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1.7: Simultaneous Linear Equations, N = n

Consider the Equations

an®1 +a12T2 +a1383 + a14%4 + a1585 = by (1.7.1)
a91%1 + 22T + G23%3 + G244 + Go5T5 = by (1.7.2)
03171 + 322 + 333 + a34%4 +azsTs = by (1.7.3)
a1 + Q4aT2 + Q4383 + A4aTy + as5T5 = by (1.7.4)
a51%1 + 52T + a53%3 + 54T + a55T5 = by (1.7.5)

There are two well-known methods of solving these Equations. One of these is called Cramer's Rule. Let D be the determinant of
the coefficients. Let D; be the determinant obtained by substituting the column vector of the constants by, bs, bs, by, b5 for the
ith column in D. Then the solutions are

This is an interesting theorem in the theory of determinants. It should be made clear, however, that, when it comes to the practical
numerical solution of a set of linear Equations that may be encountered in practice, this is probably the most laborious and longest
method ever devised in the history of mathematics.

The second well-known method is to write the Equations in matrix form:
Ax=Db (1.7.7)

Here A is the matrix of the coefficients, x is the column vector of unknowns, and b is the column vector of the constants. The
solutions are then given by

x=A"'b, (1.7.8)
where A" is the inverse or reciprocal of A. Thus the problem reduces to inverting a matrix. Now inverting a matrix is notoriously
labour-intensive, and, while the method is not quite so long as Cramer's Rule, it is still far too long for practical purposes.

How, then, should a system of linear Equations be solved?

Consider the Equations
Tr—2y=24 (1.7.8)
3z +9y =30 (1.7.9)

Few would have any hesitation in multiplying the first Equation by 3, the second Equation by 7, and subtracting. This is what we
were all taught in our younger days, but few realize that this remains, in spite of knowledge of determinants and matrices, the
fastest and most efficient method of solving simultaneous linear Equations. Let us see how it works with a system of several
Equations in several unknowns.

Consider the Equations

9z1 — 9x9 +8x3 —6x4 +4x5 = —9 (1.7.10)
521 —x9 + 623 +24 + 525 =58 (1.7.11)
2x1 +4xs — 513 — 614 +Txs = —1 (1.7.12)
2x1 +3x9 —8x3 —Hxy — 225 = —49 (1.7.13)
8x1 —bxy + T3+ x4 + 525 =42 (1.7.14)

We first eliminate z; from the Equations, leaving four Equations in four unknowns. Then we eliminate xo, leaving three Equations
in three unknowns. Then 23, and then x4, finally leaving a single Equation in one unknown. The following table shows how it is
done.

In columns 2 to 5 are listed the coefficients of 1, x2, 23, 4 and x5, and in column 6 are the constant terms on the right hand side
of the Equations. Thus columns 2 to 6 of the first five rows are just the original Equations. Column 7 is the sum of the numbers in

@ 0 g 1.7.1 https://phys.libretexts.org/@go/page/8086



https://libretexts.org/
https://creativecommons.org/licenses/by-nc/4.0/
https://phys.libretexts.org/@go/page/8086?pdf
https://phys.libretexts.org/Bookshelves/Astronomy__Cosmology/Celestial_Mechanics_(Tatum)/01%3A_Numerical_Methods/1.07%3A_Simultaneous_Linear_Equations_N__n
https://math.libretexts.org/TextMaps/Precalculus_TextMaps/Map%3A_Precalculus_(OpenStax)/09%3A_Systems_of_Equations_and_Inequalities/9.8%3A_Solving_Systems_with_Cramer%27s_Rule

LibreTextsw

columns 2 to 6, and this is a most important column. The boldface numbers in column 1 are merely labels.

Lines 6 to 9 show the elimination of z;. Line 6 shows the elimination of 1 from lines 1 and 2 by multiplying line 2 by 9 and line 1
by 5 and subtracting. The operation performed is recorded in column 1. In line 7, z; is eliminated from Equations 1 and 3 and so

on.
T1 T2 T3 T4 Ts b >

1 9 -9 8 —6 4 -9 -3
2 5 -1 6 1 5 58 74
3 2 -5 —6 7 -1 1
4 2 3 -8 -5 -2 —49 -59
5 8 -5 7 1 5 42 58
6=9x2-5x1 36 14 39 25 567 681
7T=2x1-9x%x3 —54 61 42 —55 -9 —15
8=3-4 1 3 -1 9 48 60 (1.7.15)
9=4x3-5 21 27 =25 23 —46 —54
10=3x6+2xT7 164 201 -35 1683 2013
11=6-36x8 —94 75 —299 —1161 —1479
12=7x6-12x9 422 573 —101 4521 5415
13=47x10+82x11 15597 —26163 —-16101 —26 667
14=211x11+47x12 42756 —67 836 —32 484 —57 654
15 =5199 x 14 — 14252 x 13 20195712 60587136 80 782848

The purpose of ¥ ? This column is of great importance. Whatever operation is performed on the previous columns is also
performed on 3, and ¥ must remain the sum of the previous columns. If it does not, then an arithmetic mistake has been made, and
it is immediately detected. There is nothing more disheartening to discover at the very end of a calculation that a mistake has been
made and that one has no idea where the mistake occurred. Searching for mistakes takes far longer than the original calculation.
The X-column enables one to detect and correct a mistake as soon as it has been made.

We eventually reach line 15, which is
20195 712z5 = 60 587 136, (1.7.16)
from which
x5 =3. (1.7.17)

x4 can now easily be found from either or both of lines 13 and 14, z3 can be found from any or all of lines 10, 11 and 12, and so
on. When the calculation is complete, the answers should be checked by substitution in the original Equations (or in the sum of the
five Equations). For the record, the solutions are 1 =2, o =7, 23 =6, 4 =4 and z5 = 3.

Of course, if you have only two simultaneous Equations to solve, it is easy to write down explicit algebraic expressions for the
solutions, and that may be the fastest and most efficient way of doing it. Thus, if

anz+ay=b (1.7.9)
and
anz + a2y = by, (1.7.10)
the solutions are
z = c(braga — baaia) (1.7.11)

and
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where

y =c(b2a11 —braz1), (1.7.12)

Cc = 1/(041(122 - algazl). (1718)
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