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2.6: Three-dimensional Solid Figures. Spheres, Cylinders, Cones.

Sphere, mass m, radius a.

The volume of an elemental cylinder of radii z, x+dx, height 2y is 4nyzdr =4m(a® —2?)/?xéx. Its mass is
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m X (4—) =3m » (a® —2?)>zéz. It' second moment of intertia is = ?;—T x (a* —x?)z 2%5x. The second moment of
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inertia of the entire sphere is

1
= i—? x [y (a* —a?) 7 2*6x = Zma’.

The moment of inertia of a uniform solid hemisphere of mass m and radius a about a diameter of its base is also , %ma2, because
the distribution of mass around the axis is the same as for a complete sphere.
? Exercise 2.6.1

A hollow sphere is of mass M, external radius a and internal radius xa. Its rotational inertia is 0.5Ma?. Show that z is given
by the solution of

1—5z3 +42° =0
and calculate z to four significant figures.

(Answer = 0.6836.)

Solid cylinder, mass m, radius a, length 21
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The mass of an elemental disc of thickness dz is '"2‘;“” . Its moment of inertia about its diameter is i"g—‘slzaz = maSl(Sz . Its moment of
L . . . 2 > +42%)8 L
inertia about the dashed axis through the centre of the cylinder is m‘;l&x + ";‘;’” z? = W. The moment of inertia of the

o +4z°) 6z

entire cylinder about the dashed axis is 2 fol m 5 =m(;a®+ ).

In a similar manner it can be shown that the moment of inertia of a uniform solid triangular prism of mass m, length 2, cross
section an equilateral triangle of side 2aabout an axis through its centre and perpendicular to its length is m(%a2 + %lz) .
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Solid cone, mass m, height h, base radius a.

@ »/’///////
\

The mass of elemental disc of thickness dz is

m X my’éx _ 3my3dz

%razh T a?h
Its second moment of inertia about the axis of the cone is
1 3my?ox 2 3my'sz
2 X e Y T

But y and « are related through y = “—,;” , so the moment of inertia of the elemental disk is

3ma’zox
2h°

The moment of inertia of the entire cone is

3ma® fh o 4g.. _ 3ma®
" Jo wtdz =

The following, for a solid cone of mass m, height h, base radius a, are left as an exercise:

Imy s 3 mif, : 2
Sl +4n) 2 (sa +20°)
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