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2.1: Waves in a Stretched String

Before discussing the reflection of light, it will be useful to discuss the following problem. Consider two ropes, one thin and one
thick, connected together, and a sinusoidal wave moving from left to right along the ropes:
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The speed ¢ of waves in a rope under tension is ¢ = /F'/u, where F is the tension, and y is the mass per unit length, so the speed
and the wavelength are less in the thicker rope. We’ll call the speed in the left hand rope c; and the speed in the right hand rope cs.
At the boundary (z =0), some of the wave is transmitted, and some is reflected. ( I haven’t drawn the reflected part in the
drawing). We wish to find how much is transmitted and how much is reflected. I’ll call the amplitudes of the incident, transmitted
and reflected waves 1, T' and R respectively, and I’ll suppose that the wave is a sinusoidal wave of angular frequency w. The
equations to the incident, transmitted and reflected waves are as follows:
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To the right of the boundary, the displacement as a function of  and ¢ is
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and to the left of the boundary the displacement is
y:cosw(t—i) + Rcosw (t—i—i) (2.1.5)
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At the boundary (z = 0), unless the rope breaks these two displacements must be equal, and therefore
T=1+R. (2.1.6)
The z-derivatives (i.e. the slopes) of the ropes are:
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Unless there is a kink in the rope at the boundary, these are equal at z = 0, and therefore
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Combining these with Equation 2. 1.6, we obtain
T=—"2 andp=22"9%, (2.1.10)
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We see that if ¢y < ¢;, R is negative; that is, there is a phase change at reflection. If co = ¢; (i.e. if there is only one sort of rope)
there is no reflection (because there is no boundary?!).

In the above analysis, we considered a simple sine wave. However, any function, even a nonperiodic function, can be
represented by a sum (perhaps an infinite sum) of sinusoidal waves, so the same result will be obtained for any function.

One hopes that energy is conserved, so let’s see. The energy in a wave is proportional to the square of its amplitude and, in the case
of a vibrating rope, to the mass per unit length. And the rate of transmission of energy is equal to this times the speed. Thus the rate
of transmission of energy is proportional to A%pulc. However, ¢ = /F /1, so that the power is proportional to A? /c. Thus the
incident, transmitted and reflected powers are in the ratio
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(2.1.11)

We see that the sum of the transmitted and reflected powers is equal to the incident power, and all’s well with the world.
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