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Epilogue
This book has introduced powerful analytical methods in physics that are based on applications of variational principles to
Hamilton’s Action Principle. These methods were pioneered in classical mechanics by Leibniz, Lagrange, Euler, Hamilton, and
Jacobi, during the remarkable Age of Enlightenment, and reached full fruition at the start of the  century.

Figure : Philosophical road map of the hierarchy of stages involved in analytical mechanics. Hamilton’s Action Principle is the
foundation of analytical mechanics. Stage 1 uses Hamilton’s Principle to derive the Lagrangian and Hamiltonian. Stage 2 uses
either the Lagrangian or Hamiltonian to derive the equations of motion for the system. Stage 3 uses these equations of motion to
solve for the actual motion using the assumed initial conditions. The Lagrangian approach can be derived directly based on
d’Alembert’s Principle. Newtonian mechanics can be derived directly based on Newton’s Laws of Motion.

The philosophical roadmap, shown above, illustrates the hierarchy of philosophical approaches available when using Hamilton’s
Action Principle to derive the equations of motion of a system. The primary  uses Hamilton’s Action functional, 

 to derive the Lagrangian, and Hamiltonian functionals.  provides the most fundamental and
sophisticated level of understanding and involves specifying all the active degrees of freedom, as well as the interactions involved. 

 uses the Lagrangian or Hamiltonian functionals, derived at , in order to derive the equations of motion for the
system of interest.  then uses the derived equations of motion to solve for the motion of the system, subject to a given set
of initial boundary conditions.

Newton postulated equations of motion for nonrelativistic classical mechanics that are identical to those derived by applying
variational principles to Hamilton’s Principle. However, Newton’s Laws of Motion are applicable only to nonrelativistic classical
mechanics, and cannot exploit the advantages of using the more fundamental Hamilton’s Action Principle, Lagrangian, and
Hamiltonian. Newtonian mechanics requires that all the active forces be included in the equations of motion, and involves dealing
with vector quantities which is more difficult than using the scalar functionals, action, Lagrangian, or Hamiltonian. Lagrangian
mechanics based on d’Alembert’s Principle does not exploit all the advantages provided by Hamilton’s Action Principle.

Considerable advantages result from deriving the equations of motion based on Hamilton’s Principle, rather than basing them on
the Newton’s postulated Laws of Motion. It is significantly easier to use variational principles to handle the scalar functionals,
action, Lagrangian, and Hamiltonian, rather than starting with Newton’s vector differential equations-of-motion. The three
hierarchical stages of analytical mechanics facilitate accommodating extra degrees of freedom, symmetries, constraints, and other
interactions. For example, the symmetries identified by Noether’s theorem are more easily recognized during the primary “action”
and secondary “Hamiltonian/Lagrangian” stages, rather than at the subsequent “equations-of-motion” stage. Constraint forces, and
approximations, introduced at the  or , are easier to implement than at the subsequent . The
correspondence of Hamilton’s Action in classical and quantal mechanics, as well as relativistic invariance, are crucial advantages
for using the analytical approach in relativistic mechanics, fluid motion, quantum, and field theory.

Philosophically, Newtonian mechanics is straightforward to understand since it uses vector differential equations of motion that
relate the instantaneous forces to the instantaneous accelerations. Moreover, the concepts of momentum plus force are intuitive to
visualize, and both cause and effect are embedded in Newtonian mechanics. Unfortunately, Newtonian mechanics is incompatible
with quantum physics, it violates the relativistic concepts of space-time, and fails to provide the unified description of the
gravitational force plus planetary motion as geodesic motion in a four-dimensional Riemannian structure.
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The remarkable philosophical implications embedded in applying variational principles to Hamilton’s Principle, are based on the
astonishing assumption that motion of a constrained system in nature follows a path that minimizes the action integral. As a
consequence, solving the equations of motion is reduced to finding the optimum path that minimizes the action integral. The fact
that nature follows optimization principles is nonintuitive, and was considered to be metaphysical by many scientists and
philosophers during the  century, which delayed full acceptance of analytical mechanics until the development of the Theory of
Relativity and quantum mechanics. Variational formulations now have become the preeminent approach in modern physics and
they have toppled Newtonian mechanics from the throne of classical mechanics that it occupied for two centuries.

The scope of this book extends beyond the typical classical mechanics textbook in order to illustrate how Lagrangian and
Hamiltonian dynamics provides the foundation upon which modern physics is built. Knowledge of analytical mechanics is essential
for the study of modern physics. The techniques and physics discussed in this book reappear in different guises in many fields, but
the basic physics is unchanged illustrating the intellectual beauty, the philosophical implications, and the unity of the field of
physics. The breadth of physics addressed by variational principles in classical mechanics, and the underlying unity of the field, are
epitomized by the wide range of dimensions, energies, and complexity involved. The dimensions range from as large as  , to
quantal analogues of classical mechanics of systems spanning in size down to the Planck length of  . Individual
particles have been detected with kinetic energies ranging from zero to greater than  eV. The complexity of classical mechanics
spans from one body to the statistical mechanics of many-body systems. As a consequence, analytical variational methods have
become the premier approach to describe systems from the very largest to the smallest, and from one-body to many-body
dynamical systems.

The goal of this book has been to illustrate the astonishing power of analytical variational methods for understanding the physics
underlying classical mechanics, as well as extensions to modern physics. However, the present narrative remains unfinished in that
fundamental philosophical and technical questions have not been addressed. For example, analytical mechanics is based on the
validity of the assumed principle of economy. This book has not addressed the philosophical question, “is the principle of economy
a fundamental law of nature, or is it a fortuitous consequence of the fundamental laws of nature?”

In summary, Hamilton’s action principle, which is built into Lagrangian and Hamiltonian mechanics, coupled with the availability
of a wide arsenal of variational principles and mathematical techniques, provides a remarkably powerful approach for deriving the
equations of motions required to determine the response of systems in a broad and diverse range of applications in science and
engineering.
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