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11.6: Fields by Gauss' Law

10.6.1 Gauss' law

The flea of subsection 10.3.2 had a long and illustrious scientific career, and we're now going to pick up her story where we left off.
This flea, whose name is Gauss’, has derived the equation E | = 2wko for the electric field very close to a charged surface with
charge density o. Next we will describe two improvements she is going to make to that equation.

First, she realizes that the equation is not as useful as it could be, because it only gives the part of the field due to the surface. If
other charges are nearby, then their fields will add to this field as vectors, and the equation will not be true unless we carefully
subtract out the field from the other charges. This is especially problematic for her because the planet on which she lives, known
for obscure reasons as planet Flatcat, is itself electrically charged, and so are all the fleas --- the only thing that keeps them from
floating off into outer space is that they are negatively charged, while Flatcat carries a positive charge, so they are electrically
attracted to it. When Gauss found the original version of her equation, she wanted to demonstrate it to her skeptical colleagues in
the laboratory, using electric field meters and charged pieces of metal foil. Even if she set up the measurements by remote control,
so that her the charge on her own body would be too far away to have any effect, they would be disrupted by the ambient field of
planet Flatcat. Finally, however, she realized that she could improve her equation by rewriting it as follows:

Eoutward, on sidel + -Eoutwaral7 on side2 — 4rko.

The tricky thing here is that “outward” means a different thing, depending on which side of the foil we're on. On the left side,
“outward” means to the left, while on the right side, “outward” is right. A positively charged piece of metal foil has a field that
points leftward on the left side, and rightward on its right side, so the two contributions of 27ko are both positive, and we get
47ko. On the other hand, suppose there is a field created by other charges, not by the charged foil, that happens to point to the
right. On the right side, this externally created field is in the same direction as the foil's field, but on the left side, the it reduces the
strength of the leftward field created by the foil. The increase in one term of the equation balances the decrease in the other term.
This new version of the equation is thus exactly correct regardless of what externally generated fields are present!

Her next innovation starts by multiplying the equation on both sides by the area, A, of one side of the foil:
(-Eoutwarai7 on sidel T Eoutward, on side 2 ) A =4nkcA

or
Eautward, on side 1 A + Eout’ward, on side 2 A= 47TkQa

where ¢ is the charge of the foil. The reason for this modification is that she can now make the whole thing more attractive by
defining a new vector, the area vector A.

a/ The area vector is defined to be perpendicular to the surface, in the outward direction. Its magnitude tells how much the area is.

As shown in figure a, she defines an area vector for side 1 which has magnitude A and points outward from side 1, and an area
vector for side 2 which has the same magnitude and points outward from that side, which is in the opposite direction. The dot
product of two vectors, u - v, can be interpreted as Uparaliel to v |v|, and she can therefore rewrite her equation as

Ei-Ai+E;- Ay =4nkg.

The quantity on the left side of this equation is called the flux through the surface, written ®.
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b / Gauss contemplates a map of the known world.

Gauss now writes a grant proposal to her favorite funding agency, the BSGS (Blood-Suckers' Geological Survey), and it is quickly
approved. Her audacious plan is to send out exploring teams to chart the electric fields of the whole planet of Flatcat, and thereby
determine the total electric charge of the planet. The fleas' world is commonly assumed to be a flat disk, and its size is known to be
finite, since the sun passes behind it at sunset and comes back around on the other side at dawn. The most daring part of the plan is
that it requires surveying not just the known side of the planet but the uncharted Far Side as well. No flea has ever actually gone
around the edge and returned to tell the tale, but Gauss assures them that they won't fall off --- their negatively charged bodies will
be attracted to the disk no matter which side they are on.

Of course it is possible that the electric charge of planet Flatcat is not perfectly uniform, but that isn't a problem. As discussed in
subsection 10.3.2, as long as one is very close to the surface, the field only depends on the local charge density. In fact, a side-
benefit of Gauss's program of exploration is that any such local irregularities will be mapped out. But what the newspapers find
exciting is the idea that once all the teams get back from their voyages and tabulate their data, the total charge of the planet will
have been determined for the first time. Each surveying team is assigned to visit a certain list of republics, duchies, city-states, and
so on. They are to record each territory's electric field vector, as well as its area. Because the electric field may be nonuniform, the
final equation for determining the planet's electric charge will have many terms, not just one for each side of the planet:

® =) E;-A; =4nkqm

Gauss herself leads one of the expeditions, which heads due east, toward the distant Tail Kingdom, known only from fables and the
occasional account from a caravan of traders. A strange thing happens, however. Gauss embarks from her college town in the
wetlands of the Tongue Republic, travels straight east, passes right through the Tail Kingdom, and one day finds herself right back
at home, all without ever seeing the edge of the world! What can have happened? All at once she realizes that the world isn't flat.

c / Each part of the surface has its own area vector. Note the differences in lengths of the vectors, corresponding to the unequal
areas.

Now what? The surveying teams all return, the data are tabulated, and the result for the total charge of Flatcat is
(1/47k) > E;- A; =37 nC (units of nanocoulombs). But the equation was derived under the assumption that Flatcat was a disk.
If Flatcat is really round, then the result may be completely wrong. Gauss and two of her grad students go to their favorite bar, and
decide to keep on ordering Bloody Marys until they either solve their problems or forget them. One student suggests that perhaps
Flatcat really is a disk, but the edges are rounded. Maybe the surveying teams really did flip over the edge at some point, but just
didn't realize it. Under this assumption, the original equation will be approximately valid, and 37 nC really is the total charge of
Flatcat.
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d/ An area vector can be defined for a sufficiently small part of a curved surface.

A second student, named Newton, suggests that they take seriously the possibility that Flatcat is a sphere. In this scenario, their
planet's surface is really curved, but the surveying teams just didn't notice the curvature, since they were close to the surface, and
the surface was so big compared to them. They divided up the surface into a patchwork, and each patch was fairly small compared
to the whole planet, so each patch was nearly flat. Since the patch is nearly flat, it makes sense to define an area vector that is
perpendicular to it. In general, this is how we define the direction of an area vector, as shown in figure d. This only works if the
areas are small. For instance, there would be no way to define an area vector for an entire sphere, since “outward” is in more than
one direction.

If Flatcat is a sphere, then the inside of the sphere must be vast, and there is no way of knowing exactly how the charge is arranged
below the surface. However, the survey teams all found that the electric field was approximately perpendicular to the surface
everywhere, and that its strength didn't change very much from one location to another. The simplest explanation is that the charge
is all concentrated in one small lump at the center of the sphere. They have no way of knowing if this is really the case, but it's a
hypothesis that allows them to see how much their 37 nC result would change if they assumed a different geometry. Making this
assumption, Newton performs the following simple computation on a napkin. The field at the surface is related to the charge at the

center by
k
| = =t (11.6.1)
r
where 7 is the radius of Flatcat. The flux is then
®=) E;-Aj, (11.6.2)
and since the E; and A ; vectors are parallel, the dot product equals |E;||A |, so
kqtutal
@:ZT—2|Aj\. (11.6.3)
But the field strength is always the same, so we can take it outside the sum, giving
kqoal kqoal kqoal
¢ = % Z |A]| = ;; Atotal = ;; 47r? = 47rkqwtal-

Not only have all the factors of r canceled out, but the result is the same as for a disk!

Everyone is pleasantly surprised by this apparent mathematical coincidence, but is it anything more than that? For instance, what if
the charge wasn't concentrated at the center, but instead was evenly distributed throughout Flatcat's interior volume? Newton,
however, is familiar with a result called the shell theorem (page 102), which states that the field of a uniformly charged sphere is
the same as if all the charge had been concentrated at its center.'” We now have three different assumptions about the shape of
Flatcat and the arrangement of the charges inside it, and all three lead to exactly the same mathematical result, ® = 47wkgs,tq;. This
is starting to look like more than a coincidence. In fact, there is a general mathematical theorem, called Gauss' theorem, which
states the following:

For any region of space, the flux through the surface equals 47kg;,, where g;, is the total charge in that region.

Don't memorize the factor of 47 in front --- you can rederive it any time you need to, by considering a spherical surface centered on
a point charge.
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Note that although region and its surface had a definite physical existence in our story --- they are the planet Flatcat and the surface
of planet Flatcat --- Gauss' law is true for any region and surface we choose, and in general, the Gaussian surface has no direct
physical significance. It's simply a computational tool.

Rather than proving Gauss' theorem and then presenting some examples and applications, it turns out to be easier to show some
examples that demonstrate its salient properties. Having understood these properties, the proof becomes quite simple.

self-check:

Suppose we have a negative point charge, whose field points inward, and we pick a Gaussian surface which is a sphere centered on
that charge. How does Gauss' theorem apply here?

(answer in the back of the PDF version of the book)
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