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66.16: Vector Arithmetic
A vector A may be written in cartesian (rectangular) form as

where  is a unit vector (a vector of magnitude 1) in the  direction,  is a unit vector in the  direction, and  is a unit vector in the 
 direction. , and  are called the , and  components (respectively) of vector , and are the projections of the vector

onto those axes.

The magnitude ("length") of vector  is

For example, if , then .

In two dimensions, a vector has no  component: .

Addition and Subtraction
To add two vectors, you add their components. Writing a second vector as , we have

For example, if  and , then .

Subtraction of vectors is defined similarly:

For example, if  and , then .

Scalar Multiplication
To multiply a vector by a scalar, just multiply each component by the scalar. Thus if  is a scalar, then

For example, if , then .

Dot Product
It is possible to multiply a vector by another vector, but there is more than one kind of multiplication between vectors. One type of
vector multiplication is called the dot product, in which a vector is multiplied by another vector to give a scalar result. The dot
product (written with a dot operator, as in  ) is

where  is the angle between vectors  and . For example, if  and , then 
.

The dot product can be used to find the angle between two vectors. To do this, we solve Eq. (P.6) for  and find 
. Applying this to the previous example, we get  and , so , and

thus .

An immediate consequence of Eq. (P.6) is that two vectors are perpendicular if and only if their dot product is zero.

Cross Product

A = i + j + kAx Ay Az (66.16.1)
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k A = i + jAx Ay

B = i + j + kBx By Bz

A +B = ( + ) i +( + ) j +( + ) k.Ax Bx Ay By Az Bz (66.16.3)

A = 3i +5j +2k B = 2i − j +4k A +B = 5i +4j +6k

A −B = ( − ) i +( − ) j +( − ) k.Ax Bx Ay By Az Bz (66.16.4)

A = 3i +5j +2k B = 2i − j +4k A −B = i +6j −2k

c

cA = c i +c j +c k.Ax Ay Az (66.16.5)

A = 3i +5j +2k 7A = 21i +35j +14k

A ⋅ B

A ⋅ B = AB cos θ = + + ,AxBx AyBy AzBz (66.16.6)
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Figure : The vector cross product  is perpendicular to the plane of  and , and in the right-hand sense. (Credit:
“Connected Curriculum Project”, Duke University.)

Another kind of multiplication between vectors, called the cross product, involves multiplying one vector by another and giving
another vector as a result. The cross product is written with a cross operator, as in . It is defined by

where again  is the angle between the vectors, and  is a unit vector pointing in a direction perpendicular to the plane containing 
 and , in a right-hand sense: if you curl the fingers of your right hand from  into , then the thumb of your right hand points

in the direction of  (Fig. P.1). As an example, if  and , then 
.

Rectangular and Polar Forms
A two-dimensional vector may be written in either rectangular form  described earlier, or in polar form ,
where  is the vector magnitude, and  is the direction measured counterclockwise from the  axis. To convert from polar form
to rectangular form, one finds

Inverting these equations gives the expressions for converting from rectangular form to polar form:
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