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20.4.1: Poiseuille's Law

Poiseuille’s law tells you how the rate of nonturbulent flow of a liquid through a cylindrical pipe depends on the viscosity of the
liquid, the radius of the pipe, and the pressure gradient. If all else fails, you can at least try dimensional analysis. Assume that the
rate of flow of liquid (in cubic metres per second) is proportional to n“aﬁ(%)y, and show by dimensional analysis that
a=-—1,8=—4 and v =1, which shows that the rate of flow is very sensitive to the radius of the pipe. That 8 = —4 tells you
that if your arteries are at all constricted, even by a little bit, you had better watch out. Gas flow is more complicated because gases
are compressible, (so are liquids, but not by much), but 8 = —4 tells you that the rate at which you can pump out gas from a
system depends a lot on the size of the smallest tube you have between the volume that you are trying to evacuate and the pump.

Now let’s try and analyse it further.
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FIGURE XX.10

Figure XX.10 represents a pipe of radius a with liquid flowing to the right. At a distance r from the axis of the pipe the speed of
the liquid is v. The length of the pipe is /, and there is a pressure gradient along the length of the pipe, the pressure at the left end
being higher than the pressure at the right by P. There is a velocity gradient in the pipe. The speed of the liquid along the axis of
the pipe is v0, and the speed at the circumference of the pipe is zero. That is, the speed decreases from axis to circumference, so
that the velocity gradient (dv/dr) is negative.

Now consider the equilibrium of the liquid inside radius r. (It is in equilibrium because it is moving at constant speed.) It is being
pushed forward by the pressure gradient. This rightward force is wr2 P. It is being dragged back by the viscous force acting on the
area 27rrl. This leftward force is —27nlr(dv/dr), this expression for the leftward force being positive.

Therefore
dv
—2nl— = Pr. 20.4.1
nl——=Pr ( )
Integrate from the axis (r =0,v=1vg) tor:
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Thus the speed decreases quadratically (parabolically) as you move away from the axis. The speed is zero at the circumference, and
hence the speed on the axis is
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Verify the dimensions.

3 .
mn‘?’ , and if you

Now the volume flow through a cylindrical shell of radii 7 and r 4 dr is the speed times the area 27rdr, which is

integrate that through the whole pipe, from 0 to a, you find that the rate of flow of liquid through the pipe (cubic metres per
second) is
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(20.4.4)

This is Poiseuille’s Law.
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