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2.6: Parallel and Perpendicular Lines

6.1.1: Properties of Angles

4} Learning Objectives

1. Identify parallel and perpendicular lines.
2. Find measures of angles.
3. Identify complementary and supplementary angles.

Introduction

Imagine two separate and distinct lines on a plane. There are two possibilities for these lines: they will either intersect at one point,
or they will never intersect. When two lines intersect, four angles are formed. Understanding how these angles relate to each other
can help you figure out how to measure them, even if you only have information about the size of one angle.

Parallel and Perpendicular

Parallel lines are two or more lines that never intersect. Likewise, parallel line segments are two line segments that never intersect
even if the line segments were turned into lines that continued forever. Examples of parallel line segments are all around you, in the
two sides of this page and in the shelves of a bookcase. When you see lines or structures that seem to run in the same direction,
never cross one another, and are always the same distance apart, there’s a good chance that they are parallel.

Perpendicular lines are two lines that intersect at a 90° (right) angle. And perpendicular line segments also intersect at a 90° (right)
angle. You can see examples of perpendicular lines everywhere as well—on graph paper, in the crossing pattern of roads at an
intersection, to the colored lines of a plaid shirt. In our daily lives, you may be happy to call two lines perpendicular if they merely
seem to be at right angles to one another. When studying geometry, however, you need to make sure that two lines intersect at a 90°
angle before declaring them to be perpendicular.

The image below shows some parallel and perpendicular lines. The geometric symbol for parallel is ||, so you can show that AB ||
CD. Parallel lines are also often indicated by the marking >> on each line (or just a single > on each line). Perpendicular lines are

—
indicated by the symbol L, so you can write WX 1 YZ.

If two lines are parallel, then any line that is perpendicular to one line will also be perpendicular to the other line. Similarly, if two
lines are both perpendicular to the same line, then those two lines are parallel to each other. Let’s take a look at one example and
identify some of these types of lines.
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Identify a set of parallel lines and a set of perpendicular lines in the image below.

Solution
— —>
Parallel lines never meet, and perpendicular lines intersect at a right angle. AB and C'D do not intersect in this image, but if

you imagine extending both lines, they will intersect soon. So, they are neither parallel nor perpendicular.
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— >
Answer: WX || YZ

S = =
AB1 WX, AB1YZ

& Try It Now 1

Which statement most accurately represents the image below?

A)EF || GH
B) AB L EG
C)FH| EG
D) AB || FH

&) Learning Objectives

o Determine the slopes of parallel and perpendicular lines.
o Find equations of parallel and perpendicular lines

Definition of Parallel and Perpendicular

Parallel lines are lines in the same plane that never intersect. Two nonvertical lines in the same plane, with slopes m; and ms, are
parallel if their slopes are the same, m; = mg . Consider the following two lines:

Consider their corresponding graphs:
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Figure 2.6.1

Both lines have a slope m = % and thus are parallel.
Perpendicular lines are lines in the same plane that intersect at right angles (90 degrees). Two nonvertical lines in the same plane,
with slopes m; and my, are perpendicular if the product of their slopes is —1 : m1-m2 = —1. We can solve for m; and obtain
m; = ;l—t . In this form, we see that perpendicular lines have slopes that are negative reciprocals, or opposite reciprocals. For
example, if given a slope
—_3

m=-g

then the slope of a perpendicular line is the opposite reciprocal:

m, = 5
The mathematical notation m reads “m perpendicular.” We can verify that two slopes produce perpendicular lines if their product
is —1.

—_5.8__40 _ _
mom, =—g-g=—r=-1 V

Geometrically, we note that if a line has a positive slope, then any perpendicular line will have a negative slope. Furthermore, the
rise and run between two perpendicular lines are interchanged.
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Figure 2.6.2

Perpendicular lines have slopes that are opposite reciprocals, so remember to find the reciprocal and change the sign. In other
words,

b
Ifm=%,thenm, =—+

Determining the slope of a perpendicular line can be performed mentally. Some examples follow

Table 2.6.1
Given slope Slope of perpendicular line
m= % m; =—2
m=—3 my =4
m=3 m, = _%
m=—4 m, = i
Determine the slope of a line parallel to y = —5z + 3.
Solution:
Since the given line is in slope-intercept form, we can see that its slope is m = —5. Thus the slope of any line parallel to the
given line must be the same, m = —5. The mathematical notation 77| reads “m parallel.”
Answer:
my=-—5
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Determine the slope of a line perpendicular to 3z — 7y = 21.

Solution:

First, solve for y and express the line in slope-intercept form.

In this form, we can see that the slope of the given line is m = %, and thus m; = —% .
Answer:

7
mJ_:—E

? Exercise 2.6.1

Find the slope of the line perpendicular to 152 + 5y = 20.

Answer

1
mJ_—g

Finding Equations of Parallel and Perpendicular Lines

We have seen that the graph of a line is completely determined by two points or one point and its slope. Often you will be asked to
find the equation of a line given some geometric relationship—for instance, whether the line is parallel or perpendicular to another
line.

v/ Example 2.6.3

Find the equation of the line passing through (6, —1) and parallel to y = %w +2

Solution

Here the given line has slope m = %, and the slope of a line parallel is m; = % . Since you are given a point and the slope, use
the point-slope form of a line to determine the equation.

Point  Slope
(6,-1) my=3
Answer:

yz%x—4

It is important to have a geometric understanding of this question. We were asked to find the equation of a line parallel to
another line passing through a certain point.
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Figure 2.6.3

Through the point (6, —1) we found a parallel line, y = %w —4, shown dashed. Notice that the slope is the same as the given
line, but the y-intercept is different. If we keep in mind the geometric interpretation, then it will be easier to remember the
process needed to solve the problem.

v/ Example 2.6.4

Find the equation of the line passing through (—1, —5) and perpendicular to y = — im +2.

Solution:

1

The given line has slope m = — 7,

and thusm; = +% =4 . Substitute this slope and the given point into point-slope form.
Point Slope
(-1,-5) m, =4
Answer:
y=4zr -1

Geometrically, we see that the line y =4z — 1, shown dashed below, passes through (—1,—5) and is perpendicular to the
given line.
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l Figure 2.6.4

It is not always the case that the given line is in slope-intercept form. Often you have to perform additional steps to determine the
slope. The general steps for finding the equation of a line are outlined in the following example.

v/ Example 2.6.5

Find the equation of the line passing through (8, —2) and perpendicular to 6z +3y = 1.

Solution:

Step 1: Find the slope m. First, find the slope of the given line. To do this, solve for y to change standard form to slope-
intercept form, y = mx +b.

643y =1
6x+3y—6x =162
Jy=—6z+1
3y —6z+1
3 3
bz 1
V=73 *3
_ opi L
Y T 3
In this form, you can see that the slope ism = —2 = —% ,and thus m; = :—; = +% .

Step 2: Substitute the slope you found and the given point into the point-slope form of an equation for a line. In this case, the
slope ism | = % and the given point is (8, —2).

Y-y Zm(fﬂ—ﬂh)

y=(-2) =59
Step 3: Solve for y.
Answer:
Y= %.’c —6

v/ Example 2.6.6

Find the equation of the line passing through (%, 1) and parallel to 2z + 14y = 7.
Solution:

Find the slope m by solving for y.

20 +14y =7
2¢ +14y—2x =72z
14y =—2x+7
14y 2z +7
14 T 14
2z 7
VIRV
1 1
y="7tt3
The given line has the slope m = —% ,and so m) = —% . We use this and the point (%, 1) in point-slope form.
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Answer:

<
Il
|
|
8
+
vl

? Exercise 2.6.2

Find the equation of the line perpendicular to z — 3y = 9 and passing through (— %, 2).

Answer

y=-3z+1

When finding an equation of a line perpendicular to a horizontal or vertical line, it is best to consider the geometric interpretation.

v/ Example 2.6.7

Find the equation of the line passing through (—3, —2) and perpendicular to y = 4.

Solution:

We recognize that y = 4 is a horizontal line and we want to find a perpendicular line passing through (—3, —2).
y

-~

.'?-
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...... ] y:4
< + >
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Figure 2.6.5

If we draw the line perpendicular to the given horizontal line, the result is a vertical line.
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Figure 2.6.6
Equations of vertical lines look like = k. Since it must pass through (—3, —2), we conclude that x = —3 is the equation. All
ordered pair solutions of a vertical line must share the same z-coordinate.
Answer:
z=-3

We can rewrite the equation of any horizontal line, y = k, in slope-intercept form as follows:
y=0z+k

Written in this form, we see that the slope is m =0 = % . If we try to find the slope of a perpendicular line by finding the opposite

reciprocal, we run into a problem: m , = —% , which is undefined. This is why we took care to restrict the definition to two

nonvertical lines. Remember that horizontal lines are perpendicular to vertical lines.

Key Takeaways

o Parallel lines have the same slope.

o Perpendicular lines have slopes that are opposite reciprocals. In other words, if m = %, thenm,; = —% .

¢ To find an equation of a line, first use the given information to determine the slope. Then use the slope and a point on the line to
find the equation using point-slope form.

o Horizontal and vertical lines are perpendicular to each other.

? Exercise 2.6.3 Parallel and Perpendicular Lines

Determine the slope of parallel lines and perpendicular lines.
Ly=—2z+8
2.y= %a: -3
Jy=4x+4
4y=-3x+7
5= ——u—12
6y=1z+2
7.y=9x —25
8.y=—-10z +15
9.9y=5

10. z = —12
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11.z—y=0

122 z+y=0

13. 4z +3y =0
14. 3z —5y =10
15. 2z +7y =14
16. —m—yz%

17. %a;—%giz—l
18. —sz+7y=38
19. 2z—%y=%0
20. —%m—2y=7

Answer
__3 _4
1mH— 1 andmL—g
3.my =4 andmL:—%
5.m =-3 andmlzﬁ

8 5

7.m =9 andmlz—%

9.m| =0 and m, undefined

1l.my=1andm, =-1
13. my z—é andmL:%
15.my| :% andml:—%
17.mH 2% andml:—é

19.m =10 and m =—%

? Exercise 2.6.4 Parallel and Perpendicular Lines

Determine if the lines are parallel, perpendicular, or neither.
2
y=—-z+3
1 3
’ 2
—=z=3
Y %m
y=-z—1
9 4
: 4
Y= §x+3
y=—2x+1
38 1
y=5 +f
4. { y=3z—5
y=3z+2
y=>5
5.
{ T =-2
y="1
6. 1
y=7
7 3z —5y =15
"5z +3y =
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8 z—y =7
13z +3y =2

9{2m—6y:4
| —z+3y =-2

—4z 42y =3
10.

{ 6 —3y =3
1. z+3y =

2x+3y =6
12 §¥710=0

z—10 =

y+2 =0

13.

{2y—10=
14‘{3w+2y:

2243y =6
LS. —bz +4y =20

10x —8y =16

1m—1y—
16. % i’

— —y =—2

6:L'+4y
Answer

1. Parallel

3. Perpendicular
5. Perpendicular
7. Perpendicular
9. Parallel

11. Neither

13. Parallel

15. Parallel

? Exercise 2.6.5 Equations in Point-Slope Form

Find the equation of the line

1. Parallel to y = %a: +2 and passing through (6, —1).
2. Parallel to y = —%w — 3 and passing through (-8, 2).

3. Perpendicular to y = 3z — 1 and passing through (—3, 2).

4. Perpendicular to y = —%m +2 and passing through (4, —3).

5. Perpendicular to y = —2 and passing through (—1, 5).

6. Perpendicular to x = % and passing through (5, —3).

7. Parallel to y = 3 and passing through (2, 4).

8. Parallel to z = 2 and passing through (7, —3)\).

9. Perpendicular to y = x and passing through (7, —13).
10. Perpendicular to y = 2z +9 and passing through (3, —1).
11. Parallel to y = iw —5 and passing through (—2, 1).

12. Parallel to y = —3z +1 and passing through (4, 1).

13. Parallel to 2z — 3y = 6 and passing through (6, —2).

14. Parallel to —z +y =4 and passing through (9, 7).

15. Perpendicular to 5z — 3y = 18 and passing through (-9, 10).
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16. Perpendicular to z —y = 11 and passing through (6, —8).

17. Parallel to %a: — éy = 2 and passing through (—15, 6).

18. Parallel to —10z — 2y = 12 and passing through (—1, 1).

19. Perpendicular to %a: — %y =1 and passing through (—10, 3).
20. Perpendicular to —5x +y = —1 and passing through (—4, 0).
21. Parallel to z + 4y = 8 and passing through (—1, —2).

22. Parallel to 7z — 5y = 35 and passing through (2, —3).

23. Perpendicular to 6z + 3y = 1 and passing through (8, —2).

24. Perpendicular to —4z — 5y = 1 and passing through (—1, —1).
25. Parallel to —5z — 2y =4 and passing through (§, —1).
26. Parallel to 6x — %y =9 and passing through (%, %)

27. Perpendicular to y —3 = 0 and passing through (—6, 12).
28. Perpendicular to z +7 = 0 and passing through (5, —10).

Answer
l.y:%x—4
3.y:—%m+1
5.z=-1
7.y=4
9. y=—z—6
1.y=2z+3
13.y:%x—6
15.y=—2z+2
17.y=232+15
19.y=—2z -4
21.y:—im—%
23 zéw—b'
25.y=-3z+1
27.x=—6
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