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13.12: Kinetic Energy of Rotating Rigid Body

An important observable is the kinetic energy of rotation of a rigid body. Consider a rigid body composed of IV particles of mass
mq where « =1,2,3,... N. If the body rotates with an instantaneous angular velocity w about some fixed point, with respect to
the body coordinate system, and this point has an instantaneous translational velocity 'V with respect to the fixed (inertial)
coordinate system, see Figure 13.3.1, then the instantaneous velocity v, of the o** particle in the fixed frame of reference is given
by

Vo =V 4V +wxr, (13.12.1)

However, for a rigid body, the velocity of a body-fixed point with respect to the body is zero, that is vi, = 0, thus

Vo=V 4wXxrj, (13.12.2)
The total kinetic energy is given by
N1 N1
T = 25 v, vazzgma(v+wxrg)-(V+wxrg)
= —ZmaV2+ZmaV wXrh+ = Zma (wxrh) (wxrh) (13.12.3)

This is a general expression for the kinetic energy that is valid for any choice of the origin from which the body-fixed vectors rf,
are measured. However, if the origin is chosen to be the center of mass, then, and only then, the middle term cancels. That is, since
V - w is independent of the specific particle, then

N N
ZmaV-wxrﬁl =V .wx <Zmarg> (13.12.4)

But the definition of the center of mass is
Y mar’ = MR (13.12.5)
and R =0 in the body-fixed frame if the selected point in the body is the center of mass. Thus, when using the center of mass

frame, the middle term of Equation 13.12.3is zero. Therefore, for the center of mass frame, the kinetic energy separates into two
terms in the body-fixed frame

T = Tyrans +Trot (13.12.6)
where
1 X )
Tyrans = 5 ;mav (13127)
Trot = Zmzwxra (w xrh)
The vector identity
(AxB)-(AxB)=A2B>-(A-B)? (13.12.8)
can be used to simplify T;.,¢
Toor =5 Zma (W2 — (w-1h)?] (13.12.9)

The rotational kinetic energy T;,; can be expressed in terms of components of w and r/, in the body-fixed frame. Also the
following formulae are greatly simplified if r,, = (Z4,%Ya,2q) in the rotating body-fixed frame is written in the form
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r, = (ma,l, Ta,2, .’Bayg) where the axes are defined by the numbers 1, 2, 3 rather than «, y, 2. In this notation the rotational kinetic
energy is written as

1 N
a i k i J
Assume the Kronecker delta relation
3
w; = ijéij (13.12.11)

where 6;; =1 ifi =7 and 6;; =0 if ¢ # j.

Then the kinetic energy can be written more compactly

3 (5) () (o) ()]

3
2 sza lewJ ij (Zx ,k) wlxa 1) (ija,])]
a k
=3 ;jwiwj l;ma l&-j (; xf!’k) —xa,ima,jH (13.12.12)

The term in the outer square brackets is the inertia tensor defined in equation (13.4.1) for a discrete body. The inertia tensor
components for a continuous body are given by equation (13.4.2).

Thus the rotational component of the kinetic energy can be written in terms of the inertia tensor as

rot - Z wzw] (131213)

Note that when the inertia tensor is diagonal, then the evaluation of the kinetic energy simplifies to

1 3
Tt =5 Z:IW? (13.12.14)

which is the familiar relation in terms of the scalar moment of inertia I discussed in elementary mechanics.

Equation 13.12.13also can be factored in terms of the angular momentum L.
Trot = Zfljwlw] ZwZZIUw] ZwiLi (13.12.15)
i

As mentioned earlier, tensor algebra is an elegant and compact way of expressing such matrix operations. Thus it is possible to
express the rotational kinetic energy as

In Ly I3 w1

1
Trot=gwiwrws): | Iy Iy Ins |- | wo (13.12.16)
Iy I3y I w3
1
Tt =T= Ew'{l}«w (13.12.17)

where the rotational energy T is a scalar. Using equation (13.11.1) the rotational component of the kinetic energy also can be
written as

1
T =T =5w-L (13.12.18)

https://phys.libretexts.org/@go/page/14184



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://phys.libretexts.org/@go/page/14184?pdf

LibreTextsw

which is the same as given by 13.12.14 It is interesting to realize that even though L = {I} - w is the inner product of a tensor and
a vector, it is a vector as illustrated by the fact that the inner product T}.,; = %w ‘L= %w -({I}-w) is a scalar. Note that the

translational kinetic energy 7T}..,s must be added to the rotational kinetic energy T..,; to get the total kinetic energy as given by
Equation 13.12.6
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