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13.13: Euler Angles
The description of rigid-body rotation is greatly facilitated by transforming from the space-fixed coordinate frame  to a
rotating body-fixed coordinate frame  for which the inertia tensor is diagonal. Appendix  introduced the rotation matrix

 which can be used to rotate between the space-fixed coordinate system, which is stationary, and the instantaneous bodyfixed
frame which is rotating with respect to the spacefixed frame. The transformation can be represented by a matrix equation

where the space-fixed system is identified by unit vectors  while  defines unit vectors in the rotated body-fixed
system. The rotation matrix  completely describes the instantaneous relative orientation of the two systems. Rigid-body rotation
requires three independent angular parameters that specify the orientation of the rigid body such that the corresponding orthogonal
transformation matrix is proper, that is, it has a determinant  as given by equation .

Figure : The  sequence of rotations  corresponding to the Eulerian angles . The first rotation 
about the space-fixed  axis (blue) is from the -axis (blue) to the line of nodes  (green). The second rotation  about the line of
nodes (green) is from the space-fixed  axis (blue) to the body-fixed 3-axis (red). The third rotation  about the body-fixed 3-axis
(red) is from the line of nodes (green) to the body-fixed 1 axis (red).

As discussed in Appendix , the 9 component rotation matrix involves only three independent angles. There are many possible
choices for these three angles. It is convenient to use the Euler angles,  (also called Eulerian angles) shown in Figure 

.  The Euler angles are generated by a series of three rotations that rotate from the space-fixed  system to the
bodyfixed  system. The rotation must be such that the space-fixed  axis rotates by an angle  to align with the body-fixed
3 axis. This can be performed by rotating through an angle  about the  direction, where  and  designate the unit
vectors along the “ ” axes of the space and body fixed frames respectively. The unit vector  is the vector normal to the
plane defined by the  and  unit vectors and this unit vector  is called the line of nodes. The chosen convention is that
the unit vector  is along the “ ” axis of an intermediate-axis frame designated by , that is, the unit vector 

 plus the unit vectors  and  are in the same plane as the  and  unit vectors. The sequence of three rotations is
performed as summarized below.

1) Rotation  about the space-fixed  axis from the space  axis to the line of nodes :
The first rotation  is in a right-handed direction through an angle  about the space-fixed  axis. Since the
rotation takes place in the  plane, the transformation matrix is
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This leads to the intermediate coordinate system  where the rotated  axis now is colinear with the  axis of the
intermediate frame, that is, the line of nodes.

The precession angular velocity  is the rate of change of angle of the line of nodes with respect to the space  axis about the space-
fixed  axis.

2) Rotation  about the line of nodes  from the space  axis to the body-fixed  axis:
The second rotation

is in a right-handed direction through the angle  about the  axis (line of nodes) so that the “ ” axis becomes colinear with the
body-fixed  axis. Because the rotation now is in the  plane, the transformation matrix is

The line of nodes which is at the intersection of the space-fixed and body-fixed planes, shown in Figure , points in the 
 direction. The new “ ” axis now is the body-fixed  axis. The angular velocity  is the rate of change of angle of the

body-fixed -axis relative to the space-fixed -axis about the line of nodes.

3) Rotation  about the body-fixed  axis from the line of nodes to the body-fixed  axis:
The third rotation

is in a right-handed direction through the angle  about the new body-fixed  axis. This third rotation transforms the rotated
intermediate  frame to final body-fixed coordinate system . The transformation matrix is

The spin angular velocity  is the rate of change of the angle of the body-fixed -axis with respect to the line of nodes about the
body-fixed  axis.

The total rotation matrix  is given by

Thus the complete rotation from the space-fixed  axis system to the body-fixed  axis system is given by

where  is given by the triple product Equation  leading to the rotation matrix

The inverse transformation from the body-fixed axis system to the space-fixed axis system is given by
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3̂ −ẑ 3̂

{ } =λθ

⎛

⎝
⎜

1

0

0

0

cos θ

−sinθ

0

sinθ

 cosθ

⎞

⎠
⎟ (13.13.5)

13.13.1
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where the inverse matrix  equals the transposed rotation matrix , that is,

Taking the product  shows that the rotation matrix is a proper, orthogonal, unit matrix.

The use of three different coordinate systems, space-fixed, the intermediate line of nodes, and the body-fixed frame can be confusing
at first glance. Basically the angle  specifies the rotation about the space-fixed  axis between the space-fixed  axis and the line of
nodes of the Euler angle intermediate frame. The angle  specifies the rotation about the body-fixed 3 axis between the line of nodes
and the body-fixed 1 axis. Note that although the space-fixed and body-fixed axes systems each are orthogonal, the Euler angle basis
in general is not orthogonal. For rigid-body rotation the rotation angle  about the space-fixed  axis is time dependent, that is, the
line of nodes is rotating with an angular velocity  with respect to the space-fixed coordinate frame. Similarly the body-fixed
coordinate frame is rotating about the body-fixed 3 axis with angular velocity  relative to the line of nodes.

The definition of the Euler angles can be confusing, therefore it is useful to illustrate their use for a rotational transformation of
a primed frame  to an unprimed frame . Assume the first rotation about the  axis, is 

Let the second rotation be  about the line of nodes, that is, the intermediate ” axis. Then

Let the third rotation be  about the  axis.

Thus the net rotation corresponds to 

The space-fixed coordinate frame and the body-fixed coordinate frames are unambiguously defined, that is, the space-fixed frame is
stationary while the body-fixed frame is the principal-axis frame of the body. There are several possible intermediate frames that can
be used to define the Euler angles. The  sequence of rotations, used here, is used in most physics textbooks in classical
mechanics. Unfortunately scientists and engineers use slightly different conventions for defining the Euler angles. As discussed in
Appendix A of "Classical Mechanics" by Goldstein, nuclear and particle physicists have adopted the  sequence of
rotations while the US and UK aerodynamicists have adopted a  sequence of rotations.

This page titled 13.13: Euler Angles is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Douglas Cline via
source content that was edited to the style and standards of the LibreTexts platform.
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