitions or so-called
"ff" (free-free) transitions. In the latter case the second electron is unbound, but it swerves in the field of the dipole that it has itself
induced in the neutral H atom.
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8.8: Autoionization and Dielectronic Recombination

The ionization energy as discussed until this point has meant the energy required to remove an electron from an atom, initially in its
ground level, leaving the removed electron with no kinetic energy. The neutral atom has a number of discrete energy levels below
the ionization limit; above that limit, there is a continuum of energy states - which merely means that the electron is unbound and
there are no restrictions on its kinetic energy.

However, it is possible for more than one electron in an atom to be excited, and in that case it is quite possible for an atom to exist
in a discrete bound level whose energy is above the ionization limit as described in the previous paragraph. Although this is quite
possible, an atom generally does not stay long in one of these highly excited levels. One of the electrons can easily slip away from
the atom without the absorption of any additional energy, thereby leaving behind an ion in an excited state. Such a process is called
autoionization, and the levels or states concerned are autoionization levels or states.

The converse process is quite possible. An ion in an excited state can capture a hitherto free electron, thus forming the neutral atom
with two excited electrons. The process is dielectronic recombination. Downward transitions from these autoionization levels to
lower discrete level can occur.

As mentioned above, the mean lifetime of the atom in one of these autoionization levels is rather short. As a consequence of
Heisenberg's uncertainty principle, there is a corresponding uncertainty in the energy level that is inversely proportional to the
lifetime. Stated otherwise, the autoionization energy levels are relatively broad. Consequently lines resulting from downward
transitions originating from these autoionization levels are relatively broad, and indeed such lines are often recognized or at least
suspected from their relatively diffuse appearance. Such lines are readily observed, for example, in the spectra of copper, zinc and
cadmium among others.
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8.9: Molecular Equilibrium

The dissociation of diatomic molecules can be treated in a way that is very similar to Saha's equation for ionization. Consider, for
example, the following reversible reaction

AB« A+B (8.9.1)

The equilibrium is governed by an equation that is essentially identical to the Saha equation:

3
2mmkT\ 2
AT _ e ( mr; ) UAUB DY/(kT)
NAB h UAB

(8.9.2)

Here K p is the equilibrium constant, m is mymg/(mymsg), and D is the dissociation energy. To a first approximation the
partition function u,p of the molecule is the product of the electronic, vibrational and rotational partition functions, although
usually today more precise calculations are made. The equation is often written in terms of partial pressures:

DAPB
DAB

=K/, (8.9.3)

in which K, , = kT'K 4 where the gases may be considered to be ideal.

Let us consider again Problem 5 of section 8.6, in which we have methyl cyanate CH3 CNO held at some pressure P, but this time
we'll work at some temperature where we shall suppose that the only species to be expected would be neutral atoms and neutral
diatomic molecules. The species concerned are C, H, O, N, C,, CN, CO, CN, H,, OH, NH, O,, NO, N,. We shall evidently
need 14 equations. They are:

ng +ng +no +nx +ng, +ncy +nco +neN +ny, +no +nNg +no, +nNo 0N, = P/(kT), (8.9.4
nc +2n¢, +ncu +nco +nen = 2(ny +nex +nne +nvo +2ny,), (8.9.5
nu +ncu + 20w, +now +nxm = 3(nx +nen +nwm +nvo + 20y, ), (

no +nco +nou + 2no, +nNo = NN +noN +nNg +nNo +2ny,, (8.9.7
ng = Kc,nc,, ncnm = Kcanca, ncno =Kconco, neny =Konnen, nf = Ku,nm,, (8.9.7-11
nonyg = KOH”OH, nNnyg = KNHnNH, n%) = K02’n()2, nNno = KNQnNQ, n2N = KNanz . (8.9.12—16)

The first of these equations is the ideal gas equation. The next three express the stoichiometry of methyl cyanate. The remaining
ten, which are nonlinear, are the equilibrium equations. Some skill and experience in the solution of multiple nonlinear
simultaneous equations is necessary actually to solve these equations.
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8.10: Thermodynamic Equilibrium

Those who have studied thermodynamics will be familiar with such elementary and easy concepts as entropy, enthalpy, Gibbs free
energy, chemical potential, activity and fugacity, and will have no difficulty in grasping their meaning. Much more difficult to
grasp, however, is the very difficult concept of temperature. I have vague memories of something called the Zeroth Law of
Thermodynamics which, I seem to recall, went something like this: "If two bodies are in thermodynamic equilibrium with each
other, and each is in thermodynamic equilibrium with a third, then all three bodies are at the same temperature.”" I understood that
this was a law of great profundity, though I was never quite sure whether any part of the Universe could ever truly be in
thermodynamic equilibrium and that the Universe would be a pretty dull place if it were. This section may or may not (more likely
the latter) make the concept of temperature any easier.

Let us try to imagine a system consisting of a hot gas with a solid body suspended in it.

Let us imagine that we are somehow able to measure the distribution of the translational speeds of the molecules in the case, and
the distribution is found to conform to a Maxwell-Boltzmann distribution with a root-mean-square speed V. We could then
calculate the quantity mV 2 /(3k) and call this quantity 7". We could call this quantity the kinetic temperature of the gas. We might,
for example, say that the kinetic temperature of the gas is 300 K. Some may think that it would be simpler merely to say how fast
the molecules are moving. In any case, the kinetic temperature of the gas is merely a way of expressing what the root-mean-square
speed of the molecules is.

Let us also imagine that we are able to determine how the molecules are partitioned among their numerous discrete energy levels.
We may find that they are distributed according to the Boltzmann distribution with parameter 7', and we could call that parameter
the excitation temperature, which would then merely be a way of saying how fast or how slowly the occupation numbers of the
levels fall off with energy.

We might also be able to determine the extent to which the atoms are ionized, and we could apply Saha's equation and hence define
an ionization temperature.

Unless the molecules are single atoms, we might also be able to determine how the molecules are partitioned among their various
vibrational levels or among their numerous rotational levels, and we could assign to these distributions a vibrational temperature
and a rotational temperature respectfully.

If we look at the solid, it may be glowing with heat, and we may be able to determine how its exitance per unit wavelength interval
varies with temperature, and we might observe that it conforms to Planck's radiation formula. We might be able to measure its total
exitance, M. We could then pretend that it is a black body, and we could define (M /c)'/% where o is the StefanBoltzmann
constant, as the effective temperature. Or we could note the wavelength at which the exitance per unit wavelength interval is
greatest, and we could define W /A4 as the colour temperature where W is Wien's constant..

Small wonder that "temperature" and "thermodynamic equilibrium" are such difficult concepts to grasp! However, I think it is fair
to make the following statements: If the system is in thermodynamic equilibrium, then all of these various possible measures of
"temperature” (kinetic, excitation, ionization, vibrational, rotational, effective, colour) are equal. If they are not equal, the system is
not in thermodynamic equilibrium.
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9.1: Introduction, Radiance, and Equivalent Width

If we look at a hot, glowing gas, we can imagine that we could measure its radiance in W m~2 sr . If we disperse the light with a
spectrograph, we may see that it is made up of numerous discrete emission lines. These lines are not infinitesimally narrow, but
have a finite width and a measurable profile. At any particular wavelength within the wavelength interval covered by the line, let us
suppose that the radiance per unit wavelength interval is Iy W m~2 sr—! m~1. Here, we are using the symbol I for radiance,
which is customary in astronomy, rather than the symbol L, which we used in chapter 1. We insist, however, on the correct use of
the word "radiance", rather than the often too-loosely used "intensity". We might imagine that we could measure I, by comparing
the radiance per unit wavelength interval in the spectrum of the gas with the radiance per unit wavelength interval of a black body
at a known temperature (or of any other body whose emissivity is known), observed under the same conditions with the same
spectrograph.

The radiance I of the whole line is given by I = fooo I, d\. In principle, the integration limits are 0 and oo, although in practice
for most lines the integration need be performed only within a few tenths of a nanometer from the line center.

The radiance of an emission line depends, among other things, upon the number of atoms per unit area in the line of sight (the
"column density") in the initial (i.e. upper) level of the line.

You will have noticed that I wrote "depends upon", rather than "is proportional to". We may imagine that the number of atoms per
unit area in the line of sight could be doubled either by doubling the density (number of atoms per unit volume), or by doubling the
depth of the layer of gas. If doubling the column density results in a doubling of the radiance of the line, or, expressed otherwise, if
the radiance of a line is linearly proportional to the column density, the line is said to be optically thin. Very often a line is not
optically thin, and the radiance is not proportional to the number of atoms per unit area in the upper level. We shall return to this
topic in the chapter on the curve of growth. In the meantime, in this chapter, unless stated otherwise, we shall be concerned entirely
with optically thin sources, in which case I oc N3, where A is the column density and the subscript denotes the upper level. We
shall also suppose that the gas is homogenous and of a single, uniform temperature and pressure throughout.

In the matter of notation, I am using:
n = number of atoms per unit volume

N = column density
N = number of atoms

Thus in a volume V, N = nV, and in a layer of thickness ¢, A" = nt.

Most lines in stellar spectra are absorption lines seen against a brighter continuum. In an analogous laboratory situation, we may
imagine a uniform layer of gas seen against a continuum. We'll suppose that the radiance per unit wavelength interval of the
background continuum source is Iy (c). We shall establish further notation by referring to figure IX.1, which represents an
absorption line against a continuum. The radiance per unit wavelength interval is plotted against wavelength horizontally.

FIGUREIX.1

L)

I(c)

| |Il(7\,0)

w

I, (X) is the radiance per unit wavelength interval at some wavelength within the line profile, and Iy (Ag) is the radiance per unit
wavelength interval at the line center.
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The equivalent width W (die Aequivalentbreitd of an absorption line is the width of the adjacent continuum that has the same area
as is taken up by the absorption line. Expressed as a defining equation, this means:

W(c) = / [1(c) — I (A)] dA. 9.1.1)

Again in principle the integration limits are 0 to oo, although in practice a few tenths of a nanometre will suffice. Equivalent width
is expressed in nm (or in A). It must be stressed that equivalent width is a measure of the strength of an absorption line, and is in no
way related to the actual width (or full width at half minimum) of the line. In figure IX.1, the width W of the continuum has the
same area as the absorption line.

In principle, the equivalent width could also be expressed in frequency units (Hz), via a defining equation:

WWI,(c) = / [L(c) —I,(v)] dv. (9.1.2)

This is sometimes seen in theoretical discussions, but in practice equivalent width is usually expressed in wavelength units. The
two are related by

w® = Cwh N Egp» (9.1.3)
32 , 2 . 1.
Unless otherwise specified, I shall omit the superscript (\), and W will normally mean equivalent width expressed in wavelength
units, as in Equation 9.1.1.

? Exercise 9.1.1

A layer of cool gas lies above an extended source of continuous radiation, and an absorption line formed in the gas layer has an
equivalent width . If the temperature of the extended continuous source is now increased so that its spectral radiance at the
wavelength of the line is doubled, what will now be the equivalent width of the line?

The equivalent width of an absorption line depends, among other things, upon the number of atoms per unit area in the line of sight
(the "column density") in the initial (i.e. lower) level of the line. If the gas is optically thin, W oc N, where the subscript indicates
the lower level of the line.

If the absorption coefficient at wavelength A is a(A) and has the same value throughout the gas, and it the thickness of the gas
layer is ¢, Iy(\) and I (c) are related by

Iy(A) = I(c)exp[—a(A)t] . (9.1.4)

Thus Equation 9.1.1 can be written

W= / 1 — exp (—a(\)8)] dA, 9.1.5)

and this equation is sometimes cited as the definition of the equivalent width. The definition, however, is Equation 9.1.1. Equation
9.1.4 can be used to calculate it, but only if a(A) is uniform throughout the gas. In the optically thin limit, the first term in the
Maclaurin expansion of 1 —exp (—a/(A)t) is a(A)t, so that, for an optically thin homogeneous gas,

W=t / a(A)dA. 9.1.6)

The reader should verify, as ever, the dimensional correctness of all of the foregoing equations.

We have seen that the radiance of an emission line or the equivalent width of an absorption line depends, among other things, on
the column density of atoms in the initial state. In fact, in a homogeneous optically thin gas, the radiance or equivalent width is
linearly proportional to the product of two things. One is the column density of atoms in the initial state. The other is an intrinsic
property of the atom, or rather of the two atomic levels involved in the formation of the line, which determines how much energy a
single atom emits or absorbs. There are three quantities commonly used to describe this property, namely oscillator strength,
Einstein coefficient and line strength.
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All three of these quantities are related by simple equations, but oscillator strength is particularly appropriate when discussing
absorption lines, Einstein coefficient is particularly appropriate when discussing emission lines, while line strength is a quantum
mechanical quantity particularly useful in theoretical work. Because of this very technical usage of the term line strength, the term
should not be used merely to describe how "intense" a particular line appears to be.
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9.2: Oscillator Strength. (die Oszillatorenstarke)

The concept of oscillator strength arises from a classical electromagnetic model of the absorption of radiation by an atom. While a
detailed understanding of each step in the derivation requires an understanding and recall of some results from classical mechanics
and electromagnetic theory, it is not at all difficult to understand qualitatively the meaning of oscillator strength and at least the
general gist of the argument that follows.

An atom consists of a nucleus surrounded by electrons - but not all of the electrons are equally strongly bound. We are going to
think of an atom as having, for the purposes of this model, just two parts of interest, namely an outer loosely bound electron, and
the rest of the atom. If this system is set into vibration, we'll suppose that it has a natural frequency wy, but that the oscillations are
damped. An oscillating dipole does, of course, radiate electromagnetic waves. That is to say, it loses energy. That is to say, the

oscillations are damped. If the atom is placed in an oscillating electric field (i.e. if you shine a light on the atom) given by Ecoswt

the electron will experience a force per unit mass %cos wt. The Equation of motion is

~

E
E+vyi+wie = e—coso.nf. 9.2.1
0
m

This is the differential Equation that describes forced, damped oscillations. The solutions to this Equation are well known, but I
shall defer detailed consideration of it until the chapter on line profiles. Suffice it to say, for our present purposes, that it is possible
to determine, from analysis of this Equation, how much energy is absorbed.

If a periodic force is applied to a mass attached to a fixed point by a spring, and the motion is damped, either by viscous forces (for
example, if the mass were immersed in a fluid) or by internal stresses in the spring, not all of the work done by the periodic force
goes into setting the mass in motion; some of it is dissipated as heat. In a way, we are imagining the atom to consist of an electron
attached by some sort of force to the rest of the atom; not all of the work done by the forcing electromagnetic wave goes into
setting the electron in motion. Some of the work is absorbed or degraded into a non-mechanical form. Perhaps the energy is lost
because the accelerating electron radiates away energy into space. Or perhaps, if you believe in discrete energy levels, the atom is
raised to a higher energy level. It does not matter a great deal what you believe happens to the energy that is "lost" or "absorbed";
the essential point for the present is that Equation 9.2.1 allows us to calculate (and I do promise to do this in the chapter on line
profiles) just how much energy is lost or absorbed, and hence, if the atom is irradiated by a continuum of wavelengths, it enables us
to calculate the equivalent width of the resulting spectrum line. The result obtained is

Ne2)\?

W= .
4egmec?

(9.2.2)

W = equivalent width in wavelength units.
N = column density (number per unit area in the line of sight) of absorbing atoms.
A = wavelength of the line.
€9 = permittivity of free space.
e, m = charge and mass of the electron.
¢ = speed of light.

The reader should, as ever, check that the above expression has the dimensions of length. If every quantity on the right hand side is
expressed in SI units, the calculated equivalent width will be in meters.

The reader may well object that s/he is not at all satisfied with the above argument. An atom is not at all like that, it will be said.
Besides, Equation 9.2.2 says that the equivalent width depends only on the wavelength, and that all lines of the same wavelength
have the same equivalent width. This is clearly nonsense. Let us deal with these two objections in turn.

First: Atoms are not at all like that. For a start, an atom is an entity that can exist only in certain discrete energy levels, and the only
atoms that will absorb radiation of a given frequency are those that are in the lower level of the two levels that are involved in a
line. Thus NV in Equation 9.2.2 must be replaced by A/, the column density (number per unit area in the line of sight) of just those
atoms that are in the lower level of the line involved. Thus Equation 9.2.2 should be replaced by

W= Nie2)\?

4egmec?

(9.2.3)
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Second: The equivalent width of a line obviously does not depend only on its wavelength. Many lines of very nearly the same
wavelength can have almost any equivalent width, and the equivalent width can vary greatly from line to line. We therefore now
come to the definition of oscillator strength:

& Definition

The absorption oscillator strength f;5 of a line is the ratio of its observed equivalent width to the equivalent width (wrongly)
predicted on the basis of the classical oscillator model and given by Equation 9.2.3.

Thus the expression for the equivalent width becomes

W N fr2€2 N2 ‘

9.2.4
4egmec? ( )

The oscillator strength for a given line must be determined either experimentally or theoretically before the column density of a
particular atom in, for example, a stellar spectrum can be determined from the observed equivalent width of a line. In principle, the
oscillator strength of a line could be measured in the laboratory if one were able, for example, to measure the equivalent width of a
line produced in an absorbing gas in front of a continuum source, and if one were able independently to determine N;. Other
experimental methods can be devised (see section 9.3 on Einstein coefficients), and theoretical methods are also available (see
section 9.5 on line strengths).

It should be emphasized that Equation 9.2.4 applies only to an optically thin layer of gas. As far as I can see, there is no reason
why Equation 9.2.4 is restricted either to a homogeneous layer of gas of uniform temperature and pressure, or to a gas in
thermodynamic equilibrium - but it does require the layer to be optically thin.

We shall now restrict ourselves to an optically thin layer that is in thermodynamic equilibrium and of uniform temperature
throughout. In that case, N is given by Boltzmann's Equation (see Equation 8.4.18):

Nl wlefEl/(kT)
i (9.2.5)

Here N is the total number of atoms per unit area in all levels, wo; is the statistical weight 2J + 1 of the lower level, and u is the
partition function. Thus Equations 9.2.4 and 9.2.5 combined become

N€2 )\2 w1 flze_El/(kT)
4eomciu )

W= (9.2.6)

In the above Equations I have used slightly different fonts for e, the electronic charge, and e, the base of natural logarithms.

The quantity fi5 is called the absorption oscillator strength. An emission oscillator strength f2; can be defined by

w1 f12 = w2 fo1, (9.2.7)

and either side of this Equation is usually given the symbol = f. Indeed, it is more usual to tabulate the quantity wf than fi5 or fa;
alone. I should also point out that the notation seen in the literature is very often gf rather than wf. However, in chapter 7 I went to
considerable trouble to distinguish between statistical weight, degeneracy and multiplicity, and I do not wish to change the notation
here. In any case, the value of w (a form of the Greek letter pi) for an atomic energy level is 2J + 1. (We pointed out in chapter 7
why it is not usually necessary to include the further factor 27 +1 for an atom with nonzero nuclear spin.) Equation 9.2.6 is
usually written

NeZAZerfEl/(kT)

W= 9.2.8
4egmciu ( )
If we take the common logarithm of Equation 9.2.8, we obtain
2 e’Vl
lo =1lo +log N —logu — —loge. 9.2.9
E o Bluegme 8 &% T 8 (9-2.9)

If everything is in SI units, this is
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log =—14.053 +log N —logu — OV;. (9.2.10)

wfA?
I'd be happy for the reader to check my arithmetic here, and let me know (jtatum at uvic dot ca) if it's not right. Here W and A are to
be expressed in meters and N in atoms per square meter. V1 is the excitation potential of the lower level of the line in volts, and 8 is
5039.7/T, where T is the excitation temperature in kelvin. Thus, if we measure the equivalent widths of several lines from an
w
wfA?

whose slope will give us the excitation temperature, and, provided that we know the partition function, the intercept will give us the

optically thin gas, and plot log( ) versus the excitation potential of the lower level of each line, we should get a straight line

column density of the neutral atoms (in all levels) or of a particular ionization state.

Often it will happen that some points on the graph fall nowhere near the regression line. This could be because of a wildly-
erroneous oscillator strength, or because of a line misidentification. Sometimes, especially for the resonance lines (the strongest
lines arising from the lowest level or term) a line lies well below the regression line; this may be because these lines are not
optically thin. Indeed, Equation 9.2.10applies only for optically thin lines.

Equation 9.2.10shows how we can make use of Boltzmann’s Equation and plot a straight-line graph whose slope and intercept will
give us the excitation temperature and the column density of the atoms. We can go further and make use of Saha’s Equation. If we

plot 10g< I}V)\2> versus the lower excitation potential for atomic lines and do the same thing separately for ionic lines, we should
obtain two straight lines of the same slope (provided that the gas is in thermodynamic equilibrium so that the excitation
temperatures of atom and ion are the same). From the difference between the intercepts of the two lines we can get the electron
density. Here’s how it works.

w

If we set up Equation 9.2.9 or Equation 9.2.10 for the atomic lines and for the ionic lines, we see that the difference between the
Naui
Ny,
atom and ion, NV is column density and 7 is particles per unit volume. Then from Equation 8.6.7 we see that

), and, if the gas is optically thin, this is also equal to log(w). Here the subscripts denote

NiUa

intercepts will be equal to log(

log (%) = difference between intercepts = 27.24 — %log 0—0(V —AV)—logn, (9.2.11)
7 %a

Here 0is 5039.7/T, where T is the ionization temperature and, in assuming that this is the same as the excitation temperatures

obtained from the slopes of the lines, we are assuming thermodynamic equilibrium. V is the ionization potential of the atom. Thus

we can obtain the electron density n. — except for one small detail. AV is the lowering of the excitation potential, which itself

depends on n.. We can first assume it is zero and hence get a first approximation for n.; then iterate to get a better V' in the same

manner that we did in solving Problem 4 of section 8.6.

So far we have discussed the equivalent width of a line. A line, however, is the sum of several Zeeman components, with (in the
absence of an external magnetic field) identical wavelengths. It is possible to define an oscillator strength of a Zeeman component.
Is the oscillator strength of a line equal to the sum of the oscillator strengths of its components? The answer is no. Provided the line
and all of its components are optically thin, the equivalent width of a line is equal to the sum of the equivalent widths of its
components. Thus Equation 9.2.8 shows that the w f value of a line is equal to the sum of the wf values of its components. A
further point to make is that, for a component, the statistical weight of each state of the component is unity. (A review from chapter
7 of the meanings of line, level, component, state, etc., might be in order here.) Thus, for a component there is no distinction
between absorption and emission oscillator strength, and one can use the isolated symbol f with no subscripts, and the unqualified
phrase "oscillator strength" (without a "absorption" or "emission" prefix) when discussing a component. One can accurately say
that the = f value of a line is equal to the sum of the f values of its components. In other words, = f(line) = 3 f (components), so
that one could say that the oscillator strength of a line is the average of the oscillator strength of its components. Of course, this
doesn't tell you, given the w f value of a line, what the f-values of the individual components are. We defer discussion of that to a
later section of this chapter.

The phrase " f-value" is often used instead of "oscillator strength". I was rather forced into that in the previous paragraph, when I
needed to talk about w f values versus f-values. However, in general, I would discourage the use of the phrase " f-value" and would
encourage instead the phrase "oscillator strength". After all, we never talk about the "evalue" of the electron or the "M-value" of
the Sun. I suppose "weighted oscillator strength" could be used for w f.

This page titled 9.2: Oscillator Strength. (die Oszillatorenstarke) is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or
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9.3: Einstein A Coefficient

Although either oscillator strength or Einstein A coefficient could be used to describe either an emission line or an absorption line,
oscillator strength is more appropriate when talking about absorption lines, and Einstein A coefficient is more appropriate when
talking about emission lines.

We think of an atom as an entity that can exist in any of a number of discrete energy levels. Only the lowest of these is stable; the
higher levels are unstable with lifetimes of the order of nanoseconds. When an atom falls from an excited level to a lower level, it
emits a quantum of electromagnetic radiation of frequency v given by

hv = AE, (9.3.1)

where AE = Es — Fy, E5 and E; respectively being the energies of the upper (initial ) and lower (final) levels. The number of
downward transitions per unit time is supposed to be merely proportional to the number of atoms, IV, at a given time in the upper
level. The number of downward transitions per unit time is —N,, since N in calculus means the rate at which N, is increasing.
Thus

—Njy = Ay N». (9.3.2)

The proportionality constant As; is the Einstein coefficient for spontaneous emission for the transition from Es to Ep. It is
equivalent to what, in the study of radioactivity, would be called the decay constant, usually given the symbol A. It has dimensions
T~! and ST units s ~*. Typically for electric dipole transitions, it is of order 108s~. As in radioactivity, integration of the above
Equation shows that if, at time zero, the number of atoms in the upper level is N2 (0), the number remaining after time ¢ will be

Ny(t) = Ny(0)e 4=, (9.3.3)

Likewise, as will be familiar from the study of radioactivity (or of first-order chemical reactions, if you are a chemist), the mean
lifetime in the upper level is 1/ As; and the halflife in the upper level is (In2)/Ag;. This does presume, however, that there is only
one lower level below E5. We return to this point in a moment, when we consider the situation when there is a choice of more than
one lower level to which to decay from E.

Since there are As; No downward transitions per units time from Fsj to Fy, and each transition is followed by emission of an
energy quantum hv, the rate of emission of energy from these IV, atoms, i.e. the radiant power or radiant flux (see chapter 1) is

® = NyAy hv watts. (9.3.4)

(For absolute clarity, we could append the subscript 21 to the frequency v in order to make clear that the frequency is the frequency
appropriate to the transition between the two energy levels; but a surfeit of subscripts might be too distracting to the point of
actually making it less clear.) Provided the radiation is emitted isotropically, the intensity is

Ny As1h
[= 222280 gt (9.3.5)
47
The emission coefficient (intensity per unit volume) is
Asrh
j= 228 Wom Bl (9.3.6)
a7
If we are looking at a layer, or slice, or slab, of gas, the radiance is
N2 Aaih o
L= %1”. W m 2sr . (9.3.7)
s

Here, I have been obliged to use I and L correctly for intensity and radiance, rather than follow the unorthodox astronomical
custom of using I for radiance and calling it "intensity". I hope that, by giving the SI units, I have made it clear, though the reader
may want to refer again to the definitions of the various quantities described in chapter 1. T am using the symbols described in
section 9.1 of the present chapter for N, n and NV . I should also point out that Equations 9.3.4-7 require the gas to be optically
thin.

Equation 9.3.2 and 9.3.3 assume that the atom, starting from level 2, can decay to only one lower level. This may sometimes be the
case, or, even if it is not, transitions to one particular lower level are far more likely than decay to any or all of the others. But in
general, there will be a choice (with different branching ratios) of several lower levels. The correct form for the decay constant
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under those circumstances is A =Y, Ag1, the sum to be taken over all the levels below Es to which the atom can decay, and the
mean lifetime in level 2 is 1/ As;. Nowadays it is possible to excite a particular energy level selectively and follow
electronically on a nanosecond timescale the rate at which the light intensity falls off with time. This tells us the lifetime (and hence
the sum of the relevant Einstein coefficients) in a given level, with great precision without having to measure absolute intensities or
the number of emitting atoms. This is a great advantage, because the measurement of absolute intensities and determination of the
number of emitting atoms are both matters of great experimental difficulty, and are among the greatest sources of error in
laboratory determinations of oscillator strengths. The method does not by itself, however, give the Einstein coefficients of
individual lines, but only the sum of the Einstein coefficients of several possible downward transitions. Measurements of (or
theoretical calculations of) relative oscillator strengths or branching ratios (which do not require absolute intensity measurements
or determinations of the number of emitting or absorbing atoms), combined with lifetime measurements, however, can result in
relatively reliable absolute oscillator strengths or Einstein coefficients.

We shall deal in section 9.4 with the relation between oscillator strength and Einstein coefficient.

If the optically thin layer of gas described by Equation 9.3.7 is in thermodynamic equilibrium, then A5 is given by Boltzmann's
Equation, so that Equation 9.3.7 becomes

o /\/hcw2A21e_E2/(kT)

L 9.3.8
Ay ( )
The common logarithm of this is
LA he eVy
1 =log — +1 -1 — —loge. 9.3.9
og<w2A21) og 47r+ og N —logu T loge ( )
If everything is in SI units, this becomes
L\
log[ —— | =—25.801 +log N —logu — V5. (9.3.10)
wy A1
Thus a graph of log;<w2L221 ) versus the upper excitation potential V5 will yield (for optically thin lines) the temperature and the

column density of atoms from the slope and intercept. I leave it to the reader to work out the procedure for determining the electron
density in a manner similar to how we did this for absorption lines in developing Equation 9.2.11.

The radiance of a line is, of course, the sum of the radiances of its Zeeman components, and, since the radiance is proportional to
wyAs1, one can say, following a similar argument to that given in the penultimate paragraph of section 9.2, that the Einstein
coefficient of a line is equal to the average of the Einstein coefficients of its components.

At this stage, you may be asking yourself if there is a relation between oscillator strength and Einstein coefficient. There is indeed,
but I crave your patience a little longer, and I promise to address this in Section 9.4.

“Transition Probability” (0ieUbergangstoabhrscheinlichteit) The expression “transition probability” is often used for the Einstein
A coefficient, and it is even sometimes defined as “the probability per second that an atom will make a spontaneous downward
transition from level 2 to level 1”. Both are clearly wrong.

In probability theory (especially in the theory of Markov chains) one sometimes has to consider a system that can exist in any of
several states (as indeed an atom can) and the system, starting from one state, can make a transition to any of a number of other
possible states. The probability of making a particular transition is called, not unnaturally, the transition probability. The transition
probability so defined is a dimensionless number in the range zero to one inclusive. The sum of the transition probabilities to all
possible final states is, of course unity. “Branching ratio” is another term often used to describe this concept, although perhaps
“branching fraction” might be better. In any case, the reader must be aware that in many papers on spectroscopy, the phrase
“transition probability” is used when what is intended is the Einstein A coefficient.

The reader will have no difficulty in showing (from Equation 9.3.3) that the probability that an atom, initially in level 2, will make
a spontaneous downward transition to level 1 in time ¢, is 1 —e“2? | and that the probability that it will have made this transition in
asecond is 1 —e42 . With Ay; being typically of order 10® s—1, this probability is, unsurprisingly, rather close to one!
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9.4: Einstein B Coefficient

In section 9.2 on oscillator strengths, we first defined what we meant by absorption oscillator strength f15. We then showed that the
equivalent width of a line is proportional to o; fio. We followed this by defining an emission oscillator strength fo; by the
equation s fo1 = i f12. Thereafter we defined a weighted oscillator strength zof to be used more or less as a single symbol
equal to either w3 fo1 or wy fi2. Can we do a similar sort of thing with Einstein coefficient? That is, we have defined Asi, the
Einstein coefficient for spontaneous emission (i.e. downward transition) without any difficulty, and we have shown that the
intensity or radiance of an emission line is proportional to tws A21. Can we somehow define an Einstein absorption coefficient A;5?
But this would hardly make any sense, because atoms do not make spontaneous upward transitions! An upward transition requires
either absorption of a photon or collision with another atom.

For absorption lines (upwards transitions) we can define an Einstein B coefficient such that the rate of upward transitions from
level 1 to level 2 is proportional to the product of two things, namely the number of atoms /V; currently in the initial (lower) level
and the amount of radiation that is available to excite these upward transitions. The proportionality constant is the Einstein
coefficient for the transition, Bjs. There is a real difficulty in that by “amount of radiation” different authors mean different things.
It could mean, for example, any of the four things:

u), the energy density per unit wavelength interval at the wavelength of the line, expressed in J m>ml;

u,, the energy density per unit frequency interval at the frequency of the line, expressed in J m 3 Hz ! ;

L radiance (unorthodoxly called “specific intensity” or even merely “intensity” and given the symbol I by many astronomers) per

unit wavelength interval at the wavelength of the line, expressed in W m ™2 sr ! m™!;

L, radiance per unit frequency interval at the frequency of the line, expressed in W m Zsr ! Hz b,

Thus there are at least four possible definitions of the Einstein B coefficient and it is rarely clear which definition is intended by a
given author. It is essential in all one’s writings to make this clear and always, in numerical work, to state the units. If we use the
symbols B¢,, BY,, BS,, B{, for these four possible definitions of the Einstein B coefficient, the SI units and dimensions for each
are

B, : s1(Jm P m™)! M 'L’T

B,: s'(ImPHzNH)' ML

BSy: s'(Wm2sr'm™?)t MILT?

B‘fQ : s (Wm2sr'1Hz 1)t ML
You can, of course, find equivalent ways of expressing these units (for example, you could express BI{Z in metres per kilogram if
you thought that that was helpful!), but the ones given make crystal clear the meanings of the coefficients.

The relations between them are (omitting the subscripts 12):

A2 A2

c
B*="—pt=_—_pBc=__pd. 4.1
c 47 47?7 (9-4.1)
b V2 C C d V2 a
B=Yp-Cp=p (9.4.2)
T T c
A2 4 47\
p="p=-"Tp T p (9.4.3)
c c c?
47v? 4 2
Bl — ﬂ: p="p_Yp, (9.4.4)
c c c

For the derivation of these, you will need to refer to equations 1.3.1, 1.15.3 and 1.17.12,

From this point henceforth, unless stated otherwise, I shall use the first definition without a superscript, so that the Einstein
coefficient, when written B2, will be understood to mean B‘112. Thus the rate of radiation-induced upward transitions from level 1
to level 2 will be taken to be B; 2 times Ny times u).

Induced downward transitions.
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The Einstein Bj coefficient and the oscillator strength fi2 (which are closely related to each other in a manner that will be shown
later this section) are concerned with the forced upward transition of an atom from a level 1 to a higher level 2 by radiation of a
wavelength that corresponds to the energy difference between the two levels. The Einstein As; coefficient is concerned with the
spontaneous downward decay of an atom from a level 2 to a lower level 1.

There is another process. Light of the wavelength that corresponds to the energy difference between levels 2 and 1 may induce a
downward transition from an atom, initially in level 2, to the lower level 1. When it does so, the light is not absorbed; rather, the
atom emits another photon of that wavelength. Of course the light that is irradiating the atoms induces upward transitions from
level 1 to level 2, as well as inducing downward transitions from level 2 to level 1, and since, for any finite positive temperature,
there are more atoms in level 1 than in level 2, there is a net absorption of light. (The astute leader will note that there may be more
atoms in level 2 than in level 1 if it has a larger statistical weight, and that the previous statement should refer to states rather than
levels.) If, however, the atoms are not in thermodynamic equilibrium and there are more atoms in the higher levels than in the
lower (the atom is “top heavy”, corresponding to a negative excitation temperature), there will be Light Amplification by Stimulated
Emission of Radiation (LASER). In this section, however, we shall assume a Boltzmann distribution of atoms among their energy
levels and a finite positive excitation temperature. The number of induced downward transitions per unit time from level 2 to level
1 is given by Ba1 Nou). Here Bs; is the Einstein coefficient for induced downward transition.

Let m denote a particular atomic level. Let n denote any level lower than m and let n’ denote any level higher than m. Let NV, be
the number of atoms in level m at some time. The rate at which N, decreases with time as a result of these processes is

N =N A+ Naw Y Bumtin,, + N > Bunntin,,,- (9.4.5)
n n n'

This equation describes only the rate at which N, is depleted by the three radiative processes. It does not describe the rate of
replenishment of level m by transitions from other levels, nor with its depletion or replenishment by collisional processes. Equation
9.4.5when integrated results in

Ny (t) = Ny (0)e Tt (9.4.6)

Here

L= Amn+ Y Buntir,, + > Buwty,, (9.4.7)
n n n'

(Compare equation 9.3.3, which dealt with a two-level atom in the absence of stimulating radiation.)
The reciprocal of I, is the mean lifetime of the atom in level m.

Consider now just two levels — a level 2 and a level below it, 1. The rate of spontaneous and induced downward transitions from m
to n is equal to the rate of forced upward transitions from n to m:

A1 N3 + B21 Nauy = Bia Ny . (9.4.8)

I have omitted the subscripts 21 to A, since there in only one wavelength involved, namely the wavelength corresponding to the
energy difference between the levels 2 and1. Let us assume that the gas and the radiation field are in thermodynamic equilibrium.
In that case the level populations are governed by Boltzmann’s equation (equation 8.4.19), so that equation 9.4.8 becomes

(A21 +leu,\)N0 Z—zeiE“’/(kT) = Biaux Ny %;eiEl/(kT), (9.4.9)
from which
_ Aoy

Biayw, ehe/ W) — By ey

uy (9.4.10)

where I have made use of

By — By = he/ . (9.4.11)

Now, still assuming that the gas and photons are in thermodynamic equilibrium, the radiation distribution is governed by Planck’s
equation (equations 2.6.4, 2.6.5, 2.6.9; see also equation 2.4.1):
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8mhc
= . 9.4.12
Y (ehe/ WD) 1) ( )
On comparing equations 9.4.10and 9.4.12 we obtain
)\5
w1 Biy = w3 B = T~ wa Ao (9.4.13)

8mhe

A reminder here may be appropriate that the B here is B* as defined near the beginning of this section. Also, in principle there
would be no objection to defining an wB such that wB = w; B13 = w3 Bay , just as was done for oscillator strength, although I
have never seen this done.

Einstein Bis coefficient and Equivalent width.

Imagine a continuous radiant source of radiance per unit wavelength interval Ly, and in front of it an optically thin layer of gas
containing /N7 atoms per unit area in the line of sight in level 1. The number of upward transitions per unit area per unit time to
level 2 is BS,N1Ly,,, and each of these absorbs an amount hc/ A5 of energy. The rate of absorption of energy per unit area per

unit solid angle is therefore 4—177 X B§yN1Ly,, % ;\w: This, by definition of equivalent width (in wavelength units), is equal to
W Ly,,-
Therefore
B¢, Nihe h
12
=——=—MNBS,. 9.4.14
47 )\12 )\12 Nl 12 ( )

If we compare this with equation 9.2.4 we obtain the following relation between a Bys and fis:

B, — N
= . 9.4.15
127 4eohme? fro ( )
It also follows from equations 9.4.13and 9.4.15that
27e?
@ A21 = ——— w1 fi2- (9.4.16)
gome

I shall summarize the various relations between oscillator strength, Einstein coefficient and line strength in section 9.9.
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9.5: Line Strength

The term line strength, although often loosely used to indicate how prominent or otherwise a spectrum line is, has acquired in
theoretical spectroscopy a rather definite specialist meaning, which is discussed in this section.

In discussing the intensities of emission lines, the Einstein A is an appropriate parameter to use, whereas in discussing the
equivalent widths of absorption lines the appropriate parameter is oscillator strength f. Either of these can be determined
experimentally in the laboratory. The Einstein coefficient and the oscillator strength are related (I summarize the relations in section
9.9) and either could in principle be used whether discussing an emission or an absorption line.

In theoretical studies one generally uses yet another parameter, called the line strength.

The theoretical calculation of line strengths is a specialized study requiring considerable experience in quantum mechanics, and is
not treated in any detail here. Instead I give just a short qualitative description, which I hope will be sufficient for the reader to
understand the meaning of the term line strength without actually being able to calculate it. Absolute line strengths can be
calculated in terms of explicit algebraic formulas (albeit rather long ones) for hydrogen-like atoms. For all others, approximate
numerical methods are used, and it is often a matter of debate whether theoretically calculated line strengths are more or less
preferable to experimentally determined oscillator strengths, Einstein coefficients or lifetimes. As a general rule, the more complex
the atom, unsurprisingly the more difficult (and less reliable?) are the theoretical calculations, whereas for light atoms theoretical
line strengths may be preferable to experimental oscillator strengths.

Energy levels of atoms are found from the eigenvalues of the time-independent wave equation. For the interaction of
electromagnetic radiation with an atom, however, solutions of the time-dependent equation are required. The effect of the
electromagnetic radiation is to impose a time-dependent perturbation on the wavefunctions. In the formation of permitted lines, the
electromagnetic wave interacts with the electric dipole moment of the atom. This is a vector quantity given by _ e;r;, where r; is
the position vector of the ith electron in the atom. The expectation value of this quantity over the initial (¢)and final (f) states of a
transition is

[ i (9.5.1)

or, as it is usually written
(n'L'S'J'M'|pu|nLSJTM). (9.5.2)

Here, for permitted lines, g is the electric dipole moment operator. For forbidden lines it is replaced with either the magnetic
dipole moment operator or the electric quadrupole moment operator, or, in principle, moments of even higher order. In any case,
the above quantity is called the transition moment. In the case of electric dipole (permitted) lines, its ST unit is C m, although it is
more commonly expressed in units of age (“atomic unit”) or, in older literature, cgs esu, or, in some chemical literature, debye.

1 debye = 1078 cgs esu = 0.3935 atomic units = 3.336 x 10°°Cm
1 atomic unit = 8.478 x 1073 C m.

The square of the transition moment is called the line strength. Oscillator strengths and Einstein coefficients of Zeeman
components (i.e. of transitions between states) are proportional to their line strengths, or to the squares of their transition moments.
The symbol generally used for line strength is S. Line strengths are additive. That is to say the strength of a line is equal to the sum
of the strengths of its Zeeman components. In this respect it differs from oscillator strength or Einstein coefficient, in which the
oscillator strength or Einstein coefficient of a line is equal to the average oscillator strength of Einstein coefficient of its
components. Furthermore, line strength is symmetric with respect to emission and absorption, and there is no need for distinction
between Sy and Ss;. Intensities of emission lines are proportional to their line strengths S or to their weighted Einstein
coefficients wy As;. Equivalent widths of absorption lines are proportional to their line strengths or to their weighted oscillator
strengths @ f12.

I dwell no more on this subject in this section other than to state, without derivation, the relations between Einstein coefficient and
line strength. The formulas below, in which € and p are the “rationalized” permittivity and permeability of free space, are valid
for any coherent set of units; in particular they are suitable for SI units.

For electric dipole radiation:
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1673
Ay = ——=Sp1. 9.5.3
wy Azl Sheghs E1 ( )
For electric quadrupole radiation:
8°
Ay = ———8Sps. 9.5.4
wa A2 Beah o B2 ( )
For magnetic dipole radiation:
1673 g
Ay = ——8S- 9.5.5
wa Azl 3he oML ( )

The subscripts E1, E2, M1 to the symbol S indicate whether the line strength is for electric dipole, electric quadrupole or
magnetic dipole radiation. Although I have not derived these equations, you should check to see that they are dimensionally
correct. The dimensional analysis will have to use the four dimensions of electromagnetic theory, and you must note that the SI
units for line strength are C?m?, (* m* and A’ m? for electric dipole, electric quadrupole and magnetic dipole radiation
respectively. Please let me know (jtatum@uvic.ca) if you find any discrepancies. In equation 9.5.5, y is the permeability of free
space.

By making use of equation 9.4.16, we also find, for electric dipole radiation, that

8m2me

Ay 9.5.6
3he2) (9.5.6)

w1f12 :wf =
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9.6: LS-coupling

The expression 9.5.2 gives the transition moment for a component, and its square is the strength of the component. For the strength
of a line, one merely adds the strengths of the components. In general it is very hard to calculate the transition moment accurately
in absolute units.

In LS-coupling, the strength of a line can be written as the product of three factors:
S =S8(M)S(L)o?. (9.6.1)

Here o2 is the strength of the transition array, and is given by

2 00 2
ot = 26— (/ r3Rindr) . (9.6.2)
a2 —1\J,

Here [ is the larger of the two azimuthal quantum numbers involved in the transition. R; and R are the radial parts of the initial
and final wavefunctions (each of which has dimension L~%/2). The reader should verify that the expression 9.6.2 has dimensions of
the square of electric dipole moment. In general o (which is the only dimensioned term on the right hand side of Equation 9.6.1)
is difficult to calculate, and it determines the absolute scale of the line strengths. Unless the strength of the transition array can be
determined (in C*m? or equivalently in atomic units of age2 ), absolute values of line strengths will remain unknown. However,
for LS-coupling, there exist explicit algebraic expressions for S(M), the relative strengths of the multiplets within the array, and
for S(L), the relative strengths of the lines within a multiplet. In this section I give the explicit formulas for the relative strengths of
the lines within a multiplet.

In LS-coupling there are two types of multiplet — those in which L changes by 1, and those in which L does not change. I deal first
with multiplets in which L changes by 1. In the following formulas, L is the larger of the two orbital angular momentum quantum
numbers involved. For multiplets connecting two LS-coupled terms, S is the same in each term. The selection rule for J is
AJ =0, +1. The lines in which J changes in the same way as L (i.e. if L increases by 1, J also increases by 1) are the strongest
lines in the multiplet, and are called the main lines or the principal lines. The lines in which J does not change are weaker
(“satellite” lines), and the lines in which the change in J is in the opposite sense to the change in L are the weakest (“second
satellites”). Some of the following formulas include the factor (—1)2. This is included so that the transition moment (the square
root of the line strength) can be recovered if need be.

Multiplet Lto L —1 .

Main lines, J to J —1:

S(L) = (J+L—-S-1)J+L-8)(J+L+S+1)(J+L+5) (0.6.3)
B 4JL(4L2 —1)(28+1) o

First satellites (weaker lines), no change in J:

@J+1)(J+L—8)(J—L+8+1)(J+L+S+1)(—J+L+5)

S(L) = 9.6.4
©) 4J(J+1)L(4L* —1)(25+1) ( )
Second satellites (weakest lines), J to J +1:
“1)2(J — _ _ — _
S(L) = (-D)*(J-L+S+1)(-J+L+S)(J-L+S+2)(-J+L+S5-1) (9.6.5)
4(J+1)L(4L* —1)(25+1)

v/ Example 9.6.1

The multiplet 3P — 3D. Here, we have S =1, and L = 2.

There are six lines. In what follows I list them, together with the J value to be substituted in the formulas, and the value of

S(L).
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3Py — 3D; Main J=1 SL) = 1/9 = 0.11111

3P, — 3D, Main J=2 SL) = 1/4 = 0.25000

3P, — 3D;  First satellite J=1 SL) = 1/12 = 0.08333

3P, — ®D3  Main J=3 S(L) = 7/15 = 0.46667

3P, — 3D, First satellite J=2 SL) = 1/12 = 0.08333

3Py — 3D; Secondsatellite J=1 S(L) = 1/180 = 0.00556
The transitions and the positions and intensities of the lines are illustrated in figure IX.2.

It was mentioned in Chapter 7 that one of the tests for LS-coupling was Hund’s interval rule, which governs the spacings of the
levels within a term, and hence the wavelength spacings of the lines within a multiplet. Another test is that the relative intensities of
the lines within a multiplet follow the line strength formulas for LS-coupling. The characteristic spacings and intensities form a
“fingerprint” by which LS-coupling can be recognized. It is seen in the present case (3P — 3D) that there are three main lines, the
strongest of which has two satellites, and the second strongest has one satellite.

FIGUREIX.2

3
D13

3
P012

» Frequency

The second type of multiplet is the symmetric multiplet, in which there is no change in L — for example, 3P — 3P The strongest
lines (main lines) are those in which there is no change in J.

The formulas for the relative line strengths within a symmetric multiplet are:

Main lines, no change in J:

2T+ 1)[J(J+1)+L(L+1) — S(S+1)]2

S(L) = 9.6.6
(L) 4J(J+1)L(L+1)(2L+1)(25+1) ( )
Satellite lines, J changes by 4-1; in the following formula, J is the larger of the two J-values:
~1)*(J+L-8)(J-L+S)(J+L+S+1)(-J+L+S+1
sty D ) ) ) ) 0.6

4JL(L+1)(2L+1)(25+1)
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Example: 3D — 3D

3D, — 3Dy  Main
3D2 — 3D2 Main
3D3 — 3D3 Main

3D, — 3D3  Satellite
3D; — 3Dy Satellite
3D; — 3D,  Satellite
3Dy, — 3Dy  Satellite

SN Y
[l
W N =

S S S
I
w o w

J=2

S(L)
S(L)
S(L)

%)

(L)
S(L)
S(L)
S(L)

0.150000
0.231481
0.414815

0.051852
0.050000
0.051852
0.050000

(9.6.8)

I leave it to the reader to draw a figure analogous to figure IX.2 for a symmetric multiplet. Remember that the spacings of the
levels within a term are given by Equation 7.17.1, and you can use different coupling coefficients for the two terms. It should be
easier for you to draw the levels and the transitions with pencil and ruler than for me to struggle to draw it with a computer.

Tabulations of these formulae are available in several places. Today, however, it is often quicker to calculate them with either a
computer or hand calculator than to find one of the tabulations and figure out how to read it. (Interesting thought: It is quicker to
draw an energy level diagram with pencil and paper than with a computer, but it is quicker to calculate line strengths by computer

than to look them up in tables.)

The relative strengths of hyperfine components within a line can be calculated with the same formulae by substituting JIF' for

LSJ, since JI-coupling is usual.
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9.7: Atomic hydrogen

What is meant by the oscillator strength of Ha? This question may well be asked, recalling that Ha technically is not a single line,
but consists of three transition arrays, three multiplets, seven lines, and I don’t think we ever worked out quite how many Zeeman
and hyperfine components.

The hydrogen atom is a two-body system, and for such a system the wavefunction and its eigenvalues (energy levels) can be
worked out explicitly in algebraic terms. The same is true of the transition moments and hence the strengths of each Zeeman and
hyperfine component. The strength of the entire “line” of Ha is then merely the sum of the strengths of all the Zeeman and
hyperfine components of which it is composed. Then the weighted oscillator strength of He is merely calculated from equation
9.5.6. As for the question: What is w? — the question need not arise, since all one is likely to need is the product w f. However if
this has been worked out by adding the strengths of all the Zeeman and hyperfine components, it would be 4n?, which, for the
lower level of Hey, is 8.

For the record, here are the weighted oscillator strengths, wf, for the first four “lines” of the Lyman and Balmer series for H.

Lyman Balmer

o 0.555  3.139 (0.7.1)
B 0.105  0.588
v 0.0387  0.220
§ 0.0186 0.103

This page titled 9.7: Atomic hydrogen is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via
source content that was edited to the style and standards of the LibreTexts platform.

https://phys.libretexts.org/@go/page/9048



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://phys.libretexts.org/@go/page/9048?pdf
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/09%3A_Oscillator_Strengths_and_Related_Topics/9.07%3A_Atomic_hydrogen
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/09%3A_Oscillator_Strengths_and_Related_Topics/9.07%3A_Atomic_hydrogen
https://creativecommons.org/licenses/by-nc/4.0
https://www.astro.uvic.ca/~tatum/celmechs.html
http://orca.phys.uvic.ca/~tatum/stellatm.html

LibreTextsm

9.8: Zeeman Components
In this section I give S(C), the relative strengths of Zeeman components within a line.
I consider first lines for which J changes by 1, and then lines for which J does not change.

Lines connecting J to J — 1.

Components connecting M to M —1:

SC)=(J+M)(J+M) (9.8.1)
Components connecting M to M +1:

S(C) = (J— M.)(J - M.). (9.8.2)
Components in which M does not change:

S(C) = 4(J + M)(J — M). (9.8.3)

In these equations J is the larger of the two J-values involved in the line; M- and M. are, respectively, the larger and the smaller
of the two M-values involved in the component. Note that these formulas are not normalized to a sum of unity. In order to do so,
the strength of each component should be divided by the sum of the strengths of all the components — i.e. by the strength of the
line.

v/ Example 9.8.1

Consider the Zeeman pattern of figure VII.1. The strength factors for each of the nine components, reading from left to right in
the figure, will be found to be

026121612620
Normalized to unity, these are
0.0000 0.0357 0.1071 0.2143 0.2857 0.2143 0.1071 0.0357 0.0000

As described in section 7.27 in connection with figure VII.1, the components within each group of three are unresolved, so the

relative strengths of the three groups are % % %

Consider also the Zeeman pattern of figure VII.2. The strength factors for each of the six components, reading from left to
right in the figure, will be found to be
268862

or, normalized to unity,

16 16 16 16 16 16°

Lines for which J does not change.

Components for which M changes by £1
S(C)=(J+M)(J—M-). (9.8.4)
Components for which M does not change:

S(C) =4M?. (9.8.5)

v/ Example 9.8.2

For aline J —J =2 —2 , the relative strengths of the components are
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M M" S(C)
-2 -2 16
2 -1 4
-1 -2 4
-1 -1 4
-1 0 6

0 -1 6 (9.8.6)

0 0 0

0o 1 6

1 0 6

1 1 4

1 2 4

2 1 4

2 2 16
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9.9: Summary of Relations Between f, Aand S

In this section I use w f to mean either to; f12 or w3 fo1, since these are equal; likewise I use wB to mean either to; Byo or ws Ba;.
The Einstein A coefficient is used exclusively in connection with emission spectroscopy. The B coefficient is defined here in terms
of radiation energy density per unit wavelength interval; that is, it is the B® of section 9.4. The relations between the possible
definitions of B are given in equations 9.4.1-4.

The following relations for electric dipole radiation may be useful. In these, gy is the “rationalized” definition of free space
permittivity, and the formulas are suitable for use with ST units.

87h 27e? 1673
oAy = T chz e wf = T ; (9.9.1)
)\5 z’-:gmc/\2 3h60)\3
e2\3 272 \2 5
B= = = Ay 9.9.2
“ 4h50mc2w 3h2ggc 8rhe 20 ( )
8mlme gome? 4hegmc?

frm— = = - B' . .

wf 3he2)\ omez 20 e2\s (9.9.3)
3heoA? 3h%ege 3he’A
— ———— = = . . -4
§=Tom P21 = 5 "B g (9-9-4)
For electric quadrupole radiation:
87°
Ay =——=8S. 9.9.5
G PP (0.95)
For magnetic dipole radiation:
1671'3[l,0

Ayy=——"7-8 9.9.6
wa Azl 303 ( )

in which g is the free space permeability.
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CHAPTER OVERVIEW

10: Line Profiles

Spectrum lines are not infinitesimally narrow; they have a finite width. A graph of radiance or intensity per unit wavelength (or
frequency) versus wavelength (or frequency) is the line profile. There are several causes of line broadening, some internal to the
atom, others external, and each produces its characteristic profile. Some types of profile, for example, have a broad core and small
wings; others have a narrow core and extensive, broad wings. Analysis of the exact shape of a line profile may give us information
about the physical conditions, such as temperature and pressure, in a stellar atmosphere.

10.1: Natural Broadening (Radiation Damping)

10.2: Thermal Broadening

10.3: Microturbulence

10.4: Combination of Profiles

10.5: Pressure Broadening

10.6: Rotational Broadening

10.7: Instrumental Broadening

10.8: Other Line-Broadening Mechanisms

10.9: Appendix A- Convolution of Gaussian and Lorentzian Functions

10.10: APPENDIX B- Radiation Damping as Functions of Angular Frequency, Frequency and Wavelength
10.11: APPENDIX C- Optical Thinness, Homogeneity and Thermodynamic Equilibrium

This page titled 10: Line Profiles is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via source
content that was edited to the style and standards of the LibreTexts platform.



https://libretexts.org/
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.01%3A_Natural_Broadening_(Radiation_Damping)
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.02%3A_Thermal_Broadening
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.03%3A_Microturbulence
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.04%3A_Combination_of_Profiles
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.05%3A_Pressure_Broadening
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.06%3A_Rotational_Broadening
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.07%3A_Instrumental_Broadening
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.08%3A_Other_Line-Broadening_Mechanisms
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.09%3A_Appendix_A-_Convolution_of_Gaussian_and_Lorentzian_Functions
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.10%3A_APPENDIX_B-_Radiation_Damping_as_Functions_of_Angular_Frequency%2C_Frequency_and_Wavelength
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles/10.11%3A_APPENDIX_C-_Optical_Thinness%2C_Homogeneity_and_Thermodynamic_Equilibrium
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Stellar_Atmospheres_(Tatum)/10%3A_Line_Profiles
https://creativecommons.org/licenses/by-nc/4.0
https://www.astro.uvic.ca/~tatum/celmechs.html
http://orca.phys.uvic.ca/~tatum/stellatm.html

LibreTextsw

10.1: Natural Broadening (Radiation Damping)

The classical oscillator model of the atom was described in Section 9.2. In this model, the motion of the optical electron, when
subject to the varying electromagnetic field of a light wave, obeys the differential equation for forced, damped, oscillatory motion:

E
T4yt +wic = £2 cosut. (10.1.1)
m

Because the oscillating (hence accelerating) electron itself radiates, the system loses energy, which is equivalent to saying that the
motion is damped, and v is the damping constant. Electromagnetic theory tell us that the rate of radiation of energy from an
accelerating electron is

2 e2i?
- 10.1.2
3 4mepc? ( )
(The reader, as always, should check the dimensions of this and all subsequent expressions.)
For an electron that is oscillating, the average rate of loss of energy per cycle is
2 6255
Z. . 10.1.3
3 4megyc? ( )

Here the bar denotes the average value over a cycle.

If the amplitude and angular frequency of the oscillation are @ and wq, the maximum acceleration is awg and the mean square

acceleration is %a%ug. The energy (kinetic plus potential) of the oscillating electron is
1
W= ama2wg. (10.1.4)

Thus we can write for the average rate of loss per cycle of energy from the system by electromagnetic radiation:

2,,2
€ Wy

2
3 w (10.1.5)

4mggme? '
The energy therefore falls off according to

2, 2
€"wy

W=— (10.1.6)

1
3 4megme ‘
The radiated wavelength is given by A = 2m¢/wy, so that Equation 10.1.6becomes

. 2me?
W=-—"_.Ww. (10.1.7)
3eome)?
It will be recalled from the theory of lightly damped oscillations that the solution to Equation 10.1.1shows that the amplitude falls
off with time as exp(—%'yt), and that the energy falls off as exp(—+t). Thus we identify the coefficient of W on the right hand
side of Equation 10.1.7as the classical radiation damping constant +y:

2

2Te
=" 10.1.8
7 3egme)? ( )
Numerically, if v is in s~ and X is in m,
2.223 x 107
=t (10.1.9)

)2
We are now going to calculate the rate at which energy is transported per unit area by an electromagnetic wave, and also to
calculate the rate at which an optically thin slab of a gas of classical oscillators absorbs energy, and hence we are going to calculate
the classical absorption coefficient. We start by recalling, from elementary electromagnetism, that the energy held per unit volume
in an electric field is %D -E and the energy held per unit volume in a magnetic field is %B -H. In an isotropic medium, these
become %5E2 and % wH?, and, in vacuo, they become %EOEZ and % o H? .
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- — 2
For an oscillating electric field of the form E = E coswt, the average energy per unit volume per cycle is %60E2 = iEOE .

A2
Similarly for an oscillating magnetic field, the average energy per unit volume per cycle is i,uOH . An electromagnetic wave
consists of an electric and a magnetic wave moving at speed c, so the rate at which energy is transmitted across unit area is

-2 )
(%eoE —|—%ng )c, and the two parts are equal, so that the rate at which energy is transmitted per unit area by a plane
-2

electromagnetic wave is %60E c.

¢E
m
an electromagnetic wave. The rate of absorption of energy by such an oscillator (see, for example, Chapter 12 of Classical
Mechanics is

Now we are modelling the classical oscillator as an electron bound to an atom, and being subject to a periodic force = coswt from

~2
v’ E"w?

2m[ (o — ) +9%7]

We imagine a plane electromagnetic wave arriving at (irradiating) a slab of gas containing A/ classical oscillators per unit area, or

~2
n per unit volume. The rate of arrival of energy per unit area, we have seen, is %EOE c. The rate of absorption of energy per unit
area is
252 2
Nvye*E w
2m[(w} — &P)? +7%?]

The absorptance (see Chapter 2, section 2.2) is therefore

2 2
a= Nye'w . (10.1.10)
meoc[(w?J —w?)? + 9202

and the linear absorption coefficient is

2 2
a= e s . (10.1.11)
megc|(wi —w?)? +7y2w?]

A reminder here might be in order. Absorptance a is defined in section 2.2, and in the notation of figure IX.1, the absorptance
at wavelength A would be (I)(c) — I (X)) /In(c) . Absorption coefficient « is defined by equation 5.2.1: —dI/I = a dz. For
a thick slice of gas, of thickness ¢, this integrates, in the notation of figure I1X.1, to Iy(A) = I)(c)exp(—at). But for an
optically thin gas, which is what we are considering, unless stated otherwise, in this chapter, this becomes
(In(c) = In(X)) /In(c) = at . Thus, for an optically thin gas, absorptance is just absorption coefficient times thickness of the
gas. And the relation between particle density n and column density A is V' = nt .

We can write w% —w=(wp —w) (wp +w) . Let us also write w as 27w, Also, in the near vicinity of the line, let us make the
approximation wg + w = 2w . We then obtain for the absorption coefficient, in the vicinity of the line,

yne?

“T 1672meceg [(V—V0)2+(4—1)2} . (10-1:42)

? Exercise 10.1.1

Make sure that I have made no mistakes in deriving equations 10.1.1(11 and 12, and check the dimensions of each expression
as you go. Let me know if you find anything wrong.

Now the equivalent width in frequency units of an absorption line in an optically thin layer of gas of geometric thickness ¢ is
(see equation 9.1.6)

w® = / ad(v — ). (10.1.13)

o0
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? Exercise 10.1.2

(a) For those readers who (understandably) object that expression 10.1.12is valid only in the immediate vicinity of the line,
and therefore that we cannot integrate from —oo to + 0o, integrate expression 10.1.11from 0 to oco.

(b) For the rest of us, integrate Equation 10.1.11 from v —1y = —coto + 00 . A substitution 4w (v — 1) =ytand will
probably be a good start.
We obtain
2
wo) = N 65a k107, (10.1.14)
dmecey

where W) is in Hz and AV is in m~2. Thus the classical oscillator model predicts that the equivalent width in frequency units is
independent of the frequency (and hence wavelength) of the line, and also independent of the damping constant. If we express the
equivalent width in wavelength units (see equation 9.1.3), we obtain:

W Ne2 )2

4mcie

(10.1.15)

This is the same as equation 9.2.2.

When we discussed this equation in Chapter 9, we pointed out that the equivalent widths of real lines differ from this prediction by
a factor fio, the absorption oscillator strength, and we also pointed out that A/ has to be replaced by N7, the column density of
atoms in the initial (lower) level. Thus, from this point, I shall replace A" with N] f12. However, in this chapter we are not so much
concerned with the equivalent width, but with the line profile and the actual width. The width of an emission line in this context is
commonly expressed as the full width at half maximum (FWHM) and the width of an absorption line as the full width at half
minimum (FWHm). (These are on no account to be confused with the equivalent width, which is discussed in section 9.1.) Note
that some writers use the term “half-width”. It is generally not possible to know what a writer means by this.

In terms of the notation of figure IX.1 (in which “c” denotes “continuum”), but using a frequency rather than a wavelength scale,
the absorptance at frequency v is

a(v) = ——. 10.1.16
=" (10.1.16)
The profile of an absorption line is thus given by
IL,(v)=1I,(c)(1—a(v)). (10.1.17)
For radiation damping we have
2
a(v) = M fue (10.1.18)

1672mece [(l/ —19)2+ (4—1)2}
The maximum value of the absorptance (at the line centre) is

_ /\/’1101262

a(v) pp—— (10.1.19)

This quantity is also %(g(uo)

its meaning.) I shall use the symbol d or a(1;) interchangeably, according to context.

and it is also known as the central depth d of the line. (Be sure to refer to figure IX.1 to understand

It is easy to see that the value of v — 14 at which the absorptance is half its maximum value is v/ (4). That is to say, the full width
at half maximum (FWHM) of the absorptance, which I denote as w, is, in frequency units:

v

- 10.1.20
py ( )

(In wavelength units, it is A% /¢ times this.) This is also the FWHM of the absorption profile.

Equation 10.1.18can be written
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1
a((”)) = — (10.1.21)
a\ly V—U
a(52) +1
The absorption line profile (see Equation 10.1.1) can be written
I, d
: ) — (10.1.22)
/() 4 (—”;”" ) +1

Notice that at the line centre, I,,(+9)/I,(c) = 1 minus the central depth; and a long way from the line centre, I,,(v) = I,,(c), as
expected. This type of profile is called a Lorentz profile.

From equations 10.1.14(but with N7 f12 substituted for A'), 10.1.19and 10.1.2() we find that

Equivalent width = g x central depth x FWHm
1.571 x central depth x FWHm. (10.1.23)

This is true whether equivalent width and FWHm are measured in frequency or in wavelength units. (It is a pity that, for theoretical
work, frequency is more convenient than wavelength, since frequency is proportional to energy, but experimentalists often (not
invariably!) work with gratings, which disperse light linearly with respect to wavelength!)

Indeed the equivalent width of any type of profile can be written in the form
Equivalent width = constant x central depth x FWHm , (10.1.24)
the value of the constant depending upon the type of profile.

In photographic days, the measurement of equivalent widths was a very laborious procedure, and, if one had good reason to believe
that the line profiles in a spectrum were all lorentzian, the equivalent with would be found by measuring just the FWHm and the
central depth. Even today, when equivalent widths can often be determined by computer from digitally-recorded spectra almost
instantaneously, there may be occasions where low-resolution spectra do not allow this, and all that can be honestly measured are
the central depths and equivalent widths. The type of profile, and hence the value to be used for the constant in Equation 10.1.14
requires a leap of faith.

It is worth noting (consult equations 10.1.4,10.1.19and 10.1.2() that the equivalent width is determined by the column density of
the absorbing atoms (or, rather, on N7 f12), the FWHm is determined by the damping constant, but the central depth depends on
both. You can determine the damping constant by measuring the FWHm.

The form of the Lorentz profile is shown in figure X.1 for two lines, one with a central depth of 0.8 and the other with a central
depth of 0.4. Both lines have the same equivalent width, the product wd being the same for each. Note that this type of profile has
a narrow core, skirted by extensive wings.

1,

Frequency—

FIGURE X.1
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Of course a visual inspection of a profile showing a narrow core and extensive wings, while suggestive, doesn’t prove that the
profile is strictly lorentzian. However, Equation 10.1.22can be rearranged to read
I,(c) 4

L(c)—L(v) i (10.1.25)

This shows that if you make a series of measurements of I,() and plot a graph of the left hand side versus (v —14)?, you should
obtain a straight line if the profile is lorentzian, and you will obtain the central depth and equivalent width (hence also the damping
constant and the column density) from the intercept and slope as a bonus. And if you don’t get a straight line, you don’t have a
Lorentz profile.

It will be recalled that the purely classical oscillator theory predicted that the equivalent widths of all lines (in frequency units) of a
given element is the same, namely that given by Equation 10.1.14 The obvious observation that this is not so led us to introduce
the emission oscillator strength, and also to replace N by A/ . Likewise, Equation 10.1.20predicts that the FWHm (in wavelength
units) is the same for all lines. (Equation 10.2.20 gives the FWHm in frequency units. To understand my caveat “in wavelength

units”, refer also to equations 10.1.8 and 10.1.9 You will see that the predicted FWHm in wavelength units is
2
€
3eyme?
Obviously the damping constants for real lines are much larger than this. For real lines, the classical damping constant -y has to be

replaced with the quantum mechanical damping constant I".

=1.18 x 10~**m, which is exceedingly small, and the core, at least, is beyond the resolution of most spectrographs.)

At present I am describing in only a very qualitative way the quantum mechanical treatment of the damping constant. Quantum
mechanically, an electromagnetic wave is treated as a perturbation to the hamiltonian operator. We have seen in section 9.4 that
each level has a finite lifetime — see especially equation 9.4.7. The mean lifetime for a level m is1/T,. Each level is not
infinitesimally narrow. That is to say, one cannot say with infinitesimal precision what the energy of a given level (or state) is. The
uncertainty of the energy and the mean lifetime are related through Heisenberg’s uncertainty principle. The longer the lifetime, the
broader the level. The energy probability of a level m is given by a Lorentz function with parameter I';,,, given by equation 9.4.7
and equal to the reciprocal of the mean lifetime. Likewise a level n has an energy probability distribution given by a Lorentz
function with parameter I',,. When an atom makes a transition between m and n, naturally, there is an energy uncertainty in the
emitted or absorbed photon, and so there is a distribution of photons (i.e. a line profile) that is a Lorentz function with parameter
I' =T, +T, . This parameter I" must replace the classical damping constant 4. The FWHm of a line, in frequency units, is now
I’/ (27), which varies from line to line.

Unfortunately it is observed, at least in the spectrum of main sequence stars, if not in that of giants and supergiants, that the
FWHms of most lines are about the same! How frustrating! Classical theory predicts that all lines have the same FWHm. We know
classical theory is wrong, so we go to the trouble of doing quantum mechanical theory, which predicts different FWHms from line
to line. And then we go and observe main sequence stars and we find that the lines all have the same FWHm (admittedly much
broader than predicted by classical theory.)

The explanation is that, in main sequence atmospheres, lines are additionally broadened by pressure broadening, which also gives a
Lorentz profile, which is generally broader than, and overmasks, radiation damping. (The pressures in the extended atmospheres of
giants and supergiants are generally much less than in main sequence stars, and consequently lines are narrower.) We return to
pressure broadening in a later section.

This page titled 10.1: Natural Broadening (Radiation Damping) is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or
curated by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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10.2: Thermal Broadening

Let us start with an assumption that the radiation damping broadening is negligible, so that, for all practical purposes the spread of
the frequencies emitted by a collection of atoms in a gas is infinitesimally narrow. The observer, however, will not see an
infinitesimally thin line. This is because of the motion of the atoms in a hot gas. Some atoms are moving hither, and the wavelength
will be blue-shifted; others are moving yon, and the wavelength will be red-shifted. The result will be a broadening of the lines,
known as thermal broadening. The hotter the gas, the faster the atoms will be moving, and the broader the lines will be. We shall be
able to measure the kinetic temperature of the gas from the width of the lines.

First, a brief reminder of the relevant results from the kinetic theory of gases, and to establish our notation.

Notation: ¢ = speed of light
V = velocity of a particular atom = ux + vy +wz

1
V = speed of that atom = (u® +v* +w?) 2

Vin = modal speed of all the atoms = E =1.414 g
V m V m

— | 8kT | kT

V = mean speed of all the atoms = 4/ —— =1.5964/ — =1.128V},
™m m

| 3KT | kT
VRuMs = root mean square speed of all the atoms = 37 =1.732 = 1.225V,,

The Maxwell distribution gives the distribution of speeds. Consider a gas of [N atoms, and let Ny/dV be the number of them that
have speeds between V and V +dV . Then

2
NdV _ 4 pre (—u—> dv. (10.2.1)
N oV Vi

More relevant to our present topic is the distribution of a velocity component. We’ll choose the 2-component, and suppose that the

z-direction is the line of sight of the observer as he or she peers through a stellar atmosphere. Let IV, du be the number of atoms
with velocity components between v and du. Then the gaussian distribution is

m

N,du 1 u?
T = ﬁvm exp (_V_m2) du, (1022)

which, of course, is symmetric about v = 0.

Now an atom with a line-of-sight velocity component u gives rise to a Doppler shift v — v, where (provided that u? << ¢? )
= =% . If we are looking at an emission line, the left hand side of Equation 10.2.2 gives us the line profile I, (v)/1, ()
(provided the line is optically thin, as is always assumed in this chapter unless specified otherwise). Thus the line profile of an

emission line is

L) ¢ (v—w)’
= —_— . 10.2.3
L,(w) R e g ( )

This is a gaussian, or Doppler, profile.
It is easy to show that the full width at half maximum (FWHM) is

Vm 141}

/076 = 1.6651 722
C

w =

. (10.2.4)

This is also the full width at half minimum (FWHm) of an absorption line, in frequency units. This is also the FWHM or FWHm in
wavelength units, provided that Ay be substituted for vy.

_ I,(c)—L,(w) ) .

The profile of an absorption line of central depth d( )

V2 Vg

—1-dexp (10.2.5)

2 (v—u)? ]
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which can also be written

IL(v) (v—1)?In16
T~ 1 —dexp [—T] : (10.2.6)

(Verify that when v — vy = 2w, the right hand side is 1 — 3 d. Do the same for equation 10.2.22.)

In figure X.2, I draw two gaussian profiles, each of the same equivalent width as the lorentzian profiles of figure X.1, and of the
same two central depths, namely 0.4 and 0.8. We see that a gaussian profile is “all core and no wings”. A visual inspection of a
profile may lead one to believe that it is probably gaussian, but, to be sure, one could write Equation 10.2.6in the form

L(c)-L(v) (v—15)%1n16

and plot a graph of the left hand side versus (v —14)? . If the profile is truly gaussian, this will result in a straight line, from which
w and d can be found from the slope and intercept.
Integrating the Doppler profile to find the equivalent width is slightly less easy than integrating the Lorentz profile, but it is left as

an exercise to show that

Equivalent width =, /ﬁ X central depth x FWHm
=1.064 x central depth x FWHm. (10.2.8)

Compare this with equation 10.2.23 for a Lorentz profile.

Lo L

Frequency—

FIGURE X.2

Figure X.3 shows a lorentzian profile (continuous) and a gaussian profile (dashed), each having the same central depth and the

same FWHm. The ratio of the lorenzian equivalent width to the gaussian equivalent width is F - ﬁ =+/mln2 =1.476.
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FIGURE X.3

This page titled 10.2: Thermal Broadening is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum
via source content that was edited to the style and standards of the LibreTexts platform.
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10.3: Microturbulence

In the treatment of microturbulence in a stellar atmosphere, we can suppose that there are many small cells of gas moving in
random directions with a maxwellian distribution of speeds. The distinction between microturbulence and macroturbulence is that
in microturbulence the size of the turbulent cells is very small compared with the optical depth, so that, in looking down through a
stellar atmosphere we are seeing many cells of gas whose distribution of velocity components is gaussian. In macroturbulence the
size of the cells is not very small compared with the optical depth, so that , in peering through the haze of an atmosphere, we can
see at most only a very few cells.

If the distribution of velocity components of the microturbulent cells is supposed gaussian, then the line profiles will be just like
that for thermal broadening, except that, instead of the modal speed V;,, = 1/2kT /m of the atoms we substitute the modal speed
&, of the microturbulent cells. Thus the line profile resulting from microturbulence is

L(v) 2 (v—u)?
=1-d —_—— . 10.3.1
T, (o) exp[ 2 2 (10.3.1)
The FWHM in frequency units is
1v/In16
SwtovInl6 (10.3.2)
c
or, in wavelength units,
Aov/1In16
Entovinll (10.3.3)

C

If the thermal and microturbulent broadening are comparable in size, we still get a gaussian profile, except that for V, or &, we
must substitute

\/Vn% +é = \/2kT/m—|—£,2n. (10.3.4)
This actually requires formal proof, and this will be given as an exercise in Section 5.

Since either thermal broadening or microturbulence will result in a gaussian profile, one might think that it would not be possible to
tell, from a spectrum exhibiting gaussian line profiles, whether the broadening was caused primarily by high temperature or by
microturbulence. But a little more thought will show that in principle it is possible to distinguish, and to determine separately the
kinetic temperature and the modal microturbulent speed. Think about it, and see if you can devise a way.

THINKING

The key is, in purely thermal broadening, the light atoms (such as lithium) move faster than the heavier atoms (such as cadmium),
the speeds being inversely proportional to the square roots of their atomic masses. Thus the lines of the light atoms will be broader
than the lines of the heavy atoms. In microturbulence all atoms move en masse at the same speed and are therefore equally broad.
We have seen, beneath Equation 10.3.7, that the FWHM, in frequency units, is

w= % (2T /m +€,) In16. (10.3.5)
If we form the quantity
2.2
= (10.3.6)
v§1nl6

for a lithium line and for a cadmium line, we will obtain

2kT 2kT
Xp=—+4¢& andXcq=— 48, (10.3.7)
mLi mcq

from which T and £, are immediately obtained.
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? Exercise 10.3.1

A Li line at 670.79 nm has a gaussian FWHM = 9 pm (picometres) and a Cd line at 508.58 nm has a gaussian FWHm = 3 pm.
Calculate the kinetic temperature and the modal microturbulent speed.

This page titled 10.3: Microturbulence is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum via
source content that was edited to the style and standards of the LibreTexts platform.
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10.4: Combination of Profiles

Several broadening factors may be simultaneously present in a line. Two mechanisms may have similar profiles (e.g. thermal
broadening and microturbulence) or they may have quite different profiles (e.g. thermal broadening and radiation damping). We
need to know the resulting profile when more than one broadening agent is present. Let us consider an emission line, and let
T = A —Xg . Let us suppose that the lines are broadened, for example, by thermal broadening, the thermal broadening function
being f(z). Suppose, however, that, in addition, the lines are also broadened by radiation damping, the radiation damping profile
being g(x). At a distance £ from the line centre, the contribution to the line profile is the height of the function f(£) weighted by
the function g(z — &) . That is to say the resulting profile h(z) is given by

/ f(&)g(z — &) d€. (10.4.1)

The reader should convince him- or herself that this is exactly the same as

0= [ ie-oge)de (10.4.2)

This profile is called the convolution of the two constituent profiles, and is often written symbolically
h=fxg. (10.4.3)

Convolving Two Gaussian Functions

Let us consider, for example, the convolution of two Gaussian functions, for example the convolution of thermal and
microturbulent broadening.

Suppose one of the Gaussian functions is

1 In2 21n2 0.46972 0.69315z2
Gi(z)=—"4/ Il—exp - ;1 = exp ——23: . (10.4.4)
g1 ™ 91 g1 ‘A

Here £ = A — )¢ . The area under the curve is unity, the HWHM is g; and the peak is g—ll % (Verify these.) Suppose that the

1 /W2 21n2
Gz(x):g—Z.,/nTexp (-ng ) (10.4.5)
2

It can now be shown, using Equation 10.4.1or 10.4.2, that the convolution of G; and G3 is
1 In2 21n2
G(;v):Gl(m)*@(a;):;,/HTexp (_wg; ) (10.4.6)

@ =g +gl. (10.4.7)

second Gaussian function is

where

We used this result already in Section 10.4 when, in adding microturbulent to thermal broadening, we substituted \/V2 +§2 for
V- In case you find the integration to be troublesome, I have done it in an Appendix to this Chapter.

Convolving Two Lorentzian Functions

Now let’s consider the combination of two lorentzian functions. Radiation damping gives rise to a lorentzian profile, and we shall
see later that pressure broadening can also give rise to a lorentzian profile. Let us suppose that the two lorentzian profiles are
Ly 1
Ll (%) = ; . 3 l2
¢+ 1

(10.4.8)

and
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Iy 1
Lz(il?) = ; . ‘,EQ_’_lg .

(10.4.9)

Here x = A — A¢ . The area under the curve is unity, the HWHM is I3 and the peak is 1/(wl). (Verify these.) It can be shown that

L(z) = L(z) * Ly(z) = % : ﬁ (10.4.10)

where
=1 +1s. (10.4.11)

Details of the integration are in the Appendix to this Chapter.

Convolving a Lorentzian Function with a Gaussian Function

Let us now look at the convolution of a Gaussian profile with a lorentzian profile; that is, the convolution of
1 In2 21n2
Glz) =—-4/ —~exp (—w - ) (10.4.12)
9 m 9

1
2412

with
1
L(z)= - (10.4.13)

We can find the convolution from either Equation 10.4.1 or from Equation 10.4.2, and we obtain either

n o exp (—[(£ —z)?In 2
V(.T):%\/lﬂ__'??[ p(lE—) 2]/g)d§ (10.4.14)

g+

1[I [ el (€1n2)/g?
Vie) =<y /ﬂo e (10.4.15)

The expression 10.4.140r 10.4.15 which is a convolution of a Gaussian and a lorentzian profile, is called a Voigt profile. (A rough
attempt at pronunciation would be something like Focht.)

or

A useful parameter to describe the “gaussness” or “lorentzness” of a Voigt profile might be

9

kg = —,
@ g+l!

(10.4.16)
which is 0 for a pure lorentz profile and 1 for a pure Gaussian profile. In figure X.4 I have drawn Voigt profiles for
ke =0.25,0.5 and 0.75 (continuous, dashed and dotted, respectively). The profiles are normalized so that all have the same area.
A nice exercise for those who are more patient and competent with computers than I am would be to draw 1001 Voigt profiles, with
k¢ going from 0 to 1 in steps of 0.001, perhaps normalized all to the same height rather than the same area, and make a movie of a
Gaussian profile gradually morphing to a lorentzian profile. Let me know if you succeed!
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FIGURE X.4

As for the gauss-gauss and lorentz-lorentz profiles, I have appended some details of the integration of the gauss-lorentz profile in
the Appendix to this Chapter.

The FWHM or FWHm in wavelength units of a Gaussian profile (i.e. 2g) is

L 1
(2kT/m+€2)* XovInl6  1.665 (2kT/m+£&5)* Ao
wg = = . (10.4.17)
c c
The FWHM or FWHm in frequency units of a lorentzian profile is
wr =T'/(27) =0.1592T, (10.4.18)

Here I is the sum of the radiation damping constant (see section 2) and the contribution from pressure broadening 2/ t (see section
6). For the FWHM or FWHm in wavelength units (i.e. 2[), we have to multiply by )\g /c.

Integrating a Voigt Profile

The area under Voigt profile is 2 fooo V(z) dx, where V() is given by Equation 10.4.14 which itself had to be evaluated with a
numerical integration. Since the profile is symmetric about £ = 0, we can integrate from 0 to oo and multiply by 2. Even so, the
double integral might seem like a formidable task. Particularly troublesome would be to integrate a nearly lorentzian profile with
extensive wings, because there would then be the problem of how far to go for an upper limit. However, it is not at all a formidable
task. The area under the curve given by Equation 10.4.14is unity! This is easily seen from a physical example. The profile given
by Equation 10.4.14is the convolution of the lorentzian profile of Equation 10.4.13with the Gaussian profile of Equation 10.4.12
both of which were normalized to unit area. Let us imagine that an emission line is broadened by radiation damping, so that its
profile is lorentzian. Now suppose that it is further broadened by thermal broadening (Gaussian profile) to finish as a Voigt profile.
(Alternatively, suppose that the line is scanned by a spectrophotometer with a Gaussian sensitivity function.) Clearly, as long as the
line is always optically thin, the additional broadening does not affect the integrated intensity.

Now we mentioned in sections 2 and 3 of this chapter that the equivalent width of an absorption line can be calculated from
¢ x central depth x FWHm, and likewise the area of an emission line is ¢ x height x FWHM, where
¢is 1.064(= /7 /1In16) for a Gaussian profile and 1.571(= 7/2)for a lorentzian profile. We know that the integral of V(z) is
unity, and it is a fairly straightforward matter to calculate both the height and the FWHM of V(). From this, it becomes possible
to calculate the constant c as a function of the Gaussian fraction k¢. The result of doing this is shown in figure X.4A.
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FIGURE X.4A
This curve can be fitted with the empirical Equation
c=ag+aikg +asky +ask,, (10.4.19)
where ag =1.572, a; =0.05288, as = —1.323 and a3 = 0.7658 The error incurred in using this formula nowhere exceeds

0.5%; the mean error is 0.25%.

The Voigt Profile in Terms of the Optical Thickness at the Line Center.

Another way to write the Voigt profile that might be useful is

dé. (10.4.20)

Here z = A — \¢ and ¢ is a dummy variable, which disappears when the definite integral is performed. The Gaussian HWHM is
9=MXVm+v/In2/c, and the lorentzian HWHM is { = A2T'/(4c). The optical thickness at A— Ao = is 7(z), and the optical
thickness at the line centre is 7(0). C' is a dimensionless coefficient, whose value depends on the Gaussian fraction
ke =g/(g+1) . C is clearly given by

) 2 2

—£°In2

cz/ e’(p[f—n/g]dg: 1. (10.4.21)
o0 E+2
If we now let [ =1"g/+/In2 and ¢ = ¢ g/+/In2, and also make use of the symmetry of the integrand about £ = ¢ =0, this
becomes

0 exp (— 12
2Cl’/ #d{’ =1. (10.4.22)

0 g% 412

On substitution of & = % (in order to make the limits finite), we obtain

! exp[—{20't/(1—*)}?]
40/0 1+¢2

dt =1, (10.4.23)

which can readily be numerically integrated for a given value of I’. Recall that I/g=1/kg;—1 and hence that
I =(1/ke —1)v/In2. The results of the integration are as follows. The column Cjpprox is explained following figure X.4B.
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kG C Capprox
0.05 8.942 417 9.3256
0.10 4.264 473 4.288 9
0.15 2.719 106 2.716 4
0.20 1.957 257 1.956 6
0.25 1.508 719 1.5111
0.30 1.216 486 1.2196
0.35 1.013 114 1.0153
0.40 0.864 815 0.865 5
0.45 0.752 806 0.7519
0.50 0.665 831 0.663 9
0.55 0.596 758 0.594 3
0.60 0.540 859 0.538 6
0.65 0.494 893 0.493 4
0.70 0.456 569 0.456 2
0.75 0.424 227 0.4251
0.80 0.396 642 0.398 5
0.85 0.372 889 0.3753
0.90 0.352 263 0.3542
0.95 0.334 214 0.3345
1.00 0.318310 0.3153

The last entry, the value of C for kg = 1, a pure Gaussian profile, is 1/ These data are graphed in figure X.4B.

ks
FIGURE X.4B
The empirical formula
Clpprox = akg’ +co +crkg + ok + cskl, (10.4.24)
where
a =+0.309031 b=+41.132747 co = +0.16510
¢ =—0.82999 cp =+1.21782 c3 = —0.54665

fits the curve tolerably well within (but not outside) the range kg = 0.15 to 1.00.

This page titled 10.4: Combination of Profiles is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy
Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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10.5: Pressure Broadening

This is a fairly difficult subject, and T am no expert in it. The reader will forgive me if I accordingly treat it rather briefly and
descriptively.

The phenomena of pressure broadening (also known as collisional broadening) are often divided into effects resulting from the
short time interval between atomic collisions, and effects resulting at the moment of collision. I shall begin by describing the first
of these phenomena.

The only possible absolutely monochromatic unbroadened infinitesimally narrow line with a single, uniquely defined frequency is
a sine wave of infinite extent. A sine wave of finite length is not a true sine wave of a single frequency, but it has a spread of
component frequencies, which can be determined by Fourier analysis. This, by the way, is the reason behind Heisenberg’s
uncertainty principle (Unsicherheitsprinzip). If the wavefunction that describes a particle is very limited in extent, then the position
of the particle is relatively well determined. On the other hand, the limited extent of the wavefunction means that it has a
correspondingly broad Fourier spread of constituent wavelengths, and hence the momentum is correspondingly uncertain.

The atmospheres of giant and supergiant stars are relatively thin; pressure broadening is slight and lines tend to be narrow. In the
atmospheres of main sequence stars, however, collisions between atoms are frequent. The frequent occurrence of collisions
interrupts the wave trains and divides them into short wave-packets, with a corresponding spread of component frequencies. Thus
the spectrum lines are broadened.

The Fourier distribution of amplitudes of component frequencies of a sine wave that is truncated by a box function is the same as
the Fourier distribution of amplitudes of a light wave that is diffracted by a single slit. That is to say it is a sinc function of the form
(sinAv)/Av and the intensity distribution is the square of this. The shorter the intercollision time, the wider the spread of
constituent frequencies, just as a narrow slit produces a wide diffraction pattern. Thus one might expect the profile of a pressure
broadened line to resemble a single slit diffraction pattern, which, it will be recalled, looks like figure X.5.

FIGURE X.5

The profile would indeed look like that if all intercollision times were exactly equal and all wave-train fragments were of exactly
the same length. There is, however, a Poisson distribution of intercollision times, and so the above profile has to be convolved with
this Poisson distribution. While I don’t do the calculation here, the resulting profile is a Lorentz profile except that the damping

constant T is replaced by 2/t, where ¢ is the mean time between collisions. The mean time between collisions is given, from

kinetic theory of gases, by
- 1 m
t=—,/ ——. 10.5.1
nd? '\ 167kT ( )

Here m, d and n are, respectively, the masses, diameters and number density of the atoms. Hence, if the kinetic temperature is
independently known, the number density of the particles can be determined from the FWHm of a pressure-broadened line.

It will be recalled that classical radiation damping theory predicts the same FWHm for all lines, with a classical damping constant
7. Quantum mechanical theory predicts a damping constant I' and hence FWHm that differs from line to line. Yet in the spectrum
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of a main sequence star, one quite often finds that all lines of a given element have the same FWHm and hence the same effective
damping constant. This is because the width of a Lorentz profile is determined more by pressure broadening than by radiation
damping.

There are further broadening effects caused by interactions that take place at the moment of collision. If an atom is approached by
an electron or an ion, it will temporarily be in an electric field, and consequently the lines will be broadened by Stark effect, which
may be either linear (proportional to the electric field E') or quadratic (oc E?2), or neutral-neutral reactions give rise to interactions
between temporarily induced dipole moments (van der Waals forces), and these all have different dependences on interatomic
distance. Neutral magnesium is very sensitive to quadratic Stark effect, and hydrogen is sensitive to linear Stark effect. The entire
subject is quite difficult, and I leave it here except to point out two small details. Very often the broadening is not symmetric, lines
typically having wider wings to the long wavelength side than on the short wavelength side. This is because the effect of the
interactions is to lower and broaden the energy levels of a transition, the lower energy level generally being lowered more than the
upper. A second point is that the hydrogen Balmer lines are often much broadened by linear Stark effect, and this can be recognized
because the Stark pattern for the Balmer series is such that there are no undisplaced Stark components for even members of the
series — HB, Hé, H(, etc. Thus results in a central dip to these lines in an emission spectrum or a central bump in an absorption
line.

This page titled 10.5: Pressure Broadening is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy Tatum
via source content that was edited to the style and standards of the LibreTexts platform.
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10.6: Rotational Broadening

The lines in the spectrum of a rotating star are broadened because light from the receding limb is redshifted and light from the
approaching limb is blueshifted. It may be remarked that early-type stars (type F and earlier) tend to be much faster rotators than
later-type stars, and consequently early-type stars show more rotational broadening. It should also be remarked that pole-on rotators
do not, of course, show rotational broadening (even early-type fast rotators).

I shall stick to astronomical custom and refer to a “redshift” as a shift towards a longer wavelength, even though for an
infrared line a “redshift” in this sense would be a shift away from the red! A “longward” shift doesn’t quite solve the problem
either, for the following reason. While it is true that relativity makes no distinction between a moving source and a moving
observer, in the case of the Doppler effect in the context of sound in air, if the observer is moving, there may be a change in
the pitch of the perceived sound, but there is no change in wavelength!

We shall start by considering a star whose axis of rotation is in the plane of the sky, and which is of uniform radiance across its
surface. We shall then move on to oblique rotators, and then to limb-darkened stars. A further complication that could be
considered would be non-uniform rotation. Thus, the Sun does not rotate as a solid body, but the angular speed at low latitudes is
faster than at higher latitudes — the so-called “equatorial acceleration”.

In figure X.6, on the left hand we see the disc of a star as seen on the sky by an observer. PQ is the axis of rotation, supposed to be
in the plane of the sky, and AB is the equator. X is a point on the surface of the star at coordinates (,y), latitude 6. The star is
supposed to be rotating with an equatorial speed v.. What we are going to show is that all points on the chord LMN have the same
radial velocity away from or towards the observer, and consequently all light from points on this chord has the same Doppler shift.

The right hand part of the figure shows the star seen from above the pole P. The small circle is the parallel of latitude CD shown on
the left hand part of the figure.

M is a point on the equator and also on the chord LMN. Its speed is v, and the radial component of its velocity is v, sinca. The
speed of the point M is wecos#, and its radial  velocity is v, cosfsin OPX. But
z =PMsina =asina and z = PXsinOPX = acosfsinOPX . Therefore cosfsinOPX =sina. Therefore the radial
velocity of X is v, sina, which is the same as that of M, and therefore all points on the chord LMN have radial velocity
Ve sina = vez/a.

/w
pd =

FIGURE X.6

To observer

Therefore all points on the chord z = constant are subject to the same Doppler shift

M ue
A ac’

(10.6.1)

The ordinate of an emission line profile at Doppler shift AX compared with its ordinate at the line center is equal to the ratio of the
length of the chord « = constant to the diameter 2a of the stellar disk:
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LAY [, 2\ [ AN :
SR _<1 a2> _<1 e ) : (10.6.2)

In the above, we have assumed that the axis of rotation is in the plane of the sky, or that the inclination ¢ of the equator to the plane
of the sky is 90°. If the inclination is not 90°, the only effect is that all radial velocities are reduced by a factor of sini, so that
Equation 10.6.2becomes

1
I (AX A(AN?
LAy 1—# , (10.6.3)
I1,(0) v2 sin? i\2
and this is the line profile. It is an ellipse, and if we write I}i(AO/)\) = X and % =Y Equation 10.6.3can be written
2 2
z Y
+==1. 10.6.4
( v, sini ) 2 12 ( )
The basal width of the line (which has no asymptotic wings) is @ and the FWHM is @ The profile of an absorption
line of central depth d is
I, (AX A(AN? 2
NGO Y P C , (10.6.5)
1,(0) v2sin? i\2
It is left as an exercise to show that
Equivalent width = % x central depth x FWHm = 0.9069dw. (10.6.6)

From the width of a rotationally broadened line we can determine v, sin, but we cannot determine v, and ¢ separately without
additional information. Likewise, we cannot determine the angular speed of rotation unless we know the radius independently.

It might be noted that, for a rotating planet, visible only by reflected light, the Doppler effect is doubled by reflection, so the basal
width of a rotationally broadened line is

4v, sing
"
Now let us examine the effect of limb darkening. I am going to use the words intensity and radiance in their strictly correct senses

as described in Chapter 1, and the symbols I and L respectively. That is, radiance = intensity per unit projected area. For spectral
intensity and spectral radiance — i.e. intensity and radiance per unit wavelength interval, I shall use a subscript .

dll, = Li(r)edd

L(r)

FIGURE X.7

We suppose that the spectral radiance at a distance 7 from the center of the disc is Ly (r). The intensity from an elemental area d A
on the disc is dIy = Ly(r)dA . The area between the vertical strip and the annulus in figure X.7 is a little parallelogram of length
dy and width dz, so that dA = dzdy. Here y? = r? —2? , so that
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dy — @ _ rdr
Y Vit g2
Therefore dA = % . The total intensity from the strip of width dz, which is dI(AX), where % = % ,is
a Ly(r)rdr
dI\(AX) =2 Latwjrdr (10.6.7)
s Vr2—x?
The (emission) line profile is
a Ly(r)rdr
L@y e e

=— , (10.6.8)
1,(0) Jo La(r)dr
which is the line profile. As an exercise, see if you can find an expression for the line profile if the limb=darkening is given by
Ly =L(0)[1 —u(1 —cos®)] , and show that if the limb-darkening coefficient w = 1, the profile is parabolic.

Equation 10.6.8enables you to calculate the line profile, given the limb darkening. The more practical, but more difficult, problem,
is to invert the Equation and, from the observed line profile, find the limb darkening. Examples of this integral, and its inversion by
solution of an integral equation, are given by Tatum and Jaworski, J. Quant. Spectr. Rad. Transfer, 38, 319, (1987).

Further pursuit of this problem would be to calculate the line profile of a uniform star that is rotating faster at the equator than at
the poles, and then for a star that is both limbdarkened and equatorially accelerated — and then see if it is possible to invert the
problem uniquely and determine both the limb darkening and the equatorial acceleration from the line profile. That would be quite
a challenge.

This page titled 10.6: Rotational Broadening is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy
Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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10.7: Instrumental Broadening

Even if the radiation damping profile of a line is negligible and if it is subject to negligible thermal, pressure and rotational
broadening, it still has to suffer the indignity of instrumental broadening. Almost any type of spectrograph will broaden a line. The
broadening produced by a prism is inversely proportional to the size of the prism, and the broadening produced by a grating is
inversely proportional to the number of grooves in the grating. After a spectrum is produced (and broadened) by a spectrograph, it
may be scanned by a further instrument such as a microphotometer, or even if it is recorded digitally, it is still further broadened by
the point spread function. The instrumental broadening can in principle be determined experimentally by measuring the
instrumentally-produced profile of an intrinsically very narrow line. Then, when the instrument is used to examine a broad line, the
observed profile is the convolution of the true profile and the instrumental profile. We can write this symbolically as

O=TxL (10.7.1)

Here O, T and I are respectively the observed, true and instrumental profiles, and the asterisk denotes the convolution. The
mathematical problem is to deconvolve this equation so that, given the instrumental profile and the observed profile it is possible to
recover the true profile. This is done by making use of a mathematical theorem known as Borel’s theorem, which is that the
Fourier transform of the convolution of two functions is equal to the product of the Fourier transforms of each. That is

0=TxI, (10.7.2)

where the bar denotes the Fourier transform. Numerical fast Fourier transform computer programs are now readily available, so the
procedure is to calculate the Fourier transforms of the observed and instrumental profile, divide the former by the latter to obtain T,
and then calculate the inverse Fourier transform to obtain the true profile. This procedure is well known in radio astronomy, in
which the observed map of a sky region is the convolution of the true map with the beam of the radio telescope, though, unlike the
one-dimensional spectroscopic problem the corresponding radio astronomy problem is two-dimensional.

This page titled 10.7: Instrumental Broadening is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy
Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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10.8: Other Line-Broadening Mechanisms
I just briefly mention here one or two additional sources of line-broadening.

Lines may be broadened by unresolved or smeared Zeeman splitting, particularly for lines involving levels with large Landé g-
factors. By “smeared” I mean the situation that arises if there is a large range of magnetic field strength through the line of sight or
because (as is always the case with stars other than the Sun) you are looking at a wholedisc spectrum. Since the splitting depends
on the field strength, the lines will obviously be smeared rather than cleanly divided into a number of discrete Zeeman components.
Zeeman smearing is often large in the spectrum of white dwarf stars, where magnetic fields can be large and the observer looks
through a large range of magnetic field strength.

Different Zeeman components are plane or circularly polarized according to the direction of the magnetic field. Thus in principle
one should be able to recognize Zeeman effect, even if smeared or not fully resolved, by its changing appearance in different
polarization directions. However, this will be true only if the magnetic field is uniform in direction, as it may mostly be in, for
example, a sunspot. For a whole-disc spectrum there will be a variety of different directions of the magnetic field, and so the
polarization information will be lost.

Broad lines are sometimes the result of unresolved hyperfine structure in elements with a large nuclear spin such as vanadium, or
unresolved isotopic lines in elements with several isotopes of comparable abundance such as tin, copper or chlorine.

Another source of line broadening is autoionization (in absorption spectra) or dielectronic recombination (in emission spectra) in
elements such as copper. These mechanisms were described in section 8.8.

One last remark might be made, namely that line broadening, whether instrumental, thermal, rotational, etc., does not change the
equivalent width of a line, provided that the line is everywhere optically thin. This does not apply, however, if the line is not
everywhere optically thin.
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10.9: Appendix A- Convolution of Gaussian and Lorentzian Functions
Equation 10.5.6 is

1 In2 > ?In2 —z)%1n2
G(z) = Gi(z) * Gy(z) = — == exp (—£ ;1 ) exp (—%) dg. (10.A.1)
9192 T J-co 97 g5
The integration is straightforward, if taken slowly and carefully, provided you know the integral ffzo exp(—kz?)dz = \/% LIt
goes thus:
1 In2 [
Gle)=——= [ exp|—(a€ +bé+c)]de, (10.A.2)
9192 T J-o
where
(97 +93) In2 z1n4 z?1n2
- 2,2 y b=, e=——
9195 95 95
1 In2 [~
Glz) = ——== | exp[-a(€ +2B¢+C)de, (10.4.3)
9192 T J
where
B=b/(2a), C=c/a. (10.9.1)
1 In2 [ 5 )
G(x) =——— [ exp[-a{({+B)"+C—B}d¢ (10.A.4)
9192 T J-co
1 In2 [
=— == expl-a(® +C—BY)]d( (10.A.5)
9192 T J
L / exp (—a¢®) d¢ = K2 (10.A.6)
79192 J - 9192\/7l'a
where
K =exp[—a(C — B?)]. (10.9.2)

We have now completed the integration, except that we now have to remember what a, C and B were. When we do this, after a bit
more careful algebra we arrive at the result

G(@) = Gi ()% Ga(z) = é : \/_lgexp (— ‘”2;;12). (10.A.7)

In a similar manner, equation 10.5.10 is

Lly [
L(z) = Li(z) * L (z) = %/m 5241—l§ (5_;)2”% dé. (10.A.8)

Resolve the integrand into partial fractions:
1 1 A¢ B C(—=x) D

- . Al
F4E € 0P+ €48 £4f  (E-af+B  (€-a)+B 1049

Evaluation of the constants is straightforward, if slightly tedious, by the usual method of partial fractions:

A=-C=2zaq, (10.A.10)
B=(2?+12-1)a, (10.9.3)
D= (2> -1 +1)a, (10.9.4)
where a = 1/[(«® +12 +12)? —4212]. (10.9.5)

Now
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_bb ) [T _SK ©_d¢ * (-t o de
Liz)=—3 (A/_Oo PRy +B/_OO PEpyE +C/_Oo C oD +D/_oo TS ) (10.A.11)

From symmetry considerations, this is:

L(z) = 212 B/ & +D/ “ ) (10.A.12)
m 0o £+B o &+
L(z) = 2Lk (7B +IPY - (leB+UD)/m. (10.A.13)
7l'2 2l1 2[2

We have now completed the integration, except that we now have to remember what B and D were. When we do this, after a bit
more careful algebra we arrive at the result

1

l
M=z o

(10.A.14)

where

=1 +1s. (1096)

The Voigt profile is given by equation 10.5.14:

1 /W2 [~ exp(-[(¢—2)’In2]/g’)
V@) =y [m o de. (10.A.15)

For short, I am going to write the ratio [/g as a. The relation between this ratio and the gaussian fraction

kgisa=(1—kg)/kg, kg =1/(1+a) . In the above equation, z = A — Xg , and I am going to choose a wavelength scale such
that g = 1; in other words wavelength interval is to be expressed in units of g. Thus I shall write the equation as

0 exp (—(¢£ — )2
V(w):aﬂl;l—gz/_ xp ( £(2E+;c2) tn2) d¢. (10.A.16)

The integration has to be done numerically, and there is a problem in that the limits are infinite. We can deal with this with the
change of variable £ = a tan @, when the integral becomes

2 (2
V(z)=,/ —3/ exp[—(atanf —z)? In2]df. (10.A.17)
m —7/2

The limits are now finite, and the integrand is zero at each limit. Computing time will be much diminished by the further
substitution £ = tan %0 , when the expression becomes

n L exp[—{2a —t2)—z¥In
V(m):\/?/I exp| {2 t/(11+ti) Y2 (10.A.18)

This is faster than the previous expression because one avoids having to compute the trigonometric function tan. It could also have
=,
obvious. Like the previous expression, the limits are finite, and the integrand is zero at each end. Numerical integration would now
seem to be straightforward, although there may yet be some difficulty. Suppose one is integrating, for example, by Simpson’s
method. A question might arise as to how many intervals should be used. Simpson’s method is often very effective with a
remarkably small number of intervals, but, for high precision, one may nevertheless wish to use a fine interval. If one uses a fine
interval, however, as one approaches either limit, the expression ¢/(1 7t2) becomes very large, and, even though the integrand
then becomes small, a computer may be reluctant to return a value for the exp function, and it may deliver an error message. The
best way to deal with that difficulty is to set the integrand equal to zero whenever the absolute value of the argument of the exp
function exceeds some value below which the computer is happy.

been arrived at in one step by means of the substitution £ = though such a substitution may not have been immediately

One might be tempted to reduce the amount of computation by saying that fjl =2 fol , but this is not correct, for, while the Voigt
profile is symmetric about = 1, the integrand is not symmetric about ¢ = 0. However, if
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Wﬂ:[imﬂﬂﬂz/ﬂmﬂﬂﬂzli (10.9.7)

1 -1

it is true that V(z) = Vi(x)+ Va(x) and Vi(x) = Va(—=x), and hence that V(z) = Vi (z) + Vi (—=) and this can be used to
economise to a small extent. It is still necessary to calculate V; () for all values of z, both positive and negative, but the number of
integration steps for each point can be halved.
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10.10: APPENDIX B- Radiation Damping as Functions of Angular Frequency,
Frequency and Wavelength

It occurred to me while preparing this Chapter as well as the preceding and following ones, that sometimes I have been using
angular frequency as argument, sometimes frequency, and sometimes wavelength. In this Appendix, I bring together the salient
formulas for radiation damping in terms of Aw =w—wy, Av=v—yyand AA=X— )¢ .Ireproduce equation 10.2.11 for the
absorption coefficient for a set of forced, damped oscillators, except that I replace n, the number per unit volume of oscillators with
ny f12, the effective number of atoms per unit volume in the lower level of a line, and I replace the classical damping constant -y
with I', which may include a pressure broadening component.

ny f121"e2w2 1

a= m. (10.B.1)
megc|(w? —w?)? +T2w?]

You should check that the dimensions of this expression are L~1, which is appropriate for linear absorption coefficient. You may
note that [e2/eg] = ML3T~2 and [[] =T . Indeed check the dimensions of all expressions that follow, at each stage.

We can write w? — w2 = (w—wp)(w+wp) = Aw(2wp + Aw) , and the equation becomes

re? Aw)?
o= m fial'e”(wo + Aw) m. (10.B.2)
meoc[(Aw)? (2w + Aw)? + T2 (wg + Aw)?]

Now I think it will be owned that the width of a spectrum line is very, very much smaller than its actual wavelength, except perhaps
for extremely Stark-broadened hydrogen lines, so that, in the immediate vicinity of a line, Aw can be neglected compared with wy;
and a very long way from the line, where this might not be so, the expression is close to zero anyway. (Note that you can neglect
Auw only with respect to w; you cannot just put Aw = 0 where it lies alone in the denominator!) In any case, I have no compunction
at all in making the approximation

2
a(Aw) = m fiol'e m1. (10.B.3)

 dmege](Aw)? + (212

The maximum of the a(Aw) curve is

€Zn1f12 1
— -1 10.B.4
a(O) megel’ m ( 0 )

The optical thickness at the line centre (whether or not the line is optically thin) is

2
e’ N1 fi2
0) =——. 10.B.5
7(0) meocl ( )
M1 is the number of atoms in level 1 per unit area in the line of sight, whereas n; is the number per unit volume.
The HWHM of a(Aw) curve is
1
HWHM = T rads . (10.B.6)
The area under the a(Aw) curve is
2
Area = memfiz m 'rads™'. (10.B.7)
2m806
As expected, the area does not depend upon I'.
To express the absorption coefficient as a function of frequency, we note that w = 27v, and we obtain
T 2
a(Av) = mfizle — m. (10.B.8)
16m2meoc[(Av)? + ()]

The maximum of this is (of course) the same as equation 10.B.4.

The HWHM of the a(Av) curve is
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The area under the a(Av) curve is

HWHM =T/ (47) s . (10.B.9)

2

e“ny fio 1 -1
—F m s .
4dmege

Te? A2N
o = mafile & ml. (10.B.11)
meoc \ 4n2e2 (N2 —A2)% 4 AN

Area = (10.B.10)

In a manner similar to our procedure following equation 10.B.12, we write A2 — A% = (g —A)(Ag +A) , and , A =Xg+ A\,
and neglect A\ with respect to Ay, and we obtain:

Te? Al
m fial'e 0 m!. (10.B.12)
T2

1672c?

a(AN) = .
( ) 1671'2’”),6'003 (A)\)2+

The maximum of this is (of course) the same as equation 10.B.4. (Verifying this will serve as a check on the algebra.)

The HWHM of the a(AX) curve is

AT
HWHM =" m. (10.B.13)
4dmc
The area under the a:(AX) curve is
Ae’n
Area — 20€MS12 (10.B.14)
4meyc?
Did I forget to write down the units after this equation?
These results for a might be useful in tabular form. For 7, replace n; by N .
Aw Av AX
Te’ni fio Te’ni fi Te?\jni fi
Ameocl (AP HGT) t6mmegel(An* (L) 16ntmenes [ 2 ]
. e2n, f e’n, f, e’n, f, 10.10.1
Helght msoci"z meocll'? maocll'? ( )
e’ fiy enifi AgePnafip
Area 2meoc 4dmegc 4meoc?
1 NT

It is to be noted that if the radiation damping profile is thermally broadened, the height of the absorption coefficient curve
diminishes, while the area is unaltered provided that the line is optically thin. The optically thick situation is dealt with in the
following chapter. It might also be useful to note that a gaussian profile of the form

Z(AN)
a(AX) =a(0)exp | — 10.B.15
(%) =a(0) p< i (10.B.15)
2,2
has an area of Azem—nggz if
 Xo€lnifi
a(0) = I rmeacVe (10.B.16)
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10.11: APPENDIX C- Optical Thinness, Homogeneity and Thermodynamic
Equilibrium

It has also occurred to me while preparing these chapters that some of the equations are valid only under certain conditions, such as
that the gas is optically thin, or is homogeneous or is in thermodynamic equilibrium, or some combination of these, or none of
them. It would be tedious to spell out all of the conditions after each equation. Yet it is important to know under what conditions
each is valid. In this Appendix I try to give some guidance. For example, most of the equations in this Chapter deal with line
profiles in an optically thin gas, whereas in the next Chapter the gas is no longer optically thin. In the end, however, the only way
of being sure of what conditions apply to each equation is to understand the basic physics behind each rather than attempting to
memorize which conditions apply to which equations.

The linear absorption coefficient o at a point within a gas is proportional to the local number density n; of absorbers. (The
subscript 1 refers to “atoms in the lower level of the line concerned”.)The optical thickness of a slab of gas of thickness D is
related to the absorption coefficient (which may or may not vary throughout the slab) by 7 = fOD a(z)dz. This is so whether or not
the gas is optically thin or whether it is homogeneous. Likewise, the column density /N; of absorbers is related to the number
density by N7 = fOD ny(x)dz . If the gas is homogeneous in the sense that 7; is not a function of z, and consequently « is not a
function of x either, then these equations become simply 7 = aD and N; = n1 D, and this is so whether or not the gas is optically
thin.

Whether optically thin or thick, and whether homogeneous or not, the optical thickness is proportional to the column density NV,
just as the absorption coefficient is proportional to n; .

If a layer of gas of thickness D is not homogeneous, the optical thickness is related to the absorption coefficient and the thickness
of the gas by 7= fOD a(z)dz. If the gas is homogeneous so that « is independent of z, then the relation is merely 7= aD.
Neither of these equations requires the gas to be optically thin. That is, they are valid whether the gas is optically thin or thick. The
absorption coefficient at a point within the gas is proportional to the local density (number of absorbers per unit volume there.) The
optical thickness is proportional to the column density of absorbers along the line of sight, whether or not the gas is optically thin
and whether or not it is homogeneous.

However, the equivalent width and central depth of an absorption line, or the intensity or radiance, or central intensity or radiance
per unit wavelength interval of an emission line, are proportional to the column density of atoms only if the gas is optically thin.
Indeed this simple proportionality can serve as a good definition of what is meant by being optically thin.

The equivalent width of an absorption line is given by W = [[1 —exp{—7(A\)}] dX. If the gas is homogeneous, this becomes
W = [[1 —exp{—Da(\)}]dX. If, in addition, the gas is optically thin at all wavelengths within the line, this becomes (by
Maclaurin expansion), merely W = D [ a()) d\. Note that, if A and D are expressed in m and if « is expressed in m™, the
equivalent width will be in m. If, however, you choose to express wavelengths in angstroms and the thickness of a cloud in parsecs,
that is your problem, and you are on your own.

Any equations in which we have gone from n, the total number of atoms per unit volume in all levels to n; via Boltzmann’s
equation, implies an assumption of thermodynamic equilibrium. An example would be going from equation 9.2.4 (which does not
imply thermodynamic equilibrium) to equations 9.2.6-10 (which do imply thermodynamic equilibrium). If a gas is truly in
thermodynamic equilibrium, this implies that the gas will be at a single, homogenous temperature — otherwise there will be heat
flow and no equilibrium. It is doubtful if anything in the Universe is truly in thermodynamical equilibrium in the very strictest use
of the term. However, even in an atmosphere in which the temperature is different from point to point, we may still have local
thermodynamic equilibrium (LTE), in the sense that, at any point, it is all right to calculate the distribution of atoms among their
energy levels by Boltzmann’s equation, or the degree of ionization by Saha’s equation, or the atomic speeds by the
MaxwellBoltzmann equation, or the radiation energy density by Planck’s equation — and you may even be able to use the same
temperature for each. This may be all right within a small volume of an atmosphere; only when considered over large ranges of
space and time will it be evident that the atmosphere is not in true thermodynamic equilibrium.
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CHAPTER OVERVIEW

11: Curve of Growth

It will be part of the aim of this chapter to predict the curve of growth for gaussian and lorentzian profiles, and also for Voigt profile
for different Gauss/Lorentz ratios. The curve of growth (die Wachstumskurve) is a graph showing how the equivalent width of an
absorption line, or the radiance of an emission line, increases with the number of atoms producing the line.

11.1: Introduction to Curve of Growth

11.2: A Review of Some Terms

11.3: Theory of the Curve of Growth

11.4: Curve of Growth for Gaussian Profiles

11.5: Curve of Growth for Lorentzian Profiles

11.6: Curve of Growth for Voigt Profiles

11.7: Observational Curve of Growth

11.8: Interpreting an Optically Thick Profile

11.9: APPENDIX A- Evaluation of the Voigt Curve of Growth Integral
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11.1: Introduction to Curve of Growth

The curve of growth (die Wachstumskurve) is a graph showing how the equivalent width of an absorption line, or the radiance of
an emission line, increases with the number of atoms producing the line.

In an optically thin gas, the equivalent width of an absorption line, or the radiance of an emission line, is linearly proportional to the
number of atoms in the initial level of the line. Let us imagine, for example, that we have a continuous source of radiation, and, in
front of it, we have a homogeneous, isothermal slab of gas, and that there are A/; atoms per unit area in the line of sight in the
lower level of some absorption line. We could double N either by doubling the thickness of the slab, or by doubling the density of
the gas within the slab. Either way, if doubling the number of atoms per unit area (the column density) in level 1 results in a
doubling of the equivalent width of the line, then the gas is said to be optically thin. More precisely, the line is optically thin — for
there may well be other lines in the spectrum which are not optically thin. I suppose one could say that a gas is optically thin at the
wavelength of a particular line if you can see all of the atoms — even those at the back. In Chapter 9, where we were developing
formulas for the equivalent width of a line, and in Chapter 10, where we were studying line profiles, we were limiting our attention
to optically thin lines. We shall depart from this assumption in this Chapter, although we shall still assume that our slab of gas is
homogeneous (same temperature and pressure throughout) and in thermodynamic equilibrium.

We can see, by referring to figure XI.1, why it is that the equivalent width of an absorption line cannot continue to increase
indefinitely and linearly as the column density increases. The figure represents the profile of an absorption line. (Strictly speaking,
the ordinate should read “radiance per unit wavelength interval”, rather than “intensity”.) Profile a is a weak line (actually a
gaussian profile) that is optically thin. In profile b, we have greatly increased the column density N7, and we see that the intensity
at the centre of the line is almost zero. Hardly any of the background light from the continuous source is getting through. At this
wavelength, the background is black. Increasing the column density will make no difference at all to the central intensity, and
hardly any change in the equivalent width. Thus a graph of equivalent width versus column density will no longer be a linearly
increasing function, but will be almost horizontal.

But it will not remain horizontal. As we see in profile ¢, when yet further atoms have been added, although the central depth does
not and cannot become any deeper, the wings of the profile start to add to the equivalent width, so that the equivalent width starts to
increase again, although rather more slowly than during the optically thin stage. Thus we might expect three stages in the curve of
growth. At first, the equivalent width increases linearly with the column density of absorbers. Then there will be a stage in which
the equivalent width is scarcely increasing. Finally, there will be a third stage in which the equivalent width increases, but not as
rapidly as in the optically thin case.

It will also be noticed that, as soon as the profile (which was gaussian when it was optically thin) ceases to be optically thin, the
profile becomes distorted and is no longer the same as it was in the optically thin region.
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FIGURE XI.1

From our qualitative description of the curve of growth, it will be evident that the form of the curve of growth will depend on the
form of the original line profile. For example, it will be recalled that the gaussian profile is “all core and no wings”, whereas the
lorentzian profile is “narrow core and extensive wings”. Thus the onset of the third stage of the curve of growth will occur sooner
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for a lorentzian profile than for a gaussian profile. We shall find, as we proceed, that for a pure gaussian profile, the third stage of
the classic curve of growth is scarcely evident, whereas for a pure lorentzian profile, the second stage is scarcely evident. The
classic three-stage curve of growth is exhibited for a Voigt profile in which the gaussian and lorentzian contributions are
comparable.

It will be part of the aim of this chapter to predict the curve of growth for gaussian and lorentzian profiles, and also for Voigt profile
for different Gauss/Lorentz ratios.

This by itself will be an interesting intellectual exercise — but can it be taken further? Yes it can. Imagine a situation is which we
have a spectrum in which the resolution is not sufficient to measure the profiles of individual lines with any great precision. No
great imagination is in fact needed, for this will usually be the case with a stellar spectrum. If we can somehow construct a curve of
growth, we might be able to deduce the line profiles, or at least the FWHm (full width at half minimum) of the gaussian component
(which will tell us the kinetic temperature) and of the lorentzian component (which will tell us the mean time between collisions
and hence the pressure). We cannot, of course, change the column density of a stellar atmosphere. However, some lines of a given
element will be weak (because they have a high excitation potential, or a small oscillator strength, or both) and others will be strong
(because they have a low excitation potential, or a large oscillator strength, or both), and perhaps a curve of growth can be
constructed from many lines of a given atom, and so we will be able to deduce the temperature and the pressure, even though we
cannot resolve the details of individual line profiles.

So far, I have discussed the curve of growth for an absorption line. What about an emission line? We understand that the intensity
of the centre of an absorption line cannot drop below the “floor” corresponding to zero intensity. But is there a “ceiling” that will
stop the growth of the centre of an emission line, or can we go on increasing the intensity of an emission line indefinitely? The
answer is that, for a gas in thermodynamic equilibrium, there is indeed a “ceiling”, and that occurs when the radiance per unit
wavelength interval of the centre of the emission line reaches the ordinate of the Planck blackbody curve having a blackbody
temperature equal to the kinetic and excitation temperature of the gas. When the line centre is completely optically thick, it radiates
like a black body at that wavelength. Adding more atoms to the column density will not increase the central intensity. What
happens is that photons emitted by atoms near the back of the slab of gas are re-absorbed as they struggle forward towards the
front.

This page titled 11.1: Introduction to Curve of Growth is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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11.2: A Review of Some Terms

Before continuing, a review of some terms such as absorption coefficient, absorptance, central depth and optical thickness may be
of some use.

Imagine a thin slice of absorbing gas of thickness §z. At one side of the slice, suppose that the specific intensity (radiance) per unit
wavelength interval wavelength X is I)(\) and that, after passage of the radiation through the slice, the specific intensity is now
only I + 01, . (61, is negative.) The fractional decrease in the specific intensity is proportional to dz:

LA
LA

=a(A)dz. (11.2.1)

a(X) is the linear absorption coefficient, and is of dimension L. Now let imagine that, rather than an infinitesimally thin slice of
gas, we have a slab of gas of finite thickness D and that it is sitting in front of a continuum source of specific intensity (radiance)
per unit wavelength interval Iy (c), where “c” indicates “continuum”. The radiance after passage through the slice is given by
integrating Equation 11.2.1:

L) = I (c)exp [/ODa()\) dm], (11.2.2)

The quantity

() :/ODa()\)dm (11.2.3)

is the optical thickness of the slab. It is dimensionless. If the slab of gas is homogeneous, in the sense that a(\) is the same
throughout the slab and is not a function of z, this becomes simply

7(A) = Da(A). (11.2.4)

Let us suppose that, after passage through the slab of gas, the specific intensity (radiance) of the gas at wavelength A, which was
initially I (c), is now I (\), The fraction of the radiance that has been absorbed is the absorptance at wavelength A, a(A):

_ L)L)

a(X) (11.2.5)
Ii(c)
It is dimensionless. The relation between absorptance and optical thickness is evidently
aN)=1—e7"™  7(X)=—In1—a())). (11.2.6 a,b)

For a gas of very small optical thickness, in which only a tiny fraction of the radiation has been absorbed (which will not in general
be the case in this chapter), Maclaurin expansion of either of these Equations will show that

a(A) = 7(A). (11.2.7)
If, in addition, the slab of gas is homogeneous,
a(A\) ~ Da()). (11.2.8)
The absorptance at the line centre is

I)\(C) —I)\()\O)

A YO

(11.2.9)

and we have also called this, in Chapter 10, the central depth d.

The absorption coefficient of a gas at the wavelength of an absorption line is proportional to n;, the number of atoms per unit
volume in the initial (lower) level of the transition. This is so whether the slab of gas is optically thin or not; we are concerned here
with the absorption coefficient and the number density at a point within the gas, not with the slab as a whole. The optical thickness
of a slab of gas is proportional to A/, the number of atoms per unit area in the line of sight (column density) in the initial level.
This is so whether or not the slab is homogeneous. In the sense in which the words intensive and extensive are used in
thermodynamics, it could be said that absorption coefficient is an intensive quantity and optical thickness and absorptance are
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extensive quantities. While the optical thickness is proportional to N7, the radiance per unit wavelength interval and the equivalent
width are not linearly proportional to N unless the gas is optically thin.

For the terms such as atomic and mass absorption coefficient, opacity, and the distinction between absorption, scattering and
extinction, see Chapter 5.

This page titled 11.2: A Review of Some Terms is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jeremy
Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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11.3: Theory of the Curve of Growth

Let us think again of our homogeneous slab of gas in front of a continuum source. Let I)(c) be the radiance per unit wavelength
interval of the continuum at wavelength A. Let 7(z) be the optical thickness in the vicinity of a line and z = X\ — X . If the slab is
of thickness D, the emergent radiance per unit wavelength as a function of wavelength will be

I (z) = I\(c)exp[—7(z)]. (11.3.1)
The equivalent width W is given by
WI\(c) =/ (In(c) —In()) de, (11.3.2)
—00
or, by making use of Equation 11.3.1,
o0
W= / [ — exp{—r(z)}] da. (11.3.3)
If the line is symmetric, this may be evaluated as
W = 2/ [1 —exp{—7(x)}] dz. (11.3.4)
0

In former days, gallant efforts were made to find, using various approximations in the different regimes of the curve of growth,
algebraic expressions for evaluating this integral. The availability of modern computers enables us to carry out the integration
numerically.

This page titled 11.3: Theory of the Curve of Growth is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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11.4: Curve of Growth for Gaussian Profiles

By “gaussian profile” in the title of this section, I mean profiles that are gaussian in the optically-thin case; as soon as there are
departures from optical thinness, there are also departures from the gaussian profile. Alternatively, the absorption coefficient and
the optical depth are gaussian; the absorptance is not.

For an optically-thin thermally-broadened line, the optical thickness as a function of wavelength is given by

2ln2
(z) = 7(0)exp (-""' - ) (11.4.1)
g
where the HWHM is
VinAov/In2
g:Lcn. (11.4.2)

Here V4, is the modal speed. (See Chapter 10 for details.) The line profiles, as calculated from equations 11.3.4 and 11.4.1, are

shown in figure X1.2 for the following values of the optical thickness at the line centre: 7(0) = 1%, %, 3, 3,1,2,4, 8.

On combining equations 11.3.4 and 11.4.1and 11.4.2 we obtain the following expression for the equivalent width:

W:2/ (1—exp{—r(o)e*ﬂ”21“2/92}) de, (11.4.3)
0
or
2V A *© -
W= 0/ (1—exp{—7'(0)e AZ}) dA, (11.4.4)
¢ 0
where
zv1In2 cx
A= =— 11.4.5
g Vm)‘O ( )
The half-width at half maximum (HWHM) of the expression 11.4.1 for the optical thickness corresponds to A = +/In2 =0.8326.
For the purposes of practical numerical integration of Equation 11.4.4, T shall integrate from A = —5 to +5 that is to say from

46 times the HWHm. One can appreciate from figure XI.2 that going outside these limits will not contribute significantly to the
equivalent width. I shall calculate the equivalent width for central optical depths ranging from
1/20(log 7(0) = —1.3) to 10°(log 7(0) = 5.0)

What we have in figure XI.3 is a curve of growth for thermally broadened lines (or lines that, in the optically thin limit, have a
gaussian profile, which could include a thermal and a microturbulent component). I have plotted this from
log 7(0) = —1.3 to 4 5.0; that is 7(0) = 0.05 to 10°.
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11.5: Curve of Growth for Lorentzian Profiles

The optical depth of a line broadened by radiation damping is given, as a function of wavelength, by

2
where the HWHM is
l I‘)\g 11.5.2
 d4me (11.5.2)
and the optical thickness at the line center is
e’ N fra
0) =———. 11.5.3
T0) =T ( )

Here x = A — )¢ , and the damping constant I" may include a contribution from pressure broadening. As in Section 11.4, in figure
XIL.4 I draw line profiles for optical thicknesses at the line center 7(0) = %6, %, i, %, 1,2,4,8.

We see that the wings continue to add to the equivalent width as soon as, and indeed before, the central depth has reached unity. On
combining equations 11.3.4, 11.5.1,2 and 3, we obtain the following expression for the equivalent width:

wo [ (l—exp{— () }) dy, (11.5.4)

-~ 2me Jo y?+1

in which y =z /1 - i.e. distance from the line center in units of the HWHM.

If we now substitute y = tan @, the expression for the equivalent width becomes

B % /2 1 —exp [—7(0) cos? 6] &

_ 11.5.5
2me Jo cos? 6 ( )

Now that we have a finite upper limit, the expression can be integrated numerically without artificial and unjustified truncation. As

described in the Appendix to Chapter 10, calculation of the trigonometric function cos can be avoided, and hence the integration

much speeded up, by the substitution of ¢t = tan(%@) . Although the denominator of the integrand is obviously zero at the upper

limit, so is the numerator, and the value of the integrand at the upper limit is finite and equal to 7(0). Figure XI5 shows the
. San I\ .

equivalent width, in units of 272 as a function of 7(0).
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11.6: Curve of Growth for Voigt Profiles

Our next task is to construct curves of growth for Voigt profiles for different values of the ratio of the lorentzian and gaussian
HWHMs, I/ g, which is

Th T T
47Vpv/In2  Viumy/In65536  34.841V,’

or, better, for different values of the gaussian ratio kg = % These should look intermediate in appearance between figures XI.3

5
and 5.

!
= 11.6.1
p ( )

The expression for the equivalent width in wavelength units is given by Equation 11.3.4:

W= 2/ 1 - exp{—r(x)}] da. (11.3.4)
0
combined with Equation 10.5.20

% exp [7(571‘)2 1n2/gQ] p

(z) = CIr(0) [ i o (10.5.20)
That is:
B o0 % exp [—(£—)?In2/g?]
W—2/0 <l—exp{—ClT(0)/oo s d§}> dz. (11.6.2)
Here

o . =A—Xg,is the Lorentzian HWHM = A2I'/(47c) (where I" may include a pressure-broadening contribution),
e g is the gaussian HWHM = V}, A\pv/In2/c (where V;, may include a microturbulence contribution), and
o W is the equivalent width, all of dimension L.

The symbol &, also of dimension L, is a dummy variable, which disappears after the definite integration. 7(0) is the optical
thickness at the line centre. C' is a dimensionless number given by Equation 10.5.23 and tabulated as a function of gaussian fraction
in Chapter 10. The reader is urged to check the dimensions of Equation 11.6.2 carefully. The integration of Equation 11.6.2 is
discussed in Appendix A.

Our aim is to calculate the equivalent width as a function of 7(0) for different values of the gaussian fraction kg =g/(l+g9) .
What we find is as follows. Let W' = W+/In2/g; that is, W is the equivalent width expressed in units of g/+/In2. For 7(0) less
than about 5, where the wings contribute relatively little to the equivalent width, we find that W’ is almost independent of the
gaussian fraction. The difference in behaviour of the curve of growth for different profiles appears only for large values of 7(0),
when the wings assume a larger role. However, for any profile which is less gaussian than about kg equal to about 0.9, the
behaviour of the curve of growth (for 7(0) > 5) mimics that for a lorentzian profile. For that reason I have drawn curves of growth
in figure XI1.6 only for kg =0.9,0.99,0.999 and 1 This corresponds to [/g=0.1111,0.0101,0.0010 and 0 or to
T\ /V; =1.162,0.1057,0.0105 and Orespectively.
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11.7: Observational Curve of Growth

Equation 11.6.2 and figure XI.6 show how the equivalent width of a line will grow as the optical thickness is increased, which can
be achieved either by increasing the geometrical thickness of the gas under study or by increasing the number density of the
absorbers (atoms). Of course, if you are looking at the spectrum of a stellar atmosphere, you cannot do either of these things, but
you might be able to construct a curve of growth by looking at many lines from the same element (such as an element from the iron
group, which has lots of lines of a wide range of equivalent widths.) Then, by comparing the form of the observed curve of growth
with one of the theoretical curves, you could deduce the gaussian and lorentzian HWHm, g and [, of your lines (and hence possibly
the temperature and pressure) even if your resolution were not sufficient to determine the individual line profiles with any
precision. You will notice the word “possibly” — because it has to be remembered that g includes both a thermal and a
microturbulent component, and [ includes both a radiation damping and pressure broadening component. Provided that the gas
under study is homogeneous and of a uniform temperature throughout (I suppose this rules out a stellar atmosphere!) g should be
the same for all lines of a given element. (The microturbulent component of g should be the same for all elements.) The radiation
damping component of [ will vary from line to line, but in practice, at least in the atmosphere of a main sequence star (but not
necessarily of a giant, where the atmospheric pressure is much lower), the pressure broadening component of [ will be much greater
than the radiation damping component, and hence [ will be the same for all lines of a given element. The theories of thermal,
microturbulent, radiation damping and pressure broadening are all covered in Chapter 10.

It is all very well to say plot log W' versus log 7(0) for many lines of an iron-group element, but we immediately discover that we
don’t know either. The dimensionless quantity W' is given by

W' =W+1n2/g, (11.7.1)
and we don’t know g — indeed one of our aims is to find it. The optical depth at the line centre is given by
M frze®
0) =——— 11.7.2
()= i (11.7.2)

and we don’t know I' — again, one of our aims is to find it. However, these equations can be written in the form
logW' =log W + constant (11.7.3)
and
log 7(0) =log M f12 + constant. (11.7.4)
Also, from Boltzmann’s equation (where applicable!), we have
InN; =In(N/u) — By /(kT) +1Inwy, (11.7.5)
from which
log N7 =logw; +C(E) (11.7.6)
where the “constant” is a function of Ej, the excitation energy of the lower level of the line. From this, we obtain
log7(0) =logwf + C(Ey). (11.7.7)

Thus, provided we take a set of lines all having the same lower excitation level (or at least the same lower term, provided that
departures from LS-coupling are not so severe as to scatter the levels widely), we can construct a partial curve of growth by
plotting log W versus log w f for these lines. These will be displaced both vertically and horizontally from the theoretical curves of
figure XI.6 by arbitrary amounts, which will not affect the shape of the curve.

We can then take another set of lines, having a different common lower excitation level (or term), and plot another partial curve of
growth. It will be displaced horizontally (but not vertically) from the first fragment, and it must be slid horizontally until it meshes
in with the first fragment. And so we continue, building up partial curves of growth from sets of lines with a common lower term,
sliding them horizontally until they all mesh with each other in a single continuous curve, which we can then compare with the
shapes of the theoretical curves to obtain g and ! and hence the temperature and pressure.

This page titled 11.7: Observational Curve of Growth is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by
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11.8: Interpreting an Optically Thick Profile

This chapter has been concerned with optically thick lines and with the curve of growth — and how one might recover the
parameters g and [ from the curve of growth even if the profiles of individual lines are not resolved. This section is written rather as
an afterthought, albeit an important one, and it does not concern the curve of growth. It discusses how one might analyse the profile
of a line that is well resolved, but is not optically thin. I use as an example a line that is thermally broadened and which, if optically
thin, would have a gaussian profile. The optically thick line is no longer gaussian, but can one recover g (and hence T") from it?
Just for a change, and because it is a while since we used the term “source function”, I’ll deal with an emission line.

As discussed in Section 5.7, the radiance of a slab of gas of source function S is given by
()
I)\(:E)ZS/ eTdr=8(1—-e@). (11.8.1)
0

Here, £ = XA — )¢ . For a thermally-broadened line, this becomes
I\(z) =S [1—exp{—7(0)exp(—z*In2/g%)}], (11.8.2)
where g =V, A\¢/+/1n2.

In figure XI.7, I draw two such profiles, in which the line strength of one is A times the line strength of the other. The lines,
perhaps, belong to the same multiplet and the ratio of the line strengths is known. (I am here using the term line strength in the
technical sense of Chapter 7.) Figure XI.7 was drawn with A = 2, but since the lines are not optically thin, neither the ratio of their
areas nor the ratio of their heights is two.
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FIGURE XI.7

We can measure the half widths Az; and Azs of the two profiles at the same height.

Then:
S[1 —exp{—7(0)exp(—(Az1)?In2/g?)}] = S[1 —exp{—A7(0)exp(—(Azs)?In2/g?)}], (11.8.3)

after which

Az))In2  (Azy)In2
( ”13 nZ _ | ng =2 a4, (11.8.4)
g g

and hence

e [(Afm)in—jiAmm . (11.8.5)

The same technique can be used for lorentzian profiles.
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11.9: APPENDIX A- Evaluation of the Voigt Curve of Growth Integral

We wish to evaluate the equivalent width as given by equation 11.6.2:

sz/om (l—exp{—ClT(O)/m expl—(£ —2)*In2/g7] dg}) dz. (11.A.1)

oo e+

We slightly simplify it by introducing dimensionless variables W', z', ¢ and I’ defined by X' = /\OL; = X‘gﬂ , where X is any

of W, x, £ or I That is, we are expressing lengths in units of g/+/In2. Then:

W’ :2[]00 (1 —exp{—C’l/T(O)/oo Mdg’}) dz'. (11.A.2)

S N

We shall eventually want to evaluate the integral as a function of the gaussian ratio kg, and we note that I’ = (é - 1) VIn2 .

Since ¢ is a dummy variable, we could in principle dispense with the prime as superfluous, but it is probably helpful to retain the
prime. The limits of the inner integral can be made finite by means of a change of variable. The substitution £ =1 tanf will
achieve this, but the introduction of a trigonometric function will increase the computing time. An alternative is £ = % , which
looks clumsier but is rather faster. The equation becomes

. 1 expl—(2L —a/)2
W' =2 / 1 —exp{ —2C7(0) / E at$ ) do. (11.A.3)
0 -1 142

This integral is not particularly easy, and I do not advise merely putting it into a prepackaged integration program without critical
examination. (Indeed I never advocate that!) One is faced with the usual problems of numerical integration: What should be the
step size and number of steps? And, in the case of the outer integral, how far should we take the upper limit? One way to determine
the necessary number of intervals (and step size) is to try, say 100 intervals, and then try 1000, and see if it makes any difference.
Similarly with determining the upper limit to the outer integration, try integrating to ' = 5, and then to 10, and see if it makes any
difference. But this integral has some problems of its own.

expl (2 —a')

Some insight into the problems can be obtained by looking at the behaviour of the inner integrand. This function, L2

142 ’
is shown as a function of ¢ for four different values of z in figure XI.A1 The value of !’ for the figure is 1/(4), which has no

particular significance, since the figure is intended solely for illustrative purposes.

For 2’ =0, the function is symmetric about £ = 0, but not for other values of z’. For small values of x', there is no particular
difficulty with the integration, either by Simpson’s rule or by seven-point integration (see my Web notes on Celestial Mechanics,
Chapter 1).
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t

FIGURE XI.A1
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However, for large 2/, the integrand is close to zero for most of the range between ¢t = —1.0 and 0.0, but, close to t = 1.0, the
integrand exhibits a sharp spike, becoming almost a delta-function for larger ’. A coarse interval for integration may miss the
spike altogether, while a very fine interval will use massive amounts of computer time to no good purpose over most of the range
of t. Fortunately, the area under the spike is progressively smaller and smaller for larger and larger ' but the nagging question still
remains, when may one stop integrating? One useful, efficient and effective technique is to adjust the size of the interval for
integration according to the slope of the function. A coarse interval is quite adequate while the graph is near-horizontal, but a much
finer integration step kicks in as soon as the slope becomes large. This requires a certain amount of programming legerdemain, but
is frequently resorted to in such situations.

The part of equation 11.A 2:

exp{—ClT(O) /_ " e"p[_(?i)pm/ g ]dg} (11.A.4)

represents the optically thick Voigt profile. This is shown for I = 1/(4) for several 7(0) in figure XI.A.2. The value I' =1/(4)
has no particular significance; figure XI.A.2 was drawn solely for illustrative purposes.
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The equivalent width (equation 11.A.1) is the area above these curves, and it can be seen again that determining the upper limit for
z' is a problem.

We can, however, remember that the profile that we are integrating is the convolution of a gaussian and a lorentzian, and that

z’'is A — o in units of 2g/+/In2. The gaussian component has very small wings, whereas the lorentzian profile has extensive
12 12
wings. The ratio of the gaussian component to the ordinate to the lorentzian component is ( 2 )exp(—:r’z), where

I'=(1/kg —1)v/In2. The value of &’ at which this ratio drops to 0.0001 is shown as a function of k¢ in figure XI.A.1a. Beyond
this point one can treat the wings of the profile as lorentzian.

Thus equation 11.A.2 can be integrated by treating the optically thin profile as a Voigt function up to some ' =a and as a
lorentzian function thereafter. That is, I have written equation 11.A.2 as
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FIGURE XI.A.1A
r_ ¢ _expd —CI'r oo exp[_(gl _$/)2] /}) ’
W' = /0 <1 e p{ Cl (0)/_ ———=——df ;) dx (11.9.1)

0 6’2 + l/2

(11.A.5)
po [T (1—expd —TO 1) g (11.9.2)

o p 22 412 : e

On substitution of §' = 125; in the first integral and =’ = I’ tan @ in the second, this becomes
a 1 expl—(Z& —a')?
w'=2 / 1—exp —207'(0)/ T dt 3 | dz' (11.9.3)
0 ! (11.A.6)
/2 (1 —exp{ —7(0)cos® 8
+2l,/ ( p{-7(0) }) do, (11.9.4)
o cos? 6

where tana =1'/a. The dreaded symbol oo has now gone and, further, there is no problem at the upper limit of the second
integral, for the value of the integrand when 6 = 7r/2 is unity.

This page titled 11.9: APPENDIX A- Evaluation of the Voigt Curve of Growth Integral is shared under a CC BY-NC 4.0 license and was
authored, remixed, and/or curated by Jeremy Tatum via source content that was edited to the style and standards of the LibreTexts platform.
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