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14.11: Damped Coupled Linear Oscillators
The discussion of coupled linear oscillators has neglected non-conservative damping forces which always exist to some extent in
physical systems. In general, dissipative forces are non linear which greatly complicates solving the equations of motion for such
coupled oscillator systems. However, for some systems the dissipative forces depend linearly on velocity which allows use of the
Rayleigh dissipation function, described in chapter . The most general definition of the Rayleigh dissipation function, ,
was given to be

For this special case, it was shown in chapter  that the Lagrange equations can be written in terms of the Rayleigh dissipation
function as

where  are generalized forces acting on the system that are not absorbed into the potential . Using equations , 
, and , allows the equations of motion for damped coupled linear oscillators to be written in a matrix form as

where the symmetric matrices , , and  are positive definite for positive definite systems. Rayleigh pointed out that in
the special case where the damping matrix  is a linear combination of the  and  matrices, then the matrix  is
diagonal leading to a separation of the damped system into normal modes. As discussed in chapter 4 many systems in nature are
linear for small amplitude oscillations allowing use of the Rayleigh dissipation function which provides an analytic solution.
However, in general, except for when  is small, this separation into normal modes is not possible for damped systems and the
solutions must be obtained numerically.

The following example illustrates approaches used to handle linearly-damped coupled-oscillator systems.

Figure : Two linearly-damped coupled linear oscillators.

Consider the two coupled oscillator system shown where the two carts have spring constants  and linear damping
constants . As discussed in example , the kinetic energy tensor is given by

and the potential energy is given by

Similarly the Rayleigh dissipation function has the form

Inserting equations , , and  into Equation  gives the two equations of motion to be
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Example : Two linearly-damped coupled linear oscillators14.11.1
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When the drag is zero the solution of these two coupled equations can be separated into two independent normal modes of the
system as described earlier. Usually it is not possible to separate the motion into decoupled normal modes except for certain
cases where the dissipative forces can be described by Rayleigh’s dissipation function.
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