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7.10: Magnetic Field of a Current Loop

&b Learning Objectives

By the end of this section, you will be able to:

o Explain how the Biot-Savart law is used to determine the magnetic field due to a current in a loop of wire at a point along a
line perpendicular to the plane of the loop.
e Determine the magnetic field of an arc of current.

The circular loop of Figure 7.10.1has a radius R, carries a current I, and lies in the xz-plane. What is the magnetic field due to the
current at an arbitrary point P along the axis of the loop?
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Figure 7.10.1: Determining the magnetic field at point P along the axis of a current-carrying loop of wire.

We can use the Biot-Savart law to find the magnetic field due to a current. We first consider arbitrary segments on opposite sides of
the loop to qualitatively show by the vector results that the net magnetic field direction is along the central axis from the loop. From
there, we can use the Biot-Savart law to derive the expression for magnetic field.

Let P be a distance y from the center of the loop. From the right-hand rule, the magnetic field dB at P, produced by the current

element I dl is directed at an angle 6 above the y-axis as shown. Since dl is parallel along the x-axis and 7 is in the yz-plane, the
two vectors are perpendicular, so we have
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where we have used > =y + R? .

= 1 -
Now consider the magnetic field dB due to the current element I dl , which is directly opposite I dl on the loop. The magnitude

U = =/
of dB is also given by Equation 7.10.1, but it is directed at an angle below the y-axis. The components of dB and dB
perpendicular to the y-axis therefore cancel, and in calculating the net magnetic field, only the components along the y-axis need to
be considered. The components perpendicular to the axis of the loop sum to zero in pairs. Hence at point P:
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For all elements df on the wire, y, R, and 6 are constant and are related by
R
cosl) = ————.
VIR
Now from Equation 7.10.2 the magnetic field at P is
= . IR IR? N
B:juo—/ dlzuo—j (7.10.3)
47T(y2 +R2)3/2 loop 2(y2 +R2)3/2

where we have used floop dl =2mR. As discussed in the previous chapter, the closed current loop is a magnetic dipole of moment

i = I An. For this example, A = 7R? and n = 3’, so the magnetic field at P can also be written as

7 L — (7.10.4)
27(y? + R?)3/2
By setting y = 0 in Equation 7.10.4, we obtain the magnetic field at the center of the loop:
= ol
B=—j. 7.10.5
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This equation becomes B = pgnl/(2R) for a flat coil of n loops per length. It can also be expressed as
= pop
B= . 7.10.6
2w R3 ( )

If we consider y >> R in Equation 7.10.4, the expression reduces to an expression known as the magnetic field from a dipole:

B 2’%‘3 (7.10.7)

The calculation of the magnetic field due to the circular current loop at points off-axis requires rather complex mathematics, so
we’ll just look at the results. The magnetic field lines are shaped as shown in Figure 7.10.2 Notice that one field line follows the
axis of the loop. This is the field line we just found. Also, very close to the wire, the field lines are almost circular, like the lines of
a long straight wire.

Figure 7.10.2: Sketch of the magnetic field lines of a circular current loop.
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v/ Magnetic Field between Two Loops

Two loops of wire carry the same current of 10 mA, but flow in opposite directions as seen in Figure 7.10.3 One loop is
measured to have a radius of R = 50 cm while the other loop has a radius of 2R = 100 cm. The distance from the first loop to
the point where the magnetic field is measured is 0.25 m, and the distance from that point to the second loop is 0.75 m. What is
the magnitude of the net magnetic field at point P?
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Figure 7.10.3: Two loops of different radii have the same current but flowing in opposite directions. The magnetic field at
point P is measured to be zero.

Strategy

The magnetic field at point P has been determined in Equation 7.10.3. Since the currents are flowing in opposite directions, the
net magnetic field is the difference between the two fields generated by the coils. Using the given quantities in the problem, the
net magnetic field is then calculated.

Solution

Solving for the net magnetic field using Equation 7.10.3and the given quantities in the problem yields

IR? IR?
e S o s (7.10.8)
20y +RYP? 2(y5 + R3)Y*
B (47 x107'T-m/A)(0.010 A)(0.5m)* (4w x 10 "T-m/A)(0.010 A)(1.0 m)* (7.10.9)

2((0.25m)? + (0.5 m)?)3/2 2((0.75m)2 + (1.0 m)2)3/2
B=5.77x107°T to the right.

Significance

Helmbholtz coils typically have loops with equal radii with current flowing in the same direction to have a strong uniform field
at the midpoint between the loops. A similar application of the magnetic field distribution created by Helmholtz coils is found
in a magnetic bottle that can temporarily trap charged particles. See Magnetic Forces and Fields for a discussion on this.

? Exercise 7.10.1

Using Example 7.10.1, at what distance would you have to move the first coil to have zero measurable magnetic field at point
|

Solution

0.608 meters
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Field of a Loop
Another useful field to know is that which points along the axis of a circular loop of current. The method is essentially the same as

above, but the coordinate system used is different, which leads to a little bit more complicated vector manipulation.

Figure 4.4.3 — Calculating Magnetic Field on the Axis of a Circular Loop of Current
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Again start by expressing quantities in terms of the coordinates we have set up. We can again write everything in terms of the ijk

unit vectors, but this time we can do it a bit differently. First we have the magnitude of the segment of wire:
%
’dl’ =Rd¢ (7.10.10)
Next we note that tail-to-head vector addition gives:
— “ — ~
R+7 =2k = 7 =-R+zk (7.10.11)
Biot-Savart's law gives:
A
= W Idl x 7
dB =———— 7.10.12
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Before we can integrate, we have to resolve the vector products. Looking at the diagram, we can see that the current element dl,
— N —  — ~
the position vector of the current element R, and the unit vector k are all mutually orthogonal, making dl x R parallel to k, and

— A —
dl x k parallel to R . This allows us to use the right-hand rule to complete these products:
- 5 = = . . ~
dixr =dlx|-R+z2k)=Rdlk+zdl R (7.10.13)

Putting this result into the integral and noting that magnitudes of the vectors r and z k are constant in the integral, and satisfy

r2 = R?2 422 , we get:
(7.10.14)
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While the magnitude of R doesn't change over the integral, its direction does change, so we have to write the unit vector R in
terms of the coordinates to do the integral of the second term. Let's do each integral separately. The first is straightforward, since
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the integral of just dl is simply the circumference of the circle:

~ 2 ~
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The second integral just ends up vanishing, giving the result for a magnetic field along the axis of a loop of radius R a distance z
from the plane of the loop:

IR?
; JE L (7.10.16)
2(R?2+2%)2
If we are only interested in the field at the center of the loop, we plug in z =0 to get the simple result:
Mol
B= .10.1
5R (7.10.17)

The direction of & shows us yet another shortcut for using the right-hand-rule for the field along the axis (and only along the axis!)
of a loop: Curl the fingers of the right hand such that they trace the circulation of the current around the loop, and the thumb points
the direction of the field.

We have already talked about a loop as a magnetic dipole which interacts with fields that are present, and here (as in the case of the
electric dipole), we see that the dipole also emits a field, and this field — like the electric dipole field — gets weaker as the inverse
cube of the distance (which in this case is measured by z). Also, like the electric dipole, the field along its axis points in the
direction of the dipole moment:

Figure 4.4.4 — Magnetic Dipole Field of a Loop
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