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11.7: General Features of the Orbit Solutions
It is useful to look at the general features of the solutions of the equations of motion given by the equivalent one-body
representation of the two-body motion. These orbits depend on the net center of mass energy  There are five possible
situations depending on the center-of-mass total energy .

1.  The trajectory is hyperbolic and has a minimum distance, but no maximum. The distance of closest approach is
given when  At the turning point  

2.  It can be shown that the orbit for this case is parabolic.
3.  For this case the equivalent orbit has both a maximum and minimum radial distance at which  At the

turning points the radial kinetic energy term is zero so   For the attractive inverse square law force the path is

an ellipse with the focus at the center of attraction (Figure ), which is Kepler’s First Law. During the time that the
radius ranges from  to  and back the radius vector turns through an angle  which is given by

The general path prescribes a rosette shape which is a closed curve only if  is a rational fraction of .

4.  In this case  is a constant implying that the path is circular since

5.  For this case the square root is imaginary and there is no real solution.

In general the orbit is not closed, and such open orbits do not repeat. Bertrand’s Theorem states that the inverse-square central
force, and the linear harmonic oscillator, are the only radial dependences of the central force that lead to stable closed orbits.

It is illustrative to use the differential orbit equation  to show that a body in free motion travels in a straight line.
Assume that a line through the origin  intersects perpendicular to the instantaneous trajectory at the point  which has polar
coordinates  relative to the origin. The point  with polar coordinates  lies on a straight line through  that is
perpendicular to  if, and only if,  Since the force is zero then the differential orbit equation simplifies to

A solution of this is

where  and  are arbitrary constants. This can be rewritten as

This is the equation of a straight line in polar coordinates as illustrated in the adjacent figure. This shows that a free body
moves in a straight line if no forces are acting on the body.
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Example : Orbit equation of motion for a free body11.7.1
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Figure : Trajectory of a free body
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